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Two-Channel Linear-Predictive Spectral Analysis;
Program for the HP 9845 Desk Calculator

Introduction

Spectral analysis of short data segments by the standard FFT procedure is not a
viable approach; unstable and/or coarse estimates of the spectra result. An at-
tractive technique in this case is linear-predictive spectral analysis, both for the
single-channel as well as the multiple-channel cases. See references 1-9, particularly
references 7-9 which derive and give Fortran programs for a multiple-channel
linear-predictive spectral analysis technique that is a generalization of Burg's
technique for the single-channel case (reference 1).

The purpose of this report is twofold: first, we translate the Fortran program in
reference 9 into Basic for use on the Hewlett-Packard HP 9845 Desk Calculator,
and in the process, also make some minor improvements and modifications to the
format and printout statements. We also limit consideration to the two-channel case
and thereby take advantage of some simplifications in computing possible for this
special case. Second, we apply the program to a pair of stationary processes, one of
which has pure tones that are not present in the other process. In this manner, we
point out a possibly deleterious effect on the auto-spectral estimates and the
coherence estimate, and indicate a method for circumventing some of the difficulty.
As a byproduct, a philosophy for multichannel spectral analysis is suggested for
further consideration.

*i
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Use of Program For Spectral Analysis

In appendix A, the listing for the two-channel linear-predictive spectral analysis
technique is presented. Inputs required of the user are the following:

N Number of data points in each process
Pmax Maximum order of predictive filter to be considered
Nfft Size of FFT to be used in spectral computation. (1)

In addition to these integer inputs, the user must modify the subroutine
SUB Data (N,X(*)) to accommodate and read in his particular two-channel data.
All data are presumed real.

The program computes the (sample) means of each of the two processes and
subtracts the means from the data. (Some possible ramifications of this procedure
are considered in reference 6, appendix B; in addition, the effect of choosing too
small an FFT size, Nfft, is discussed in reference 6.) Next, the covariance matrix (at
zero delay) of the input data is computed, and the Akaike Information Criterion
(AIC, reference 8, pages 42-44) is evaluated and used to select the integer

Pbest Best order of predictive filter to use. (2)

The forward and backward partial correlation coefficients (references 7-9) are
evaluated through order Pmax, as well as the forward predictive filter coefficients
for Pbest. The normalized correlation matrices are computed through Pmax (ex-
trapolated values beyond Pbest) and the spectral density matrix is computed (via an
FFT) from zero to Nyquist frequency, fN = (2A)-1, where A is the time-sampling
increment of the processes. A partial check on the adequacy of the FFT size, Nfft, is
afforded by a printout of the areas under the spectral estimates and comparison
with the (sample) covariances of the input data. Finally, the inverse FFT of the
spectral estimate gives the aliased normalized correlation matrices; the motivation
and equations for this approach are given in reference 9.

A sample printout for a short data sequence (20 data points in each process) is
given after the program listing in appendix A, as a test or check case on a user-
written program. Also, plots of the corresponding auto-spectral estimates and the
coherence estimates are given there for completeness, although this example has no
real physical significance.

Timing Results

Execution times for the five major subroutines,

Pcc Partial correlation coefficients
Pfc Predictive filter coefficients

Peftf Predictive error filter transfer function
Sdm Spectral density matrix
Acm Aliased correlation matrices, (3)

2
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are given in tables 1-5 below, for the HP 9845B Desk Calculator equipped with the
Fast Processor Upgrade Kit. Only those variables utilized in each subroutine are
considered in these tables, since execution time is independent of the other
variables; for example, the execution time of subroutine Pcc does not depend on
Pbest.

Table 1. Execution Times for Subroutine Pcc

N Pmax Seconds

20 6 1.9
50 10 5.4

100 5 4.7
100 10 9.5
100 15 14.1

1000 47 404.2

Table 2. Execution Times for Subroutine Pfc

Pmax Pbest Seconds

5 1 .09
10 1 .15

6 4 .24
15 5 .62
15 11 1.41
47 12 4.06

Table 3. Execution Times for Subroutine Peftf

Pbest Nfft Seconds

4 256 17.5
11 256 17.8

1 512 32.0
5 512 32.8
1 1024 63.9

11 1024 66.6

Table 4. Execution Times for Subroutine Sdm

Nfft Seconds

256 8.9
512 17.7
1024 35.3

3
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Table 5. Execution Times for Subroutine Acm

Nfft Seconds

256 9.8
512 18.6

1024 37.7

From these tables, we are able to extract the following fairly accurate rules of
thumb: the execution time of

Pcc is linearly dependent on N and Pmax
Pfc is linearly dependent on Pmax and Pbest
Peftf is linearly dependent on Nfft, but is essentially independent of Pbest
Sdm is linearly dependent on Nfft
Acm is linearly dependent on Nfft. (4)

These rules allow extrapolation to other cases of interest to the user. The execution
times of the FFT itself are given in table 6.

Table 6. Execution Times for Subroutine FftlO

Nfft Seconds

128 2.6
256 4.5
512 8.4

1024 17.1

If the user is interested only in obtaining the predictive filter coefficients (for
example, to do time domain prediction and signal processing), these results are
available immediately after execution of subroutine Pfc. There is then no need to
resort to the frequency domnain routines that follow Pfc; in this manner, execution
time and storage can be significantly reduced. An additional reduction in execution
time is available by declaring all the loop counters in a subroutine to be INTEGER.

4
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Application to Processes With Tones

Our first example is the two-channel case given numerically by the sample values
in reference 7, page 17; reference 8, page K-12; and in reference 9, page D-18. The
analytic expression for the autoregression is

x1(k) = .85 x,(k-l) - .75 x,(k-1) + w,(k)
x,(k) = .65 x,(k-1) + .55 x,(k-l) + w,(k) (5)

where {w,(k)} and {w,(k)} are uniformly distributed, independent white noise
processes with zero means and variances 1/12. General filter and spectral relations
for moving-average and autoregressive processes are given in appendix B; these
general relations are then specialized to this particular numerical example. It is
shown in (B-31) et seq. that the auto spectrum of process {xj(k)} has four poles and
three zeros in the finite z-plane, even though the two-channel recursion, (5), is only
first-order regressive.

Generally, for a two-channel P-th order regression and independent white ex-
citations (i.e., Ek = 0 for k > P, Fk = I dko, and Q(z) = Al in (B-18)), the auto- and
cross-spectra of the processes each possess 4P poles and 3P zeros in the finite z-
plane (of which P zeros occur at the origin). This is in contrast to the single-channel
case, where 2P poles (and a P-th order zero only at the origin) can occur. This in-
creased generality can be anticipated by the observation that whereas a single-
channel approximation requires estimation of only P parameters, an M-channel
approximation requires estimation of M2P parameters (4P for the two-channel case
M =2). Of course, for a fixed number, N, of data points from each process, the
estimation of an increased number of parameters can only be done with increased
variance; this is a manifestation of the tradeoff between resolution and stability that
accompanies all spectral analysis techniques.

The first-order forward partial correlation coefficient for two-channel process (5)
is

r85 -7
A',I (true) = [.65 . , (6)

and all other higher-order coefficients are zero. The exact auto spectrum of the first
process, {x,(k)}, is shown (in dB) in figure IA; the auto spectrum of the second
process, {x,(k)}, is shown in figure 1B; the magnitude-squared coherence is
displayed in figure IC; and the argument of the complex coherence or cross spec-
trum is depicted in figure ID. There is seen to be a strong narrowband component at
approximately one-fourth of the Nyquist frequency f, = (2A)- 1, where A is the time-
sampling increment for the two-channel process (5). This leads to a peak magnitude-
squared coherence value of .999013 at 2fA = .2459.

The results of applying the two-channel spectral analysis program in appendix A
to the numerical data cited above, with N = 100, are shown in figure 2, where the

¢" I ,
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IA. Auto Spectrum of First Process

0 G

IB. Auto Spectrum of Second Process

1C. Magnitude-Squared Coherence

ID. Argument of Complex Coherence

Figure 1. True Spectral Characteristics With No Tone
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2A. Auto Spectrum of First Process

fN

2B. Auto Spectrum of Second Process

0 0

2C. Magnitude-Squared Coherence

I '

0 0

2D. Argument of Complex Coherence

Figure 2. Spectral Estimates for N = 100, Pmax = 15, Pbest = 1, No Tone
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four parts of this figure correspond directly to those of figure 1. Pbest turns out to
be equal to the correct value 1, and the spectral estimates are all quite good. In fact,
the estimated magnitude-squared coherence reaches a peak value of .999745 versus
the true value of .999013.

The covariance matrix of the process generated by (5) is (reference 8, page 18,
after scaling by variance 1/12)

F 2.095 0.4051

Ro(true) = (7)
10.405 1.804 j

The corresponding matrix estimate yielded by the program here, based on the
particular N = 100 data values cited above, is

[62 .9161
Ro = for N = 100; (8)

1 .916 3.80 j

these values are approximately 2.2 times larger than (7), due to the fact that (5) is a
narrowband process and the particular 100 pairs of samples used in the spectral
estimates happen to lie on a local peak of the instantaneous waveforms. Although
the local estimates of the absolute power levels are off considerably, the estimate of
the forward partial correlation coefficient is very good; we find, instead of (6),

[872 -.7701
A(') = for N = 100. (9)

.. 634 .560J

Next we add a pure tone only to the second process { x2(k) } at a frequency equal to
0.6 of the Nyquist frequency, i.e., at 0.6fN* The power in the tone is 1/512, i.e., 32.9
dB below the average power, 3.80, in this particular segment of autoregressive
process {x2(k)}; see (8). The resultant spectral estimates are shown in figure 3; they
are virtually identical to figure 2. The only inadequacy of figure 3 is that the
autospectral estimate in figure 3B gives no indication of the added tone; of course,
there should ideally be no indication of the tone in figure 3A for the auto spectrum
of {x2(k)}. The value of Pbest was again 1, as determined by the AIC.

When the tonal power in the second process is increased to -26.9 dB, Pbest in-
creases to 4 (see figure 4) and there are humps in both auto-spectral estimates near
the tone frequency 0.6fN. The coherence estimates (magnitude and argument) are
significantly perturbed in a considerable neighborhood of 0 .6fN; this broad
frequency-perturbation width is due to a small value of Pbest having been selected
by the AIC.

Increasing the tonal power to -20.8 dB results in the estimates depicted in figure
5. Now there is a considerable indication of the tonal power in figure 5B; however,
there is also an undesirable indication in figure 5A at frequency 0.6fN in the auto-
spectral estimate for process {x1(k)}. This "feed-across" is due to the fact that we
are working with only N = 100 data samples of each process; with this small a data
set, the "best" two-channel linear-prediction is misled into an erroneous indication.
It is important to observe at this point that any auto-spectral estimate based on

8
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3A. Auto Spectrum of First Process

I0dB

3B. Auto Spectrum of Second Process

0 Fr.

3C. Magnitude-Squared Coherence

2

3D. Argument of Complex Coherence

Figure 3. Spectral Estimates for N = 100, Pmax = 15, Pbest = 1, Tone Power = -32.9 dB
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4A. Auto Spectrum of First Process

0 
N?

4B. Auto Spectrum of Second Process

4C. Magnitude-Squared Coherence

4

4D. Argument of Complex Coherence

Figure 4. Spectral Estimates for N =100, Pmax 15, Phest = 4, Tone Power =-26.9 dB
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5A. Auto Spectrum of First Process

10B

5B. Auto Spectrum of Second Process

20

5 C. Magnitude-Squared Coherence

2

4

0 0

5D. Argument of Complex Coherence

FigureS5. Spectral Estimates for N =100, Pmax = 15, Pbest = 8, Tone Power -20.8 dB
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samples of process { x,(k)} alone would not give this tonal indication, since the tone
is not present in this process.

The coherence estimates in figure 5 fare no better, even though Pbest = 8 now. A
large magnitude-squared coherence value of 0.85 is yielded at frequency 0 .6f . . The
progression towards poorer behavior is also present in figure 6, which employs a
tonal power of -14.8 dB relative to the sample power in {x2(k)}. Now the undesired
peak magnitude-squared coherence estimate is 0.9. A tonal power of -8.8 dB (figure
7) yields a near-unity magnitude-squared coherence estimate at 0. 6 f N, and a very
substantial tonal indication in the auto spectrum of {xl(k)}, figure 7A.

The situation is markedly improved if more data samples are available. When N
is increased to 1000, and data are generated via (5) as before, the sample covariance
for the particular data set generated is

R0 = [ 3 for N = 1000, (10)
.. 514 2.27 ,

for no tone present. When a tone is added to process {x2(k)}, with strength -24.6 dB

relative to the sample power, 2.27, of the second process, the resultant spectral
estimates are as displayed in figure 8. There is a slight hump at 0 .6fN in figure 8B,
and a near-zero coherence estimate at this frequency. Recall that the ideal
characteristics would be identical to figure 1 except for an impulse in figure 8B at
0.6fN and a very sharp null in the magnitude-squared coherence at 0.6f N .

The results in figure 8 were achieved by taking Pmax = 8, for which the AIC
indicated Pbest = 8 for this particular data set. However, the AIC is a very flat
function of filter order P in this range, and it is difficult to justify a particular value
of P as "best". Some additional information about the autoregressive portion of
the observed process, such as a limit on P, could be useful; for example, when we
specified Pmax as 1, the results were very similar to figure 1. There was virtually no
indication of the tone in any of the spectral estimates, even though it was in the
{x2(k)} data at a relative level of -24.6 dB with respect to the sample power, 2.27, of
the second autoregressive component. In fact, the estimated first partial correlation
coefficient was

1)=[8543 -. 73941

V 5 for N = 1000, (11)
.6578 .5415J

which is very close to the true value, (6).

Results for the spectral estimates when the tonal power is increased to -18.6 dB,
-12.6 dB, -6.6 dB, and -0.6 dB are given in figures 9, 10, 11, and 12, respectively,
all corresponding to Pmax = 8 and Pbest = 8. Even for the nearly 0 dB case in
figure 12, there is virtually no indication in auto-spectral estimate 12A of the
strong tonal in process {x2(k)}, figure 12B. The magnitude-squared coherence
estimate in figure 12C appears to have developed a couple of zeros and poles near
the frequency f - 0.6f-,, where the strong tone is located; recall that we have
4P = 32 poles available in the approximation for Pbest = 8. Typically, it has been
observed that a strong tonal present in only one process manifests itself in the

12
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6A. Auto Spectrum of First Process

10 do

6B. Auto Spectrum of Second Process

25

00

6C. Magnitude-Squared Coherence

3w _______

4

0 ''e4

6D. Argument of Complex Coherence

Figure 6. Spectral Estimates for N = 100, Pmax =15. Pbest = 8, Tone Power = 14.8 dB
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7A. Auto Spectrum of First Process

10da

7B. Auto Spectrum of Second Process

75

7C. Magnitude-Squared Coherence
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lode

N

8A. Auto Spectrum of First Process

,.dB

8B. Auto Spectrum of Second Process

25

fN

8C. Magnitude-Squared Coherence

T

3W.

0

.D. Argument of Complex Coherence

Figure 8. Spectral Estimates for N = 1000, Pmax = 8, Pbest = 8, Tone Power - -24.6 dB
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9. Auto Spectrum of econd Process

0 Q..$CyN

9B. AgniSpetrude-fSquared Coeece

25U

9D. Argument of Complex Coherence

Figure 9. Spectral Estimates for N = 1000, Pmax = 8, Pbest = 8, Tone Power = -18.6 dB
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0N

1B. Auto Spectrum of Firond Process

_ _ I_

10C. Magnitude-Squared Coherence

2 0 IN

10D. Argument of Complex Coherence

Figure 10. Spectral Estimates for N =1000. Pmax = 8, Pbest =8, Tone Power = -12.6 dB
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11A. Auto Spectrum of First Process

hI B. Auto Spectrum of Second Process

I IC. Magnitude-Squared Coherence

2 _ _

lID. Argument of Complex Coherence

Figure 11. Spectral Estimates for N 1000, Pmax =8, Pbest 8, Tone Power =-6.6 dB
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coherence estimate as a sharp spike at the tone frequency. The change in argument
in figure 12D in the neighborhood of this frequency can serve as an indicator of the
number of poles and zeros clustered there.

When Pmax was increased to 47, the AIC yielded Pbest = 25 for these last four
figures. However, the spectral estimates for Pbest = 25 proved to be too spiky and
erratic. Also the selection of Pbest at 25 is rather tenuous, as figure 13 indicates; this
is a plot of the AIC versus filter order P in the range (1, 47). Although the absolute
minimum occurs at P = 25, there are significant drops in the curve at P = 4, 6, and
8. Selection of P at one of these significant drops appears to be a promising ap-
proach, instead of using the absolute minimum of the curve. In addition, the
flatness of the curve is brought out by observing that the range of values of AIC is
limited to (-4.80, -4.73) for P in the wide range from 10 to 47. Thus, the local minor
drops and rises in the AIC curves are not significant; selection of values of P
corresponding to significant decreases seems to be a viable approach.

-42 3

-44 ,_ .....

-45

AIC - 4 6

-47

-48

03 a 10 20 30 40 ;7

Figure 13. Akaike Information Criterion for N = 1000, Tone Power= -12.6 dB

The last example we consider is a two-channel process of N = 64 data points,
composed of several tones, some of which are at common frequencies, and some of
which are not; this example was supplied by S. L. Marple (reference 10). In par-
ticular, process {x,(k)} has two strong tones at f = 0.4f, and 0 .5fN, and a weaker
tone (-20 dB) at f = 0. 2 f N, in addition to some low level, colored background noise.
The other process has two strong tones at f = 0 .4 fN and 0 .8fN , and a weaker tone
(-20 dB) at f = 0.2fN . Thus the tonal frequencies common to both processes are
0.2fN and 0.4fN , whereas the uncommon frequencies are 0.5 fN and 0 .gfN. The two
auto-spectral estimates of each process (obtained via the single-channel, forward-
backward averaging technique of reference 4) are displayed in figure 14 for
prediction length P = 12 (24 poles for each spectral estimate). There is, of course,
no cross-feed at frequencies 0 .5fN and 0 .gfN

The spectral estimates of the same two-channel data (obtained via the program in
appendix A which includes coherence estimation) are given in figure 15. The value

20
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of P used was 6, which allows for 24 poles in each spectral estimate. The low
number of data points, N = 64, now allows some undesired cross-feed in figures
15A and 15B at f = 0 .8 fN and 0. 5 fN, respectively. This also shows up in the
magnitude-squared coherence estimate as two very sharp spikes at these two
frequencies, whereas the true coherence is zero at these two frequencies. This
limited capability of the multi-channel linear predictive technique can be improved
by utilizing larger data sets; N = 64 is too small a data size to accomplish a high
quality result for a data set such as this with strong interfering tones.

IOa8 S

0 Frequency N

14A. Auto Spectrum of First Process

A
10dB

Frequency N

14B. Auto Spectrum of Second Process

Figure 14. Auto-Spectral Estimates for Multitone Example, N = 64, P = 12
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15A. Auto Spectrum of First Process
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15B. Auto Spectrum of Second Process

15C. Magnitude-Squared Coherence
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Discussion and Conclusions

A program for two-channel auto- and cross-spectral estimation has been
presented and illustrated for cases including interfering tones. If the number of
available points, N, is too small, some misleading estimates may be obtained
because of cross-feed between the finite lengths of data from each channel. This
cross-feed manifests itself as narrow spurious spikes in the spectral and coherence
estimates. Choice of the appropriate value of filter order, P, is possible by ob-
serving where the AIC undergoes significant negative jumps, rather than by using
the absolute minimum of the curve. It can also be illuminating to overlay plots made
with two (or more) different values of P, thereby obtaining different degrees of
resolution and stability from the same data set. The recursive nature of the linear-
predictive approach makes this practice easy to achieve.

A more fundamental observation about spectral estimation in general is now
developed. Suppose we are given finite data records of three stationary processes
x(t), y(t), and z(t), and we wish to estimate all the auto spectra and cross spectra
involved. The Blackman and Tukey and weighted-FFT approaches evaluate the
auto spectrum of each process separately. Thus, the spectrum of "(.t) is estimated
without interference from y(t) and z(t); the availability of the data records for y(t)
and z(t) plays no part in the eventual auto-spectral estimate for x(t). Additionally,
the cross-spectral estimate for processes x(t) and y(t) is independent of the available
data on the z(t) process. Finally, the coherence estimate between two processes is
independent of any additional data records for other (statistically related) processes.

On the other hand, the generalization (in references 7-9) of Burg's single-channel
linear-predictive spectral analysis approach to the multichannel case gives auto-
spectral estimates of the x(t) process that are dependent on the available values of
y(t) and z(t). Also, the cross-spectral estimate between x(t) and y(t) is dependent on
the particular z(t) data available. This procedure can be poor for short data lengths
if, for example, y(t) contains a strong tone at fo that is not present in x(t) or z(t).
Thus, estimates of spectra G~x(f), Gy(f), and G,,(f) all contain tonal indications at
fo that should not be there. These spurious tonal indications are due to cross-feed
between the available finite data segments of the various processes.

This raises the following questions:

* Should the estimate of Gx(f) be determined only from the available x(t)
data record ?

* Should the estimate of GXY(f) be determined only from the available x(t)
and y(t) data records ?

* If coherence Cy(fo) = 0, why use y(t) to estimate G,,(f o) ?

e If coherence Cxy(fo) = 1, why use the completely statistically dependent
y(t) data to estimate G.(fo) ?

This philosophy of discarding "irrelevant" data would be consistent with the
Blackman and Tukey and FFT approaches. Carrying this philosophy on, we are led
to the following: estimate G,,(f) solely from the x(t) data by some good single-
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channel linear-predictive technique, such as forward-and-backward averaging,
coupled with an efficient way of inverting the relevant matrices (e.g., references 4
and 5). Then estimate cross spectrum Gy(f) or coherence C(f) directly, by some (yet
unknown) linear predictive technique whose sole goal is linear prediction of x(t)
from y(t) and vice versa, with no interest in or diversion from simultaneous
estimation of G.,(f) or Gyy(f). By this means, we can concentrate on extracting all
the relevant cross-spectral information with maximum stability and resolution.
Other cross spectra of interest between particular pairs of available processes can be
similarly obtained, one at a time. This procedure is currently under investigation.
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Appendix A

Program For Two-Channel Linear-Predictive Spectral Analysis

The program listing below in Basic for the HP 9845B Desk Calculator is a
translation and update of that given in references 7-9. A complete breakdown and
explanation of the components and subroutines of the program are given in
reference 8, and in reference 9, appendix D.

Inputs required of the user are the integers listed in lines 20, 30, 40; they are

N Number of data points in each process;
Pmax Maximum order of predictive filter to be considered;
Nfft Size of FFT to be used in spectral analysis.

In addition, the user must modify subroutine SUB Data(N,X(*)) in lines 5430-5490
at the end of the program to read in his own particular two-channel data sets. Pbest
can be forced to equal Pmax by setting Fac = 0 in SUB Pcc.

An explanation of the program output is given under equation (1) of the main text
of this report. A sample printout for a short (N = 20) data sequence that can be
used as a check case on the program is presented following the listing below. Sample
plots of the auto-spectral estimates and the coherence estimates conclude the ap-
pendix.

A-I
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1 ' ro-C--HANNEL LINEAR PPEDICTI' ..E "-FECTF AL RL,- . ,. .. 5 .
20 N 20 1 NUM'1BER OF DA TA '' I NT: I EAC H PF'OC E
3O F nB =-E i A::IMUM ORDER OF F'REDI,-T:'.'E FILTEF

40 Nt'=t=-256 1 IZE OF FFT
50 OPTION BASE I
60 REDIM '',., N -.",, ,N F P ria ,Bpa, Z P F 2- :
70 REDIM Ro' Pni=:. 2,2 , Ai . : '. ,::11 t1ff t T . 11 I'itt . 12. f

:Q REDIM 'Y'12' f t «,/,21' Nfft'. tf21,Ni' . ' ' . ,ft wjt
90 cl DIM Y( 2,1000., Z2, 1 00',Ap Z25 , E,:' "5 .
100 DIM Rn c 25. 2, ' A i : 25 . I ( 11 1Q" 4 ,l. 10 4 , 12 102 4
110 DIM Y,12 1024) , 1' 1 024, 21 I ' IC-2 10-4. -- ' 1o24,
120 DIM Ave K2,, IUbe, .t Z ', U(2. ,''2,2) ,Ui ' 2 ., v F 2 ,
1:30 DIM Bt2,2 R"2 W db ' ,' '2, , , .2 -
140 PRINT "NUMBER OF DATA POINT,3 IN EAH FFu'OE".". N =";N
150 PRINT "MAXIMUM ORDER 1F PREDICTIVE FILTE Pm.: ,Pra

160 PRINT "SIZE OF FFT Nfft "; Nff,
170 PRINT
180 CALL Dat atN,Y,*.c
190 PRINT "PROCES:"S NUMBER 1"
200 FOR I=1 TO N
210 PRINT '(. 1, ;
;220 NEY:T I
2":0 PRINT LIN( I)

240 PRINT "PROCESS NUMBER 2"
250 FOR 1=1 TO N
26E0 PRINT Y(2, 1);

270 NEX T I
.2 0 PRINT LIN(2)

0 CALL Pc,:cN,PRnc,''*.,.*,A,e,Wa'.,vcD.L, '.W'.NE*),R',',,'.Y
* , A c ' *, , Pbe..t , Ube t U * k ', ' .A' *, ' ' ,Ap' * B E '

300 PRINT "MEANS OF INPUT DATA (A.E):'

310 PRINT R've(I)
320 PRINT A',e(2 )
330 PRINT LIN(1)
340 PRINT "COVARIANCE MATRIX OF YrNPUT DATA 'RP:".R'*
350 PRINT "AKAIKE INFORMATION CRITERION:"

360 PRINT " P Ai c(P)"
370 IMAGE 3D,4(4X,M. 9DE)

380 FOR P=0 TO Pma.:
390 PRINT USING 370;P,A&:P.,

400 NEXT P
410 PRINT LIN(1)
420 PRINT "Pbest -";Pbest
4.'Aa PRINT LIN(1)
440 PRINT "Ubest:",Ubest(*)
4!0 PRINT "FORWARD PARTIAL CORRELATION CuEFfICIENTS:
460 PRINT " P Aptl,1) ApI I", 1 Hp'. 1 ,2
Ap(2, 2)"

470 FOR P-t TO Pma,
4:':0 PRINT USING 370;P,Ap'P,,1R,Ap'p,2,1).Ap'P,1,2',Ap P,-.2'

490 NEiXT P

500 PRINT LIN(1)
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510 PRINHT "'AC WARD PARTIAL C:ORPELATION CCEFFICIEIJ': '

520 PRINT " P BpI, 1) 1'p 2,1 Bp 1,2'
f.p 2 -. 2-"

5::8 FOR P=l TO Pmax
540 PRINT USINIG 370; P, Bp 1P, 1 BpP,2,1 ,Bp P, I 2'E:p P, 2,2
550 NEX T P
5 60 PRINT LIN(I)
570 IF Pteit=O THEN 890
580 CALL PfcIP,( .at Pbest ,, p p , 1,4b * ,p C,*,.ki,*.. *.R II,Pz
,RI:2
590 PRINT "FORWARD PREDICTI'E FILTER COEFFIC IEUT' FOP P'bs:"
600 PRINT " P Ap(l,1) Ap.2, I Ap1,2

Ap'(2, 2)"
618 FOR Pi TO Pbest
620 PRINT USING 378;P,Ap'P,l, IAp.P,2. 1,Ap , Pi,21.',2.2)
630 NEXT P
640 PRINT LIN(1)
650 PRINT "NORMALIZED CORRELATION MATRICES Rr','
660 PRINT "DELAY AUTO11 CRF05521 RO1d2
AUTO22"

670 PRINT USING 370;0),'1,1),R ,,l',F-§I,2.R-.2,2'
680 FOR Pal TO Pma.
690 PRINT USING 370;P,Rn<P,1,I',Rn'P,2,1 ',FnrP, I,2 ,P'P.2,2'
700 NEXT P
710 PRINT LIN()
720 CALL Peftf (Pbest,Nfft,Ap(*,XIU.),Y11'.*,,X2.. 21s.,,Y2IkrX2
*),Y22( *)>

7?0 CALL Sdm(NiffUbes',.),W.V*),Wt(*),Wc*,WK* .Ue, ? ',>ll'*), v11K*WIZC*',
Y12'* , X2 1 *) , Y21 .*), X22' *), Y22" SII, S22, S12)
740 PRINT "SPECTRAL DENSITY MATRIX% AND COHEPENCE, F',11 ZEF F;EOIJENC BIN 1

750 PRINT " BIN AUTO I AUT022 RE,CROS12' IM' CROSSI2 NAG SO CON
ARGUMENT"

?60 IMAGE 3D,5(M.6DE,1X),M.6DE
778 FOR 1=1 TO 38
788 LsI
790 IF 1<16 THEN 840
800 IF 1>16 THEN 830
819 PRINT "***"
820 SOTO 858
830 L I+Nfft-/2-29
840 PRINT USING 760;L,XlhLX2"L,X12'L,12L .'L'.22(L)
85C NEXT I
868 PRINT LIN I)
878 PRINT "TRAPEZOIDAL SUMS OF SPECTRA:"
8e0 PRINT $11,S22,S12
898 PRINT
988 PRINT "COVARIANCES OF INPUT TATA:"
918 PRINT R11,R22,R12
928 PRINT LINCI)
938 CALL Acm Nfft,X1111 ,X12(*,Y2 ,Y12,'21 '21-,22. ..1m X, 22m,1Ilm,
XZ2mo}

940 NIsNCft4l
950 N2sNfft,2
968 N22=N2+2
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Z. F7 PRFIHT "ALIR;El, tCIORMALIZED ,'ijF'FEL TI:)1MH ATh ,Eil'
'?80 PRINT "DELAY' AUTOI 1 t 1 FOSS12

AUTO 22"
9' 0 PRINT 'JUIING 370:0,.'II1N22 ,21 1 .2.11 I,:
1000 FOR 1=1 TO 27
1010 L-I
1020 IF 1 16 THEN 1070
1030 IF I 16 THEN 1060

1040 PRINT "***"
1050 GOTO 1080
1060 L1I.N2-29
1070 PRINT USING 2L,>1'+1N22+L,,.21' I-L.<21 i.L

1080 NEXT I
1090 PRINT USING 370;N2-1,X11nlX21-N22:, .21'rJ
1100 PRINT USING 370;N2,:llrmO, V21.1+,21 rZn ... r,
1110 PRINT LIN'2'
1120 PRINTER IS 0
1130 PRINT "AUTO ;PECTRAL DENSITIES IN DE:'

1140 PLOTTER IS "GRAPHICS"

1150 GRAPHICS

1160 SCALE 0,N2,-5,0
1170 GRID N214,1
1180 PENUP
1190 FOR 1=0 TO N2

1200 %LOT I,LGT'XII(I+l)f
I210 NEXT I
1220 PENUP
1230 FOR I- TO N2
1240 PLOT I,LGT<X22(+1 )
1250 NEXT I
1260 PENUP

1278 DUMP GRAPHICS
1280 PRINT LIN(3)

1290 PRINT "MAGNITUDE SQUARED COHERENCE AND ARGUMr-ENt"
1300 PLOTTER IS "GRAPHICS"
1310 SCALE 0,N2 0,1
1320 GRID N2/4,.25
1330 PENUP
1340 FOR 1=0 TO N2

1350 PLOT I,Y11(I+1)

1360 NEXT I
1370 PENUP

1380 SCALE 0,N2,-PI,PI
1390 FOR I-0 TO N2
1400 PLOT I,'/22(I+l)
1410 NEXT I

1420 PENUP
1430 DUMP GRAPHICS
1440 PRINT LI1(4)

1450 PRINTER IS 16

1460 END
1470
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14O 0 UIB Fc: N,FPro& a, (.A4 *.JY,;t * .J*- - P-

14it Ia=INT 1. 5*SQP. N).,
1500 IF PrnA..=Ia THEN 1520
15 10C FR IT PFa ;Pr< I S T l', LAF'9 -4E F,:,P E F:; ERC- L IM TE D TU$: F=4

1530 F ac =l-N 1 Fac,:O WOULD FORCE Fbi-a EilC:L 1. ,
1540 MAT Ave=RSUM,'Y'
I158 MAT Aye-Ave, HN.
1568 Al=Av e':1)
15'08A2-Ave(2)
1580 FOR 1=1 TO N

1590 Y(1, I)=Y(1, 1)-Al
1608 Y(2,I)=Y(2,I)-AZ
1610 NEXT 1
1620 MAT 2=Y
1630 CALL Auto(2,N-,Y*.Wc' ''
1640 CALL Auto<1, 1, Y( ) , Wd r,*1
1658 CALLAu(NWWe.)
1660 MAT Wa=Wc+We
1670 MAT Wb=Wc+Wd
1688 MAT R=Wb+We
1698 MAT R=R'(H)
1788 MAT U=R
1710 MAT YmR
1720 CALL Cr053(2, N, Ye.), Z( * ,Wc '*)

1730 Aic&8-LOG(DET(U))
1748 AicrinsAic(8)
1750 Pbests8
1768 MAT Ubest-U
1770 FOP Pal TO Ia
1788 MAT Vi-INV(V)
1798 MAT WdsVi*Wb
1888 MAT Wb-Wd
1818 MAT UisINV(U)
1828 MAT Wd-Wa
1838 MAT Wa.Wd*Ui
1848 MAT WcuWc* 2)
1858 CALL Solve(Wa('*),Wb(*,Wc(w,,Wd*i,We'*.'
1868 MAT A-Wc*Vi
1878 MAT Wd-TRN(Wc)
1888 MAT B=Wd*Ui
1898 A~pP,, 1)-A(1, 1)
1988 Ap(P, 1,2)-A(1,2)
1918 Ap(P,2,1)=A(Z,1)
1928 Ap F, 2, 2)-A'.2,2)
1938 Ip(P, 1,1)31~,1)
1940 Dp(P, 1, 2)-D(1,2)
1950 Dp(P,2,1)3B(2,1)
1968 Dp(P,2,2)3(2,2)
1978 MAT WesA.Wd
1988 MAT UaU-W.
1998 MAT WiuI*Wc
2880 MAT V*V-We
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Cl I1C A IP =LIOG, DET' U )i+F ac .P
' 2 I01F A i -P>'=A i c n.i n- THEN 200EC

Z2,03,0 A I c r1n=A 1 c ' F'
'040 Fbe st =P
20I50 MAT Ubest-U
2bEO IF P=Ia THEN 2220
2070 L=P*1

200FOR K=N TO L STEP -1
20$0 RiC1,K

'100 R-2W
2110 D121k)
2120 B2=Z-2,K-l'
2130 Z( 1.K)=-5B 1, 1 ,*AII-B 12'A
2140 ZU,,v'=32-Dh.,1'I -D'-B2,2'.A2
2150 71KA-t, ~1(,)B
2160 N2K=2A2 ;B-22B
2178 NEXT K
21:30 CALL AuVo(P+2,N,Y(+',W&(*'-
2190 CALL Auto(P+1,N-1,Z(*,,Wbv*--
2200 CALL Cross(F+2,N,Y(*),ZW*,Wck~*

2210 NEXT P
2220 AtZ.5*$Ubest'l1,2)+Ubest2.I,-
2230 Ubest(1,2)=Ubest'(2,1)=A1
2240 SUDEND
2Z50

226 I SUE Pic. Pma ,Pbezt,P.-*,Ap', B, , 0a ,ii: dd '~rn'..iIP
P12)
22 70 Pr. 1, II, 1 )Ap 1. 1 , 1 Y -F 19 1 -Ap' I 1, Z F.

23S0 0 Pnk1,2,2 =Ap'1,21 )*R(1,2)+Ap-,1, 2,YF
2310 FOR P-2 TO Pbest
2320 Wc (1, 1) Ap( P,1, 1 ) *R 1 I, 1I +Ap. -P, 1 ,2 -:

2340 WC,)pP21*(,)AP22R 1
2350 Wc(2,2)=Ap(P,2,1)*R(1,2)+Ap(P,2,2)4.R4-.
2360 FOR L1l TO P-i
2370 Ib-P-L
2380 Wa(1,1s=Ap.,P,1,1)*Lp(Ib,1.1t+ApF',1,. -Pp lb.2.1'
2390 Wa(I, 2',sAp P,I,1).Bp Ib,I 1, ) +Ap (P,, r-lrItb, -. 2
2400O Wa(Z,Is =p (P, 2,'I*Ep(I b,1I,1) +AptFP,,2,.L,Ic, 2. 1
2410 W(,)pP21'P(b12+p,.'P'~~~
2420 Wa 1,1 )Ap(L, 1,1 )-Wa 1,1)
2430 Wa(1,2'aAr(L. 1.2)-Wa(1,2)
2440 Waw2,1>=Ap(L,2,1-Wa.2,1)
2450 Wa'k2,2X=Ap'kL,2,2)--Wa(2,2)

A-6



TR6.>533

2458 it I, 1, SP(P. 1 -b1, 1 -g . .Z L
2510 3p( 1,2 p,1, 1.'2)-Wb ,2 F 1

2520 Bp ,213(b ,1 Wb t
2530 Dpk Ib,2,2)wBp Ib,2,2)-Wbk-2,2
2548 p,1 Wk1 .
2558 Ap(L,,2Wa(1,2)
'2568 Rp(L,2,1)xWa(2,1)
2578 Rp(L,2,2)sWak2,2)

2588'k Wd( 21 1)=Wsa , 1 ) .Rn ITb, 1, 1 '+W 1, *Rr,, It, . 1

21618l Wd(,Z)W v2, 1 *Rnk Ib,1,Z+Wa'2, IRnb,2
26320 MAT Wc=Wc+Wd
2630 NEXT L

2658 Rn(P,I,2'Wcd',2)

2660 Rn(P,2, 1)=Wc", 1)
2678 Rn(P,2,2)xWc(2,2)
2680 NEXT P
2698 FOR P*Pbtst+1 TO Pmhax
2708 MAT Wr-ZER
2710 FOR Lai TO Pbest
2720 Ib-P-L

2750Ib,1A L,, *R tb ,1A L,,IW b,.
2760Wb22ApL,,1*nb,12t(L,2#nl.22
2770 MAT WamWa+Wb
2788 NEXT L
2790 Rn(P,1,bswWa(1,1)
2806 Rn(P,1,2)=Wa(1,2)
2818 Rn(P,2,1)inWa(2,I)
2820 RnvP,,2)wWa(2,2)
2838 NEXT P
2840R1 RQl
2680 R22-R(2,2)
2868 R12uR(1,2)
2878 T-SQR(R11*R22)
2888 R(1.l)-R(2,2)a1
2898 R(1,2)wR(2,1.aR12/ T
2900 FOR P-I TO Pmax
2918 Rn kP, I1, I1) Rn (P, 1, 1 RP11
2920 Rn(P,I,2)*Rn(P,1,2)/T
2930 Rn(P,2,1)=Pn(P,2,1)'T
2948 Rn(P, 2, 2)Rn(P, 2, 2)'R22
2950 NEXT P
2960 SUDEND
2970 1
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~r0 E:Pe Fe t i , F t t , f1 ,1 t -p 2 *,2

3000 FOP L=1 TO PbEst

30210 x1I2IL+1I -Ap'kL 1,2I

3030 XZ ItL+ 1z-fp.,L.ZI
30480 2L1-pL22
30I50 NEXT L
30I60 CALL F ft10kN f ft , 1 1 *Y1I
3078 CALL Fit10flfft,X12k*flY12*.
3AP:380 CALLFf1.N, 21 A,1*

30980 CALL Ft0Nf,2k)Y2.
3108 SUDEND
3118

3120 SUP Sd Nif't ,Ubelt -,Wa'',Wb'W -,l-' 'dd .e-..1 1. \

3130 T=2 Nfit
3140 S11=S22=S12=8
3 150k J-Nfft-21
3160 FOR L-1 TO J
3170 Wat1,1"=X22(L)
3180 Wakl,2.= XI2kL)
3198 Wi(2, 1 )X21 (L)
32-0 0 Wa(2,2)=X11 L.
3210 Wbt1,1)-Y22(L)
3228 Wb(1,2)=-Y12(L)
3238 Wb(2,1)=-Y21(L)
3248 Wb( 2,2>)Y 11(L)
3250 Ta=DET(Wa)-DET(Wb)
3260 Tb =W a(1, 1)* W b (2,2-1)t+W a(2, 2*.b 1,I )W a 1.2 W t. Z. 1 -W 2, 1 14bt 1 ,2)
3278 TT/ T a*Ta&+Tb * Tb)
3280 MAT Wc-TRN(Wa)
3298 MAT WdzUbest*Wc
3388 MAT Wc-Wb*Wd
3310 Tb-Wc(1,2)-Wc(2,1)
3328 MAT Wc-Wa*Wd
3338 MAT Wd-TRN(Wb)
3348 MAT We-Ubest*Wd
3358 MAT WduWb*We
3368 MAT WCSWC+Wd
3378 Y II11L )=W c(I, 2 2+ T b*T b)Wc1I1. 2
3L80 Y22 L)-FNArg(Wc (1,2>, Tb)
3390 X1(L)-Ta*Wc(1, 1
3488 X22-'L)=Ta*Wc(2,2)
3418 X12(L=Ta*Wc (1,2)
3428 Y12(L)=Ta*Tb
3438 S11=S11+X11(L)
3448 S22-S22+XZZ(L>
3458 S12=S12+X<12(L
3468 NEXT L
3470 S11=S11-.5* X11(1).X11(J))

3488 5223S22-.5*(X22(1'*X22(JD)
3490 S12-S12-.5*(X1Z1l+X12(J))
3588 SUBEND
35180
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Z2. r.) 0 )
35 30 2~alfi 2
;5 4 0 N2 I N2+1
3t5la NZI' =N 2+ "
3560 FOR L-1 TO N2
3 5 7 X2 --'I)s.5*X I iL
3510 Y21 L ). 5* 22CL
3590 X2 1 N2+L x. 5-I IN22-L.
3600 Y 21 NI+L .5* X: Z N L)
3610 NE; T L
3E,20 CALL Fflklf
36.30 Ta=1-'>2lkl',
3640 Tb~l~-y2IDl
3U56 T-SOR(Ta*Tb)
30660 XtC22):222'-1
3670~ FOR L42 TO N2-1
36SO XllIN~l+L)=X2Id. ,*Ta
3690 X2N21+L)='21(L).Tb
S?eO NEXT L
3',10 Xl lmI=X2I(N2J*Ta
3' 20 X22mI=Y21kN2*Tb
3730 Xli6=X<21(NZ1)*Ta
3740 X22m0=Y2l(NI.)*Tb

3'50 X2(l-.5*'l2(1*T

3770 FOR L=2 TO N2
3780 X21(L)=X12(.L)*T

3CR00 X21i(N2+L)=Y2(N2+L-0
3S-10 NENT L
3820 2(2..*Ia2,T

3840 CALL Fn1(~t,21)7h~
3850 SUBEND
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.0 SUB Cro- 141,rI.,f- ,B=,.r
336-1 S 11 =S I -- S"2I= j,:2=0
3E396 FOR K=N1 TO N2
3906 A1=A~1,K)
3916 A2=A2",K)
39260 lB 41
3936 B3Z2=3 -
3940 S11=311.FIl
Jt950 S12=S12+FA1*32

3960 NEXT K
3990 C'k1,1)=S11
4000 C(1,2)-S12
4016 C (2, 1 =321
4626 C(2,2'=S22
4030 SUBEND
4040 1

4050 SUP uo ,N,*)3.
4060 SI1=S12=622=6
4076 FOR K=N1 TO N2
4086 AI=A(1,K)
4096 A2=A'.2,K'
4106 S11=61 1+AI*A1
4116 512=S12.AI'A2,
4 128:' S22=522+A2*A2
4136 NEXT K
4146 3(1,1)-S11
4150 Bk1,2)='22,1)=S12

4176 SUREND

4138

4190 31J9 SolI e-:W' *Wt, WcI* Wd(,WEC
4266 Ta=W-1,1'+Wa-2,2&+Wb(1,1+Wb2,2)
4216 Tb=DET'Wa,-DET(Wb)
4226 MAT Wd-Wc*Wb
4236 Wer1,1)=Wa.,2,2.
4246 We(1 ,'2)=-Wa(1 ,2)
4256 We(2,1)--Wak2,1)
4266 We(2,2.'=Wa(1,1)
4270 MAT Wa=We*Wc
4286 MAT Wd=Wd.Wa
4290 MAT Wb=Wb*(Ta'
4366 Wb( 1,1 )flb( 1,1 )tTb
4316 Wb 2, 2)Wb(2, 2n*Tb
4320 MAT WezINV(Wb)
4336 MAT Wc=Wd*We
4346 SUDEND

4356
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4 :6 0 SUB PH t~4 N.w I1 = 2' IC 10 4, IiTEi;EP
437*-0 DIM Ck1:257)
4---80 DATA 1.991723.9340:s..r~247
0 1, 393 Z22384 58$S .1?90 777 2 77 5 3,.9:-8 7 ?5t4 5 62 05, .4 7'' ,L7; .61 18 112, 0
4 190 D A TA .?97 7 23 0 6 66 4 - 99 771456E6:79 .9 -182 7?,.9 5767 7414 4 6:

4400 D A TA .917 09736 69. 99002Q63' "5 42: i l -i 5::1~~95 .96276
.987 3014 18158, . 9630809i7245,.9852-77642 A-z- . ,:4L I N,:I ' 7 104743 1

4410 DATA .9816 3869110, .980?8-52S:304O.1 -3 '. :1717370720, .97702E.1 426,5c8
,975 7021,30039, .974 19 332786, .97 29399 :-11.':17 15 3; 160C'$125'1,?!

4 420 DA TA . 9685 2205 4 274, .9669 7 4 710 45,. 9E54 44'1,7 -k677065795, .962Z12Z14 0426 9
, 6 0 4305 194 16, . 95 87 03-474 896, .-956 9 40? 157 ? ":Z :5 141 1- i.u60,, .9':5 3306 040 354

4430 DA TA .9514 3502096*9, .9495 2816SO5 913 94rc-.5q55101:3 ":45 607325 381,.9 4394 5616 2
,94 1544065 18.3,.9 3?459223602,.9 3?3390 1191 3, 1-~-9 .3292903

4440 DATA .I06917,.25664 .- ' fl 2387'5 325 11,.92 15 141339342
1?919 1138516905.16E.79059921I, . 91 4209-755704 , .- -1 00-5, . ?091 I67383 -091

44'50 DATA.965041,039212 14:474.6844E4,8564?6

4470 DATA .:948120344803-,. 844853,5625a,.9415949P77437, .6:3822 '4705555, .8346'628749,6
,.831469612303,.826'045045258,.82453930 7 1102:-ll'-514991'?,.61O7564813152
4480 DATA .814036329706,.810457198.51-,.'0t. :47553544..60?l-20753 1481,.79953726910S

* 95 3369046,09, .792106577300, .7983464--'6'7.74556597156:, .780737228 572
4490 DATA .776888465673,.773010453363,.? :-0'-: '46.65167265622,.7612023854:94

S. 757 208846506, .753186799044, .7491363,94523"%,.74.fc;i 7: :441, .740951125355
4500 DATA .736616568877,.732654271672,.728464? "k449 2.-4247062951?,.7200c12 -507961I

S. 715 730825284, .711432195745, .7071067S1187,.7Q 7,547444'57, . 98 376249409
4510 DATA .991680 694543,.656 '-~~~0975 669737
,.671558954847,.666999922304,.662415777590l,.6 5 80,'- -' 7,.65317284.2954
4520 DATA .64851440102 2,.643831542890,.6319124444: rE4 .-3'4393284164,.629638238915
,.62-4:359488142,.620057211763,.61523190581,.1082'--6,.60'5511041404
4530 DATA .600616479384, .59569-930449R2, .59037597C'S'?..'5757-:.-(45,6,.580813958096
S. 57'5908191418, .570780745887, .565731810784, .56 OtbiS b137, -. 555570233020
4540 DATA .55045 7972937,.545324988422,.54017147-2730..53499 7619887,.529903624686
S. 524589682678, .519355990 166, .514182744193, .50383014254 3, .503538383726
4550 DATA .498227666973,.492898192-230,.487550160k148,.4:92-183772079,.476799230063
,4713967 36826, .465976495768, .4605 38710958, .45506D3587 126, .44 9611329655

4560 DATA .444122144570,.4386162318539,.433053-165,.427,555093430d,.422000270800
,.416429560098,.410843171058,.405241-31400O5,.3 996E241'99946:.79'3992040061
4570 DATA .388 345046699,.3826834323 65,.377007-41c12 16,.3 71317162952,.365612997905

359-395036535, .35416352542e, .348418680249, .t34266E0717317,.-::336889853 392
4580 DATA .3:31106305760,.325310292 162,.319 50203:0616..3"13681740399,.307849640042
* 302'305'949319, .296150888244, .29028467-7254. .284407'537.211, .:-7S5l19689 385
4590 DATA .2726213551450,.266712757475,.260i.C794117915,.2154665:!659605,.248927605746
.242980179903,.227023605994,.2310581062681, .22506391136...219101240157

4600 DATA.131191,871369,214344,100301,193645
,.183039887955,. 177004220412,. 170961888760.. 16491 3120490, .158858143334
4610 DATA .152797185258,.146?30474455,.1406E562393&:2? :',.14580708507,.128498110794
,122,410675199, .116316630912, .110222207-294, .104 1216? 3!;72--, . 96 017 1403296E-1

4620 DATA .919089564971E-1,.857973123444E-1,.7?69243794714E-1,.7356456359?97E-,.
67443 3195637E-1, .613207363022E-1, .55 1952 4434972-1,. 49306> k74 3774E-1
4630 DATA .429382569349E-1,.368072229414E-1,.306743C?.1766:E-1,.24541226522E-,.
184067299058E-1,.122715382857E-1,.61358846,4915-E-2,0j
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4640 PEtiD C ,.
4650 M=10Z4 N

4660 FOR 1=0 TO N 4
4670 C-.I*I)=C-,M*I I)

4680 NEXT I
4690 NI-N,4
4700 N2=1+1
4710 N3=N2+1

4720 N4-NI+N3
4730 Log2n=INT(1.4427*LOG(N)+.5-
4740 FOR 11=1 TO Log2r.

4750 12-2"(Log2r-I1)
4760 13=2*12
4770 14=N/13
4780 FOR 15=1 TO 12
4790 16=:15-I)*14+1
4800 IF 16<=N2 THEN 4840

4810 N6=-C(N4-16
4820 N7=-C(I6-N1)

4830 GOTO 4860
4840 N6=C(16)
4850 N7=-C(N3-I6)

4860 FOR I7=0 TO N-13 STEP 13
4870 18=17+15
4880 19=18+12

4890 NSX18)-X(I9)
4900 N9=Y(IS)-Y(I9)
4910 X(18)=X(I8+XeI9)
4920 Y(I8)sYI8)+Y(I9)
4930 X( 19)=N6*N8-N7*N9
4940 Y(19)=N6*N9+N7*N8

4950 NEXT Z7

4960 NEXT 15
4970 NEXT It
4980 IIlLog2n+1
4990 FOR 12=1 TO 10 2-10=1024

5000 C(12)=1

5010 IF 12>Log2n THEN 5030
5020 C(12)-2'(11-12)
5038 NEXT 12

A-12
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5040 Kul
5050 FOR 11I1 TO C 10,

5060 FOP 121 TO C'9' STEP Ck10'
5070 FOR 13=12 TO Cs8 STEP C'9,
5080 FOR 14vJ3 TO C', STEP C'S

5090 FOR 15s14 TO C'6, STEP C(7-
5100 FOR 16-15 TO C05' STEP C('6
5110 FOR 17=16 TO C'4) STEP C'5,
5120 FOR 18=17 TO C'3' STEP C,4,
5130 FOR 19=18 TO Ck2) STEP C(3,
5140 FOR 118=19'0 C'l1 STEP C,>

5150 J=110
5160 IF K>3 THEN 5230
5170 RXiK
5180 X(K)=X(J)
5198 X<()=A

5200 A=(K)
5210 Y(k)VY(JY
5220 Y(Ji=A
5230 kaK+l

5240 NEXT 110

5250 NEXT 19
5260 NEXT 1

5278 ,NEXT I7
5280 NEXT 16

5290 NEXT 15

5300 NEXT 14
5310 NEXT 13

5320 NEXT 12
5330 NEXT 11

5348 SUBEND

5350

5360 DEF FNArgCX,Y. PRINCIPAL HFP'GZ

5378 IF =O THEN As.5*PI*SGN(?'
5380 IF X<>8 THEN A=ATN<'YX)
5390 IF X<0 THEN AsA+PI*(l-2*(l'0))

5400 RETURN A
5410 FNEND
5428

5430 SUB Data(N,X'*m
5440 OPTION BASE 1

5450 REDIM X'2,N)

5460 DATA 1,2,6,3,1,1,,,4,5.3,2.1,5,6,1J.4,':,'?
5470 DATA 2,1,0, 1,5,3,8,1,2,6,2,,4,2,3,5.6,9,8,2

5480 READ X(*)
5498 SUDEND
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rNuriBE ' OF ElTH PQI t4T' I H E iE H E E N = -,

MA'IPMJr'I OLFDEF OF PFEDICTI'/E FILTEF P,,k =
SIZE OF FFT Nift = 256

PFOCE 3 NUMBER 1
12 631 1 2 1i4 5 321I5 E 124 .,'

PRFOCE3S NUMBER 2
1 0 1 5 3 0 1 2 6 2 2 4 2 5 6 C

MEANS OF INPUT DATR (Re .1:

:. 35

COR IRMCE MATR IX OF INPUT DATA 'R
5.7275 .83

.86.16

AkAIKE INFORMATION CRITERION:
F Aic(P)

0 . 3543656902+01

I .324147842E+01
.313209545E+01

3 .34Z425965E+01
4 .235777558E+01
5 .248589498E+01

6 .266117185E+01

Pbost * 4

Ubest:
.54593344383 .226987553323

.226987553923 4.00240808163

FORWARD PARTIAL CORRELATION COEFFICIENTS:
P Ap(1,1) Apr2,1) r,' 1,2 ApC2,2'
I .32684786IEO00 -. 29605502E-01 .4 3 0 ;5,, E+00 .492296101E+00

2 -.497079412E+00 .851553SE-01 .177,?74150E+00 -.275017512E+00
3 -.172083146E+00 .237335358E+00 .5:%6121047E-01 .15480572?E+00
4 -.143631688E+08 -.110686655E+00 .734743629E+00 -.124715363E+00
5 -.516644665E-01 -.440540782E+00 .193:32909E+0P .883560194E+00
6 .901306062E-01 -.736616304E-01 -.256580155E+00 .734752737E+00

BACKWARD PARTIAL CORRELATION COEFFICIENTS:
P Bp(l,l) Bp(2 ,1 Bp, 1.2) Bp(2,2
I .391694481E+00 .451665794E+00 -. 13717814E-01 .427449481E+00
2 -.657848877E+00 .178422853E+k0 .27140"210E-01 -.192143512E00
3 -.218767381E+00 .685350177E-01 .177465355E+80 129759954E+00
4 -. 128639908E+00 .100617477E+01 -. 3655,475'2-01 -.944141856E-01
5 -.25'137623E-01 .194124206E+0 -.2192040:32+E00 .117920510E+00
6 .182731463E+00 -.284468163E+00 .626ZZQ7-;1E-01 .161491679E+00
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FCFWAI;D PPEFEDICTIVE FILTEP COEFFI,: IEhT'. $:F PL- =
P Rpt 1, 1) Ap,(2, 1' t , 1,4 Ap' 2,2
I .235726249E+00 . 17411S149E 00 . 5 6',75E+0C, .670170j5E+g
2 -. 600483360E+O0 -. 164936772E+0O . 41 67';73E+ -. 44241 EOi@EO0
3 -. 404360932E+O . 342089409E+00 -. 2574 :g4.E+00 .25144557 E+C10
4 -. 143631688Et00 -. 10oES6655E+00 .r$4r4:&z'E cc -. 124715h3EOO

NORMALIZED CORRELATION MATRICES .Rn:
DELAY AUTO 11 CROSS2 1 CF Rs 12 AUTO22

0 .100000000E+01 .139734996E0 .0 39 -4WE -0 I000OOOiE+01
I .389669762E+O . 402437203E-01 .495250946E+O) . 4S8-07047E O

2 -. 284751305E+00 .912480910E-01 .5110O90,OE.O0 .640872368E-01

3 -. 372945922E+0O .195208145E4,00 . 117107113EO0 .6630?66SE-01
4 -. 223941701E-01 .87623866;E-01 .190792716E+OO .100976458Et00

5 .396697360E+00 -. 89679109E-01 .112701$3?E+rb .122691975E+00

.330388400E+00 -. 836262522E-01 -1?17E-O1 188886751E-O1

SPECTRAL DENSITY MATRI:': AND COHERENCE, FROM :EF'O FFEIEWlC', ,BIN 1):
BIN AUT011 FUT022 REkCRO$$.12) IM'ICR'O3,',G ' SO COH ARGUMENT

1 .563234E-01 .130480E+O .848704E-01 OOOOOOE+,I 90117E+00 . OOOOE+01

2 .'362462E-01 . 130295E+00 S$4711BE-01 -5. 4Z7E-0 . ?SOO4E.0O -. 30046:E-01
3 .560152E-01 129740E+00 .S42359E-01 -. 53695?E-0M . 79'?04E O0 -. 6011'3E-01
4 .356327E-01 128822E+O . 834493E-01 -. 754,$:40E-02 . 97634E+0u -. 902094E-01
5 .351025E-01 .127549E+00 .823603E-1 Q714E-O2 97 250E+00 -. 120360E L0
6 .544301E-01 .125934E+00 .809811E-01 .973746E+00 -. 1505:81E+00
7 .536226E-01 .123994E+00 .7932?E-01 -. 145083E-01 .978113E+O0 -. 180892E-0O
8 .526890E-0i .121751E.00 .774195E-01 -. 166075E-01 .977342E+00 -. ,11311E+0O

9 .516400E-01 .119230E+00 .752793E-01 -.1$5704E-01 .67419E+00 -. 241858E+00
10 .504882E-01 .116460E+00 .729330E-01 -. ;0357E-01 975$31E+00 -.272557E+00

11 .492476E-01 .113414E+00 .704088E-01 -.22044$E-01 .974059E+00 -. 303429E+00

12 .479335E-01 .110309E+00 .67?369E-01 -. 235426E-01 .972584E+00 -. 334499E+00

13 .465623E-01 .107002E+00 .649485E-01 -. 2487-4E-O1 .970SS3E+00 -. 36579,E+00

14 .451507E-01 .103593E+00 .620751E-01 -. 26050SE-01 .96:'?28E+06 -. 397'45E+00

15 .437158E-01 .100121E+00 .591473E-01 -. 270676E-01 .966688E+00 -. 429181E+00
**

116 .495654E-02 .527756E-02 .180088E-02 .366875E-02 .638529E+O0 .111448E+01
117 .464126E-02 .492382E-02 .190282E-02 .32345E-02 .616259E+00 .103904E+01

118 .436922E-02 .461992E-02 .199172E-02 .234179E-0- .5;46:.4E+00 .961851E+00

119 .413522E-02 .435955E-02 .204244E-02 .2484M1E-02 .573915E+00 .882822E+00

120 .393482E-02 .413733E-02 .208889E-02 .215898E-02 .554351E+00 .801897E+00

121 .376422E-02 .394377E-02 .212416E-02 .18594SE-0 .5W176E+00 719053E+00

122 .362025E-02 .379007E-02 .215073E-02 .15:236E-02 .519,605E+0 .634308E+00

123 .350027E-02 .365814E-02 .217053E-02 .132398E-02 .504835E+00 .547727E+00

124 .340211E-02 .355042E-02 .218509E-02 .10e104E-02 .492036E+00 .459427E+00

125 .332403E-02 .346487E-02 .219558E-02 .850527E-03 .481358E+00 .369582E+00

126 .326465E-02 .339991E-02 .220289E-02 .629679E-03 .472923E+00 .278418E+00

127 .322295E-02 .335433E-02 .220767E-02 .415919E-G? .466828E+00 .186114E+00
128 .319821E-02 .332731E-02 .221037E-02 .286:0OE-O$ 463144E+00 .932912E-01

129 .3190OIE-02 .331836E-02 .221125E-02 .000000E+01 .461911E+00 ,OOOOOOE+01

TRAPEZOIDAL SUMS OF SPECTRA:
5.72678260464 6.15993376582 S30232?54125

COVAPIANCES OF INPUT DATA:
5.7275 6.16 .83
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ALA A .il NORMALIZED CORPELATION ,iRTRICE S

DELAY AUTOI1 CRfS$21 :WFCE.E.1& AUT022

a .O 0 a00E+01 .1397S1E+0 it.'21E'OOOE+

1 .39662823E+00 . 4. 5?1131E+00 4$83E.d810E+00

2 -. 284711075E+00 
5.'125rE-O1 5111141:1E+00 .64094' .E-C 1

3 -.372868877E+L .195185513E+00 .1170744O0E+00 .66314?971E-01

4 -. 22362$M
'
IE-t' ."6380084E-01 

1? 7 Ei+041E0 . 1O997'17'9E+0

5 39i652516E4v01 
ti12?c49E 0 .12268413E EO

6 .s31063E+r -. $$6O1176QE-O 
-15:121E-O1 .1a87947lOE-a1

7 -. 345026269E-U1 .60969081SE-07 - ,39917326E-O1 - ?96e93320E-0L

8 -.308860295E+0G .824851230E-01 .131714E-01 .197442248E-0l

9 -. 262499156E+00 .629998356E-01 I.6921946E+C -. 19113969E-01

IS ,79587936E-01 -. 23873430eE-01 Il645rE 8 -. 211019705E-01

It .310325251E+08 -.669643776E-01 -. 97617122E-01 .506845z93E-02

12 .192490120EtG -. 429532422E-01 -. 148*jr1twE L1 .290497257E-01

13 -. 123481195E+00 .241357986E-01 -. 4l'5-4'5E-1 .212691423Ek31

14 -. 2943620IIE+00 .63864147?E-01 .*1465792E+0O -. 21954390?E-01

15 -. 128164922E+00 .3026029?5E-01 .123725501Et00 -. 315105589E-01

116 -. 244194112E-02 .91329751@E-03 3*69134E-02 -. ?827 45t5E03

117 .270370651E-02 .7030657?IE-03 .135635926E-02 -. 620489604E-03

118 .411244195E-02 -. 122243Z3OE-03 -.1,795100Ec-02 .177358396E-03

115 .8052120IOE-03 -. 344466456E-3 -. 2653S5.Z7E-02 .75051824"E-03

120 -. 280736944E-02 -. 822305920E-03 -. 7,4' 20706E-0? .5 1 9056852E-03

1;1 -. 264'88177E-02 -. 179269851E-04 .172$702:37E-02 -. 239248236E-03

122 .440106016E-03 .889991252E-03 .21E'761E-2 -. r1999778?E-0
3

123 .238535013E-02 .101246S9E-02 .31916462$E-03 -. 439526451E-03

124 .11268617E-02 .992673477E-04 -. 104236260E-02 .286993480F-03

125 -. 121802675E-02 -. 105565279E-02 -. 171669788E-02 .698618350E-03

1Z6 -. 151757804E-02 -. 124026530E-02 -. 4?1074185E-04 .3785924?8E-03

127 .306556500E-03 -. 866410300E-84 .l4646O6E-C2 -,339374132E-03

128 .!4824783?E-02 .133650385E-02 
-3>5ib$5E-02 -.699972582E-03
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SaoS

A-lA. Auto Spectrum of First Process

F N

A-lB. Auto Spectrum of Second Process

25

00I

A-IC. Magnitude-Squared Coherence

A-ID. Argument of Complex Coherence

Figure A-I. Spectral Estimates for N = 20, Pmax = 6. Pbest 4

A-17/A-18
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Appendix B

General Filter and Spectral Relations

For each integer k, let Hk be a rectangular matrix of (complex) constants, to be
called the filter impulse response at delay kA, where A is the time sampling in-
crement. The number of filter outputs need not equal the number of filter inputs.
For multichannel filter excitation W. at time nA, the filter output at time nA is given
by the discrete convolution

X n  H k Wn- k

k (B-1)

where the summation extends over all nonzero summands.

For a stationary excitation, let the correlation matrix of complex input process
{W} at delay Z Abe

Wn  H. = P£ (non-diagonal matrix),
(B-2)

where the overbar denotes an ensemble average, and the superscript H denotes a
conjugate transpose. The z-transform of input correlation sequence { Pt } is

Q(z) -A z -z Pz
Z (B-3)

and the spectrum of input process { W} is, for real frequency f,

Q(f) = Q(exp(i2TrfA)) = A exp(-i2fAZ) PZ

- A exp(-iul) P£, (B4)

where we let

u E 21rfA (B-5)

The correlation matrix of the filter output process {XJ, at delay ZA, is given by
using (B-I) and (B-2):

R=X X H_ H W WH_ H H H H
J n n -- k n-k n4.-M m k, k.+m-kn-%k,m m

(B-6)

The z-transform of output correlation sequence { R. }is, by use of (B-6),

B-I
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G(z) A kz Hk £4r- H"
"k g - £k Hk P+m-k mZ . k,m

-
k  A" ( +M k ) p+- Z HH  

(B-7)
k z m

Now define the z-transform of filter sequence {Hk} by

H(z) = E z-k Hk
k (B-8)

and define the quantity

HH(z) - [H(z)] including conjugation of z. (B-9)

Then

HH() = H= z*k ]H = H (B-10)

We now employ (B-8), (B-3), and (B-10) in (B-7) to obtain

G(z) = H(z) Q(z) HH (Zl)(

\Z*1 (B-ll)

The spectrum of output process {XJ is then, at real frequency f,

G(f) = G(exp(i27TfA)) = A exp(-i2TrfAl) R

= H(f) Q(f) HC(f) p (B-12)

where we employed (B-I I), (B-4), and set

H(f) = H(exp(i27rfA))= Eexp(-i2TrfAk) Hk  (B-13)
k

We also employed the property that

H H(f) = [H(f)H = E exp(i2rfAk) k (B-14)
k

B-
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orHi ( i l f ) 1 H H(exp(i2TrfA)) = H f) - (B- 15)

Finally, from convolution (B-1), we obtain the z-transform of output data
sequence I X , as

X(z)E Z- X =H(z) W(z)
n (B-16)

where we used (B-8) and defined

W(z) = _ Wn
n (B-17)

The major results thus far are given by (B-1), (B-16), (B-i11), and (B-12) for a
general filter and excitation.

ARMA Process

For a multichannel, autoregressive, moving-average process, the recursion is
given by

X n E EkXnk+ L: Fk Wk
k k (B-18)

The z-transform of this equation is

X(z) = E(z) X(z) + F(z) W(z) ,(B-19)

where

E~) ~zkk F F(z) _k
k~)z E - F k (B-20)

Then we can solve (B-19) for X(z) as

X(z) - [I - E(z)J -1 F(z) W(z) = H(z) W(z) * (B-21)

where the transfer function from input to output is

H(z) [I - E(z)]- F(z) (B-22)

in terms of the parameters of recursion (B-18). But now (B-22) is in the framework
of the presentation above; namely, the spectrum of output process I X,, is, from
(B- 12),

G(f) - H(f) Q(f) Of11f) ,(B-23)

B-3
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w here -1H(f) = [I - E(f)] F(f)

E(f) = E(exp(i27fA)) = F exp(-i2TrfAk) Ek
k

F(f) = F(exp(i27rf6)) = F exp(-i2rfAk) Fk
k (B-24)

Example

As an example of (B-18), consider the multichannel first-order recursion

Xn E1 Xn-i + Wn (B-25) F

with the input spectrum for {Wn},

Q(f) = A I for all f (B-26)

This is a white process, uncorrelated from channel to channel. Then

E(z) = z- El , F(z) = ,

H(z) = (I - z E 1 ) (B-27)

G(f) = A H(f) Hcf)

Specialization to Two-Channel Process

We further specialize example (B-25) to the two-input, two-output channel
process characterized by coefficient matrix

I (complex coefficients).

(B-28)

Then (B-27) and (B-22) yield transfer function

B -4



TR 6533

z- 1 a -z b
H~z)=

1 b1

z- c 1 -z d

-z 1 d z- b

1 - ( a + d) + z-2 (ad - be) =1 (B-29)

There follows
H H (1/z) = [HCl/z*)]H

1 -lzd* zc*
2 (B-30)

1 - z(a + d)* + z (ad - bc)* zb* 1- za*

and

G(z) A H(z) H H (/*) [ lz

Lg2 1 Z 
92(z)

1 + Ib 2+ d[ - z - zd* -a* b - c*d+ z b + zc*

D -ab* - cd* + z° 1 c + zb* 1 + a 12 jcj2  - a - za*

(B-31)

where

D Z -z(a + d) + z-2 (ad - bc)I [1 - z(a +d)* +4 z 2(ad - bc)*]

(B-32)

Inspection of denominator D in (B-32) reveals that G (z) has poles (i.e., all the
elements of matrix G (z) have poles) at

B-5
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a + d + (a + d)2 - 4(ad - bc)O 2 (B-33)

and at

S 1 exp(i arg(z))

(B-34)

That is, even though recursion (B-25) is limited to first-order regressive and white
independent excitations (see (B-26)), G (z) has four poles in the finite z-plane.
Generally, if -f(z) has a pole at z,., then H(l/z*) has a pole at l/z" ; so if

z = r exp(ie), then 1/z* = exp(ie)/r00 (B-35)

has the same argument.

In addition, element g,,(z) in (B-31) has a zero at - and three zeros in the finite
z-plane, at

Zo 0 and z = 1 + Ib] -+ dl 2+ +j 1b1 + Id12 -41d
0 0 2d*

(B-36)

The product of the latter two zero locations is d/d* = exp(i2arg(d)). Thus, the auto
spectrum of process 1 has three zeros and four poles, even though the multichannel
recursion, (B-25), is first-order regressive. Similar behavior is true of the auto
spectrum of the second process, as well as the cross spectrum between the two
processes.

The magnitude-squared coherence for this example is, from (B-31) and (B-5),

g 12 (exp(iu)) g 2 1 (exp(iu))

g1 1 (exp(iu)) g22 (exp(iu))

I- a*b - c*d + b exp(-iu) + c* exp(iu) 1
2

[11 - d exp(-iu) 12 - 1b12]1 [11 - a exp(- u)I12 , jc121

(B-37)

This has four zeros and four poles in the finite z-plane.

B-6
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Numerical Example

We now specialize (B-28) to example (6) in the main text:

a b] [.85 -7

E,= = - (B-38)

c d.65 .55

The four poles of the spectrum G(z) are located at

z = .7 + i .6819 , 1/z* = .7330 + i .7140
(B-39)

and the zeros of g, (z) are

-o 0 , 3.0646, .3263,(B0

The zeros of g12(z) are located instead at

Z= 0 , .8802, -1.3109,
(B-41)

The magnitude-squared coherence simplifies to

1.0634 - .056 cos(u) - .975 cos(2u)

[1.865 - 1.1 cos(u)] [2.145 - 1.7 cos(u)I (B-42)

This example was used frequently in the main body of this report. The peak value is
.9990128 at u =.772564, or 2fA .245915.

B-7/ B-8
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