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Two-Channel Linear-Predictive Spectral Analysis; ,
Program for the HP 9845 Desk Calculator

Introduction

Spectral analysis of short data segments by the standard FFT procedure is not a
viable approach; unstable and/or coarse estimates of the spectra result. An ai-
tractive technique in this case is linear-predictive spectral analysis, both for the
single-channel as well as the multiple-channel cases. See references 1-9, particularly 4
references 7-9 which derive and give Fortran programs for a multiple-channel 4
linear-predictive spectral analysis technique that is a generalization of Burg’s 1
technique for the single-channel case (reference 1).

The purpose of this report is twofold: first, we translate the Fortran program in
reference 9 into Basic for use on the Hewlett-Packard HP 9845 Desk Calculator,
and in the process, also make some minor improvements and modifications to the
format and printout statements. We also limit consideration to the two-channel case
and thereby take advantage of some simplifications in computing possible for this
special case. Second, we apply the program to a pair of stationary processes, one of
which has pure tones that are not present in the other process. In this manner, we
point out a possibly deleterious effect on the auto-spectral estimates and the
coherence estimate, and indicate a method for circumventing some of the difficulty.
As a byproduct, a philosophy for multichannel spectral analysis is suggested for
further consideration.
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Use of Program For Spectral Analysis

In appendix A, the listing for the two-channel linear-predictive spectral analysis
technique is presented. Inputs required of the user are the following:

N Number of data points in each process
Pmax Maximum order of predictive filter to be considered
Nfft Size of FFT to be used in spectral computation. (N

In addition to these integer inputs, the user must modify the subroutine
SUB Data (N,X(*)) to accommodate and read in his particular two-channel data.
All data are presumed real.

The program computes the (sample) means of each of the two processes and
subtracts the means from the data. (Some possible ramifications of this procedure
are considered in reference 6, appendix B; in addition, the effect of choosing too ?
small an FFT size, Nfft, is discussed in reference 6.) Next, the covariance matrix (at ‘
zero delay) of the input data is computed, and the Akaike Information Criterion
(AIC, reference 8, pages 42-44) is evaluated and used to select the integer

Pbest Best order of predictive filter to use. 2)

The forward and backward partial correlation coefficients (references 7-9) are
evaluated through order Pmax, as well as the forward predictive filter coefficients
for Pbest. The normalized correlation matrices are computed through Pmax (ex-
trapolated values beyond Pbest) and the spectral density matrix is computed (via an
FFT) from zero to Nyquist frequency, fy = (24)-!, where A is the time-sampling
increment of the processes. A partial check on the adequacy of the FFT size, Nfft, is
afforded by a printout of the areas under the spectral estimates and comparison
with the (sample) covariances of the input data. Finally, the inverse FFT of the |
spectral estimate gives the aliased normalized correlation matrices; the motivation

and equations for this approach are given in reference 9.

A sample printout for a short data sequence (20 data points in each process) is
given after the program listing in appendix A, as a test or check case on a user-
written program. Also, plots of the corresponding auto-spectral estimates and the
coherence estimates are given there for completeness, although this example has no
real physical significance. [h

Timing Results ;

Execution times for the five major subroutines,

Pcc Partial correlation coefficients ‘
Pfc Predictive filter coefficients

Peftf  Predictive error filter transfer function ‘
Sdm Spectral density matrix
Acm Aliased correlation matrices, 3)
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are given in tables 1-5 below, for the HP 9845B Desk Calculator equipped with the
Fast Processor Upgrade Kit. Only those variables utilized in each subroutine are
considered in these tables, since execution time is independent of the other
variables; for example, the execution time of subroutine Pcc does not depend on
Pbest.

Table 1. Execution Times for Subroutine Pcc

N Pmax Seconds
20 6 1.9 :
50 10 5.4
100 5 4.7 1
100 10 9.5
100 15 14.1

1000 47 404.2 ]

Table 2. Execution Times for Subroutine Pfc i

Pmax Pbest Seconds

5 1 .09
10 1 .15
6 4 .24
15 5 .62
15 11 1.41
47 12 4.06

Table 3. Execution Times for Subroutine Peftf

Pbest Nfft Seconds

4 256 17.5
11 256 17.8
1 512 32.0
5 512 32.8
1 1024 63.9
11 1024 66.6

Table 4. Execution Times for Subroutine Sdm f

T Nfft  Seconds
256 8.9
512 177

1024 35.3
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Table 5. Execution Times for Subroutine Acm

Nfft Seconds

256 9.8
512 18.6
1024 37.7

From these tables, we are able to extract the following fairly accurate rules of
thumb: the execution time of

Pcc is linearly dependent on N and Pmax

Pfc is linearly dependent on Pmax and Pbest

Peftf is linearly dependent on Nfft, but is essentially independent of Pbest

Sdm is linearly dependent on Nfft

Acm is linearly dependent on Nfft. 4)

These rules ullow extrapolation to other cases of interest to the user. The execution
times of the FFT itself are given in table 6.

Table 6. Execution Times for Subroutine Fft10

Nfft Seconds

128 2.6
256 4.5
512 8.4
1024 17.1

If the user is interested only in obtaining the predictive filter coefficients (for
example, to do time domain prediction and signal processing), these results are
available immediately after execution of subroutine Pfc. There is then no need to
resort to the frequency doinain routines that follow Pfc; in this manner, execution
time and storage can be significantly reduced. An additional reduction in execution
time is available by declaring all the loop counters in a subroutine to be INTEGER.

]
i




Application to Processes With Tones

Our first example is the two-channel case given numerically by the sample values
in reference 7, page 17; reference 8, page K-12; and in reference 9, page D-18. The
analytic expression for the autoregression is

x,(k) = .85 x,(k-1) -.75 x,(k-1) + w(K)
X5(K) = .65 x (k-1) + .55 x5(k-1) + w,(k) (5)

where {w,(k)} and {w.(k)} are uniformly distributed, independent white noise
processes with zero means and variances 1/12. General filter and spectral relations
for moving-average and autoregressive processes are given in appendix B; these
general relations are then specialized to this particular numerical example. It is
shown in (B-31) et seq. that the auto spectrum of process {x,(k)} has four poles and
three zeros in the finite z-plane, even though the two-channel recursion, (5), is only
first-order regressive.

Generally, for a two-channel P-th order regression and independent white ex-
citations (i.e., E, = 0 fork > P, F, = [d,,, and Q(z) = Al in (B-18)), the auto- and
cross-spectra of the processes each possess 4P poles and 3P zeros in the finite z-
plane (of which P zeros occur at the origin). This is in contrast to the single-channel
case, where 2P poles (and a P-th order zero only at the origin) can occur. This in-
creased generality can be anticipated by the observation that whereas a single-
channel approximation requires estimation of only P parameters, an M-channel
approximation requires estimation of M2P parameters (4P for the two-channel case
M =2). Of course, for a fixed number, N, of data points from each process, the
estimation of an increased number of parameters can only be done with increased
variance; this is a manifestation of the tradeoff between resolution and stability that
accompanies all spectral analysis techniques.

The first-order forward partial correlation coefficient for two-channel process (5)
1S
.85 -.75
A‘l”(true) = , (6)
.65 .55

and all other higher-order coefficients are zero. The exact auto spectrum of the first
process, {x,(k)}, is shown (in dB) in figure 1A; the auto spectrum of the second
process, {x,(k)}, is shown in figure 1B; the magnitude-squared coherence is
displayed in figure 1C; and the argument of the complex coherence or cross spec-
trum is depicted in figure 1D. There is seen to be a strong narrowband component at
approximately one-fourth of the Nyquist frequency fy = (24)-!, where A is the time-
sampling increment for the two-channel process (5). This leads to a peak magnitude-
squared coherence value of .999013 at 2fA = .2459.

The results of applying the two-chaniiel spectral analysis program in appendix A
to the numerical data cited above, with N =100, are shown in figure 2, where the
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four parts of this figure correspond directly to those of figure 1. Pbest turns out to
be equal to the correct value 1, and the spectral estimates are all quite good. In fact,
the estimated magnitude-squared coherence reaches a peak value of .999745 versus
the true value of .999013.

The covariance matrix of the process generated by (5) is (reference 8, page 18,
after scaling by variance 1/12)

2.095 0.405
R (true) = (7N

0.405 1.804

The corresponding matrix estimate yielded by the program here, based on the
particular N = 100 data values cited above, is

4.62 916
R =

(o]

] for N = 100; (8)
.916 3.80

these values are approximately 2.2 times larger than (7), due to the fact that (S)is a
narrowband process and the particular 100 pairs of samples used in the spectral "
estimates happen to lie on a local peak of the instantaneous waveforms. Although

the local estimates of the absolute power levels are off considerably, the estimate of

the forward partial correlation coefficient is very good; we find, instead of (6),

872 -.770
A = for N =100. ©)

.634 .560

Next we add a pure tone only to the second process {x,(k)} at a frequency equal to
0.6 of the Nyquist frequency, i.e., at 0.6fy. The power in the toneis 1/512, i.e., 32.9
dB below the average power, 3.80, in this particular segment of autoregressive
process {x,(k)}; see (8). The resultant spectral estimates are shown in figure 3; they
are virtually identical to figure 2. The only inadequacy of figure 3 is that the
autospectral estimate in figure 3B gives no indication of the added tone; of course,
there should ideally be no indication of the tone in figure 3A for the auto spectrum
of {x,(k)}. The value of Pbest was again 1, as determined by the AIC.

When the tonal power in the second process is increased to -26.9 dB, Pbest in-
creases to 4 (see figure 4) and there are humps in both auto-spectral estimates near
the tone frequency 0.6fy. The coherence estimates (magnitude and argument) are
significantly perturbed in a considerable neighborhood of 0.6fy; this broad
frequency-perturbation width is due to a small value of Pbest having been selected
by the AIC.

Increasing the tonal power to -20.8 dB results in the estimates depicted in figure
5. Now there is a considerable indication of the tonal power in figure 5B; however,
there is also an undesirable indication in figure 5A at frequency 0.6fy in the auto-
spectral estimate for process {x,(k)}. This *‘feed-across’’ is due to the fact that we
are working with only N =100 data samples of each process; with this small a data
set, the ‘‘best’’ two-channel linear-prediction is misled into an erroneous indication.
It is important to observe at this point that any auto-spectral estimate based on
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samples of process {x,(k)} alone would not give this tonal indication, since the tone
is not present in this process.

The coherence estimates in figure 5 fare no better, even though Pbest = 8 now. A
large magnitude-squared coherence value of 0.85 is yielded at frequency 0.6f. The
progression towards poorer behavior is also present in figure 6, which employs a
tonai power of -14.8 dB relative to the sample power in {x,(k)}. Now the undesired
peak magnitude-squared coherence estimate is 0.9. A tonal power of -8.8 dB (figure
7) yields a near-unity magnitude-squared coherence estimate at 0.6fy, and a very
substantial tonal indication in the auto spectrum of {x,(k)}, figure 7A.

The situation is markedly improved if more data samples are available. When N
is increased to 1000, and data are generated via (5) as before, the sample covariance
for the particular data set generated is

2.60 Sl
R =

[+

4
] for N =1000, (10)
514 2.27

for no tone present. When a tone is added to process {x,(k)}, with strength -24.6 dB
relative to the sample power, 2.27, of the second process, the resultant spectral
estimates are as displayed in figure 8. There is a slight hump at 0.6fy in figure 8B,
and a near-zero coherence estimate at this frequency. Recall that the ideal
characteristics would be identical to figure 1 except for an impulse in figure 8B at
0.6fy and a very sharp null in the magnitude-squared coherence at 0.6fy.

The results in figure 8 were achieved by taking Pmax = 8§, for which the AIC
indicated Pbest = 8 for this particular data set. However, the AIC is a very flat
function of filter order P in this range, and it is difficult to justify a particular value
of P as “‘best’’. Some additional information about the autoregressive portion of
the observed process, such as a limit on P, could be useful; for example, when we
specified Pmax as 1, the results were very similar to figure 1. There was virtually no
indication of the tone in any of the spectral estimates, even though it was in the
{x,(k)} data at a relative level of -24.6 dB with respect to the sample power, 2.27, of
the second autorezressive component. In fact, the estimated first partial correlation
coefficient was

8543 -.7394
A = for N = 1000, an
6578 .5415

which is very close to the true value, (6).

Results for the spectral estimates when the tonal power is increased to -18.6 dB,
-12.6 dB, -6.6 dB, and -0.6 dB are given in figures 9, 10, 11, and 12, respectively,
all corresponding to Pmax = 8 and Pbest = 8. Even for the nearly 0 dB case in
figure 12, there is virtually no indication in auto-spectral estimate 12A of the
strong tonal in process {x,(k)}, figure 12B. The magnitude-squared coherence
estimate in figure 12C appears to have developed a couple of zeros and poles near
the frequency f = 0.6fy, where the strong tone is located; recall that we have
4P = 32 poles available in the approximation for Pbest = 8. Typically, it has been
observed that a strong tonal present in only one process manifests itself in the
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coherence estimate as a sharp spike at the tone frequency. The change in argument
in figure 12D in the neighborhood of this frequency can serve as an indicator of the
number of poles and zeros clustered there.

When Pmax was increased to 47, the AIC yielded Pbest = 25 for these last four
figures. However, the spectral estimates for Pbest = 25 proved 1o be 0o spiky and
erratic. Also the selection of Pbest at 25 is rather tenuous, as figure 13 indicates; this
is a plot of the AIC versus filter order P in the range (1, 47). Although the absolute
minimum occurs at P = 285, there are significant drops in the curve at P = 4, 6, and
8. Selection of P at one of these significant drops appears to be a promising ap-
proach, instead of using the absolute minimum of the curve. In addition, the
flatness of the curve is brought out by observing that the range of values of AIC is
limited to (-4.80, -4.73) for P in the wide range from 10 to 47. Thus, the local minor
drops and rises in the AIC curves are not significant; selection of values of P
corresponding to significant decreases seems to be a viable approach.
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Figure 13. Akaike Information Criterion for N = 1000, Tone Power=-12.6 dB

The last example we consider is a two-channel process of N = 64 data points,
composed of several tones, some of which are at common frequencies, and some of
which are not; this example was supplied by S. L. Marple (reference 10). In par-
ticular, process {x,(k)} has two strong tones at f = 0.4fy and 0.5fy, and a weaker
tone (-20 dB) at f = 0.2f, in addition to some low level, colored background noise. [
The other process has two strong tones at f = 0.4fy and 0.8fy, and a weaker tone ‘
(-20 dB) at f = 0.2fy. Thus the tonal frequencies common to both processes are
0.2fy and 0.4fy, whereas the uncommon frequencies are 0.5f and 0.8fy. The two
auto-spectral estimates of each process (obtained via the single-channel, forward-
backward averaging technique of reference 4) are displayed in figure 14 for
prediction length P = 12 (24 poles for each spectral estimate). There is, of course,
no cross-feed at frequencies 0.5fy and 0.8fy,.

The spectral estimates of the same two-channel data (obtained via the program in
appendix A which includes coherence estimation) are given in figure 15. The value
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of P used was 6, which allows for 24 poles in each spectral estimate. The low
number of data points, N = 64, now allows some undesired cross-feed in figures
15A and 15B at f = 0.8fy and 0.5fy, respectively. This also shows up in the
magnitude-squared coherence estimate as two very sharp spikes at these two
frequencies, whereas the true coherence is zero at these two frequencies. This
limited capability of the multi-channel linear predictive technique can be improved
by utilizing larger data sets; N = 64 is too small a data size to accomplish a high
quality result for a data set such as this with strong interfering tones.

L A ]
1048 i
' |
,
! ]
0 Frequency N
14A. Auto Spectrum of First Process
P
10d8 i i
¥

Frequency N

14B. Auto Spe-ctrum of Second Process

Figure 14. Auto-Spectral Estimates for Multitone Example, N =64, P =12
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Frequency
15A. Auto Spectrum of First Process

z

Frequency

15B. Auto Spectrum of Second Process

z

1 —

z

Frequency

15C. Magnitude-Squared Coherence

i

S E
S

]

Frequency

15D. Argument of Complex Coherence

Figure 15. Spectral Estimates for Multitone Example, N=64,P =6
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Discussion and Conclusions

A program for two-channel auto- and cross-spectral estimation has been
presented and illustrated for cases including interfering tones. If the number of
available points, N, is too small, some misleading estimates may be obtained
because of cross-feed between the finite lengths of data from each channel. This
cross-feed manifests itself as narrow spurious spikes in the spectral and coherence
estimates. Choice of the appropriate value of filter order, P, is possible by ob-
serving where the AIC undergoes significant negative jumps, rather than by using
the absolute minimum of the curve. It can also be illuminating to overlay plots made
with two (or more) different values of P, thereby obtaining different degrees of
resolution and stability from the same data set. The recursive nature of the linear-
predictive approach makes this practice easy to achieve.

A more fundamental observation about spectral estimation in general is now
developed. Suppose we are given finite data records of three stationary processes
x(1), y(t), and z(t), and we wish to estimate all the auto spectra and cross spectra
involved. The Blackman and Tukey and weighted-FFT approaches evaluate the
auto spectrum of each process separately. Thus, the spectrum of v(t) is estimated
without interference from y(t) and z(t); the availability of the data records for y(t)
and z(t) plays no part in the eventual auto-spectral estimate for x(t). Additionally,
the cross-spectral estimate for processes x(t) and y(t) is independent of the available
data on the z(t) process. Finally, the coherence estimate between two processes is
independent of any additional data records for other (statistically related) processes.

On the other hand, the generalization (in references 7-9) of Burg’s single-channel
linear-predictive spectral analysis approach to the multichannel case gives auto-
spectral estimates of the x(t) process that are dependent on the available values of
y(t) and z(t). Also, the cross-spectral estimate between x(t) and y(t) is dependent on
the particular z(1) data available. This procedure can be poor for short data lengths
if, for example, y(t) contains a strong tone at f_ that is not present in x(t) or z(t).
Thus, estimates of spectra G, ,(f), G, (f), and G_,(f) all contain tonal indications at
f, that should not be there. These spurious tonal indications are due to cross-feed
between the available finite data segments of the various processes.

This raises the following questions:

® Should the estimate of G,,(f) be determined only from the available x(t)
data record ?

¢ Should the estimate of ny(f) be determinsd only from the available x(t)
and y(t) data records ?

* If coherence C, (f)) = 0, why use y(t) to estimate G,(f,) ?

* If coherence C, (f)) = 1, why use the completely statistically dependent
y(t) data to estimate G, (f ) ?

This philosophy of discarding ‘‘irrelevant’’ data would be consistent with the
Blackman and Tukey and FFT approaches. Carrying this philosophy on, we are led
to the following: estimate G,,(f) solely from the x(t) data by some good single-
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channel linear-predictive technique, such as forward-and-backward averaging,
coupled with an efficient way of inverting the relevant matrices (e.g., references 4
and 5). Then estimate cross spectrum ny(f) or coherence C(f) directly, by some (yet
unknown) linear predictive technique whose sole goal is linear prediction of x(t)
from y(t) and vice versa, with no interest in or diversion from simultaneous
estimation of G, (f) or ny(f). By this means, we can concentrate on extracting all
the relevant cross-spectral information with maximum stability and resolution.
Other cross spectra of interest between particular pairs of available processes can be
similarly obtained, one at a time. This procedure is currently under investigation.




Appendix A
Program For Two-Channel Linear-Predictive Spectral Analysis

The program listing below in Basic for the HP 9845B Desk Calculator is a
translation and update of that given in references 7-9. A complete breakdown and
explanation of the components and subroutines of the program are given in
reference 8, and in reference 9, appendix D.

Inputs required of the user are the integers listed in lines 20, 30, 40; they are

N Number of data points in each process;
Pmax Maximum order of predictive filter to be considered;
Nfft Size of FFT to be used in spectral analysis.

In addition, the user must modify subroutine SUB Data(N,X(*)) in lines 5430-5490
at the end of the program to read in his own particular two-channel data sets. Pbest
can be forced to equal Pmax by setting Fac = 0in SUB Pcc.

An explanation of the program output is given under equation (1) of the main text
of this report. A sample printout for a short (N = 20) data sequence that can be
used as a check case on the program is presented following the listing below. Sample
plots of the auto-spectral estimates and the coherence estimates conclude the ap-
pendix.

TR 6533

A-l




TR 6533
19 0 THO-CHAMMEL LINEAR FREDICTIVE SFECTRAL “HAL 31, TR <S4 ]
Y HN=Z3 ' HUMEER 0OF DATA FOIMTI In ERCH FROCEZD
0 Fma . =& IMASIMUM OFDEF OF FREDICTIVE FILTEF
49 Nfft =252 t SIZE OF FFT
S AFTION BASE 1
(4% FEDIM Vo2 Hy,Ze2, M Ap Pma (J,20,Bp Fasa (2,2
gl REDIM RrFma- ,_,2',ch~E:Pm, I 11-H0+'-..11 [ZEIE IS R TR N )
1Y) FEDIH letHFF'-,A;l-nf&m-.._i-uyov' # IR T A
0 DIM Y(2,198985,2¢2,1290)5,Fp: 2 5._.2'.-
100 DIM Rne2S, 2,2 ,AciBi2S ., "11¢13245 <
110 DIM Y12010829),3101924,V2141824 ot
129 DIM Rver2s Ube-trz._.,Ut;,_J,“ <
1398 DIim Exz,z».nfz._s,wa<g, ub‘g.;s.u.-; S
149 FPRINT "NUMBEF 0OF DRTH PUINT; IHN EACH FREOCESS N ="3HM
158 PRINT "MAXKIMUM OFDER OF FREDICTIVE FILTER Fma: =";Puna-
1€4 PRINT "SIZE OF FFT HEfft =" Nfft
17 PRINT
1& CALL DataiM,Yixi
19 PRINT "“FROCE=3S HUMBER 1"
28 FOF I=1 TO N
21 FRIMNT wit, 153

A-2

[N ]
2
PR R A R A

L6 ) M B b

[ < . O RO . L Y OO

o da b2 W W WL LW W W WL e R RO R P
Lot S CHCA R B PR, B SV Rl

NEXT I

PRIMT LIMCLD

FRINT "PROCESS HUMEER 2"
FOR I=1 TO H

PRINT Y<¢2,15;

MEXT 1

FRINT LIMNCZ)

CALL Per Ny Pmac, v s, 204 (R s bar = mb = b= W 0 e %0, Rex i 1)+

cuo*a,Phezt,Ubsstier U1 () Mrvso (A Bren AR (Bpoxon
PRINT “MERNS OF IMPUT DRTA (Auesd”

PRINT RAuelld

PRINT Avec2)

PRINT LINC1)

PRINT “COVARIANCE MATRIXK OF THFUT DATA 'R Fi=.
FRINT "AKAIKE INFOPMATION CRITERION:"
PRINT " P Ric(PO"

IMAGE 3D, 4¢4%,M. 9DE>
FOR P=B TO Pma.

PPINT U3SING 370;P,F1c(P)
NEXT P

PRINT LINCL)

429 PRINT "Pbezt =";Pbest

49 PRINT LINC1)

449 PRINT "Ubest:",Ubest (%)

479 FPRINT "FORWAPD PRRTIAL CORRELATION COEFFICIENTE

460 PRINT " P Apil, 1D Aped, 1) ApLl 29
Apczs, 2" '

479 FOR P=1 TO Pmax

420 PRINT USING 370;P,RAp<P,1,17,Ap " P, 2, 1+ Ap P 1,2 Ap P, 2,2

499 MEXT P

500 PRINT LINCE)

b Sty Ui Wit 1 iam

e g
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S1a PRINT “BRACEWARD FARTIRL CORFRELATION COEFFICIENT !

S8 FRINT * P Bput, 1 Bpod, 1 Bp- 1,
Bpr2, 20"

S0 FOQR P=1 TO Pmax

S« FRINT U3IHG 378;F,BpiP,1,10,BpeP, 2,1 B F, 1, 2 B F, 2,2

§Sa NEXT P

Sgo PRINT LINCLY

578 IF Pbezt=0 THEN 820

S5&9 CALL PrciPmas,Pbeat (Ru#) Auies Bpl=so Wag s Wb s Mot e W s, Fncey k1Y RIS
SyR12:

599 PRINT "FORWAFD PREDICTIYE FILTER COEFFICIENTS FOF Foeszt:”

690 PRINT * P ApC1,17 Apra, 1t Apdcl, &)

Apiz, 22"
€19 FOR P={ TO Fbest
€z PRINT USING 3P@;P,Rp«P, 1,10, ApP, 2, 1o ,Ap F, 1,20 R F 2,20
630 NEXT F .
640 FPRINT LIMOL)

5506 PRINT “HORMALIZED CORRELATION MATRICES (Rri:’
LYY PRINT "DELAY AUTO11 CRO5%21 CROSTL1E

AUTO22"
679 PRINT USING 3V3;0,R7 1,10, RiZ 1, i), 20 R, 2
580 FOR P=t TO Fmax
639 PRIMT USING 3703 P, RnCP, 1,11, RndFP, 2,1 FroFR 1,2 Fr P 2,20
709 NEXT P
719 PRINT LINCL)
729 CALL Peft¥ (Phest,NffL,Apl+),X1lied Vilis WlZie  (ViZrei KZloe i Y2lve), N2l
*5,Y22(#))
?20 CALL SAmcNfft Ubestv#d , Wac+i, Wb Cx) , We #5 Mdied Har» 11 0os0 V11 M12Ce,
TI2V %0, K21 ) Y210 R) XET 45,7227 %) ,511,522,512)

749 PRINT "SPECTRAL DENSITY MATRIN AND COQHEFEHLE, FROM JEFC FREQUEMCY BIM 192

750 PRINT " BIN AUTO LY AUTGZ22 FELCROSSLZY  IMCROSS1Z MAG SQ COM
ARGUMENT" ‘

?€0 IMARGE 3D,S5(M.6DE, 1%>,M.E6DE

770 FOR I=1 7O 30

?se L=]

799 IF 1<{16 THEN 249

Suo IF 1>1€ THEN 830

812 PRINT "xax"

8ze 20TO 8%9

830 L=I+Nffr. 2-29

3490 PRINT USING 7€03L, 411l 22 Ly, R1a Ly W12y, vl 220l

8s¢ NEXT I

8€9 FRINT LINCL)

870 PRINT "TRAPEZCQIDAL 3UMS OF SPECTRAI"

8&o PRINT ¢11,522,512

890 PRINT

1] PRINT “COYRARIRMCES OF INPUT DATR:"

910 PRINT R11,R22,R12

9.0 PRINT LINCL)

930 CALL RCMCNFFL X117y H12C#0, Y1205, 481 e, 021w 22 = NTImL, R

ReZmd)

940 NiaNfft+1

9%e N2=sNfftL-2

969 N22=NH2+2

zami,11md,
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aTo FRINT “ALIRZED HOFMALIZED JOFFELATION MATRICEZD:

359 PRINT “DELRAY AUTOLY LROIIZN CRIDS312

AUTO 22"

ERL] PRINT W2TNG 27006, w1LCNZ2 N2 1 02 1, 22 el

16009 FOR I={ TO &7

1010 L=]

1029 IF I .15 THEN 19T@

1630 [IF 1:16 THEN 1880

1049 FRINT “wsex"

1659 GOTO 1930

1668 L=l+HNZ-23

1878 PRINT USIHG 2725 L, 11 eN22+L vy nd v Hl=u o 81 140 0 22 HIZ+l

1030 NEXT 1

1030 PRINT USING 3733 HN2-1,X1Imt, X21 N2Z), A2l Na 0 HEdm!

1100 PRINT USING 37P@3N2,X1im0, <21 CNI+1Y, 31 HI+1 v, Sl

1119 PRINT LIN' 2

1120 PRINTER IS ©

1139 PRINT "AUTO SFECTRAL DENSITIES IM DE: "

1140 PLOTTER IS “"GRAPHICS™

1150 GRAPHICS )

1168 SCALE ©O,M2,-5,9

1170 GRID Ng-4,1

11390 FPENUP

1198 FOR [=0 TO0 N2 ?
1
t

1290 “LOT I,LGT¢X11cI+1))
1218 NEXT 1

1229 PENUP

1230 FOR 1=0 TO N2

249 PLOT I,LGTCX22¢I+11>
1250 NEXT I

1260 PENUFP

1279 DUMP GRRAPHICS

1280 PRINT LINC3D

1290 PRINT "MAGMITUDE SQUARED CUHERENCE AND ARGUMENT”
1200 PLOTTER IS "GRRAPHICS"
1319 SCALE O,N2,0,1

1320 GRID N2-/4,.29%

1330 PENUP

1349 FOR I=0 TO N2

1358 PLOT I,¥11<I+1>

1368 NEXT 1

1379 PENUP

1286 SCALE O,N2,-PI,PIl
1398 FOR [=0 TO N2

1400 PLOT I,v22¢1+1>

1410 NEXT 1

1420 PENUP

1439 DUMP GRAPHICS

1449 PRINT LINC4)

1458 PRINTER IS 16 [
1460 END

1470 Y
y
!

E




1439
* LA
1439
1500
1810
1529
1530
1540
1550
SEQ
1S7ve
1530
1599
1690
1€10
1629
1630
1640
1650
150
1670
1680
1690
1700
1710
17z@
1739
1740
17%50@
1760
177e
1780
1796
1390
1210
1820
1830
1840
1858
1868
1870
1880
1890
1500
1910
1920
1930
1940
19%0
1960
1970
19890
1930
2000

SUB Foo oM Fma. Voo  Z0e Mg e g el s e i - g e F

tioen  Fbezt,Ubestysn i uss Y x (Ao Boe R

Ia=INT(1.S5«SQRCNY

IF Pma~.=1a THEN 1529
FRINT "Fma.. =";Pnac<i "3 T3 LARGE FOF 4 ="
Ta=MIN(la,Pmax?

Fac=2.N I Fac=9® MWOULD FORLCE Fbeszt £00AL
MRT Ave=R3IUM

MAT Ave=Ruve- (M)

Ri=Rue: i)

A2=Avel2’

FOR I=f TO H

Y1, Ihay(l, Ih-At
¥Y(2,1>=av(2,1>-A2

NEXT I

MAT 2=

CALL RUtoiZ,N-1,¥Y(%# ), WNci*,}
CALL Rutoii 1,Y (=), Hldo*1)
CALL Auto(M,H, V(s> He®)d
MAT Wa=Wc+Ue

MAT Wb=Wc+Wd

MAT R=Wb+We

MART R=R-(N)

MAT U=R

MAT V=R

CALL Cross(2,N,¥Yi(#),2¢%), W)
Ric(@)=LOGI(DET(U)>
Ricmin=Ric(dy

Pbest =9

MAT Ubest=U

FOR P=i TO la

MAT Vi=zINV(Y)

MAT Wd=Vi#*Wb

MAT Wb=Wd

MART UisINVW)

MAT Wd=Wa

MAT Wa=kd*Ui

MAT Wecslc#*#(2)

CALL SolveiWa(+ s, Wb(%) ,WNci*) WA * WHe ="
MAT A=lc*Vi

MAT WA=TRNC(Wc?

MAT B=Wd#*Ui
RpCP,1,1>=RC1, 1>
Ap(P,1,2)=AC1,2)
Rp(P,2,1)=RAC2, 1)
Rp(P,2,2>=Ru2,2)
Bp(P,1,1)>sBd1,1)
Bp(P,1,2)>=B(1,2>
Bp(P,2,1)=B(2,1)
Bp<P,2,2>=B¢2,2>

MAT We=A#uWd

MAT U=y-We

MAT We=B#Wc

MAT vVay-Ue

t

;
1

- JEp

vOSEARCH LIMITED TO

P Fua

&
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20709
<088
20%0
2109
119
2129
2139
2140
2159
2168
2170
2150
2199
2z99
2210
2228
2230
2240
2259

Le69
R12>
2276
£z20
2230
2300
2310
23z9
2339
2340
23%0
2369
2370
2380
2390
2490
2419
2420
2430
2440
249

R1coPH=LOG DET L S +Fac»F

IF iz FPo=Ricnn THEN 2920
Hicmin=R1c P

Fbest=P

MAT Ubest=U

IF P=la THEN 2220

L=F+l
FOR k=N TD L 3TEF -1
Al=vil, Ko

R237 (2, KD

Bi=Z(1,K=1)

B2=2i2,K-1"
J(1,K»=B1-B" 1,1 )*A{-Bci,2)+A
2¢2,K>=B2-B12,1'+A1-B¢2,2 1 +A2
YOl,k)=A1~-ACL, 1)+B1-A71,2,+B2
YC¢2,K>»=R2-R(2,1:*B1-A(2, 2 +B2
NEXT K

CALL RUto(P+2,N, V(£ Wad*®
CALL Ruto(P+1 ,N=-1,2uv#) ,UbLer

CALL Cross<F+2,N,Y(*) Z(#),HCcL*)

NEXT P

Al=,5#Ubest  1,2)+Ubezt (2,1,
Ubest (1,2>=Ubesst(2,1)=R1
SUBEND

[}

SUR FfciPma ., Fbest ,Rixr , Ap < BRpr =l

Rrcl, 1, 12=Rpcl,1,17#R01, 1 +Rp" 1, 1,2
RN(1,1,2'=Apdl, 1,1 *RC1, 2 +fp 1,1,Z
RN 1,2, 10=ApCl,2,12+R(1,1)+ApeL 1, 2,2
RNi1,2,2=Ap 1,2,1)*%R(1,2)+Rpil, 2,2 ¢F. 3

FOR P=2 TO Pbeszt

We (1, 1)=Ap(P, 1,1 )*R1, 10+Ap P, 1,
WeCl,< =Ap(P, 1,1 >*R(1,2)+Rp(P,{,2)*R"
We(Z, 1)=Rp(P, 2, 1)#R(1,1)+RApP, 2,2 %R
Wc(2,2)=Ap(P,2,1)#R(1,2)+RAp(P,2,2)*R(Z,

FOR L=! TO P-1
Ib=P-L

YR 2,

Wacl,1>=ApiP,1,1)*EpClb,1,1)+RAprP, 1,2

Waci,2"=Rp P, 1,1>+*BpcIb,1,2)+Rp(P,1,

=

Wala, 1 =2Rp(F, 2, 1 *BpClb, 1,1 Y+RpiP, 2,2
Wal2,2)=RpP,2,1 #Bpclb,l,2)+Ap P, 2,2 +Bp.lb,

Wa(l,1=RpiL,1,1)-Wacl, 1)
Wact,2 =ApdL,1,3>-WHa(1,2>
Wat2,1=RpdL,2,1>-Ha"2,1>
Waid,2>=Rpcl,2,2 -Ka(2,2)

ERECIES <X
L N
T
reR 2,1

Sy

B Ik,
crEpe It.’
t«Epclc,

-

[RCRN GO (YOO O]

chic e I R e RITF

1
1

e




Whil,1'=BpiPlylisApil, 1, +Bp F, 1, i smp o201
Wb 1,2 =BpiP, 1,1 *ApCL, 1, +Bp P L, 2 R Ld, o
Wobea, 10sBpiP,2, 1 r#Rp L, 1,1 +Bp P, 2, YR S B
WovZ,2Y=Bp P, 2,1 0%Ap L, 1,2 0+Bp P 2,3 a2, 80

Bpelb, 1,1 =Bpdlb,1,19-Ub(1, 1>
Bpdlb,1,2)=Bp(lb,1,2)~Ub(1,2>
Bp(lb,2,17=Bplib,2,13-Wbc2, 1
BplIb,2,2)=Rp<Ib,2,2)~Ub 2,2
ApdL,1,1=Wadl, 1

Rpdl,1,2,=Wal, 2>

Ap(L,2,1>=Wal2,).

ApilL, 2,2 =lar2,2>

WdCl, 1r=lWad),10+RnuIb, t, 1o+Ua 1, 2 Pr I, 2,8 -
Wd(1,27=klail,13#Rknclb, 1,2 +4Wa 1,2 «RPro Tk, 2, 20
Wd(2,1)=Wac2, 1D*Rn(Ib, 1, 14Uar 2,2 »Rn Ik, 2,1
Wde2, 2)=Wac2, 1> #RnlD, \,-'*Ha';,c"ﬂntlb,g,_-

MAT Wc=lc+Wd

NEXT (L

Rn(P, 1,1 1=lc (1, 1)

Rn(P, 1,2)=Wci], 2>

Rn(P,2,10=Hccg, 1D

Rn(P,2,2>=Wc(2,2)

NEXT P

FQR P=Pbest+1l YO Pmax

MAT Wa=ZER

FOR L=1 TO Pbest

Ib=P~-L

Wb<t,17=Rp(L, 1,1 *RniIb,1,10+RApL, 1,_-¢Rn-IJ,;.1'
Wb l,2)=Apil, 1,1 2#RNnCIb, 1,2 +RpeL, 1,2 *RPru Ik, 2.2
Wb(2,15=2RpiL,2, 1 >*Rndlb, l,l'*ﬁp‘L,;,g'an'Ib 2
Nb(E,Z)SRp(L,Z,1)*Rn(1b,1, Y¥RpCL, 2,2 ¢kn [b 2,2
MAT WazWa+Wb

NEXT L

Rn(P, 1,1 =Wacl, 1>

RNC(P, 1,2)=Wa(l,2>

Rn(P,2,1)=lace, 1)

Rn(P,2,23%Ka(g,2?

NEXT P

R112R(1,1D

R22aR(2,2>

Ri2=R(1,2)

T=SQR(R11¥R22)

R(1,12*R(2,2)=1

R(1,2)=R(2,1>=R12-T

FOR P=1 TO Pmax

RN P, 1,1 =RndP, 1,15 RIL

Rn(P,1,222RNCP, 1,257

RA(P,2,1>2RN(P,2,1>/7

Rn¢(P,2,2>=Rn(P,2,2>/R22

NEXT P

SUBEND

'
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SRE0 IUE Feftf FRezt HEFT Ape s 0l les Wl ey Gl e s ilee LX)l we v Zlo e 0L

PR

Lo
YN
[~ ¥

&% Y110 10=X22v 1%

3000 FOR L=1 TO Fbest

3010 XitL+t 's-Apclod, 1

38290 Xil«l+lo=-RApul,!,2.

3039 HeluL+lor=z-Apl,2,1)

3848 X222 L+lo=-Apcl,&,2?

3058 NEXT L

3068 CALL Ffrl@cNfft,N11u®) YilCxa,
307 CALL Frtlo Hfft , X12u®), Y12 =",
330 CALL Ffrt1O.Nfft,x21 %, 21 =
3098 CRALL FftlluMfft, 3221 #),Y22C<)
3198 SUBEND

3110 !

3120 SUR SdmoNffr, Ubszt e Wars b ko = Hd *® Jde s, 0l e, T 11igs K120
1iues, n2lus ), W2 uer  R22¢C* 1, Y227 %), 511,302,310
3139 T=2 Mfft

3148 Si1=822=312=8@

3150 JaNfft. 2+1

3160 FOR L=1 TO J

k3 Wall, 1v=X22(L)

3139 Wadl,2r=-X12:L

3199 Wa(2,1,==-X21CL>

3200 Wad2,2r=x11dL>

3219 Wbul,1x=ve2(LD

3220 Wb(1,2>=-Y12(L>

3230 Wb(2,1r=-Y21CL>

3249 Wb(2,2)=¥11dL>

3258 Ta=DET(Wa)>-DET(UWb

3260 Th=Wa(i, 1 *Wb(2,2)+Wat2,2 Wb 1, 1o=-Wa 1,2 <l 2,1 —MHa 2,1 #dbul,2)
327 Ta=T/(Ta*Ta+Tb*Tb>

3280 MAT Wc=TRNC(Wa>

3290 MRAT Wd=Ubest *Ulc

32998 MAT Wc=Wb#*Wd

3310 Tb=uWci{l,2>-Wc(2, 1>

3320 MAT Wc=Wasld

3330 MAT Wd=TRN(Wb)

3340 MAT We=Ubest ¥Wld

3350 MAT Wd=Wb*We

3360 MAT We=lc+Wd

337 Y11CLO=Cle (], 20 ~2+Tb*Tho/ilc(t, toellc 2,200
3I80  Y2I<L)=FNArg(Wc<1,2>,Tb)
33990 XiteLor=Ta*Wecl, 1

3490 X22(L)=TarWce2,20

3410 Xizdlor=TarUc(l,2?

3420 VY12<L)>=Ta*Tb

3430 S11=S11+X11CL>

3449 S22=522+X22(L>

3450 S12=S12+X12L)

3460 NEXT L

3470 S11=5311-,5#(X111+X11CT)
34808 S$22=8522-.3#(X22(11+X22<J))
3430 S123512-.5#(X12¢11+R12CF)»
3588 SUBEND

3%10 !

A-8




TR 6533

ITI0 0 SHE Ron HEFY  af o e o N120m 0 (01 o nZ oy S vt Tl e 0 Il (2 Sl D Dy L

o

3538 N2aHffr 2

3548 NZ1=N2+l

3958 MH2i=NZ+e

3568 FOR L=1 TO M2

35T X211 L= . Sex1tol

3538 Yalobods=,S%#N22002

3630 K21 M2+L0=,S+ 11 N2~
3EBB Y21 NI2+L Vs, SEXNZTONZ2~LY
3518 MNEXT L

3620 CALL Ffei1@(NFft, X213, Y21 0+
3€38 Ta=1-/X21¢10

3648 Tb=i1-Y21c1)

36568 T=3QR(Ta+Tb:

IBed  KIT(NZR2I=K22:N22y=1
367@ FOR L=2 TO MN-1

36860 K11 (H21+LO=X21 L *Ta
3€90 X2Z(HZi+L)=v21cL)#TD
3708 HNEXT L

37108 XilmisxX21(NZr2Ta

3720 x22ml=v21(N2s*Th

3730 X11lmB=X21{NI1)*Ta

3743 X22m@=Y2i(N21,+TH

3759 X21(1)=,54:12C 1T 3
3750 Y21(10=-,S¥Y1201)4T
3770 FOR L=2 TO N2 _ g

3780 R2LLO=X12uLv«T

3790 Y21 L =-712(L)s*T

3§08 X21{N2+LI=Y21(NZ+L =0

38108 NERT L

3828 X2I(NZ1:=,5#M12(N21)#*7

3836 YL LN21)=- S¥Y12(N21)#*T

3848 CRLL FRU1@INFFt x210%),Y21 (%)
SUBEND

w
X
L)
o




TR 6533

1
0 N2

AP -

3898 FOR k=M1
3508 A1=ACL, k)
3918 A2=R'2,K>
3926 B1=Br1,k-17
3933 BI=B 2,k-1>
3940 S11=311+RA1+B]
3950 S12=512+R1+B2
3958 S21=521+RAI+B1
3978 $£22=522+AZ«B2
39588  NERT k
3398 Ci1,1>=511
‘ 4008 C(1,2)=512
4018 Cc2,1>=321
4820 Ci2,2,=522
4938 SUBEND
40408 |

4058 SUR RutorN1,NZ,RA *) BCxr,)

4088 $S11=3512=522=0

4878 FOR K=M1 TO M2

4030 R1=A(1,k

4098 RA2=R.2,K> i1
4100 S11=S11+R1+*A1 .
4118 S12=S12+A1*RZ »
4120 S22=%522+A2+%R2

4130 NEXT K

4140 B(1i,17=%11

4153 Bu1,2,=BC2,1)>=312

4160 B(2,2:=%22

4179 SUBEND

4138 ¢

4199 SUB Solveius #i Wb ¥, We *#5,WI#) W=«

4:80 Ta=Wa(l,l +War2,2)+Wb(1,15+UWb(2,27

4219 Tb=DET(Wa)-DET(Wb>

4220 MAT Wd=Wc*Wb

4230 MWecl,1d=UWav2,2>

4240 MWe(l1,2>=-Wall,2>

4250 MWe(2,1r=-Wal2,1)

4260 Wel2,Z,5Wall, !l

4270 MAT Wa=Wexlc ‘
4230 MAT Wd=Wd+ula

4239 MAT Wb=Wb#*<Ta’

4380 Wb<l,1)=Wb(1l,1)>+Tb

4310 Wb(2,2,=Wb<2,2)+Tb

43280 MAT We=IMNV(Wb>

4330 MAT Wc=Wd*We

4340 SUBEND

4350 ¢ ;




TR 6533

4360 SUB FFeloui,ive . Vued, PN 2 1d = 1agd, =l [NTEGEFR
4379 DIM (1257

4560 DATA .434122144570,.4326152338539, .433033 TS55093430,.422000270509

4388 DATH |, ., 993981175233,.9%323 Xl FRALEAZT SR HE, LT
91,.333322334583,.,933aT7727753 237 FEEI1R112%0
4398 DATA 337723066844, , 3937230456867 £131287,.%997eT34144¢68
, 330184726672, ,9345845707 24, el TR 22473534994
4408 DATA ,9317097S53I56%9, . 990302225428 TO3RET, L A ISTSETT Y
, 987301418158, .,955302097245,.92527T64 2105427431
44190 DATR ,321%638€%119,,9338785230403% TOTIO, . ITTRZELIAZESE
, 7702130939, . 374533382788, ,972939%% STO0E12%9213¢
4428 DRATR ,25352203%42749,,9€8697547104%, . ¢ DESTIS, . FE€21214B4269
, . 360430513416, ,958782474596,.9%5694023572 3306040354
44390 DATRA ,9514350209693,.949525130533,.9 325381,.9435334581¢2
y« 941344055183, .933959223602, . 937339011513, e9IZ?79853S
4448 DATR ,93976r961B79, ,92853203047 %, 2an: 3532511,.921514639242
,.°1911Ju51o<0..5166”9859921,.914;[5755?94,. NI1e7 353991

S8 DATH .905535704515,.903389292122, .92 3 35T€94, , 895355243756
,.39;?24981195,.2°v448:d 245, .83TE3I20403, B 51321264348
4368 DRTR .879Q@1222¢429,.876879934195,.273 1 259911089, .86704524%%16
y . 8633728%6122,.860866938638,.38357728:100809 EE .2%1355133185
4370 DATA ,3421203448503,.8244853565259, .33 27 2294785555, .83426287495¢%
y + 831469012303, .82684504%258,.82453930278% <1 . 517554813152
4450 DATA .8148368328706,,.8108457193253,.38e347 44 A3207521481,,799537269108
s . 7353369045089, ,7921065773200, . 7855348427827 355654 g, . TRB737222572
4438 DATA .77€£883465673,,77301345332K3,.767% 33ITE45,.765187285622,.7612082385434 ;
y+ 757208346506, .753186795044, . 749135294523, . T4S0TTTET441,.740951125355
4580 DATA .73501€S83877,.732654271£72, . 7284542903443 24247T0Q0273%1,.7200025873€1
, . 715730825284, .711432 195745,.?3716t791181..<U£?54 4 .2 33376249409
4519 DATR .693971450899,,.689548544737, . 685033657775 BRNITTIS, ,ETEDIZTHIS?S
, 671358954847, .666999922304,.662415777578,.£5730: 553172242954
4520 DATA ,648514401022,.6438315428%0,.£39124444% 532284164, ,.629638235915
y . 624355438142,.620057211763,.615231599981,.710332 .56055110414084
4530 DATR ,6886164793384,,595€99394432,.5307T37018% TATESTH5E, .380813953096
,+ 575308191418, .,.570780745387, . 565731810784, .35€0%515 , » 555570233020
45490 DATH ,S5%50457972337,.%545324983422,.54017147273 ! °3?‘1988?,.5°9383624086
, . 524589652678,.519355990166,.514132744133,.5633301 43, .583538383726
4550 DRTA .498227666973,.492898192230,.487550150142,.432133772879,.476799230063
y+ 471396736826, ,46597€6495768, . 460538710958, . 455933587126, .449611329655

3
=S4

,.416429568898,.4188431?1858,.455”41:1486...?3: . 333392040061

$70 DATA .388534S04€699,,.382683432365, .377007 1317192952, ,36561299738S
,.359395836535,.354167525420,.348418b86249,.d4 .. 336889853392

S8 DATA .331195305760,.325310292162,.313592¢ 3581740399, .307849640042
,.3?’064949319,.2991508°8244,.290784ﬁ 7254, .2 y « 272513689385
45980 DRTA .27262135%450,.266712757475, . 2607 4555559605, . 242927605746
y 0242380179903, .227823605994,.2318581un231, 9,.219191249157
4€008 DATA .213118319916,.2071113761%92,.291 fi903‘_016,.1°90b3664148
s« 183239887955, , 177004220412, . 1763615387 68.- ,.158858143334
4610 DATA ,152797185258,.146739474455, . 14053 538’9850?,.1 8498110794

y-122410675199,.1163166308%12,.110222207294, .10

b ¥ X0 l.u l.! D N e e ey ’l b I'J 0O Ly -:u ‘llIl @y oy -

2 2y
46286 DATA ,9190395649571E-1,.857373123444E-1,.795324 14E-1,.?35645635°9 E-1,.
674433195637E-1, . 613207363022E-1,.551952443437E-1,.4 nT4I2TAE-L
4630 DATA .429332569349E-1,.3 680?24294145-1,.336?43321“6:E-1,.-4541¢2b52£°€ 1.
184067293858E-1,.122715382857E-1,.6135884£4315E-2,0




TR 65

A-12

33

it it Bt I PO O T SR S
D= G N O )
el

bk bbb b

ia
4730
4740
4750
4769
4770
4780
4790
4380
4810
4820
4830
4840
4859
4869
4870
4830
4890
4500
4310
4920
4930
4940
4950
4960
4970
4989
4998
S000
5010
Se20
5030

FERD Cues

M=1024 H

FOR I=9 TO M 3
Cul+ld=CuMel+1)
NEXT 1

N1=N-4

N2=H1+1t

H3aNZ+1

N4=NL1+NZ
Logan=IHT (1. 4427 »L0OG(N)+,. S
FOR Il=1 TO Logen
[2=2~CLogzn-11>
13=2+12

14=M-13

FOR IS=1 TO Iz
I6=i1S-1#[4+1

IF 16<=H2 THEN 4840
Né=-C(N4-16>
N?=-C(18-N1>

GOTO 4559

Ne=C(I8)
N?=-C(N3-16€)>

FOR I7=9 TO H-13 STEF I3
[8=[7+I5

19=18+12
N8=X{1d)-X(I9)>
HI=Y (I8 -¥Y(19)
RCIBI=XCIBI+XAIG
YCIBY=Y (1847 (19
K(19)=NEXNS-N7+NS
YCI9>=NE*MI+N7 £N8
NEXT 1?7

NEXT IS

NEXT I1

I1=Log2n+!

FOR 12=1 TO 1w
ccl2>=1

IF I12>Log2n THEN S©39
Ccler=g-C11-12)
NEXT 12

L]

[




S330
5240
S35e

5360
5378
538@
5399
5499
5410
5420

S426
54409
5450
$4€0
5478
5458
5430

K=l

FOR I1l=1 TO C:19:

FOR [2=0{1 TQ (9 STEP €10
FOR I3=12 TO C<5: STEF L3>
FOR I4=213 TO C+7 STERP 030
FOR IS5=I4 T (& STEP C(7
FOR I8=1% TO CiS> STEP Ccéy
FOR IT=[6 TO C 4> STEP 0295
FOR 18217 TQ Cv3> STEF L4
FOKk [9=18 TO Cia> STEP CC3:
FOR l16=15% TO C¢)> STEP C. 2.
J=119

IF kK:J THEH %230

R=X k)

K{KI=X(J)

X(J>=R

A=Yy (K>

¥ (k=YD

YeJi=RA

kKzr+}

NEXT 110

NEXT 19

NEXT 18

CNEXT 17

NEXT [6
NEXT IS
NEXT I4
NEXT 13
NEXT 12
NEXT 11
SUBEND

DEF FNArg4,Y) ¢ PRINCIFAL RFG 2
IF X=8 THEN A=,SxP1*SGNCY

IF X<>@ THEN A=ATHI7/X)

IF X<® THEN AsA+PI4(1-2#(71@))

RETURN R

FNEND

]

SUB DatacN, X< #))
OPTION BRSE 1
REDIM X{2,N>

DATH 1,2,6,3,1,1,2,1,4,5,3,2,1,5,6,1,3.4,%,%
DATH 2,1,0,1,5,3,0,1,2,5,2,2,%,2,3,5.5,3,5,2
READ X(*>

SUBEND

TR 6533
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HUMEBE ® OF D[ATH FOINT:

M
5

[

3

M

I2E OF FFT Hffe = 238
FOCESS NUMBEF 1
1 & 5 3 1 1 &

FOCESS NUMBER 2
2 1 ¥ 1 S5 3 @

IH ERLH FeOLEZZ H
A IMIM OFDERP OF FREDICTIVE FILTER Fuas

1

1

M

4

(L]
“w
[ X

—
un

[\

2 5 2 4

EANS OF [NFUT DARTR (Ruve:

.39

3.2

COVARTANCE MATRIX OF INPUT DRTH (Rs:

S.rar L83

.83 5,18

MEkNIKE IMFORMATION CRITERION:
F ARiccP)
[ . 3543€3638E£+01
1 . 324147343E+01
2 .31320954SE+01
3 . 342425365E+61
4 L 23877785 2E+901
5 .£43559498E+01
[ .266117185E+01

Pbest = 4

Ubest:

.543393344383

226987553923

226987553323

4.00240808163

FORWRRD FARTIAL CORRELATION COEFFICIENTS:

B

A

Apdl, 1>
. 326847LEE+OQ
-, 497087 9412E+90
-.172983146E+00
-.143621688E+v0
-.9515644565E-01
. 901306062E-91

AW~

C

F Bpcl, 1>

1 .331694431E+930
2 -.557848377E+09
E -.218767331E+00
4 -.1286399098€E+00
S -.257137623E~01
6 +182731463E+90

Rp<e,1?
-.27€055025E-¢1
,851955323€E-01
. 237335358E+uB
-.11068£€5TE+08
-.440540782E+00
-.73€651€304E~01

KWARD PARTIAL CORRELATION COEFFICIENTS:

Bp(2,1?
+451565794E+400
«178422853E+09
«6835358177E-91
. 180517477E+D1
. 134124206E+00

-.2844€631€63E+00

1oz o4 3 @
I - I
b
..

Bre1, 20
-, 13371IT514E-01
L2710 10E-D1
AT 74RS 255E+0a

- 5SS 3475 E-9)

Apc2,e
L, 492296131E+09
-, 27801751 2E+30
. 1548937 23E+00
-.1¢47 1S3 IE+GQ
. 333TEBI4E+(D
. T3473273TE+09

Bp(2,2
L 427443481E+00
~.192143512E+00
. 1297%53954E+00
-.9441418%8E~01
. 117929518E+00
,1€1431T9E+00

e e —



FUFNHhD FFEDICTIVE FILTEFR

ﬂp-l,!)

6304Q3 EEE*OB
.4049003 ZE+8B0
-.143631688E+Q0

WM~

COEFFICIENTS FUF
ﬂp¢ =
.174118 14<E*uu

-, 18493877 2E+Q0

. 342

98948 3E+09

~. 11035555 5SE+0Q

MORMALIZED CORRELATION MATRICES (Rrii:

DELRY AUTO11 CROSS21
%] . 1890000 3DE+O1 133734395E ¢330
1 . 38IEE697E2E+HD .4U24"”0°E @1
2 ~.25475130SE+00 . 212480910E-91
3 -.372945922E+00 .195203145E+BB
4 -.223%41701E-01 .87623866%E-91
S 396637 260E+00Q -.896791093E-91
) .B)Buu 5 40DE+00 -.B36262522€E-91

SFECTRAL DENSITY MATRIM

H#HD COHcRENCE,

FROM

. 13829SE+0Q
E+R0

125934E+01

BIN AUTOLL RUTQZ22
1 .363234E-01 .1320480E+0D
2 .3623452E-91
3 .360152E-91 .129?4UE*30
4 ,358327E-01 .12882¢2
S .35102SE-B1 . 127533E+90
& .3544301E-91
? .336226E-81 . 123994E+00
3 .326899E-81 .121751E+00
9 .5164B0E-81 .113230E+00
10 .SO4882ZE-01 .1164€0E+00
1t .492475E-81 .113474E+00
12 .47333SE-91  .110389E+00
13 .465623E-01 .197002E+00
14 .4S1597E-01 .103593E+00
15 .437153E-81 ,100121E+00
LZ23]
116 .495654E-02 .527756E-92
117 .464126E-82 .492382E-062
118 .436922E-82 .461992E-02
119 .413522E-62 (435955E-02
12@ .333482E-82 .413733E-02
121 37€422E-02 .39437VE-02
122 .36292SE-82 .379Q07E-02
123 .359027E-02 .3€5814E-062
124 .340211E-02 .3%5042E-92
125 .332403E-92 .324€487E-02
126 .3264€5E-062 .339991E-062
127 .32229SE-92 .335433E-02
128 .319821E-82 .332731E-02
2% .319001E-02 .331836E-02

TRAPEZOIDAL SUMS OF SPECTRA:
$.72578250464

RECCROSS1Z)
«S4ZB704E-61
34711 3E-91
L342359E-R1
. 3344933E-81
.S8236632E-01
. 399811E-01
L 7923277E-0Q1
. T74135E-01
. PS27I2E-01
. 72933ZBE-21
«794053E-91
.B773€9E-01
.649435E-91
.€20751E-01
.591473E-01

. 128038E-982
.198232E-062
L192172E-082
. 204244E-02
 2UBEQIE-BD
.212416E-02
.215073E-082
«217@53E-082
+213583E-92
.219558E-82
22023%E-02
.220767E-02
.221837E-0Q2
.221125€E-02

6.15993376582

COVAPIANCES CGF INPUT DRTA:
S5.7275

6.16

oL

La L e

u

.
£ e s i e e
R R R

. .
L e B B > ORI i 0}
[
o

— g S g v ) el T
T S oo

A= s -

—_ ) =) e T
fa i e e 3
3 0 Oy ot

ZEFQ FREDQLENC

INCCROZILE

JONW B
PR

1 s re s s e nfh =) LR f

1) S0 0 £ Al

L235426E-01
L2427 V4E-D1

L REESPSE-G2
L 3234%3E-42
L3417 E-A
L2454 31E-DS
L21S8832E-02
L 1552343E-02
L1S323RE-02
L132338E-B2
138 104E-12
L3SAS2TE-B
LE29ETIE-D3
S5 TE-G2
L ERRZOIE-QD
L ZR0QTRE+D1
309222754129

DU

mmAammMmmmMm

« o

« . - « = . .

-4

X -4

P

-.1

TR 6533

AR &, 2
EVOITOSTLE+OG
42412930E+09

2514355 T ZE+ 0

%15
2471538 3E+08

AUTDZZ
+0 ., 10000000 BE+QL
+a1 . 43830704 TVEYOA
+34 .€48372368E-01
+a1 LEEIVTBEBZE-O]
+00 . 10097545 CE+0Y
+94 . 12263137SE+00D
-0l .188387351€-01
13 .

9
)
3
o
9
]
Q
]
]
BIES23E+00
c1s25%E+00
S3454E+O0
LST3915E+99
.S543%51E+00
S3E1T6E+Q0
.S51%c0SE+0B
Sa433SE+00
43283 cE+B0
.451358E+02
472323E+00
J€5828E+00
.45 3144E+39
L4619 11E+09

RARGUMENT

. 9I9800E+B1
-.390453E-01
-.€011083%E-01
~.902034E-0)
-.120369E+20
-.158S31E+009
120332E+20
—.2113115*60
241852E+00
-.2?7‘5”E+08
-.303423%E+00
-.334439E+00
-.36579%E+0Y
-.397" 45E+00
-.429161E+00

.111448E+01
.183%94€+01
«351851E+00
.282827E+80
.801897E+00
.719Q%53E+00
.634302E+00
«S547727E+00
.453427E+00
.3593552E+00
«27841EE+00 ‘
.186214E+00 '
.932912€E-081
.A002Q0E+21




TR 6533

A-16

AL TASE
DELRAY

OG-0 Wk~

RUTOLL

. 190000000E+D]

. 3396522323E+80
-, 28471187SE+00
-, 372268BTTVE+ER
-, 2236z3311E~01

.39€652518E+00Q
3333108 31E+0@
34502€259E~-581
3028E0L9%E+ED
26249915€E+00
79557 5936E-01
310225251E+900
192490120E+98
123481 195E+20
294326281 1Eva0
128164922E+90

PR ]

-, 244194112E-92
L 278370651E-02
L41124419%E-02
.305212010E-93

-,220735944E~-02

-, 264738177E-02
L 440106H16E-03
.238%35013E-02
.112686107E-92

-, 1218092675€-02

-.151757304E-A2
. 306556%00E-33
, 14824783PE-B2

I HORMRLIZED CORPELRTION MATRICESS

CROSS2L

€403326E-W1
-, IO Z2E9E-OL
L.603630818E-02
. 824351230E-11
L 5293983S6E-01
~.233734302E-0!
~,669643776E-01
~.429522422E-91
.241357985E-0!
L. £28541473E-01
. 30260397 5E-O1

,913297512E-92
L 7B306STPIE-0Z
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Figure A-1. Spectral Estimates for N = 20, Pmax = 6, Pbest =4
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Appendix B

General Filter and Spectral Relations

For each integer k, let H, be a rectangular matrix of (complex) constants, to be
called the filter impulse response at delay kA, where A is the time sampling in-
crement. The number of filter outputs need not equal the number of filter inputs.
For multichannel filter excitation W at time n, the filter output at time nd is given
by the discrete convolution J

(B-1)

where the summation extends over all nonzero summands.

For a stationary excitation, let the correlation matrix of complex input process
{W,_} atdelay £Abe

wn w‘:_y = P!Z, (non-diagonal matrix),
’ (B-2)

where the overbar denotes an ensemble average, and the superscript H denotes a
conjugate transpose. The z-transform of input correlation sequence {P z }is

; Qz) =AY z%p
. %

(B-3)
and the spectrum of input process {W,} is, for real frequency f,
Q(f) = Q(exp(i2mfA)) = A 2. exp(-i2m£AL) P,
=AY exp(-iu:) Py ., (B-4)
where we let ’ |
u = 2nfa . (B-5) |

The correlation mat.ix of the filter output process {X, }, at delay £A4, is given by !
using (B-1) and (B-2): ‘

- H _ _ H
R,Q = xn xn-,Q, -k o Hk wn-k w‘I'!.‘:-)‘-m H: -kz;n Hk Pg,+m-k Hm

(B-6)

The z-transform of output correlation sequence {R ) }is, by use of (B-6),
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s

G(z)

Hi

=2 _ -2
AZ z RQ-A}; z

] > B Poom-k ”ﬁ

k,m

-k - (L+m-k H
% r4 H.k AZQ,: z (& +m-k) P2+m_k mZ 2" Hm . (B-7)

Now define the z-transform of filter sequence {H, } by

Hz) = L 27
k (B-8)

and define the quantity

HH (2)

1]

[H(z)]H , 1including conjugation of z. (B-9)
Then

x
o
P
N —
|
N
1]

[H(_ZIT)]H , [Zk: 2+K Hk]H =3 K H . (B-10)

k

We now employ (B-8), (B-3), and (B-10) in (B-7) to obtain

6(z) = H() Qz) H (55)

(B-11)
The spectrum of output process {X_} is then, at real frequency f,
G(f) = G(exp(i2nfA)) = A 3, exp(-i2mfAl) Ry
L
= H(E) QUf) HI(E)
(f) Q(f) H () (B-12)

where we employed (B-11), (B-4), and set

H(f) = H(exp(i2nfA))= Q. exp(-i2mfAk) Ho (B-13)
k

We also employed the property that

H N H _ i
H (f) = [H(f)] = § exp(lZTrfAk) H: ) (B-14)

e A e M Ben

VU OV VUIoN

e -




or

HH<§1T(-_112_WEZT> = Hieptiznen) = H'(D . (@)

Finally, from convolution (B-1), we obtain the z-transform of output daia
sequence { X} as

x(2) = L 27X = H() W)
n (B-16)

where we used (B-8) and defined
wz) = 3 2" W
n (B-17)

The major results thus far are given by (B-1), (B-16), (B-11), and (B-12) for a
general filter and excitation.

ARMA Process

For a multichannel, autoregressive, moving-average process, the recursion is
given by

Xy = X E Xt X R W
k k (B-18)

The z-transform of this equation is

X(z) = E(z) X(z) + F(z) W(z) , (B-19)
where
E(z) = 2 - E, , F(z) = E 2k F
X k m k (B-20)

Then we can solve (B-19) for X(z) as

-1
x(z) = [T - E(2)] ~ F(z) W(z) = H(z) W(z) , (B-21)
where the transfer function from input to output is

H(z) = [I - E(z)]'1 F(z) (B-22)

in terms of the parameters of recursion (B-18). But now (B-22) is in the framework
of the presentation above; namely, the spectrum of output process {X,} is, from
(B'lz)s

G(£) = H(E) Q) HI(F) , (B-23)
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L )

where 1
H(f) = [T - E(f)] ~ F(f) ,
E(f) = E(exp(i2nfA)) = 3, exp(-i2mfAk) E,
k
F(£) = F(exp(i2nfd)) = . exp(-i2mfAk) F,
k (B-24)
Example
As an example of (B-18), consider the multichannel first-order recursion
xn = El xn-l * wn (B-25)
with the input spectrum for {W_},
f) = f 11 f
QUfy =41 or a | (B-26)
This is a white process, uncorrelated from channel to channel. Then
-1
E(z) = 2 51 , F(z) =1 ,
-1 -1
H(z) = (I - z El) ’ (B-27)
G(E) = & H(H) H(F)

Specialization to Two-Channel Process

We further specialize example (B-25) to the two-input, two-output channel
process characterized by coefficient matrix

E1 = (complex coefficients).

(B-28)

Then (B-27) and (B-22) yield transfer function
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-1
1-2713, -z'1 b
H(z) =
-z-l [ 1 - z-1 d
1-2"14 "1 b
1
1 - z-l (a+d) + z'z(ad - be) 1 1 .(B-29)
z " ¢ 1-2""a
There follows
(172 = [H(1/zn]H
1 - zd* zc*
_ 1
= , D 2( ooy (B-30)
- 2a Z tad = be zb* 1 - za*
and
811(2) g,,(2)
G(z) = & H(z) Hi(1/2%) =
8,1(2) 8,,(2)
1+ |b|2+ [dlz-z-ld-zd* ca* b - c*d + 2t b o+ zet
=1
D 1 2 2 ’
-ab* - cd* + 27 c + zb* 1+ [a]® + |c] -zl a . ozar
(B-31)
where

D = [1 - z'l(a +d) «+ z-z(ad - bc)] [1 - z(a + d)* + zz(ad - bc)*] .
(B-32)

Inspection of denominator D in (B-32) reveals that G (z) has poles (i.e., all the
elements of matrix G (z) have poles) at
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o V] (B-33)

and at

1—21—1— exp(i arg(z))
> (B-34)

That is, even though recursion (B-25) is limited to first-order regressive and white
independent excitations (see (B-26)), G(z) has four poles in the finite z-plane.
Generally, if H(z) hasapoleatz_,, then H(1/z*)hasapoleat 1/z%;soif

z_ =T exp(if), then 1/z% = exp»(ie)/r

0

(B-35)

has the same argument.

In addition, element g,(z) in (B-31) has a zero at « and three zeros in the finite
z-plane, at

2= 0 and zj = Lt b + [a/? gd}/C 62 + 1a12)° -ala?

0
(B-36)

The product of the latter two zero locations is d/d* = exp(i2arg(d)). Thus, the auto
spectrum of process 1 has three zeros and four poles, even though the multichannel
recursion, (B-25), is first-order regressive. Similar behavior is true of the auto
spectrum of the second process, as well as the cross spectrum between the two
processes.

The magnitude-squared coherence for this example is, from (B-31) and (B-5),
g,,(exp(iu)) g, (exp(iu))

8,1 (exp(iu)) g,,(exp(iu))

__l-a* - c*d + b exp(-iu) + c* exg(iu)]2 -
[11- d expi-iw]? « %] [I1 - 2 expC- i |® « [c]?]

(B-37)

This has four zeros and four poles in the finite z-plane.

B-6

)
t
|
t




Numerical Example

We now specialize (B-28) to example (6) in the main text:

a b .85 -.75
El = = . (B"38)
c d .65 .55

The four poles of the spectrum G(z) are locared at

z_= .7 +1.6819 ,  1/z% = .7330 + i .7140

’

(B-39)
and the zeros of g,,(z) are »*
z0 =0, 3.0646, .3263, =«
(B-40)
The zeros of g,,(z) are located instead at
ZO =0, .8802, -1.3109, =
(B-41)
The magnitude-squared coherence simplifies to
1.0634 - .056 cos(u) - .975 cos(2u)
[1.865 - 1.1 cos(u)] [2.145 - 1.7 cos(u)] (B42)

This example was used frequently in the main body of this report. The peak value is
.9990128 at u = .772564, or 2fA = .245915.

TR 6533

B-7/B-8
Reverse Blank




References

1. J.P. Burg, ‘‘A New Analysis Technique for Time Series Data,’”” NATO
Advanced Study Institute on Signal Processing, Enschede, Netherlands, vol. 1,
August 1968.

2. R.T. Lacoss, ‘‘Data-Adaptive Spectral Analysis Methods,”’ Geophysics, vol.
36, no. 4, August 1971, pp. 661-675.

3. J. Makhoul, ‘“Linear Prediction: A Tutorial Review,” Proceedings of the
IEEE, vol. 63, no. 4, April 1975, pp. 561-580.

4. A H. Nuttall, ‘‘Spectral Analysis of a Univariate Process with Bad Data
Points, via Maximum Entropy and Linear Predictive Techniques,”” NUSC
Technical Report 5303, 26 March 1976.

5. S.L. Marple, ‘A New Autoregressive Spectrum Analysis Algorithm,”’ [EEE
Trans. on Acoustics, Speech, and Signal Processing, vol. ASSP-28, no. 4, August
1980, pp. 441-454.

6. A.H. Nuttall, ‘“*Application of Linear Predictive Spectral Analysis to Multiple
Tones in Noise,’’ NUSC Technical Memorandum 791218, 12 December 1979.

7. A.H. Nuttall, FORTRAN Program for Multivariate Linear Predictive Spectral
Analysis, Employing Forward and Backward Averaging, NUSC Technical
Document 5419, 19 May 1976.

8. A.H. Nuttall, Multivariate Linear Predictive Spectral Analysis, Employing
Weighted Furward and Backward Averaging: A Generalization of Burg’s
Algorithm, NUSC Technical Report 5501, 13 October 1976.

9. A.H. Nuttall, Positive Definite Spectral Estimate and Stable Correlation
Recursion for Muitivariate Linear Predictive Spectral Analysis, NUSC Technical
Report 5729, 14 November 1977.

10. S.L. Marple, personal communication.

TR 6533

R-1/R-2
Reverse Blank




TR 6533 :

Initial Distribution List

Addressee No. of Copies

ASN (RE&S)

OUSDRA&E (Research & Advanced Technology?®
Deputy USDR&E (Res & Adv Tech)

OASN

ONR, ONR-100, -200, -102, -222, 486

CNO, OP-098, -96

CNM, MAT-08T, -08T2, SP-20

DIA, DT-2C

NAYV SURFACE WEAPONS CENTER, White Oak Laboratory
NRL

NRL, USRD

NORDA (Dr. R. Goodman, 100)

USOC, Code 241, 240

SUBASE LANT

NAVSUBSUPACNLON

OCEANAY

NAVOCEANO, Code 02
NAVELECSYSCOM, ELEX 03
NAVSEASYSCOM, SEA-003

NAVAL SEA SYSTEM DETACHMENT, Norfolk
NASC, AIR-610

NAVAIRDEVCEN

NOSC

NOSC, Code 6565 (Library)
NAVWPNSCEN

DTNSRDC

NAVCOASTSYSLAB

CIVENGRLAB

NAVSURFWPNCEN

NUWES, San Diego

NUWES, Hawaii

NISC

NAVSUBSCOL

NAVPGSCOL

NAVWARCOL

NAVTRAEQUIPCENT (Technical Library)
APL/UW, Seattle

ARL/Penn State, State College

Center for Naval Analyses (Acquisition Unit)
DTIC

DARPA

NOAA/ERL

National Research Council

-

-—-.'-‘Nv--—-'-—-'—'—'-—-—‘——'—-—‘-—-—-—u———i—-'-—t-—-—u—-—-—-u—o—-Nu--—u—--b—b)N‘llh—-h—‘Nh—




TR 6533

Dist-2

Initial Distribution (Cont’d)

Weapon System Evaluation Group

Woods Hole Oceanographic Institute

ARL, Univ of Texas

Marine Physical Lab, Scripps

Dr. David Middleton, 127 East 91st St., New York, NY 10028
Bolt, Beranek, and Newman, Cambridge, MA (Herbert Gish)
Bolt, Beranek, and Newman, Canoga Park, CA (Dr. Allan G. Piersol)
Colorado State University (Prof. Louis Scharf)

University of Rhode Island (Prof. Donald Tufts)

Nat. Def. Res. Org. (C. van Schooneveld)

The Analytic Sciences Corp. (Dr. S. L. Marple)

Gould Inc. (T. E. Barnard, P. F. Lee)

Yale University (Prof. P. M. Schultheiss)

Royal Military College (Prof. Y. T. Chan)

University of Florida (Donald G. Childers)

Diagnostic Retrieval Systems (Jack Williams)







