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LIFTING SURFACE THEORY FOR WINGS IN LOW FREQUENCY SMALL AMPLITUDE
YAWING AND SIDE SLIPPING OSCILLATING MOTIONS AT LOW SPEEDS

Huang Mingke
(Nanjing Aeronautics Institute)

ABSTRACT

In thls paper, the mathematical ﬁroblem of
flow at low speeds past a yawlng oscillating wing t
1s set up by using a coordinate system fixed in the
wing. The snake-like tall vortices behind the wing i
are investigated 1n detail. In the case of low
frequency oscillations, numerical solution is obtained
by the non-steady vortex-lattice method which can be {
used to calculate the rolling moment aerodynamic
derivatives of the wing due to yaw and side slip.
Some of the computed results are compared with the
experimental results.

I. POSING OF THE MATHEMATICAL PROBLEM OF YAWING

The aerodynamic derivatives caused by yaw and side slip are
important primary data for investigating the lateral stabillity
of an airplane. These derivatives are mainly affected by the
wing. We take a coordinate system oxzy fixed wlth the wing as
in Figure 1. oy axis points upward. V_ 1s the forward speed
of the wing. o and ¢ are the angle of attack and the upper reflex
angle respectively. They are both small quantities. We express
various quantities in dimensionless form with b, V_, b/V°° as the
characteristic length, characteristic speed and characteristic
time. Without losing any generality, we shall only consider the
yaw oxcillation of the wing with angular velocity wy around the
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y axis

@, " (0,4, COS WS
where t 1s the dimensionless time, w is the circular frequency.
We shall let “=s<€l ., Since the addition of yaw oscillation is
equivalent to shifting the center of rotation, it is not necess-
ary to specifically study the yaw.

For low speed in compressible flow, corresponding to the
small perturbation of the moving coordinate system, the potential
flow equation of the absolute motion can be simplified as

aw’ uw_raw
oy ' O¢ (1)
in which ¢ 1s the perturbation veloclty potential. If only the
first order terms of a and ¢ are retained, then the integral of
the dynamic equation of the small perturbation is simplified as

puVi Ox O Oz e, + a5 * (2)

where p and p are respectively the pressure and density. The sub-
script = indicates the condition of free flow.

The boundary conditions on the xoz plane are as follows:
In the region occupied by the wing:

In the wake reglon, the pressure is continuous so that Equation
(2) must be zero. If only the first order term of mymax is kept,
then the equation is simplified to

8¢ _ o0 052 -
- ‘5;' 6: a, ),-c (W)
Here we have already taken (80/8:),u ™ 0(w,eu) into account.
Qutside the wing and wake regions:
(®)ye=0 (5)

At infinity, the perturbation is zero.
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Therefore, the problem of yaw oscillation in flow past
wing at low speed is reduced to the solution of Equation (1)
with boundary conditions (3) through (5) to be satisfied. Com-
pared with the problem of no yaw, the only difference is in the
boundary conditions of the wake region.

II. THE INSTANTANEOUS SHAPE OF THE WAKE VORTEX LINE IN THE
MOVING COORDINATE SYSTEM

Consider the first order linear partial differential Equa-
tion (U4). Take the differential(dx, dz, dt)in the(x, z, t)space

80 that
gz 4 d3
-1 -1 0, (6)

Then Equation (4) means that d¢ = 0 along this differential ele-
ment. Hence, it is the linear element of ¢ = const in the x,z,t
space. Integrating Equation (6) with the initial conditions Xg»
zo,to, we get
r-n+0—m

5 -1 +wz...x.sinwt. 4 Camascotoly Wymes 6N OF __ 0ymqs COS 0L (7)
w0 \ « w?

Let X532, represent a point on the rear edge of the wing, then
point x,z 1s the position reached at time t by the vortex
dragged out from this edge polnt at time to. Eliminating to
from the equations in (7), we get the instantaneous equations
for the curve at time t of the snake-like wake vortex line which
starts from the rear edge point (xo,zo). It can also be seen
that the instantaneous shapes of the snake-like wake vortex
lines from symmetric points on the rear edges of the left and
right wings (equal xo) are identical.

III. INDUCED VELOCITY CAUSED BY THE SNAKE-LIKE WAKE VORTEX LINE

As shown in Figure 1, we shall calculate the induced velo-
city vy produced by a snake-like wake vortex line at a point




Xy,2y on the y = 0 plane at time t. Assuming that the wake vor-
tex circulation I does not change with time, then by using the
Blot~Savart equation, we get

T SdnadL

(b= ke @)

For symbols used, see Figure 1. 1In
the above g - 0, - A0 4 a}. A = O(“’y-u) .

(s1em) If only the first order terms are kept,

then 6a 6dL = (sin 6, — c0s0,80)ds

<+ (coaa. <+ 1inf,40)ds + O(“r-u)
1

-'-3 rl [l + — 2 ll'll 6. (s — '0)] + o(“’v-n)

A == _L'_"'_"wl.‘ﬂ‘_& + O(whms)
0

vortex line direction

when w = 0
Yy Substituting into Equation (8), we get
Figure 1 {S (1—3nn’8)(z—4)h
5

- (")"l" - ; s

- 2244 } + O(wlmas)

amzg r.
Substituting the instantaneous wake vortex line equation in the
above and simplifying, the two integrals in Equation (9) change
respectively to:

(9)

("0 sun)(e =2, - g::_-_:_;_i.n:&'{;, [~ 2 inate —
2 ] ¢ A )
' +:1z—cuw(x—xo)“ %,‘] + o, ["‘3‘ cos (s = x0) ' (10)
- -:; dnw(x = zo) + T:;]} éx
= <030 - S. -“—‘-’;gl {m, [-.r.cosw(: -—gq) —~ -:;-sinw (= — 8.)]

smgy r% L re

+ o, [i‘dnu(r -z — -i,—cosw(: - z0) + -ﬁ,—]} dx

(11)




where g, m du,/ds w —w,q,.0;5i0 w08,

The two integrals above apparently both converge but 1t is
difficult to find their analytic forms. The interesting case
in airplane stability computation 1is low frequency oscillation
but when w + 0, both integrals above are divergent. Luckily,
we can separate out the odd terms that make the integrals diverge
and discover that when the induced velocity caused by the snake-
like wake vortices (with equal circulation but opposite direction)
at symmetric points on the rear edges of the left and right wings
1s computed, these o0dd terms cancel out one another and the
result is still convergent. The derivation follows below.

Take xp very large, eventually to approach infinity, then
™y - l'*l. , S.
Sc. Sc. o + aptee
Consider first integral (10):

In the interval (xo, xp4-xo), when w + 0, in Equation (10)

ot
- :.)x.« (——-'- +0()

- il,im,(, - g.) + -.Lcouq(x —g0) — ‘E;‘

- -“-}ma(s—:.)--;-dnn(sr-v:.)-k:'-

L__a):..-z&:_a).ww)

In the interval (xp + X @), since Xy >> 1, therefore,

dn’d, w0, _rl'!'(i"-n)f




Hence

® (= 3dnB)(s —sddr [+ - (s — 5,)¢
L’n.’ r} : ' '~Lﬂ"o (': "".l'n))'x_
""(‘nl’h’u ) . '

This integral can be easily integrated. When w + O, it has
logorithmlc singularity. Wince after such integration it

will automatically cancel out it 1s not necessary to integrate
the explicit expression. Equation (11) is simplified by the
same method. When w + O, Equation (9) simplifies as:

4] - (7)) — 4-5 {u, [—:. s::”'(.l_—_s_'_i‘ia.lm

e

(12)

-1 s""o (1 =~ 34in20,)(x — x¢)%dx + j'r*'o malxdx]
2 Ja rn % r .
+ &, [l, S"+" Q= 3!5319:)’(3 — x¢)%dx 4+ % s"""r (1 — 35in%0,)(x — x,)%dx
6 Jn ry 2/ r%

= | O s L [ co0a = ] s, 5, )
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The integrals in the above can all be computed. We then let
xp + o, and include the odd terms contalning xp in function f.
Then after lengthy but uncomplicated calculations, we finally
ge', the very simple formula

where (13)
o, = (v,)00 — {; (4w, + Ba,)

—
4-(:.+£;)V—l-——u——u' TRt L /T - )

s?

(14)
B = ﬂ%’a o (V37 37 — &) — 2z 3532 + 27 + )
: . 632
+1 3 + 32 ’ (15)
3
where
PALE St (1) s5,=5 =% (16)

Notice that in Equation (13) the odd terms containing f(x,, 24, 51, @)
are omitted since they will automatically cancel out when the
effect of the free vortex with equal circulation but opposite
directions starting from symmetric points from the rear edges

of the left and right wings is computed.
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IV. VORTEX LATTICE METHOD

Divide the wing into n bands along the half wing span and
then divide chordwise into m equal parts uslng equal percentage i
line. The right half wing 1s then divided into N =n xm smali
lattices with the left half wing symmetric to it. In each lat-
tice 1is placed a non-stationary horseshoe vortex as described
in paper [1]. The only difference is that the section of free
vortices behind the rear edge should be changed to the snake-
like vortices described in our paper, as shown in Figure 2. The
oblique adjacent vortex is placed at the 1/4 chord point of the
lattice with the control point taken at the center 3/4 chord
point. The lattice span 1O is a constant. According to the com- !
putational formula of paper [1], it is most convenient to take
b = 10/2 as the characteristic length.

Denote .«; as a linear operator. It's effect on the dimen-
sionless circulation Pi(t) of the ith non-stationary yaw oscill-
ation oblique horseshoe vortex will yield the induced velocity in
the y direction at its ith control point. According to boundary
condition (3), the problem is to solve the equations

ZN,‘, o (T;) = —a, — sign(z,)0,x,p i=1,2,+,2N (17) ‘

j=1

where Ay ,Xy52y are respectively the local angle of attack and |

coordinates of the ith control point.

Expand the unknown circulation Pi as
Ty = (Toi + (To + TP)a, + (T + I'd)a, (18)
where the subscripts a and ¢ correspond respectively to the prob-

lem of the angle of attack and to the problem of upper inversion
angle. Apparently, (Teet 1s the stationary dimensionless cir-

culation for the motion with no yaw.

Expand & as oS+ (19) :




where Sf, represents the operator cor-

responding to the non-statlonary oblique
horseshoe vortex with no yaw and 3,

1s the operator corresponding to the
induced velocity increment caused by

the change of the free vortices to snake-
like ones along x direction behind the

rear edge of the wing.

Figure 2

Obviously,

F Ty +T9)e,) = 0(0)uu)
yl((r:' + T?);u‘),) - o(m;-ll)

Substituting Equations (18), (19) into Equation (17) and then
expanding, keeping only the first order term of mymax’ we then
get Y.
2 {0 ((To)i) + S L((T2)j0,) + I ((T9)0,)

j=)
+ o ((Tér)w,) + H((TP)e,) + F ((Ta.)i)} (20)
= —g, = sign(z,)w,x im=1,2,:.-,2N
According to Section IIT,
F AT = = & ((Aly + (Bls)Ted )

When the matrix coefficlents [d4)y and [B), are computed with
(14) to (16), we should notice the fact that there are two snake-
like free vortices with opposite directions in the obllique horse-
shoe vortex model.

S ((Tae)) = ;1; (w,)i(Tedi (22)

where (w,), may be calculated according to Equations (3.6) (3.7)
in paper [1].

Also according to paper [l1], when w + 0, we have

oo (o) ) = 2 [coma (Y + [(202)_] (S22 0] c23)

To) ry) dw




(ro) 1 o) .
* ‘((crs-).)"")-"2:“”'(’:(<m. o (2
In the above equations, (wy)y and (%%r)" are calculated

with Equations (3.7) and (3.25) in paper [1].

Substituting Equations (21) to (24) in Equation (20),
H separating the problems of the angle of attack and that of the
upper inversion angle and then separately equating the constant
terms, the sine terms (terms containing &y and cosine
terms containing wy)on the two sides, we get the following
equations:

For problem of the angle of attack:
N
Z (wy)ii(Tae) = —4=0y

imy

IN N
S (w)i(To)y = 2 44T
’ o=

it

IN
:Z: (w,)i(F2); = ‘i_‘ (Blu(Tesdi — ‘Z‘ [(%",?)ﬂ] ST i=1,2, 0005 W55

The three sets of linear algebraic equations above may be
solved one by one. The first set of equations correspond to the
problem of no yaw symmetry. Thus, we only need to solve for the
N unknowns on the right wing. It may be proved that the second
and third set of equations correspond to problems of anti-
symmetry and also need only be solved for the N unknowns on the
right wing.

Problem of upper inversion angle:

2 (0,)i(TP)i = "'4*“8“-(,3')314’

I=1

i (0,)i(TD)j = — 2 [(-ég%”.)... “(m)' jem 1,2, ,2N
L)}

j=i

(26)

I)'l‘he typographic,errors in 2 arithmetic signs of Equation (3.25)
in paper (1] ha&e been corrected.




These two sets of equationslare both anti-symmetric and require
only half wing solution.

V. AERODYNAMIC LOAD COMPUTATION

It is not difficult to prove from the pressure coefficient
Equation (2) that the Joukowskl theorem still holds for non-
statlonary oblique horseshoé vortices. Consider the left produced
by the jth vortex model of the right wing as in Figure 2.

The left of BC vortex is:

(Yac)i ™ pu(Ve + Veio,3,)(Vablly
+ pu{Vaw,2;)(Vubligtan X,
where xi,zi,xi are the coordinates and backswept angle of the
center point of the vortex. Substituting in the above Equation
(18) and keeping only the first order term of wymax’ we get

(Y.c); - p-V.[ V.b(l"...),- ]Iq + P-V-{ V-’(r:’ + r?)l“v
+ V.b(rt’ + T'V)fé, }’0 + Pﬂ_(vﬂwy‘i)[ V-b(r...), ]l‘ ( 2 7 )
+ pu(Vaw,x)| V-b(ro-)i]lolanx! + 0(_‘0'1-“)

where the first term does not contribute to the rolling moment.

The left of CD vortex 1is:

(Yep)s = pm g::’(l’.a,z)( VabT:)bdx

- P-V’.b’u,(_r "oy (‘5"—:—#') +D(”}-«)

Similarly, the left of BA vortex is

(Yaa)y = =i, (T (472 ) + 0(atous)

It may be seen that, different from the case of no yaw, with
yaw, the vortices CD and BA are also left-producing adjacent
vortices and snake-like free vortices which do not produce 1ift
are only found behind the rear edge of the wing. The rolling

10




moment around the x axis may be found by summing the contribu-~
tions of all the vortices.

VI. COMPUTATIONAL RESULTS

With the wing surface and span as characteristics, deflne
the rolling moment coefficient m. Again with the half wing span
and V_ as characteristics, define the dimensionless time t and
dimensionless angular velocity w_. According to the customary

y
method to express aerodynamic derivatives:

om, & o Om. s O b Om,
~:1—-5‘;-'—, 'l:’ —&h, ,. m, Bﬁ o‘ m 8’

where 8 1s the slip angle, @#e-=248/4s,

For many trapezoidal backswept wings, we calculate for the
two center of gravity positions g,e0.25 and 0.5 (ratio of the
distance from the front edge of the average aerodynamic chord bA
relative to the rotational center to bA)‘ m: and mf are
found by using the transformation equations of the aerodynamic
derivatives when the center of gravity is shifted. Part of the
numerical result and empirical estimation of the aerodynamic
derivatives are compared to the experimental result. Except
when particularly noticed, we use n xm = 8 x 4 for calculation
in this paper. Let A be the wing span chord ratio, n be the
root tip ratio and x be the quarter chord line backswept angle.
Figures 3 to 5 are the cases of plane wing with angle of attack
(¢ = 0), with cy as the left coeffilclent. Figures 6 and 7 are
cases with upper inversion angle (a = 0). Except for Figure 7
where ¢ 1s measured 1in degrees, radians are used in all other
cases. Figure 3 has been transformed to relative stationary axes

system.

Relative body axes system 1s used for the rest.

11
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Computations proved that for problems of angle of attack,
the effect on the result of whether or not to consider the
change of wake vortices into snake-like 1is small, about 10%.
However, consideration of thils effect will make the computational
result come out closer to experiment. The time difference
derivative 1n problems of angle of attack is entirely caused by
the change of wake vortices to snake-like. Its value 1s very
small.

For triangular wing with very small span-chord ratio, the
effect of the wake vortices on the wing may be neglected. Then
$ 1s equivalent to the theoretical perturbation velocity poten-
tial of a long thin body 1in problems of stationary angle of
attack with no yaw. Here Equation (2) becomes the theoretical
pressure coefficient equation of a thin long body in paper [6].
Hence, our method approaches the theory for a long thin body for
this case.

©
-
-
-
-4

m? /e,
s
-
| §
/
—L ot
1
o
8
1]

-0.6 ] | 1 } 1 N |
0 0.2 0.4 0.6 08 1.0 e [ X} 1.0
1y iy
(‘) -:/" (b) .tl"

Figure 5. Yaw derivatives for a plane wing
A= 2,61, x = 45° ——this paper; o experiment, %ﬁ%er
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VII. CONCLUSIONS

In this paper we have only established the 1ift surface
theory for wings in yaw oscillation at low speed and provided
the numerical method of solution for the case of low frequency
oscillation. By separating the problem into several symmetric
and antisymmetric problems, we have realized large savings in
computer internal storage and 1ln computer time.

The effect of a side edge of a wing changing into a rear
edge during yaw and side slip has not been considered in our
method, hence when the effect of side edge becomes very important
(e.g., for trapezoidal wing with very small span-chord ratio),
this method 1s not applicable.
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Abstract

This paper sets up the mathematical problem of flow past a yawing oscillating wing at
low speeds by using s set of axes fixed in the wing. The snake-like vortices behind the wing
are investigated in denil. In the case of low-frequency oxillation, the problem is solved nu-
merically by the nonstesdy vortex-lattice method. This method can be applied to calculate rolling-
moment derivatives of wing duc 1o yaw snd sideslip. Some of the resuls obtained are com-
pared with experimental data.




SIMPLIFIED NAVIER-STOKES EQUATIONS AND THETR MATHEMATICAL
PROPERTIES”

Wang Ruquan, Liu Xue Zong, Jiao Luquong
(Computing Center, Academia Sinica)

Gao Zhi
(Institute of Mechanics, Academia Sinica)

ABSTRACT

In this paper, the two-dimensional simplified Navier-
Stokes equatlons are analyzed qualitatively. The authors
conclude that the above equations are ill-posed when the
tangential flow veloclity component u < c(c) is the local
sound velocity. Hence, instability arises in numerical
solutions. In addition, the proper specification of
initial and boundary value conditions of supersonic vis-

cous flow around a spherc-cone body 1s also discussed.

Ever since 1904 when L. Prandtl proposed the boundary layer
theory, 1t has greatly affected the research in viscous flow but

followlng the development of high speed machines, the boundary layer

theory has become insufficient to treat many important practical
problems. Direct numerical solutlon of the complete Navier-Stokes
equations (abbreviated as N-S equations below) has reaped fruitful

result but the volume of computation and the amount of computation-
al time are still sizeable. There 1is a way that has attracted

people's attention, namely to improve on the boundary equations or
to simplify the complete N=S equations in order to reach the goal

of solving effectively practical problems. Much work has been done

in this direction since the 60's which may be classified into threi_/]

categorles: 1. establishment of second order boundary layer tbeory,

£2 3
2. thin shock wave layer approximation aﬁg 3. simplification of the
N-S equations %e would like to point out that when Re.—o

Received April 25, 1979
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thin shock wave layer equations cannot transform smoothly into the
Euler equations while the simplified N-S equations will transform

smoothly to the non-viscous equations for Res—+o ; secondly, the

simplified N-S equations may be solved with a unified computation-
al scheme without the need to use the complicated method for solv-
ing the boundary layer equations.

Much work has been done in solving a series of practical prob-
lems with the simplified N-S equations and the common problem en-
countered 1s the instability in the numerical solutions t2%3_3%3
appeared when the initial beourndary value problem is solve%. Many
people have proposed various methods of avolding such difficultles
but few have 1lnvestigated s.themitically the cause of the instabi-
lity, the propertiles of the -~ruations and the proper specifications
of the boundary value critditions. OQur paper qualitatively analyzes
these questions from the mathematical and mechanical point of view,
based on the practical computational experiences of the authors,
with the purpose of discussing it with scholars both at home and
abroad.

1. SIMPLIFIED N-S EQUATIONS

The form of simplified N-S equations varies depending on how
the RHS is chosen. The practical difference 1s very small when
the Reynolds number Re_, is large. In the following, we shall write
down the simplified N-S equations [27] derived by Gao Zhl in 1967
when he analyzed the problem of viscosity--non-viscous flow inter-
ference (see Figure 1).

50;-(rpu)+al(erv)-0 (1.1)
= y
¢
1.0 (, 0 B Ouw _, b 08 (K
Rea Oy ("Q,)""ne.a, t e By (u) (1.2)
17
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p(;g'+v%—k§)+%f-o ‘ (1.3)
(220, )(;35 i2) =2 (20 T
p=eT ‘ (1.5)

& = ¢,/PrRew,Ren = puVus/tie; Pr = c,u/d 58 is the blunt end stagnation
point radius of curvature, k is the object surface curvature, x,y
are respectively the orthogonal coordinates along and perpendicu-
lar to the object surface, u,v are the corresponding veloclity com-
ponents. p+AnTyvu.d represent respectively the pressure, density,
temperature, viscoslity coefficient and thermal conductivity. Con-
verting to dimensionless quantities, for x,y,r we use a; for u,v
we use V_ and for P~ov T, p 1 We use respectively paVi, pu, Vi/R, pe and
Ao+ The Equations (1.1)-(1.5) include the non-viscous equation
which differs fundamentally from the boundary layer equations in
its mathematical type. This will be discussed below.

2. TYPE OF SIMPLIFIED N-S EQUATIONS

As 1s well known, the classical boundary layer equations belong
to the parabolic type and are well-posed to be solved as initial
value problems. There 1s no unified way of specifying the simpli-
fied equations. Some people propose parabolic type equations
{13-15] and some parabolic-hyperbolic equations [16,17]. Paper
[19] 1s of the opinion that in the vicinity of the object surface
(assuming the wall conditions are gm0,s=m0,T=T, ) we have the
property of reverse thermal conduction. The fundamental type of the
equations determines the way information 1s propagated 1In the flow
field as well as the specification of the boundary conditions and
the numerical solution, therefore, 1t 1s a very important question.

e T . ST




The simplified N-S equations consist of several first order
and several second order quasilinear partial differential equa-
tions. It 1s difficult to ascertaln its type in the striect class-
1cal sense. Since the equations contaln both convection effect
and diffusion effect, we can analyze the bebavior of the solution
using one of the effects as the principle one.

In view of the quasilinearity of the equations, we 1limit our
discussion to a small region about a point. When #%*0 | we
introduce the following auxiliary variable

g--.l—“ﬁ.'-"‘ﬂ CZ.l)

Rea ™ Oy 6’

Then we can convert (1.1)-(1.5) to first order equations

0x axX
1% t85, ~F (2.2)

where A,B are 6x6 matrices, X, F are 6 dimension column vectors.
The characteristic equation of (2.2) is

dﬂ(‘!"llu""nbu)"o'ioi-lﬁz""'s (2.3)

with characteristic root

w,-o.L.-H(%*-% t/ﬂ)»’*""(%-%m> (2.4)

The result agrees with the conclusions of [16,17].

From (2.4), it can be seen that the differential equations
have four multiple elgenvalues, reflecting the parabolic property
wilth the signal propagating along x = constant with infinite speed;
there are two other non-zero real eigenvalues, representing the
hyperbolic property with the signal propagating along the character-
istic directions with finite speed. Hence, when #%0 or when
diffusion dominates, we may regard the simplified N-S equations as
a set of equations with both parabolic and hyperbolic properties.
The same conclusion may be reached with the method of [25].
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On the other hand, when u = 0, i.e., when (1.1)-(1.5) are
reduced to first order equations, the characteristic roots are
uvtc’\/-M‘_—_l-

P (2.5)
where M 1s the Mach number. When M > 1, all the characteristic
roots are real and the equations are hyperbolic; when M < 1, X3
and ku are complex roots and the equations are elliptic. Hence,
when the diffusion effect 1is very small, (u - 0), the property
of the equations will undergo fundamental changes. The property
of the equations 1n the intermediate stages 1s complex but we think
the more important question 1s whether the specification of ini-
tial-boundary values for the Equations (1.1)-(1.5) is well posed.

l| - l; -HU/B,. 1',‘ -l

3. THE WELL-POSEDNESS OF INITIAL VALUE PROBLEMS

In (16,17] it has been pointed out the hyperbolic-parabolic
property of the simplified equations but from this they reached the
conclusion: it 1s well-posed to integrate downstream as an ini-
tial boundary value problem from the stagnation point in the flow
field of a supersonic flow around a blunt object. We take a diff-
erent view. We discover after some analysis that when u < ¢, the
Cauchy problem is ill-posed. For simplicity, let us consider the
major components of the original equations when the coefficients
are frozen:

0X , p X _ . BX
a"'Ba’ Ca" (3.1)

4

where X o= (u, r, Ps T)




1 o, 2 X v v :
H Hp HT o 1 = 7 §
0 % o 0 o e 1 0 |
A= ; B= 0 0 *
e o L 0 - pe
H H ...“_“, 0 = cpv
™ oY Re
0 0 - H
o 0 0.0\
o 0 o0 O '
Ce|h .
— 9 (]
Re ° ’
0 0 0 o

When u = 0 and u = ¢, the matrix A 1s degenerate; therefore, it

is not possible to explicitly solve for [-. 4 from Equation (3.1).

In order to discuss whether the Cauchy Ox problem 1s well-

posed when x » 0, we notice the following theorem [20)

The necessary condition that the equations with constant

coefficlents X
0X_ 80X . oX
% 19 T2 o0 (3.2)

- —p——

1s non-degenerate 1s that the real part of the characteristic values
of matrix B be positive. If these characteristic values are !
different from each other, then the condition is also sufficient. ‘

We use the same method as in [20] to derive that the necess-

ary condition that (3.1) is non-degenerate 1s that the roots of its F

characteristic egquation
dt(l4 —C)=p

(3.3
have non-negative real parts. The roots of (3.3) are
Jq-l.-o F
b=t d A ([P + y)mt — 1)

2Re. Pr ) pu(m? — 1)
2 [((Pr + y)m? — 1)! — 4Pr ymi¥(m! — 1)]'?} 1
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where ples(u/e) . It 1s not difficult to see that when u 2> c,
Le0 ; and when u < ¢, 4,<0,13,>0 - Therefore, when u < c,

(3.1) do not satisfy the necessary condition for being non-

degenerate. The initial value problem is then ill-posed.

The fact that computational instabillty appears in the region
U < ¢ has been mentioned in many works [13-15,19]. We think that
the instability iIn the difference solution is caused by the 1ll1-
posedness of the original partial differential equations when
u < ¢. No instabllity appears in the region u » ¢ for the same
implicit difference scheme. From a mathematical point of view,
the key 1is that the csefficient matrix A of the derivative 8.X/0x
in Equation (3.1) becomes degenerate in the solution region. Hence,
to overcome the instability in the numerical solution, we must
change the structure of matrix A. For example, we may treat 0p/0x
(13] explicitly in the x momentum equation, treat au/0s [19]
explicitly in the continuity equation, choose g,/8s (5] in the y
momentum equation and use special method [26] to prevent the devel-
opment of perturbation, etc. In fact, if we regard 9p/0x in x
momentum equation or Ou/8x 1n the continuity equatlon as rela-
tively fixed, then the characteristic equation dee(Ad—=C)=0
of Equation (3.1) has roots

Y= 1,=0; _l;-.ﬁ(ﬁ:)>°; 14"%;-":>°- (3.14)

wilth non-negative real parts, hence satisfying the necessary con-
ditlon of non-degenerate equatilons.

4, SPECIFICATION OF INITIAL-BOUNDARY CONDITIONS

As mentioned before, the simplified N-S equations have an ill-
posed initial value problem in the region u < ¢. But then, how
should the boundary conditions be specified so as to guarantee that
the problem 1is well-posed?. In the following we shall only quali-
tatively analyze the supersonic viscous flow around a blunt body.
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In non-viscous flow, the flow diagram is as shown in Figure 2. If
the 1initlal value problem is specified from the stagnation point,
as is done in integral relation method [21], then we have two prob-
lems. First, the stagnation point solution cannot be independently
established. It 1s related to the normal condition through the
singular line u = ¢ in the flow field; second, it is unstable to
integrate downstream from the stagnation point. This instability
arises because the problem 1s ill-posed.

For viscous flow, if the surface conditions are 0-0.060,7-1'.
(no slip stream and no injection) then the local sound velocity
line u = ¢ in the flow fileld will not intersect the object surface
but will extend closely along the body all the way to the point E
(Figure 3) near the tail region at the bottom. In other words, the
subsonic region at the top is connected to the subsonic return flow
region at the bottom by a very thin subsonic band near the object
surface. Will the signals before and after passing through this
band affect each other? This is a problem of much argument among
scholars in foreign countries. Most people think that this effect
exists [13-15,19,22], but some argue from the fact that according
to the analysis from the point of view of mechanics the signals
after will not affect those before, hence the specification ~{
initial boundary problems for the simplified N-S equations .z well-
posed Acézrding to our earlier analysis, the former view is more
reasonable. As a matter of fact, assuming that the simplified N-3S
equations are solved by using the integral relation method, since
the curve u = ¢ does not fall on the object surface and falls instead
in the bottom region, we may imagine that the number N of the strips
in the integral relation method approach infinity so that the infin-
ite many unknowns to be determined on the stagnation line are asso-
clated with the infinite number of regularity conditlions on u = c.
When N + «, the quantity on the stagnation line x = 0 1s asso-
clated with the regularity condition on the whole line u = ¢ which
means that the "relation" between the signals before and after does
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exist. 1In principle, the solution must be sought as a boundary
value problem in the region A B C D E F A and it is unreasonable
to find the solution along the x direction by artificially flxing
the flow fileld at the beginning.

According to the above analysis, we think the boundary condi-
tions for solution in the region A B C D E F A may be given as
follows: Specify symmetric conditlion x = 0, no condition on the
EF line, and any additional conditions no%ia%sgisd will be supple-
mented by the regularity conditions of the implicit solutions on
curve u = ¢. The y direction boundary conditions may be determined
by the characteristics of the original partial differential equa-
tions. PFrom Section 2, we know that the equations have 4 x = const
¢haracteristics, representing the parabolic property. Signals pro-
pagate along x = const with infinite velocity. Two boundary value
conditions must be given on y = 0 and y = Vg- Also, since the
characteristic values 50)> 0, 2,(0)<0, therefore, one condition needs
be given at y = 0. 2(y) >0, 4(y,) <0 , therefore, again one
condition needs be given at y = Vg If we let the detached shock
wave of the flow around the blunt body be the unknown, then one
additional condition must be specified for a total of seven condi-
tions. When we take three conditions on the object surface and four
conditions on the shock wave, the equations happen to be closed but
if we keep the second order derivative of v with respect to y in
the normal direction momentum equation, then we lack one boundary
condition which 1s generally supplemented by the continuity equa-
tion on the shock wave [l4] or the normal momentum equation on the

wall surface.

In practical computation, for a narrow, long blut body, the
flow field at the bottom and at the top interact very weakly (the
perturbation gradually disappears due to viscous dissipation).
Therefore, 1t 1s possible to divide the solution region into four
regions I, II, IIT, IV. I is the blunt nose region, mostly subsonic;




IT is the body region flow fleld, mostly supersonic with the vicin-
ity of the wall a thin subsonic region. IITI is the near-tail
flow region with a very complicated flow structure; IV is the far

tail flow region, i.e., all supersonic region. The criteria used
to separate the four regions above is that the interaction be-
tween the solutions of the two neighboring regions should be
negligible. We use the linear method to find the solution in
region I. Experience indicates that if the line ab includes the
major subsonlc part, then the effect of region II on region I may

be neglected. Region II then can be solved as an initial boundary
problem. But there exlists the numerical instability. A stable
numerical solution can be obtained simply by changing the property
of the coefficlient matrix A as pointed out 1in Section 3, or by
sultably controlling the step length. Region IIT should be solved
as a boundary value problem. Many people still use equations of
the type (1.1)-(1.5) but it is more reasonable to keep the second
order derivative term along x direction. As for reglion IV, it 1is
an all-supersonic region. It is reasonable to solve it as an ini-
tial boundary value problem by using Equations (1.1)-(1.5). Cur
results for numerical solution of regions I and II for a sphere-
cone composite object indicates that the above method of region
separation 1s workable, much more effective than the method of

R. T. Davis [5] or time relation method. At present, simplified
N-S equations have been applied to channel flow [8], near tail
flow [9], far tail flow [10], compressed corner [11], shock wave

attached surface layer perturbation problem [12] andcxé?cggg flow
-~/

- around three-dimensional sharp and blunt nosed bodles  and the

effect 1s good.

Figure 1
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. Abstract

This paper presenta some qualitative analysis for simplified Navier-stokes equa-
tions. Authors conciude that the system of equations is ill-posed when tangential com-
ponent of velocity # is smaller than o (¢ is local sound velocity) in the flow field. There-
fore, instabilities have been encountered in numerical solutions. In addition, we ulso dis-
cuss the problem of proper specification of the imtul-bonndary value for viscous
bypersonic flow around a sphere-cone body. -
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EQUATIONS OF FLIGHT MECHANICS CONSIDERING
ATMOSPHERIC TURBULENCE

Jiang Yu-xian
(Beijing Institute of Aercnautics)

To study the effect of wind on the flight performance,
the general form of the flight mechanics equation with wind
must be given [1] - [6]. Starting from the difference between
the relative motion and the absolute motion, this paper derives
the general form of the flight mechanics equations with wind.
Let GV.v,, W.A,T,M,0,, »,Q2 be the vector forms of the
weight, air speed, ground speed, wind speed, aerodynamlc force,
thrust, aerodynamic moment, angular velocity relative to the
alr, angular velocity relative to the ground of the flying
vehicle and the angular velocity of the alr respectively. The
body coordinate system 1s Oxyz and the inertial coordinate
system 1is 0 x y z . The components of the above vectors along
the coordinates will be indicated by the corresponding sub-
scripts &9, r are the angles between the body coordinates
and the inertail coordinates. The cyclic order is ¢—=3d—>y;a.
a 1s the angle of attack, 8 is the sldeslip angle, ¢ 1s the
drift angle, 6 is the flight path angle, u is the flow deviation
angle, n 1s the sound speed, J 1s the rotary moment of inertia
(which components will be indicated by the corresponding sub-
sceripts), m is the mass of the flying vehicle, M is the Mach
number, H is the pressure head, Q is the flow rate of the fuel.
After certaln simplification, the vectorial form of the flight
mechanics equations with wind are

mdV,/dt = G+ A(V, 0,8, H,M, ++) + T(Q, M, H, +--)
Jdw,/di = M(V,,a, 8, @, M, +++)
VimV, =W, g=0,~-2 : (1)
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The initial conditions are Vilim = V(0), 0|1 = @,(0)
The dynamic equation contains both the absolute parameters of
motion Vg and mg as well as the relative parameters of motion

Va and w, . Since

v.-w+v.. ”.-g_+w'l

Hence
dV,/ds = (dV./ds) + (dW/ds) + 28 X V;

do,/ds = (dw./de) + (dR/ds),

After multiplication with m and J respectively and substituting
into (1), the folleowing system of equations are obtained:

V.
mL Gt A(WViras M, o) + T(Q, H M, -+ )

—m-‘!;n:Z.QXV;
de

da,
J%—M(V..a,ﬁ, wes M, H, ...)_J:_'?

VimW+V, 0,02+,

(2)

The initial conditions are Vilima = V(0), 0| i = @,(0) .
In order to solve the systems of equations (1) and (2), they
must be transformed into their corresponding scalar forms first.
To simplify the transformation of the vectors, the moving
coordinate system 1s taken tc be the same as the body axis
coordinate system Oxyz. The relation between Va and Oxyz is
expressed by the angle of attack o~ —(V,),/(V),. , and the
side-slip angle 8=~ (V,),/(V), . The relation between VS
and Oxyz 1s expressed by the newly defined ascendlng angle

7% (V,)/(Ve)es and the lateral shift angle s~ (V,),/(V,).
The wind is a function of time W(t), and is given in the form
of 1ts three components in the inertial system nggygzg, that
is, wxg(t)’ wyg(t), wzs(t). The direction cosines between
the moving system Oxyz and the inertial system ngsygzgis given
in Table 1.
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Table

Inertial
Moving stem 0 0 0
System L1 (14 5y
Ox €08 Jcosp sind - cos Jsing
Oy sinrsing — cosrsindcosy coeTcosd sinrcosdh + cosrsinJsing
0z siarsindcorgd 4+ corrsing - sinrcosd cosrcosd — siarsiadsind

If the rotational motion of the atmosphere is not con-
sidered, that is, Q= 0, and equation (1) is projected to Oxyz,
the dynamlic equations with the absolute motion parameters are

obtained:

md(V,),/dt = mla,(V,), = @, (V,)] + G+ A, + T,
md(V,),/dt = m{w,(Vy)y = 0, (V)] + G, + 4, + T,
md(V,),/d¢ = mlw, (V) — 0, (V)1 + G, + A4, + T,

Js _d_d‘i:_g_ - "-(Jl - J,)w,w. - J:’(wglﬂ. b Jm,/d:) + M' 3 oo |

dw,

J’ -7‘- - —(Jl - ]l)w.w. + J.,(w,w, — dw,/dt) £ M’ 4+ e

Js % e € Py Jw,o, = Jtv(‘"; —wl) Myt oo

(3.1)

The initial conditions are (Ve ™ (V). (0):++;0,)mme = @,(0): ¢+ .
The kinematic equations are

(Vadey = (V)rcos9cosdp + (V,),(sin 7 sind — cos7 sin dcosd)
+ (V,).(sin 7 sin 9cos + cos 7 sin §) '
(Vo)yy = (Vy),6ind + (V,),con rcosd + (V,),(— sin rcas @)
(Vdeg= (V,)i(—cos@sind) + (V,),(sin rcosd + cosr din 3 sin )
+ (V.)-(WTGON' ~ sinysin3sin )




‘.ii w,co8y — w . siny d9
2

cos v ds ds
(V-): - (Vu)- - Wn (Vc)y - (V.)y - Wy, (Vo)l - (Vl)l - W, y
W,= W..cos&cos:b + W,'nna .con&nmb

W,,(sin7sing — cosysin cosd) + W, cosycosd
W.,(sinycosp + cosysin9sing)
W, =W, (sin7siadcos + cosysing) — W,, sin ycosd
+ W, (cosycosd — sinysin9sin¢g)
Vom V(PR + (V) + (VL am =(V.),/(V).s
B (V)u/(V)es M=V, /a

(3.2)

Similarly, by setting Q@ = 0 and projecting equations (2)
to the Oxyz system, the dynamic equations with the relative
motion parameters are obtained:

m V.). -G, +A,+T, — de' + m[“’-(va)y - “’r(vl)l] )
ds ds

a(v,), y
m (dt) -G +A +7, -.mi%v—"-m[ml(vl)l.—wl(vt)l]

e G, 4 Ty = m et (V). = (V)]

Js %o;! e € Pl Jy)wy"’l - Jy (“’x“’l - —J) + M, 4 oo

d : dw
5= U= Ly + Ly (0o = 7)) + M, + -

1990 (), = [0y = J(wh = w@l) + M, 4 o
de ’ (4.1)

The initial conditions are (V)| = (V.).(0):+, @,|m = 0, (0)---
The kinematic equatlions are
(V.),, = (V.).cos9cosp + (V,),(sin y sinp — cos 7 sin Icosd)
+ (V). (sin7sindcosd + cosrsing)
(V)yy ™ (V)esin @ + (V,)gcos v cos + (V.),(—sin 7 cos 3)
(Va)sy = (V.).(—cos@sin ) + (V.),(sin ycosd + cos v sin 9 sin &)
+ (V). (cos ycosd — sin 7 siv 9 sin ¢)

_;‘Q_w,cosrc;aw.smr %——w,sinr—w.cocr, --T--w - “’nna

Vom /(P + (VD + (Vis 0% =(V),/(V)),s
B~ (V)/(V)e» M= V,/a
(V'):, (Vl)l' + We,s (V')y, - (vo)y, + W"! (V.)n, - (V.)., + Wa, (4.2)




Let X,Y, Z be the drag force, the 1ift force and the side
force, and let ¢ be the rigger's angle of incidence of the
engine. Then the components of A, T, G in equations (3.1),
(4.1) are equal. From the direction cosines relation between ’
X, Y, 2, G, T and Oxyz, the following equations are obtained: '

4,= —Xcosacosg + Ysina + Zcosasing,
A4, = Xsinacosp + Ycosa — Zsinasing,
A, = —Xsinf — Zcosg, '
G,= —Gsin?, G, = —Gcosdcosy, G, = Gcos9sin 7>
T, = Tcosqp,

Generally, T = Tz = 0. In engineering, the space motion is
always simplified into the longitudinal and lateral motions.

When studying the lateral motion, steady flight in the longil-
tudinal direction 1s assumed, that is, (Va)x = (Va)xo = constant,
9= g, , and the elevation does not change. Simplifying equa-
tions (4.1) and (4.2) accordingly, the equations of motion in

the lateral direction with relative motion parameters are

obtained:

aw.), dw
’”T-GI+AI+TI —MT-I-.mw,(V, ,.’

Jl dw' dw’
3 Mot iy gt |

dw,
Jy s
ds
(V-)-, = (V)mcosdcosd + (V,),(sin 7 sin Sycos ¢ + cos 7 sin )
(Vo= (V) u(—cos2sin ) + (V,),(cos ycosd — sin 7 sin 3, sin §)
(V.):, - (Vc)r, + Wx,v (Vl)l. - (V!)l. + Wl.
b _ wycosy dr
F cosdy ~ dt

Ve VIVt (ks B (VD) (Vs M= V. /a ]

d
_My—]"dL:r.p cee

T Y e e =i

dd .
o s

(5)

The first equation in (5) can also be expressed as
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m%— [G, +4,+T, — mdd—‘:' + mw,(V.),o]/(V.)u

Similar treatment for equations (2.1) and (3.2) gives
the equation of motion in the lateral direction in terms of
the parameters of absolute motion, and the lateral shift angle
e 1s obtained. In general, g¥e*, . Hence the drift angle
should be calculated according to é=¢p—4 oOr P p—¢g

Assuming that vehicle is flying in a filxed direction,
that 1s, ¢=¢,=0 , and after simplifying equatlons (4.1) and
(4.2), the equations of motion in the longitudinal direction
expressed in terms of the parameters of relative motion are

a(v,) aw ,
—_—tt .- G' -+ A‘ s —E
m _ +7T m ; + mw,(V,),

av,)y, : aw, dw,
m g, -G,+A,+T,—m d‘—"“lcvn)lrll ds =M, + .-

(V.)l‘ - (Vo Jcms - (V.), sin 9,(7‘)" - (V,),ainS <+ (V.),cos&
43/t =,y Vom /(W + (VDhs am ~(V),/(Vss M=V./a

(6)

The first equation in (6) can also be expressed as
mia |
m & [G, -+ A, + T, [ ] T '.wl(vl)l]/(vl)l
Same treatment for equations (3.1) and (3.2) gives the

equations of motion in the lateral direction in terms of the
parameters of absolute motion, and the ascending angle n is

then obtained. In general, n%» & , and 6 can only be calculated

according to 6=9~5 . The initial conditions of equations
(5) and (6) are the same as those of the original equations.
The components of A, G, T should be simplified correspondingly.
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The above discussion shows that the relative motion and
the absolute motion of the equations of flight mechanlcs with
wind should be distinguished. The corresponding initial
conditions should be taken.
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