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UNDERWATER TARGET TRACKING USING MEASUREMENTS FROM A LINEAR ARRAY
OF OMNIDIRECTIONAL ACOUSTIC ELEMENTS

1. INTRODUCTION

The tracking problem discussed herein is defined by a moving observer
in an underwater environment which uses measurements from a trailing
linear acoustic array to estimate the initial position and velocity of a
target. The assumptions made in discussing this problem are as follows.
The array is a multispot linear array of uniformly-spaced omnidirectional
elements operating in a passive mode; it is considered to be an inflex-
ible body which is rigidly connected to the observer's stern. The
target-observer kinematics are described in a three-dimensional Cartesian
coordinate system. B8oth the velocity and depth of the target are
constant throughout the problem. The observer maneuvers to improve the
quality of the estimate and these maneuvers are generated by impulses in
acceleration and are restricted to a horizontal plane at a depth that may
differ from the target's. The underwater environment is modeled as an
infinite, homogeneous medium with the target being the only noise source
in this medium. Finally, it is assumed that the linear array is
operating in the far-field region, so that only plane-wave prop-
agation is considered.

Various versions of this target tracking problem are produced by
changing the type of sensor, altering the restrictions on the environ-
ment, and relaxing the restrictions on target motion and other assump-
tions. One well-studied version is the bearings-only case, where both
the taiyet and observer are operating at the same depth and a bow-mounted
sonar measures the azimuthal angle between north and the line-of-sight to
the target. In other words, by steering in a horizontai plane, this sonar
isolates a line segment on which the target lies. In contrast with this,
the linear array measures a conical angle between the array's longi-
tudinal center line and the surface of a cone on which the target lies.
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The measurement equation describing this conical angle is a nonlinear
function of the target parameters: velocity and initial position.
Consequently, an iterative least-squares estimator is used. Although the
extended Kalman filter is also applicable, it was not tried because of
its erratic behavior with the Cartesian model of bearings-only target
motion analysis,1 which has many of the same properties as the omni-
directional linear array problem. Also, the additional experience with
iterative techniques may prove useful in treating other problems where
past measurements from secondary sensors must be incorporated into the
current estimate. The measurement noise is assumed to be Gaussian even
though the iterative least-squares estimator does not require any
information about the noise structure.

The modified Gauss-Newton method2

is the particular iterative
technique used in this study. However, its unmodifiea version, the
Gauss-Newton method, is also discussed and some results obtained with it
are cited. The performance index, PIl, for this nonlinear least-squares
problem is the sum of the squared measurement residuals, which is mini-
mized by iteratively estimating the target parameters. The previous
estimate defines a nominal target track which is used to formulate a
linearized least-squares problem that is solved by a Householger trans-
formation.3 This solution updates the previous estimate, and the
procedure repeats until the terminating criteria are satisfied. The
modified Gauss-Newton method is used because of its elementary structure,
and the Householder transformation is used because of its numerical
accuracy.

The next section of this report develops the Cartesian signal model
required by the estimation algorithm. This is followed by a section that
describes the Gauss-Newton method, the modified Gauss-Newton method, and
4

the Householder transformation. The Levenberg-Marquardt method is

also mentioned because of its success with singular or ill-conditioned
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problems. The experimental results are given in the fourth section, and
the conclusions and recommendations for further work are given in the
last section,

Appendix A shows the Jocobian matrix required in the Gauss-Newton
method, and appendix B shows a scheme for selecting the step size in the
modified Gauss-Newton method. The number of computer operations
(additions, multiplications, divisions, square roots, and trigonometric
functions) required for one iteration of the modified Gauss-Newton method
is given in appendix C. A listing of the computer code used to define
the experiments is contained in appendix D.
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2. SIGNAL MODEL

The signal model is defined by the measurement process and the
target-observer kinematics, and both of these are described in a three-
dimensional Cartesian coordinate system in this section. The complexity
of this description is reduced because neither the target nor the
observer changes depth. A further simplification results from the
assumption on the observer's maneuvers; i.e., instantaneous changes in
speed and heading are permitted. Consequently, the center lines of the
observer and the linear array are always coincident. This gives a
shorter convergence time when compared with the results from a signal
mode) that uses a realistic description of the maneuvers.

Figure 1 shows the two-tvlement model of the linear array used in this
report. The aistance between elements is b, and the distance traveled by
the plane wave as it moves from the first to the second element is d.

The direction to the target is given by the angle a, which should be
defined at the midpoint between the two elements. This error is
neglected, as is the offset between the positions of the array and the
observer,

Inspection of figure 1 shows that
cos a = d/b = ¢ tllb, (2-1)

where ¢ is the nominal speed of sound in sea water and t1 is the wave
front time delay between elements. The observer reconstructs the plane
wave by combining the electrical signals from these two elements after
first inserting the time delay, tys into the signal path of the second
element. Further inspection of figure 1 shows that a and, consequently,
t1 are unchanged when the direction of propagation line is rotated
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about the array's longitudinal center line. Hence, a time delay measure-
ment defines the surface of a cone on which the target lies. This is
shown in figure 2.

In this report t; rather than o is defined as the measured variable
because cos a is the required input signal for the estimation algorithm
presented in the next section. Assuming that « is the measured variable,
the noise level on t; s established from equation (2-1). The noisy
version of this equation is

cos{a * V) = c(t] + vy)/b (2-2)

where V, and vy are the noise terms. Expanding the cosine term and
simplifying the result gives

Ve = v, (b/c) sina (2-3)
Assuming that v, " N(O, o, 2) and that at any point in time a is

unknown but constant over an ensemble of experiments, then v¢ ~
N(O, °t2) where

9y = blsin ajo,/c. (2-4)
Hereafter,
at = b UG/C (2‘5)

is used. This approximation leads to a pessimistic result.

The noisy time delay is defined as tns T.e.,

tm - tl + v (2-6)

[
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Figure 1. A Plane Wave Arriving at a Two-Element
Omnidirectional Linear Array
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where the t subscript on v has been dropped for brevity. Solving

equation (2-1) for t1 and substituting this result into equation (2-6)
yields

t (k) = (b cos a(k))/c *+ v(k) (2-7)

where k denotes the time t = kh at which the measurement is taken with a
fixed sampling period h seconds. Equation (2-7) defines the measured
time delay as a function of the conical angle a. To define it as a
function of the target's position variables, a Cartesian coordinate
system is introduced.

A (Rll’ RT’ Rz) coordinate system fixed at the array with R11
along the center line, RZ in the depth direction, and RT orthogonal
to bath R11 and Rz is shown in figure 3. Inspection of this fiqure
shows that

C0S a = RII/RS (2-8)
where
2 2 2,1/2 o
R = (R)y° * RS +RC) (¢-9)

is the slant range to the target. Substituting equation (2-8) into
equation (2-7) gives

te (k) = b R11 (k}/c Rs(k) + v(k), (2-10)

which shows the measurement as a function of the target's relative
position variables. Also, from figure 3, it is easily shown that
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R11 g €0s” a= 0 (2-11)
defines the surfaces of the cone on which the target lies.

Because the (Rll’ RT) plane rotates when +he observer changes
course, these variables must be transformed to a north-referenced

coordinate system where the constant velocity target is defined. The new '

variables are R_ (which points north) and Rx (which is orthogonal to
both Ry and Rz)‘ The (Rx' Ry) and (Ry, Ry) planes are

coincident but differ by a rotation, and Rz is the same in both coor-
dinate systems. Both of these coordinate systems are fixed at the array.

This rotation is defined by the transformation shown in the next
equation.
sin c11 RT
Ry - | €05 €11 (2-12)
Ry | -sin c11 cos 11 Rils

\
where 091 is the angle betwen the RY and the R11 axes, measured
positive clockwise from the north reference. Because this is an orth-
ogor.al transformation, RS is also given by
2 2 2,1/2 (2-13)
Rs = (Rx + RY + RZ ) .

Figure 4 shows these two Cartesian coordinate systems, the array, and the
observer's heading angle.

This transformation is expressed in terms of the observer's heading
angle, y, by substituting

¢y = v - 180° (2-14)
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Figure 3. The (R11, RT, Rz) Coordinates System Fixed at the Array
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OBSERVER'S VELOCITY VECTOR R
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Figure 4. Two Coordinate Systems Fixed at the Array
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into equation (2-12). After first multiplying equation (2-12) by the
inverse transformation, this gives

RY -cos ¥ sin ¥ Ry
= (2-15)
R11 -sin ¢ -cos ¥ Ry | .

Using the last equation in the matrix equation (2-15) to eliminate R11
from equation (2-10) gives

t (k) = -b(R (k)sin y (k) * Ry(k)cosy (k))/e R.(k) + v(k) (2-16)

where Rs is given by equation (2-13). Equation (2-16) shows the
measured variable as a function of relative position variables which are
defined in a north-referenced system.

Inspection of equation (2-16) shows that the sign on RZ cannot be
resolved by this measurement. This was demonstrated by simulation,
although this elementary experiment is not inciuded in this report.

For a constant velocity target, these relative position variables are
defined by

R (k) =V, ,kh + R . (0) - R_(K) (2-17a)
Ry(k) = ¥ 4kh + R (0) - R (K) (2-17b)
R,(k) = R, (0) (2-17¢)

where th, vyt, th(O), Ryt(O), and th(o) define the target
paramters in another north-referencea coordinate system which is fixed in

1




space and which at t = 0 is coincident with the north-referenced system
fixed to the observer. Also, Rxo(k) and Ryo(k) define the observer's
position in this stationary coordinate system.

Equation (2-16) defines the measurement process and equation (2-17)
defines the target-observer kinematics. Together, these equations define
the signal model required by the estimation algorithm presented in the
next section.
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3. ITERATIVE LEAST-SQUARES TECHNIQUE

— o=~

Because the measurement equation (2-16) is nonlinear, an interative "
least-squares algorithm which batch processes a set of measurements is
selected to estimate the target parameters. The extended Kalman filter !
could be used for this problem, but it was not tried because its perfor-
mance with a Cartesian signal model of the bearings-only problem is
suspect.

In this least-squares problem the modified Gauss-Newton method is
used to iteratively minimize the sum of the squared measurement
residuals. At each iteration the Gauss-Newton equations are solved by a
Householder transformation, and this yields an increment or step which is
added to the previous estimate. The modified Gauss-Newton method first
multiplies this step by a positive scalar, which is selected at each

iteration. The Levenburg-Marquardt method is also mentioned in this
section; however, it did not demonstrate any advantage in the experi-
ments, sO its use is not recommended at this time. These experiments are
not contained in this report.

The sum of the squared measurement residuals which defines the

performance index PI1 is given by

PIL(X) = [IFO)I] 2 = T (0)F(x) = : £,2(0) (3-1)

MM K5 5, m (Vg Vi R (004 R (0), Ry, (0)),

FT(x) = (Fg(x), £100), + « .+ s fi_(x)), and

[ YR TPS Y

fk(x) = (Rx(k)sin v (k) + Ry(k)cos v (k) +¢ Rs(k)tm(k)/b (3~2)

13
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In this section x represents the estimate of the target parameters.
Equation (3-2) defines the kth measurement residual. With K finite, it
is expected that the true target parameters can minimize (3-1) only when
the measurements are noiseless.

A general iterative procedure for minimizing PI1 is given by

Xiep = X5 * 9 (3-3)
where Xi+1 is the (i+l)th estimate, X; is the ith estimate, and 95
is the ith step. In theory, the initial estimate Xg is usually
selected as zero. Unfortunately, this did not work well, so the first
measurement is used to aid in the selection of Xy The procedure
terminates in a finite number of iterations when no further significant

improvement in PI1 occurs and/or when |]x X || is less than

i1
max

some threshold. A requirement for convergence of this procedure using

the modified Gauss-Newton method is given in reference 5. Although

convergence proofs are beneficial, they do not guarantee the performance

of the algorithm. Even though convergence is assured, double precision

arithmetic and/or an excessive number of iterations may be needed. j

The linearized least-squares problem which is solved at each
iteration is derived from the following Taylor series expansion of PI1:

’
e

PIl(xi+1) = PIl(xi+gi) = PIl(xi) + VPIlT(xi)gi + higher-order terms (3-4) }

where V is the gradient operator. If X1 yields a local minimum, then
vPIl(xi+1) = 0, and the graaient of equation (3-4) gives g

l“

0 = WPIL(x;) * VZPIl(xi)gi (3-5)

awnd
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where the higher-order terms have been neglected. The step g; to the
next estimate is given by the solution to the matrix equation

9PI1(x;)g; = TPIL(x;) (3-6)
where
WPIL(x) = 3 f1(x) f(x)/ax = 2 JT(x) f(x) (3-7)
and
2 T -1 5
VEPIN(x) =2 3 (x) J(x) + 2 (v fk(x)) fk(x). (3-8)
k=0

J{x), the K by 5 Jacobian matrix of f(x), is given by
J(x) = 2 f(x)/ax = [3 f /2 x;], (3-9)

which is given in appendix A, This appendix shows that the last column
of J(x) is zero if the estimate of the target's depth is zero. This
singularity did not present any difficulties for the experiments reported
here; it will be discussed in detail in a future report.

The computer burden is reduced if the last term in equation (3-8) is
replaced by an approximation which does not require any second deriva-
tives. Because this term depends upon the residuals, the approximation
usually introduces negligible error near the solution. Various iterative
techniques result from different approximations. Using equation (3-8) as
stated gives Newton's method, while dropping the last term gives the
Gauss-Newton method., In addition, setting VZPII(x) = [, an identity
matrix, gives a steepest decent step 9; a .7PIl(xj). The

15
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Levenberg-Marquardt method provides a mix of these latter two techniques.
Matrix-updating methods, such as the Davidon-flectcher-Powell method,

2

approximate the Hessian matrix, V°PI, by a successive addition of

low-rank matrices.

The convergence rate for Newton's method is second order, while
reference 5 states that at most the convergence rate for the Gauss-Newton
method is linear unless PIl(xmin) = 0, in which case it is ultimately
second order.

Dropping the last term in equation (3-8) gives

T T
J (xi) J(Xi) g9; = -Jd

(xi) f(xi), (3-10)
which defines the normal equations for the Gauss-Newton linearization.
Solving these equations for g; minimizes a linearized performance index
given by

PI2(9;) = [1(x;) 95 = (~F(x;) |12, (3-11)

These normal equations (3-10) are solved by applying a Householder

transformation to the squared error shown in equation (3-11). This

6

numerically more accurate approach” is developed by introducing TTT

into equation (3-11) as follows:

PI2(g;) = (3 (xy) g5 * Flxn)T TITQI0xg) gy * Flxy))

i P T f(x))

F

PI2(g5) = [1T J (x;) g4 * T F (x;) | (3-12)
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where T is the Householder transformation. Because this is an orthogonal
transformation, TTT = I and inserting this into equation (3-11) leaves
PIZ2 unchanged. In addition, T is selected such that

TJ- (-g-) (3-13)

where R is a 5 by 5 upper triangular matrix and 0 is a (K-5) by 5 zero
matrix. This gives

7 2

P12 = [(§-) gy * (-5 I (3-14)

where

?.'

Tf -E-). (3-15)

[}
—

The gi which minimizes PI2 is given by
-1
g; = -R F (3-16)
and

min P12 = |lell®. (3-17)

The getails associated with defining the elements of this transformation
T are given in references 3, 6, and 7.

In the ,icinity of a local minimum at i+l

flxg4p) = Flxg * 940 = flxg) » d0xg) gy

; {3-18)
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and, consequently, (3-11) becomes

PI2(g;) = [[f(x 112 = PIL(x;41) (3-19)

i+l
Equation (3-19) is not a sufficient condition for a local minimum, but it
is convenient to use it as the termination criterion for the experiments.

The modified Gauss~Newton method is given by
Xjsg = X5 * 35 9 (3-20)
where the positive scalar a, is selected such that

PIL(x(4q) < PIL(X,). (3-21)

1)
In this method it is said that 9; gives the direction of the step while
a, gives its length.

Once g is found, by the Gauss-Newton method, PIl(xi+1) = PIl(xi
* Ay gi) is only a function of the scalar as; therefore, this
function can be minimized by the selection of a,. There are several
schemes for selecting a;. The one used in this report finds the
minimum of a quadratic polynominal which fits the (ai, PI2) data in the
9; direction. This is generated by computing PI2 for three different
values of a;. An analytical expression for the minimum in terms of
these three data points is derived in appendix B.

Inspection of equation (3-10) shows that a non-singular JTJ matrix
is required by the Gauss-Newton method. Ill-conditioning of this matrix
is also a concern, The Levenberg-Marquardt method is useful in these
situations, and it also provides a way to incorporate a priori informa-
tion into the problem,

18

-

|
LR T H




.

————

——

The Levenberg-Marquardt method is defined by equation (3-5) but with
2 T
v PIl(xi) =24 (xi) J(xi) + 2 X D (3-22)

where Ay is a positive scalar and D is a positive definite diagonal
matrix. By comparing equation (3-22) with equation (3-8) it is seen that
2 A D may be viewed as an approximation to the term that is omitted by
the Gauss-Newton method. The details of the selection procedure for both
A and D are given in reference 4, but inspection of equation (3-22)
shows that A, = 0 yields the Gauss-Newton method while r; > = with D

= ] yields steepest descent,

In the experiments reported in the next section, no difficulties with
the JTJ matrix occurred, so the Levenberg-Marquardt method did not
prove useful. These experimental results are not shown in this report.
Tne Levenberg-Marquardt method is discussed because the omniu.rectional
linear array problem is singular prior to an observer maneuver, and
estimates during this time interval may be required.
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4. EXPERIMENTAL RESULTS

The results from a digital computer simulation of three different
sets of experiments are presented in this section. The different sets
are producea by changing the target's initial position. Each of these
sets is composed of three members, which are produced by changing the
standard deviation of the measurement noise. The target parameters for
these three sets of experiments are given in table 1.

Table 1. True Target Parameters with Speed in Meters/Second
and Range in Meters

Experiment

Set Vxt Vyt Rxt(0) Ryt(0) Rzt(0)
No. 1 -5 10 10,000 10,000 1000
No. 2 -5 10 40,000 40,000 0
No. 3 -5 10 10,000 10,000 10,000

Experiment set No. 1 is a short-to-mid range situation while No. 2 is a
mid-to-long range one. Experiment set No. 3 may be viewed as a single-

bottom-bounce problem where the actual target depth is located by knowing

the bottom depth. This is shown in figure 5.

The standard deviation for the white Gaussian measurement noise is
established from equation (2-5) with ¢ = 1500 meters/second and b = 3/8
meter (which is a quarter wave-length at a 1-kHz frequency). The three
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standard deviations used in each of the sets shown in table 1 are

oy = 0.0 seconds, oy = 0.05 x 10’5 seconds, and 9y = 0.25 x

10'5 seconds., The first of these is the noiseless case while the last
corresponds to a o, = 0.01 radians (approximately 0.5 degrees). The
remaining 9y represents a low-noise cace,

In all experiments the observer starts from the origin at t = 0
seconds with a speed of 10 meters/second and a heading of O degrees.

Just prior to the measurement at 240 seconds the observer instantaneously
changes heading to 90 degrees and just prior to 480 seconds changes back
to 0 degrees. Each of these headings defines a leg of the problem, and
each leg consists of 240 measurements. The first measurement occurs at 0
seconds while the last occurs at 719 seconds. With the exception of the
target's initial position, the target and observer tracks are the same
for all experiments. Figure 6 shows these tracks projected onto the

(Ry’ Rx) plane,

The time-delay measurements are taken at a l-second data rate; they
are then compressed by a measurement preprocessor, which also reduces the
noise. For example, this preprocessor produces a "measurement” at 9.5
seconds by first adding together the measurements from 0 to 19 seconds
and then dividing this sum by 20. These preprocessed measurements are
then fed to the estimation algorithm. Hereafter, the indices of all the
variables denote the preprocessed measurement count; e.g., tm(O) is the
first of these measurements and it is associated with a real time of 9.5
seconds while tm(l) is the second, and real time is 29.5 seconds. The
error introduced by measurement preprocessing is not modeled in these

experiments. This error is zero only if the true time delay is constant ﬂ}
for each of the 20-second intervals, Finally, the time-delay pre- -
processor averages €oS a, not a itself, .!
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Figure 6. Target and Observer Tracks in the (Rys Rx) Plane
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To start the iterative least-squares algorithm an initial estimate of
the target parameters is required. This is specified by using the first
measurement together with th = 0, Vyt = 0, th(O) = 3,000 meters,
and RS(O) = 20,000 meters; this gives,

R11(0) = ¢ R.(0) t (0)/b (4-1)A

and

R;(0) = = (RSZ(O) _ thz(o) ; R112(°))1/2 (8-2)

where the sign on RT(O) determines the initial side of the cone's

surface on which the target is assumed to by lying. Both signs are tried
and the one which yields the smaller P11 is selected as the initiai
point. Although this does require that the estimate of the target-
observer track be generated twice, it does not require a Householder
transformation.

Another initialization scheme is to select RT(O) = 0 and
Ry (0) =« (RZ(0) - Ry (02, (4-3)

where either sign may be used without penalty. This scheme may also be
used whenever the quantity under the square-root operator in equation
(4-2) is negative. A future report will investigate the use of equation
(4-3) ana RT(O) = 0 as the primary initialization procedure.

In these experiments the iterative procedure is terminated when
pll(xi+1) is within # 10 percent of PIZ(gl). This criterion is
selected as a convenience for these initial experiments. It is
recommended that a similar bound be placed upon the component of Xje}
which undergoes the largest percent change. Monitoring the percent
change in PIl is also recommended.
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The first experiments use the modified Gauss-Newton method. The
initialization uses the sign on RT(O) which produces the smaller PI1,
so the estimates associated with generating the additional target-
observer track are not shown in the results. However, some additional
experiments do show the effects of using the "wrong" sign on RT(O).
This is followed by some results for both a one-legged and a two-legged
problem, Finally, results obtained with the Gauss~Newton method are
mentioned.

The results from the first experiment set are shown in tables 2a, 2b,
and 2¢; from the second in tables 3a, 3b, and 3c; and from the third in
tables 4a, 4b, and 4c. In all of these tables the iteration number
defines the number of calls to the Householder transformation subroutine,
and the last row shows the P11 which occurs when the true target para-
meters are used. As expected, this PI1 is larger than the one reached by
the algorithm in all cases.

Inspection of all these tables shows that the algorithm converges by
the fourth iteration, except for the noiseless cases. In these cases it
is seen that th(O) is the only target parameter which experiences more
than a 10 percent decrease in moving from the third to the fourth
iteration, and this only occurs in tables 2a and 3a. Perhaps, after the
fourth iteration a 1-dimensional search or a less stringent performance
bound should be used for th(O). Regardless, further investigation or
discussion of these noiseless cases is not warranted.

Inspection of tables 2a, 2b, and 2c shows that the magnitude of the
error in the final estimate increases, as expected, when the variance of
the noise is increased. This is also shown in the other sets of tables.
A Monte Carlo simulation or an analytical study could quantify this
observation.
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Table 2a. Results from the Modified Gauss-Newton Method
with ot = 0.0 Seconds (First Member of Set No. 1)
Iteration
Number Vut Vyt Rxt(0) | Ryt(0) | Rz¢(0) P11 PI2
0 0 0 13,800 | 14,161 | 3000 3.79x108 4.70X10%
1 2.75 | 10.25 | 6179 6993 3087 1.89x107 8463
2 -2.80 | 12.99 | 8742 8563 1701 5.87X105 46.47
3 -5.39 | 9.64 110,230 | 10,233 | 1127 3561 0.024
4 -4.,99 | 10.01 | 9997 9997 1006 4.58 0.057
5 -5.00 | 10.00 {10,002 | 10,002 | 1002 0.059 —
True
Parameters| -5.00 | 10.00 | 10,000 { 10,000 { 1000 0.57 ——
Table 2b. Results from the Modified Gauss-Newton Method with
ot = 0.05 X 10-5 Seconds (Second Member of Set No. 1)
Iteration
Number Vit Vyt Rxt(0) Ryt(O) Rzt(0) PIl PI2
0 0 0 13,827 | 14,136 | 3000 3.83x108 4.75X10%
1 2.70 {10.25 | 6178 6993 3109 1.86x107 8096
2 -3.05 | 12.89 | 8899 8699 1734 5.88X10° 763
3 -5.56 9.53 10,328 | 10,326 | 1165 4014 734
4 -5.18 9.89 {10,106 | 10,100 | 1054 737 —_—
True
Parameters { -5.00 | 10.00 {10,000 | 10,000 [ 1000 1029 -——
26
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Table 2c. Results from the Modified Gauss-Newton Method with
ot = 0.25 X 10-5 Seconds (Third Member of Set No. 1)
Iteration
Number Vxt Vyt [ Rxt(0) | Ryt(0) | Rz¢(0) PIl P12
0 0 0 13,801 | 14,161 | 3000 3.79x108 | 5.02X10%
1 2.98 | 10.00 | 6285 7058 | 2939 2.38x107 | 42,580
2 -1.22 | 13.52 | 7637 7572 | 1526 6.52x105 | 29,736
3 ~4.24 110.47 | 9494 9451 858 37,858 29,648
4 -3.75 | 10.84 | 9191 9166 613 29,739 —
True
pParameters |-5.00 | 10.00 {10,000 | 10,000 | 1000 37,793 ——
Table 3a. Results from the Modifiea Gauss-Newton Method with
ot = 0.0 Seconds (First Member of Set No. 2)
Iteration
Number Vot Vyt  |Rxt(0) | Ryt(0} | Rzt(0) PIi P12
0 0 0 13,812 | 14,150 | 3000 5.51x107 | 22,182
1 17.56 | 30.92 (26,420 | 26,916 | 4659 3.64X106 2041
2 -5.74 | 10.06 141,391 | 41,203 | 2628 1.37x105 0.148
3 -4.85 9.99 | 39,729 | 39,766 | 1013 3813 0.148
4 -5.02 9.99 | 40,037 | 40,032 454 98 0.140
5 -5.00 | 10.00 | 39,995 | 39,996 178 3 0.142
6 -5.00 | 10.00 {40,003 | 40,003 101 0.173 0.137
7 -5.00 | 10.00 {40,004 | 40,004 89 0.163 0.134
8 -5.00 | 10.00 j40,004 | 40,004 87 0.134 ——
True
Parameters ( -5.00 | 10.00 {40,000 | 40,000 0.0 | missing
27
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Table 3b. Results from the Modified Gauss-Newton Method with - '
ot = 0.05 X 10~5 Seconds (Second Member of Set No. 2)
Iteration ‘
Number Vit Vyt Ret(0) Ryt(o) Rzt(0) PIl P12
0 0 0 13,806 | 14,156 | 3000 5.46X107 30,848 '
1 17.60 | 30.94 | 26,416 | 26,921 | 4668 3.62X106 25,604
2 -5.70 9.92 | 41,177 | 41,016 | 2663 1.54X105 23,343 |
3 -4.83 9.92 139,558 | 39,616 | 1131 26,524 23,343 |
4 4.98 | 9.91(39,820 | 39,844 | 754 | 23,378 —_— |
|
True
Parameters } -5.00 | 10.00 | 40,000 | 40,000 0.0 | 24,205 —

Table 3c. Results from the Modifiea Gauss-Newtan Method with
ot = 0.25 X 10~5 Seconds (Third Member of Set No. 2)

Iteration
Number Vut Vyt | Rxt(0) | Ryt(0) | Rz¢(0) PI1 PI2
0 0 0 13,757 | 14,204 { 3000 5.04X167 | 2.03x105
1 19.54 | 32.84 | 25,919 | 26,460 | 4549 3.83X106 | 3.31x10%
2 -7.51 7.22 141,133 | 41,199 | 2844 4.00X105 3.04%105
3 -6.94 7.14 140,120 | 40,346 | 1880 3.06X105 ——
True
Parameters! -5.00 | 10.00 { 40,000 { 40,000 0.0 | 3.77X105 —
|
A
»
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Tabie 4a. Results from the Modified Gauss-Newton Method with
ot = 0.0 Seconds (First Member of Set No. 3)
Iteration
Number Vot Vyt | Rxt(0) | Ryt(0) | Rze(0) PIL P12
0 0 0 |16,039 | 11,565 | 3000 8.69x108 | 3.91x105
1 -1.66 | 1.58 |13,726 | 11,045 | 10,376 | 4.63x108 | 1.49x10°
2 -6.58 | 6.73 4 9975 | 10,586 | 10,905 | 1.34x107 | 1163
3 -5.16 | 10.11 |10,196 | 10,112 | 10,059 | 47,132 0.0066
4 -5.00 | 10.00 {10,000 | 10,000 | 10,001 | 0.522 0.0073
5 -5.00 | 10.00 | 9999 | 10,000 | 10,000 | 0.0061 0.0061
6 -5.00 | 10.00 | 9999 | 10,000 | 10,000 | 0.0060 ——
True
Parameters |-5.00 | 10.00 {10,000 } 10,000 | 10,000 | 0.261 ——
Table 4b. Results from the Modified Gauss-Newton Method with
ot = 0.05 X 10~5 Seconas (Secona Member of Set No. 3)
Iteration
Number Vit Vyt | Rxt(0) | Ryt(0) | Rzt(0) PI1 P12
0 0 0 16,036 | 11,569 | 3000 8.68x108 | 3.80x105
1 -1.67 | 1.58|13,730 | 11,049 | 10,375 | 4.63x108 | 1.42x10°
2 -6.55 | 6.75( 9950 | 10,558 | 10,886 | 1.39x107 | 2579
3 -5.00 | 10.12(10,083 {10,017 | 9980 { 49,698 1815
4 -4.86 | 10.01 [ 9900 9915 9931 1816 —
True
Parameters | -5.00 | 10.00 | 10,000 { 10,000 | 10,000 | 2003 —
29
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Table 4c. Results from the Modified Gauss-Newton Method with
ot = 0.25 X 10-5 Seconds (Third Member of Set No. 3)

Iteration
Number Vit Vyt Rxt(0) | Ryt(0) | Rzt(0) PIl P12
0 0 0 16,065 | 11,529 | 3000 8.77x108 4.92X105
1 -1.70 1.54 113,718 | 10,995 | 10,364 | 4.65X108 2.28x10%
2 -6.87 6.54 | 10,059 | 10,609 | 10,890 | 1.44x107 55,891
3 -5.67 9.97 {10,440 | 10,247 | 10,152 | 1.01X105 53,939
4 -5.46 9.86 | 10,213 | 10,112 | 10,072 | 53,937 _—
True
Parameters | -5.00 | 10.00 } 10,000 | 10,000 | 10,000 | 60,327 —

Comparing tables 2¢, 3c, and 4c shows that the final value of PIl
increases with increasing slant range. The results shown in these tables
demonstrate that the modified Gauss~-Newton method converges to a reason-
able estimate of the target parameters in approximately four iterations.

The high noise cases for these three experiment sets were repeated,
but they were initialized on the "wrong" side of the cone; i.e., the side
which yields the larger PIl. The one from experiment set no. 3 displayed
results similar to those reported in table 4c while the remaining two
high noise cases performed poorly. After five iterations the one from
experiment set no. 2 was stopped because convergence to a reasonable
estimate was judged unlikel:  After seven iterations the one from
experiment set no. 1 was also stopped; however, convergence in one more
iteration was expected but, unfortunately, with the wrong sign on the
th(O) estimate.
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To investigate the effects of fewer legs, the third experiment set
shown in table 1 was repeated, first with two legs (0 to 479 seconds) and
then with one (0 to 239 seconds). Table 5 shows the final results of the
two-legged problem.

Table 5. Estimates from the First Two Legs of Experiment Set No. 3

Number of

Iterations | ot Vxt | Vyt Rxt(0) Ryt (0) Rzt (0) P11
5 0.0 -5.0]10.0 }10,000 10,000 10,000 0.0033
4 0.05X10-5 | -6.2] 9.50] 10,820 10,726 10,629 965.0
7 0.25%X10-5 | 10.0] 2.55| -2495 1773 -90 852.0

Tnis table shows that the noiseless and the low noise cases converged to
reasonable estimates while the nigh noise case converged to a worthless
result. This worthless result may be caused by fewer legs or by fewer
measurements; aaditional experiments could resolve this point. As
expected, the one-legged problem generated diverging results because the
JTJ matrix is singular. The Levenberg-Marquardt method could be used

if an estimate on this leg is required.

Finally, the Gauss-Newton method was used to treat the three high
noise cases. The results obtained were essentially the same as those
shown in tables 2c¢, 3¢, and 4c; consequently, the additional computations
required to select a step size are not justified by these experiments.
However, these experiments do not constitute an exhaustive set of al)l
possible target-observer situations, and the modified Gauss~Newton method
may yet prove useful,
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5. CONCLUSIONS AND FURTHER WORK
The main conclusions are:

1. There is a sign ambiguity on the estimate of the target's
depth.

2. The problem is singular on the first leg.

3. Both the Gauss-Newton method and the modified Gauss-Newton
method converge in four iterations for these experiments.

4. The Jacobian matrix is singular if the estimate of the
target's depth is zero.

5. Initialization of the iterative estimator affects
convergence.

The sign on the target's depth, th(o), cannot be resolved by an
observer operating at a constant depth, This is seen from equation
(2-16), and it was also demonstrated experimentally although these
results are not shown,

The target tracking problem with a linear array of omnidirectional
elements is singular on the first leg. This was shown in the experi-
ments. An analytic treatment of this point is not a high priority item,
but is recommended since it would lend additional 1nsight into this
track ing problem,

Both the Gauss-Newton and the modified Gauss-Newton methods demon.
strate convergence in approximately four iterations. Additional
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experiments are needed to investigate convergence and, in those
situations where convergence occurs, to determine if convergence in four
iterations is typical.

Inspection of appendix A shows that the last column of the Jacobian
matrix is zero if the estimate of the target's depth is zero; i.e., the
target is estimated to be at the same depth as the observer. This sing-
ularity will be investigated in a subsequent report.

Initialization of the estimation algorithm can reduce the number of
iterations needed for convergence. Further experiments on this jtem are
needed.

To evaluate the Gauss-Newton method, more experiments with different
target-observer tracks and with different noise variances are needed. A
Monte Carlo simulation is aiso needed.

Different PI1 functions should be tried, with a view towards finding
one that reduces the bias in the final estimate. Also, a probabilistic
description of this probliem might be more usefu) than the least-squares
approach used here.

Experiments which expand the iterative least-squares estimator to
inc.uded measurements from additional sensors would be useful.

Finally, results from an extended Kalman filter which explores the
effects of different signal models should be documented.
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APPENDIX A. THE JACOBIAN OF f(x)

The Jacobian of f(x)}, which is used in the performance index of
equation (3-1), is shown below. This f(x) is defined by equation (3-2).

The Jacobian is defined by

(<)
[}

for J

(afk/axj)

1,2,3,4, and 5; and k = 0,1,2,...,35.

The entries in the kth row of J are given by:

afk/ax1

afk/ax
3fk/ax
afk/ax

afk/ax

2

3

4

5

afk/avxt = kh 3 fk/ath(O)

afk/avyt kh a fk/aRyt(O)
3fk/ath(0) =-sin ¢y (k) - ctm(k) Rx(k)/b Rs(k)
afk/aRyt(O) =-C0s ¢ (k) - ctm(k) Ry(k)/b Rs(k)

afr/ath(O) = —ctm(k) RZ(O)/b Rs(k).
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APPENDIX B, STEP SIZE FOR THE MODIFIED GAUSS-NEWTON METHOD

In this appendix a scheme is given for selecting the step size a,
in the modified Gauss-Newton iterative formula.

Actually, because it is not normalized, the direction 95 also con-
tributes to the size of the step. It is convenient to redefine equation
(B-1) as

(B-2)
where aj denotes the jth value of the step size at the ith iteration.

Once 9; is found from the Gauss-Newton equations, PI1 is a function
only of aj; i.e.,

PIl(aj) = PI1(x, + 3; 95) (8-3)
and this is minimized by a judicious selection of aj. In this report,

aj is defined by the minimum of a quadratic polynomial which passes
through three (aj, PIl(aj)) data points. For equally spaced values

of aj, the minimum of this quadratic is given by

(az+a3) Pll(al) - 2(a1+a3)P11(a2) + (a2+a1) PIl(a3) (B~4)
3y = 2 PIl(aI) -4 Pll(azf ¥ ZPH(a3Y

where a3 >3 >3 > 0.

The first of these data points is readily available, namely, (a1 =
0, PI1(0) = PIl(xi)); ang if

B-1

= X, *+ a. g. . (B"’l)
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PI1(1) < PI1(0), (B-5)

3, = 1 gives the second data point and a3 = 2a, gives the third.
However, if equation (B-5) is not satisfied the length of the interval is

reduced by selecting 3 = 1/2 and a3 = 23 = 1, provided
P11(1/2) < P11(0). (8-6)

1f this is unsuccessful, the next selection is 3, = 1/4 and a3 =
232 = 1/2, and subsequent selections are given by repeatedly dividing
3y by 2. This continues until PI1(ay) < PIi(ay) or a threshold
which causes termination of the estimation algorithm is crossed. After
a, is found, then PIl(ap), PIl(ay), and PIl(a3) are compared to
determine which of these is the smallest. This is necessary because the
quadratic polynomial may not always provide a good fit to the PIl
function and PIl(ay) or PIl({a3) may be smalier than Pll(ag). A
diagram of this scheme is shown in figure B-1.
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Figure B-1. A Diagram for Selecting a5, the Step Size for the ith
[teration of the Modified Gauss-Newton Method
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APPENDIX C. NUMBER OF OPERATIONS FOR THE MODIFIED GAUSS-NEWTON METHOD

The number of operations (additions, multiplications, divisions,
square roots, and trigonometric functions) required for one iteration of
the modified Gauss-Newton method is determined in this appendix.

This method is defined by
Xjel = X5 T3 94 (c-1)
where a, is the step size and 9; is determined from
J(xi) g = f(xi) (C-2)

by applying a Householder transformation to the (J(xi)i f(xj))
array. This transformation gives

Rgj=f (C-3)

where R is an upper triangular matrix and 9; is found by back
substitution.

The number of operations needed to determine a, is given,
primarily, by the number of additional times that P]l must be evaluated.
Appendix B showed that a minimum of two additional evaluations per
iteration are required, and the experiments demonstrated that frequently
this was all that was needed. Furthermore, equation (B-4) shows that in
addition to these operations, 5 additions, 6 multiplications, and 1
givision are required. The divisions needed to reduce the step size (see
figure B-1), assuming that a reduction is called for, are not counted.
Therefore, the minimum number of operations required to find the step
size are 2(K-1)+5 aaditions, 2 K*6 multiplications, and 1 division.
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The equations which define the elements in the kth row of the
(J(xi) i f(xi)) array are given in appendix A. The operations needed
to evaluate these elements are shown in table C~-1. The operations needed
for PI1 are included.

Table C-1. Number of Operations Required for the (Jif) Array and PIl.

Equation + X s Y trig
f(k) = Rll(k) -~ Rs(k)tl(k)c/b 1 2 - - -
Rll(k) = -Rx(k)sinw(k) - Ry(k)cosw(k) 1 2 - - 2*
Re(k) = (RZ(K) + RE(k) + R Z(0))1/? 2 3 - 1 -
af/ath(O) =-sinp(k) - Rx(k)tl(k)c/RS(k)b 1 2 1 - *%
af/aRyt(O) =-cosy(k) - Ry(k)tl(k)c/RS(k)b 1 1 *k - **
af/ath(O) = - RZ(O)tl(k)c/Rs(k)b - 1 *x - -
af/a\/xt = kh 3f/3 th(O) - 2 - - -
af/av o = kn af/3 R (0) - 1 - - -
Total for one row 6 14 1 1 -
Total for K rows 6K 14K K K *
PI1 requires K-1 K - - -

*Only 2 per leg, so they are not included in the totals.

**c/b is computed off-line, so clrs(k)b is 1 division. Also
tl(k)c/RS(k)b is computed only once.

The number of operations needed to find Rx(k) and Ry(k), given an
estimate of the target's velocity and initial position and the observer
track, are not counted because they are the same for all iterative
estimation algorithms which use a Cartesian signal model,
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The Householder transformation used in the iterative least-squares
algorithm is, in fact, a product of Householder transformations. The
first member of this product operates on the matrix

A= (a1 f), (C=4)

which has K rows and n columns, where n = 6. The second member in this
product leaves the first row and column of the transformed A matrix
unchanged, so it operates on a (K-1) by (n-1) matrix. The next member
operates on a (K-2) by (n-2) matrix and so on until the first (n-1)
columns of A are transformed. The number of operations needed to
transform A so that its new first column has the required structure is
shown in the following table. The symbols used in this table are
consistent with the Householder transformation algorithm shown on page
63 of reference 3, except that K is used here instead of m.

Table C-2. Number of Operations Required to Transform the First
Column of the A Matrix

Symbol + X * a
s K-1 K-1 - 1

u(l) 1 - - -
B - 1 1 -
Y (k-1) (n-1) (k+1) (n-1) - -
A K(n-1) K(n-1) - -

Total Kn+(K-1)(n-1) 2Kn+n-K+1 1 1

In the omnidirectional least-squares problem, n = 6, hence, the first
five columns of A must be transformed to upper triangular form. The next

table shows the number of operations needed for each of these
transformations.
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Table C-3.

Number of Operations Required for the

Householder Transformation of A

Transformation

Column No . x e T
1 Kn+(K-1){n-1) 2Kn+tn-K+1 1 1

2 (K-1) (n-1)+(K-2) (n-2) 2{K-1) (n-1)*n-K+1 1 1

3 (K-2) {n-2)*(K-3) (n-3) 2(K-2) (n-2)+n-K+1 1 1

a4 (K=3) (n-3)*(K-4) (n-4) 2(K-3) (n-3)+n-k+1 1 1

5 (K-8} (n-4)+(K-5}) (n-5) 2(K-4) (n-4)+n-K+l 1 1
Total 10Kn-25K-25n+85 10Kn-25K~15n+65 5 5
Total with n = 6 35K-65 35K-25 5 5

To compute P2 requires (K-6) additions and (K-5) multiplications.

The back substitution algorithm requires 10 addtions, 10
multipliications, ang 5 divisions.

The total number of aperations required for one iteration of the

modified Gauss-Newton method is shown in table C-4.

Table C-4. Final Count of Operations for One Iterations of the
Modified Gauss-Newton Method

fFunction + X ¥ 2
Step size 2K+3* 2K+6* 1= -
@) 6K 14K K K
P11 K-1 35K~25 - -
*minimum
-4
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Table C-4. Final Count of QOperations for One [terations of the
Modified Gauss~Newton Method (Cont'd)

Function + x 3 e
Householder

Transformation 35K-65 35K-25 5 5
PI2 K-6 K-5 - -
Back substitution 10 10 5 -
Gauss-Newton Total 43K-62 51K-20 K+10 K+5

Mipimum Number of
Extra Operations
for Moaified G-N 2K+3 2K+6 1 0

When faced with an ill-conditioned problem, it is advisable to inter-
change the columns (and maybe the rows as well) of J before applying the
Householder transformation. This is explained in reference 6. The number
of operations required for this interchange are now shown in table C-4.
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APPENDIX D. COMPUTER PROGRAM LISTING

This appendix contains the computer programs used to generate the
results shown in section 4. There are two parts to this program: the
first generates the averaged measurements; the second estimates the target
parameters. Six significant digits are carried in all computations.

3 LPRINT*THIS FPRIGHAM GENERATES THZ AVERAGED MEASURZMENTS®
1 CATA 10+309229U9?0+0,-10,Ce20s=-5,210+3000(,1009C,310C05C»0

16 'SD®SFES) OF ThE OS3ERYER. INFUTTED AS SC»S1:82.

11 ‘GAMAC=AEADING G THE CESZIRVER, INSLTTED AS GOsG1,G2

12 'VYZ0=Z VELOSITY CF THE Q&SEXVER. INFUTTED AS 200+Z210,Z20
13 'UXT=X VELICITY OF Thi TARSET

14 'VYT=y * * * *

15 'RXT=X POSITION OF THE TARGET

16 *RYT=Y * *

i7 'R2T=Z ’ ¢

1€ 'ViX0aX VELJCITY CF THE OBSERVIR

19 'YZYQ=Y . .

27 'RIXO=X FCSITICIN OF THE QESIRVER

21 'RZYQCaY . *

22 'R340=2 * '

23 RAY=RELATIVI X FOSITION(TARGE™-OESEILER)
:,_', lpsY: . v . L]
5 'RéI= ¢ z * *

26 "MEAN=MEAN OF MEASURIMENT MOISE

27 *SDEV=STANCARD DEVIATICNM 07 ThE MEASURIMENT NOISE

28 'Ci1=GAMAC-16L IN RADIANS. ANGLE OF RCGTATIOM

29 'H=ZAMFLING PCSRICC

3 'RAsKILyPAFALLEL 1O CENTEF LIME OF ARKAY

21 "RFEATHIFZAIFENMIICL AR .

12 G6LFHASC]S TROE ANGLE.

35 'TOELATsTALE TIME OE.mY

36 HI=JSUD IN RAMIC™ NymEdn GINIAATOR

Io O "NIIZES ® ‘ *

3o THMZIASaN(ISY TIMC Q€LAY

37 AVTM=CNE DIMENSIONAL VASIAILI +26 ELEMINT3LAVERAGED THehD
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