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AUTOREGRESSIVE SPECTRAL ESTIMATLON, L.
SPECTRAL SMOOTHING, AND ENTROPY'

Emanuel Parzen
Institute of Statisctcas

Texas A&M University

' College Station, TX 77843

Abstract

Spectral estimation is motivated by (nformacion
divergence distance. Two methods of spectral estims-—
tion are developed in this paper: autoregressive
spectral estimation (section 3) and log spectral
kernel esatimation (section 4). They are motivated as
parametric and non-parametric estimators which aini-
mize "entropy” or "information divergence' distances
between raw and fitted spectral densitfes. The role
of entropy concepts in the statistical estimatton of
spectral densities (section 2) 1s explained by con-
trasting it with the role of entropy concepts in pro-
bability density estimarion (sectiom 1l). Adaptive
procedures for forming, and combining, these estima-
tors for an ubserved time series are provided by
order-determining and truncation (half-power) point
determining criteria, which are deacribed.

1. The role of entropy concepts in statistical
estimation of probability density functions.

Let X be a continuous random variable, and
xl,....xn a random sample of X (consisting of indepen-

dent random variables identically distributed as X).

The distribucion function F(x),-=<x<=, and the proba-

bility density function f(x),-=<x<=, are defined by
F(x)=Pr(X<x), €(x)=F'(x)

The entropy {(or Shannon informacion) of X ie
denoted by H(f) and is defined by

H(E)= [T-log £(x) £(x)dx
=B (log £(X)] .

All observed distributions are assumed to have finite
entropy.

A maximum entropy dens{ty is a probability den-
sity f(x) determined by maximizing H(f) over all f
satisfying certain constraints (usually involving
mowents of f).

Theorem lA: Three important densities, and their
characterization by a maximum entropy principle are:
(1) uniform distribution over an interval a to b
maximizes H(f) over the cunstraint that f is non-zero
only on the interval a to b; (2) exponential distri-
bution with aean u maximizes H(f) over the constraint
that £ is non-zero only for x>J, and has mean u ; (3)
normal distribution with mean . and variance 0 maxi-
atzes H(f) over the constraint that f has mean u and
variance o2,

The maximum entropy principle is a probability
modeling principle in the foregoing examples. It
becomes a statistical estimation principle (which fits
distributions to dats) when the conscraints on f are
expressed in terws of sample means and variances; it
is vhen similar to the method of moments. A maximum
entropy density estimator f can be expressed in
symbols: .

H(f)=max H(f)
£
where f is constrained to have certain moments equal
to the corresponding sample moments.

An alternative (and, we belfeve, more general)

statistical estimstion principle is provided by the

This ressarch wvas supported by the Office of Naval
Research (Contract N0OOl4-81-MP-10001, ARO DAAG29-
30-C0070) .

cross-entropy H(g:f) and information divergence I[(g;f)
of two probability density functlons f(x) and g{(x).
Define -

H(g:E) = [ (-log g(x) If(x)dx

“E;[-log g(X));
I(g;f) = ,f‘ {~log %%E))-kf(x)dx

£ [olog BEX)
Egl-log T3yl

Note chat H(f)=H(f;f). Another name for information
divergence {s Kullback-l.iebler information number. A
minimum informatton divergence Jensity g is an approxi-
mator to a specified dens{ty f determined by

1(g;f) =~ min [(g;f)
8

where g 18 constrained to belong to a specified para-
metric family of probability densities.

Theorem LB: Three (mportant examples of minimum
information divergence approximators or estimators
are: (1) f 18 asyumed to bhe positive only over the
lnterval a to b, and g is any uniform discribution;
then g is the uniform distribution over a to b; (2)

f {s positive only for x’a, and has a finite mean u.
and g is the two parameter expunential distribution;
thea g {s the exponentlal distribution with mean u and
domain (a,»); (3) f has finite mean u and variance
32, and g i3 any normal distribution; then g is
N(a,0?).

Theorem 1B may have been first explicitly formula-
ted by Thiel (1981), although it is implicitly known
through the equivalence of maximum likelihood estima-
tion with minimum informacion divergence estimation.

An important observation by Thiel is that Theoream 1B
can be used to prove Theorem lA, and thus avoid the use
of the calculus of variations. We extend this observa-
tion to spectral density estimation {n section 2.

A minimum information divergence density g can be
expresged as a minimum cross-entropy density:

H(g:€) ~ min H(g;f)
B

A cross-entropy can be defined for an arbitrary
(including discrete) distribution function F(x) by

H(g;F) » [ i-log g(x) IdF(x)

Therefore a utni;un tnformacion divergence density g
can be deffned for an arbitrary distribucion function
F by X

H(g;F) ~ min H(g;F)

£
where g is constrained to belong to a ipecified para-
mecric family of probability densities, Thevrem 1B i3
true for this deffattion.

Consider now a finite sample Xy,...,X, and a
parametric model f,{(x) for the true probability density
f(x), indexed by parameters ‘ which one would like to
estimste from the sample. A maximum likelihood esti-
mator of 9 Ls defined as the parameter values Y maxi-
mizing

(.n(a) - [:g r,)(xl.....xn)

ERL R

- Log X))
I

Let F(x), - x'= , denote the iample distributton
defined by

R 233 LAY . -
e - o




F(x) = fraction of xl""""n A

Jne <di express
ro .
L ;“los f,’(x) dF(x)
.- H(EF)

Therefore maximum likelihood parameter estimators ]
yleld minimum information divergance densities f.(x).

By fatroducing f to denote the (symbolic) sample
probability density of the sample, one can ragard 4
43 satisfying

L(Eq:6) = agn (€, 6) .
A re-interpretation of maximum lLikelihood is obtalned
by rewriting the information divergence in terms of
quantile functions whose role in statfstical infer-

ence is emphasized by Parzen (1979).
Introduce the sample quantile function

Q) = Fhew
Its derivative q(u) = ('(u) sacisfies
q(u) £(Q(u)) = 1 .

Define_ £,Q)
dg(u) = ——— = 2 F_(Q(u)
8 fQuoy  dv 8
where Fg(x) {s the distribucion function with density
£,(x). Make the change of variable u = F(x),
x = )(u) to obtain

I(fe;f) - / -log &e(u) du
0

which one can interpret as a measure of how close to
a uniform density is d_(u). The full consequences
of this interpretation are explored elsewhere.

It should be noted that one can define other
measures to minimize to form parameter estimators:
unq:l.-: dre

[o td,(-11%u ,

whose sinimization leads to "modified chi-square"
estimators, and

1
fy (Fytdtun)-ul?du ,

whose minimization lesds to "minimum distance esti-
mators”.

Information divergence (s the measure that most
readily generslizes to stochastic processes.

It should be noted that only the parameter
eatipation problem is efficiently solved by minimizing
1(fq;f). The problem of goodness af €it is
solved by considering the size of the difference from
the uniform distribution D(u) = y of Dg(u)=Fg(Q(u))
for 8 = 4. The modal idsptificacion problea is to
find distribution functions F such that P(4(u)) is
parstmoniously not significantly different frow the
unifors distribution D(u) = y.

2. The role of entropy concepts in statistical esti~
astion of spectrsl densicy functions.

Let Y(c), t = 1, ..., T be a sample of a Gaus-
sisan zero mean stationary time serties with covariance
funceion

R(v) = E[Y(t)Y(t+v)], v = 0O, #1, #2, ...,
and correlacion function
R(v
olv) = i'(La‘} Corr{Y(t),¥(t+v))
We assume R(v) and ;(v) are absolutely summable.

and define the power spectrum S(v), N - w - 1, and
the spsctral density f(w), 0 - v - L, by

Sty = T e MRy
y——

Py = § e MYy,
-
The spectral distribution function is defined by

W
Flwy = [ f(w')ydw' , D<cwcel.
0

When o0(v) {s not 4ssumed to e summable, there always
exists a spectral distribucion function F(w), O<w<l,
such that

1
o(v) = [ "™ Wyp(y)
0

When o(v) is summable, it has the spectral trepresenta-
tion

1
o) = [ ™ ttwraw .
0

A stationsry Gaussian time series 1s called
White noise 1f

o(v) =0, v>0;
f(w) =1, 0
F(w) » v, O

A stationary Gaussian time series with summable
correlation function and integrable log spectral dem-
sity can be represented in terms of a white noise time
series e(t) representing the innovations [prediction
errors YV(t) = Y(t) - Y¥(¢) of the infinite memory one-
step ahead predictor Y¥(t) of Y(t)]. The AR(=), or
infinite order autoregresaive representation, is

Y(t)+a (1)Y(e-1) ...+a_(0)Y(e-n)+...= e(t)
The MA(=), or infinite order moving representation, is
Y{t)=e()+b_(1)e(t-1)+b_(2)e(t-2)+...

A finite parameter representacion is an ARMA(p,q) of
the fora

Y(t)+¢P(1)Y(r.-1)+. . .+ap(p)Y(!-p)

Twelg
cw<l.

- E(t)#bq(l)c(t-l)*...+bq(q)l:(t-q)

The filter relating Y(t) and e(t) is called a
whitening filter. Psrameter estimation is the theory
of estimation of tha parameters of the whitening filter
and model identification is the theory of estimation of
the structural form of the whitening filter. To deve-
lop approaches to parameter escimation for a random
sanple, in section 1 we defined the following concepts:

Entropy H(f) , .

Maximum encropy density £
Cross—entropy H(g;f) .

Information divargence 1(g:f),

Minimum information divergence density,
Minimus cross-entropy density,
Likelihood of a sample ,

Maximum likelihood paramster escimator.

To develop approschas to estimation of the para-
meters 6 of a parametric model fg(v) of the spectral
density f(w) of a stationary zero mean Gaussian time
series Y(t), we devalop anslogues of the foregoing
concepts. We start with an approximate formula for the
likelihood function

L = 1 Log £oX(1),.... 1)
of the time series sample. We assume that Y(t) has ’
been divided by {R(0)}: so that it can be considered
to have varifance 1, and its coveriance function equals
its correlation function.




- —

The first step in analyzing a time series should
be to compuce the sample correlation function

. T-v T
S(vy» T Y (OY(e+v) + T Y(ur)
tel t=l
and the sample spectral Jensity
. T
fw) = Zv(oetTVEIZ Y ooy,
t=] t=1
I T
1vi<T

[t should be emphasized that in practice one
should consider using a "data window”" to compute f(w),
for w = k/Q, k = 0,1,...,Q-1, by

5 . -1 .
Fw) = ($Gn |2 ’%Q: e 12
k=0

T
W) = YR exp(-2riwe)
T
t=1
for a suitable kernel K(x) (properties of windows are
discussed in Harris (1978)). In addition for statis-
tical sctability one should then slightly swmooth f(w):
(1) compute the sample correlation function by
: 1 &t koy ok
o(v) = = [ exp(2ri=v) £(3) ,
Q k=0 Q Q
which holds for 0 < v < Q-T (and therefore one may
want to choose Q > 2T); (2) compute a slightly
smoothed sample apectral density by
B = I ep-2m1wv) k(6
[vl<T

where M > T/2 and k(u) is a suitable kernel, such as
the Parzen lag window:

k(u) = 1 - 6u? + 6fu{3 , Juj - 0.5 ,
= 2(1 - {u])? , 0.5 < luf <1
-0 o Jui 21
Back at the likelihood ranch, one may show that
approximately
1 -
'Ll'(e) =3 log 27 + H(te;f)
where 1 .
.f) « L £(w)
H(Ey:E) = 3 fo {1og £, (w) + F, }dw

This formula for likelihood shows that the sam~
ple spectral density f(w) is a sufficient statistic
for a time series. However, it is a very wiggly func-
tion and by itself 1is not a consistent estimator of
f(w). Estimators f(w) of f(w) can be regarded as
“"smoothings” of f(w), but the basic problem ia how
auch to smooth.

Another aspect of the lLikelihood formula is Lts
justificacion as an approximacion. To those misgutded
analysts for whom maximum likelihood provides the
ultimete estimator for which nn expense should be
spared, there is no substitute for the exact likeli-
hood (vhich of course is exact only if the model being
assumed is exactly true). Informstion concepts enter
estimation theory vhen one recognizes that maximum
likelihood estimation (s a technicsl devi.e for
carrying out minimum informstion divergence estima-
tion. The information divergence for a sample Y(t),
te1l, ..., T, is defined in general by
fe(Y(l). cea Y(T))

.f1e L P ARG
Lptgif)= (108 Ty, vy |

Ca AN RaMae s Pow ' - ey soph

- -

PO = NP S SR

B - - . L e

where here t denotes the true probabflity density of
the sample, and f, s a model for £. [t should be
noted that we are using the notation [ and f, with a !
vatriety of meanings. For a Gaussian zero mean station-
ary time series, the probability density of the sample
{9 specified by the spectral densicies, f(w) of the
true distribuction and f4(w) of the model. We contiaue |
to denote the information divergence by Ly (fg;f) but )
now f indicates a spectral density rather than a prob-
ability density. Pinskar (1963) proves a formula for
l.r (f4:£) in the limic as T+ » :

;.1: [T ”8'” - I(fe.f)
where l(t'd;f) is the information divergence defined as
follows.

For two spectral Jdensities f and g, the iaforma-

tion divergence 1(g;f), cross-entropy H(g;f), and
entropy H(f) are defined:

) g B,

Lg: D)=t /1
¢ 2 g{w)

o B
=H(g;f) - H(E;f) ,

]
H(gif)=3 [ (log a(w) + %%) av .
0

1
H(O=H(E;O)ms [ (log €(u) + 1} dw
27

Since u - log u - 1 » 0 for all u, | has two of the
properties of a distance: L1(g;f) > 0, I(f;f) = 0 .
However I does not satisfy the triangle inequality.

The information divergence can be related to the
L2 log spectral deasity distance

1
LzL(f.g) - f {log £(w) - log g(w)}? dw ,
0

using the fact that u = exp(log u) = 1 + log u + (%)
(log w)2 . When f and g are “neighbors” in the sense
that their ratio approximates 1,

L(gif) = § LL(f.g) ;
then minimizing | is equivalent to minimizing L,L.
An extensive discussion of these distances is given by
gray, Buzo, Gray, and Matsuyama (1980).

The concepts have now been defined to state some
of the basic facts of parameter estimation theory.

Maximua likelihood estimators é are equivalent
to sample minimum cross-entropy estimators 8 defined
by .

H(fé;f) - u").n H(Eg i E)
They ~an be reparded as estimators cf the population
minimus cross-entropy 'parameters” (*defined by

H(Ejif) = min H(ED)

where [ {9 the true spectral density. N
A maximum entropy spectral density f is defined
by .
H(f) = max H(f)
f

where f is constrained to satisfy a set of constraints
of the form

[ % (w) B(w) dw =C.. =1, ..., M,
0 ) )

for M specified functions ’h](w) and constants C’.

When the constraints are of the torm

1
[ ™ dw e gm0t L, ., b
)

B WY X e




1t can be shown that f{w) is the autoregressive spec-
tral Jensity fm(u) detlned as fullows:

t () = 3=ip (e““’)]_ .
m m 'm

where

[

gm(l) -1+ -lm(l) F R R Ju(m)z .
the autoregressive coefficients a (1),...,a (m)
sacisfy normal equatiuns (called mYule-U-lkgr
equations)

]

T a (k)p(k-)) =0, 1 =1, ..., @,

k=

where am(O) = 1 ; and

m
= D oa (k) ak)
keg ©

&

N
a

It should be noted that from a sequence o(v),
veo, +1, - one can quickly compute Eg(w) for all
successive values of m = 1,2,... using a variety of
fast algorithms [see Kailath (1974)]. [In practice
the problem is to determine "optimal” values of m.

Some important properties of f'(v) are:

1
(1) f e £dv = 0()), =0, ¢1, ... b0
b}
L
@) I ; dw » 1 ;
'l)tm(u)
)

(3) [ log fm(u) dw = log <1Izn
Q

1
(4) H(E ) = H(E ) = 5 (log a; + 1} ;
1
2 o 2
(5) 2 [0 !gm(l)l f(w) dw

2
RSO

o [2€(w) dw ;

1
= atn | ll*cle
Cpoeneacy
(6) g,.(z)has all its roots in the complex plane out-
side the unit circle;

(7) m log 1i = log ;i;

1
8) 1o ’: - f log f(w) dw ;
0
(9) ‘_;. E-(w) = f(w) 1f f 18 differentigble (the

rate of convergence of £ (w) depends on the rate
of convergence of 1: to a¢ );
»

I 42 - g . .
(10} Zl(fl.f) log 2 log vz - 0D as m

The foregoing facts explain why autoregressive
spectral approximstions, introduced in Parzen (1968),
(1969), provide powerful, and natural, estimators of
an unknown spectral density. They are generated by
the "maximum entropy approach” introduced by Burg
(1967). However the Burg algorichm does not compute
the autoregressive coefficients 2g()) and the innova-
tion variances o} by the Yule-Walker equations.
Indeed Lt dows not compuce either ,(v) or f(w). [t
does not provide insight into how to identify
"optimal” autoregressive orders m.

me approach to defining criteria for an optimal
order @ is to examine how well one has transformed to
white noise the residual series

f..(() = Y(t) + () Y(e=l) ...+ .A.(m)Y(:--)

-~

whose 3spectral densitv is giveu by

1 Iniw
w) - ! e 2 w
£ (w) 7m ig ( )é f(w)

. f(w)
f.(w)

A "model identification” determined order m has the
property that the spectral distribution functionm

F fu? ' tL0<w<l
F ) on(v)dv s 0w < ,

is parsimoniously not significantly different from the
uniform Jdistribution Fp(w) = w representing the spec-
tral distribution function of white noise.

In deriving autore ressive spectral estimators
or approximators, we ha . so far developed an analog
of Theorem lA, by stating that autoregression provides
oaximum entropy estimators subject to the constraint
that certain correlation values are attained. We
prefer an analog of Theorem 1B, which staces that: .
the minimum information divergence parameter estima-
tors ol an autoregressive model for the true spectral
enalty are pro y the coe clents ch satisly
the Yule-Walker equations.

A very Important Lact (that may not be widely
known) {8 that the maximum entropy properties of auto-
regressive spectral densities follow from thetr ming-
mum {nformation divergence properties, using the fact
that

[(fm;i) - H(fm) - ") 20 ;

congsequently H(f) < H(fy). Since f and fq satisfy
the constraint that their first a correlations equal
specified values, the entropy H(f) achieves its maxi-
mum value at f = fm.

3. Autoregressive spectral estimators and order
determining criteria.

Given a sample Y(t), t = 1, ..., T, there are
many approaches for forming autoregressive spectral
egseimarors, because {as summarized in Parzea (1981)]
there are four equivalent ways of parametrizing them:
(A) autoregressive coefficients, (B) correlations,
{C) partial correlations, and (D) innovation vari-
ances. Here we only consider starting with the sample
correlations 5(v). Then form = 1, 2, ... one forms

ta 00 = G2 I8 )™
where
ém(z) Slea ) ze ..k aﬂ(n)z' :

the sample autoregressive coefficients i-(j) satisfy
the sample Yule-Walker equations

m
Eoa (k) o(k-J) =0, ) =1, ..., m ,
k=0 ©

where 5'(0) = 1; and the order m innovation variance

&Y

2 T o
= I a (k) o(k)
® e ©

Define 32 by
1
log i3 = [ log E(w) dv .
0
Then as m tends to T,

£ . - 32 32 .
ZI(E’.E) log 32 - log 3 0




We desire f. to be a sequence of ronsistent esti~
mators of f {n the sense that {f une chooses m a5 1
suitable function of T, then as T - =

I(f ;€) =0 and £ (w) = £(w) ,
m o

in probability, or with probability one, or in mean
square. The first rigorous proof of such results vas
given by Berk (1974) who also finds the asymptotic
variaace of fg(w),confirming conjectures in Parcen(1969.

We now consider the problem of choosing m adap-
tively from a sawple of stize T. Conceptually one
would like to choose m to minimize [(fy;f). Ome
approach to such a procedure i3 given by Akaike (1974)
and leads to an order determining criterion called alC.

The Akatke information criterion computes ior
= 1,2,

AlC(@) = log o

7,
.
T

2
m
and an optimal order @ satisfying
ALC(m) = ain AIC(m)
)

The optimal order m can equal 0, indicating that
the time series is white noise. The value of AIC(0)
can be adjusted to the value one desires for the pro-
bability of rejecting the hypothesis of white noise,
when in fact the time series s white noige. We
recommend

1
ALC(0) -7

Parzen (1974), (1977) proposes autoregressive
order determining criteria, called CAT, whose founda-
tions are differenc from those of AIC but which usually
lead to exacrly equivalent arders in practice. The
time series model identification problem is to esti-
mate the infinite autotegreasive transfer function

g2 =1+ a (D e+ ... +a )"+ ..

by a sample order m autoregressive transfer function
8y(2z). To evaluste the overall mean square error it
is convenient to define

L
) p2 3¢ 1 2
3" z{ol 3 RO I 37 8ale " 26 (w)aw

which can ba shown to be the sum of a variance term

1
B 13 g™ & g e¥™)2 fwrav
0 m L]
and & bias term
1
1 2nivw 1 211
foi-;z g.(e . ;1:[ g (e " v)l‘ f{w)dw

One can show that the variance term is approximately

1 -2
T L o
T g1 3
vhile the bilas term is exactly
asl. ¢ 72
- L ]
Therefore
[
1 -2, =2 -2
J'-ijlcj L +a,

an estimator of the terms n lm which Jepend on m;
thus one minimizes

L}

) .- o,
CAT(m) = = . " " - ' 7¢
T"l 3 o
where
RTINS S
}T) 3

is an "unblaged" emtimator of 72, At m = 0, we
asgign CAT(0) =« -~ (1 + (1/T)).

It should be noted that a multiple time series
version of CAT is given in Parzen (1977).

An order determining criterfon which {s coansts-
tent, but whose behavior in practice is coatroversial,
is given by Hannan and Quinn (1979).

4. Log Speccral Kernel Estimator and Cepstral
Correlations

The approach we have been describing for forming
"optimal” estimators f(w) of the spectral demsity f(w)
of a stationary time series is to view f(w) as a
function clogest to f(w) in a distance becween spec-
tral densities given by the information divergence
I(f:f). The class of functions from which f(w) is
chosen has been constrained (or specified) parametri-
cally, in the sense that f(w) (8 of the rorm f£5(w),
where ? estimares the paramecers 9 of a model e(v)
for the true f(w).

A nof-parametric conscraint is to impose a
smoothness measure on f such as the integral square
of the r-th derivative of log f(w), denoted

1
fO | (log f(u))(“[2 dw

One then seeks o choose f to maximize smoothnesa,
vhile minimizing a measure of distance of f from f.
Wahba (1980} fatroduces the estimation distance

1 - . 1 .
] g FGe) - iog E(w)|2dwekf |(log £w)) T 2w
4] 0

vhere K is a penalty parameter to be determined adap-
tively by the data. One may show that the resulting
estiaators of g(w) = log f(w) are of the form, called
log spectral kernal estimators,

(W) = {log £(w)= I expl-2nlwv)k() 1(v)
-
where

R 1 R
Y(v) = [ exp (2niwv) log E(w) dw
0

are called cepstral correlations, and the kernel k{x)
is given by (compare Parzen (1958))

k(x) = l_ﬁ}f

One often considers only two values for r, 2 and &.
The statiscical properties of cepstral correls-
tion have been extensivaly investigsted by Bhanmalil
(1974).
Stace h(g-) - % for v = M, wa call M the "half
power" lag. We seek to adaptively determine M from
the sample to ainimize the risk functton

Ry ® I(f:f) « E LzL(t.f)
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\ssuming log f(w) has 1 representation

R{w) = log f(w) =

ve—m

exp(-27iwv) v(v}

Following Wahba (1980), to minimize R.H one minimizes
an estimator of it of the form

Ry = BOD) + V(M,T)

where B(M) and V(M,T) are measures of bias and vari-
ance given by

BN = i GnNATe (T
T vlets2
2
voun = 3T 40 a v u®™H

A closed form evaluation of the {ntegral in V(M,T)
can be obtained.

5. Iterated spectral estimation.

Obsorved time series do not usually obey the
assumptions made in the foregoing theory that Y(t) is
2 2ero mean Gaussian time series with summable corre-
lation function. We call such a time series a "short
aemory” tlme series (of which white notlse is a special
case, called a "no memory” time series). Otherwise
the time series ls called "long memory'' (Parzen(1982)).

Autoregressive spectral estimators are especial-
ly suitable for matching the large scale oscillattions
vf the spectral density of a long memory time series.
The role of the autoregressive filter {3 then to
transform the time series to a short memory time
series [obtained as the residuals :.,(t) described in
section 2]. The gspectral density of the short memory
gerins, which can be regarded as the fine structure
of the original spectral denaity, can be estimated by
a log spectral smoothing estimator as well as by an
autoregressive spectral estimator. Emwploying two
Jdtfferent approaches to short memory spectral estima-
tion ls desirable slnce the problem of spectral
estimacion {s not simply a problem of parameter
escimation but 18 also one of model {dentification.

lterated models for forecasting long memory time
aeries are used by Parzen (1981) under the name of
"ARARMA models” (see Appendix for an example).
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APPENDIX: Wolfer Sunspot Numbers 1846-1963.

To {llustrate the application of some of che

foregoing ideas, we report an iterated autoregressive Fig. 1
model fitted to the annual time series Y(t) of Wolfer's

sunepot data for the years 1846-1963 (which (s a sawmple 9
of length T = 118). Our ARARMA model fitting algo- F
rithe autowatically proposes the following model (which
it hopes will have the best medium range, if not long gl G aepar
range, forecasting capability): ] p
Y(t) = ¥(t) - .482 Y(c-10) - .554 Y(t-11) M ﬂ
Fee) - 1.009 T(e-1) + .362 F(£-2) = v(r) b t
The series Y(t;, is a short memory time series to which : ﬁ P
Y(t) has been transformed by the initial autoregress- = | j[
fon an Y(t). As an estimator of the true log spectral } r + :
density f(w) we take, up to a normalizing constant, : \ 1‘\ l‘ A J\ « f'\ ,\ it
potb iy
ilog f (w)} = ilog fo(w): + log f_(w) f » el
8ty 8 fy m . \ J \ {I I jy\ '/-‘ Y ; . | “ t
where * \\‘ ’\/‘g’-.\ "ii H\‘
. i \ (I
P 22 2mga -2 K‘J \ J N1 ‘
taw) = 32 g, Y ..__J_ J 7 ,‘11L
Yo am EE] B

is the autoregressive spectral demnsity correspounding
to the transformation from Y(t) to Y(t).

Figure 1 is a graph of the Wolfer sunspot data
(the crosses represent the one-step ahead predictors
of the model above). Filgure 2 graphs cthe fterated
autoregressive log spectral estimator flug (Y(v))'







