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U. S. BOARD ON GEOGRAPHIC NAMES TRANSLITERATION SYSTEM

Block Italic Transliteration Block Italic Transliteratic..

A a A a A, a Pp P »p R, r

6 6 5 & B, b Cc C ¢ S, s

3 8 B V, v T T m T, &
rr r G, g Yy Y vy U, u
4 A a 2 D, d o ¢ ® ¢ F, f
Ee E o Ye, ye; E, et X x X x Kh, kh
oM X x Zh, zh Uy a y Ts, ts
) 3 3 Z, 2 Y o« Y Ch, ¢h
U u H u I, 1 W w U w Sh, sh
noa A a Y, ¥ Wow W Shch, srnch
H oA K x K, k b D "

LA Jq a L, 1 H & wu Y, ¥
I M u M, m b b b » !

H o H x N, n 33 3 E, e

g 0 o 0, © W O » Yu, yu
0n )7 ] P, p A A A 2 Ya, ya

*ve initially, after vowels, and after », b; & elsewhere.
‘“hen wWritten as & in Russlan, transliterate as yé& or &.

RUSSIAN AND ZNGLISH TRIGONOMETRIC FUNCTIONS

Russian English Russian English Russian Engliskh

sin sin sh sinh arc sh sina_!

cos cos ' ch cosh arc ch sosn_

tg tan th tanh arc th tann_°

ctg cot cth coth arc cth coth_*

sec sec sch sech arc sch s2ch_7
| cosec cse esch csch arc csch 1sch

Russian English

rot curl
lg lcg
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SYNTHESIS OF A PLAME IMPEDANCE ARTENNA OF PINITE LENGTH

V. V. Chebyshev.

A ma2thod is examined for synthesis of an antenna in *he form of
an impedance band in an arbcurded ccnducting screen, excited by a
filament of magnetic current. An exgression is obtained which joins
tha radiaticn pattern cf a very randem type; this pattarn is
describ2d using odd Mathieu's functions, with a distribution of the

surface reactance in the limits of the band.

INTRODUCTION,

A iarge number of works have peen dedicatsd to tae prcblem cf
syathasis of ancennas. A* the prasect time a rathor full exaaination
has been made of the problems cf calculaticn of the curreat of an

antanna with respect to a2 given radiation pattorn. Howaver, prcblems
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of its modeling using certain structural elements have Lot been
sufficiently studied. Of kncwp interest in this regard is the study
of impedance antennas for which the calculation of the surface
impedance, characterizing the field distribution in the antenna
aperture, may bz connected with 4he calculation of its structural

elements.

Por modeling the surface impedance it is pcssible to usa a layer
of dielectric on a metal tase cr a ribbed structure; in actual
practice the usa of the latter is preferables. Such a method of
construction is permissible under the coadition of nure reactivity of

the imvedance.

This significantly limits *he class of radiation patteras
reproducible by an antenna with a purely reactive surface impedance.
The selection of this class ¢f functions, apfroximating a qiven
racdiaticon pattern during synthesis, is a very difficul® prcoblem the
solution of which is knowr cnly fcr patterns of a specific special
type {1], (2]« The purpose of this wark is to develop a method of
synthesis of plane impedanc? art2npas ~£f firite length for more

random radiation patterns,

DERIVATION OF THE BASIC RELATIGNSHIP

A
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For the case of excitaticn of a TM-wvave let us determine the
theoretical model of an impedance antenna it tha fcram of an.ilpadance
band -agy€a (Fig. 1) in an unkcunded conducting screen. The impedance
band is excited by an cutside scurce in the form of a filament of
magnetic current v!, Such a mcdel makes it possible to exaaine the
formaticn of ar antenna radiaticn pattern in the plane of angle 6
dependirg on the one-dismensicnal distribution of impedance in the

limits of the band.

Fig. 1.

In work (2] an exgressicn was obtainred which connects the

antenna radiaticp pattern with the distribution of surface impedanc=:

5F(1.) e—ivd,_2 3 chyzge~tt =¥ 4,
(@) qly) = —== '

[ F(*) g2 5’* vt.e"' W

m—— g

v
-




DoC = 1107

vhere we accept the following designations

%=c0s6; y= V od—1; g(y)= _iZ_z‘!’; Z, = ‘/E; F(x) - function of the pattermn;
B e . - _ [ . - .

2=Kk2¢: Y*KkY¥3$ Y12, - coordinates of PFig. 1 nag’;-;,y., 2o - coordinates

of tha current filamente.

As is known, *he case of pure reactive impedance is of greatest
practical intarast. The derivaticn of the condition of pure reactive
impedance from (1) is connected with certain limitations imposed on
the function of the radiation pattern and th2 positicn of taa ocutside
source, which {n the general fcrom is not pcssible, Therzfore we shall
limit ourselves to the cas2 cf assigning th2 outrsidz source on tke
impedance surface z=0. Then frcm (1), usiag the definitiocn of a

5-function, it is possikle tc cttain

S F(r)e* 4+
(2) 9(y) = :.——-—— -+ 0y —y,)

., ~few
| s
Y

wheza 6(y-yq) - dolta functicn, stardardized relative to the

denominator of the fraction in (2).
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The affect of ar outside source on the distribution of surface
impedance is expressed by a claracteristic in the form of a
delta-function. The other taers in (2) is deterained by expressions
for the lensity distribution cf the electrical and magnetic currents
on the impedence surface whict dc nct depend on the position of the
outside source. Therefore, if we assume the 2xistence of %tha2
indicatz2d characteristic in the distributicn of the surface impedance
then the examined problem is reduced ¢2 a uvniform probleam. In
practice this designates the placement of the outside source in the
area with suffic%antly large values of the surface impedance.
Therefore during derivaticn ¢f the ccrnditicn of pure reactivity cf
the impedance it is possible tc limit ourselves to tha examinaticn of

the first term in (2).

For the selected thecretical mcdel of the antenna the function
of the radiation pattern acccrdirg to the conditicns of the
Wiener-Paley thzorem must belcng to the class Wy [3] where h=Ka - is
the size of the band. In this case the distribution function of the
magnetic current @ (y) descrited by the numerator of the fraction (2)
is finite in the limits of the tand. During synthesis of an iapedance
antenna from class Wy, one should selact functions for which the

condition of pure reactivity ¢f icpedancs is satisfied.

Por the numerator of fracticn (2), by performing an inverss
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Pouriar trarsformation and by mcving to the elliptical system cf

coordinates it is possible ¢¢ cttain an integral Predholam agquation of
the first type with a syametrical nucleus, the solution of which may
be expressed using eigenfuncticns of the nucleus ~ odd Mathieu's

functions (4 ].

Lat us repressat the radiation pattern in the fcrm of an

exnansion with respect to Mattieu's functicns:

- - = n L epwen m em—

(3) F(8) = —" }; i b So,, (K, cos0),

2nsin®
vhera b, - actual ccefficierts,

S0, - odd Mathieu's functicns according to the teraminology of

[6]'which are represented by trigoncmetric expansioens:

Sopm (1, cos8) = N B,, ,, sin2n0 l
(4) gl L

So,,, ., (I, cos 8) = E B, sin(2n -- 1)9 l

n4t, 2m+4-1
LT

Than it is possibla to obtain an expression for the syaphase

distributicn of magnetic current on the impadanca band:
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»

‘p(y):' l —i—-{ V(__ l)"").,,'--‘-:sjl?"'(h 0)

e - Sog, (I, yih) -

(5) ' i

.s T
Wl LN}

1 2n+l

Let us determine tha distritution of electrical current which
can be calculated with the sutstitution of the function of the
pattern (3) into-the integral expression of the denoainator of the

fraction (2).

For this let us examine the indicated exprassion vith a change
of X in the secticn [~-1, 1] which corra2sponds to tha change of angle
0{0,»). Let us note that in the expansion (3) Mathieu's functicns of
an even order 2m are odd functicns r2lative to the angle 9=0.5w, ard
of an odd order (2m+1) - even. Therefore, for examéle, for an eaven

functior of the pattern Py () we have

2m4 l

J! Fn(e)e'—"”dv — L3 V(—l) b
(6) -

> So (k, cosl))cos(ycosﬂ)dd
x ‘ 2m4-1 .

. sint)
[

It is krown tha“

cos(ycos 6) = J, (y) -~ 2 \‘ (— 1)y, (y)cos 200,
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vhere dw(y) - is a Bassel functicn.

Using the latter relaticnship and the representation of
mathieu's functions (4), calculation of exprassion (h) may be reducad
to calculation of tabular integrals of combinations of trigonometric
functions which , as fcllcws frcm tha r2latioaship in [5], are aqual
to zero. This conclusicn is valid also for th2 case of an odd
function of the pattern. Conseguently the distribution of the
electrical current on the impedance plane is determined by the
integral exprassior of the dercaminatcr of the fraction (2) with

values X >1.

The range of values® >1 ccrresgonds to the range of imaginary

angles 6=ia for % =Cha, where a>C.

Then

: . WY -
iPm(y) = — )™+ Sogn (h, Chy)sin(yChp)d
¥m (¥) l}l( ) _b,,,b\ e Haw

(M 2m4 Sha

]

+i N (= 1y"p, [ Soems (b Chudens(yChudn
- '

where Chkuy, Shuy - hyperbolic functions.

3
1
.
3
3

- ——
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The convergence of series (7) follows from the uniforam or
root-mean-square convergence ¢f series (3) to the assigned functior
of the pattsrn for [0, »].

Mathieuts functicns are tatulated for values of angles [0, # ].
In the range of imaginary angles, i.a. for 3 >1, Mathieu's functiouns

may be calculated from the relationships in [6]:

. . 4Cth » \
Som (1. Chy) = LM \ By, 2mdwm(ASHY)

!
(8) : }.

50041 (. Ch: 1 (A Shp)

vhere Jy - Bessel function, Bin e Banvi:msr- — coefficients of

expansions of (4).

Serias (8) converge rather well and pernmit limitation of the

number of tarms.

During calculation of integral expressions in (7) takiag iato
account (8) it is necessary tc use m2thods of numerical inzegration.
If the value of the upper limit does not exceed 4, then for Simpson's

method the error of calculaticns is less than 109/5 for h=10 and will

be less, +thé grsater the value c¢f h.
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The distributions of the magne<ic (5) and slectric (7) currents ‘
have a synphase character and satisfy the condition of pura
reactivity for surface impedance. Lat us substitute (5) and (7) in

(2) and obtain .

] 4So,,. (k. 0)
E‘ D™ by —— 27— Soyn (hy y/h) X —

- h*By, 2
qy =1 2a =
Wem (y) + w2m+l ()]
(9) A 2504, 44 (B, 0)
- —nm T 1T Y
X L( I bams hBy apmy Soamir (. ylh)

Exprassion (9) makes it possible to determine the distribution
of surface impedance in the limits c¢f a band with a size of 2h fer

the function of pattern (3).

Let us not3 that the radiation pattaern of the examined type has
an even amplitude and an odd gkase characteristic, i.e., it is
syam2trical rel%ﬁve to the crigin Fig. 1. Therefore, during
assignmsnt cf the radiation pattern in (3) it is possible to limit

onesealf to Mathieu's functicns c¢f aven or cdd orders.

L2¢ us determine tha positicn of trhe filament c£ magnatic
current or *the impedance tand., Its effect cn the distribution of the
surface impedance is expressed Lty a characteristic in the form of a

delta function in (2) which was previously excluded from examinaticn.
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On the strength of the first toundary orobl2a of electrodynamics the
emissicr of the impedance antemna may be considered as the eaission
of a magnetic current which 4= finite in the limits of the band. For
the radiation pattern (3) described by Mathieu's functions of even
and odd orders the impendance antenna has a phase center. In this
case the distribution of magnetic currert in ths bard must be
sysmetrical (3] and the filament of the magnetic current should Le

located in tha middle c¢f the tand.
ASSIGNMENT OF THE RADIATICN F2ATTERN

During synthesis of an imgedanc2 ant2nna the functioa of the
radiation patterr may be assigneéd by a set of Mathieu's harmonics of
even or odd orders in (3) acccrding to the method of partial patterns

which is xncwn from the thecry cf synthesis of linear antennas.

Pig. 2 shows the trnacretical and exp=2rimantal radiaticrn patterns

of symmetrical form
F(8) = =103 (h, c058) + S04 (1, cos )
for the band h=10. The distrituticn of “he surface impedance,

calculated accordirg to formula (9), is given in Fig. 3. Tha surface

impedance is modeled by a rikted structura +ith a period of 0.05 X
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placed in a screen 10x with Xx=10cm, Th: outside source has the fora
of a narrow radiating slot which is rlaced in the middle of the band
between two channels of the ribbed structura with a dapth of 0.2
‘ (area of the scurce, Fig. 3).
— 14 £68)
y/
/ 038 /I \
/ \
/ \ a6t / \
/ \ aqvt /
\ /
\ 02 /
5 . . WIS L
B0 16 is0 120 10| 80 0 0 20 0
—~—— Jncnepumenm ——=Pacyem
N ,,') Puc. 2 .))
Fig. 2. KBY: 1. experiment; 2. theory.
i/ |
oWy -
Q7 } ubmowuna i
L !
qr
0 . - -
2 4 é &8 o
-g1 J
-42
-q,.
FPig. 3. KEY: 1. area of the scurce. ‘
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Fig. 4.

Prom FPig. 2 it is evident that the coincidence of the
theoretical and experimental radiaticn patti#ras is rather good. The
exanined method may alsc be uvsed for th2 cas2 2{ an asyametric
radiation pattern. This case is ccnnect2d with the selection of the
position of the outsidae souxrce which is displaced relative to the
middle of the impedance band in the following manner. The conclusiorn
that for a symmetrical radiaticn pattern the outside source should be
loca<ad in ¢he middle of the traré can bs examined as a coxsaquence of
the condition cf pure reac*ivity which is satisfied for the surface
impedance in (9) with a certain sel:sction c¢f coefficients in the
expansion with respect tc Mathieu's functiccs (3). Tha latter ace

eigenfunctiors of the rrobles ¢f excitaticn of the inmpedarcc band ia

e £ 4 a o tade b
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an slliptical system of ccordinates).

Lat us suppcse that the cutsid: source is displaced relative to

the middle of the band and refresent the half-space, limited by flane
z=0, in the fcra of two quadrants for angles 0K9€0.S5» and 0.56§r in

ellipti~al coordinates Fig. 4. .

Lat us assign the radiaticn pattern in the indicated quadrants
by expansions of the type (3) fcr parameters h; and h,, corresponding
to dimensions of the half-bands a, and a, PFig. 4, wvhere a,+az=2a, and
let us examine the conditicns tc which these expansions must

correspond.

The fuancticn of the pattern belongs to class W, i.e., it is an
analy*ical function. Let us ccnsider the functions dascribing the
radiation pattern in varicus gusadrants by analytical continuation one
after another, and " oin"™ them cn the bourndary of quadrants oy the

conditicn

(10) F,0=F,0]

vhere P,(0), P,(9) - functicns describiag tha radiation pattaern in

various guadrants.
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Condition (10) will be all the mora valid for determination of
the analytical continuaticn cf the function of the pattern, the
closer th2 values of the higher derivativas of functions FP,(9) ard
P,(0) are to zero with 8=0.5»., Therefore condition (10) may be
reconmended for Mathieu's functions of an cdd order (2m+1) in (3)
with not too larga values of the latter. Calculation of the
distribution of thse surface ippescdance is carried cut for each
selected half-band on both sides of the exciting source in analogy

vith (9).

The method of partial patterns is distinguished by graphicness.
Howevar, for highly dirccted patierns it is conmected with a large
volume of calculations. Therefcre the msthod suggested in [7] for
assigning a pattern may turn cut to be aora convenient., The radiation
pattern P(8) assigned in the section 6{0, 2r] by a functioa of class
L, * is represected by a Fourier series which then, cn the basis of

expansion of Mathisu's functicns (8), is expressed by the series (3).

{ POOTNOTE: #*Quadratic integrands belong to class L. END FCOTNOTE].
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Por eoxample, for ar even functicrn of th: pattern the cocfficients cf

this series have the form

(1 byt }_‘, Boprt, 2mt Tangrs
A=l
vhere Gy ™ M—l——jF(O) sin0sin(2n 4+ 1)0d 0,
w41

Binst,zmi ~ coefficients of expansion (4);

Mamsyt = DoOore of Mathieu's functicns cf ar cdd order (6.

Similarly fcr an odd function cf a pattarn the coefficiants of
the series are detersined using Ma*thieu's functions of an even order.
Series (11) converges. Actunally, the co2fficients Bsapyr 2w+ and

a1my1  are coefficients of the Fourier esxpansion of the Matilbien
function and of the radiaticn fattern with respect to trigonometric
functiors which form a complete system in class L,. Therefcre fornmula
(11) may be considered as an e2ralcg of the generalized forpula of

Parseval for the product cf tsc functions c¢f class L.

From the latter, taking into account the limitedness of the norm

of functions in this class, ccnvergence of serias (11) also follcws.

. ee——

PRSI S VY
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Continuous functions can alsc ke assigned to class L,. This makes it
possibl: to assign a radiaticn pattarna F(6) by a continuous function,

vhich is convenient in practica,

Let us examine the case cf assignment of a radiation pattern in
the section 6[0, »), which determines the range of emission of the
antenna, Let us represent the radiation pattern of a2 random type by
the sum of even and odd functicrs relative to the angle 6=0,5», which
can always be dera, It is kncwn from [8] that for any function,

continuous on section [0, »], there exists a trigonometric polyncmial

of the best approximation of the type

. _
Rem0
Por even values 2k in (12) the function P(6) is even, for c¢dd valuas

(2k+1) - odd.

Determining the polynomial (12) for th= assigned radiation
pattern according to the methcd cf [8] from relatienship (11) it is
possible to determine the ccefficients of expansion of the lattsc

with respect tc Mathieu's harscrics in (3) . The sxamined mathod cf

assignment of the pattern may turn cut to be useful when using

digital computers for calculaticas.

T : L2 a4 saak a ke 4
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Limitation of the nusber cf terms of the series (3) leads to an
approximate reprcducticn c¢f the-assigned pattern which may be
evaluated as ic (7). Depending cn the nuaber of terms in (3), the
vidth of the railiation patterr, and the value of the impedance band
it is possible to obtain ultradirectional solutions which ara
exprassed in ths abruptly oscillating character of distribution cf
the surface impedarce of an unscdeled ribbed structure. Therefore
during synthesis of an imfgedance antenna a saries of calculations
should be made for various values h, for ths purpose of selecting a

suitable version.

CONCLUSIONS

The suggested met hod 0f synthesis 5f a2 plane impedance antanna
of finite lenyth permits assignment of symmstrical radiation patterns
in coordirates Pig. 1. This extands thke possibilities of using

impedance antennas when designing antenna systeas.

Th2 condition of pure reactivity of th2 surface impedance is
expressed in a certain selecticn of coefficients in the exvansion of
the pattarn scccrding to odd Mathieu's functionms (3) and in the

selection of the position of the outsid2 scurce - of the filament of

uad - 41 es FOSRPRE W SRPPr GNP
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magnetic current on the impedance band, With a symmetrical radiation
pattern the filament of magnetic current is located in the aiddle of
the impedance band. In the case of an asymmetrical radiation pattern
the position of the filament depends on the selection of functions of
the pattern in two quadrants cf the half-space in the framework cf
condition (10) which imposas known limitations on the type of the

nodeled pattern.

Among the shortcomings ¢f the a2xaminsd amathcd are the numerical
determination of integral exrressions in the dencminator cof the
fractior (2) which determirnes the surface impedance. This difficulty
can be avoided when making up standard tables for a correspoanding set
of Mathleu's functicns descritirg radiaticn patterans (3) with various
dimensions of the impedance band. Existing tables of Mathieu's
functions make it possible tc design impedance antennas with a band
2ag3\ which limits the use cf antennas of this ¢ype as kighly
directicnal artennas. Therefcre the necessity should be recognized of

making up tables of Mathieu's functions fcr large bands.
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EMISSION OF AN ZLEMENTARY SLCT VIBRATOR LOCATED IN THE CENTER CF AN

IDEALLY CONDUCTING DISK

Yu, V. Pimencv, L. G. Braude,

On the basis of the soluticn of a strict integral equa*ion we

obtained asymptctic expressicns fer the field arising in tas far zcne
during excitation cf an ideally conducting disk by an elementary slot
vibrator (magnetic dipcle) lccated in the center of the disk. During

solutior it was ascsumed that the radius of the disk is nmuch greater

than the wavelength,

INTRODUCTION

The omission c¢f an elsmentary slot vitrator, located in ths

center of an infinitely thin ideally conducting round disk, was

. . exampined by M. G. Selkina in work [1}. A sclution was obtainad on the

basis of the Fourier method ir ths fcrm of sariaes with respect te¢

spheroidal functiors., As is krcewn, such s=riss in the case of a disk,
vhich is lazge in ccmpariscn with the wavzlength, converge ex+remely

slovly and the solution becomes fracticazlly unsuitable for numer ical
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calculations, Therefore it is c¢f interast to obtain an asymptotic
solutior for the case ka>>1 where k=2»/\ - wave Lnumber; A\ -

vavelength; a - radius of the disk.

e TR cade YR - —————

A slot cut in one side of thke disk is equivalent to an

elemantary magnetic vibrator lying in the disk. On the strength cf
the principie of 3uality {2] it is possible, instead of the prchlen
of excitation of a disk by an elementary magnetic vibrator located in
the center of the disk, tc sclve the problem of excitatior of an
ideally conducting plane with a zcund opening by an elementary
electrical vibrator located irn the center ¢f the opening, and then

according to known foramulas c¢f the transition, to fiand tte solution

of the iritial prcblem. With kad>>1 the secend (auxiliary) pzcblzm is

solved considerably mora simply.

STATEMENT OFP THE PROBLEM

L2t us examine the auxiliary probl2z ¢f excitation 2f an ideally
conducting plane with a rcund cpenirng of radius a by an elemantary
electrical vibrator with moment Ez locataed in the center c¢f the

opering,

L2t us introduca a Cartesian ceccrdinat: system x, y, 2, the

origin of which coincides with the cent2r of *“he opening, axis z is




systamn (Pig. 1).

Pig. 1.
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perpendicular *c the plare cf the screen and the direction of axis x

coincides with the directicn cf the mcmant of the vibrator (Sé;op). !

Y/

Let us also introduce a cylindrical system of coordinates r, ¢, 2,

axis z of which coincides with axis z of +the Cartesian cocrdinate

e

[]
r\'
/ ;§g%iz::%l% /
% '/

"

The intensity of the primary electrical ficld created by the

elemantary electrical vibrator

(1) E, -rE,

vhera

LBy, -:~‘z,,[:'.,.
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E, =hir, Acosq; E[ = [s(r, 2)sing; Ey, = fs(r, z)cosq; |

he ) m S [a— (1= R )= 2]

e iR | — |_ . 1 .
hir. 2y = —M —p~ [ xR (KR)‘] )

e—IKR r

3i 3 z
h(r.2)=—M-—%= ¢ [' TR _(;R)-'] R

M -~ —%::—.Rsvlm

s o

and € - dielectric constant c¢f the medium. The dependence on time is

taken in the form e**t

Under the 2ffesct of the field (1) on a plane with a round

opening currents are induced with a density

(2) T @) = Tain(r. D F Foie (7 W) 2= %0 @)+ Yay 1 @),

The vector potential corresponding to these currents

(3) Z:."—J pdp ) -9-7‘---1'(()_ 1)(’7.

whare

L=VYr+p+3--2rpcos(z—yq),
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and y - magnetic permeability c¢f the medium. G. A, Grinberg showed
(see [3] or {(u]), that in the case of ideally conducting infinitely
thin screans the vector potentialcx in points of the screen may be
found independently of the function'?kr, #). This sakes it possible,
applying reIationship (3) tc gcints of the screen, to reduce the
problam to the solution of ap integral eguation cf the first type.
For determiration of the functicn-? on the screen, i.e., vith >a,

z=0, we proceed in the follcwing manner.

-
The intensity of the seccndary electrical field E; is connected

-tp
vith the vectocr potential A by the relaticrship

(4) - -
Ey=—grad¥V —inA,

¥ = L div A,
vhere L

On the surface of the screen the £51llcwing boundary conditicas

must be satisfied:

(5)
Ev--—E, npmr>a z- 0
E

e ‘—FE,npHr>a z--0

(6)

which, *aking (4) into account, can be rewritten in the fora
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(7
%,! +iwA, =F, npwr>a 2=0;
1
r

é .
T ietieA=E mnra =0,
(8) I

s e @ SR SN T -

wvhera A, and Ay - respectivcly are the radial ard azimuthal .

-y
components of vector A,

Since E; =[ur, z)cosg, and E; =f(r, z)sing, then, according to the
results of work [{3], the scalar potentialﬂy'on the surface of the

screen may be represented in the form ' |
(9) W = $(r)cosp npu r >a, 2:=0,

vheraby the function #(r) must satisfy thre condition of emission and
‘the differential equaticn
]

(10) o M (et LR

hi . r>a.
dr " '

R '
d2 =m0

Solving (10) using the methcd of variation of random constarts

and taking irtc account tha ceanditicn of emissicn, we obtain
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$(r) = BH® (xr) i- ‘Ti {’ " W’f FOHD (xt)dt —
— HD (xr) 3 F () H (xt) dll'. r-a,

TN e e e e

where

e—int ) - 3i ____3__]
Fo=—m [l o)

A0 and H{?) - Hankel functicne cf tke first order, first and second

types respectively, and B - a certain constant which must be

S v

determiced subssquently from the condition cf reduction of the radial

componant of current density tc¢ zerc on the edge of the opening:

T

(12) j.(@=0.

Thus, fuaction w(r),, and ccasequently, also function‘Vlt. Z)
vith ra; z=0 are deteramined with an accuracy up to constant B.
Expressing components 2, and A? froa (7) and (8) and moving then to

—
the Car*asian compenents cf vectcr A, ve ottain

(13) A XA 4 hA,
where

= AM () 1. a2 S
(14) Ay = AP (r) - A% (r)cos 29 npu r >~ a; z.._o ;

Ay= AP ()sin2 upn r a; 2 . 0
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LA +
s AP = [d' he 0+ v+, 0)]
AD(r) = A (r) = i [‘; —h(r. 0) — —:— v—hir. 0)]

-—-.

Applying (3) to points cf the screen (c-2a, 2z=0) and taking into
account (13) ve arrive a* tvo independent integral equaticts of the

€irst type:

(16) . A®(r, 0)+ AD(r, 0)cos2e -- 3,,4‘, \ 2 iip, Ad
(n AP (r, 0)sin2p - T T e
e mﬁiﬁjpd j = jy(p, 2)d1,
- & 9
vnere IR e R

Prom the fcrm of the left parts of equations (16), (17) it
follovs that the functions jg (p, a) and j,(p, a) may be sought in the

fornm

fx= i {p) + j@ (p) cos 2

(18) iy = i (v sin2a
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in which case i® (P-‘-’ii}?)-

Substituting (18) into (16) and moving in the internal interval
to a new variable of integraticn B according to the formula B=a-¢ ve
arrive at twvo independent integral equations of the first type fer

functions jlg)(p) and ﬁ)(p):

At bt v L demem e

. T ' T B .
(19) AW (r, 0\=—jif."‘(o)pd0f—‘°m'ﬂdﬂz r=0 -0, 2.
x 4in H -. D
vhere D= V¥ pP—2rpeosp.

The left parts of =2quaticns (19) are krown with an accuracy up
to constant B, which must be determined af*er finding the fuacticns
j(:)(p) and jg)(p). For calcnlatirg constant B we use the condition (12)
which, after transition tc functionms jQ(p) anri ji)(p) acquires the

form
(20) . O (a) 4 jP(a)-= 0.

Thus, the problem of excitation of an ideally cornducting plane
vith a2 round opening by an 2lementary electrical vibrator locatsd in
the center of the operning ie reduced to the solution of two

independent intsgral equaticns cf the first type (19) with a

1‘.
!
i
|




P
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supplementary condition (20).

DETERNINATION OF CURRENTS

Bquations (19) are strict integral aquations of the probleam.

B mbat o L. i v ARG\

They are valid with any values of tha parameter ka. We are interested
in the solution of these equaticns with ka>>1, Ia this case the left
parts of equations (19), detereined by formulas (15) are siamplified
. considarably. Since ka>>1, and ra, the Hankel functions entering the ﬁ i
| left parts of equations (19) may be replaced by the first terms of

thair asympteotic expansions:

r v

- =¥
V2 —xr (4 2

‘?’ r— T T .
llv (xkr) = Ve e e

(21)

Disrsgarding, in addition, terms of the order 1/kr in comparison with

unity, ve obtain

~inr —ixr
e . @
B ———=9,i ——

yr Vr

®wp

K . . ,—ieD
(22) J I‘:’(P)l‘dpj ('—~D~- cos PP, rxa; v~ 0; 2.
a o

wvher2
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. 3x

g B2 2?‘::, e B s [l where
mik v o v =

The internal integral in the right part of (22) may be
transformed using the asymptctic equality fproved in [51:
D

=i
' ’e—D— cosvBdf = v IHP (x| r—p] +

(23) o .
Fi(= 1) H? k(7 + o) + Olixa)™?), »=0; 2.

Substituting (23) into (Z2) and introducing the dimensionless

variables E.q , and 7y, vhich are connected with p, r, and k by

relationships . p=a(l +§), r=a(l--v), v =xa, ()4)
we ob'\'a‘u\
(23) } u@HS (vin—ENdE - i [ sV @ AP (1 + B+ 2)]dE =

0 ) :

'—: VZ v l
. el B A
vhere = Ce oy © -8, HP ly(n+ 1)},
-
(26) W) - K 1 e VTG 0= 0 2
ieVy

and C=—i} ae "B’ - a certain constant which will subseqqently be

determined from cordition (20).

Using the 2qualities proved by G. A. Grinberg [6]

v e—" (H"_R_u) ’/E'.

(27) J

— HY (vIn—tpdE = HP R
ATEGE TR0 o (vIn—EhdE ly(n+ Rl

A . . _\ o ecailie LJMH
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-—f

j’ Vie *

R ‘”EHﬂ) _ = oM
Vomt e o (Vin—EDdE =",

(28)

ve transform equations (25) intc integral eqnations of the sacond

type:
—V D S My e~V YT
Wy g T WMo TV 2
wrR) = —i 3 o\ Ept42 F
~iv —iV(E4-1)
(29) Lo _p e v 0: 2

aVE  TaVER+D
Sinc2 acccrding te “has supposition that y=ka>>1, the soluticn of

equatinas (29) may b2 fourd by *the m2thod of successive

approximaticns, However, it is mscre ccnvanieat to use an artificial

method.

Punctices 4™ (;) are progcctional ts ccmponents ja(l+3)] of
current density induced in tte screen. Wi%h an increase in variable &
functions u“&ii decrease in aktsclute value and approach zerc with
E->e, Thereforc with ¥>>1 th2 tasic cortTibution tc the value cf +h2

intagral, =pt2rtirg intc (29), is made hy the vicinity of the pcint

£=0, Conszqusncly, tia follcwing approximate squality occurs:

- -

e Y oty - N0 R

(U P s S




o
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'/f e—i¥ €+2 —ive

aM (@)= —i 2 S — U+ C S —
(30) nOVEE+D ny§
6 e—lY(g-{-l) ' 0 2
vwhare
(31) U(ov) — ’ uM(E)e-""dﬁ, v :0; 2.

o

It may be sirictly shown that the sarror of equation (30) does

not exceed O(y™%7),

Por determination of ccpstants U$' wvwe multiply both parts cf
(30) by e™ ani integrate with respect to & from zero to infirity.
AS a result we arrive at two (forv=0 and¥ =2) indeperdent algebraic

squations, sclvirg vhich, we clttain

®
{—

Ce ! e
(32) up = m—c\,ll—d’(iﬂy,]
= L v 002
1+ —o (Vi)
vhere
'—: V:‘"— ~.ds
(33) & () Tw) - 3;-";— | e as.

0

Constant C remains *c bte determined. Using condition (20) which

following transiticr to functicrs ,™ () acquirss the form
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(34) u® (0) -+ u® (0) < 0,

ve obtain

_y Vi —o (i)l - —;2— h—o(Vizw

(35) C:

ul"

—{2¥ _—ir/4
1+idl—o (Vi) —i —"_ —
2} ay

Exrcassion (35) is considerably simplified if the function
¢(VEB) is replced by its asymptotic distribution, In this case the
simple ra2lationship c==é.€474.o(v—“ﬁ. will be satisfied.,

[ S N
Thus, £functions 4™ (f) are complet:zly deterainzd and

consaqucatly tha distributicen ¢£ currants induced con the scraen is

known,
DETERMINATION OF THE FIELD
Let us move to det2rmipnaticn of th2 fi2ld arisiag duriag

excisatior of an id»ally conducting plarz wi4h a rcund cpenhing by an

elamzntary electrical vibra%cr lccated in the cen*2r of the opaning.

The vactor potential of currents inducsd on the scilwer is
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expressed by foramula (3) and has twc coamponents Ay and AS' ir whick

case
Ay < AO(r, 2)-+ AP (r, Z)cos2p
(36) Ay - A (@, 2)sin2g; AP AP
on the screen (r>a, z=0) functions AR (r, z) coincide with the
functiors AY (r), introduced earlier, ard in a random pciat cf

space are determined by the exgression

- I
7 AW = LAY i ( ) d ret cos Bd v=0; 2
(37 B aw )i Ppadp L pap. v &
e [ ]

Foraula (37) is not convenient for numerical calculations. let
us £ind its asymptotic distritution. In this case we shall consider
tvo ranges: the first - adjacent to axis z, the second - the

remainirng part of space.

Pirst let us =xamine +he second range., Let us introducz the
spherical system of coordinates F, 8, #, the polar axis of wh.ch

coincid2s with axig z of thae cylindrical sys*tem of ccordirates (Fig.

1) L]

Formula (37) ic this system of coordinates acquires the form
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i ——‘ ~ 2. )
fo . 1¢ wap ) Y o) g - “e-:-l_\.l_.
(38) ‘s An } 2na I}” (&1 11 sdﬁb‘ L

lcos pdB, +==0; 2,

where
Lo--Lia=tri4 (1 48— 2ry (1 + E)sinOcosp]',
ry-=Rla.

Sirces in the examin2d range the inaquality ysind>>1 is

satisfied, then the internal intagral in (38) may be convertsd

according to the formula (see [7))

i e iVl ni 2
| = cosBdp - — ———e— [HP (v ) +
(39) Y Ly A vV ro (L 4 %) sin@
+i(— ) HP (yd)) HOl(ysin0)™%), v=0; 2,
vhere b= [r3+ (1 +&— 2ry(l + &)sin 6]'?,

de [ B4 (L+ 3+ 2 (1 + E)sin6]'?,

Substituting into (38) +he values of functions u”’(g

and applying formula (39) we cttain

AP — Lo ol Ym0 o 0y
4] Yasmoal o, ’
(40) FHQU2 ra 0 M 1 I (rae 0) -+ 1 Qary, O )] -

— 0 (L. ryth) yile,m,O-kn”,

where

from (39)
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N —iYE+) v
1) U@, ro, 0) = - | VEVE gy oyat:
~J VEg+ o
42 Qs (0.ry, 0) = ~',~'-.°—‘1Vi-.n"’( b)dt
( ) 2(0» [ 1] - n " VE 0 Y - b

The integral Q, (e, To, 6) vas 2xamined in Adetail in {7]. In ttke

far zone (with rg->=) the fellcwing asymptetic a2quation is valid: ﬂ

Ql (", Tos 0) — V:—/:_v‘ C;":" e—l' {s—1) sm“ _ i
43 — & (Viye(I—5n0))) + 0 (7).

The irtegral Q,(rq, 9) is calculated ir [8] and is equal to:

/T i
(uu) Q. (f., e) = 'I'n_:i e Oe—iV(r.—l) sind [l —d (V--{——“Y ro (l——-_ Sim)].

In the far zore (with rgy->e=) expression (44) acquires the fcrm

/5 —~iVry
V2 e 40 (ro—:m)-

re, 0) = —— e

(45) Qe 0 WYy, y 1 sing
Using relationships (43) and (45) ind moving from componants A{ﬂ

and Aé2>in the Cartesian coczdinate syst2m %0 ccmponin:s A? and A, in

the sphorical system of ccordinates wr ob*tain:
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wpp o—iVre

(46) AV T 4na 1, Sv (0)sing;

Qp p —iVrq
(47) A= a7 Se(0)cose,

where
{

SoO) =~ WU — UL FL (0) -+ Fy (0));
(48) cos ) @ ™1

S (@ == = {on + US Fy(0) -~ Fa (0) +

ST (P T

)y Vi-—sm0 ¥ iqsm@

(49)

Fi®=c ™[I —a(yidy (T =sin0)] +
+ieY"M L — () i (1 Fsian)];
Fy(0) = i[l —d(}iy(l =sin0) MN—I[1 () Ty Fsin0))].

—3p
The intensity of the seccndary «lec*rical field B, in the far

-y
zone is concectad with the vectcr potencial A by the ralatioashif
> >

E,=-iwA, Consequently, the ccofcnents of ths intensity vector of the
. 3 q -. _, 3 1] 13
total electrical field E=E,+E,9 in the far zone in <he raaje rysirg>>1

are aqual respectively to:

—i¥re iyipsing —. ;
(50) E,=—= e dnm SO = ;
i
E, - — <10 1VeR o) i
(51) L e ‘—-4-’—‘-“,,€~'~[ ' k

Le*t us mova to calculaticn of the field in the area adjacent to *

W
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axis z, in which case we shall limilt curselves to the examinaticr of

tha far zone.

Assuming in (38) that Lg®rgo-(1+€)sindcospB, and changing the

order of integration we oktair

= 2

ie 4 s V o e—lv’. .
AW = JAAN j ™ (Y Wsintcosp .
(52) * 4n ) 2na re oG B)e™ -

~ cosvpdp, v=0; 2,

where

(53) ") = [u @1 T T E™ag, =0, o,

0

Int2gral (53) may be calculated asymptotically. Substituting

into (53) tke values of functicns ™ () fzom (30) and disragarding

terms of the order Offy(l —sin0) ™), we obtain

4
54 ) ay 1 — . ___ KW e -~3/24
(54) G™ () T T e K" 40 lly(t —sin@) ™3],
whara
.I((o) — i Ug?) e—i?' -+ '/ 2—C _ l/' —2e—lY
(55) K? . —iU}yz)e—I”-F 1'2C
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Expanding (1--sil:9cosﬁ)"1/2 into a ssries with rfegpact o degrees
sinfcosp and limitirg ourselves to the first three terms of the
expansiocn, following term-by-term integration in formula (S2), we

arrive at the following expressicn:

iop —1Vry ’
(56) AV = E KTV, v 02,
vhers

*

(57) TP @) = Jo(ysin0) .- -2'_sin 8J, (v sin 0) +
+ -11 sin? (0) [J (y Sin 0) — J, (y sin O)};
T0) = — Jo(ysin0) _4' sin 0 [J; (y sin 0) —
(58) — Ja(ysin0)] + -3%— sin® [Jq (y sin0) — 2/, (ysin 0) 4+ J, (y sin 0)).

Hera J, ~ Bess2l functicon cf the first type cf ordsr n. Meving

0 cHmpoLints L and A, in the sgherical =svstem of coordiratns ws

obtain
faap =iV .
(59) A= g 7V, @sing;
joomp -1V,
(60) A=z V(O cosg,
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where
(61) V,(@=K? T 0)-- K* T (o)
(62) Y, (0) = [K? T 0) + K® T (0)) cos 0.

Consequently, the components of the iutersity vector of th=

total olactrical field in the far zcne in tha range y(1-sing)>>1 are

gqual teo:

—iVre Y3 psing N
(63) E,= S —mae IV, 0 —1];

e~V Yipcos o
(64) E= = —mE MO +1]
Thus, the supplementary prctlem of excitatien c¢f an ideally
conducting surZace with a rcuad cpenirg by an 2lementary elsctrical

vibrator located in “he center cf the opening is completely solved.

Let us move cn tc analysic cf the initial ploblenm.
EXCITATION OF A DISK BY AN ELEMENTARY MAGNETIC VIBRATOR

The 2l:ctrcmagnetic fieléd creat2d by an wlruentary magaatic
vibrator (by a slct on cne side) located in th2 center of an ideally

conducting 2isk, may ba found with the 1id cf the priaciple of




DoC

duality [2] usirg the obtained sclution.
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Ir this case in the far zone

-
in the range ysin®>>1 the aintersicy of the total electrical field E!*

is detsrmined by the follcwing expressions:

(65)

(66)

a) in the upper half space (2>0):

w—t¥70 i Y2150
¢ i y*msin T., [S; (m _ 2”'

N T TN Y
E=H ) T == e

TR T e=iVre iy*msing .
E' =y ‘ : T T TTamadT (‘Sv (0 +- 2i},

vhere m - moment of the vibrator:

b) ic the lower half space (2<0):

’ ) _:T —iVrei ytmsing
(67) B Y £ ST o
C 1 B e ivimese
(68)  E = H A= 0 N s,

satisfacticn of irzquali+y y(1-sing)>>"0n,

is

Respectiveiy, in the irea adjacent to axis 2z (i.2., with

tha field in the far

wib T,

data2rnined by *te formulas:

a) in *the urper half space:

zcne
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. vy ~i¥7s yt msin
(69) E;=H,l/--‘;-=~-°—-—~——-—°|v,m)~2],

ey dnads

70 i T e Y memy
(7o E =MV =~ ~mae WO+ 25

b) in the lower half space:

=l 2 e~ Veyimsing
am & R A e A )
TR VA iV YPmenso
(72) E,=1 )/ & TR e (.

NUMERICAL RESULTS

Por ccomparison 2f the cttained asymptctic expressioas (65)- (72)
with the rosults of the strict solution [ 1] numwrical calculations

were made for the case when =5,

Pig. 2 shows the standardized radizticn pattern of an slasmcrntary
magnetic vibratcr located in thae center of an ideally conducting disk
on tha upper side of the disk ccrrespcending to the plans #=90°, The
sclid lias shcws values B; cf tha component, referred to the maxinum
valu2 of tha modulus lE: e *aker from [1] (s+trict solution). Th2

dott3d line =shows analogous values calculat:d according t¢ formulas

(65), (61); (11 .

—_— i -

e i, it o b Xise s e e e Aat o oa e K s
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Fig. 3 shcws the standardiz:d radisticn pattern in the plare
#=0°9, The solid line correspcrds tc the strict solution and the
dotted line, to values calculated according to formulas (66), (68),

(70), and (72).

Pig. 4 shows tha standardized radiacica pattarn of an slementary
pragnetic vibrator located in the center of an ideally conducting
disk, ia ths plare #=90°9, calculated accozding to formulas (65),

{67), (63), and (71) with y=1C.

Pig. S5 shows the standardized radiatica pattern in the plane
#=09, calculated according tc Zcrmulas (66), (68), (70), and (72)

vith y=10.

Figures 6 and 7 plot analcgcus patterns wicth y=15. As the
calculations show, formulas (€S)-(72) cover the entire range of

change of angle o,

The obtainsd scluticn is ncre precise, the larger the value
y=ka. Hcw3aver, as the numerical calculatiocas show, it satisfactorily
conveys *he character of ridiatic¢n patt2rns even with such a

relatively small value of y as y=5S,

The obhtainaed soluticr is suitable only when the magnetic

L e B Ul ATAER LRSS AR Y .
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vibrator liss in the disk, hawavar, the empioycd method makes it
possible to obtain a scluticn alsc for the case of a magnetic

vibrator elevated above the disk,

In conclusion the authors wish to thank Professor G. Z.
Ayzenberg and Doca3nt L. S. Kcreltkevich for discussion cf this wcrk

and for valuable advice.

JJ0°

§0°

(/4
uw°7<f’

270°

98°

-2%0° 20

Pig. 2.




poc = 1107 PAGE U4€
330° 0° Jo*
1
- ' \\»
]
_146
300" ‘\ oy 1 \ A
az
270° 90°
\ 7 \
\ \ |/
ZW \ ,20'
20° 180° f7
FPig. 3.




DoC = 1107 PAGE 47

Fig. 4,
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Fig. 7.
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