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I. OBJECTIVE OF RESEARCH

This research has been directed towards a basic understanding of small-

signal gain mechanisms in a free-electron laser (FEL). The experiments

five years ago at Stanford University, in which 10 pm radiation was ampli-

fied on a 24 MeV electron beam have been explained in detail using single-

1
particle models. Experiments at Columbia University reported in

2
1978 in which 400 pm radiation was generated have been explained using a

collective model. For a cold electron beam, the full comprehensive theory
3

indicates that these mechanisms are not necessarily separable, so that the

full description may be indispensible. Moreover the elementary theories

often omit the effects of momentum spread on the electron beam, input coup-

ling loss due to multi-mode propagation on the beam, and non-ideal electron

orbits due to the actual magnetic fields of the wiggler with the guide field.

For a beam with finite momentum spread, a geometric 
optics collective theory

4

indicated yet another gain mechanism, originating with a wave-particle

resonance. Furthermore, as shall be described in detail below, the presence

of the axial guide field introduces additional complexity by permitting a

large enhancement in gain if certain resonance conditions are fulfilled.

It is clear that careful experiments are required to sort out all these

competing gain mechanisms. Our objective in this research therefore has

been to assemble an apparatus to allow gain measurements to be performed

on a FEL with detailed independently measured knowledge of both the equilib-

rium electron orbits in the wiggler and the momentum spread on the electron

* Many types of so-called free electron lasers have been discussed. In

this work we restrict ourselves to a configuration in which a relativis-
tic electron beam interacts with electromagnetic radiation while moving

under the influence of a stationary periodic magnetic field and a uniform

axial magnetic field.
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beam. We furthermore have intended to study methods of altering the beam

momentum distribution and beam density, so as to explore the parameter

regimes where the limiting-case gain mechanisms may be identified.

In the first year of this work, good progress has been made towards

these goals, as will be detailed below. In addition, important theoretical

advances have been made in understanding the very complex orbits which

electrons follow in a wiggler with an axial guide magnetic field. A small-

signal gain theory has been developed which takes into account this axial

guide field, and which indicates that large enhancements in gain may be

realized if the parameters allow resonance between the cyclotron and undu-

latory motions.

We anticipate continuation of this research under joint AFOSR/ONR

support.

II. RESULTS

Most of the substantive results achieved to date have either already

been published, are in the process of preparation for publication, and/or

have been presented at Scientific Conferences. We shall limit the detail

presented here therefore, and refer the reader to the archival works them-

selves.

A. Experimental

Installation of the Febetron electron accelerator, vacuum chamber,

axial guide magnetic field, and pulsed magnetic wiggler is complete. Diode

current and voltage diagnostics have been developed. Cathode designs are

under development to produce low current (100's of amperes) beams of low

emittance. A novel 90° deflection momentum analyzer has been designed to

determine the momentum spread for a sample of the beam. Low current cw
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beams in the energy range 4-20 keV were employed to determine electron

orbits in the wiggler/guide field combination. Beam analyzers were designed

and employed to distinguish orbit deflection and helicity. A summary of

one result obtained in this experiment is shown in Fig. 1, where the

measured threshold for transition between helical and non-helical orbits

has been plotted versus a universal parameter which embodies beam energy

and guide field. Predictions of the idealized theory are also shown.

Considering the approximation in the theory, we take the agreement to be

remarkable. To our knowledge this is the first attempt to measure orbit

dynamics in a FEL. This work was stimulated by theory performed by our

collaborator L. Friedland (Phys. Fluids 23, 2376 (1980)]. Since the theory

showed the stability threshold to persist for weakly-relativistic beams,

we were able to perform the experiment at low energy. This work was

presented recently at a conference (P. Avivi, F. Dotan, A. Fruchtman, A.

Ljudmirsky, and J. L. Hirshfield, Bull. APS 25, 910 (1980)]. This abstract

is appended. The work is currently in draft form in preparation for pub-

lication.

B. Theoretical

One result was the discovery of a synergism between the undulatory

motion induced by the wiggler, and the helical motion intrinsic to the orbit

in the uniform guide field. Together these combine to enhance FEL gain.

This work is now published [L. Friedland and J. L. Hirshfield, Phys. Rev.

Lett. 44, 1456 (1980)]; a reprint is appended.

A second result is the extension of the small-signal gain theory

published earlier [I. B. Bernstein and J. L. Hirshfield, Phys. Rev. A 20,

1661 (1979)] to include finite axial momentum spread. A representative

result is shown in Fig. 2, where gain values for a FEL modeled using the

I-
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parameters of our experiment are used. The gain spectra for a cold beam,

and for a beam with a parallel momentum spread between 5-20% is shown.

This work was reported at a recent conference (A. Fruchtman and J. L.

Hirshfield, Bull. APS 25, 911 (1980)]. The abstract is appended. The work

is currently in manuscript form in preparation for publication.

A third result is concerned with a description of the non-helical orbits

in a wiggler in a uniform axial magnetic field. For the "idealized" wiggler

field B - (A cosk z + 6 sink z)Bw, Friedland has computed orbits numeri-
=W x 0 y 0

cally. But S. Y. Park at Yale has shown that these orbits can be deter-

mined as well from an analytic theory; this allows greater physical insight

to this complex problem than does the numerical approach. This analytic

theory is in preparation for publication. It appears, however, that the

strongly non-helical orbits may entail off-axis departures which are so

large, as to call into question the validity of the idealized field. To

examine this question, R. A. Smith and S. Y. Park at Yale have derived the

exact field of a bi-filar helix. One objective is to assess the errors

inherent in using the idealized field for the non-helical orbits. The

ultimate objective of this work is a calculation of the spontaneous emis-

sion from electrons with strongly non-helical orbits. It appears that this

radiation is rich in harmonics of the basic undulatory frequency; thus one

might anticipate devising a FEL working on one or more of these "space

harmonics", and thus furnishing shorter wavelength radiation than a con-

ventional FEL with the same parameters.

Continuation of this research for at least two more years is antici-

pated by joint AFOSR/ONR support through ONR Contract N00014-79-C-0588,

which was established originally on June 1, 1979 to support FEL theory.

Co-Principal Investigators of the combined experimental/theoretical program

are J. L. Hirshfield and I. B. Bernstein.
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FIGURE CAPTIONS

FIG. 1. Threshold values of B w/B z for onset of orbit instability, as a

function of the universal parameter for a helical wiggler. Data

points are shown for beam energies between 4-14 keV. The inset

illustrates one of the analyzers used to determine helicity.

FIG. 2. Theoretical results for FEL power gain for the planned experiment,

showing the effect of electron momentum spread.
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Free-Electron Laser with a Strong Axial Magnetic Field

L. Friedland and J. L. Hirshfield
Department of Engineering and Applied Science, Mason Laboratory,

Yale University. New Haven, Connecticut 06520
(Received 27 February 1980)

A small-signal theory is given for gain in a free-electron laser comprising a cold
relativistic electron beam in a helical periodic transverse, and a strong uniform axial,
magnetic field. Exact finite-amplitude, steady-state helical orbits are included. If
perturbed, these orbits oscillate about equilibrium, so that substantial gain enhancement
can occur if the electromagnetic perturbations resonate with these oscillations. This
gain enhancement need not be at the cost of frequency upshift.

PACS numbers: 42.55.-f, 41.70.+t, 41.80.Dd

Intensive activity is underway to exploit the known resulte for G, in the single-particle limit
pin properties of a relativistic electron beam (i.e., when collective effects are negligible)
undulating in a periodic transverse magnetic field. G = (wo 4/kc)a(koL/2')3 F'(). (1)
Such free-electron laser (FEL) configurations
have provided oscillation at 3.4 (Ref. 1) and 400 Here w,, and y are the beam plasma frequency
Jrm,' and amplification at 10.6 urm.' Theory has Ne 2/mE0 and normalized energy W/mc', k, and t
advanced apace,4 and elaborate schemes have are the helical transverse magnetic field wave
been proposed for obtaining high FEL efficiency.5  number 27/I and normalized strength eBjmcko,
A factor which limits the practical application of L is the interaction length, and F'(0) = (d/dO)(sine/
this interaction at wavelengths shorter than per- 0) 2 is the line-shape factor, with 8 =[kv, 0o- w(1
haps a few microns is the rapid decrease in -Vo/c)I (L/2c), where V3o is the unperturbed elec-
small-signal gain Go as the electron energy in- tron axial velocity. The peak gain occurs at 0
creases. This is shown explicitly in the well- -1.3, where F'(0) =0.54. For example, with y

1456 0 1980 The American Physical Society
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=10, 1=1.05 cm, WP=5x107 seec', 4 =1 (B, =10.2 netic field
kG), and L =130 cm, the peak gain is Go =0.00247 Br) =Bog.+B,(9. coskoz +g, sinkz). (2)
at awavelength of 105 A m. For y =100, 1=10.5
cm, wP = 2 x 10' sec-, =1 (B± = 1.02 kG), and L These orbits, which have been the subject of re-
=260 cm, the peak gain is Go, = 0.003 16 at a wave- cent study, 0 can possess more than one steady

length of 10.5 ;m. These gain values may be state, depending upon y, B0 , B,, and k,. These

large enough to sustain oscillations if highly re- steady states are characterized by the normalized
flecting mirrors are judiciously added but the velocity components (i.e., u, =v,/c)
strong helical fields required (particularly the =0
10.2-kG case) may be beyond the capability of u10

present superconducting coil technology.' 2 -2

A suggestion has appeared for enhancing the U30 = (1 U2o -"

small-signal gain above values given by Eq. (1) where the basis vectors ,(z) =- sinkoz +,

(or for achieving comparable gains with smaller x coskoz, &_(z) =-e, coskoz -9, sinkoz, and g3(z)
B.) by employing a strong axial magnetic field so =9, have been introduced to track the symmetry
as to exploit resonance between the cyclotron fre- of the transverse magnetic field. Figure 1 shows
quency and the undulatory frequency. 8 The pres- u~o vs 0/c for k o = 6.0 cm-', t = 1.0, and y = 10.
ent Letter presents a single-particle derivation For fl >fl, =koc[(r 2 - 1)1/ 3 - 2 313/2, it is seen
for the small-signal gain of a FEL in a uniform that only one branch exists (branch C). But for
axial magnetic field B o. We shall demonstrate 0 < fSl, two additional branches (4 and B) are al-
that careful adjustment of the system parameters lowed: Branch B has been shown to be unstable,
will allow enhancement of the FEL small-signal in that the orbits exhibit nonhelical, highly an-

gain by an order of magnitude or more (for the harmonic motions, while branches A and C have
above examples) without increasing the undulatory orderly helical orbits. Stability is insured if tA2

velocity. This result goes beyond that predicted =a 2 -bd > 0, where a =kocU30 /yu2o, b =nU20/yU30,

by Sprangle and Granatstein' who have suggested and d =koct/y. The quantity t' is the natural res-
that the only effect of the axial magnetic field onance frequency in response to small perturba-

would be to add a multiplicative factor (1 -f2/ tions of the orbit: We shall show that strong res-

k ocy )- 2 to Eq. (1), due to the aforementioned res- onance response of the electrons to electromag-

onance giving an enhanced undulatory velocity vx, netic perturbation can lead to enhanced FEL gain

where f2 =eB/m. This result is in fact predicted for small ;, i.e., for fl close to n,,.

by our analysis as a limiting case. Of course, The derivation of FEL gain proceeds by solving

any mechanism which increases the undulatory the single-particle equations of motion, subject

velocity v, would increase the gain, but this to weak electromagnetic perturbing fields E

would also reduce the relativistic frequency up- =e o cos(kz - wt) and B =e,(kc/w)Eo cos(kz - wt),
shift, since

w at koc(1 - V3,/c)" I = 2y2 koc(1 +yTv .2/c 2)" 1.0A C

If, for example, Vv,1c =1 without the axial mag- 0.8
netic field, then a given gain enhancement 1 UB3O
achieved through this resonance alone would re- 0,6
sult in a reduction in frequency upshift by a fac-
tor (1 +ql)/2. The process we describe in this 0.4

Letter will be shown to permit significant gain 0.2- 1
enhancement without undue sacrifice in frequency cr/c
upshift. The gain enhancement originates when 0 "' I I

the electromagnetic perturbations resonate with 0 20 40 60 80 100

the natural frequency of oscillation of electrons LI/c (cm t)
on finite amplitude equilibrium helical orbits. FIG. 1. Steady-state normalized axial velocit u

Prior workers have not considered this effect. as a function of normalized axial magnetic field 1l/c.
A full derivation of our result will be presented For this example k0 

= 6.0 cm 't, 4 = 1.0, and y = 10.
elsewhere.9 Exact unperturbed relativistic orbits Gain enhancement discussed in this work Is for orbits
are considered in the customary FEL model mag- on either branch A or branch (.

1457
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about the equilibrium orbits on either branchA or C as discussed above. These equations are

,hocu' - /v),,,- (oc/lMv' - (-/I)," + (eE,1 mcV)(kcU3 l - 1), (4)

,,-(k 0 cu,) -r1l/ , - 6,/y).+(eE2/mcv)(kcu,/w - 1), (5)
f,. -0 0ll + 1clw - u,)(%l ), (6)

where I- (e/mc)(aE, +u2 E.) and

2(E, +iE) - -Eo exp{ [(k +k),,,ct - wt +all

with a the random initial electron phase. When time variations and electromagnetic fields are absent,
Eqs. (4)-(6) lead to the exact steady states given by Eq. (3). To linearize Eqs. (4)-(6), we introduce
the velocity perturbations wt =u4 -u4 ou 4Uo and retain only the lowest-order quantities. This results in
0, + Aiw, -AEo cos(8t +a), or

S -- [cos(St +a) - cos~t cosa + (B/M) sinAi sinai +A '" 1(0) sinA, (7)$A

where

A =(a +)( -uo) +bu,, O =ck +ko)u3 o- w, w-kc, k,(0)= (eEo/2ymc)(l -uo) siia,

and w,(0) =0. The other components follow from

k2 =-awl + (eEo/2mcV)(1 -Uo-Uo') cos(t +a), W2(0) =0; (8)
and

ad zd, + (e 0o/2mc)U 2 o(1 -U ) cos(t +a), w3 (0) =0. (9)

Equation (7) for w, exhibits the aforementioned natural resonance at frequency A, while the electromag-
netic perturbation drives the transverse motion at frequency P. Gain enhancement can be expected
when p is close to 0.

The energy gain for an electron is calculated from Onc/e)dy/dt -wE 0o-W2 E20-oUE 21 . The first-
order variation in electric field E, originates from small phase variations as u. changes. Thus this
becomes

(mc/e)dy /dt = - w1E10 - w.Ea - iEo(k +ko)cu2 o sin($t +a)fo dt'w3 (t'). (10)

The third term in Eq. (10) is much larger than the other two on account of the factor k +ko. The domi-
nant single-particle energy transfer in the FEL (even with an axial magnetic field) is seen to be by
work ecu2E, done along the transverse undulatory motion, enhanced by the strong variation in E. as its
phase varies through w3. The energy variation [Eq. (10)] is averaged over random phase a to give
(dv/dt), which in turn leads to the gain through G =2(ioE 0

2)- NmC2fodt(dv/dt), where N is the beam
electron density and T =L/c is the total interaction time for the electrons in a system of length L.

The final result is

G =w-1k' u.°-T3 (a +0 +. -u2o/ 2( +)-q - p

+ F +(p) -F(O -(p)--a-P() P(O+V) -Me-0]'(11)

where 9=3T/2, wp =,T/2, F()= (sir/x)2 , and
P() =xF()/2; and where we have approximated mation we may write
(k +k)(1 -u,),)k o. We shall examine Eq. (11) in Z( 2 /l6k 2  ,F'(0 (12)
several limits.

For >> , only the terms involving F'(0) and where Z=2+ P-2 a 3+bd(l -u,)-'j. In the case
P'(0) in Eq. (11) are significant, and on branch where the axial magnetic field is absent, n =0,
A the latter of these is smaller than the former g = a = kocu3 >> d, and 42, v y. Thus, Z - 2 and
by at least a factor 2 p. Thus to a good approxi- Eq. (12) goes over to Eq. (1). When 0 *0 and j

1458
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>>2, gain enhancement can be achieved as claimed io2  
... . ,

by the prior workers,' due to resonant enhance-
ment of u 2., but not without sacrificing frequency

upshift, as discussed above.
However a more attractive possibility exists

when 4 is small, and approaches 3. Here one z

can approximate Z j- 2 bd(1 - uo)- >> 1; this re- 1 o
suits from resonance between the electromagnetic Z
perturbation which gives oscillatory motion to the

electron at a frequency 3, close to its natural
oscillation frequency A. Gain enhancement due
to large Z is seen to be possible without simul- 0 I

taneously increasing "2o, so that the desirable 10* 3  10-2  101

frequency upshift property of the FEL need not 6 ' 1 , I I , I

be sacrificed. 6- = O~ -

We define a gain enhancement factor 17= G1G o  60

to compare two free-electron lasers, identical ------.

except that one has a strong axial magnetic field, -55 C,,=os ...
while the second does not. In the first laser, the "

transverse magnetic field B t is reduced so that 50

U2 0 is the same for both lasers. (This assures , ,
that both enjoy the same frequency upshift.) Then 0 0 0,02 0.03 004 0.05 006

,= Z{I - jF(t + ) - F(O- V) I/ 2,F'(; ) }. (13) FIG. 2. (a) Gain enhancement 1 ,) and (b) correspond-
ing normalized axial magnetic field Q/c, vs transverse

We have evaluated Eq. (13) for two examples with magnetic field parameter 1. The values 0 = 0.5 and
the parameters cited in the first paragraph of this 1.0 are for the FEL without axial field, and provide
Letter, holding 10 1 = 1.3 where I F'(0) j has its the same u,0 as do the indicated (smaller) values of

maximum value. The results are shown in Fig. 2 4 for the FEL with the indicated axial field strength.

for the y = 10 example. In Fig. 2(a) we plot the Example is for -= 10, k0 = 6.0 cm", and L = 130 cm.
Solid curves, orbits on branch ( ; dashed curves,

gain enhancement factor as a function of the orbits on branch A. For high enhancement values,
transverse magnetic field normalized strength such as on the 40 = 1.0 branch A example, the numeri-

for the FEL with the axial guide magnetic field. cal precision required to compute accurate results
The solid curves are for steady-state orbits on suggests that the phenomenon is very sensitive to the
branch C; the dashed curves for branch A. On system parameters.
branch A, gain occurs for 0>0, while on branch

C gain occurs for 09-0. Two transverse magnetic
fields for the FEL without axial field correspond- deserve careful study. However, to the extent
ing to 4. = I and 0.5 are shown. Figure 2(b) shows that these effects are negligible, our theory
the required values of axial guide field. One sees shows that provision of a strong uniform axial
a gain enhancement of 31 (on branch C) at 4 = 5 magnetic field can allow significant small-signal
x 10-3 for an axial guide field of 102 kG. The gain enhancement, and significant reduction in the

transverse magnetic field required is reduced to required transverse magnetic field strength in a
51 G, and the gain is increased to 0.0766 at A FEL, without undue compromise in operating fre-
= 105 Am. Higher gain is predicted on branch A. quency below that given by the idealized upshift

For the y = 100 example at k = 10.5 Am, we find a value 2v 2 koc.
gain enhancement of 16 (on branch A) at 4=3xl0 2  This work was supported in part by the U. S.

for an axial guide field of 99.5 kG. The trans- Office of Naval Research and in part by the U. S.
verse magnetic field required is reduced to 30.6 Air Force Office of Scientific Research.

G, and the gain is increased to 0.0506.
Of course when the predicted single-pass gain

is large (say >0.1) this theory must be modified.
Furthermore, finite electron momentum spread 'L. R. Elis, W. M. Fairbank, J. M. J. Madey, H. A.
(neglected here) will mitigate against gain, as Schwettman, and T. I. Smith, Phys. Rev. Lett. 36,
for a FEL without a guide field. These effects 717 (1976).
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2D. B. McDermott, T. C. Marshall, and S. P. Soble- 5P. Sprangle, C.-M. Tag, and W. M. Manheimer,
singer, Phys. Rev. Left. 41, 1368 (1978). Phys. Rev. A 21, 302 (1980).

3D. A. G. Deacon, L. R. Elias, J. M. J. Madey, G. J. OW. B. Colson, Rhysics of Quantum Electronics
Ramlan, H. A. Schwettman, and T. I. Smith, Phys. (Addison-Wesley, Reading. Mass., 1977), Vol. 5.
Rev. Lett. 38, 892 (1977). tj. p. Blewett and R. Chasman, J. Appl. Phys. 48,

1. B. Bernstein and J. L. Hfrshfleld, Phys. Rev. 2692 (1977).
Lett. 40, 761 (1978); T. Kwan and J. M. Dawson, Phys. Op. Sprangle and V. L. Granatatein, Phys. Rev. A 17,
Fluids 22, 1089 (1979); I. B. Bernstein and J. L. 1792 (1978).
Hlrshfield, Phys. Rev. A 20, 1661 (1979); P. Sprangle "L. Freidland and J. L. Hirshfield, to be published.
and R. A. Smith, Phys. Rev. A 21, 293 (1980). 10L. Friedland, to be published.
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A. LJUDHIRSKY, and J. L. HIRSHFIELD,** Center for Plasma
Physics, Hebrew University of Jerusalem, Israel, and L.
FRIEDLAND, Yale Univ.--Free electron laser experiments
are being widely pursued in which a relativistic electron
bean propagates along the axis of a helical magnetic wig-
gler. An axial guide magnetic field is usually present
for beam collimation, and a recent theory1 shows how both
steady-state and dynamical resonant effects due to this
guide field can lead to gain enhancement. Theory for
equilibrium orbits in this magnetic field configuration
indicates that stable helical orbits are possible, but
that strongly non-helical ("unstable") orbits are easily
produced.2 Results of an experiment are presented in
which novel orbit analyzers were employed to search for
the threshold for orbit stability, as a function of beam
energy, guide field, and wiggler field. The observations
are consistent with theory.

*Sponsored by AFOSR and ONR.
**Also Yale University.
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influence of Electron Energy Spread on Amplifi-
cation in a Free Electron Laser* A. FRUCHTMAN and J. L.
HIRSHFIELD**, Center for Plasma Physics, Hebrew Univ. of
Jerusalem, Israel--A collective theory has been pub-
lished' for small-signal amplification in a free elec-
tron laser comprising a relativistic electron beam propa-
gating along the axis of a static helical pump magnetic
field. However, detailed analysis has heretofore been
limited to the case of a cold electron beam, i.e.
f(o(,Ey)-const.6(a)g(6)6(y-yo), where a and 6 are the
transverse components of the canonical angular momentum
and y is the total energy normalized to mc2. The pres-
ent work extends the above analysis to the case of a
beam with finite energy spread, i.e. fo(a,5,y)
* const.6(a)6(e)[H(y--y)-H(y-y2 )], where H is the step
function. This model accounts for reductions in ampli-
fication due to phase mixing, but not enhancement of
amplification due to wave-particle coupling.2 Results
will be shown for several cases of practical importance.
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