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20. Abstract (Cont'd) I

performance index. The results show: 41) the sign on the estimate of the
target's depth cannot be uniquely determined, 42fthe Gauss-Newtpn method
works as well as its modified version for these experiments, (3) the problem
is singular on the first leg, and/4) the initialization of the algorithm
influences convergence. /5~
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I UNDERWATER TARGET TRACKING USING MEASUREMENTS FROM A LINEAR ARRAY
OF OMNIDIRECTIONAL ACOUSTIC ELEMENTS

1. INTRODUCTION

The tracking problem discussed herein is defined by a moving observer
in an underwater environment which uses measurements from a trailing

linear acoustic array to estimate the initial position and velocity of a

target. The assumptions made in discussing this problem are as follows.

The array is a multispot linear array of uniformly-spaced omnidirectional

elements operating in a passive mode; it is considered to be an inflex-

ible body which is rigidly connected to the observer's stern. The

target-observer kinematics are described in a three-dimensional Cartesian

coordinate system. Both the velocity and depth of the target are

constant throughout the problem. The observer maneuvers to improve the

quality of the estimate and these maneuvers are generated by impulses in

acceleration and are restricted to a horizontal plane at a depth that may

differ from the target's. The underwater environment is modeled as an

infinite, homogeneous medium with the target being the only noise source

1in this medium. Finally, it is assumed that the linear array is

operating in the far-field region, so that only plane-wave prop-

* agation is considered.

Various versions of this target tracking problem are produced by

* changing the type of sensor, altering the restrictions on the environ-
ment, and relaxing the restrictions on target motion and other assump-

tions. One well-studied version is the bearings-only case, where both

the tai yet and observer are operating at the same depth and a bow-mounted

sonar measures the azimuthal angle between north and the line-of-sight to

the target. In other words, by steering in a horizontal plane, this sonar

isolates a line segment on which the target lies. In contrast with this,

the linear array measures a conical angle between the array's longi-

tudinal center line and the surface of a cone on which the target lies.

1,1



The measurement equation describing this conical angle is a nonlinear

function of the target parameters: velocity and initial position.

Consequently, an iterative least-squares estimator is used. Although the

extended Kalman filter is also applicable, it was not tried because of

its erratic behavior with the Cartesian model of bearings-only target

motion analysis,I which has many of the same properties as the omni-

directional linear array problem. Also, the additional experience with

iterative techniques may prove useful in treating other problems where

past measurements from secondary sensors must be incorporated into the

current estimate. The measurement noise is assumed to be Gaussian even

though the iterative least-squares estimator does not require any

information about the noise structure.

The modified Gauss-Newton method 2 is the particular iterative

technique used in this study. However, its unmodified version, the

Gauss-Newton method, is also discussed and some results obtained with it

are cited. The performance index, P11, for this nonlinear least-squares

problem is the sum of the squared measurement residuals, which is mini-

mized by iteratively estimating the target parameters. The previous

estimate defines a nominal target track which is used to formulate a

linearized least-squares problem that is solved by a Householder trans- I
formation. 3  This solution updates the previous estimate, and the

procedure repeats until the terminating criteria are satisfied. The

modified Gauss-Newton method is used because of its elementary structure,

and the Householder transformation is used because of its numerical I
accuracy.

The next section of this report develops the Cartesian signal model

required by the estimation algorithm. This is followed by a section that

describes the Gauss-Newton method, the modified Gauss-Newton method, and J
the Householder transformation. The Levenberg-Marquardt method 4 is

also mentioned because of its success with singular or ill-conditioned j

2j
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I problems. The experimental results are given in the fourth section, ana

the conclusions and recommendations for further work are given in the

m last section.

Appendix A shows the Jocobiah matrix required in the Gauss-Newton

method, and appendix B shows a scheme for selecting the step size in the

modified Gauss-Newton method. The number of computer operations

(additions, multiplications, divisions, square roots, and trigonometric

functions) required for one iteration of the modified Gauss-Newton method

is given in appendix C. A listing of the computer code used to define

the experiments is contained in appendix 0.I
I
I
I
I
I

I
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1 2. SIGNAL MODEL

SI The signal model is defined by the measurement process and the

target-observer kinematics, and both of these are described in a three-

dimensional Cartesian coordinate system in this section. The complexity

of this description is reduced because neither the target nor the

observer changes depth. A further simplification results from the

assumption on the observer's maneuvers; i.e., instantaneous changes in

speed and heading are permitted. Consequently, the center lines of the

observer and the linear array are always coincident. This gives a

shorter convergence time when compared with the results from a signal

model that uses a realistic description of the maneuvers.

Figure 1 shows the two-element model of the linear array used in this

report. The distance between elements is b, and the distance traveled by

the plane wave as it moves from the first to the second element is d.

The direction to the target is given by the angle a, which should be

defined at the midpoint between the two elements. This error is

neglected, as is the offset between the positions of the array and the
observer.

Inspection of figure 1 shows that

cos = d/b = c tl/b, (2-1)

where c is the nominal speed of sound in sea water and tI is the wave

front time delay between elements. The observer reconstructs the plane

wave by combining the electrical signals from these two elements after

first inserting the time delay, tI, into the signal path of the second

element. Further inspection of figure 1 shows that a and, consequently,

t are unchanged when the direction of propagation line is rotated

5
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about the array's longitudinal center line. Hence, a time delay measure-
ment defines the surface of a cone on which the target lies. This is

shown in figure 2.

In this report t1 rather than m is defined as the measured variable

because cos a is the required input signal for the estimation algorithm

presented in the next section. Assuming that a is the measured variable,

the noise level on t 1 is established from equation (2-1). The noisy

version of this equation is

costa + v) = c(tl + vt)/b (2-2)

where v' and vt are the noise terms. Expanding the cosine term and
simplifying the result gives

vt v (b/c) sin (2-3)

Assuming that v. - N(O, 2 and that at any point in time m is

unknown but constant over an ensemble of experiments, then vt ~

N(O, at 2 ) where

at = blsin zab/c. (2-4)

Hereafter,

Ot - b am/C (2-5)

is used. This approximation leads to a pessimistic result.

The noisy time delay is defined as tm; i.e.,

tm - ti + V (2-6)

6
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where the t subscript on v has been dropped for brevity. Solving

equation (2-1) for tI and substituting this result into equation (2-6)

yields

tm(k) = (b cos a(k))Ic + v(k) (2-7)

[= where k denotes the time t = kh at which the measurement is taken with a

fixed sampling period h seconds. Equation (2-7) defines the measured

time delay as a function of the conical angle a. To define it as a

function of the target's position variables, a Cartesian coordinate

system is introduced.

A (Rll, RT , Rz ) coordinate system fixed at the array with R

along the center line, Rz in the depth direction, and RT orthogonal

to both R11 and R is shown in figure 3. Inspection of this figurez
shows that

cos a 11/R s  (2-8)

where

Rs a (R112 + RT2 + Rz2)1/2 (2-9)

is the slant range to the target. Substituting equation (2-8) into

equation (2-7) gives

tm (k) = b R11 (k)(c Rs(k) + v(k), (2-10)

which shows the measurement as a function of the target's relative

position variables. Also, from figure 3, it is easily shown that I

8
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I RII 2 -R2 cos2  = 0 (2-11) a

I defines the surfaces of the cone on which the target lies.

l Because the (R11, Rr) plane rotates when 'e observer changes

course, these variables must be transformed to a north-referenced

, coordinate system where the constant velocity target is defined. The new

variables are Ry (which points north) and Rx (which is orthogonal to

both Ry and R z). The (R., R y) and (R1i, RT ) planes are

coincident but differ by a rotation, and Rz is the same in both coor-

dinate systems. Both of these coordinate systems are fixed at the array.

This rotation is defined by the transformation shown in the next

equation.

R] rcos Cs c (2-12)

' Ry -sin cli cos ciJ[ Rll

where cli is the angle betwen the Ry and the R axes, measured

positive clockwise from the north reference. Because this is an orth-

ogonal transformation, Rs is also given by

S 2  2 )1/2 (2-13)RS = (Rx2 I R y + RZ .

Figure 4 shows these two Cartesian coordinate systems, the array, and the

observer's heading angle.

This transformation is expressed in terms of the observer's heading

angle, ,, by substituting

c1 1 - 180" (2-14)

9
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into equation (2-12). After first multiplying equation (2-12) by the
inverse transformation, this gives

.[:j - in i - *] LRYJ

Using the last equation in the matrix equation (2-15) to eliminate R

t11

from equation (2-10) gives

t m(k) . -b(R x (k)sin , (k) + RY(k)cos *(k))/c R5 (k) + v(k) (2-16)

where R is given by equation (2-13). Equation (2-16) shows the

measured variable as a function of relative position variables which are

defined in a north-referenced system.

Inspection of equation (2-16) shows that the sign on cannot be

resolved by this measurement. This was demonstrated by simulation,

although this elementary experiment is not included in this report.I
For a constant velocity target, these relative position variables are

defined by

R x(k) - V xtkh + R xt(0) - R x(k) (2-17a)

Ry(k) - Vytkh + Ryt(O) - Ryo (k) (2-17b)

Rz(k) - Rzt(O) (2-17c)

where Vxt , Vyt, Rxt(O), Ryt(O), and Rzt(O) define the target

paramters in another north-referencea coordinate system which is fixed in

i 11
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space and which at t 0 is coincident with the north-referenced system

fixed to the observer. Also, R xo(k) and R yo(k) define the observer's ,

position in this stationary coordinate system.

Equation (2-16) defines the measurement process and equation (2-17)

defines the target-observer kinematics. Together, these equations define

the signal model required by the estimation algorithm presented in the

next section.

12
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I 3. ITERATIVE LEAST-SQUARES TECHNIQUE

JBecause the measurement equation (2-16) is nonlinear, an interative

least-squares algorithm which batch processes a set of measurements is

I selected to estimate the target parameters. The extended Kalman filter

could be used for this problem, but it was not tried because its perfor-

Imance with a Cartesian signal model of the bearings-only problem is

suspect.

JIn this least-squares problem the modified Gauss-Newton method is

used to iteratively minimize the sum of the squared measurement

residuals. At each iteration the Gauss-Newton equations are solved by a

Householder transformation, and this yields an increment or step which is

I added to the previous estimate. The modified Gauss-Newton method first

multiplies this step by a positive scalar, which is selected at each

iteration. The Levenburg-Marquardt method is also mentioned in this

section; however, it did not demonstrate any advantage in the experi-

ments, so its use is not recommended at this time. These experiments are

not contained in this report.

The sum of the squared measurement residuals which defines the

performance index P11 is given by

S2 T K-i 2
Pit(x) lf(xl( = (x)f(x) . Z fk (x) (3-1)j k =O

where K 5 xT = (Vxt Vyt  Rxt (0), Ry(O), Rzt(0)),

fT(x) - (fo(x), fl(x), . . . fK-1( x)) and

fk(x) - (Rx(k)sin , (k) + Ry (k)cos , (k)) + c R (k)tm(k)/b (3-2)

13
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In this section x represents the estimate of the target parameters.

Equation (3-2) defines the kth measurement residual. With K finite, it

is expected that the true target parameters can minimize (3-1) only when

the measurements are noiseless.

A general iterative procedure for minimizing PI1 is given by

xi+1 a xi + gi (3-3)

where xi+ I is the (i+l)th estimate, x i is the ith estimate, and gi

is the ith step. In theory, the initial estimate x0 is usually

selected as zero. Unfortunately, this did not work well, so the first

measurement is used to aid in the selection of xO. The procedure

terminates in a finite number of iterations when no further significant

improvement in P11 occurs and/or when i+I - x I is less than

max
some threshold. A requirement for convergence of this procedure using

the modified Gauss-Newton method is given in reference 5. Although

convergence proofs are beneficial, they do not guarantee the performance

of the algorithm. Even though convergence is assured, double precision

arithmeticand/or an excessive number of iterations may be needed.

The linearized least-squares problem which is solved at each

iteration is derived from the following Taylor series expansion of P11:

Pll(xi1j) . Pll(xi+gi) = Pl1(xi) + VPI1T(xi)gi + higher-order terms (3-4)

where V is the gradient operator. If xi+ I yields a local minimum, then

vPI1(xi+1 ) = 0, and the gradient of equation (3-4) gives

0 - VPII(x i) + V
2PI1(xi)g i  (3-5)

14
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where the higher-order terms have been neglected. The step gi to the

next estimate is given by the solution to the matrix equation

I72pI1(x,)gi . VPI1(xi) (3-6)

where

vPIl(x) a fT(x) f(x)lax 2 JT(x) f(x) (3-7)

and

2 Jr( K-i

PI1(x) = 2 (x) J(x) + 2 z (v fk(x)) fk(x). (3-8)
kwO

J(x), the K by 5 Jacobian matrix of f(x), is given by

J(x) - a f(x)Iax - [a fkla xi1 , (3-9)

which is given in appendix A. This appendix shows that the last column

of J(x) is zero if the estimate of the target's depth is zero. This

singularity did not present any difficulties for the experiments reported

here; it will be discussed in detail in a future report.

The computer burden is reduced if the last term in equation (3-8) is

replaced by an approximation which does not require any second deriva-

f {tives. Because this term depends upon the residuals, the approximation

1 usually introduces negligible error near the solution. Various iterative

techniques result from different approximations. Using equation (3-8) as

stated gives Newton's method, while dropping the last term gives the

Gauss-Newton method. In addition, setting,72pI1(x) - I, an identity

matrix, gives a steepest decent step ga -7PI1(xi). The

I
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Levenberg-Marquardt method provides a mix of these latter two techniques.

Matrix-updating methods, such as the Davidon-Flectcher-Powell method,

approximate the Hessian matrix, v2PI, by a successive addition of

low-rank matrices.

The convergence rate for Newton's method is second order, while

reference 5 states that at most the convergence rate for the Gauss-Newton

method is linear unless PI1(x min ) 0, in which case it is ultimately

second order.

Dropping the last term in equation (3-8) gives

dT(xi) J(xi) gi -T(xi) f(xi), (3-10)

which defines the normal equations for the Gauss-Newton linearization.

Solving these equations for gi minimizes a linearized performance index

given by

P12(gi) = IJ(xi) gi - (-f(xi))112. (3-11)

These normal equations (3-10) are solved by applying a Householder

transformation to the squared error shown in equation (3-11). This

numerically more accurate approach6 is developed by introducing TTT

into equation (3-11) as follows:

P12(gi) - (J (xi) gi +  f(xi )) T  TTT(J(xi )  gi +  f(xi))

PI2(gi) - (T J(xi) gi + T f(xi)) T(T J(xi) gi + T f(xi))

PI2(gi) = JIT J (xi) gi + T f (xi) 112 3-12)

16
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where T is the Householder transformation. Because this is an orthogonal

transformation, TTT = I and inserting this into equation (3-11) leaves

1P12 unchanged. In addition, T is selected such that

*- £ (-0 ) (3-13)

where R is a 5 by 5 upper triangular matrix and 0 is a (K-5) by 5 zero

matrix. This gives

P12 = H i--)gi + (-e-) (3-14)

I where

I T f = (---). (3-15)

IThe gi which minimizes P12 is given by
gi -R (3-16)

and

min P12 = Hjell2 . (3-17)

The details associated with defining the elements of this transformation

T are given in references 3, 6, and 7.

In the .icinity of a local minimum at xi+1,

f(xi+l) = f(xi + gi)  f(xi) + J(xi) gi (3-18)

17
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ind, consequently, (3-11) becomes

P12(g i) = ljf(x i+)112 = PI1(Xi+l). (3-19)

Equation (3-19) is not a sufficient condition for a local minimum, but it

is convenient to use it as the termination criterion for the experiments.

The modified Gauss-Newton method is given by

Xi+1 = x + ag (3-20)

where the positive scalar ai is selected such that

PI1(xi+ I) < PI1(x). (3-21)

In this method it is said that gi gives the direction of the step while

ai gives its length.

Once gi is found, by the Gauss-Newton method, PIl(xi+1) = PI1(x.

+ ai gi) is only a function of the scalar ai; therefore, this

function can be minimized by the selection of ai. There are several

schemes for selecting ai. The one used in this report finds the

minimum of a quadratic polynominal which fits the (ai, P12) data in the

gi direction. This is generated by computing P12 for three different

values of a. An analytical expression for the minimum in terms of

these three data points is derived in appendix B.

Inspection of equation (3-10) shows that a non-singular J matrix

is required by the Gauss-Newton method. Ill-conditioning of this matrix

is also a concern. The Levenberg-Marquardt method is useful in these

situations, and it also provides a way to incorporate a priori informa-

tion into the problem.

18
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The Levenberg-Marquardt method is defined by equation (3-5) but with

2 jT

P11(x) (x) J(xi) + 2 xi D (3-22)

where xi is a positive scalar and D is a positive definite diagonalIi
matrix. By comparing equation (3-22) with equation (3-8) it is seen that

2 x i D may be viewed as an approximation to the term that is omitted by

the Gauss-Newton method. The details of the selection procedure for both

a X and D are given in reference 4, but inspection of equation (3-22)

show S that xi = 0 yields the Gauss-Newton method while xi + with D

=I yields steepest descent.

In the experiments reported in the next section, no difficulties with

TI the J J matrix occurred, so the Levenberg-Marquardt method did not

prove useful. These experimental results are not shown in this report.

The Levenberg-Marquardt method is discussed because the omniLrectional

linear array problem is singular prior to an observer maneuver, and

estimates during this time interval may be required.
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4. EXPERIMENTAL RESULTS

jJ

The results from a digital computer simulation of three different

sets of experiments are presented in this section. The different sets

are producea by changing the target's initial position. Each of these

sets is composed of three members, which are produced by changing the

standard deviation of the measurement noise. The target parameters for

these three sets of experiments are given in table 1.

Table 1. True Target Parameters with Speed in Meters/Second
and Range in Meters

Experiment

Set Vxt Vyt Rxt(O) Ryt(O) Rzt(O)

No. 1 -5 10 10,000 10,000 1000

No. 2 -5 10 40,000 40,000 0

No. 3 -5 10 10,000 10,000 10,000

Experiment set No. 1 is a short-to-mid range situation while No. 2 is a

mid-to-long range one. Experiment set No. 3 may be viewed as a single-

bottom-bounce problem where the actual target depth is located by knowing

the bottom depth. This is shown in figure 5.

The standard deviation for the white Gaussian measurement noise is

established from equation (2-5) with c . 1500 meters/second and b - 3/8

meter (which is a quarter wave-length at a 1-kHz frequency). The three

21
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standard deviations used in each of the sets shown in table 1 are

a 0.0 seconds, at = 0.05 x 10-  seconds, and at = 0.25 x

10-5 seconds. The first of these is the noiseless case while the last

corresponds to a a = 0.01 radians (approximately 0.5 degrees). The

remaining o represents a low-noise cace.
It

In all experiments the observer starts from the origin at t = 0
seconds with a speed of 10 meters/second and a heading of 0 degrees.

Just prior to the measurement at 240 seconds the observer instantaneously

changes heading to 90 degrees and just prior to 480 seconds changes back

to 0 degrees. Each of these headings defines a leg of the problem, and

each leg consists of 240 measurements. The first measurement occurs at 0

seconds while the last occurs at 719 seconds. With the exception of the

target's initial position, the target and observer tracks are the same

for all experiments. Figure 6 shows these tracks projected onto the

(Ry, Rx) plane.

The time-delay measurements are taken at a 1-second data rate; they

are then compressed by a measurement preprocessor, which also reduces the

noise. For example, this preprocessor produces a "measurement" at 9.5

seconds by first adding together the measurements from 0 to 19 seconds

and then dividing this sum by 20. These preprocessed measurements are

then fed to the estimation algorithm. Hereafter, the indices of all the

variables denote the preprocessed measurement count; e.g., tm (0) is the

first of these measurements and it is associated with a real time of 9.5

seconds while tm(l) is the second, and real time is 29.5 seconds. The

error introduced by measurement preprocessing is not modeled in these

experiments. This error is zero only if the true time delay is constant

for each of the 20-second intervals. Finally, the time-delay pre-

processor averages cos 6, not Q itself.

22
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IFigure 5. A Single Bottom-Bounce Propagation Path
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Figure 6. Target and Observer Tracks in the (Rd. Rx) Plane
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To start the iterative least-squares algorithm an initial estimate of

the target parameters is required. This is specified by using the first

measurement together with Vxt 0, V - 0, Rzt(O) = 3,000 meters,

and R (0) = 20,000 meters; this gaves,
s

I. R11 (0) c Rs(O) tm(O)/b (4-1)

and

R T(O)  (Rs2(O)- Rzt2(0) R11
2 (0))1 /2  (4-2)

where the sign on RT(O) determines the initial side of the cone's

surface on which the target is assumed to by lying. Both signs are tried

and the one which yields the smaller P11 is selected as the initial

point. Although this does require that the estimate of the target-

observer track be generated twice, it does not require a Householder

transformation.

Another initialization scheme is to select RT(O) . 0 and

Rzt(O) = ( (Rs2 (0) - RII(0))1/2 , (4-3)

where either sign may be used without penalty. This scheme may also be

used whenever the quantity under the square-root operator in equation

(4-2) is negative. A future report will investigate the use of equation

(4-3) and RT(O) - 0 as the primary initialization procedure.

In these experiments the iterative procedure is terminated when J
Pll(xi+l) is within * 10 percent of P12(gl). This criterion is

selected as a convenience for these initial experiments. It is

recommended that a similar bound be placed upon the component of xi+1 ,

which undergoes the largest percent change. Monitoring the percent

change in P11 is also recommended. I
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The first experiments use the modified Gauss-Newton method. The

i initialization uses the sign on RT(O) which produces the smaller P11,

so the estimates associated with generating the additional target-

observer track are not shown in the results. However, some additional

experiments do show the effects of using the "wrong" sign on Rr(O).

This is followed by some results for both a one-legged and a two-legged

problem. Finally, results obtained with the Gauss-Newton method are

mentioned.

The results from the first experiment set are shown in tables 2a, 2b,

and 2c; from the second in tables 3a, 3b, and 3c; and from the third in

tables 4a, 4b, and 4c. In all of these tables the iteration number

defines the number of calls to the Householder transformation subroutine,

and the last row shows the P11 which occurs when the true target para-

meters are used. As expected, this P11 is larger than the one reached by

the algorithm in all cases.

Inspection of all these tables shows that the algorithm converges by

the fourth iteration, except for the noiseless cases. In these cases it

is seen that R (0) is the only target parameter which experiences morezt
than a 10 percent decrease in moving from the third to the fourth

iteration, and this only occurs in tables 2a and 3a. Perhaps, after the

fourth iteration a 1-dimensional search or a less stringent performance

bound should be used for Rzt(O). Regardless, further investigation or

discussion of these noiseless cases is not warranted.

Inspection of tables 2a, 2b, and 2c shows that the magnitude of the

error in the final estimate increases, as expected, when the variance of

the noise is increased. This is also shown in the other sets of tables.

A Monte Carlo simulation or an analytical study could quantify this

observation.
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Table 2a. Results from the Modified Gauss-Newton Method
with at - 0.0 Seconds (First Member of Set No. 1)

Iteration
Number Vxt Vyt Rxt(O) Ryt(O) Rzt(O) PIt P12

0 0 0 13,800 14,161 3000 3.79X10 8  4.70X105

1 1 2.75 10.25 6179 6993 3087 1.89X10 7  8463

2 -2.80 12.99 8742 8563 1701 5.87X10 5  46.47

3 -5.39 9.64 10,230 10,233 1127 3561 0.024

4 -4.99 10.01 9997 9997 1006 4.58 0.057

5 -5.00 10.00 10,002 10,002 1002 0.059

True

Parameters -5.00 10.00 10,000 10,000 1000 0.57

Table 2b. Results from the Modified Gauss-Newton Method with
at = 0.05 X 10-5 Seconds (Second Member of Set No. 1)

Iteration
Number Vxt Vyt Rxt(O) Ryt(O) Rzt(O) P1 P12

0 0 0 13,827 14,136 3000 3.83XI0 8  4.75XI05

1 2.70 10.25 6178 6993 3109 1.86X10 7  8096

2 -3.05 12.89 8899 8699 1734 5.88X10 5  763

3 -5.56 9.53 10,328 10,326 1165 4014 734

4 -5.18 9.89 10,106 10,100 1054 737

True
Parameters -5.00 10.00 10,000 10,000 1000 1029

A
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Table 2c. Results from the Modified Gauss-Newton Method with
at - 0.25 X 10- 5 Seconds (Third Member of Set No. 1)

Iteration
Number Vxt Vyt Rxt(O) Ryt(O) Rzt(O) PI1 P12

0 0 0 1v,801 14,161 3000 3.79XI0 8  5.02X10 5

1 2.98 10.00 6285 7058 2939 2.38XI07  42,580

2 -1.22 13.52 7637 7572 1526 6.52X10 5  29,736

3 -4.24 10.47 9494 9451 858 37,858 29,648

4 -3.75 10.84 9191 9166 613 29,739

True
Parameters -5.00 10.00 10,000 10,000 1000 37,793

Table 3a. Results from the Modifiea Gauss-Newton Method with
ot - 0.0 Seconds (First Member of Set No. 2)

Iteration
Number Vxt Vyt Rxt(O) Ryt(O) Rzt(O) PHt P12

0 0 0 13,812 14,150 3000 5.51X10 7  22,182

1 17.56 30.92 26,420 26,916 4659 3.64X10 6  2041

2 -5.74 10.06 41,391 41,203 2628 1.37X10 5  0.148

3 -4.85 9.99 39,729 39,766 1013 3813 0.148

4 -5.02 9.99 40,037 40,032 454 98 0.140

5 -5.00 10.00 39,995 39,996 178 3 0.142

6 -5.00 10.00 40,003 40,003 101 0.173 0.137

7 -5.00 10.00 40,004 40,004 89 0.163 0.134

8 -5.00 10.00 40,004 40,004 87 0.134

True
Parameters -5.00 10.00 40,000 40,000 0.0 missing
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Table 3b. Results from the Modified Gauss-Newton Method with
at = 0.05 X 10-5 Seconds (Second Member of Set No. 2)

Iteration
Number Vxt Vyt Rxt(O) Ryt(O) Rzt(O) PI1 P12

0 0 0 13,806 14,156 3000 5.46X10 7  30,848

1 17.60 30.94 26,416 26,921 4668 3.62X10 6  25,604

2 -5.70 9.92 41,177 41,016 2663 1.54X10 5  23,343

3 -4.83 9.92 39,558 39,616 1131 26,524 23,343

4 -4.98 9.91 39,820 39,844 754 23,378 --

True

Parameters -5.00 10.00 40,000 40,000 0.0 24,205

Table 3c. Results from the Modifiea Gauss-Newton Method with
at = 0.25 X 10-5 Seconds (Third Member of Set No. 2)

Iteration

Number Vxt Vyt  Rxt(O) Ryt(O) Rzt(O) PI1 P12

0 0 0 13,757 14,204 3000 5.04XI0 7  2.03XI0 5

1 19.54 32.84 25,919 26,460 4549 3.83XI06 3.31X10 5

2 -7.51 7.22 41,133 41,199 2844 4.00X10 5  3.04X105

3 -6.94 7.14 40,120 40,346 1880 3.06XI0 5

True
Parameters -5.00 10.00 40,000 40,000 0.0 3.77X10 5

.1
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Table 4a. Results from the Modified Gauss-Newton Method with
Tt - 0.0 Seconds (First Member of Set No. 3)

Iteration

Number Vxt Vyt Rxt(O) Ryt(O) Rzt(O) PI P12

0 0 0 16,039 11,565 3000 8.69X10 8  3.91X10 5

1 -1.66 1.58 13,726 11,045 10,376 4.63X108  1.49X10 5

2 -6.58 6.73 9975 10,586 10,905 1.34X10 7  1163

3 -5.16 10.11 10,196 10,112 10,059 47,132 0.0066

4 -5.00 10.00 10,000 10,000 10,001 0.522 0.0073

5 -5.00 10.00 9999 10,000 10,000 0.0061 0.0061

6 -5.00 10.00 9999 10,000 10,000 0.0060

True
Parameters -5.00 10.00 10,000 10,000 10,000 0.261

Table 4b. Results from the Modified Gauss-Newton Method with
at - 0.05 X 10-5 Seconds (Secona Member of Set No. 3)

Iteration

Number Vxt Vyt Rxt(O) Ryt(O) Rzt(O) PIt P12

0 0 0 16,036 11,569 3000 8.68XI08  3.80X10 5

1 -1.67 1.58 13,730 11,049 10,375 4.63XI08  1.42XI05

4 2 -6.55 6.75 9950 10,558 10,886 1.39XI0 7  2579

3 -5.00 10.12 10,083 10,017 9980 49,698 1815

4 -4.86 10.01 9900 9915 9931 1816

True
Parameters -5.00 10.00 10,000 10,000 10,000 2003
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Table 4c. Results from the Modified Gauss-Newton Method with

at - 0.25 X 10- 5 Seconds (Third Member of Set No. 3)

Iteration

Number Vxt Vyt Rxt(O) Ryt(O) Rzt(O) PH1 P12

0 0 0 16,065 11,529 3000 8.77XI08  4.92X105

1 -1.70 1.54 13,718 10,995 10,364 4.65X108  2.28X10 5

2 -6.87 6.54 10,059 10,609 10,890 1.44X10 7  55,891

3 -5.67 9.97 10,440 10,247 10,152 1.01X10 5  53,939

4 -5.46 9.86 10,213 10,112 10,072 53,937

True
Parameters -5.00 10.00 10,000 10,000 10,000 60,327

Comparing tables 2c, 3c, and 4c shows that the final value of P11

increases with increasing slant range. The results shown in these tables

demonstrate that the modified Gauss-Newton method converges to a reason-

able estimate of the target parameters in approximately four iterations.

The high noise cases for these three experiment sets were repeated,

but they were initialized on the "wrong" side of the cone; i.e., the side

which yields the larger P11. The one from experiment set no. 3 displayed

results similar to those reported in table 4c while the remaining two

high noise cases performed poorly. After five iterations the one from

experiment set no. 2 was stopped because convergence to a reasonable

estimate was judged unlikely After seven iterations the one from

experiment set no. 1 was also stopped; however, convergence in one more

iteration was expected but, unfortunately, with the wrong sign on the

R zt(0) estimate.
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To investigate the effects of fewer legs, the third experiment set

shown in table 1 was repeated, first with two legs (0 to 479 seconds) and

then with one (0 to 239 seconds). Table 5 shows the final results of the

two-legged problem.

Table 5. Estimates from the First Two Legs of Experiment Set No. 3
t

Number of

Iterations at Vxt Vyt  Rxt(O) Ryt(O) Rzt(O) Pu1

5 0.0 -5.0 10.0 10,000 10,000 10,000 0.0033

4 0.05X10-5  -6.2 9.50 10,820 10,726 10,629 965.0

7 0.25XI0-5  10.0 2.55 -2495 1773 -90 852.0

Tnis table shows that the noiseless and the low noise cases converged to

reasonable estimates while the high noise case converged to a worthless

result. This worthless result may be caused by fewer legs or by fewer

measurements; aaditional experiments could resolve this point. As

expected, the one-legged problem generated diverging results because the

JT matrix is singular. The Levenberg-Marquardt method could be used

if an estimate on this leg is required.

Finally, the Gauss-Newton method was used to treat the three high

noise cases. The results obtained were essentially the same as those

shown in tables 2c, 3c, and 4c; consequently, the additional computations

required to select a step size are not justified by these experiments.

However, these experiments do not constitute an exhaustive set of all

possible target-observer situations, and the modified Gauss-Newton method

may yet prove useful.
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5. CONCLUSIONS AND FURTHER WORK

The main conclusions are:

1. There is a sign ambiguity on the estimate of the target's

depth.

2. The problem is singular on the first leg.

3. Both the Gauss-Newton method and the modified Gauss-Newton
method converge in four iterations for these experiments.

4. The Jacobian matrix is singular if the estimate of the
target's depth is zero.

5. Initialization of the iterative estimator affects
convergence.

The sign on the target's depth, Rzt(O), cannot be resolved by an
observer operating at a constant depth. This is seen from equation

(2-16), and it was also demonstrated experimentally although these
results are not shown.

The target tracking problem with a linear array of omnidirectional

elements is singular on the first leg. This was shown in the experi-
ments. An analytic treatment of this point is not a high priority item,
but is recommended since it would lend additional insight into this
tracking problem.

Both the Gauss-Newton and the ndi fied Gauss-Newton methods denn-

strate convergence in approximately four iterations. Additional

33
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experiments are needed to investigate convergence and, in those

situations where convergence occurs, to determine if convergence in four

iterations is typical.

Inspection of appendix A shows that the last column of the Jacobian

matrix is zero if the estimate of the target's depth is zero; i.e., the

target is estimated to be at the same depth as the observer. This sing-

ularity will be investigated in a subsequent report.

Initialization of the estimation algorithm can reduce the number of

iterations needed for convergence. Further experiments on this item are

needed.

To evaluate the Gauss-Newton method, more experiments with different

target-observer tracks and with different noise variances are needed. A

Monte Carlo simulation is also needed.

Different P1 functions should be tried, with a view towards finding

one that reduces the bias in the final estimate. Also, a probabilistic

description of this problem might be more useful than the least-squares

approach used here.

Experiments which expand the iterative least-squares estimator to

incuded measurements from additional sensors would be useful,

Finally, results from an extended Kalman filter which explores the

effects of different signal models should be documented.
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APPENDIX A. THE JACOBIAN OF f(x)

The Jacobian of f(x), which is used in the performance index of

equation (3-1), is shown below. This f(x) is defined by equation (3-2).

The Jacobian is defined by

J = (8f /ax9

for j = 1,2,3,4, and 5; and k =0,1,2,... ,35.

The entries in the kth row of J are given by:

af k/axi = afk/aVXt =kh a f k/aRxt(O)

af k/ax 2 = afk/aVyt = kh a fk/aRyt(O)

af k/ax3 = afk/aRxt(O) .- sin p (k) - ctm(k) Rx(k)Ib R5 (k)

af k/ax 4 = af k/aRyt(O) -- cos p (k) - ctm(k) R (k)/b Rs k

af k/ax - af r/aR zt(0) = ct m(k) R z(0)/b R s(k).
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APPENDIX B. STEP SIZE FOR THE MODIFIED GAUSS-NEWTON METHOD

* In this appendix a scheme is given for selecting the step size ai
in the modified Gauss-Newton iterative formula.

xi+1 = xi + ai gi " (B-1)

Actually, because it is not normalized, the direction gi also con-

tributes to the size of the step. It is convenient to redefine equation

(B-I) as

xi+ I = xi + aj gi (B-2)

where a. denotes the jth value of the step size at the ith iteration.

Once gi is found from the Gauss-Newton equations, PI1 is a function

only of aj; i.e.,

PI1(a.) PI1(x i + aj gi
)  (B-3)

and this is minimized by a judicious selection of a. In this report,

a. is defined by the minimum of a quadratic polynomial which passes

through three (aj, PI1(a.)) data points. For equally spaced values

of a,, the minimum of this quadratic is given by

(a2+a3) P11(al) - 2(a1+a3 )P1l(a2 ) + (a2+a,) Pit(a 3) (B-4)

am 2 P11(al) - 4 P11(a 2) + 2 P1I(a 3)

where a3 > a2 > a, > 0.

The first of these data points is readily available, namely, (a1 -

0, P11(O) P1I(xi)); ano if

B-1
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PI1(1) < P11(o), (B-5)

a2 =1 gives the second data point and a3 2a2 gives the third.

However, if equation (B-5) is not satisfied the length of the interval is

reduced by selecting a2 . 1/2 and a3 = 2a2 = 1, provided

P11(1/2) < P11(O). 
(8-6)

If this is unsuccessful, the next selection is a2 = 1/4 and a3 -

2a2 = 1/2, and subsequent selections are given by repeatedly dividing

a2 by 2. This continues until PI1(a 2) < P11(a1 ) or a threshold

which causes termination of the estimation algorithm is crossed. After

am is found, then Pil(am), Pi1(a2 ), and 
P11(a3) are compared to

determine which of these is the smallest. This is necessary because the

quadratic polynomial may not always provide a good fit to the P11

function and PI1(a2) or P11(a 3) may be smaller than PIl(am). A

diagram of this scheme is shown in figure B-1.
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Figure B-1. A Diagram for Selecting a., the Step Size for the ith
Iteration of the Modified Gauss-Newton Method
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APPENDIX C. NUMBER OF OPERATIONS FOR THE MODIFIED GAUSS-NEWTON METHOD

The number of operations (additions, multiplications, divisions,

square roots, and trigonometric functions) required for one iteration of

the modified Gauss-Newton method is determined in this appendix.
-

This method is defined by

xi+ 1 axi ai gi (C-1)

where ai is the step size and gi is determined from

J(xi) gi - f(xi) (C-2)

by applying a Householder transformation to the (J(x) i f(x.))

array. This transformation gives

R gi f (C-3)

where R is an upper triangular matrix and gi is found by back

substitution.

The number of operations needed to determine ai is given,

primarily, by the number of additional times that P11 must be evaluated.

Appendix 8 showed that a minimum of two additional evaluations per

iteration are required, and the experiments demonstrated that frequently

this was all that was needed. Furthermore, equation (B-) shows that in

addition to these operations, 5 additions, 6 multiplications, and 1

division are required. The divisions needed to reduce the step size (see

figure B-I), assuming that a reduction is called for, are not counted.

Therefore, the minimum number of operations required to find the step

size are 2(K-1) 5 additions, 2 K+6 multiplications, and 1 division.

C-1
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The equations which define the elements in the kth row of the

(J(x.) f(xi)) array are given in appendix A. The operations needed

to evaluate these elements are shown in table C-i. The operations needed

for P11 are included.

Table C-i. Number of Operations Required for the (Jdf) Array and P11.

Equation + x -- trig

f(k) = R11(k) - Rs(k)t 1 (k)ctb 1 2 - - -

R11(k) -Rx(k)sink(k) - R y(k)cosp(k) 1 2 - - 2*

R (k) 2(Rx2(k) + Ry2 (k R 2 (0))12 2 3 - 1 -

aflaRxt(O) =-sine(k) - Rx(k)t1(k)ClRs(k)b 1 2 i1 *

af/aRyt(0) =-cos (k) - Ry Wt (k)C/Rs(k)b 1 1 * - *
2t 1 **

af/aRzt(0) R - Rz(O)tl(k)C/R s (k)b - I b*1-

aflaV xt = kh af/a Rxt(O) - 2

af/aV yt = kh af/a R yt(O) - 1 - - -

Total for one row 6 14 1 1 -

Total for K rows 6K 14K K K *

PH1 requires K-i K - - -

*Only 2 per leg, so they are not included in the totals.

**clb is computed off-line, so c/rs(k)b is 1 division. Also

t1(k)cJRs(k)b is computed only once.

The number of operations needed to find R (k) and R (k), given an

estimate of the target's velocity and initial position and the observer

track, are not counted because they are the same for all iterative

estimation algorithms which use a Cartesian signal moael.

C-2
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f The Householder transformation used in the iterative least-squares

algorithm is, in fact, a product of Householder transformations. The

first member of this product operates on the matrix

A . (J f), (C-4)

which has K rows and n columns, where n = 6. The second member in this

product leaves the first row and column of the transformed A matrix

unchanged, so it operates on a (K-i) by (n-i) matrix. The next member

operates on a (K-2) by (n-2) matrix and so on until the first (n-i)

columns of A are transformed. The number of operations needed to

transform A so that its new first column has the required structure is

shown in the following table. The symbols used in this table are

consistent with the Householder transformation algorithm shown on page

63 of reference 3, except that K is used here instead of m.

Table C-2. Number of Operations Required to Transform the First

Column of the A Matrix

Symbol + x '-

s K-i K-i - 1

u(1) i

B -1 i -

y (K-i) (n-i) (K+i) (n-i) - -

A K(n-i) K(n-i) - -

Total Kn+(K-i)(n-i) 2Kn+n-K+1 1 1

In the omnidirectional least-squares problem, n = 6, hence, the first

five columns of A must be transformed to upper triangular form. The next

table shows the number of operations needed for each of these

transformations.

C-3
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Table C-3. Number of Operations Required for the
Householder Transformation of A

Transformation
Defined by
Column No. + x

1 Kn+(K-1)(n-1) 2Kn+n-K+l 1 1

2 (K-i) (n-l)+(K-2) (n-2) 2(K-1) (n-l)+n-K+l 1 1

3 (K-2) (n-2)+(K-3) (n-3) 2(K-2) (n-2)+n-K+l 1 1

4 (K-3) (n-3)+(K-4) (n-4) 2(K-3) (n-3)+n-K+l 1 1

5 (K-4) (n-4)+(K-5) (n-5) 2(K-4) (n-4)+n-Kl I I

Total 1OKn-25K-25n+85 1OKn-25K-15n+65 5 5

Total with n = 6 35K-65 35K-25 5 5

To compute P12 requires (K-6) additions and (K-5) multiplications.

The back substitution algorithm requires 10 addtions, 10

multiplications, ana 5 divisions.

The total number of operations required for one iteration of the

modified Gauss-Newton methoa is shown in table C-4.

Table C-4. Final Count of Operations for One Iterations of the

Modified Gauss-Newton Method

Function + x

Step size 2K+3* 2K+6* 1* -

(i f) 6K 14K K K

P11 K-i 35K-25 - -

*minimum j

C-4
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Table C-4. Final Count of Operations for One Iterations of the
Modified Gauss-Newton Method (Cont'd)

Function + x -

Householder
Transformation 35K-65 35K-25 5 5

P12 K-6 K-5 - -

Back substitution 10 10 5 -

Gauss-Newton Total 43K-62 51K-20 K+1O K+5

Minimum Number of
Extra Operations
for Mooified G-N 2K+3 2K+6 1 0

When faced with an ill-conditioned problem, it is advisable to inter-

change the columns (and maybe the rows as well) of J before applying the

Householder transformation. This is explained in reference 6. The number

of operations required for this interchange are now shown in table C-4.

C-5/C-6
Reverse Blank
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APPENDIX D. COMPUTER PROGRAM LISTING

This appendix contains the computer programs used to generate the

results shown in section 4. There are two parts to this program: the

first generates the averaged measurements; the second estimates the target

parameters. Six significant digits are carried in all computations.

3 L~NP~lI3PRZ~iAr GENERA~TES TH4E AtJErAGED i'tEASRMEN7S'

---------------------------------------------------------------------------------
TRANS-ArT.LN 0. THE NArlCE OF Ts-E Vi:ALES LSE.) IN THIS PROGRAP

:0 SFSEE.) OF THiZ OB3EREF'. INMUTED AS SC,SZ.
o: A~c~dA3NcOF THE CCE'G-'Er,. IWL.TTED AS GOiG1.G2

:2 JZO=Z VE W:ITY CF THE CESEIVER. IN~uT7E3 AS zoa#zIoPZ20
12 IVXTsX ,ELCIY OF TH.E TARSET
14'V tYT=Y
iS IRXT=x PCSITIdN OF THE TAGE
16 IRYI.Y
:7 IRZT=Z
18 IVIXO-X ;EL'JCITY CF THE OBSEF.V2FA
19 IJZYG=Y

2 R1XO-X P'CSIT:CN OF THE OESZ~k.E

i 'R2yO-y
22 'ROZ
23 R4XtRELATIVYE X FO31I JN(TAGE_-0ESE;1.ER)

Z-t 'P Y y
Z P6Z= * Z

26 'MEAN-M9EAN OF MEASUREMENT NO:SE
27 'SOCEPSTANCARC. OE,IAUICN 0.7 THE MEASuRZMENT NOISE
29 'CII-GAMAC-16t IN RA3)IANS. ANGLE OF RGTATIO?

219 'H SAtFL;NC PER'IZC
21 'RA- C11, AIALLEL 10 :E4TEF LPE OF ARIPAY

2ALFN MA=Z -- ANLE
3., 73EAtz.kJE I1rE j~e

3' ~ w~t'LC N '2i ZNitATOF,

3, 'TM 'ASZNUSYTMDEA t1T'.VE7!G, CTL.AY
3 _ A,T:-CN-7 Of L'-NI NAL .:AL 26 ELk:M:N3AE'E -A
:8 EST!_A3=JSE.' TO GCtE)O A'T

iuc iaN ._T ANJ12 ~ ,At7ES~l MAN'UL'.EjR3. :.-ur
*AtC.. ~A~S. N~- ?LA.,4 AN) CSLJ CF MEAij. ZMEIT No:SE.iwV*

IC.3

p. S,.... V-

I..: , -- - A :[ YF C , IG , : S p- -- -NI L iE (.C:)



I j I

x mew S-.D 3T.t-ErT A.LL.S SE 73 1CATA. TyIF- X'w4
TC Z2_4NNC DM55 JA-tA IS EN.TE U-, met

!17 : - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

::'met REA33 INF-T DA-A DCnINZ: D RE! 13.'.'
Bum DCNTI;AL OLSL 3ZZ WtC HCAD:NS (IN DEA;,EES

'5R Z L 3b , S 1,52 ,CG0, G1 ,G, ZIC ,ZLC.,ZU, TIf TAT.RYTT .Z7 NSZ.,

1_2

132 i SA:rFLIhCFE2 IS H SECJNS.ss

*RANWnM IS usZ:: Ev THE Na:ZSE GENEFATCf

143 am ELIMINATZS :IC:A 0.
7
2ET IN .. I'& 3ZD.'A

145 R IXCa-uvXtmRT: kV7z-- Ytmr.R

1!2

1!3 laA* OFM:A7_ MIN:-L * OF7'S 1:NF ES,Z 34 MtLSE9k

162

197 5151. ON CZTE.- t IS t4, T!E3AFAC['EJ
198 1 - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
.fl3 FO.*i V4 'UI 72) STEP I
ZZOr '4tc INEt.'S .7LSF 7311OSEE3. MAl. y-vt ;-N% Sl--

NEsi SF513 AND E' >. c

241 E: 34aANC -1 43) 7I _N :45 EiE :

*.JE SA a Cn::_r:S gz SECE%E DE. 'cr '..- 'E1
flEA EFPIED At.) -tAm.-

Z62 I.' rvU =&80 23 TNUS vc -.. r 'A ;p. 8

m's rx,-3KE\~':2' i A1~ 8

A X I--ON -N ss

t"'S Z)I.IC
11--J



323 1

33' SX ;Y N, CA I T :1I :ax~~gtWxE9*91 E*3EuU~

~36
IA TPN-. lAE IU TOC~ uxFx' aC1

I ~~~~662 IC~OO

601 TPAC 37CF4

687 ~ x TRUE~ IME D E AY ME xxt~

SEG T 2ELAY=L.?/i!32

6:

70-4
710 SShE4E(4EANSZEriEA)

7.1 L CI-=DI;' +14
719 -------- -------- ------- -------- ------- -------- -------

t 6STM ArEAN3TZELRYrNt)t3

719
7C-21 =0 r~ =:Ar(~S~AS2.~=~. Sh.~
703 AhEXI '-*- TI+A ' 9 5 2 . p 4 Sv- - - -P ' . -
70

L.ST-1SN INAG.E'T- mS ~ :i i

71
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J L 11T:77Z.ATZTAR-77PARkAETERS--L-zgIEL SALSS-NEL 7C, t12T-CEDI3L.;T AZQA:;:O I :L: ; ~R

:I GIVsEN TH4 SIA7O H A3TPA 7PTiSRGA'

3 TRANSLAT:CNOFTENMScTH AILS

2 RS=SLANT RANGE
23 'M1=)uhi0 VA-AAK E USED IN L:NE 1675
13 'AVTM-AyC:AEZ T:NME D-iAY NEASLUN--E,,ITS
IU 'LL-ITERP-71 E COaNTER

4Z '41,n2.4 W3 STORE INITIAL XPY,JZ TARGET POSITIO N
13 'AJACO31AN WITHn -F(0 IN TXE SIXT4 COcJr.
44 'C11=TAANSFCRMATDm ANG.E
i! Fx--z E.RMANtUS INDZX E;EtRZ, 14fuSHCLCL:A
'I; 'P2:. - AFTER
147 U-USED IN NCUSZICLDE R
4S 'SIGH'z
49 'NAG.
5Z :ArA.

X;. COE CTE 2 AGE AAMTR
!2 uSED CR IH TsO STRGTUT:CN7TF'

5236 SDI A: !ETTTC
SA IFI A,,t FZ ARE FIRST AND LAST MEASURZtENT WEZGHT3, RESPECTIVELY
t5 TT=TENPCRARY STOAA;E
36 'T(3Z5)= TEMPCRAtY STQAG-z FOR INTE&SH ANL-E OF ROqS CF A
57 'KZ=USEO IN GUAJPATIC F:T

-8 ZI=USEO IN OJA&RATIC FIT
59 ''KI)-
60 SA'
6n AZ" *

62 Di'TERMINATICN1 FAPAMETEP
o3 02=

61 05= OUTPUT P1 TO DISKr ?ARAME-TER

110 THE FIRST FIVZ CDLLMNS OF A(35.5) CCN-TAZN THE JACOBIAN
WrC.I THEC SIXTrI (9 LAST) COLUMN CONTAINS -F(X).

10" THE AyTM, AVERAGED TOELAY M.CASUR-7hENTS, DATA 13 CALLED
,CM DISK.

10'C O EN - -1FLEGFS-C5
ICtO FC L=G TO 23
106C ENFLT41,AvTM(L)
IG/C FRINT 7 LA~=AT()
1(01 NEXTL
10O40 CLQ!E:
1100OLP'F-NT---------------------------------------------------------------
11WL R~~L~E = 1;F1LEGFE-C$
1.C17 LFfIT'---------------------------------------------------------------

H.---------------------------------------------------------------

4-

0-

L7



I-s: w jl TC 4ZI1 1.-EF I I& S ' 7:S•
Iz Z, 1i M.-'J CN r _ .. T.-tvG

11~2

.10- :F NA.=MuuC', TU-E., rTO llo
I .-. :...-J. . F-r.=T AN-' LAST WE:.r-:Tz' ;FIF2
iII, LFRI: T'F-_;ST A,.v. LAST WE-GHTS AkZ:- ;F1;'P, F_

FF*-0

1.7C RFEA_ 'S I.PUT DATA DEFI-D IN 15*'(

3TSA S..5G,,,2.&s,IZ-,ZJ,Z:C;.ZCr 3:T I -1+ T ,. ET F; -- E, _--',

* - -I=-I
1 .7 TT=-)

I _'; c I = E 1
123 XT : Y =

1315 F. 7 :300

13Z RA=hSt400( ,.Tm'3)
7-j RT=Tw(AEcS-fAc4-.LTSF.2T)C.5

13"C CC=(7 -1r I.)'.A 4.. 2

2.7 (1 C R i R ' .. .. . .. .. . .. .. . .. .. .

ES) LL=-TERATIYE '_3N7 xx%

14. 0 L LL+l

1L) K!z, 1-1

142' iF (21= 9 T-i F9IC Wf:OJ )IC T(ICtP'1 EN
jdJ* i

!-3C LF r 1:~~,4# C 4 s4*I it 44*40,W O *4 i 4J*,VIP4#4Jt4 ItI*#t04141 f ts4
F9z: :.FFNT'CE-:L.AZ AN' TA.AZET -- 16,4ETE:"S'LL=:LL K K=;fJZ;rP:' -=.;U'

i-22C; ":=';zI;SA=';SA

N4$C - -- - --

I'cL .r.:NTS,S1,2,33,GI,L2,ZC,Z1:,Z2o,(dX7,V Y,RyTr,RY,.RZT
1'/"L SITE VE v-F: IN-T:AL S'-.EO AND HEACE.:N; IN RADIAN'S

ILSt ' S STv.+S T.-;GST &ANG-7 CCM>ONENTS u*s

1fZ '# C S : : 3.,; =. . 1 -3

y1X' ' ">-S:L ,h GTI AU; .VCrBI 'OT'QAMI
"  

VUZOtZC

25, UZ TI~.4 . I C c? k 32-,=I. V ,,C ITI U .5

r/o' "/=IAA..-. :R£ y2(3=2sCQ'i. •5 IFK3ZCZ '2. J

* 7 . 2_ -Ig, C: TE TAG'C AT q.E SEC r.,C"._
"S221 *"(' STO< IITIA:. TARZ':--T -?J1I -,JN,
1seg F>2-,TjT,'. 2- -CT 7-, - sT.x+

" '
T

-A u- - . . . . . . . . . . . . . . . .- --- - - - - - - - - - - - -

&0 :sC F"I2T1u10 AT 9.5 SL'7n)3
.l l--y. --T Y: ,j
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164)

16o0 w~w F0) AND~ .(0,,,2 AT TIME=9.5i SECONiOS STOAIED
IN A)0.I). V AtN i DON'T AE A IN THI P'FCRAM,*1670 Cll=GAOAO-1O.0 75: -.'As-R4*x.sZI' c )tycs('Cl:

1680'
1690 A(0.!S)=-(R-S'00*4.jTM(0))
1700 A( 0 , )--fLC *AvTM (C ) .6ZIS:A( C 3)CCS (l ) -0 0 'AVTM( )X. SYPS: A( C.2) -SIN(
CII )-i01*AVTM(0)WF'4XRS

1713 1

174C P12-A(0,5)xA(0,. )

* 7l

1SCI MAIN K=1 ~ TOTME95 TO3fI~~. Z.

CHE00' F TOR D CE.SERER MANELVERS

1~CIF K=12 THEN I0t1 ELSE 19SO
1830 CCr.PUTE FCs:TI3N AT 230 SECOW~S. THEN LF0ATzE SO & CAMAO
184 0118!0 RlXO-VXO'w9..FlX0 R2YC'=VZY2w9.!-K2YC ARZC=Z9.+R3ZC
1060
187C ST=S1 :GAMAO=Glx.0174533 '-Z=Z.

19810 2110

:4'4) CHECK1S FOR SECOND DESERVER MANEUVER
190IF K-24 THEN 1970 ESE 2370

1960 COMP'UTE OE:3. PIS. AT 479 SEC. THEN UPDATE SO E, CAMAQC
1970 A1XO=V)'Cs4.5+R1X :R2YC=V2Yle(9.5.R2YO :R3LC=9ZOV;.5+Rt7C

1 9 C SCS :GAMAO=G2w.G17i523 :VZO-z22
2000 VlYC-SC*SINkGAMAO) !JYO=SOVCOS<GAilAQ

20,0COMIUTE 03-3. POS. AT 1=2q(TIME-4e9.5 SEC.)

2000 RlXO=VXOxnu:05.RIXD:;2YO~v-2Osxe.5-A2YO:R3zC=VZ~gi0.E,+R3ZC
2043 GCTD 2110

2002IF A MANELI,. OCCLRS THE NEXT FOSITION 1S CONFPJTED
A8zC'E , SC THE LOGIC SHC N EE~cw IS S ~E.

Z : 0 X.', ANC, Z FOG:TI'Or 0l T~c )8SEFvEA,

2!0 * 3X ESIMA7E OF .E'ATIJE FCS:-I0N -1

S* ELZI MS OF THO_ P-ARAY STC:-ED AS -F IN4 A(-',S) vax

D-7
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2 3 A* S~C1~RhC'
2t 1 4 R InA2 c I I

II

I 2 ~~~~~-~ ', A F . .= -, .),

2 S6 'xZt EhENTS CF THE J-ARFAr" Mgt
2 22d 6 : M i 2

22EJ A(,4)=- M..Y SZ,PS
22 0f Ar,3)=0 (0.l-M;'5Y/"S

236"1 NEXT '

* A M DLTuT FI TO ZSo's,
2 :F- CO l T. kEN1, 0 00

Z36o IF LL:J THEN 2:-,
267 ste TSCI-AIT EY INSEJ:-NG TRUE TARGT FAkA.mZTE13S urn

2' ,5 ~ ~ ~ 2: (1 Z z1(
.  

Ar.' e,''F2 : : S ( -I
Gi9 . CIZ :: T.rz:N 4 A7)

-.37-4-

2- sa, S-7ALT CF GUA.ATIZ. FIT a,
23£S L :T.F .X ,I ) =.: .I
233--- IF LL=O TH-,- Z! 7:
2 3 c IF ZZ THEN Z571

21J0 IF 7- . H?N 2 I TE 3 :

Zq1a :F =F'I'LL-1) THEN Z50
2420 S=I( tl

2 5-IF ',I; I Th ,'m 214?0

Z400 S.Z l :Z-=-
2479 GC3LZ : 41-E0
Z 0 GOTO I 4Q
2,?:. 0 A2= 3 ': L L- - 4 1--,F,( ir P (K - 1 / 2 'P: L L- I P W1 + Z ... I (P I Z =

25 0 EA (A 2- 1 ),<25 t -1
Z--.1 G 3 L - 4 A -

2'20 GOT, -.20
Z 73[ ' F 1.- '(:Z 1r t KZ THEN Z'*7-

II

Z.E-6 5c -L 144
"

S7 rSI(SL)T:Xafa

Z:5 8 1 L F : N ,T - - - - - - - - -- - - ----- -- -- -- -- --- -- -- - -- -- - - -- -- -- -- -- -

25 
-  

--"U .= ' T -t I";
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1.61 IF N t~N3l-HEN GCC0 2710

263u FOR 1sO TO 5

264C AOI)=FIXA(OI)
!
1

26C A(35,I)sF2WA(35,I)
2660 NEXT I
266 1 '--- -- - -- -- -- - -- -- -- -- --- - -- -- - --- - -- --- -- -- -- -- -- -- -- -- -- - --

2665 SECAUSZ THz FUrST S LAS' ROWS HAVE TAE LARSLST EEMENTS
WHEN WEIC.TEO, THEy AR STAC'ED TOTHE. MZ

2670 ':NTECHAmGE THE 3TH ANO ;HE 34E ROWT O A(ZF J)

" 20C FO .1 C TO 5

2690 TT=A3(34, :A34vJ)-A0,J):A(0J)=TT
27:0 NrXTJ

K0 ' ECAUSE THE LAST ROiS O. MATR:X A HAVE THE LARGEST ELEMENTS
THEY ARE S-AC. ED rIST FOR THE HOJSEHOLDER TRAN37CRMATIDN NZU

271* 'INTE,HAN;E THE ROWS CF A
,:2 COSJE 38EC

27:Z Exx CALL HOuSE7HOLDZ Axm
27 3 OOSU3 3230

181L

2860 '

28J0'

2S50 'x* F;AC" SUESTITJT.ON IS N1EXT 42*
Z9Co
2IQ.C FCR :-3 TO 4

19SO NEXT I

2050 FCR L-4 TO 0 STEP -1
2960 X(L)-E(L)/A(LL)

2970 FOR I-0 TO L-1
298) B(:).PcI)-A(I,L)*X(L)
2491 NEXT 1

20CC NEXT L

3CIC '
337 0 - -- --- - --- -- - --- -- - -- - -- - -- -- - -- -- -- -- -- --- - -- -- -- -- -- ----- -- -- -
3360 ' ni UPCaATE TAAGE7 PAAAMETOR3 lEE

3100 VXT=vXT-X(3) %VYT=VYT*X(1)
3120 RXT=w.+X(2) :RYTzwSoX(2) :RZ-w2+x(4)
3i LF'F:I:T--------- - -------------------- ------------------------------
31S0 LFRINT'LL-';LL; X(3) TAFL X(4) *;X(0);X(1);X(2);X(3);X(4)
316( LFAI.T--------------------------------------------------------------------
3!70 ,020lec'(22 ENvO OF MAIN LCCF l9q@pl

......F IT'....... =.......... .. .....................................
3131 GOT3 1410

37*: ' twx SUEkLmT3E AOLSEHC-3EF 226
3Z3a) Z- ' 0'JEE,2t-DCF Tl ANEFQF.rATIOH *sx

i 329t)

* RE3JIRF INFL- CCLS kO'!( CCLSFINT,CS,:S'R:,T
)

3310 NCT REaUE..0 1# CCNIA:.C) IN MA:N FROU"AM

D- 9
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- ~SE7T mc NurLER CF &i ~
*a- tA:N .CFTRA;csA C w* A- A TiT'.

S C TO(-U-A5: LAST C'> 1E
FJA':'-G rUNtO E

FL;, k; 13 (N-fl

2 awe CUMPT3S N-AL-rJ33 L C
2 FOS :=Nrc NC

Z i NFN-t TliEN 5OTS 38o3
:9A ThE AEC'.E 91-s:: c* Ft

3.
NE/I

Sa SETS NZEN D AXZNAL ELErCHI
SIZN=A (t IAALS(A( c'..t)

3CCMIF;--750 U V-C-TCR.
U0():A(N.<--IAG

-"-3 L(J)=A(J,N) :A'J,9)=C
NEXT J

XNE N-TN CO- 13 LPJATES' STAFT:.'c
AT TH-- a-TH RO,4. Rt-C-5M>"TS
FROM Nfl 0t1 ArtE SET TC O(SES-- 21M0

3f. WXYA THC f<Er,iN:hC N-I CCLS ARE Nil. TI;AfNS_.'3F:IED
-3t7 -- - - - - - -- - - - - - -- - - - - - -- - - - -------

r:Lso 13=~ TO N
ETA=C
Ft.; ZZNK TO M

ETA=ETA'J(I)wA(I-w)
NE"- 1

it E7d=ETARLIATA

awe E.EHC_7,tS- OF THE I-TH COL OF A o~cRZ'EI'EZ

3, , 1'2 ,

:J"; J C,: I=F. TO M

NE(T I
3-: EA J1,, C 7Hz NED T CO x~ As
37- NEA.T u

oz- eE i jv3N4C TO TkLC NE;! TRNFA7U SEE

-AI

0-101



387-

3L-76

33Ca. NC1'A'G.i L O3O (5':FT.4 -25I O - C3
IC j0 Ct

I0',)-AY U

3d911 FOR -0 TO 35

3Q60 A(TCK.J)(J)

S3070 NEXT

3921 NEXT K

3 '31IR0zTkl

4373 Mum FROM A G010 IN LINE 2369 Enx
4374 PIt(L) -PFU

4375 LFRINT'LLS ;LLP FZLL.)5 ;PilI z=;:F2 F:
4373 05-1
4302 IN':.T I XT=;XT
4391 INr'tT WVYT-' ;yYT

44223 INF2,T *xtT-*;RXT
4410 INF'UT 'RYT='5Y
4420 INiLJT 'PZT=;IRZT

4430 GCTO 1400

4-t5O art SU-:OuTI4E TO u-CAT- TAM,.5E7 FARAMETERS %ax
44od CALLED (LINES Z:430,247O.Z5IO'&2ZS0 ) SY OUADIRATWZ FIV

44-C vXT -vXT*SAaX(0) :VYT=.(YT.SAWX(1) !RXT-W1+EAc((2) RkYT-iwZ.SAx(3) :RET=h3'84

R' (4)
't40 i L ETt.<N

52<10 OLTPUT TO DISK(
5011 urn. F;Cr A SECTO IN LINE 2364 sam
5325 P'I(LL)=F1I
5SCe LFPTINT '..;L'cL-P(L

592 PR L--0 TO 9
5321 PRINT.2,FI..L)
5C40 N1EXT LL
53-0 C LO 0;

0-11/0-12
Reverse Blank
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i INITIAL DISTRIBUTION LIST

Addressee No. of Copies

NAVSEA (SEA-63, -63R, -63R-1, -63R-13, -63X, -631X 10

-63D (2 cy), PMS-409 (2 cy))

DTIC, Alexandria 12
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