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COMPLEX ROOT-FINDING PROGRAM WITH APPLICATION TO THE DISPERSION RELATION
OF WAVES PROPAGATING IN A FLUID-LOADED PLATE

INTRODUCTION

To find complex roots of an equation one often starts from the "princi-
ple of the argument", which can be stated as follows [1]:

"Let f(z) be analytic within and on a simple closed contour C,
except possibly for a finite number of poles inside C. If f(z)
does not vanish on C, then

(1) _C arg f(z) = Z - P (1)

where ZC arg f(z) is the total change in the argument of f(z)
around C, going in the counterclockwise direction, Z is the

number of zeros, and P is the number of poles inside C. In
counting the number of zeros and poles a zero of order m is
counted m times, and a pole of order n is counted n times."

If it is known that there are no poles of f(z) inside C this theorem is
obviously useful in finding areas of limited extent in the complex plane
where zeros are located. In practice problems arise in choosing the step
size sufficiently fine so that no zeros are missed due to the ambiguity in
the argument of a complex variable. This is discussed in reference 2. To
determine the location of the zero more accurately, one might go through a
succession of smaller contours--or rather use some other approximation
scheme, as for instance the Newton-Raphson method [3].

In this study a different method of root finding is introduced. This
method may be considered as a complex counterpart to a familiar root-

finding technique for real functions. In the real case one looks for
intervals where the value of the function changes sign. By repeatedly sub-
dividing the interval and looking for changes in sign of the function, one
may determine the root to any desired degree of precision. In the present
routine the complex root is approximated by a sequence of squares of dimin-
ishing size, within which the root is known to be located. The basic algo-
rithm is dependent on the fact that in the neighborhood of a zeru of order
one a complex function can be approximated by

f(z) = C(z - Z), (2)

where C is a complex constant and Z is the given root. To obtain a first
approximation for the given root one might rely on the principle of the
argument, Eq. (1). It appears more attractive, though, to make use of the

observation that in many practical cases the function f(z) has a specific
structure. Often the function f(z) depends on a parameter r in such a way
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that for r = 0 the function is real and has a real root, which can be found
by a root finder for real roots. An example is the dispersion relation for
straight-crested waves in plates. Without fluid loading the propagation
speed is real. Fluid loading causes an imaginary part to appear, which
corresponds to the pheromenon of sound radiation into the fluid. The fluid
density features as the parameter r in this case. By increasing r in steps
from zero to the nominal va .t.e one can follow the march of the root from
the real axis into the complex plane. The step size can always be chosen
small enough such that the approximation, Eq. (2), is sufficiently close.
The root found at a given value for r is the seed for the determination of
the roe, at the next larger value for r. It is clear that in this method
one cannot find those roots that do not have a counterpart in the real case,
as is true for some waves traveling at the interface of a plate and adjacent
fluid. On the other hand, it has the advantage that a given complex root is
identified by its place of origin on the real axis. Thus, there is no dif-

ficulty in establishing the signature of a root. The identification of com-
plex roots from a random set in the plane and the sorting out of those roots
that are organically related can pose a serious problem that is avoided by

the present method.

In the second part of this report a typical application of the root-
finding method is described. The pertinent equation is the dispersion re-
lation of straight-crested waves propagating in a fluid-loaded plate. Both

the dispersion relations following from exact elasticity theory and those
that are based on thick-plate theory are used.

COMPLEX ROOT FINDER: BASIC ALGORITHM

Let F(z,r) be the function, the root(s) of which is to be determined;
r is a parameter such that,for r = 0,F(z,O) is real and has a real root.

Suppose that one has two points z1 and z2 close enough to the root Z of
the function F(z,r) that the linear approximation, Eq. (2), is applicable.

Z2

z

Fig. I. Relative location of test pair zi,z 2 ard root Z
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One sees in Fig. I that the angle 9 = 1 - 2 between the vectors from Z
to the pointt zj and zq, respectively, in the complex plane is in the first
or second quadr~at when the loop Z-zl-z 2 is clockwise, and in the third or
fourth quadratt if this loop is counterclockwise. The angle 5 is deter-
mined by

- = arg - (3)
z9 - Z

Since the sine function is positive in the first and second quadrants and
negative otherwise, it is clear that the location of Z with respect to the
line through zj and z2 is determined by the sign of the imaginary part of
(zi - Z)/(z 2 - Z). Another way of interpreting this criterion is to form
the vector product of the complex numbers (z, - Z) and (z2 - Z), considered
as two-dimensional vectors, given by (z2 - Z)x(z 1 - Z)y - (z2 -Z)y(zI - Z)x.
The algebraic sign of this vector product depends on the orientation of the
loop Z-zl-z 2 , and also has the same sign as the imaginary part of (z, -Z)/
(z2 -Z). If z I and z? are close to Z the following approximation will be
valid:

zl - Z C(z I - Z)

z2 - Z C(z2 - Z)

Im F(zl,r)
F(z2 ,r)

Im F(zl,r)Re F(z2 ,r) - Im F(z2 ,r)Re F(zl,r)

IF(z2 ,r) 12 
(4)

where Re and Im indicate the real and imaginary parts of a complex number.
Therefore, the algebraic sign of the expression in the numerator of the last
part of Eq. (4)

S = Im F(zl,r)Re F(z2 ,r) - Im F(z2 ,r)Re F(zl,r) (5)

determines the location of the root Z with respect to the test pair z1 ,z2.
Using the words horizontal and vertical to indicate the direction of the
real and imaginary axes, respectively, one can describe the core of the
root-finding procedure as follows. From an initial seed zS close to the
desired root a vertical test pair is created, namely two complex numbers
z1 , z2 with the same real part as the seed but differing by a small step
size )Of up and down from the seed. Thus,

zI = ZS + iSo

and
Z2  zS - iSo . (6)

This test pair is moved horizontally by steps 60 until the expression S,
indicated here by SH, of Eq. (5) changes sign. A similar procedure is per-
formed with a horizuntal test pair, z3,z4 , determined by

3



z3 = (zl+z 9 ) - o

and
z4 = (zl+z 2 ) + 6o  (7)

where is the given step size and zl,z 2 is the last vertical test pair,

after SH changed sign. The pertinent quantity SV is now given by

SV = Im F(z3 ,r)Re F(z4 ,r) - Im F(z4 ,r)Re F(z3 ,r). (8)

This test pair is moved vertically by steps of the same size until SV changes
sign. Then the cycle is repeated with step size 61 = So/I0, etc. until the
desired precision is reached. The subsequent vertical test pairs are formed
by setting

z1 = (z3+z4 ) - i6n

and

z2  (z3+z4) + i6n, (9)

where Sn+l = 6n/10 , and z3 ,z4 is the horizontal test pair obtained after SV
changed sign. The movement of the test pairs according to Eqs. (7) and (9)
assures that they are at all times as close to the root Z as possible in view
of the latest approximation.

The initial step size 60 is determined in relation to the change in the
parameter r by a linear approximation of the function F(z,r). At the (i+l)th
step one can set approximately

F(zi+Fr+i) 6z + _L Ar, (10)F(Z~lril) 3 z 3r

where Lr is the step in the parameter r, and this linear expression is used to
determine Sz. The partial derivative (F/3r)i is approximated by

3F\ F(zi,ri+Ar)
' r/i - r (11)1

and the partial derivative (3F/3z) i is approximated by

13F\ F(zi+AIz,ri)
3F -1z (12)

The quantity 1z used to compute this difference quotient is read into the
program, but it is found not to be critical. One may choose it to be, say,
one percent of the nominal value of JZ . The step size is thus given by

F(zi,ri+Ar)Az .(3

z--F(zi+3,z,ri ) (3

This step Jz is complex; a real step size o is found by taking the maximum
of the real and imaginary parts of Sz. It was observed in practice that

L, _ . . . .. , ,. , ... 4



the step size found in this way is not always adequate. Therefore, a step-
size factor is read into the program. It is routinely set equal to one,
but if the program does not converge rapidly one may enter a different step
size to remedy this.

APPLICATION OF COMPLEX ROOT FINDER TO THE DISPERSION RELATION OF STRAIGHT-
CRESTED WAVES IN A FLUID-LOADED PLATE

Theory of Plane-Crested Waves in a Fluid-Loaded Plate

It is possible to find solutions to the wave equations for infinite
plates that are straight-crested waves propagating parallel to the faces of
the plate. When exact linear elasticity theory is applied, these waves are
known as Lamb waves. In this report the development of the theory by
Viktorov [4] is followed. According to the outward appearance of the waves,
one distinguishes antisymmetric and symmetric waves, which corresponds to
different parity of the field variables as a function of the coordinate
perpendicular to the faces of the plate. If the boundary conditions are

the same at both faces of the plate (if the plate is loaded by the same
fluid on both sides), the two wave types may occur separately. If such is
not the case, the two types occur simultaneously.

Since exact elasticity theory leads to considerable complexity for
other than the simplest geometries, approximate plate theories have been
developed, known as thick-plate theories. Thick-plate theory for antisym-
metric waves is described in reference 5, and thick-plate theory for symmet-
ric waves is described in reference 6.

In the present study, the root finder is applied to dispersion relations
from both exact theory and thick-plate theory. Moreover, in each case, one
may select the root that originates in an antisymmetric or in a symmetric
wave for an unloaded plate. Another option is to choose a fluid loaded on
one side, or on both sides with the same fluid. Although strictly speaking
the boundary conditions are not satisfied for the case where a wave of either
antisymmetric or symmetric character is present by itself in a plate loaded
on one side only, one may select these options in the program.

Dispersion Relations From Exact Elasticity Theory

The waves are propagating in a plate of thickness 2d. The symbol c
indicates phase speed, k is the wave number, and the subscripts d and s
refer to dilatational waves and shear waves, respectively. For the sake
of generality, it is assumed that waves in the fluid are incident in the
plate. The waves can be most advantageously expressed in terms of the
potentials p and y in the form

= [As cosh(qz) + Ba sinh(qz)] exp[i(wt-kx)]

and
= [D. sinh(sz) + Ca cosh(sz)] exp[i(-t-kx)] (14)

where x and z are coordinates in the direction of and perpendicular to
the faces of the plate. The phase speed c equals ,/k, where . is the angu-
lar frequency, k is the wavenumber, and the symbols q and s are given by



q2 = k 2 
- k2 = k 2 [l - (c/cd) 2 1

and

s 2 = k2 - k2 = k (15)

where kd and ks are the dilatational and shear wave numbers, respectively,

kd = -[s/(\ +2G)] "2 = k(c/cd)

and

k = sG) = k(c/cs), (16)

where \ is the first Lamb constant, G is the shear modulus, and ps is the
density of the plate material. The subscripts a and s in the amplitudes As, j
Ba , Ds, and Ca refer to the two possible types of Lamb waves, antisymmetric
and symmetric. The displacement components u and w are derived from the
potentials by

3x 3z

and

w = - + --- (17))z 5X "

The amplitudes are related through the boundary conditions, which are
the values for the normal and shear stresses applied at the two faces of the
plate. These stresses are found in terms of the amplitudes by means of the
following equation

jX = \e + 2Gax

Cz = .,e + 2GE z

,zx = G~zx (18)

The elements of the strain tensor are given in terms of the displacement
vector of a particle with components u, v, w by

3u

-Z z

-Lx=  +  
k- 19)

This leads to the following expressions for the stresses, using Eqs. (14)
and (17)(the factor exp[i(.t-kx)J is suppressed)
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0z = G[As(k 2 + s2)cosh(qz) + Ba(k 2 + s2 ) sinh(qz)

- Ca 2iks sinh(sz) - Ds 2iks cosh(sz)] (20)

zx = -G[As 2ikq sinh(qz) + Ba 2ikq cosh(qz)

+ Ca (k2 +s2 )cosh(sz) + D s(k2 +s2 )sinh(sz)]. (21)

The applied stresses for a plate in vacuum are zero. In that case the anti-
symmetric and symmetric waves independently satisfy the zero boundary condi-
tions, and thus

Ba(k 2 +s2) sinh(qd) - Ca 2iks sinh(sd) = 0

Ba 2ikq cosh(qd) + Ca(k 2 + s2 )cosh(sd) = 0

A s (k2 + s)cosh(qd) - Ds 2iks cosh(sd) = 0

and
A s 2ikq sinh(qd) + Ds(k- + s-)sinh(sd) = 0. (22)

By elimination of the amplitudes from these equations, one arrives at the
dispersion relations

(k2 +s2 )2 sinh(qd)cosh(sd) - 4k2qs cosh(qd)sinh(sd) = 0 (23)

for antisyrmnetric waves, and

(k2 +s2)2cosh(qd)sinh(sd) - 4k2 qs sinh(qd)cosh(sd) = 0 (24)

for symmetric waves. At large values of kd both dispersion relationships
approach the same relation,

4k-qs - (k + s ) = 0, (25)

which is the dispersion relation for Rayleigh waves defined as waves at
the surface of a semi-infinite solid.

The space dependence of the (partial) pressures in the fluids is given

by the following expressions. For the pressure pi of th= incident wave,

pi = Pi exp[-iko(x sine - zcosc)]. (26)

where ko is the wave number of the wave in the fluid. Fo the pressure Pr of
the reflected wave,

Pr = Pr exp[-ika (x sin6 + zcose)]. (27)

For the pressure Pt of the transmitted wave,

Pt = Pt exp[-ik'(x sin-' - zcos-')], (28)

where k' is the wave number of the transmitted wave.

i i|, ,. i i i n i



The angles j and ' are the angles of the incident and transmitted rays with
the normal to the face of the plate, respectively. The total pressure in
the fluid at the surface of the plate on the side of the incident wave is

p(z = d) = Pi + Pr = (Po + P)exp(-ikx), (29)

where Po = Pi expikod cost) and P = Pr exp(-ikod cosy). The pressure at
the surface of the plate on the opposite side is

p(z = -d) = P'exp(-ikx), (30)

where P' = P exp (-ik'd cose'). Here the coincidence condition is used,
namely

k = kosin = 'k'sint' (31)

The following boundary conditions [Eqs. (32) through (38)] are applicable
to the problem of wave propagation in a fluid-loaded plate. At the side
of the incoming wave, where z = d, one has continuity of the normal stress
*z and the shear stress jzx = 0. Thus, combining Eq. (20) with Eq. (29),
and using Eq. (21), one has

G[As(k 2+s2)cosh(qd) + Ba(k 2+s2)sinh(qd)

Ca 2iks sinh(sd) - Ds 2iks cosh(sd)] = - (Po + P) (32)

and

A s 2ikq sinh(qd) + Ba 2ikq cosh(qd)

+ C (k2+s2 )cosh(sd) + D (k2+s2 )sinh(sd) = 0. (33)

in a similar fashion, one has two conditions for the stress at the opposite
face, where z = -d,by combining Eq. (20) with Eq. (30), and using Eq. (21)

G[As(k 2+s2)cosh(qd) - Ba(k 2+s2 )sinh(qd)

+ Ca 2iks sinh(sd) - Ds 2iks cosh(sd)] = -P' (34)

and

- As 2ikq sinh(qd) + Ba 2ikq cosh(qd)

+ C (k2 +s 2 )cosh(sd) - D (k2 +s 2 )sinh(sd) = 0. (35)
a s

Also, at the interfaces, the component of the particle velocity in the
solid in the z direction has to equal that in the fluid. This leads to the
relation between pressure gradient in the fluid and particle acceleration
in the solid at a boundary. In general, one has

0I



2-z w (fluid) 2 (solid), (36)t- t2

where is the density of the fluid. This gives for z = d

- -"q As sinh(qd) - 2 Ba q cosh(qd) + _2 ik Ca cosh(sd)

+ ik- 2 Ds sinh(sd) = - ik(cot6)(Po-P)/Po, (37)

and for z = -d

As sinh(qd) - _q Ba cosh(qd) + 2ik Ca cosh(sd)

- ik-2 D. sinh(sd) - ik(cote')P'/po. (38)

The set of boundary conditions can be advantageously represented in the
form of a matrix of the coefficients, given in Table I. The rows are
indicated by the numbers of the equations, and the columns are marked by
the corresponding dimensionless amplitudes for the displacements and pres-
sures. The density zo applies to the fluid on the insonified side, 2' is
the density of the fluid on the other side of the plate. The relation
C2 = G/. s has been used to arrive at the given form of the matrix. Since
the usual FORTRAN library routine for complex numbers carries only circular
functions, a transformation is made whereby s = is' and q = iq'. Then
the hyperbolic functions are transformed into circular functions. The
result is shown in Table II.

To find the dispersion relation for free waves in a plate loaded by
fluid on one side only, one omits from the matrix the sixth row and the
fifth and seventh columns and sets the determinant value of the remaining
matrix equal to zero. The dispersion relation for waves in a plate loaded
on one side is given by

iLais + (po/Ps)q'd(ksd)4[gasin(q'd)sin(s'd)-,scos(q'd)cos(s'd)j

/[2(kd)cotel. (39)

If one indicates the matrix elements of Table Iby min, the symbols 'a,-'s
are 4efined by -a ' mllm2 2 - m1 2m 21 , and s = m33m44 - m34 m4 3 "

The dispersion relation for a plate loaded on both sides by the same
fluid is obtained by omitting column five from the matrix and setting the
determinant value of the remaining matrix equal to zero. The density $'
is replaced by oo and 6' = 0. This determinant can be factored in two
parts, corresponding to antisymmetric waves and symmetric waves. The two
dispersion relations are

"' - (POh 5 )q'd(ksd)
4Ascos(q'd)cos(s'd)/[(kd)cot] = 0 (40)

for antisymmetric waves, and

9



Table 1. Matrix of coefficients of equations describing wave propagation
in fluid-loaded plate in terms of hyperbolic functions.
Exact elasticity theory.

Field 'iariables -

A d d 7,( )P'!~P P.

33) _2ikqd-cOsh(qd) (k-+s-)d-coshsd) 2'iKqd -sinht 1d) ks dr"11 d)

34 -)k - -_s inh(qd) 2 ksd -s in i sd) k "s-)J -:shi qd) -2isd -os..(sd)

35) i c3sQnrqdN 9~-~cs d) 2ikid-siihqd) ~k -s- d inh~sd) 9)1

-ikd e~ta ikd cot-.
(kd , k ;d)

36 d ahqd k nh(sd) 1)k .r

Ta'-ffe 11. Matrix of coefficients of equations describing wave propagation
in fluid-loaded plate in terms of circular functions.
Exact elasticity theory.

F'ield variables-
iB,/d2 C;/ 2d A Id 

2  
iD /d ~ P0 1(.)20  P/(D~' l,) P,-

S3-1 (k -s' ')d !ain(q'd) 21ks'd sin(s'd) fk-s)d-cos(q'd) -ZLks'd cos(s'd) O01 1

(33) -2ikq'dcos(q'd) -kS-)d'os(' )+Zikq'd23in(q'd) -(k --s',d-3in(s'd) 0 0

(34) V(k--s' 2)dsn'd 2ks19ns) (k2.0 2)d-cos(qd) -2iksd 2coS(Sd)

(35) 2ikq'dcos(q'd) -Ak;-s )d'cos(s'd) +2!kq'd 
2
sin(q'd) -(k -s'-)d'sin(a d)~ 0 C)

(37) q'd cos(cq'd) -ikd cos(s'd) -q'Id siin(q'd) -ikd sio(s'd) tkc t kd cots 0
(kdz (k~d)'6

(38) I'd cos(q'd) -ikd cas(s'd) q'd sin(q'd) ikd sin(s'd) '3 (3 -k o-)
_________________

10



i. ags + (Po/ps)q'd(ksd)
4 -asin(q'd)sin(s'd)/[(kd)cot6] = 0 (41)

for symmetric waves. In a strict sense it is not possible to have the
two wave types separately in a plate loaded on one side only, since the
boundary conditions are not satisfied in that case. For comparison, one
might still force the situation by altogether leaving out rows and columns
belonging to one wave type or the other. That way two more dispersion
relations are found for a plate loaded by a fluid on one side, namely

i'a' s - (po/ps)q'd(ksd)4Acos(q'd)cos(s'd)/[2(kd)cos] = 0 (42)

for antisymmetric waves only, and

ias + (po/ps)q'd(ksd)4 Lasin(q'd)sin(s'd)/[2(kd)cosel = 0 (43)

for symmetric waves only.

Dispersion Relations From Thick-Plate Theory

The description of thick-plate theory for straight-crested waves in
fluid-loaded plates is given in references 6 and 7. The matrix of the coef-
ficients of the equations of motion and boundary conditions is given in
Table III. The symbol ' indicates the phase speed c of the waves divided
by the shear wave speed cs . The subscripts p and d indicate extensional
and dilatational waves, respectively. The correction factor for the ef-
fective shear modulus is K1 for flexural waves and K2 for extensional waves.
U is the average displacement in the z direction in extensional waves, W
is the average displacement in the x direction in flexural waves, x is the
average strain in the z direction in extensional waves, and 4x is the
average angle of rotation of a cross section in flexural waves.

The various possibilities of fluid loading are parallel to those in
exact elasticity theory. The dispersion relation for a plate loaded by
a fluid on one side is obtained from the matrix in Table III by omitting
columns 5 and 7 and row 6. The determinant value of the resulting matrix
is equated to zero resulting in

i5; - -y3 (ksd)(po/ps)(A' n 33 + 5 n1 9/COte = 0. (44)

The matrix elements are indicated by ni-, and further _= n1 n 2 - n n.,

and = n33 n44 - n34 n4 3 . Again, it is not theoretically possiole to
satisfy the boundary conditions for a plate loaded by a fluid on one
side by antisymmetric wave or antisymmetric waves separately. For compari-
son, one might force the issue by just leaving out the pertinent lines from
the matrix. This leads to the following dispersion relations. For anti-
symmetric waves, fluid on one side only one has

i5 - ! y 3 (ksd)(p o /p s ) nll/cote - 0, (45)

and for symmetric waves, fluid on one side only has

i'- ;y 3 (ksd)C 0 /P) n3 3/cot3 0. (46)
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Table III - Matrix of coefficients of equations describing
wave propagation by fluid-loaded plate in

thick-plate theory

Field variables -

W/d V'/d P /(VoCs
2
) P/(O s Z) P'/(;OCs-)

j(kd) (,
0 d)1 0 000

(kd) 2

i(kd)< 2 0 0 o/2-s o/2 - /2.0 0 s

(0i) 
2 (y d Y2) i(kd) (- )d 2-2) 0 0 0

l(kd)2(,,2 - )

o 0 -i(kd) 3 0o/2Cs /2-s °/2Ps+ d 2
4 ~d

0 
2
(kd) 2 0 y

2
(kd) 2 -i(kd)coti i(kd)cot4 P

0 2(kd) 2 0 -Y2(kd)2 0 1 i(kd) (.0 ')cot '

If the wave is loaded by the same fluid on both sides, the corresponding
matrix is found from Table M1 by omitting column 5 and setting Po = )' and
_ = 9'. Then the determinant value of the matrix can be split in two fac-
tors for antisymmetric and symmetric waves separately--with the dispersion
relations, for antisymmetric waves

ia - -3(k s d)(po/Ps)nll/cot9 = 0, (47)

and for symmetric waves

i.s - y3 (ksd)( o/Ps )n3 3/cote - 0. (48)

Discussion of Results

In this section results are discussed of the application of the root
finder to wave propagation in plates. Only those complex roots are given
that originate in zero order antisvmmetric and symmetric Lamb waves in an

12



unloaded plate. The case of steel was chosen, with Poisson's ratio equal
to 0.3028, a shear wave speed cs = 3264 m/s, and water of 40C temperature
for which co = 1447 m/s. The value of the Rayleigh wave speed relative
to the shear wave speed in steel is 0.9278, and this was chosen as the
value of the correction factor for the effective shear modulus in the thick-
plate computations. The results for the various options are shown in
Tables IV through VII. The results of the change in the real part of the
relative wave speed Rey are not overly significant. First, the variation
with frequency is partly due to the lack of accuracy of the real seed used
in the program; thus no trends are visible. Secondly, the fractional change
in Rey is very small. More important is the behavior of the imaginary part
of y. Two aspects of the results will be discussed: in the first place,
just how noticeable is the effect of the presence of two wave types, sym-

metric and antisymmetric; and in the second place, how close are the ap-
proximations of the thick-plate theory to the results of exact elasticity
theory?

In Figs. 2 and 3 a comparison is made between the results from exact
elasticity theory for a plate loaded on one side by a fluid. In Fig. 2 the
complex root originates in an antisymmetric wave in an unloaded plate. In
Fig. 3 it derives from a symmetric wave in an unloaded plate. In both
cases, Curve #1 represents the result of admitting both antisymmetric and
symmetric waves to propagate in the plate. This is the correct way of
satisfying the boundary conditions on each side of the plate. If one leaves
out the second type of wave, the symmetric one in Fig. i and the antisym-
metric one in Fig. 2, Curves #2 are obtained. The curves show that admit-
ting both types of waves instead of only one gives a very small difference
at lower values of the dimensionless wave number kd, but the difference
becomes quite pronounced at higher values of kd, above kd = 6. At this
value of kd, the wavelength is of the order of the thickness of the plate.
The comparison of exact theory with thick-plate theory in Figs. 4 and 5
shows a corresponding behavior:the thick-plate theory gives results reason-
ably close to exact-plate theory, except in the region where the exact theory
starts to display the influence of the complementary wave type, around
kd = 6 or 7. Thus, even where the thick-plate theory admits both types
of waves to take part in the propagation, it is not able to correctly pre-
dict the strong reduction in attenuation that occurs at higher values of
kd according to the more reliable exact theory. In thick-plate theory there
is very little change in y when both types of waves are admitted as compared
with one type only.
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Table IV. Roots of dispersion relation in thick-plate theory corresponding to
antisymmetric waves in unloaded plate.

• LOADED PLATE

UNLOADED PLATE A+S loaded one side A L onLA loaded one side A only, loaded both sidej

kd ksd Re(.%y) WmAY) Re(Ay) Im(y) Re( -) Im(.)

0.7 0.5322 0.37254 3.04.10
-
4 2.07674I0

-2  
1.69x10

-
4 2.0775.10

-
2 1.72-10" 4.0452-10-2

t3.l0
- 6  

-3.10
-
6 -3.10

-
6 :3 10

- 6  
±T710

-6  
:7'10

-
b

1.1 0.6758 0.74338 -7.9-10
- 5  

1.0965xi0
-
- 1.83.10

-
4 1.0964-10- -7.25-10

-
4 2.1885-10

-
2

_2x10
-

6 310
-6  ±3.10- 6 *3.10

-
6 _510_

6  
±5x10

-

1.5 0.7575 1.13625 1.9lO-  
8.243xi0

-3  -9.11xO
-  8.233i0

- ' -3.79-10-4 1.6456-10-'
±ltlO

- 6  
:1.0

-
6 -ix0

- 6  
*1.10

- 6  
*3.10

-6  ±3'10
- 6

2.5 0.8496 2.12400 1.18x10
-  

5.472 
- 310 1.2x10

-  5.4734xO
-  1.24-10-" 1.0946-10-2

:lO- 10- 6 -l-1O
- 6  

tllO
- 6  

:3-10
-
6 ±340

- &

4.5 0.9001 4.05135 1.568-10
-
4 3.3481.10

- 3  
9.00-10

-
6 3.3512-10 - ' 3.510-  6.699- 10 - '

t6.107 ±6.10_ ±210-7 t 2 .10-7 :3.10-6 t3 1 -6

6.5 0.9142 5.94230 1.07'd0
- ' 2.392-10

- ' -4.;24i0-
s  2.3979-10-' -f.94i0

-  4.795-10-'
tl-lO

-6  
-1.1O

- 6  
.IxlO

-7  
_i-I 0 -O

-  
II

-

8.5 0.9197 7.81745 1.61110
-  

1.8515SI0
- 3  

5.1.10
-
6 1.86-10

-
' -8.1410

-
6 3.722,1

0-
'

t5-10
-
' ±5-10

- 7  
±-L 0

- 7  
t2 1O-_ :2"10-- t2 lO-'

10.1 0.9220 9.31220 1.S93 10 
-  

1.5651 10
-  

3.2340 
-  

1.5750' - 2.24 ,l0 
"  

3.150110 -
-5x10

-
? t5 10

- 7  t,10 
7  

t2-10
- 7  t.10

- 7  
-6-0-,

Steel, v' 0.3028 Water, c, - 1447 m/s
C s  3264 m/s YR in steel - 0.9278
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Table V. Roots of dispersion relation in exact elasticity theory corresponding
to antisymmetric waves in unloaded plate.

LOADED PLATE
UNLOADED PLATE A+S. loaded one side A only. loaded one side A on1', loaded '-oth side,:

kd Y ksd Re(y) Im(Ay) Re(L.y) Im(.-) Re(iY) Im(")

0.7 0.5338 0.37366 4.28
x
lO

-
- 1.8792-10-2 -5.906.10-

3 
1.8761,10

-
2 -6.03,10

-
2 3.672-10-2

tl1l0
-
6 -iO-

6  
-I10

-
6 :1 i1 i0-

5

1.1 0.6801 0.74811 8.88xlO
s  

9.3676-10-
3  

-9.8-10
- 6  

9.3676-10-
3  

-3.41'10
-
' 1.870910-

±5xO
- 

.510
- 7  

t5-10 
- 7 

-- 5.10
- 7 
-5i,_ -1i0

-
c' -1-10

-
1

1.5 0.7643 1.14645 9.16x10-' 6.8507 I0-
3  

-2.04-10
-
' 6.8519-10-' 1. 084.l0-' 1.3698'l0

- 2

4xlO
- 7  

40
- 7  

4 q10-
7  

t4.10-7 _110 : 'i0
- 
'

2.5 0.8601 2.15050 3.391 10
-
' 4.7823-10

- 3  
1.582'10

-
' 4.7899-10-1 2.43210

-
" 9.5788-10-'

:3.10
-
7 --3.10

- 7  
:34.10-7 ±3'l0-7 t5'0-7 540-7

4.5 0.9122 4.10490 7.486-10
-
4 4.0471.i0-

3  
1.198x10

-
' 4.1106xi0-

3  
3.256-10-4 8.2174-10-

3

:3.0-
7  

:3.10-7 _2.10-7 _-2-10-
7  

t5-10-
7  

_5xlO
-
7

6.5 0.9240 6.00600 3.29'
I
0

~3  
2.56x10

-  
8.7082-10

-
' 4.2833-10

-
1 3.52210- 8.564.10

-
'

±2 l0
- 5  

-2xlO
-
s -9.10

- 7  
-9.10-

7  
:2 10

-
6 .2410

- 6

8.5 0.9269 7.87865 9.51X10-4 9.8-10
-
' 1.26x10

-
4 4.474-10

-
1 4.02 10- 8.951-10

-
'

02.20
- 6 

62×I0-6 _-2-10
- 6  

2'i02
- 6  

20
-
6 -24i0

-
6

10.1 0.9267 9.36876 1.1495.10-3 8.85-10
-
' 9.57 10

-
4 4.549x10

-3  
1.2210

-
3 9.102-10

-
'

410-1 4 108 :i1 0-6 l-10-6 -2-10-6 -2140-6

Steel, v - 0.3028 Water, co = 1447 m/s

c. - 3264 m/s YR in steel - 0.9278
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Table VI. Complex roots of dispersion relation in thick-plate theory
corresponding to symmetric waves in unloaded plate.

LOADED PLATE ,_
UNLOADED PLATE A+S, loaded one side S onl', loaded one side S onlyI loaded both sides

kd y ksd Re(Ay) Wa(Ay) Re(6y) Im( Y) Re(Lv) Im(A0)

0.5 1.6841 0.84205 -8.321-10
- 5 

1.5173.10-
3  

-3.016-10-
5 

1.5183-10-
3  

5.25410-6 3.0361,10
-
3

t710
-
8 ±7xlO

-8  
-4-10-8 ±410

-8  
±7-10

- 8  
-7-10-8

.9 1.6601 1.49409 -6.44xl0
-  

1.3452-10- 2.3410-
6  

1,3447,10-1 1.532I0
-
' 6.6848×10-'

±2-10-7 ±2lO-7 t2_10
- 7  

t2.10
-
7 t210

-
' :2-10

- 7

1.3 1.6158 2.10054 4.29xl0- 6.519810
-
' 1.38910

-  
6.5766-10

- 3  
5.915".0

-  
1.301410

- 2

=2xl0
-7  

±2-10
-7  

±2.10-7 .2.10
-7  

t3"1
- 7  

(±3-10
-
7)

1.7 1.5465 2.62905 1.113x10
-  

1.1727,10
-
2 2.614"10

-
4 1.17180

-
2 1.2672-0-3 2.3396.10-2

.6-10 - 7  
(±6x10 - 7

) ±6x10 - 7  (±6x10-7) t4 40 - 7  
(-4-10

-
')

2.5 1.3698 3.42450 -3.288.10-4 2.0723x0
- 2  

-5.94-10
-
' 2.0714.10

-2  
5.346-10

-
' 4.1532.i0

- 2

Z5,0.-7 (±5"
-
1 ) ±3xlO

-7 ±3 
-  

t7-10
-  

(±7-10"-

4.5 1.1106 4.99770 -7.476-10
-
4 1.3502-10

-
2 -5.10410-

4  
1.35x10

-
2 -1.0257.10-3 2.6992,10

- 2

=2xI0
-7  

2O
- 7  

±3'10
-7  

(:310-
7
) ±7"1O

-  (±74l- )

6.9 1.0124 6.98556 -5.778-10-
"  

7.9489.10-
3  

-3.822.10
-
4 7.94254i0

- ?  
6.043-[0

-
4 1.588xI0

-

±210-
7  

:2xI
- 7  

±2-10
-
' z2.10

-7  
-4x10

- 7  
(t4_0 

- 7)

8.1 0.9904 8.02224 -5.886xi0
-  

6.5758.10-
3  

4.027-10" 6.5681
0-

3 5.593-10-4 1.3133-10
-
2

(±6-10-
-
9
)  

(t6-10
-
3
)  

±1i0
- 7  

(llO
-

.
) 

:3.i0
- 7  

.3..
- 7 )

9.7 0972 9.43034 -5.850
"  

53391
-  

4.002xI
"  

5.3439-10
-
2 5.068-10

-
" 1.0687-10

-
-
2

_l10
- 7  

tlxl
-  

±3×10
-  

t3-10
-
1 n3 1O

-
7 (±3-10-')
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Table VII. Complex roots of dispersion relation in exact elasticity theory
corresponding to symmetric waves in unloaded plate.

LOADED PLATE ,,
NIOAED PLATE A+S. loaded one side S ,nlv. loaded one side S onIy. load ed both

kd ksJ Re(1I) Im(Lr) Re(.& )m(2'y) Re() Ia(,.,)

0.5 1.6626 0.83130 1.6869'10
-2 

1.5772-10
-
' 1.6918-10-

2 
1.579-10

-
' 1.696x10-- 3.17,10

-
'

1,1i
-r  ~ 0-- (tIi0

- 6)  
(-l 10

- 
'
)  

-i I0
-
, *i 10

-
1

0.9 1.5932 1.43388 4. 866,10
-  

3.9029,10-
3  

4.6916-10 ' 3.905-10-3 4.7102 10-2 7.974 10-
(:,0

-
1-_ 0

- 7  
-7 -1O-6 -7,10

- 
' -T1O- 6  

-7 -1O-6

L.3 1.4460 I1.87980 1.1758xID0
-  

8.79410
-
' 1.176-10-i 8.794-10

-
3 1.1835-10

-
1 1.756-10

-
-

(-SxlO
-7)  

0(8 .1O
-
7
)  

(,6-1O
- 6)  

±6 1O
-6  

-610
-  

-6-10
- 5

1." 1.2750 2.16750 1.7232-10 - 1 1.703.L0
-  

1.723310-1I 1.701-10-- 1.7394-10-1 3,409,i0--

(:6,0r-5) t6l0-
5  

-6-10-
5  

-6-10-
5  

±6(O- 6,10-5

2.5 1.1507 2.87675 -7.5078,10
- 

1.2996-10
-
2 -7.493xI0

-
2 1.295 LO

- '  
-7.513.10

-
2 2.598-10

- z

±5 lO
- 6  

-5x10
-  

-5-10
- 5  

--5xIO
- 5  

-5-10-5 ±5 l
-
1

4.5 0.9485 4.26825 3.964-10
-
' 6.479-10

- 3  
4.53 I0-' 6.41-10

-
' 4.62-10

-
' 1.28.10

- 2

t610
-

6 :610- 6 :74i0-5 :7×I0-
5  

:5410
- 5  z5x10 - 5

6.9 0.9367 6.42183 -8.9210
-  

1.141i0
-
' -5.43 10-' 4.98-10

-
' -5.24-10-' 9.98.l0

-
1

t2 1O
-6  

-2-10
- 6  

.2×10
- 5  

.2×10
-5  

IX×lO
- 5  

-,2-10
- 5

8.1 0.9290 7.52490 -1.15014i0-3 1.743-10-" 2.3,10
-
4 4.79x10

-
' 4.5,10

-  1 9.57;10 -
3

t3xlO
- 7  

--3x10-7 t2×lO
- 5  

--2-10
- 5  

1,1~0-5 _1 l
- 5

9.7 0.9282 9.00354 -3.50xlO
-  

1.6-10
-
' 1.16 10

-
4 4.67110

-
3 3.58x10

-  
9.344-10

- 3j2 - 6 
:2210

- 6 -09-10
- 6 -94 0

- 6 -IL0
- - 6
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Curve #1 - Antisymmetric and symmetric wave
occurring simultaneously.

Curve #2 - Antisymmetric wave only.

Fig. 2. Imaginary part of relative phase speed y as a function
of the dimensionless wave number kd, corresponding to
antisymmetric root of the unloaded case. Exact
elasticity theory.
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Curve #1 - Symmetric and antisymmetric waves

occurring simultaneously.

Curve #2 - Symmetric wave only.

Fig. 3. Imaginary part of relative wave speed y as a function

of dimensionless wave number kd, corresponding to

symmetric root of the unloaded case.

Exact elasticity theory.
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Fig. 4. Comparison of imaginary part of relative phase speed y

as a function of dimensionless wave number kd for
exact elasticity theory (Curve #1) and thick-plate

theory (Curve #2), for root corresponding to

antisymmetric root in unloaded case.
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number kd, for exact elasticity theory (Curve #1)

and thick-plate theory (Curve #2), for root

corresponding to symmetric root in unloaded case.
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APPENDIX A

DESCRIPTION OF ROOT-FINDING PROGRAM

The principle of the complex root finder described in this report is

general, but the specific form of the program is adapted to the problem of

finding roots of the dispersion relation of straight-crested waves in a

fluid-loaded plate. The development of the dispersion relation for such

waves is given in the Application section of this report. Flow diagram,

list of symbols, source listing, and examples are attached as Appendices B,

C, D, and E, respectively.

First the material parameters are entered into the program: POI,

Poisson's ratio of the plate material; COCS, the ratio of the sound speed

in the fluid to the shear wave speed in the plate; and RIHM, the ratio of

the fluid density to the density of the plate material. Next, the complex

correction factor (AKAR, AKAI) for the effective shear modulus in thick-

plate theory is entered, with the (uncritical) value of the step in z, DELZ,

used to approximate the derivative 3f/z (see Complex Root-Finder Program

section). Then the frequency is entered in the form of the dimensionless
wave number ksd (AKSD) for shear waves in the plate, with the corresponding

dimensionless propagation speed for an unloaded plate, ZNOT, which should be

computed by a program for finding real roots [8]. On the same line, a maxi-

mum number of iterations are entered, which serves to provide an exit from

the program in case it fails to converge. Three control-type variables are

entered next: ANR, the number of steps in which the approach from zero

density to full density is performed; TOL, the number for the relative ac-

curacy of the final result; and the multiplication factor FSTEP, for the

step size in the movement of the test pairs (see Complex Root-Finder Pro-

gram section). The option number BID chooses from various options, concern-

ing exact theory or thick-plate theory and antisymmetric cr symmetric waves

and fluid-loading on one side or both sides. The listing of these options

is given in Appendix B.

The computations and loops follow closely the discussion of the main

algorithm in the Complex Root-Finder Program section. If the program fails

to converge, a statement is printed out which indicates an exit left or

right or up or down, depending on the direction of motion of the pertinent

test pair. The name SIGN refers to the quantity, the algebraic sign of which

is the criterion for the location of the root with respect to the test pair.

If SIGN is equal to zero, a message to that extent is printed and the program

transfers to the end where a return option number is to be entered.

The accuracy of the final answer is determined by the comparison of the

larger of the relative errors in the real and imaginary parts of the change
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in relative wave speed to the number TOL entered in the program. For every.
step in the density, an intermediate vaiue of the complex wave speed is
printed out. A dimensionless atenuaticn factor -(kid) is computed and
printed out that is computed according to

(ksd)'" 2. = -,(A!)

where 1,2 refer to the real and imaginary parts of a complex number, ks is
the wave number for shear waves, 2d the thickness of the plate, Y and (2
are the real and imaginary parts of the dimensionless propagation speed
= c/cs , c is the propagation speed, and cs is the speed of shear waves in

the plate. At the end of the program, a return option number is requested
that returns the program to any of the five lines where input data are
entered. Typing in zero for the option number results in an exit from the
program.

Special caution is due in the use of a complex square-root routine,
since the square root is a double-valued function. it occurs several tines
in the program: first in computation of the quantities q' and s', defined 'vq,- .= K, -k22 - k 2

and k - k [compare Eqs. (14) and (15)]. The
two possible roots differ by a factor of -1, of course. The structure of
the dispersion determinant is such that the change from one root to the other
introduces a factor of -i into the determinant value, and thus does not affect
the location of zeros of the determinant. The program converges properly as
lcng as one stays with one branch of the function and does not jump from one
branch to the other. The FORTRAN subroutine selects always the square root
that has a positive real part; if the real part is zero, it selects the
positive purely imaginary root. This amounts to a branch cut along the
negative real axis in the complex plane of the argument of the function, and
this prevented convergence of the program in some cases. The problem was
remedied by the following method. If the numerical value for q'2 or s'2 has
a negative real part, it is multiplied by -1 before the square root is taken.
The result is then multiplied by -i. This is equivalent to moving the
branch cut from the negative real axis to the positive real axis. This
should solve the problem in all cases where the root is not close to the
origin, as compared with the chosen stepsize.

in one second place the square-root routine appears in the calculation
of cot:, where i is the angle with the normal to the plate of the radiation
emitted into the fluid. It is calculated by the equation cot- = [(C/Co)g-i] -,

which foillows from the coincidence condition between the waves in the plate
and in the fluid. Since the imaginary part of the phase speed c is always
small compared with the real part, there is no problem in this case with the
branch cut of the subroutine, as long as c is larger than co and not '.ery.
close to c,. f c<c o, : one has the situation where there is no radiation into
tne fluid; the factor [(c/co)i] is purely imaginary, and the root finder
is not aole to operate. Therefore the program checks for the algeoraic iian

the expression (c/co)-- in the beginning, when c has still the value o

24



the phase speed for an unloaded plate. If this is negative, the program
prints a statement that no radiation into the fluid is possible and moves
to the request for a new return option number.
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APPENDIX B

FLOW DIAGRAM R0819 MAIN PROGRAM

RUN R0819

K READ
POT, COCS,
RHM

L 2 AKAR, AKAI
D

REA
m 

3 AKSD ,
NOT, ml

ZNDT/COCS +

0 READ

ANRJOL, 
N

PRINT FSTEP

"NO
RADIATION"

READ
BID p

COMPUTE
GAMP, GAMD,
AKFD, AT,
RHO = 0

COMPUTE
STEPSIZE DEL

PRINT DEL

A
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SET VERTICALSE T V IRT
ES T P I CALTEST PAIR,A I R ,Z " ZZI, Z22

H

SIGN

C 
0

PRINT

FHI "LEFT-RIGH. FH1 1
SIGN IS

qZ 

E 
RO

Q

MOVE
VERTICAL
TEST PAIR

FH2 FH2 = +1

Q = KL+I SIGN KR = KR+I

0
C

KAM-KL KAM- KR

0 0

PRINT PRINTPR I NT

"EX IT R I CEXIT LEFT" "EXIT RIGHT"0

28
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D

-4 
FVI 

FV2 

B

0

SET
HORIZONTAL
TEST PAIR

Z3, Z4

SIGN

E 

0

FVI -1 FVI +1
PRINT

"UP-DOWN
SIGN IS
ZERO"

F

MOVE
HORIZONTAL
TEST PAIR

FV2 1 FV2 = +1
KDOWN SIGN KUP =
KDOWN +1 KUP +1

0

E

KAM-KDOWN go KAM-KUP

,PQ I NT "PRINT
EXIT EXIT
DOWN" up.,
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G

FVI FV2 10

0
REL.

ERROR
TOL

0 CALCULATE
REGA, AMGA

DEL DEL/10
CALCULATE
VERTICAL

TEST PAIR ZlZ2
PRINT RHO,
REGA, AMGA,
ERROR

H

RHM- SET NEW ZVAR
RHO JAII NEW RHO

0

A

PRINT
GAMMA
-ZNOT,
ERROR

IrRINT

ji. ESS
ATTEN.
FACTOR
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--

FLOW DIAGRAM FUNCTION SUBPROGRAM DS

CALLED
BY R0819

5.5.
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FLOW DIAGRAM FUNCTION SUBPROGRAM DSP

BY DS

BID = ID =

E 1 2,4 3,5

COMPUTE DSP
FRVARIOUS
FRBID 1

RETURN
TO DS
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FLOW DIAGRAM FUNCTION SUBPROGRAM DSP2

SCALED

SET FF
DEPENDING
ON BID

,- 1
ICOMPUTE DSP2
IFOR GIVEN BID

RETURNTO DS_
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APPENDIX C

LISTING OF MAJOR SYMBOLS IN FORTRAN PROGRAM

AI i, imaginary unit

AKAP K, complex correction factor for shear modulus

AKAR Real part of K

AKAI Imaginary part of K

AKFD k d, dimensionless wave number in fluid0

AKSD k d, dimensionless wave number for shear waves in plate

,NR = NR Number of steps to reach nominal density RHM

.ANGA Imaginary part of wave speed y

AMI = KAM Number of iterations allowed in loop

ATF -k d, where k2 = lm(k), dimensionless attenuation factor

BID = ID Number of required option

1: Thick-plate theory, antisymmetric and symmetric waves,
fluid on one side.

2: Thick-plate theory, antisymmetric wave only, fluid
on one side.

3: Thick-plate theory, antisymmetric wave only, sc-me
fluid on both sides.

4: Thick-plate theory, symmetric wave only, fluid on
one side.

5: Thick-plate theory, symmetric wave only, same fluid
on both sides.

6: Exact theory, antisymmetric and symmetric waves,

fluid on one side.

7: Exact theory, antisymmetric wave only, fluid on one side.

8: Exact theory, antisymmetric wave only, same fluid

on both sides.

9: Exact theory, symmetric wave only, fluid on one side.

10: Exact theory, symmetric wave only, same fluid on
both sides.
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COCS co/c s , propagation speed in fluid relative to shear wave

speed in plate.

DS(Z) Function subprogram calling DSP(Z) or DSP2(Z).

DSP(Z) Function subprogram for dispersion relation in thick-plate theory.

DSP2(Z) Function subprogram for dispersion relation in exact theory.

DFDZ Approximation for f/3z.

DEL Real step size.

DELZ Rlz, used in computation of approximation to 3f/z.

DELP Intermediate symbol for step size DEL.

DELHDELELV Step sizes for movement of test pairs, horizontally and vertically.

DZ Complex step size

F [(c/c 0) -

FF Factor in dispersion relation FF = 1, fluid on both sides
FF = 2, fluid on one side

FI,F2,
F3,F4 f(z1 ), f(z2) , f(z3 ), f(z4 )

FVI,FV2,
FHl,FH2 Flags to indicate direction of motion of test pairs.

FSTEP Factor to adjust step size DEL.

GAMD Yd' phase speed of dilitational waves relative to shear wave speed.

GAMP y p, phase speed of extensional waves relative to shear wave speed.

ID =BID

IDSP, IBD Intermediate option numbers.

K Return option number
= 1, program returns to entering POI, COCS, RHM

2, program returns to entering AKAR, AKAI, DELZ
= 3, program returns to entering AKSD, ZNOT, AMI
= 4, program returns to entering ANR, TOL, FSTEP
= 5, program returns to entering BID
S0, program exits.

KAM - AMI

36
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KR, KL,

KUP,KDOWN Counters in loops to check number of iterations.

NR = ANR

NRV Counter in advancing the parameter RHO.

POI Poisson's ratio.

REGA Real part of relative wave speed -y.

RHM Nominal density of fluid loading the plate, divided by

density of plate material.

RHO Stepwise varied value of relative density, varying from
zero to RHM.

QPR q'd = [(kdd) 2 - (kd)2] , dimensionless wave number.

SIGN Expression, the algebraic sign of which determines location
of root relative to test pair.

SPR s'd = [(ksd) 2 
- (kd)2 , dimensionless wave number.

TOL Limit for relative error in the root.

Z Variable for root used in calling function subroutines.

Z1,Z2 Vertical test pair.

Z3,Z4 Horizontal test pair.

ZNOT Value for the real root of the dispersion relation without

fluid loading, from a real root finder, serving as the
seed for starting the program.

ZVAR Intermediate value of root, serving as seed for the next
step in the parameter RHO.
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APPENDIX D

SOURCE PROGRAM LISTING

COMPLEX Z'DISFYm I ,DFDZ,,ZYZ"ARPZl,Z2,Z3,Z4,F,F2,3,F,IIF'-*
COMPLEX AKAF',1L'SCM7LX
COMMON RHOPASLIGAMF.-GAMlIARAKA:,)KFIIII,LISF-

I WRITE (5,30)
7 0 FORMAT( '$ENTErk FOIfCOCS,RHM: '

READ, (5Y39) FOi,COCSRHM
71 clFul RMA T-'3 F 15*0)
2 WRITE (5,31)
A FORMAT: '$ENlER AKA^R, AtAlyII ELZ:

R EALD ( 5 v39 A ~K A R ,:AI, E E
AN AF-C M'L> (A.,,A RvAK A I

10 ~FORMAT(I$ENTER AN-'Sl',2NOTvt OF IT.:,
READ (5y39:' AK-SD,42N0TwAMl
IF (ZNOT/C'iCS-1.)

61 WRITE (5t63 )
63FOR~MAT ( ' NO RADIAT lbN INTO F Djr'

GO TO 100
62 KAM=AMI
10 WRITE(5,45)
45 FORMAT ('$ENTER ANR, TOL, FSTEF:
47 REA~L'(5,39) ANR, TOL, FSTEF'
12 WRITE (5,33)
33 FORMAT('$ENTrER BIL:')

REAL, (5p8) BID
8 FORMAT (715.0)

AI=GMFLX(0C. ,1)
GAMF=SQRT(2.r1,.-POI:)
GAMDZ=SQRT (2, K A.-F'OI )/( 1. -2. *F,0'
AKFE'=AKSD , COUS
RHO=0,
N R=IN T (ANRF)
NRV=0

C COMPUTE STEPSIZE DIEL
ZVAR=ZNOT
Z =Z VAR +D[EL 2'
DFLDZ=D ( Z) /DELZ
RHO F:HO + RNM,'ANRF
N RV =N RV +-l
L'Z=-['S(ZYAR ,rD
X=ABS(REAL:[1Z:
Y=AECS (A I MAG'L17~
L'EL=AMAXI, Y: <Fy7-
WRITE(5,301) IEL
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301 FORMAT(' DEL:*1.

C FINED INITIAL EIRECTICN iF MO1C)EM-NT OF
C VERTICAL TEST PAIR
70 DEL=IELF'
64 Zl=ZVAR-AI*'EL

Z 2=ZVAR +A I *[CEL

65 F 1 ElD S ( Z 21

KL=0
lKUP =0
KDElOWN =0
SIGN=AIMAG'P1 l)*REAL(F2)-REAL(F )*CAIM; 'G 2-)
IF( SIGN) 71, 72,73

71 FH1=-1l
GO TO 74

72 WRITE(5P302)
302 FORMAT (' LEFT-RIGHT SIGN =ZERO')

GO TO 100
73 F H1 =1 .
74 IEELH=FH1*E'EL
C LOOP TO FINED VERTICAL LINES BR~ACK~ETING RUI~
75 Zl=Zl+DELH

Fl1=DS (Z 1)
F 2 = ES (Z2)
SIGN=AIMAG(Fl)*REA~L(F2)-AIMAG(F2)*F.EAL.(F1)
IF (SIGN) 81P72983

81 FH2=-l.
KL=KL+1
IF (KAM-KL) 99,I99,84

99 WRITE(5Y310)
310 FORMAT P' EXIT LEFT')

GO TO 100

83 FH2 = 1.-
KR=KR+l
IF(KAM-KR) 98t98,84

98 WRITE (59311)
311 FORMAT(' EXIT RIGHT')

GO TO 100
84 IF (FHI*FH2) 92?75t75
C FIND irfTIAL DIRECrION OF MJVEMENT
C OF HORIZONTAL TEST FAIR
92 Z4=(Z1+Z2)l2l.+'EL

KL=0
Z 3=(Z1+ Z 2)/'2. - EEL
F 3 = S(Z 3)
F 4=[ElS (Z 4)
SIGjN=AIMAG'F3)'*R.EAL:4-AIMGI(F4')*REAL(F*3)
IF (SIGN) 101,102,103
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101 FV1=1.

GO TO 104
102 WRITE (5P304)
304 FORMAT(' UP-DOWN 33IGN = ERP~

GO TO 100
103 FVI=-l .
104 DELV=FVI*1!EL
C LOOF TO FINE, HORIZONTAL LIN~ES ERA ;:cEF1NG F'kljl
105 Z4=Z4+AI*t'ELV

Z3=Z3+AI*DiEL V
F 3=BS (Z3)
F 4 EliS (Z 4)
SIGN=AIMAG(F3)*REAL(F4)-AIMG(F4)*REALtF3)
IF (SIGN) 1119102,113

ill FV2 =1.
N U F'= KU F+ 1
IF(KAM-NUF) ?997,114

97 WRITE(5P305)
305 FORMAT (' EXIT UP')

GO TO 100
113 FV2=-1 .I

N LiOWN=K rio wN+ 1
IF (KAM-NliOWN) 96,Q6,114

96 WRITE(5v306)
306 FORMAT(' EXIT DOWN')

GO TO 100
114 IF (FVI*FV2) 21031-
122 REGA=REAL(ZI)

AMGA=AIMAG(/'Z3)
K UFP-0
I';E:OWN =0

133 AMGA=ABS(AMGA)
DiRE G=A BS (REG0A*--ZNO0T)

C CHECK IF REQUIRED PRECISION IS REAC< Li
IF (DEL/AMINl(:iREGAMGA)-TOL) 132,13Z.1?3t

131 CONTINUE
EiEL = EEL /10.
Z1= ( Z 3+Z 4) /2.- A I * FL
Z'-2'= ( Z 3+ Z 4) /2. +A AI *1EEL.
GO TO 65~

132 REGA=REAL (Zi) -IlELH/2.
AMGA=AIMAO( Z3 -tEEl-V/2.
DELH=ASS(EIELH/2..

C PRINT PRELIMINARY R~ESUiLTS FOR INTERIAEDIATE RHOJ
WRITE(5P 140) RHO.REGApAMGAvEIELH

140 FORMAT(' RHOREGAAMGA? !L.H='2.F1O,6.2-E15.T,)
C CHECK IF FINAL RHO HAzl BiE". REAC>E~l

IF(NR-NRV)145, 145,146
146 ZVAR=REGA+AM'GA*AI

RHO=RHO+RHM/ANR
N RV =N RV+1
GO TO 70
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145 GO TO (701,702,802,703,803,"04,75,3O'.,7('.r3).-), Vi

701 WRITE(5,7ll)
GO TO 707

702 WRITE(5,712)
GO TO 707

302 WRITE(5,812)
GO TO 707

703 WRrrE (5,71.3)

GO fO 707
803 WRITE (5f813)

GO TO 707
704 WRITE (5,)14)

GO TO 70
705 WRITE(5,71.:

GO TO 70'
805 WRITE(5,815)

GO TO 707
706 WRITE t?,71)

GO TO 707
806 WRITE k5, 8lI,
707 CONTINUE

C COMPUTE AiTENUATIOJ F CrOR
ATF=AKSD*AMUA/(REGA2+,.'AMG Ak. . )

711 FORMAT(' THICK PLATE, A. *ND S., FLU]LI ONE SIDE')
712 FORMAT(' THICK PLATE, A.ONLY, FLU iri CNE SIPE')
812 FORMAT(' THICK PLATE, AoONL-Y, FLLt:, '.OTH E:ID.>
713 FORMAT(' THICK PLATE, S.ONLY, FL.U [l' 'NE EI[I.'

813 FORMAT(' THICK PLATE, S.ONLY, FLUTi. .CTH SL.'-
714 FORMAT(' EXACT, A. AND S., FLUID TNE SCtI
715 FORMAT(' EXACT, A.ONL't, FLUID ONE SIDE')
815 FORMAT(' EXACT, A ONLY, FLUID BOTH SDES')
716 FORMAT(' EXACT, S. ONLY, FLUITI ONE SIDE')

816 FORMAT(' EXACT, S. ONLY, FLUID BC'rH SIDES)
171 FORMAT (2F10.6)

WRITE (5,172) AKSLIZNOT
172 FORMAT(' VALUES OF AKSDZNOT, ARE ,2F10*6)

WRITE (5,173',
173 FORMAT(' REAL AND irl. PARTS OF GAMMA--ZNOT AND ERPOF. .E'

REGA=REGA-ZNOT
WRITE (5,174)REGAAMGADELH

174 FORMAT(3E15.5)
WRITE(5,175) ATF

175 FORMAT (' DIMENSIONLESS ATTEN.FACTOR 'PE12.5'
100 WRITE (5,159)
159 FORMAT ('$ENTER RETURN OPlION NUMBER ' )

READ (5,151) K
151 FORMAT (14)

GO TO (1,2,11,10,12) K
END
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FUNCTION DSZ)
COMPLEX t'Sv SPZElSF'P2,AAk.F
COMMON RHO -AKSEI9GAMPGAMI!At\AR PAKAI At\FIIEID 113

IF(E4IE-5.5 )50f50,6O

GO TO 70
60 DS=EISP2(Z)
70 RETURN

E N ED

FUNCTION EISF'k2)
COMPLEX EISFA IAKAF
COMPLEX All ,A22,)SlI ,S22,EYIELAj,IELSZFCMFPLXPCSG RT
COMMON RHOAKSDGAMFPGAMEIAARAKAI,tFIrlyEI;F'
GO TO (796v5p6pb) ID

5 FF 1.
GO TO 7

6 FF=2.
7 CONTINUE

A I =CM F'LX (0 0p1 *0)
AKAF'=CMF'LX(AKARfAKAI)
A11=AKSEI* *2 * Z **2 -GAMP **2 ) /3 - AK AP**2 Z *2
A22=AKSE'**2* ( AKAFP;9*2-2Z**2 )
DELA=A1 1*A22+AKsDi**2-*!**2*AKAF**4
Si 1 = AKSE' * * 2* ( GA ME * 2-7*Z *)
S22=AKSE'**2*(AKAF.*2-Z*2/,3.*(GAMrs*z')**2

F=CSL1RT( (Z*AKFD/AKSE',)**2 -I,.
GO TO (10,20.20,30P30) ir,

10 ESF=AI*EsELA*EiELS-Z**3*AKD* - RHO/Z:. 4'E 11-9*A1
GO TO 40

210 E'SF=AI*E'ELA-Z**3*AKSE'*RHO*A1 L/( rPF)
GO TO 40

30 E'SP'=AI*E'ELS-Z' *3*AKSE'*RHO*S21 1 "(F *FF)
40 RETURN

EN E,
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FUNCTION [fSP2(Z)
COMPLEX 1SF2 9A I vA 11 v A22,YS1 1 9S22 7A KriSFRP QFRfA KAP,?ll 1,2 11,7
COMPLEX DIELALiELSZYFCMF'LX,CSQRTCCOSCSIN
COMPLEX CCQPCSQPCSvCCS
COMMON R'JAS APYGM AA )A KD9T,-
1 Bi Di= I Di-5
FF=2.
GO TO (796,5,6,5) IBSi

5~ FF= I1.
GO TO 7

6 FF=2.
7 CONT'INUE

Ai=CMPLX(O.P,1,
A KDB=A KS Li/ 71
IF (REAL(AKE'**2-AKS1'**2)) 11Y12712

12) SFR=-AI*CSORT(AKDi**2--AKSDi.*2)
GO TO 13

11 SFR=CSORT(AKS*2-AK11t**2)
13 IF(REAL(l.-(Z/GAML)*2)) 2!v22r1)2

21 QFPR=CSQRT( (Z/GAMI ) **2-1., i Th1
GO TO 23

22 PR=A I *C S 0RT ( I. ZI/G-TS' M D A W. 11
23 Al 1=(AKEI**2-SFR**2) *CSIN, QP'R)

A22=- ( AI**2-SFR**2 ) :*CCOS ( SFR
LELA=All*A22-4.**AKri*4 ** FR*SFR*C3- f*3N-SP: *.C rq P R)
S I 1= A K II* *2-SF'R,* * 2) * CCI]3 S (I R)
S22=- ( AKE**2-SF'R**2 ) *CS IN (SF h
DELS=S11 *S22-4 . *AKE**2*GF'R*SFR ):S 1. N D~k 4 CCOS SFA
F=CSQRT( (Z*AKFD/AKSD)**2-i *

Dli= BELA * LEL S *Al
L12'=RHO*QFR*AKSr**4*EiELS*CCOS&' QFF ) *CCOE SS hIi:F
L'3=RHO*QPR*AKSD**4*LELA*CSINCIFR*C n,4f-,'F's (AThE*F)
GO TO 115,25Y25,35,35) IBE'

15 LISP2=Dl+(D3-E2)/FF
GO TO 45

25 DSF'2!=DI-D2/FF
CO TO 45j

35 DSF2=01+E13/FF
45 CONTINUE

RETURN
E N 0I
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APPENDIX E

EXAMPLES

Items 1 and 2 show two examples where the running of the program took
place without complications. In Item 3 the program fails to converge,
conceivably due to the close proximity of another root of the dispersion
relation, originating in a symmetric real root. This example shows how
increasing ANR, which is the number of steps to reach the full value of
the density of the fluid, does result in convergence of the program.

RLIN Ro819

ENTER POICOCS,RHM: .3028 .44332.12806

ENTER AkAR, AKAI, DELZ: .9278,0,0.0I

ENTER AKSDZNOT,# OF IT.°4.05135°.9003,200.
ENTER ANR, TOL, FSTEF: 1.0.01,1.
ENTER BID: 2.
DEL- 0.33621E-02
RHOREGAAMGA,DELH= 0.128060 0.900309 0.33512E-02 0116810E-07
rHICK PLATE, A.ONLY, FLUID ONE SIDE
VALUES OF AKSt!,ZNOT, ARE 4.051350 0.900300
REAL AND IM. PARTS OF GAMMA-ZNOT AND ERROR ARE

0.90003E-05 0.33512E-02 0.16810E-07
tiIMENSIONLF5S ATTEN.FACTOR = 0.16750E-o1
ENTER RETURN OPTION NUNBER 3

E7NTER AKSDZNOT,# OF IT.:5.9423,.9142,200.

ENTER ANR, TOL, FSTEP: . 0.01,1.

ENTER BID: 2.
DEL= 0.23942E-02
RHO,REGAAMGA,DELH= 0.128060 0.914153 0.23979E-02 0.11971E-06
THICK PLATE, A.ONLY, FLUID ONE SIDE

VALUES OF AKSDZNOT, ARE 5.942300 0.914200
REAL AND IM. PARTS OF GAMMA-ZNOT AND ERROR ARE

-0.47207E-04 0.23979E-02 0.11971E-06
DIMENSIONLESS ATTEN.FACTOR = 0.17051E-01

ENTER RETURN OPTION NUMBER 3

3 ENTER AKSDZNOT,# OF IT.:7.81745,.9197,200.

ENTER ANR, TOL, FSTEP: I.,0.01,1.
ENTER BID: 2.
DEL= 0.18673E-02

EXIT LEFT
ENTER RETURN OPTION NUMBER 4

ENTER ANR, TOL, FSTEP 3.-1.01,1.
ENTER BID: 2.
DEL= 0.62245E-03
RMO,REGA,AMGADELH= 0.042687 0.919709 0.61999E-03 0.31122E-07
RHO,REGAAMGADELH= 0.085373 0.919708 0.12400E-02 0.31122E-07

EXIT RIGHT
ENTER RETURN OPTION NUMBER 4
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ENTER ANR, TOLP FSTEP: 3.PO.O1,1.
ENTER bID: 2.
DEL- 0.37347E-03
RHOPREGA,AIOACELH- 0.02t612 0.919709 0.37199E-03 0.18673E-07
RNO,REGAAMGAPDELH- 0.0512114 0.919709 0.74399E-03 0.1B673E-07
RHOREGA,AMGADELH- 0.076836 0.919708 0.11160E-02 0.18673E-07
RHO,REGA,AMGA,DELH= 0.102448 0.919707 O.14880E-02 0.18673E-07
RHOREGA,AMGA,DELH= 0.128060 0.919705 0.18600E-02 0.18673E-07
THICK~ PLATE, A.ONLY. FLUID ONE SIDE
VALUES OF AKSD.ZNOT. ARE 7.817450 0.919700
REAL AND IM. PARTS OF GANNA-ZNOT AND ERROR ARE

0.50664E-05 0.19600E-02 0.18673E-0:1
DIMENSIONLESS ArTEN.FACTOR = 0.!190E-01
ENTER RETUAR' OPTION NUNDER 0
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The next example shows that in some cases increase of ANR or increas-
ing FSTEP can make the program converge. It is not clear whether or not
there are cases where one of these two variables would induce convergence
and not the other.

RUN R0819

ENTER POICOCSRHM: .3028,.4432,.12806

ENTER AKAR, AKAI, DELZ: .9278,0.0.01
ENTER AKSDZNOT,* OF IT.:7.5249,.9290,200.
ENTER ANR, TOL, FSTEP: 3.,0.01,1.
ENTER BID: 6.

DEL= 0.54452E-03
RHOREGAAMGADELH= 0.042687 0.927811 0.64525E-03 0.27226E-05
RHOREGAAMGADELH= 0.085373 0.927847 0.26817E-03 0.27226E-06
RHOREGA,AMGA,DELH= 0.128060 0.927850 0.17425E-03 0.27226E-06
EXACT, A. AND S., FLUID ONE SIDE
VALUES OF AKSDZNOT, ARE 7.524900 0.929000
REAL AND IM. PARTS OF GAMMA-ZNOT AND ERROR ARE

-0.11500E-02 0.17425E-03 0.27226E-06
DIMENSIONLESS ATTEN.FACTOR = 0.15230E-02
ENTER RETURN OPTION NUMBER 5

ENTER BID: 9.
DEL= 0.58163E-03
EXIT LEFT
ENTER RETURN OPTION NUMBER 4

ENTER ANR, TOL, FSTEP: 10.,0.01,1.
ENTER BID: 9.
DEL= 0.17449E-03
RHOREGAAMGADELH= 0.012806 0.929164 0.47871E-03 0.87244E-07
RHOREGAAMGADELH= 0.025612 0.929167 0.95742E-03 0.87244E-07
RHO,REGAAMGADELH= 0.038418 0.92Y170 0.14361E-02 0.87244E-07
RHOREGAAMGADELH= 0.051224 0.929175 0.19148E-02 0.87244E-07
RHOREGAAMGADELH= 0.064030 0.929182 0.23938E-02 0.87244E-06
RHOREGAAMGADELH= 0.076836 0.929190 0.28728E-02 0.87244E-06
RHOREGAAMGADELH= 0.089642 0.929200 0.33517E-02 0.87244E-06
RHOREGA,AMGA,DELH= 0.102448 0.929212 0.38290E-02 0.87244E-06
RHOREGAAMGADELH= 0.115254 0.929224 0.43079E-02 0.87244E-06
RHOREGAAMGA,DELH= 0.128060 0.929237 0.47869E-02 0.87244E-06
EXACT, S. ONLY, FLUID ONE SIDE
VALUES OF AKSDZNOT, ARE 7.524900 0.929000
REAL AND IM. PARTS OF GAMMA-ZNOT AND ERROR ARE

0.23711E-03 0.47869E-02 0.87244E-06
DIMENSIONLESS ATTEN.FACTOR = 0.41715E-01
ENTER RETURN OPTION NUMBER 4

ENTER ANR, TOL, FSTEP: 3.,0.01,3.
ENTER BID: 9.
DEL= 0.17449E-02
RHOREGAAMGADELH= 0.042687 0.929172 0.15958E-02 0.87244E-07
RHOREGAAMGADELH= 0.085373 0.929196 0.31915E-02 0.87244E-06
RHOREGAAMGADELH= 0.128060 0.929237 0.47872E-02 0.87244E-06
EXACT, S. ONLY, FLUID ONE SIDE
VALUES OF AKSDZNOT, ARE 7.524900 0.929000
REAL AND IM. PARTS OF GAMMA-ZNOT AND ERROR ARE

0.23729E-03 0.47872E-02 0.87244E-06
DIMENSIONLESS ATTEN.FACTOR = 0.41717E-01
ENTER RETURN OPTION NUMBER 0
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