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U. S. BOARD ON GEOGRAPHIC NAMES TRANSLITERATION SYSTEM

Block Italic Transliteration Block Italic Transliteratic..
A a A a A, a P p P P R, r

£6 B, b C c C C S, 5
B 8 B a V, v T T T m T, t

F r G ';, g Y y y y U, u

4 a U 5 D, d D I 0 0 F, f
E e E * Ye, ye; E, e* X x X x Kh, kh

M * X Zh, zh U u 1 q Ts, ts

3 3 3 s Z, z H V Ch, ch

, u I, i W , IN w Sh, sh
k R 17 Y, y LA li w Shch, sr.c.

H g K, k b b"

.f JT A L, 1 N ' 61 u Y, y
M M , m f '

H H H i N, n 3 a8 E, e

O o 0 0 0, o k) 0 10 1 Yu, yu
FI n 17 m P, p 9 R a Ya, ya

*ye initially, after vowels, and after b, 6; e elsewhere.
When written as d in Russian, transliterate as y4 or i.

RUSSIAN AND ZNGLISH TRIGONOMETRIC FUNCTIONS

Russian English Russian English Russian

sin sin sh sinh arc sh
cos cos ch cosh arc ch
tg tan th tanh arc th
ctg cot cth coth arc cth zth
sec sec sch sech arc sch
cosec csc csch csch arc csch

Russian English

rot curl
Slog
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SYTHESIS OF A PLANE IMPEDANCE ANTENNA OF FISITE LENGTH

V. V. Chebyshev.

A method is examined for synthesis of an antenna in the form of

an impedance band in an nubcunrdd ccnducting screen, excited by a

filament of magnetic current. An exfression is obtained which joins

tha radia.ion pattern cf a very rande~m type; this pattern is

describid using odd Mathieu's functions, with a distribution of the

surface reactance in the limits of the band.

INTRODUCTION,

A large number of works haye be .n dedicated to tae prcblem cf

synthesis of antennas. At the presnt time a rather full examination

has been made of the problems cf calculiticn of the current of an

antenna with respect to a given radiation pattorn. However, problems

____________________________
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of its modeling using certain structural elements have not beeef

sufficiently studied. Of kncwn interest in this regard is the study

of impedance antennas for which the calculation of the surface

impedance, characterizing the field distribution in the antenna

aperture, may be connected vitb the calculation of its structural

eleagnts.

For modeling the surface impedance it is pcssible to usa a layer

of dielectric on a metal tase cz a ribbed structure; in actual

practice the use of the latter is preferabls. Such a method of

construction is permissible under the condition of pure reactivity of

the iopedance.

This significantly limits the class of radiation patterns

reproducible by an antenna with a purely reactive surface impedance.

The selection of this class cf functiona, approximating a given

radiation pattern during synthbsis, is a very difficult problem the

solution of which is knowr. cnly fcr patterns of a specific special

type (1], (2]. The purpose of this work is to develop a method of

synthesis of plane impedanc, artqnnas f i±nite length for more

random radiation patterns.

DERIVATION OF THE BASIC RELATIGNSHIP

; - -
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For the case of excitaticn of a T!-wave let us determine the

theoretical model of an impedance antenaa it the fcrm of an imnpdance

band -a4y.a (Fig. 1) in an unbcunded conducting screen. The impedance

band is excited by an cutside scurce in the form of a filament of

magnetic current V. Such Pk mcdel makes it possible to examine the

formation of an antenna radiaticn pattern in the plane of angle 6

depending on the one-dimensicnal distribution of impedance in the

limits of the band.

Fig. 1.

In work (2] an expressicn uas obtained which connects the

antenna radiation pattern with the distribution of surface impedance:

5F (z) e- I"F d % - 2 ch y z, 6-1' (,-MO) d

4 dy.-2 
ci * 

-UN dz

Y
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where we accept the following designations

x -cOSO; q (Y.; ~). Z. P±F(x) - function of the pattern;

2ii
zikz&; y=ky 1 ; yjz 1 - coordinates of Fig. 1 ; x ye - coordinates

of the current filament.

As is known, the case of pure reactive impedance is of greatest

practical interest. The derivaticn of the condition of pure reactive

impedance from (1) is connected with certain limitations imposed on

the function of the radiation pattern and tha position of the outside

source, which in the general fcri is not possible. Therafore we shall

limit ourselves to the case cf assigning the outside source on the

impedance surfa-e z=O. Then frcu (1) , usinig the definition of a

5-function, it is possible tc cttain

(2) 4. ((y....a

fT(') e-l-d

whqr3 6 (y-yo) -dilta funct .c, star.lariized relative to the

denominator of the fraction in (2).
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The affect of an outside sourcq on the distribution of surface

impedance is expressed by a characteristic in the form of a

delta-function. The other term in (2) is determined by expressions

for the Jansity distribution cf the electrical and magnetic currents

on the impedence surface wbict. dc nct depend on the position of the

outside source. Therefore, if we assume the existence of the

indicatnd characteristic in the distributicn of the surface impedance

then the examined problem is reduced to a uniform problem. In

practice this designates the Flacement of the outside source in the

area with sufficiently large values of the surface impedance.

Therefore during derivaticn cf the ccnditicn of pure reactivity cf

the impedance it is possible tc limit ourselves to the exaMination of

the first term in (2).

For the slected thecretical mcdol of the antenna the function

of the radiation pattern acccidirg to the conditicns of the

wiener-Paley thsorem must belcog to the class Wk [3] where h=Ka - is
the size of the band. In this case the distribution function of the

magnetic current q(y) descrited by the numerator of the fraction (2)

is finite in the limits of the Land. During synthesis of an impedance

antenna from class & one should selct functions for which the

condition of pure reactivity cf Impedance is satisfied.

For the numerator of fracticn (2), by performing an inverss
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Fouriar transformation arid by *cving to the elliptical system of

coordinates it is possi.ble tc ckhtain an integral Fredhoin equation of

the first type with a symmetrical nucleus, the solution of which say

be expressed using eigenfuncticns of the nucleus - odd Mathieu's

functions [4].

Lat as represent the radiation pattern in the fcra of an

expansion with respect to MIatItieu's functicns:

(3) ~ ~ ~ asn F()i wS.(r a )

wher~th - actual ccefficients,

So.,, - odd M1athieu.Is functicns according to the terminology of

(6] which are represented by trigoncuetric expansions:

Sol. ,(h. cos 0)= B2.. .. s;n 2nO 0

(4)

So0,11+1 (1, Cos9 0) 2 R21 1  2m+I14.n)12

Then it is possibla to obtain an expression for the synphase

distribution of magnstic currqnt on the impadanca band:
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-2 j '4S'4 (/j. n),9(y) = i .-- 72"44. .m s.,( # -

(5)
- Z(-- I)'b,. -- " -- .+ , (h, )t/h)S .

Let us determine the distribution of electrical current which

can be calculated with the sutstitution of the function of the

pattern (3) into the integral expression of the denominator of the

fraction (2).

For this let us examine the indicated expression with a change

of X in the section (-1, 1] which corr3sponds to tha change of angle

9[0,). Let us note that in thb sxpans.on (3) Mathieu's functicns of

an even order 2m are odd functicns =31*ive to the angle 9=0.5w, and

of an odd order (2m+1) - even. Therefore, for example, for an even

function of the pattern F4 (9) we have

-- I ~ -- * y , . -
(6) .,2m+1 (h. COS1) cos (yces 1)d i)

X sin 1)

0

It is known that

cos(cOs) J (y) ± 2 2 (- ,(Y) cos 2n O.
n-l

t
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wherR 7,(y) - is a Bassel functicn.

Using the latter relaticnship and the representation of

Hathieu's functions (4), calculation of expression (6) may be reduced

to calculation of tabular integrals of combinations of trigonometric

functions which , as follcws frcu the r.?lationship in (5], are equal

to zero. This conclusicn is valid also "or the case of an odd

function of the pattern. Consequently the distribution of the

electrical current on the impedance plans is determined by the

integral expression of the dercoinatcr of the fraction (2) with

values X >1.

The range of valuesX. >1 ccrresponds to the range of imaginary

angles 9=ia for X =Cha, where a>C.

Then

i~,,(y)z I~ (- )"''b,,,~So,,,(h. Ch0 sin (y Ch t.) d 1.
Sh:

.I 0

(7+FI -IT b 21,,l f S02M+ I (h. Ch P) cns(Y Ch jl) d 1(7 ) W S
In 0

where Chi., Shp- hyperbolic functions.

41z
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The convergence of series (7) follows from the uniform or

root-mgan-square convergence of series (3) to the assigned function

of the pattern for [0, v].

Mathie us functions are tabulated for values of angles 8[0, wj.

In the range of imaginary angles, i.e. for . >1, Mathieuns functions

may be calculated from the relationships in [6]:

-- I.So2. (h. ('h:, 2 NIB U "+-B . 2+ 1J+ (, sh Sh !,

where Jf - BOssel function, f?. .. - coefficients of

expansions of (4).

Series (8) converge rather well and permit limitation of the

number of tarms.

During calculation of integral expressions in (7) taking into

account (8) it is necessary tc use methods of numerical in:tqration.

If the value of the upper limit does not exceed 4, then for Simpson's

method the error of calculaticns is less than 100/0 for h=10 and will

be less, tn greater the value cf h.
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The listributions of the magnetic (5) and slectric (7) currents

have a synphase character and satisfy the condi:ion of pur .

reactivity for surface impedance. Let us substitute (5) and (7) in

(2) and obtain 4

~4S.,,(&. 0)
Sown (h. y/h) X-.

h'6 2 . 2.u
V,,. () ± 1'2+ I (&)

--x ) ( - I )" b-H-t 2"2m'+'(h. .I0)(9) hBX b2.+ 2o2 +l .)S02.+, (h. ylh)

Expression (9) makes it Fossible to determine the distribution

of surface impedance in the limits of a band with a size of 2h fcr

the function of pattern (3).

Let us not3 that the radiation pattern of the examined type has

an even amplitude and an odd Fkase characteristic, i.e., it is

symmatrical rel4ve to the crigin Fig. 1. Therefore, during

assignmant of the radiation pattern in (3) it is possible to limit

oneself to Mathieuls functicns cf even or cdd orders.

Lat us determine the positicn of the filament of magnBt..c

current on the impedance tand. Its effect cn the distribution of the

surface impedance is expressed ly a characteristic in the form of a

delta function in (2) which was previously excluded from examinaticn.
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On the strength of the first toundary probl.5 of electrodynamics the

emission of thb impedance antenna may be considered as the emission

of a magnetic current which is finite in the limits of the band. For

the radiation pattern (3) described by Mathiau's functions of even

and odd orders the impendance antenna has a phase center. In this

case the distribution of magnetic current in the band must be

symmetrical (3] and the filament of the magnetic current should Le

located in the middle of the tand.

ASSIGNMENT OF THE RADIATICH F12TERN

During synthesis of an isredance ant-nna the function of the

radiation pattern may be assigned by a set of Mathieus harmonics of

even or odd orders in (3) acccrding to ths method of partial patterns

which is known from the theory cf synthesis of linear antennas.

Fig. 2 shows the tnecretical and cxp-rimantalt radiatior patterns

of symmetrical form

F (0) [ISo, (h, cos 0) + Sos (h, cos O)
sin '

for the band h=10. The distritution of the surface impedance,

calculated according to formula (9), is givea in Fig. 3. Ths surface

impedance is modeled by a rikted structuri dith a period of 0.05 x



DOC = 1107 PAGE 12

placed in a screen 10k with x=10cm. Th:. outside source has the form

of a narrow radiating slot which is placed in the middle of the band

between two channels of the ribbed structure with a depth of 0.23k

(area of the scurce, Fig. 3).
I F(5,

/ 48 I,
/i

/ ~ 0,6- /

\ 4.2 /

--- 160 1n 0 12 Nm 
-- -- -- 20 0

- Smwepv M?- - - PUC4evm
I) Pic. 2

Fig. 2. KET: 1. experiment; 2. theory.

MWfi* I)

42

'1 " I)

2# 4 -' 6 \ 8 .. .

-a)

Fig. 3. KEY: 1. area of the scurce.
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Fig. 4.

From Fig. 2 it is evident that the coincidence of the

theoretical and experimental radiation partirns is rather good. The

examined method may also be tsed for th3 :ase of an asymmetric

radiation pattern. This case is ocnnected with the selection of the

position of the outside source which is displaced relative to the

middle cf the impedance band in the following manner. The conclusion

that for a symmetrical radiaticn pattern the outside source should be

located in the middle of the tard can be examined as a consequence of

the condition cf pure reactivity which is satisfied for the surface

impedance in (9) with a certain sel-ction cf coefficients in the

expansion with respect to Mathieu's functions (3). Tha lattr are

eigenfunctions of the problos cf excitaticn of the impedar.cc band in
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an elliptical syst~m of ccordinates).

Let uis suppose that the cutsids source is displaced relative to

the middle of the band and represent the half-space, limited by plane

z0O, in the fcra of two quadrants for angles 0(4(0.5w and 0.54(8(w in

ellipti.'-al coordinates Fig. 4I.

Lat us assign the radiatien pattern in the indicated quadrants

by expansions of the type (3) fcr parameters h, and hz, corresponding

to dimensions of the half-bands a& and a2 Fig. 4, where a1+a22=2a, and

let us examine the conditicns tc which thpse expansions must

correspond.

The function of the pattern belongs to class k, i.e., it is an

analytical function. Let us censide: the functions describing the

radiation pattern in varicus quadrants by analytical continuation one

after another, and "join" them cn the boundary of quadrants oy the

condition

rF1 (0) = F2 (0)1
(10) F; ()=F; (0)I

where F1(8), F2(0) -functicns describing t1.ha radiation pattarn in

various guadranlhs.
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Condition (10) will be all the mora valid for determination of

the analytical continuaticn cf the function of the pattern, the

closer the values of the higher derivatives of functions FI(G) and

F2 (e) are to zero with 9=0.5w. Therefore condition (10) may be

rec'ommended for Mathieu's functions of an cdd order (2m+1) in (3)

with not too larga values of the latter. Calculation of the

distribution of the surface iarzeance is carried out for each

selected half-band on both sides of the exciting source in analogy

with (9).

The method of pactial patterns is distinguished oy graphicness.

Howevsa, for highly diroctod patterns it is connected with a large

volume of calculations. Therefcre the mathod suggested in (7] for

assigning a pattern may turn cut to be mora convenient. The radiation

pattern F(9) assigned in the section 8(0, 2w] by a function of class

L2 * is repr.sented by a Fourier series which then, on the basis of

expansion of Mathieu's functicns (4), is expressed by the series (3).

(FOOTNOTE: *Quadratic integrards belong to class L2. END FOOTNOTE].
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For example, for at even functicn of ths- pattern the coefficients of

this series have the form

b2-+I 2n.4I. 2.,+ a,,+,,
p1=1

where a2.+, F F(0)sin 0sin (2n + 1) 0d 0;

B2.1,.:2w+i - coefficients of expansion (4);

F - norm of Mathieu's functicns cf -ir cdd order [61.

Similarly fcr an odd function cf a pattgrn the coefficiants of

the series are determined using Mathieu's functions of an even order.

Series (11) converges. Actually, the coefficients 82n~I.2"'+i and

a2,+1  arq coefficients of the~ Fouric-r expansion of the M~athieu

function and of the radiaticn pattern with respect to trigonometric

functions which form a complete system in class L2 . Therefcre formula

(11) may be considered as a. analcg of ths generalized formula of

Parseval for the product of tsc functions cf class L2 -

From the latter, taking into account the limitedness of the norm

of functions in this class, ccrvergencP of serias (11) also follcws.
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Continuous functions can also hE assigned to class L2 . This makes it

possiblt to assign a radiaticn pattarn F (a) by a continuous function,

which is convenient in practice.

Let us examine the case cf assignment of a radiation pattern in

the section 8[0, r], which determines the range of emission of the

antenna. Let us represent the radiation pattern of a random type by

the sum of even and odd functicrs relative to the angle 0=0.5w, which

can always be dore. It is kncwn from [8] that for any function,

continuous on section [0, w], there exists a trigonometric polynomial

of the best approximation of the type

(12) ) =0

For even values 2k in (12) the function P(8) is even, for odd values

(2k+1) - odd.

Determining the polynomial (12) for th_ assigned radiation

pattern according to the methcd cf f81 from relatienship (11) it is

possible to determine the ccefficients of expansion of the iattsr

with respect to Mathieu's harcnics in (3). The examined method of

assignment of the pattern may turn out to be useful when using

digital computers for calculaticns.

.. .......... .... ,
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Limitation of the nueber cf terms of the series (3) leads to an

aiproximate reproduction cf the'assigned pattern which may be

evaluated as in (7]. Depending on the number of terms in (3), the

width of the radiation patterr, and th4 valis of the impedance band

it is possible to obtain ultradirectionil solutions which ara

exprassel in the abruptly oscillating character of distribution of

the surface impedance of an unscdelEd ribbed structure. Therefore

during synthesis of an impedance antenna a saries of calculations

should be made for various values h, for th9 purpose of selecting a

suitable version.

CONCLUSIONS

The suggested method of synthesis of a plane impedance antinna

of finite length permits assignDent of symmetrical radiation patterns

in coordinates Fig. 1. This expands t e possibilities of using

impedance antennas when designing antf-nra systems.

The condition of pure reactivity of th- surface impedance is

exp--ss.d in a certain selection of coefficients in the expansion of

the pattarn according to odd Mathieu's fuuctions (3) and in the

selection of the position of the outsida scurce - of the filament of
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magnetic currc.nt on the Impedance bard. w~th a symmetrical radiation

pattern the filament of magnetic current is located in the middle of

the impedance band. In the case of an asymmetrical radiation pattern

the position of the filament deFends on the selection of functions of

the pattern in two quadrants cf the half-space in the framework cf

condition (10) which impos.s known limitations on the type of the

modeled pattern.

Among the shortcomings cf the axamined method are the numerical

determination of integral exEressions in the dencminator of the

fraction (2) which determines the surface impedance. This difficulty

can be avoided when making up standard tables for a corresponding set

of Mathieu's functions descriting radiaticn patterns (3) with various

dimensions of the impedance band. Existing tables of Mathieu's

functions make it possible tc design impedance antennas with a band

2a<3X which limits the use of antennas af this type as highly

directicnal antennas. Therefcre the necessity should be recognized of

making up tables of Mathieu's functions for large bands.
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EMISSION OF AN ELEMENTARY SLCI VIBRATOR LOCATED IN THE CENTER CF AN

IDEALLY CONDUCTING DISK

Yu. V. Pimancv, L. Gs Braude.

On the basis of the soluticn of a strict integral equation we

obtained asymptctic 9xpressicns for thq field arising in tha far zone

during excitation cf an ideall) conducting disk by an elementary slot

vibrator (magnetic dipcle) located in the center of the disk. During

solution it was assumed that the radius of the disk is much greater

than the wavelength.

I NTRODUCTION

The 9mission cf an elementary slot vibrato-, located in the

center of an infinitely thin ideally conducting round disk, was

examined by M. G. Belkina in work [1]. A solution was obtained on the

basis of the Fourier method ir ths fcrm of sari.s with respect tc

spheroidal functiors. As is krcwn, such serias in the case of a disk,

which is large in ccmpariscn witb the wavalr.gth, converge extrcezly

slowly and tho solution becones Fractically unsuitable for numerical
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calculations. Thr~fore it is cf int~rest to obtain an asymptotic

solution for the case ka>>1 where k=2w/x - wave number; X -

wavelength; a - radius of the disk.

A slot cut in one side of the disk is equivalent to an

elementary magnetic vibrator lying .n the disk. On the strength cf

the principle of duality (2] it is possible, instead of the prcblem

of excitation of a disk by an elementary magn.tic vibrator located in

the center of the disk, tc sclvc, the problem of excitation of an

ideally conducting plane with a rcund opening by an elementary

electrical vibrator located in the center Cf the opening, and then

according to known formulas cf the transition, to find t e solution

of the initial problem. With ka>>1 the seiccnd (auxiliary) F.cblam is

solved considerably more simply.

STATEMENT OF THE PROBLEM

Let us examine the auxiliary problem cf excitation of an ideally

conducting plane with a rcund cpening of radiu3 a by an elemantary

electrical vibrator with moment p. located in the center cf the

opening.

Lat us introduca a Cartesian cocrdinat? system x, y, z, the

origin of which coincides with the centar of the opening, axis z is
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perpendioular to the plane cf thq screen and thq direction of axis x

coincides with the direction cf the mcment of the vibrator CP=op).

Let us also introduce a cylindrical system of coordinates r, 0, Z,

axis z of which coincides with axis z of the Cartesian cocrdinate

system (Fig. 1).

107

The intensity of thp primary elt-ctrical fisld created by the

elem~ntary Plectrical vibrato:

(1) - El I ELF- 0E2

where
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=11(r. z)cosy; E - ,(r, z)sinyp; Ej, =1f(r, z)cosy;

/(r. z) -: M l-"R Iz - LI Izt- 2r3

f(r, z - - -"- - 3)z

RM-~ I icR (KR)j
--i R r X 3- 3),] z

[ ( .z) -M K R (KR , R -

M, r-;R4r--z2.
4xt

and E-dielectric constant cf the medium. The dependence on time is

taken in the form e o

Under the affect of the field (1) on a plane with a round

opening currents are induced %ith a density

(2) jAr, q) F ~,r ) +1 4F, (r. qT) se xj.(r. q') + yj, (r. T),

The vector potential corresponding to these currents

- 2r4-,

(3) A x S Ld ~jp
a

where__________ __

L r' + p2I j- zJ 2r pcos ( (0

* -.-- --- ~ -
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and - mageptic permeability cf the medium. G. A. Grinberg showed

(see [3] or (4]), that in the case of ideally conducting infinitely
--v

thin scre3ns 'the vector potential A in points of the screen may be

found independently of the function j(r, 0). This makes it possible,

applying relationship (3) to pcints of the screen, to reduce the

problsm to the solution of an integral equation of the first type.

For determination of the functicr A on the screen, ioe., with r>a,

z=O, we proceed in the follcwiqq manner.

4--
The intensity of the seccndary electrical field El is connected

with the vector potential A by the relaticnship

(4) E, -- grad 'V - i o A.

'V - --- divA.
where .IM

On the surface of the screen the follcwing boundary conditicns

must be satisfied:

(5)

F,,,- -F;, upor r;.a. z- 0;
C. - F , np r.'.- a, z 0.

(6)

which, taking (4) into account, can be rewritten in the form
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(7) - A, rEn a. z= 0;

4 + A,=, i - ,z0

(8)

wher A,. and A - respectiicly are the radial and azimuthal

components of vector A.

Sinae E; =[,,(r, z)cosq, and E;, ==f 2 (r, z)sinw, then, accord!ng to the

results of work [3], the scalar potentialy on the surface of the

screen may be represented in the form

(9) T = (r) cos (9 i. r . a, z 0 ,

wheraby the function *(r) must satisfy the condition of emission and

the differential equation

(10) -, + - + ;r1 r- .a.

Solving (10) using the *ethcd of variation of random constarts

and taki.r. inte account tha ccnditicn of -missicn, wt obtain
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*(r) =BfIMI(xr) i- It,'IKr (1) H112) (iI) di -

--HM (Krr) F (t) H0t'(K,) dt11. r'. a.

where... . . . . .. •"

F (() -M N _

ICO and H1(*) - Hankel functicns cf the first order, first and second

types respectively, and B - a certain constant which lust be

determira d subsequently from the condition cf reduction of the radial

componant of current density tc zero on the edge of the opening:

(12) i, (0) -0.

Thus, fuaction 4i(r)., and ccnsequently, also functior.y(r, z)

vith r>a; z=O are determined with an accuracy up to constant B.

Expressing components Ap and AT from (7) and (8) and moving then to

ths Cartesian components cf vectcr A, we ottain

(13) A- 4A,~

whert

(1,) A. A" (r) + A," (r) cos 2(p npt r: .a; z= 0.

A, = A~M (r) sin 2'p iip"o r a; z 0 J
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Applying (3) to points Cf the screen (:~a, z=O) and taking into

account (13) we arrive at two independent integral equatictis of the

first type:

(16) A(r )A71(q -cs~t 11 pdp p i.p e* 1 ( 1  2

where --

From the fcrm of the left Farts of equations (16),* (17) it

f ollows that the f unct ions j,,(p, a) and j,, (p, oc) may be sought i n the

form

j.i(X (p) + ,2(p) cos 271
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in which, cas4 jV (P---P).

Substituting (18) into (16) and soving in the internal interval

to a new variable of integratlcn p according to the formula A=a-# we

arrive at two independent integral equations of the first type fcr

functions j.O)(p) and 1(p) :

1 1 91A C." r. 0 = - =m l ~ p d p . c om v d p; r > O ; , -- 0 ; 2.
(19) AM (r, 0) ±.f (p p~O d pO: 2.

4 a

where D-1 VPr + p- 2rpcoP.

The left parts of aquaticns (19) are known with an accuracy up

to constant B, which must be determined after finding the functicns

J0(p) and f)(p). For calcilatirg constant B we use thp condition (12)

which, after transition tc functions 1W(p) ani *)(p) acquires the

form

(20) X(0) + j1(a) o.

Thus, the problem of excitation of an ideally conducting plane

with a round opening by an elementary rlectzica! vibrator located ia

the center of the opening is reduced to the solution of two

independent integral equaticns cf the first type (19) with a
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supplementary condition (20).

DETERNINATION OF CURRENTS

Equations (19) ar. strict integral equations of the problem.

They are valid with any values of the parameter ka. We are interested

in the solution of these equaticns with ka>>1. In this case the left

parts of equations (19), determined by formulas (15) are simplified

considerably. Since ka>>1, and ra, the Hankel functions entering the

left parts of equations (19) may be replaced by the first terms of

their asymptotic expansions:

(21) IlMf%.r 2 e)- e

Disregarding, in addition, terms of the order 1/kr in comparison with

unity, we obtain

i - -- r

(22) j/v{)(p) pdp ---- COSidP; r~.; "- 0; 2.
X D a

a 0

wher3

--A
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2~ 21 n e 40B ---- ; where v=2.

The internal integral in the right part of (22) may be

transformed using the asymptctic equality Froved in (5]:

2*
I--- c'Pd = - - 'flX(,cl r-pI)+
*1D

(23) 2

-I- i(--I - x(r + p)l + oI(a 3,) . o; 2.

Substituting (23) into (22) and introducing the dimensionless

variables e, and 1, which ar connected with p, r, and k by

relationships p a (I+ ), r 7-a (1 I-~ ia,

(25) U (V)H12y + + 2))d

o 0

--C-" -VT- e - - 6 H12) Iy ("1 + 1))1,where I nyV

(26) i(V() _ - - [ - )I / -- ,, =O; 2,
U ~~~ 4aYV j7 a (I + I+ 0

and C=-iI/a e-'7B' - a certain constant which will subsequantly be

determined from condition (20).

Using the ?qualities proved by G. A. Grinbfrg [6]

(27) = e [R RR,
A V + R,)
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(28) e e 0 (Y
*

we transform equations (25) intc integral e n.qations of the s"cond

type:

SU I (1) e - T ;- V--) di -

(29) 6 -- , =0; 2.

Siacs acccrding to thq suFosition that y=ka>>l the soluticn of

equations (29) may bg found by the msthod of successive

approximations. ilowcver, it is acre ccnv3nient to use an artificial

method.

Functions u(v)(a) are FroFcrtional ts cemponents ijv'fa(l+t)I of

current density induced in tte screen. With ,n increase ir variable e

functions u'(a) decrease in abscluts value and approach zpro with

E->-. Thsrefor; with T1 th- t3sic contribution tc the value cf th.

integral, ?ntaring intc (29), is made by the vicinity of the pcint

=0. Consiqu.ntly, tz.a follcwing appr-ximat - ;quality occurs:
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J' e-IV(C+ U + e-
(30) ( + 2) nl

V + 1)

vhere

(31) Uvvl 0 ) e-'r4d 0; 2.

It may be strictly shown that the arror e"f equation (30) does

not exceed 0 (y-'2 ).

For determination of constants UM" we multiply both parts cf

(30) by e- ' and integrate with respect to e from zero to infirity.

As a rssult wq arrivs at two (forv=O andV=2) independent algebraic

equations, sclving which, w. c~tin

Ur.= Ce 4

(32) v2 y -- TY i-m(I[2y

v 0; 2.S+ i e12Y -®(ri ~

where

(33) (1 ) " ds.

Constant C remains tc be determined. Using condition (20) which

following tran3.ticL to functicers , -i)( ) acquirss the form
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( 34q) ,U (0) + .U 0 .--O

we obtain

I I ie'i1 - ( ,'i 4-Y)i- - D Fi- (V )j( 3 5 ) C = e- ---  Y
-'2 e

- 1 ¥  
e

-
12V

2 t'ny

Exza3ssion (35) is considerably simplified if the function

" is replced by its asyrtotic distribution. In this case the
I- -1 e W O y-3/). will be satisfied.simple relationship C- e w b i
2

Thus, functions , vl ( ) are completaly determinad and

consequcntly the distributicn cf currqnts induc-d on the scraen is

known.

DETERMINATION OF THE FIELD

Let us move to determination of the field arising during

excitation of an idally conducting plane with a rcund cp4ning by an

elemsntary alectrical vibratcz Iccatqd in the center of th,-. opening.

Thr- v. ctor potential of currents induced on tne scain is
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expresse.1 by formula (3) and has twc components A- and AS, in which

case

A, -A(01(r. z)+ A)(r, z)cos2(p
(36) AY AM (r, z) sin 2(; A(2) AM "

!

On the screen (r>oa, z=0) functions A') (r, z) coincide with the

functions ,I' (r), introduced Earlier, and in a random pcint cf

space are determined by the exrression

(37) A"- j v)(p)pd p cos.,tdP. v = 0; 2.
a S

Formula (37) is not convenient for numerical calculations. Let

us find its asymptotic distritution. In this case we shall consider

two ranges: the first - adjacent to axis3 z, the second - the

remaining part of space.

First let us examine the second range. Let us introduce the

spherical system of coordinates R, 0, 0, the polar axis of wh.c-.

coincid-as with axis z of th3 cylindr!.cal system of coordirats (Fig.

).

Formula (37) in this system of coordlinates acquires tn.e form
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(3" P y(a) I '1

(38) 4n 2"na 0 0 L

Scos4Id, '- "0; 2,

where

L, Lia r 2 r (I1- )'- 2r, (I + )sin0 cos 0 ,/2

Since in the examinad range the inquality ysin>>l1 is

satisfied, thEr the int.rnal integral in (38) may be converted

according to the formula (see (7 )

2. -IYL

f cos H-0- .. 3" (y b) +

(39) o

+ i (-I )v Ho (V d)) 1,- 0 sin 0)-t21. 0; 2,

wheri b - f r2+ (I -I- )2- 2r*(i + )sin 011/2,

d r2-- + (I + )+ 2r, (I + ,sin 0 1"2

Substituting into (38) the values of functions t (v) from (30)

and applying formula (39) we cttain

- ! .:,. I Q, 1Q,(2. r,. 0) -1-

('40) -- iQ(2. r,, 0 0- )-i'Q-(r.. ) iQ.(r, O-i-n)l

-i6v e(. re) -Q,(1 , 0-+-all,

where
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('41) Q1 (a, ro, 0) - H(2)(yb)d .n 1/(a+ 0)
0

(42) Q, (a,ro, 0) - I - Ho (yb) d .

Th - integra Q, (a, ro, 0) was examined in retail in [ 7]. In the

far zone (with ro->-) the follring asymptotic equation is valid:

Q, (., r., 0) - V2e -, e -,I -
(4 3) 4b i ( V (I- - n o)) + 0 (,,"").

The inrtgr.l Q, (ro, 0) is calcula.*ed in (8] and is equal to:

1/2 4 e-iV (r-I) 3in4
(44) Q,(r, 0) - e [e -1(iyr.(i - sin0)).

In the far zone (with ro->-) exprfession (44) acquires the fcra

(45) Q,(r,, 0) = - -- _. - j + ,,I

Using relationships (43) and (45) inri moving from components A (O

and A 2)in thR Cartesian coczdinate syste!m .c ccmFon. nts At and A in

the sph!rical system of ccordinates w,. obtain:
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(L46) AV 4n a . ST (0) sin (F;

As 7) A : - So (0) Cos yP,

w hers

S, (I [U - UP J F, (0) +I Fs (0);

(48) Co U(2 ± U(0
S, 'o'I F1 (0) -- F2 (0)

2 iysinl .- Mine

('49) F, (0) 1 ~~I~ (1(/ 2j -(I - 4inU))]

+ i e~I~l~~i~~iylq ii)

Fs(O) ill -(P(1'iy(I -I:sin )I- [I - i~J Y~I -sinE)) i.

The intensity of the seccndary Ic 74 rical field 21 in the fEar

zone is contpct:_d with the vectcr potential A by thwi ralatiozashiF;

El=-iwA. Consequently, the cczrcnents of ths intensi.ty vector of the

total electrical field E=E1 +EI1
0 in the far zone in the range rsiJr.O>1

are equal respectively to:

(50) E - e W'ylsil

(51) E e -- naI - [S 6 ( +I j

Let as move to calculatica of the field in the area adjacent to
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axis z, in which case we shall limit cu'rlves to the qxaminaticn of

tha far zone.

Assuming in (38) that L0*r0-(1+e)sinecos0, and changing the

order of integration we obtain

(52) 4,ev -iiy __V__ I V Vs~nftcos6.,I
4n 1 2aa

,cospdI, = O; 2.

where

(53) G( ) -S u(()j 1 ~e~~I dt 0 =; 2.

Int.gral (53) may be calculated asymptotically. Substituting

into (53) the values of functions It (V) from (30) and disregarding

terms of the order Ojy(I-siO~F- 1 . we obtain

() ........ -i Kv',  ± 0 ([y (I - sin 8)1-3I,

where.

1<4°) -- -i UP" e- 1T +t "2C - ]/2 e- ly
K'2) -i UP e-' 2' +~~W ~'(55) K ) -- -iU )e-~'I2 | -C$
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Expanding (1-sireCOSO)-/2 into a series with respect t- degrees

sinecosp and limiting ourselves to the first three terms of the

expansion, following term-by-term integration in formula (52), we

arrive at the following expressicn:

(56) A':' i,.(, 7-0,K 1 ,,(0), 0; 2,
4,ia re

wherg

(57) T m ~4(0) -- J (y sin 0)+ .- _1 sin OJ, (-ysin 0) +

(57) 2

+ -3 sin 2 (0) [Jo (y sin 0) - J2 (y sin f)1;
16

T'(0) -- I sin 0 J, (y sin 0)
4

(58) -J.,(ysin0) -- L sin 2 OlJe(y sin 0) - 2Js(ysin 0) + J4 (y sin 0)1.
32

Her J. - Bsssal functicn of the first type cf order n. mcving

to cgmpOnznts ht and As in the %jhcr2.c.- Rstem of coordinatns w,;

obtain

(59) At V, (0)sinw;

Imp -fy.(60) Al aI, (0) ,, , cos,

Ius*pj~r
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where

(61) VV,(0O 2) 74) "(0) -- 1001 V') (0);

(62) 4~(0) K12 VI 21 (f0) + K,11T'*1(0) 1 COS0.

Consequently, the components of the ixiternsity vector of th3

total ilaectrical field in the far zcne i~n tha range 1(1-sine) >1 are

equal to:

(63) Ev-21r ~ in 4p -1

(64) Eq ,= . IV$ (0) +

Thus, tts supplementary problem of excitation cf an ideally

conducting surface with a rcusid cpenirnq by in elementary electrical

vibrator located in the cc-ntret cf th~p opening is completely solved.

Let 'is move on to analysir of ths initial Ezohlqm.

EXCITATION: OF A DISK BY AN ELEMENTARY MAGNETIC VIBRATOR

Thw 3lixtrcmagnatic field created by an olr-mentary migirstic

vibrator (by a slot on one side) located in the center of an ideally

conducting d.-Isk, may ba found ulth th,0 iii of the principle of

-7I
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duality [2] using the obtained sclution. Ir this case in the far zone

in the range ysin9>>1 the Intersizy of the total electrical field E

is determined by the follcving express3.ons:

a) in the urper half space Iz>0):

(65) E, = I11 ms/ -- op jtIS;,(0 2pJ

(,6) 11; -e Y"" -sin (0) 42i 1,

,e 4na3 : - f' O  -21

where a - moment of the vibrator;

b) in the lower half space (z<O):

e-yr i V~211 sin ip

(67) L;-H, "7 I/ ai- -SY (0i).

--i, I y2 m cos 1P
(68) H;

Respectively, in the irea adjacent to axis z (i.e., with

sati3facticn of i.*quality (1-sin9j>>1), th- field in the far zcne

is d-*t4rminrd b7 tt. fo rulds:

a) in the upper half space:
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c-wo. 'm sinr

(69) fr q 9 r 4n- I. 0) 21

(70 = H; 4zna 3a IVO,(0)± j;

b) in the lever half" space:

(71) ~ ~ ~ r E H /:0 ji- V, (0),

(72) W if t'r "' 9 mcn 0)

NUMJERICAL RESULTS

For comparison of the ctteined asymptctic expressions (65)- (72)

with the results of the strict solution ( 1 num.irical calculations

were made for the case when 1=5.

Fig. 2 shows the standardived radiaticn pattern of an Fleamentary

magnetic vibrator located in thi center of an ideally conducting disk

on the upper side of the disk ccrrespcndi.ng to the plants 0=900. The

solid 1hap shcws values a, cf ths component, referred to the adximum

valua of the modtilus k'I*taker from (1] (strict solutior). Th3

dott3d lins shiows analogous values calculatz-d according tc formulas

(65), (61) (71)
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Fig. 3 shcws the standardizid radiatisn pattern in the plane

0=00. The solid line correspcrds tc the strict solution and the

dotted line, to values calculated according to formulas (66), (68),

(70), and (72).

Fig. 4 shows tha standardized radiaticn pattarn of an 6lementary

magnetic vibrator located in the center of an ideally conducting

disk, in the plane 0=900, calculated acco.ding to formulas (65),

(67), (69), and (71) with 1=1C.

Fig. 5 shows the standardized radiation pattern in the plane

0=00, calculated according tc fcrmulas (66), (68), (70), and (72)

with y=10.

Figures 6 and 7 plot analcgcus patterns with 7=15. As the

calculations show, formulas (E5)-(72) cover the entire range of

change of angle e.

The obtainetd scluticn is more precise, the larger the value

y=ka. Hcwiv.r, as the numprical calculation" show, !t satisfactorily

conveys tha character of ridiaticn pattsrns even with such a

relatively small value of I as 1=5.

The obtained soluticr is suitable only when the 2agnetic
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vibrator liss in the disk, ho3wevar, thp employod method makes it

possible to obtain a soluticr alec for the case of a magnetic

vibrator elevated above the disk.

In conclusion the authors wish to thank Professor G. Z.

Ayzenberg and DOCant L. S. KCrOllkevich for discussion of this wcrk

and for valuable advice.
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Fig. 2.
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mat of je9

Fig. 3.
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Fig. 4.
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Fig. 5.
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