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COMPLEX ROOT-FINDING PROGRAM WITH APPLICATION TO THE DISPERSION RELATION
OF WAVES PROPAGATING IN A FLUID-LOADED PLATE

INTRODUCTION

To find complex roots of an equation one often starts from the 'princi-
ple of the argument", which can be stated as follows [1l]:

"Let f(z) be analytic within and on a simple closed contour C,
except possibly for a finite number of poles inside C. If f(z)
does not vanish on C, then

1 A = -
(E;) ¢ arg f(z) Z P (1)

where ic arg f(z) is the total change in the argument of f(z)
around C, going in the counterclockwise direction, Z is the
number of zeros, and P is the number of poles inside C. 1In
counting the number of zeros and poles a zero of order m is
counted m times, and a pole of order n is counted n times."

If it is known that there are no poles of f(z) inside C this theorem is
obviously useful in finding areas of limited extent in the complex plane
where zeros are located. 1In practice problems arise in choosing the step
size sufficiently fine so that no zeros are missed due to the ambiguity in
the argument of a complex variable. This is discussed in reference 2. To
determine the location of the zero more accurately, one might go through a
succession of smaller contours—-or rather use some other approximation
scheme, as for instance the Newton-Raphson method [3].

In this study a different method of root finding is introduced. This
method may be considered as a complex counterpart to a famillar root-
finding technique for real functions. In the real case one looks for
intervals where the value of the function changes sign. By repeatedly sub-
dividing the interval and looking for changes in sign of the function, one
may determine the root to any desired degree of precision. In the present
routine the complex root is approximated by a sequence of squares of dimin-
ishing size, within which the root is known to be located. The basic algo-
rithm is dependent on the fact that in the neighborhood of a zeruv of order
one a complex function can be approximated by

f(z) =C(z - 2), )

where C is a complex constant and Z is the given root. To obtain a first
approximation for the given root one might rely on the principle of the
argument, Eq. (1). It appears more attractive, though, to make use of the
observation that in many practical cases the function £(z) has a specific
structure, Often the function f(z) depends on a parameter r in such a way
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that for r = 0 the function is real and has a real root, which can be found
by a root finder for real roots. An example is the dispersion relation for
straight-crested waves in plates. Without fluid loading the propagation
speed is real. Fluid loading causes an imaginary part to appear, which
corresponds to the pher.omenon of sound radiation into the fluid. The fluid
density features as the parauseter r in this case. By increasing r in steps
from zero to the nominal valve one can follow the march of the root from

the real axis into the complex plane. The step size can always be chosen
small enough such that the approximation, Eq. (2), is sufficiently close.
The root found at a given value for r is the seed for the determination of
the roc: at the next larger value for r. It is clear that in this method
one cannot find those roots that do not have a counterpart in the real case,
as is true for some waves traveling at the interface of a plate and adjacent
fluid. On the other hand, it has the advantage that a given complex root is
identified by its place of origin on the real axis. Thus, there is no dif-
ficulty in establishing the signature of a root. The identification of com-
plex roots from a random set in the plane and the sorting out of those roots
that are organically related can pose a serious problem that is avoided by
the present method.

In the second part of this report a typical application of the root-
finding method is described. The pertinent equation is the dispersion re-
lation of straight-crested waves propagating in a fluid-loaded plate. Both
the dispersion relations following from exact elasticity theory and those
that are based on thick-plate theory are used.

COMPLEX ROOT FINDER: BASIC ALGORITHM
Let F(z,r) be the function, the root(s) of which is to be determined;
r is a parameter such that,for r = 0,F(z,0) is real and has a real root,

Suppose that one has two points z] and z close enough to the root Z of
the function F(z,r) that the linear approximation, Eq. (2), is applicable.

Z>

6
6\

X

Fig. 1. Relacrive location of test pair zj,zp ard root Z

2




One sees in Fig. 1l that the angle 3 = &) - 6, between the vectors from Z
to the point: z) and z,, respectively, in the complex plane is in the first
or second quadr~at when the loop Z*zl+zz is clockwise, and in the third or
fourth quadraut if this loop is counterclockwise. The angle ¢ is deter-
mined by
: : 2 - 2
. ¢ =) arg z, - 7 (3)

Since the sine function is positive in the first and second quadrants and
negative otherwise, it is clear that the location of Z with respect to the
line through z; and z; is determined by the sign of the imaginary part of
(z; - 2)/(zp ~ Z). Another way of interpreting this criterion is to form
the vector product of the complex numbers (zl - Z) and (zp - 2), considered
as two-dimensional vectors, given by (z2 =~ Z)y(z] - Z)y - (22 -Z)y(zl - Z)x.
The algebraic sign of this vector product depends on the orientation of the
loop Z+z|*z;, and also has the same sign as the imaginary part of (z; -Z)/
(z2 -Z). 1If 2} and z, are close to Z the following approximation will be
valid:
z] - 2 C(z; - 2)

Im ———pt
27 - Z C(Zz - Z)

Im

F(zl,r)
F(zz,r)

ne

Im

Im F(z}»r)Re F(z3,r) - Im F(zp,r)Re F(zy,r)

[F(zys0) |

where Re and Im indicate the real and imaginary parts of a complex number.
Therefore, the algebraic sign of the expression in the numerator of the last
part of Eq. (4)

S = Im F(z;,r)Re F(z3,r) - Im F(zp,r)Re F(z],r) (5)

determines the location of the root Z with respect to the test pair z 222,
Using the words horizontal and vertical to indicate the direction of the
real and imaginary axes, respectively, one can describe the core of the
root-finding procedure as follows., From an initial seed z, close to the
desired root a vertical test pair is created, namely two complex numbers
z), 2> with the same real part as the seed but differing by a small step
size Sgs UP and down from the seed. Thus,

Zl = zs+iéo
and

29 = 2g - iéo. (6)
This test pair is moved horizontally by steps §, until the expression S,

indicated here by Sy, of Eq. (5) changes sign. A similar procedure is per-
formed with a horizountal test pair, 23,24, determined by




zy = %(zl+zz) -3

(o]
and
ZA = ‘1(21+22) + \50 (7)

where :, is the given step size and 2;,z5 is the last vertical test pair,
after Sy changed sign. The pertinent quantity Sy is now given by

Sy = Im F(z3,r)Re F(z4,r) - Im F(z4,r)Re F(23,r). (8)

This test pair is moved vertically by steps of the same size until Sy changes
sign. Then the cycle is repeated with step size §; = §5/10, etc. until the
desired precision is reached. The subsequent vertical test pairs are formed
by setting

zy = %(Z3+Z4) - 1§,
and

29 M(z3t+z4) + idq, (9)

where 3p4] = 6n/10, and z3,z4 is the horizontal test pair obtained after Sy
changed sign. The movement of the test pairs according to Egs. (7) and (9)
assures that they are at all times as close to the root Z as possible in view
of the latest approximation.

The initial step size 3, is determined in relation to the change in the
parameter r by a linear approximation of the function F(z,r). At the (i+l)th
step one can set approximately

5F ' 3F
F(zi+1,ri+l) = <;—Z-). Sz +<§*> _‘.r, (10)
1 1

where ir is the step in the parameter r, and this linear expression is used to
determine 5z. The partial derivative (3F/5r)j is approximated by

H

~ F(z;,r;+Ar)
SF - ir*i
( §r>i Ar (b

and the partial derivative (3F/3z); is approximated by

3F _ F(zj+dz,rj)

(3?). N Az : (12)
i

The quantity 1z used to compute this difference quotient is read into the

program, but it is found not to be critical. One may choose it to be, say,

one percent of the nominal value of [Z|. The step size is thus given by

F(zi,ri+3r)$z
F(Zi+AZ,ri)

(13)

This step iz is complex; a real step size 3y is found by taking the maximum
of the real and imaginary parts of 5z. It was observed in practice that
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the step size found in this way is not always adequate. Therefore, a step-
size factor is read into the program. It is routinely set equal to one,
but if the program does not converge rapidly one may enter a different step
size to remedy this.

APPLICATION OF COMPLEX ROOT FINDER TO THE DISPERSION RELATION OF STRAIGHT-
CRESTED WAVES IN A FLUID-LOADED PLATE

Theory of Plane-Crested Waves in a Fluid-Loaded Plate

It is possible to find solutions to the wave equdtions for infinite
plates that are straight-crested waves propagating parallel to the faces of
the plate. When exact linear elasticity theory is applied, these waves are
known as Lamb waves. In this report the development of the theory by
Viktorov [4] is followed. According to the outward appearance of the waves,
one distinguishes antisymmetric and symmetric waves, which corresponds to
different parity of the field variables as a function of the coordinate
perpendicular to the faces of the plate, If the boundary conditions are
the same at both faces of the plate (if the plate is loaded by the same
fluid on both sides), the two wave types may occur separately. If such is
not the case, the two types occur simultaneously.

Since exact elasticity theory leads to considerable complexity for
other than the simplest geometries, approximate plate theories have been
developed, known as thick-plate theories. Thick-plate theory for antisym-
metric waves is described in reference 5, and thick-plate theory for symmet-
ric waves is described in reference 6,

In the present study, the root finder is applied to dispersion relations
from both exact theory and thick-plate theory. Moreover, in each case, one
may select the root that originates in an antisymmetric or in a symmetric
wave for an unloaded plate. Another option is to choose a fluid loaded on
one side, or on both sides with the same fluid. Although strictly speaking
the boundary conditions are not satisfied for the case where a wave of either
antisymmetric or symmetric character is present by itself in a plate loaded
on one side only, one may select these options in the program.

Dispersion Relations From Exact Elasticity Theory

The waves are propagating in a plate of thickness 2d. The symbol ¢
indicates phase speed, k is the wave number, and the subscripts d and s
refer to dilatational waves and shear waves, respectively. For the sake
of generality, it is assumed that waves in the fluid are incident in the
plate. The waves can be most advantageously expressed in terms of the
potentials ¢ and y in the form

? [Ag cosh(qz) + B, sinh(qz)] exp[i(wt-kx)]

and

v [Ds sinh(sz) + C, cosh(sz)] exp[i(.t-kx)] (14)
where x and z are coordinates in the direction of and perpendicular to
the faces of the plate. The phase speed ¢ equals ./k, where . is the angu-

lar frequency, k is the wavenumber, and the symbols q and s are given by




X .
e? =1 - Kk} = K21 - (e/ep?)

and
s = k2 - k2 = K2[1 = (c/eg)?] (15)

where k4 and kg are the dilatational and shear wave numbers, respectively,

kg = ~[0g/(\ #26)1 = k(c/cy)
and

1
kg = w(pg/6)? = k(c/ey), (16)
where \ is the first Lamb constant, G is the shear modulus, and pg is the :
density of the plate material. The subscripts a and s in the amplitudes Ag,
B3, Dg, and C,; refer to the two possible types of Lamb waves, antisymmetric
and symmetric. The displacement components u and w are derived from the

potentials by 1

) i
= 2¥ _ 2y
u X R¥A
and
T L)
W=+ =T (17) |

The amplitudes are related through the boundary conditions, which are
the values for the normal and shear stresses applied at the two faces of the
plate. These stresses are found in terms of the amplitudes by means of the
following equation

Iy = ‘e + 2Gex
~ = IO~
Sz e + _GLZ
|
Szx = Gegzx . (18)

The elements of the strain tensor are given in terms of the displacement
vector of a particle with components u, v, w by

. _ 3u
;X_?;
oW
2=y f
w Jju
B —— —
Zax Ix + T (19)

This leads to the following expressions for the stresses, using Eqs. (1l4)
and (17)(the factor exp[i(.t-kx)] is suppressed) !




J, = G[As(k2 + sz)cosh(qz) + Ba(k2 + 32) sinh(qz)

- C, 2iks sinh(sz) - Dg 2iks cosh(sz)] (20)
T, = =G[Ag 2ikq sinh(qz} + B, 2ikq cosh(qz)
+C (k2 +52)cosh(sz) + Ds(k2 +sz)sinh(sz)], (21)

The applied stresses for a plate in vacuum are zero. In that case the anti-
svimetric and symmetric waves independently satisfy the zero boundary condi-
tions, and thus

[}
(@

B, (k> +s2) sinh(qd) - C, 2iks sinh(sd)

Ba 2ikq cosh(qd) + Ca(k2 + sz)cosh(sd)

#
o

A (k2 + sz)cosh(qd) - Dy 2iks cosh(sd) = 0

and " 5
A, 2ikq sinh(qd) + Ds(k“ + s)sinh(sd) = 0. (22)

By eliminatjon of the amplitudes from these equations, one arrives at the
dispersion relations

(k2 +s2)2 sinh(qd)cosh(sd) - 4k>qs cosh(qd)sinh(sd) = O (23)
for antisymmetric waves, and
(k2 +s2)2cosh(qd)sinh(sd) - 4k2gs sinh(qd)cosh(sd) = 0 (24)

for symmetric waves. At large values of kd both dispersion relationships
approach the same relation,

2 2 2.2
4k7qs - (kT + 7)) =0, (25)

which is the dispersion relation for Rayleigh waves defined as waves at
the surface of a semi-infinite solid.

The space dependence of the (partial) pressures in the fluids is given
by the following expressions. For the pressure p; of the incident wave,

p; = Pj expl-ikg(x sinc - zcosc)]. (26)

where k, is the wave number of the wave in the fluid. For the pressure py of
the reflected wave,

Pp = Pr exp[—iko(x sing + zcos3d)]. 27)
For the pressure Pp of the transmitted wave,
P, = P, exp{-ik'(x sing' - zcosz")], (28)

where k' is the wave number of the transmitted wave.

-
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The angles 7 and 5' are the angles of the incident and transmitted rays with
the normal to the face of the plate, respectively. The total pressure in
the fluid at the surface of the plate on the side of the incident wave is

p(z = d) = p; +p, = (Py + Plexp(-ikx), (29)

where P, = P; exp(ik,d cos?) and P = P, exp(-ik,d cos~). The pressure at

the surface of the plate on the opposite side is

p(z = -d) = P'exp(-ikx), (30)
where P' = P, exp (-ik'd cos3'). Here the coincidence condition is used,
namely

k = k sino = X'sine'. (31

The following boundary conditions [Egs. (32) through (38)] are applicable
to the problem of wave propagation in a fluid-loaded plate. At the side
of the incoming wave, where z = d, one has continuity of the normal stress

-, and the shear stress c,, = Thus, combining Eq. (20) with Eq. (29),

and using Eq. (21), one has
G[Ag (k*+s2)cosh(qd) + By (k2+s2)sinh(qd)
-~ C; 2iks sinh(sd) - Dy 2iks cosh(sd)] = - (Py + P) (32)
and
AS 2ikq sinh{(qd) + Ba 2ikqg cosh(qd)

+ Ca (k2+s2)cosh(sd) + Ds (k2+sZ)sinh(sd) = 0. (33)

Iin a similar fashion, one has two conditions for the stress at the opposite
face, where z = -d,by combining Eq. (20) with Eq. (30), and using Eq. (21)

G{Ag (k2+s2)cosh(qd) - B, (k2+s2)sinh(qd)
+ C5 2iks sinh(sd) - Dg 2iks cosh(sd)] = - P' (34)
and
- Ag 2ikq sinh(qd) + B, 2ikq cosh(qd)

+C, (k2+s2)cosh(sd) - D, (k2+s?)sinh(sd) = 0. (35)

Also, at the interfaces, the component of the particle velocity in the
s0lid in the z direction has to equal that in the fluid. This leads to the
relation between pressure gradient in the fluid and particle acceleration
in the solid at a boundary. 1In general, one has




!
1

N »‘2 -2
- AR L2 eid) = 22 (solid), (36)
S T 2 2

where o, is the density of the fluid. This gives for z = d

- Azq Ag sinh(qd) - 2 B, q cosh(qd) + ik C, cosh(sd)

Zp sinh(sd) = - ik(cot8) (P5~P)/p,, 3n

+ ik. s

and for z -d

2

5
Azq AS sinh(qd) - .%q Ba cosh(qd) + .%ik Ca cosh(sd)

- ik.? D, sinh(sd) = - ik(cot8')P'/p,. (38)

The set of boundary conditions can be advantageously represented in the
form of a matrix of the coefficients, given in Table I. The rows are
indicated by the numbers of the equations, and the columns are marked by
the corresponding dimensionless amplitudes for the displacements and pres-
sures. The density -, applies to the fluid on the insonified side, c' is
tge density of the fluid on the other side of the plate. The relation

cg = G/;s has been used to arrive at the given form of the matrix. Since
the usual FORTRAN library routine for complex numbers carries only circular
functions, a transformation is made whereby s = is' and q = iq'. Then

the hyperbolic functions are transformed into circular functions. The

result is shown in Table II.

To find the dispersion relation for free waves in a plate loaded by
fluid on one side only, one omits from the matrix the sixth row and the
fifth and seventh columns and sets the determinant value of the remaining
matrix equal to zero. The dispersion relation for waves in a plate loaded
on one side is given by

ilgig + (po/ps)q'd(ksd)4{dasin(q'd)sin(s'd)-Ascos(q’d)cos(s’d)]
/{2(kd)cots], (39)

If one indicates the matrix elements of Table IIbyv T the symbols .. ,1g
are defined by 5, = Wm0y, ~ Wyplhys and dg = Mga@,, = @y,my 4.

The dispersion relation for a plate loaded on both sides by the same
fluid is obtained by omitting column five from the matrix and setting the
determinant value of the remaining matrix equal to zero. The density '
is replaced by 0,5 and 3' = 8. This determinant can be factored in two
parts, corresponding to antisymmetric waves and symmetric waves. The two
dispersion relations are

1325 ~ (Po/ng)q'd(ked)*Agcos(q d)cos (s d) /[ (kd)cotd] = O (40)

for antisymmetric waves, and

~v4---ll----uuazu:--.............,!,,.E,.__._________iza.‘




Table I. Matrix of coefficients of equations describing wave propagation
in fluid-loaded plate in terms of hyperbolic functions.
Exact elasticity theory,

T{eld variables -~

3 /4 Co/d- N d- ! Pl g / sy Pt
R 2’4 v d n,'d P e Y R e ('3
£32) (x-+s)d-sinh(qd) -ltksd-sinh(sd) (% +s V3 coshiqd)  =likedcoshisd) . S 3
S b S
(33) 2ikgd-cosh(qd) (k“+#s-)d-coshisd) Jikqd: sinh(gd) “xr+so1de sinh(sd) ) )
Y34 \—(k:*s:)d;sinh(qd) 2iksd“sinhtsd) fk *s-)i-coshigqd) <-liksd-cos.(sd) n Bl BV
S
735 -likqicosniqdd ~1k~+571d coshrsd) 2ikqd-sinhiqd) {x-+s-)d-sinh{sd) a b n
&i
3
- , . . ~ikd cutw ikd cot: !
37 1d coshiqd) -ikd « sd) ! siny - S EC_CotY - )
3 ¢ coshiq i oshys 3¢ sinhiqd) ‘ ikd sinh(sd) Ckgd) Tkgd - '
3 < . . ‘ . ikd cnp !
P38 qd coshigd) ~ikd coshisd) -nd sinhiqd) {kd sinh{sd) N ) Ty

(kg

Tahle I1. Matrix of coefficients of equations describing wave propagation
in fluid-loaded plate in terms of circular functions.
Exact elasticity theory.

Field variasbles—~

i8,/d? Cy/d? Ag/d? 1D /d* o/ (058 %) Pr(ageg™) PR cg)
T ! T } -
(30 {(k*=3")d%sin(q'd) | 2iks'd sin(s'd) (k°-s'‘)d’cos(q'd)|-21ks'd cas(s'd) AN Solte 3 ! k
L ;
ﬂ et cancard : C vrs t
(3 | -2ikq'd<cos(q'd) ~(k*-s'*)d*cos(s'dH21kq'd sin{q'd) |-(k*-s’?)1d?sin(s"d) 0 0 0 )
[ t
- —
| '1
(34 |-(x%=8'?)d?s1n(q"d) |~2iks'd?sin(s'd) hky%ﬁmufn 2iks'dcos(s'd) L) 9 2e i
I
| ] ' ;
(3%) | +21kq'd%cos(q'd)  HKki-s'dZcos(s'd) +21kq*d%sin(q'd) |-(k -s'2)dsin(s'd) 0 n n ;
f ' . . ' ' - ' _ lkdcog) fkd cotsd)
37N q'd cos(q'd) ikd cos(s'd) -q'd sin(q'd) ikd sin(s'd) —z-k??r W 0
’ ’ ' ] ' y ‘ 1kd cota’
(38) | q'd cos(q'd) ~ikd cos(s'd) q'd sin(q'd) tkd 3in(s’'d) s} M) - 'Tk-—ﬂ’_‘
l s
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1igdg + (Pg/0g)q'd(kgd)*A s1n(q d)sin(s'd) /[ (kd)cotd] = 0 (41)

for svmmetric waves. In a strict sense it is not possible to have the
two wave types separately in a plate loaded on one side only, since the
boundary conditions are not satisfied in that case. For comparison, one
might still force the situation by altogether leaving out rows and columns
belonging to one wave type or the other. That way two more dispersion
relations are found for a plate loaded by a fluid on one side, namely

13,3, = (po/pg)q"d(kyd)*a cos(q'd)cos(s'd)/[2(kd)cosd) = O (42)

for antisymmetric waves only, and

iiz26 + (pO/ps)q'd(de)4 Azsin(q'd)sin(s'd)/[2(kd)cos8] = O (43)
for symmetric waves only,
Dispersion Relations From Thick~Plate Theory

The description of thick-plate theory for straight-crested waves in
fluid-loaded plates is given in references 6 and 7. The matrix of the coef-
ficients of the equations of motion and boundary conditions is given in
Table III. The symbol y indicates the phase speed ¢ of the waves divided
by the shear wave speed c¢g. The subscripts p and d indicate extensional
and dilatational waves, respectively. The correction factor for the ef-
fective shear modulus is k] for flexural waves and ¢, for extensional waves.
U is the average displacement in the z direction in extensional waves, W
is the average displacement in the x direction in flexural waves, x is the
average strain in the z direction in extensional waves, and ¢, is the
average angle of rotation of a cross section in flexural waves.

The various possibilities of fluid loading are parallel to those in
exact elasticity theory. The dispersion relation for a plate loaded by
a fluid on one side is obtained from the matrix in Table III by omitting
columns 5 and 7 and row 6. The determinant value of the resulting matrix
is equated to zero resulting in

i3ag - %Y3(ksd)(oo/os)(A; ny3 + 44 nyp)/cots = 0. (44)
The matrix elements are indicated by nj;, and further L; = 0y 0gy) = O1a0yy,
and ;é = n33n,4 - N34043. Again, it is not theoretically possible to~ ~

satisfy the boundary conditions for a plate loaded by a fluid on one

side by antisymmetric wave or antisymmetric waves separately. For compari-
son, one might force the issue by just leaving out the pertinent lines from
the matrix. This leads to the following dispersion relations. For anti-
symmetric waves, fluid on one side only one has

i, - %Y3(ksd)(po/ps) ny,/cotd = 0, (43)
and for symmetric waves, fluid on one side only has

137 = 3 (kgd) (2 /0 g) nyg/cotd = 0. (46)
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Table III ~ Matrix of coefficients of equations describing
wave propagation by fluid-loaded plate in
thick-plate theory

Field variables -

2 w/d v/d % P /(oes?) /(5849 P'/(sgcq")
t

1 o2
S(k-d)h(‘l-" N

. R i(kd)-cl‘ 0 0 0 0 0
.'P‘)_(}.‘.

| Gl
s e n - - L XY - -
1(kd)<: e iy 0 c UO/Z,S Oo/"s aalz,s
1
0 0 (d) “(yg==v2) | 1) (v, 2-2) 0 0 0

FHa) 20,29

2_ L) A 2
0 0 -i(kd)(*rcI 2) ., pol-cs co/ g Pollpg
+ v,
d
~ b a2 z - ’
0 y<(kd) < 0 y<{kd) < =i(kd)cot? 1(kd)cot= 0 :
!
0 v2(kd) * 0 -v2(kd) ? 0 ) ~1(kd) (2 /o"Ycots"

If the wave is loaded by the same fluid on both sides, the corresponding
matrix is found from Table III by omitting column 5 and setting o _ = 5>' and
2 = 3', Then the determinant value of the matrix can be split in two fac-
tors for antisymmetric and symmetric waves separately--with the dispersion
relations, for antisymmetric waves

4, - ‘(3(ksd) (p,/pglny /cotd = 0, (47)
and for symmetric waves

13 - y3(kyd) (o, /pgIngg/cote = 0, (48)

Discussion of Results

In this section results are discussed of the application of the root f
finder to wave propagation in plates. Only those complex roots are given
that originate in zero order antisyvmmetric and symmetric Lamb waves in an |




unloaded plate. The case of steel was chosen, with Poisson's ratio equal

to 0.3028, a shear wave speed cg = 3264 m/s, and water of 4°C temperature
for which cy = 1447 m/s. The value of the Rayleigh wave speed relative

to the shear wave speed in steel is 0.9278, and this was chosen as the

value of the correction factor for the effective shear modulus in the thick-
plate computations. The results for the various options are shown in

Tables IV through VII. The results of the change in the real part of the
relative wave speed Rey are not overly significant., First, the variation
with frequency is partly due to the lack of accuracy of the real seed used
in the program; thus no trends are visible. Secondly, the fractional change
in Rey is very small. More important is the behavior of the imaginary part
of y. Two aspects of the results will be discussed: in the first place,
just how noticeable is the effect of the presence of two wave types, sym-
metric and antisymmetric; and in the second place, how close are the ap-
proximations of the thick-plate theory to the results of exact elasticity
theory?

In Figs. 2 and 3 a comparison is made between the results from exact
elasticity theory for a plate loaded on one side by a fluid. 1In Fig. 2 the
complex root originates in an antisymmetric wave in an unloaded plate. 1In
Fig. 3 it derives from a symmetric wave in an unloaded plate. In both
cases, Curve #l represents the result of admitting both antisymmetric and
symmetric waves to propagate in the plate. This is the correct way of
satisfying the boundary conditions on each side of the plate. If one leaves
out the second type of wave, the symmetric one in Fig. 1 and the antisym-
metric one in Fig. 2, Curves #2 are obtained. The curves show that admit-
ting both types of waves instead of only one gives a very small difference
at lower values of the dimensionless wave number kd, but the difference
becomes quite pronounced at higher values of kd, above kd = 6. At this
value of kd, the wavelength is of the order of the thickness of the plate.
The comparison of exact theory with thick-plate theory in Figs. 4 and 5
shows a corresponding behavior:the thick-plate theory gives results reason-
ably close to exact-plate theory, except in the region where the exact theory
starts to display the influencz of the complementary wave type, around
kd = 6 or 7. Thus, even where the thick~plate theory admits both types
of waves to take part in the propagation, it is not able to correctly pre-
dict the strong reduction in attenuation that occurs at higher values of

kd according to the more reliable exact theory. In thick~plate theory there
is very little change in y when both types of waves are admitted as compared
with one type only.
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Table IV. Roots of dispersion relation in thick-plate theory corresponding to
antisymmetric waves in unloaded plate.
LOADED PLATE
UNLOADED
A PLATE A+S, loaded one side A only, loaded one sidef A onlv, loaded both sides
kd Y kgd Re(ay) Im(ay) Re(ay) Im( vy) Re(2v) Im( )
0.7 [0.5322 | 0.37254 |3.04x10"" |2.0767x10=%] 1.69x10=* |2.0775<10~% | 1.72x10"* l4.0452x10"°
+3x10-6 =3x10-6 +3x10-6 =3x10-8 +7x10-% 27%10=°
1.1 0.6758 | 0.74338 | -7.9x10-5 1.0965x10-* 1.83x10-* |1,0964x10=% | -7,25x10-%|2,1885:10="
=2x10-8 +3x10-6 £3x10~6 +3x10-% £5x10=8 +5x10-¢

1.5 0.7575 | 1.13625 | 1,9x1075 [8.243x107° | -9.1x107° [8,233x107*} -3.79%10-* | 1,6456x10-°
+1+10-8 =1x10-6 +1x10-6 s1x10-8 +3x10-8 +3x10-8

2.5 0.86496 [ 2.12400 | 1,18x10=* | 5.472x1Q~? 1.2x1073 5.473x107° 1.26-10=% | 1,0946x102
=110 +1x10-8 +1x10-8 +1x10-8 =3x10-6 +3x10=5

4.5 | 0.9005 | 4.,05135 | 1.568x10=*]3.3481x10=3| 9,00x10=% |[3,3512x10=% | 3.5x107% |6.699x 107*

=6x10~7 +6x10~7 +2x10=7 +2x10=" =3x10=6 £3a=0
5.5 10,9182 | 5.94230 | 1,07~10"% | 2.392x107% | ~4.02x10-5 | 2,3979x10~% | -6.9x107° |4.795x107"
+1x10~6 s1x10~6 £1x10-7 £1%10-" £1+10-% 21x10-°
8.5 | 0.9197 | 7.81745 | 1.611<10=%| 1.8515x10~'{ S.1x10=5 |1,86x107} -8,1x10=6 | 3.722%10"°
£5x1077 £5%x10~7 +2x10~7 +2%10” 22410 $2%107
-
10.1 | 0.9220 | 9.31220 | 1.893x10-%|1.5651x10=3| 3,23x10=5 |1,5750x10=7 | 12,2410-% |3,1501:10-"
£5%1077 £5%10=7 £2<10~7 £2x10=" +6x10=" +6x10-
Steel, v = 0.3028 Water, co = 1447 m/9

cg = 3264 m/s

YR in steel = 0.9278




Table V.

Roots of dispersion relation in exact elasticity theory corresponding

to antisymmetric waves in unloaded plate.

UNLOADPED PLATE

LOADED PLATE

A+S, loaded one side

A only, loaded one side

A onlv, loaded “oth sides|

kd ¥ kgd Re(4y) Im(Ay) Re(iY) Im(4y) Re(ly) Im("y)

0.7 0.5338 | 0.37366 | 4,28%10~" 11,8792x10"2| -5,906x10"3| 1,8761x107% | -6,03x10" | 3,672x10"2
+1x10-6 £1x10=8 +1x10-6 +1<10=% £1x10-3

1.1 0.6801 | 0.74811 a.ssx19°5 9.3676x10-3| -9.8x30"° 9.3676x10-3 | ~3,41x10"" | 1.8709x10-1
+5x10™ £5x10~7 £5%x10~7 £5x10~7 =1x10-% *1x10-%

1.5 | 0.7643 | 1.14645 | 9.16x10~° | 6.8507¥10=3| -2.04x10"° | 6,8519%10-" | 1.084x10~* |1,3698%10-2
+4x10=7 +4x10-7 =4 <107 +4x10~7 «1x10-7 =1<10-"

2.5 | 0.8601 | 2,15050 | 3.391<107* |4.7823x10~%| 1.582x10™" |4.7899x10-3 ! 2.432<10=° | 9,5788x10-"
=3x10=" +3x10-7 +3x10=7 +3x10~7 +5<10=-7 £5x10="

4.5 | 0.9122 | 4.10490 | 7.486%107" | 4.0471x10-3| 1,198x107" | 4.1106x10=3 | 3,256x10-" |8,2174x10-7
£3x10-7 +3x10~7 +2x10=" «2x10~7 +5x10=" £5x10-"

6.5 0.9260 | 6,00600 | 3.29x107? 2,56x107? 8.7082x107% | 4,2833x10"% | 3.522%107* | 8,564x107°
+2x1073 22x10=3 £9x10-7 =9x10~7 +2x10-8 £2%10=°

8.5 | 0.9269 | 7.87865 [ 9.51x10™* | 9,8x107° 1.26x107% | 4,474x107% | 4,02x10~* | 8.951x107°
+2%x10™® £2x10-6 +2%1078 +2+10-6 +2%10-6 =2x10-%

10.1 | 0.9267 | 9.36876 | 1.1495x10-3  8,85x107¢ 9.57x10™% [ 4,549x107% | 1,222107% | 9,102x107}
4x10-3 4x10-8 =1<10-6 +1x10-6 +2x10~5 =2<10-%

Steel, v

= 0,3028

cg = 3264 u/s

Water, c, = 1447 m/s

R

in steel = 0,9278

.




Table VI.

Complex roots of dispersion relation in thick-plate theory
corresponding to symmetric waves in unloaded plate.

UNLOADED PLATE

LOADED PLATE

A+S, loaded one side

S onlv, loaded one side

S only, loaded both side

kd Y kgd Re(Ay) Im(Ay) Re(4y) Im(3y) Re(av) Im(5y)
0.5 1.6841 | 0.84205 | -8.321x1075|1.5173x10"3 | -3.016x10~5 | 1.5183x10"3 5.25<107% §13.0361-10"3
£7x10~8 +7x10-8 +4x10-8 +4x10~8 +7x10~8 +7x10-8
0,9 1.6601 | 1.,49409 | ~6.44x10-% 3.3652x10-3  2,3x10-¢ 1,3447+10-3 1.532x10=" | 6.6848x10~1
£2x10"7 +2x10-7 +2x10-7 +2x10=" +2x10~7 £2x10-7
1.3 !1.6158 | 2,100564 4.29x10-% | 6.5198x10"3 1.389x107" | 6,5766x10"3 5.915%10~" | 1.3014x10"2
=2x10=7 £2x10=7 +2x10-7 £2x10~7 +3x10-7 (£3x10-7)
1.7 1.5465 | 2.62905 1.113x10~% [ 1,1727%10~2 2.614%x10=* | 1,1718<10-7 1.2672x10~% 2.3396x10~2
£6%x10~7 (£6x10~7) +6x1077 (26x10”7) +4x1077 (£4x1077)
2.5 | 1.3698 | 3,42450 | -3.288x10"" [ 2,0723x1072 [ -5.94x107° |2.0714x10"? | 5,346x107° {4,1532x10~2
=5%1077 (£5%x10~7) £3x10~7 £3x10~7 +7x10~7 (£7x10""
4.5 1.1106 | 4.99770 | -7.476x10=% | 1.3502x10-2 | -5.10x19~4 |1,35x10-2 -1.0257x10~% 2.6992<10~2
=2x10=7 (+2x10"7 £3x10"7 (£3x10~7) 27<10"7 (£7%10=7)
6.9 1.0126 | 6,98556 | -5.778x10-% {7,9489x10-7 | -~3.822x107* | 7,9425<107° [ 6.043x107" {1,588x107"
£2x10~7 +2x10~7 £2%10~7 +2x10=7 +4x10=7 (26x10=7)
8.1 | 0.9904 | 8.02224 | -5.886x107" | 6.5758x10-3| 4,027x10~* | 6,568%107° 5.593x10=° | 1.3133x10~°
(£6x10~%) (£6x10-3) +1x10~7 (+1x10-=7) 23x10-" (£3x10-7)
9.7 0.9722 |} 9.43036 | ~5,785x10~* } 5.3539x10=3| 4,002x10-* | 5.3439x10=? | 5,068x10-" | 1.0687x10-*
£1<10~7 +1x10™7 +3x10~7 £3x10=7 =3x10"7 (£3x10™7)
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Table VII.

corresponding to symmetric waves in unloaded plate.

Complex roots of dispersion relation in exact elasticity theory

T'™NLOADED PLATE

LOADFED PLATE

A+S, loaded one side

S uvnly, loaded one side

S only, loaded both sx’de’]

kd ' kod Re(Jv) Im(4av) Re(3y) Im(&y) Re(y) Im()
2.5 | 1.6626 { 083130 | 1.6869x1077 [1,5772x10™% | 1,6918%1077 [ 1.579x10-° | 1,696x107" |3,17+107°
(=1<1077) +1210 (£1~107%) (:1<107%) s1¥10-° +1+107°
0.9 [1.5932 [1.43388 |4.06866107 |3.9029x10-2 | 4.6916x10 7 |3,905%107% 1 4,7102x10-2 | 7,974<10-1
(:2x1077) 22x1077 +7x10-% +7-10-° =7x1076 27x10-¢
1.3 }1.4%60 .} 1.87980 |1.1758x107% $8,7964:1077 | 1,176x107% ]8.794x107° [1,1835x107! 11.756-107°
(:8x1077) | (£8x10") (<6x10-8) | z6x107% 26x10-5 26x10"5
1.7 11,2750 | 2.16750 | 1.7232x107% [ 1.703x107% | 1,7233x107! 11.701107% | 1.7394x10"} ! 3.409x10-°
(£6x10=3) ! +6x10-3 +6x10=3 +6x10-5 £h¥10~ 3 +hx10=°
2.5 11.1507 | 2.87675 | -7.5078:10-%1.2996x1072 | -7.493x107¢ }1.295~107% | -7,513x1072 | 2,598x10"7
+5x107® +5x10~"° +5x10-3 £5x1073 +5x1073 +5x1073
4.5 ] 0.9485 | 4.26825 | 3.9664x107% }6,479x10"% | 4,53x10"% |6.41x107° 4.62x107%  1.28x10"2
£6x10-8 z6x10=° 27x10-5 27x10=3 £5x10-% £5x10=5
6.9 | 0.9367 | 6.42183 | =8,92x1077 | 1,141x107° | 25.4310"% |4,98x107° -5.24x10"7 | 9,98x10"?
+2x10-8 +2%10~% £2x10-5 £2x10=5 £2x10-5 +2x10=3
8.1 | 0.9290 | 7.52490 | -1.1501<10-%1.743x107" | 2,3x107" 4.79x107° 4.5x107* 9.57x107?
£3x10-7 +3x10-7 +2x19-3 £2x10~53 £1x10~5 £1x10-°
9.7 | 0.9282 | 9.00354 | -3.50x10% |1.6x10=° 1.16x10=* | 4.671~10=% }3.58x107* | 9.344x10-?
=2x1076 +2x10-° 19x10-° 29x10~8 21108 +2%10=8
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Curve #1 - Antisymmetric and symmetric wave
occurring simultaneously.

Curve #2 - Antisymmetric wave only.

Imaginary part of relative phase speed y as a function
of the dimensionless wave number kd, corresponding to

antisymmetric root of the unloaded case. Exact
elasticity theory.

e




Im(y)—

o~ T T —T — 1 T T T — <1
1072 .
1073 _
|
‘i
1074 | 4
1073 4
\
1078 i
‘0'7 L I | 1 I 1 ] 1 1
! 2 3 4 5 6 7 8 9 10
kd —
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occurring simultaneocusly.
Curve #2 - Symmetric wave only.
Fig. 3. Imaginary part of relative wave speed Y as a function

of dimensionless wave number kd, corresponding to
symmetric root of the unloaded case.
Exact elasticity theory.
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Comparison of imaginary part of relative phase speed

as a function of dimensionless wave number kd for
exact elasticity theory (Curve #1) and thick-plate
theory (Curve #2), for root corresponding to
antisymmetric root in unloaded case.
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Comparison of imaginary part of relative phase
speed as a function of dimensionless wave
number kd, for exact elasticity theory (Curve #1)
and thick-plate theory (Curve #2), for root
corresponding to symmetric root in unloaded case.




APPENDIX A

DESCRIPTION OF ROOT-FINDING PROGRAM

The principle of the complex root finder described in this report is
general, but the specific form of the program is adapted to the problem of
finding roots of the dispersion relation of straight-crested waves in a
fluid-loaded plate. The development of the dispersion relation for such
waves is given in the Application section of this report. Flow diagram,
list of symbols, source listing, and examples are attached as Appendices B,
C, D, and E, respectively.

First the material parameters are entered into the program: POI,
Poisson's ratio of the plate material; COCS, the ratio of the sound speed
in the fluid to the shear wave speed in the plate; and RHM, the ratio of
the fluid density to the density of the plate material. Next, the complex
correction factor (AKAR, AKAI) for the effective shear modulus in thick-
plate theory is entered, with the (uncritical) value of the step in z, DELZ,
used to approximate the derivative 3f/3z (see Complex Root-Finder Program
section). Then the frequency is entered in the form of the dimensionless
wave number kg d (AKSD) for shear waves in the plate, with the corresponding
dimensionless propagation speed for an unloaded plate, ZNOT, which should be
computed by a program for finding real roots [8]. On the same line, a maxi-
mum number of iterations are entered, which serves to provide an exit from
the program in case it fails to converge. Three control-type variables are
entered next: ANR, the number of steps in which the approach from zero
density to full density is performed; TOL, the number for the relative ac-
curacy of the final result; and the multiplication factor FSTEP, for the
step size in the movement of the test pairs (see Complex Root-Finder Pro-
gram section). The option number BID chooses from various options, concern-
ing exact theory or thick-plate theory and antisymmetric cr symmetric waves
and fluid-loading on one side or both sides. The listing of these options
is given in Appendix B.

The computations and loops follow closely the discussion of the main
algorithm in the Complex Root-Finder Program section. If the program fails
to converge, a statement is printed out which indicates an exit left or
right or up or down, depending on the direction of motion of the pertinent
test pair. The name SIGN refers to the quantity, the algebraic sign of which
is the criterion for the location of the root with respect to the test pair.
If SIGN is equal to zero, a message to that extent is printed and the program
transfers to the end where a return option number is to be entered.

The accuracy of the final answer is determined by the comparison of the
larger of the relative errors in the real and imaginary parts of the change
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in relative wave speed to the number TCL entered in the program. For everw
step in the density, an intermediate value of the complex wave speed is
printed out. A dimensionless attenuatica fac:zor -(x2d) is computed and
printed out that is computed according tc

(ksd)‘(')
-(kpd) = —~——=5 . (Al
< T+ 13
where 1,2 refer to the real and imaginary parts of a complex number, xg is
the wave number for shear waves, 2d the thickness of the plate, ¥} and y?
are the real and imaginary parts of the dimensionless propagation speed 1
© = c¢/cg, ¢ is the propagation speed, and Ccg is the speed of shear waves in
the plate. At the end of the program, a return option number is requested |
that returns the program to any of the five lines where input data are
enctered. Typing in zero for the option number results in an exit from the
program.

Special caution is due in the use of a complex square-root routine, L
since the square root is a double-vaiued function. It occurs several tixzes '
in the program: first in computation of the quantities q' and s', defired bv
q'? =g - k%, and s'2 = k§ - k2 [compare Egs. (14) and (15)]. The
two possible roots difrfer by a factor of -1, of course. The structure cf
the dispersion determinant is such that the change from one root to the other
introduces a factor of -l into the determinant value, and thus does not affecs
the location of zeros of the determinant. The program converges properly as
long as one stays with one branch of the function and does not jump from one
branch to the other. The FORTRAN subroutine selects always the square root
that has a positive real part; if the real part is zero, it selects the
pesitive purely imaginary root. This amounts to a branch cut along the
negative real axis in the complex plane of the argument of the function, and
this prevented convergence of the program in some cases. The problem was
remedied by the following method. If the numerical value for q'? or s'2 has
a negative real part, it is multiplied by -l before the square root is taken.
The result is then multiplied by -i. This is equivalent to moving the
branch cut from the negative real axis to the positive real axis. This
should solve the problem in all cases where the root is not close to the
origin, as compared with the chosen stepsize.

In tne second place the square-root routine appears in the caiculaticn
of cot:z, where 5 is the angle with the normal to the plate or the radiat;on . f
emizted into the fluid. It is calculated by the equation cots = [(c/eg)=~1]7, W
which Zollows from the coincidence condition between the waves in the plate
and in the fluid. Since the imaginary part of the phase speed ¢ is always i
small ccmpared with the real part, there is no problem in this case with the |
bSranch cut of the subrecutine, as long as ¢ is larger than ¢, and not very
close td ¢y.  If c<ey, cne has the situation where there is no radiation Into
the fluid; zhe factor [(c/cy)--1]" is purely imaginary, and the roor Iinder
1S 10t aple Lo operacte, ’Ihereﬁore the program checks Icr the algeprailc si
> the expression (c/¢,)~-1 in the beginning, when ¢ h3s still the valiue ©

-
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>
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the phase speed for an unloaded plate. If this is negative, the program
prints a statement that no radiation into the fluid is possible and moves
to the request for a new return option number.
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APPENDIX B

FLOW DIAGRAM RO819 MAIN PROGRAM

' RUN RO819 ’

COMPUTE
GAMP, GAMD,
AKFD, AI,

RHO = 0

!

COMPUTE
STEPSIZE DEL

e



SET VERTICAL
TEST PAIR,
71, 22

MOVE
VERTICAL
TEST PAIR

FH2 = -1 FH2 = +1

KL = KL+1 KR = KR+l

PRINT PRINT
EXIT LEFT” “EXIT RIGHT"

28




HORIZONTAL
TEST PAIR
23, 14

Fvl = -1 FVl = +1
“UP-DOWN
SIGN IS
ZERO"
— -
: Y
MOVE
HORIZONTAL
TEST PAIR
Fve = -1 FV2 = +1
KDOWN = KUP =
KDOWN +1

! KAM-KuP

"PRINT
EXIT
DOWN"

"PRINT
EXIT
ue"

29




DEL = DEL/10
CALCULATE
VERTICAL
TEST PAIR 71,272

REL.
ERROR
- TOL

Fvl * Fv2

——

CALCULATE
REGA, AMGA

!

PRINT RHO,
REGA, AMGA,
ERROR

PRINT
DIM. LESS
ATTEN.
FACTOR

39

SET NEW ZVAR
AND NEW RHO

- A et .




READ
NUMBER K




FLOW DIAGRAM FUNCTION SUBPROGRAM DS

CALLED
BY RO819

DS = DSP DS = DSP2

RETURN
TO RO819




FLOW DIAGRAM FUNCTION SUBPROGRAM DSP
CALLED
BY DS

BID = ID = |

Y [re=2] [rean

R —

COMPUTE DSP
FOR VARIQUS
BID

Shanteh

RETURN
T0 0S




—_—

FLOW DIAGRAM FUNCTION SUBPROGRAM DSP2

CALLED
BY DS

SET FF
DEPENDING
ON BID

* L
COMPUTE DSP2
FOR GIVEN BID

RETURN
T0 DS




Al

AKAI

AKSD

ANR = NR

AMGA

AMI

ATF

BID

KAM

ID

APPENDIX C

LISTING OF MAJOR SYMBOLS IN FORTRAN PROGRAM

i, imaginary unit

K, complex correction factor for shear modulus

Real part of K

Imaginary part of K

kod, dimensionless wave number in fluid

ksd’ dimensionless wave number for shear waves in plate
Number of steps to reach nominal density RHM

Imaginary part of wave speed Y

Number of iterations allowed in loop

-k,d, where k, = Im(k), dimensionless attenuation factor

2

Number of required option

1: Thick-piate theory, antisymmetric and symmetric waves,
fluid on one side.
2: Thick-plate theory, antisymmetric wave only, fluid
on one side.
3: Thick-plate theory, antisymmetric wave only, same
fluid on both sides.
42 Thick-plate theory, symmetric wave only, fluid on
one side.
5: Thick-plate theory, symmetric wave only, same fluid
on both sides.
6: Exact theory, antisymmetric and symmetric waves,
fluid on one side.
7: Exact theory, antisymmetric wave only, fluid on one side.
8: Exact theory, antisymmetric wave only, same fluid

on both sides.
9: Exact theory, symmetric wave only, fluid on one side.

10: Exact theory, symmetric wave only, same fluid on
both sides.
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cocs

DS(2)
DSP(2Z)
DSP2(2)
DFDZ
DEL
DELZ
DELP
DELH, DELV
DZ

F

FF
Fl,F2,
F3,F4

FV1,FV2,
FH1,FH2

FSTEP
GAMD

GAMP

ID

IDSP, 1IBD

K

co/cs, propagation speed in fluid relative to shear wave
speed in plate.

Function subprogram calling DSP(Z) or DSP2(Z).
Function subprogram for dispersion relation in thick-plate theory.
Function subprogram for dispersion relation in exact theory.
Approximation for 3f/5z.

Real step size.

4z, used in computation of approximation to 3f/5z.

Intermediate symbol for step size DEL,

Step sizes for movement of test pairs, horizontally and vertically.

Complex step size
2 1
< 2
[(e/e)) 1]

Factor in dispersion relation FF = 1, fluid on both sides
FF 2, fluid on one side

f(zl). f(zz), f(z3), f(za)

Flags to indicate direction of motion of test pairs.

Factor to adjust step size DEL.

1y
Yp’ phase speed of extensional waves relative to shear wave speed.
= BID

Intermediate option numbers.

Return option number

= 1, program returns to entering POI, COCS, RHM

= 2, program returns to entering AKAR, AKAI, DELZ
= 3, program returns to entering AKSD, ZNOT, AMI
= 4, program returns to entering ANR, TOL, FSTEP
5, program returns to entering BID

0, program exits.

= AMI

» Phase speed of dilitational waves relative to shear wave speed.




KR, KL,
KUP , KDOWN

NR
NRV
PO1
REGA

RHM

QPR

SIGN

SPR

TOL

Z1,22
23,24

ZNOT

Counters in loops to check number of jiterations.
= ANR

Counter in advancing the parameter RHO.
Poisson's ratio,

Real part of relative wave speed vy.

Nominal density of fluid loading the plate, divided by
density of plate material.

Stepwise varied value of relative density, varying from
zero to RHM.

q'd = [(kdd)2 - (kd)z]%, dimensionless wave number.

Expression, the algebraic sign of which determines location
of root relative to test pair.

s'd = [(ksd)2 - (kd)Z]%, dimensionless wave number.

Limit for relative error in the root.

Variable for root used in calling function subroutines.
Vertical test pair.

Horizontal test pair.

Value for the real root of the dispersion relation without

fluid loading, from a real root finder, serving as the
seed for starting the program.

Intermediate value of root, serving as seed for the next
step in the parameter RHO.




il -

(9]

(G ]

11

[
)

51
63

62
19
45
47
12

33

APPENDIX D

SOURCE PROGRAM LISTING

COMFLEX Z’DspiﬁIrDFH:wDZvZUARvZIy22v23924vF11F27F37F4155F2
COMFLEX AKAF,LS»CHMILX

COMMON RHO» ANSD» GAMF . GAMD Y ANAR y AKAI S ANFL Iy ITISE

WRITE (5.30)

FORMAT( “$ENTER FOIsCOCSsRHM! ')

READ (3,39) FOI»COCSsRHM

FAORMAT IF1S. )

WRITE (S931)

FORMAT (" 3ENTER AKARs AKAI» DELZ:

READ (5539 AKARYAYAIYDELTD

ARAP=CMFLX CANARsAKAT)

WRITE (Sy50:

FORMAT ( "$ENTER AKZDsZMOT % OF IT.: -

READN (5939 AKSOYINQTPAMI

IF (ZNGT/CACS-14) 41s41+60

WRITE (55433

FORMAT (7 NO RADIATIOGM INTC Fu_ID .

GO TO 100

KAM=AMI

WRITE(S,»aS)

FORMAT (“$ENTER ANRs TOL, FSTEF:

READ(Ss393ANRs TOLYFSTEF

WRITE ($5,33)

FORMAT("$ENTER BIL: ‘)

READ (5,8) EIL

FORMAT (F1S5.0)

ID=RID

AL=CHPLX(O.r1.)

GAMF=SQRT(2./(1.-F01}
GAMD=SQRT (2.1 ,-FOI)/ {1 .,~2.XFOI

AKFO=AKSD/CUCS
RHO=0,
NR=INT(ANR
NRV=0

COMFUTE STEFSIZE DEL
ZVAR=ZNOT
Z=ZVAR+DELZ
DFOZ=D03(Z)/DELZ
RHO=RHO+RHM,/ ANR
NRU=NRU 1
DZ=-DS(ZVAR  /IFLZ
X=ABS(REALDZ )
Y=ARS(AIMAGIDTY
DEL=AMAXL1 M Y uF3TED
WRITE(S,301) LEL




301

70
64

71

302

NO NN
S
t

w

81

?9
310

83

)

h

FORMAT (' DEL_= 212,
DELF=DEL

FIND INITIAL DIRECTICN (F MGUEMEINT OF
VERTICAL TEST FAlIR

LEL=DELF

Z1=ZVAR-AIx[EL

Z2=ZVAR+AIXDEL

F1=0S(Z1)

F2=05(2Z2)

KR=0

KL=0

KUF=0

KUOWN=0
SIGN=AIMAG:F1)XREAL(F2)-REAL(F 1)) kAIMNG - 2
IF(SIGN)71,72+73

FH1=-1,

GO TO 74

WRITE(S,»302)

FORMAT (’ LEFT-RIGHT SIGN = ZERDO’)

GO TO 100

FH1=1.

DE_LH=FH1XDEL

LOOF TO FIND VERTICAL LINES KRACKRETING RGOT

Z1=Z1+DELH

Z2=Z2+DELH

F1=0S(Z1)

F2=058¢22)
SIGN=AIMAG(F1)XREAL(F2)-AIMAG(F2)XKREAL(F 1)
IF (SIGN: 81,72+83
FH2=-1,

KRL=KL+1

IF (KAM-KL) 99,5%,84
WRITE(S,»310)

FORMAT (' EXIT LEFT’)
GO TO 100

FH2 = 1.

RR=KR+1

IF(KAM-KR} ¢8,»78,84

WRITE (3,311)

FORMAT(’ EXIT RIGHT’)

GG TO 100

IF (FH1%¥H2) 92,755,755

FIND InLTIAL DIRECTION QF MIVEMENT
OF HORIZONTAL TEST FAIR
24=(Z1+Z22)/2.+LEL

KR=0

KL=0

23=(Z1+Z2)/2.-DEL

F3=0S(Z3)

Fa=D0S5(Z4)
SIGN=AIMAG{F3ITAREAL{F4)-AIMAG(F3 ) ¥REAL(F3)
IF (SIGN) 101,162,103
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101

102
304

103
104

105

111

?7

305

113

9

306

114

122

133

131

140

146

Fvi=1.

GO T0 104

WRITE (5,304,

FORMAT (* UFP-DDWN SIGN = JERD
GO TO 100

FVl=-1.

DELV=FViIXLEL

LOOF TO FIND HORIZONTAL LIMES BHRA RETING RUOIT

Z4=Z4+AIXLELY

Z3=23+AIXDEL VY

F3=08¢Z3)

F4=0S5(Z4)
SIGN=AIMAG(FIIXREAL(F4)-AIMAG(F4))XREALIF3I)
IF (SIGN)Y 1115102113

Fva =1.

KUF=KUF+1

IF(KAM-KUF) 97+27+114

WRITE(S,»305)

FORMAT (7 EXIT UF’)

GO TO 100

Fy2=-1.

FKOOWN=KDIOWN+1

IF (KAM~-KOOWN) 98+969114

WRITE(S»306)

FORMAT (" EXIT DGWH-)

G0 TO 100

IF (FV1IXFV2) 122,105+1909

REGA=REAL(Z1)

AMGA=AIMAG(Z3)

KUF=0

KLCOWN=0

AMGA=AES (AMGA)

DREG=ABS(REGA-ZINOT)

CHECK IF REQUIRED PRECISION IS REACHED
IF (DEL/AMINL(TREG»AMGA)~-TOL) 132,13..131
CONTINUE

pEL=DEL/10.

Z1=(Z3424)/2.,-AL XKL
22=(23+24)/2.+A1%XDEL

GO TO 6%

REGA=REAL (Z1) ~DELH/2.
AMGA=AIMAG(Z3)-LELY/2.
DELH=AERS{(DELH/2,)

FPRINT PRELIMINARY RESULTE FOR INTERMEDIATE
WRITE(Sy140) RHOREGAAMGASTIIELH

FORMAT(’ RHO»REGAYAMGArsDELH="»IF10,£+.2E13.9)

\ )

CHECK IF FINAL RHO HA3 DRESN REACHED
IF{NR-NRV)145,145,146
ZVAR=REGA+AMGAXAT

RHO=RHO+RHM/ANR

NRVU=NRV+1

G0 Y0 70

JH{




145 GO 70 (701,702+,802+703+803+704,705+805.707.8315 1IN

701 WRITE(S,»711)
GO 70 707
702 WRITE(S,»712)
GO 70O 707
802 WRITE(3,812)
60 70 707
703 WRITE (S+,713)
GG (0 707
803 WRITE (S.813)
GO TO 707
704 WRITE (714>
GO 10 707
705 WRITE(Sy71%:
GO TO 707
805 WRITE(S,315)
GO TO 707
706 WRITE (89,7167
GO TO 707
804 WRITE Ss8141
707 CONTINUE
c COMFUTE ATTENUATIOM HACTOR
ATF=AKSDXAMUAR/ (REGAKY+AMGAXR];
711 FORMAT (" THICK FLATE, A. &ND S,y FLUID ONE SIDE")
712 FORMAT(’ THICK FLATE, AONLYs FLULL GNE SIDE’?
812 FORMAT ('’ THICK FLATE. ALONLYs FLLIZ ROTH &IDe:
713 FORMAT(’ THICK FLATEs S ONLY, FLUJI[ ONe EIDR .
813 FORMAT(” THICK FLATEs S.ONLYs FLUTU BUTH SLufs >
714 FORMAT(’ EXACTy A, AND S., FLUID INE SL0k '
715 FORMAT(’ EXACTs A.ONLYs,» FLUID DNE SIIE ‘>
815 FORMAT(’ EXACTy A ONLY» FLUID EKOTH S.DES’)
716 FORMAT(’ EXACT» S, ONLY, FLUID OME SIDE")
816 FORMAT(’ EXACTs S. ONLY, FLUID BOTIH SIDES)
171 FORMAT (2F10.6)
WRITE (S»172) AKSU, ZNOT
172 FORMAT(’ VALUES OF AKSDyZNOT, ARE '-2F10.6)
WRITE (5,173
173 FORMAT(’ REAL AND M., FARTS OF GAMMA-ZINOT AND &RFOR ARE’

REGA=REGA-ZNOT
WRITE (5»,174)REGA,AMGATIELH

174 FORMAT(3E1S.,5)
WRITE(S5s17S) ATF
1795 FORMAT (’ DIMENSIONLESS ATTEN.FACTOR = »E12.5°
100 WRITE (S+159)
159 FORMAT (/$ENTER RETURN OFTION NUMEER ‘7
READ (S,131) K
151 FORMAT (I4)
GO TO (1+2,115»10s12) K
END
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60
70

(&}

10

30
40

FUNCTION Lg(2Z)
COMFLEX US>DSFsZsLSF2rARAF

COMMON RHO¢AKSDyGAMF,GAMOYAKARAKATyAKFDs LTy [OSF

RID=ID
IF(BIL-5.5)30+30+60
Ls=0SF(Z)

GO TO 70

ns=0sr2¢2)

RETURN

END

FUNCTION DSF ()

COMFLEX DSF,AI»AKAF

COMFLEX A11+A22+511+s522yDELASDELSyZsFyCMFLX,CSGRT
COMMON RHO»AKSLsGAMF ,GAMIy AKAR«AKAL»AKFD, ID, [OGE
GO TO (79639%5655) 1D

FF=1. ~ - h

GO TO 7

FF=2,

CONTINUE

AI=CMFLX(0.,0s1.0)

AKAF=CMFLX (AKARYAKAL)

AL1=ARKSOKX2K (ZXXK2-GAMPXXD) 2. -AKAFKKIKI XKD
A2Z=ARKSIXK2K(ANAFPKX2-Zk%2)
DELA=AL11XA22+AKSDXA2KIRKXIKAKAF XK 4
S11=AKSTXK2K(GAMDAXD-7%XKZ)
S22=AKSIXKIK (AKAF KX2=24kX2: /3, +(GAMDKI kX2
DELS=511XS22-(AKSDKZK (GAML®X2 -2, ) kk?
F=CSAQRT((ZXAKFIO/AKST ) kk2~1."

GO TO (10+20+20+30¢30) 1L
DSF=AIXDELAKDELS-TXX3XARSIX  RHO/ 2, Va0 Ut o kS [ +0E"
GO TO 40

ISF=AIXDNELA-ZXX3IKANSOXKRHOXAL L/ (T KFF)

GO TO 40

ISPF=AIXDELS-ZKX3IKAKSDOAKRHOXS11/(FXFF

RETURN

END
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w

N

11
13

21

an

e

23

td
a

33
4%

n

FUNCTION DSF2¢2)

COMFLEX DSF2»AI»A11,A22y511+822AKDsSFRyOFRsANAF D102y D7

COMFLEX DELASYOHELS»ZyFsCHMPLXCSQRT,CCOS5,CSIN
COMFLEX CCQsCSQ»ESsCCS

COMMON RHO+ANSDyGamMFGAMDyARAR AKAI v ARKFIN» TR [T F
IER=I0-35

FF=2.

GO0 TO (7+6959695) IRD

FF=1.

GO 10 7

FF=2.

CONTINUE

AI=CHMPLX(Q,r1.)

ANDTI=AKSD /7

IF (REAL(ARKUXX2-AKSDk%2)) 11,12s12
SFR=-AIXCSART(ARL¥X2-AKSLI¥X2)

GO 70 13

SFR=CSQRT(AKSOXX2~AKD¥x%x2)

IF(REAL(L .- (Z/CAMLIKXZ)) 21 +22,22
QAFPR=CSART((Z/GAMD Y kX2~1,) kAKD

GO 70 23

QAFR=-AIXCSART (1., - {Z/62MD) KK2  kAKT
Al1=(AKDXX2-SFRXX2)¥CSINIQFR)
A22=-(ANDXX2-SFRXx¥2)XxCCOS(SFR:

DELA=AL1XA22-4  XARKDXRK2KAFRRSFRYXCSINGSHR 2002 (PR
S11=C(AKDXX2-SFRX¥2IXCCUS{GFRY
S22=-(AKOXX2-SPRXX2IXCSIN(HFh
DELS=S11%822-4 . XAKDXX2XQFRXSFRYSIN(QFRI¥YCCLSES SHRD
F=CSAQRT((ZXAKFDI/ARSD)YX%2-1.)

Di=DELAXLELSXAI
N2=RHOXQFRXAKSLXKkAXDELSXCCOS(QFLIRCCOS S=R 1, ANDXF)
D3=RHOXQFRXAKSOXXKAXDELAXCSINC(AFR  ACSIN(SFR) . (ARDXF)
GO TO ¢19+2S5+29+35,35) IED

DSF2=01+(03-02)/FF

GO TO 45

LSF2=01-D2/FF

GO TO 45

DSF2=01+03/FF

CONTINUE

RETURN

END
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APPENDIX E

EXAMPLES

Items 1 and 2 show two examples where the running of the program took
place without complications. In Item 3 the program fails to converge,
conceivably due to the close proximity of another root of the dispersion
relation, originating in a symmetric real root. This example shows how
increasing ANR, which is the number of steps to reach the full value of
the density of the fluid, does result in convergence of the program.

RUN ROB19

1 ENTER FOI.COCSsRHM! .3028+,44332..12806

ENTER ANAR» AKAI, DELZ! .9278+3.9090.01

ENTER ARSDsZNOTs# OF IT.:4.05135¢.9003+200.

ENTER ANRe» TOL» FSTEF: 1.90.01s1i,

ENTER BID: 2.

DEL= 0.33621E~22

RHO+sREGA»AMGADELH= 0.1280460 0.90030%9 0,33%912E-02 0.16B10E-07

THICK FLATE,» A.ONLY» FLUID ONE SILE

VALUES OF AKSD/»ZNOT» ARE 4,051330 0.900300

REAL ANL IM., PARTS OF GAMMA-ZNOT AND ERROK ARE

0.90003E-05 0.33512E-02 0.16810E-07

UDIMENSIONLESS ATTEN.FACTOR = 0.16750E-01

ENTER RETURN OFTI(QN NUMBER 3

- ENTER ANSD.ZNOT» 4 OF IT,.:5.9423,,9142+200.
ENTER ANRs TOL» FSTEP: 1.50,01¢1,
ENTER EBID: 2,
DEL= 0.23942E-02
RHO»REGA»AMGAYDELH= 0.12B060 0.914153 0.23979€E-02 0.11971E-0Q8
THICK PLATEr A.ONLY,» FLUID ONE SIDE
VALUES OF AKSDsZINOT» ARE $.942300 0.914200
REAL AND IM. FARTS OF GAMMA-ZNOT AND ERROR ARE

-0.,47207€E-04 0.23979€-02 0.11971E-06

DIMENSIONLESS ATTEN.FACTOR = 0.170S51€-01
ENTER RETURN OFTION NUMBER 3

3 ENTER AKSD»INOT: & OF IT.:!7.81745,.9197+200,
ENTER ANRy TOL,» FSTEF: 1.90.01+1.
ENTER BID: 2.
LEL= 0.18673E~-02
EXIT LEFT
ENTER RETURN OPTION NUMBER 4

ENTER ANR» TOL., FSTEF: 3.+3.,01r1.
ENTER EID: 2.
DEL= 0.,82245E-03

RHO»REGAYAMGA»DELH= 0.042687 0.,91970%9 0.61999E-03 0.31122E-07
RHO+REGA+AMGAsDELH= 0.083373 0.919708 0.12400E-02 0.31122E-07 F
EXIT RIGHT

ENTER RETURN DFTION NUMBER 4
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ENTER ANR» TOLs FSTEP! 5.,0.01,1.

ENTER BID! 2.

DEL= 0.37347E-03

RHQ»REGA»AMGAY» DELH= 0,02V612 0.919709 0.37199€-03 0.18673E-07

RHOsREGA»AMGA» DELH=  0,051224 0.919709 0.74399E-03 0,18673E-07
RHOYREGA+ANGADELH= 0.076836 0.719708 0.111460€-02 0.18473E-07
RHOsREGArAMGAs [IELH= 0.102448 0.919707 0.14880E-02 0.1B8673E-07
RMOsREGAYAMGA»DELH= 0,128060 0.919709 0.1B600E-02 0.18673E-07

THICK PLATE, A.ONLY. FLUID ONE SIDE

VALUES OF AKSO+ZNOT» ARE 7.817450 0.%91%9700

REAL AND IM, FARTS OF GAMMA-ZINOT AND ERROR ARE
0.50664E~0S 0.18600E-02 0.18673€E-07

LIMENSIONLESS ATTEN.FACTOR = 0.:7190E-01

ENTER RETUARM OFTION NUMBER 0




The next example shows that in some cases increase of ANR or increas-
ing FSTEP can make the program converge. It is not clear whether or not
there are cases where one of these two variables would induce convergence

and not the other.

RUN RO8B19
ENTER FOI,COCSs»RHM:

ENTER AKARs AKAIs DELZ:
ENTER AKSDsZNOT»# OF IT.:7.5249,.%290,200,
TOLs FSTEF:

ENTER ANR»
ENTER BID:! 4.

DEL= 0.54452E-03

+» 3028y .4432,.12806
+9278,0.050.01

3,»0.,0151.

RHOsREGA»AMGA»DELH= 0.042487 0.927811 0.64523E~03 0.27226E-05
RHO»REGAsAMGAYIELH= 0.085373 0.927847 0.26817E-03 0.27226E-06
RHO»REGA+AMGA»DELH= 0.128060 0.527830 0.17425E-03 0.27226E-06
EXACT» A. AND S.» FLUID ONE SIDE

VALUES OF AKSDsZNOT» ARE 7.524900 0.929000

REAL AND IM. FARTS OF GAMMA-ZNOT ANDI' ERROR ARE

-0.11500€-02

0.17425€E-03

DIMENSIONLESS ATTEN.FACTOR =
ENTER RETURN OFTION NUMBER 3

ENTER RID: 9.
DEL= 0.358163E-03
EXIT LEFT

ENTER RETURN OFTION NUMBER 4

ENTER ANR, TOL» FSTEF:

ENTER RID: 9.
DEL= 0,17449E-03

W 27226E-06

0.15230€-02

10,+0,0191,

RHO»REGArAMGA,DELH= 0.0128046 0.729164 0.47871E-03 0.87244E-07
RHO»REGAYAMGA»DELH= 0.025612 0.929167 0.95742E-03 0.87244E-07
RHO,REGA»AMGA»DELH= 0.03841i8 0.92v170 0.143461E-02 0.87244E-07
RHO,REGA»AMGAYDELH= 0.,051224 0.9291795 0.19148E-02 0.872344E-07
RHOs»REGAsAMGADELH= 0.064030 0.929182 0.23938E-02 0.87244E-0¢6
RHO,REGA,AMGAYDELH= 0.076836 0.929190 0.28728E-02 0.87244E-06
RHOsREGA+AMGAsDELH= 0.089642 0.929200 0.33517E-02 0.87244E-06
RHO»REGA» AMGAsDELH= 0.102448 0.929212 0.38290E-02 0.87244E-06
RHO»REGAYAMGAYDELH= 0.115254 0.929224 0.43079€-02 0.87244E-06
RHOsREGAyAMGAYDELH= 0.128060 0.929237 0.47849E-02 0.87244E-06
EXACTy S. ONLYs FLUID ONE SIDE

VALUES OF AKSD,»ZNOT» ARE 7.524900 0.,929000

REAL AND IM. PARTS OF GAMMA-ZNOT AND ERROR ARE

0.23711E-03

0.47869E-02

ODIMENSIONLESS ATTEN.FACTOR =
ENTER RETURN OFTION NUMBER 4

ENTER ANR»
ENTER BID: 9.
DEL= 0.17449E-02

TOLs» FSTEF:

0,87244E-046

0.,41715E-01

3.+0.01,3,

RHOsREGAYAMGAYIELH= 0.042487 0.929172 0.159598E-02 0.87244E-07
RHO»REGA»AMGA» DELH= 0.0835373 0.929196 0.31915E-02 0.87244E-06
RHO»REGAsAMGAYDELH= 0.128060 0.929237 0.47872E-02 0.87244E-06

EXACTs» S. ONLY,» FLUID ONE SIDE
ARE 7.524900

VALUES OF AKSDyZNOT.»

0.929000

REAL AND IM. PARTS OF GAMMA-ZNOT AND ERROR ARE
0.87244E-06

0.23729E-03

0.47872E-02

DIMENSIONLESS ATTEN.FACTOR =
ENTER RETURN OFTION NUMEER O

0.41717E-01
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END
 DATE
"FILMED
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