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ONE CLASS OF OPTIMUM LINEAR ECUALLY SPACED ANTENNA ARRAYS WITH

SUMMARY OR DIFFERENCE BADIATICN FATTERNS.

Be M. Minkovich.

The optimum pattern FO (x) minimizes the integral 1 lX)'(1-,-'-v,.
-4

Vith a suitable selection of w(x)>/O many of the known problems of

cptimization coincide with the examined problem. The function w(x)

produces a system of orthogonal Folynomials N (x) through which FO(x)

is expressed and the correspcnding excitation currents, through their

coefficients.

INTRODUCTION.

The structure of radiatica Fatterns which are optimum in the

Dol'f-Chebyshev sense often turns out to be unsatisfactory in view of

the constancy, or finally, of the slow drop of the level of side
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lobes. This shortcoming led tc the appearance of antenna arrays for

which the corcept of optimality has a different sense. In particular,

arrays were constructed which are optimum with respect to the

front-to-rear factor [knd] (1, 2], with respect to the minimum noise

tempnrature [3], with respect to the efficiency of the main lobe [4),

with respect to an assigned knd with a minimum of radiation pover in

the sida lobes [5, 6), with respect to the maximum reduced curvatura

of the difference pattern [7), and a number of others.

In the majority of the menticned works during soluticn of the

stated problems matrix methods are used, or, what is the same thing,

methods of systems of linear algebraic equations. These methods,

which possess a number of advantages, gspecially with respect to

universality, turn out to be sarginally satisfactory when the rumber

of elements of the matrix beccocs extremely large.

Recently, for calculation of optimum arrays, L. G. Sodin [6]

drew upon polynomials which axe orthogonal on a unit circle. Belcw,

it will be shown that in the case of equally spaced arrays with a

summary or difference radiaticn pattern the apparatus of polynomials,

vhich are orthogonal in the Integral [-1, 1] with a non-negative

weight v(x), may be widely used for controlling the radiation power

. distribution in space. ith at Increase in the number of radiators,

when the matrix methods become awkward, the use of orthogonal

- -*---~--- ~ 2~A
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polynomials. thanks to the presence of asymptotic formulas, provides

an advantage both during calculation of excitation currents and cf

the resulting pattern.

SUMMARY ANTENNA ARRAYS,

A summary radiation pattern with a maximum on the normal to a

symmetrically excited in-Fhase array may be written in the form cf a

polynomial - expansion in Chetyshev polynomials:

N

1) P,,, (x) - 1, (1 - 6) + 2 I.Tr- ,

where Lj=In - excitation currents,

XCOS Du coso.

MiCos 0.

* - angle read frcm the axis of the array#

Tn(x) - Chebyshev polyncial of the first type,

d - distance between elements cf the array,

A - wavelength in free sface,

W- -1 ,-
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6 - here, and subsequently, a number assuming two values: 0 and

1 - respectively for arrays of an odd and even number of elements,

9+1=2N-6+1 - number of elements cf the array.

Let us examine only the case when D!<w/2 (d<0.5A) and variable

x, depending on D, runs through the interval

zE (-I-aJ-o+ In, 1I. eb~ft ,=coD.

Let us introduce the following quadratic functional into the

examination

(2) P, = IF s(x) I'j---e .
-s-

in which case it is demanded cf the weight function w(x) that it be

non-negative and even.

Vith the selected D and N we shall consider as optimum the

summary array in which, with a given value of the functional P$=1,

the pattern F, (x) acquires the maximum of possible values in the

direction xo=l (6o=w/2).

Arrays, optimum for the direction xg i, may be obtained from the

optimum array for the directicn xo=1 by introduction into the current

distribution of a linear Fhase shift *=Duo (2, 6] and the weight

A6. 'n.,
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w(x), in the general casp, may be taken in the following form:

(3) W(4 xE(-b. -a]+(a. b]. Oa<'b<I.
10 zE[-I, -b)+(-a, a)+(b, I))

An adequate selection of W(x) ard b makes it possible to obtain, as

particular cases, the problems cf optimization mentioned in the

introduction. However, by selecting the weight W(x) so that it

changes along the radiated interval it is possible to accomplish more

complex regulation, ascribing a different value tc the power radlat$d

in different directions. In directicns where V(x) has an increascd

value, the level of radiaticn decreases. Let us note that when the

weight w(x) is natural, i.e., bz1 and W(x)=1, then we obtain an array

with the maximum knd.

.I
Let us solve the problem cf optimization: let us find the

optimum (in the sense indicated above) radiation pattern FOMS(x) and

the corresponding excitation currents 10

In principle the solutici cf the problem is not complex. In

fact, lot a system of polynouials (p (x)) be known which are

orthogonal in the interval [-1, 1] with the weight

(4) W,) - 4) 0 -V-",
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in which case, thanks to the pat-iiy of vo(x). the parity of the

polynomial p,(x) coircides with the parity of its main term x4. Then

the random pattarn F (Mx) may ke represented in the form ot a sum of

polynomials of parity identical with tha parity M=2N-6:

M

151 pms (x) = -V 'a~p. (x).

where the prime indicates that summation procseds on indices of

parity M. Functional (2) in light of the orthogonality of polynomials

p,(x) is equal to

PSP = 'Ia'h..

vhere

(6) .= f P. (x) ' x

It is easy to establish that FXS (1) =max with P =1, when a. with

an accuracy up to a constant Is equal to

(7)am ()I'

:.1
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Consequently, the optimus ;attern

N N
PI +(- j'' h;p. (- I P.(x) .

A-0

Using the Kristoffel'-Darbu formula [8, 9] which is
valid for orthogonal polynomials, we obtain a final expression fcr

the optimum pattern

(8) F.s lx). ,"",+ M AN (1) P+, (x - P +, (1) PM (x) .

(8) AN CM+I

vhre k. - coefficient p,(x) witb the main term xh .

Using Homer's diagram we say write the polynomial FO (x) in

the explicit form:

N

(9) P,,3 , 2M-

Then the excitation currents 1 as coefficients of expansion into a

series on chebyshev polynomials, are equal to:

dN

(10) M -

' "~ b-m  C"' 2- 1

-4

The structure (10) is sisilar to the structure of the analogous

- -. *.A
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formula for calculating currents of Dollf-Chebyshev arrays [10],

however, the absence of factczs representing numbers close to one in

a high power, significantly sifplifies calculations.

In principle the problem cf calculaticn of an optimum array is

solved: the pattern is equal tc (8), currents - (10). Actually,

however, for calculation of an optimum array we need to construct

polynomials which are crthogcmal in (-1, 1] with a weight wo (x).

INFORMATION ON ORTHOGONAL POIUOMIALS.

The theory of orthogonal Fclyncmials is presented in detail in

(8, 9]. Here only some of the general properties of crthogonal

polynom..als are presented.

The weight negative functicn w(x) in section [aL, bj] uniquely

defines a system of orthogonal Folynomials [pn(x)) with an accuracy

up to a constant factor fcr each polynomial. Moments of the weight

function

C.= SW ( x) dx

make it possible to write the orthogonal pclynomial in the form cf a

determinant

.... . .~.a'
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C . C . .C coca .. .ca
C1  C2 . . " --IC coc. . "+1

0 ......................... ; .... .. .. .
C- 1 C"* XC24 1  Ca C0+1

Ii x ..

Threa sequential polynomials are connected by the linear

recurrent relationship

p.+, (x) = (Ax B.) p. (x) - C.p._, (x) n= 1, 2, 3.

Thus, when an analytical expression for the polynomials pn (x) is

absent the optimum pattern (8) is represanted in the form of a sum of

determinants. However, even in this case the calculation of currents

(10) may turn out to be relatively simpler than the calculation of

the inverse matrix. In the same case when the analytical form cf

P, (x) is known not only is the calculation of currents considerably

simplified, but the type cf crtimum diagram becomes known ahead of

time, before the calculaticn cf currants, in a closed form.

Below it is shown how to use polynomials in which analytical

expressions are known.

CLASSICAL POLYNOMIALS.
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Let us set a=O; b=1 and weight

Such a selection cccresponds to an antenna array with a distance

between elements of d=0.5A. in which, by selection of the Jacobian

weight (11) it is possible tc regulate the level of side lobes,

inasmuch as with X.>O the structure of the weight is such tlhat the

value of side lobes is increased. Wgight w.(x)=-(1-xz)~" and interval

(-1, 1] make it possible to estatlish directly (8, 9] that the

corresponizg crthogonal Eclynouials ara Gegenbauer polynomials cr

ultraspherical polynomials

(12) PM+)(X = () + x"0'

where

(13) r j)- (N* m- 1 - - ),22'"+1-4
(N -n)! (2in + I -)1 F (A)

With J%=O, 1. and 1/2 the Gegenbauer pclynomials coincide
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respectively with Chebyshev pclynomials (of the 1-st and 2-nd types)

and Legt'ndro polynomials. Using the formula of differentiation of

Gegenbauer polynomials

(11--x)L C Ix) =:-nxC',, x) - 1. + 2,.- t) C'_ (r)
dx

and the conditicn cf standardization

C.4 (1) qrx-! V.)
1 r (2%)

we find that the optimum pattern FO (x) is equal to the derivative
AA

of Ck x):

dx*(1l14) r . (x) - A.s-. Ic + 1.

in which case

r~miy. u .s Am$ X
= I rQ 5Ir(,). l 7T F .j..,1 A S

r pM 2). 2)
A 2 (A-,- Iw r 1(2 AMI

Vith X=O and optimizaticn of knd we obtain

I d ! sin t-c,- If -l1)

151 PIMS Wx ( co-, (Al +1) are cor, x) = -L --- ,
*~( 'i 1)J MS' 2 ( dx "' X, sin 11

where
X- Cos 0.

i
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Let us notp that thp casc )=0 is special and in (13) and (14)

with X=O r(x must be replaced by a constant.

It is easy to interpret xelaticnship (14), Extremal orthogonal

polynomials, in particular Gegenbauer polynomials, having all zeros

in the cxamired interval, increase abruptly on the edges of the

interval, and the area of abrtrt growth goes to the formation of a

narrow main lobe.

Thanks to this it is possible, irrespective of optimization, to

obtain "good" radiation patterns, formally applying relaticnship (14)

and also (8) to non-orthogonal (with the given weight) but extramal

polynomials, for example, of the type of Chebyshev-Akhiyezer

polynomials [11].

From (13) and (14) it is nct difficult to find W,-4 and the

excitation currants (10) cf t.e optimum summary array. Practically,

however, the currents are more simply calculated using a

trigonometric representaticn cf Gegenbauer polynomials:

C, (Cos0) = S (t. ,,(.n 1 M)l cos(n-2M)08]
U'-,

where

, r ( . + .),r ().

I -i
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Then the optimum pattern

' () (')A + -" M + 2,) sin _ r( _f + I - 2.,)
(16) (coMs 2 A (M)+ =--m) E M! (M-I-slao0

Here each of the terms corres~cnds to a uniform distribution along

(K+1-2m) central elements of the array. Thanks to this the excitation

currents satisfy the simple recurrent relationship

Ia=I o A+I A fsI(08 (1+,--jiA(17) i *_ N i#_+l + "'MS-I -(Mr (Al v. + I --2,) n , . ...N-8.

in which case I0 is the current of the final element, 10M+e=O.

Calculation is elementary and is actually reduced to the writing out

of expression (16).

Explicit expressions for the optimum pattern (14) and (16) and

for excitation currents (17) are obtained. However, this is not the

only merit of the examined metbcd of calculation of antenna arrays.

It was noted above that it has certain advantages when the numbar of

elements of the array is large and the use of matrix methods

encounters certain difficulties. Then it is possible to use

asymptotia relationships for Eclynomials. Since we are interestd in

*l.-



DOC = 1135 PAGE 14

the asymptotics, including tie joint 9=0 (x=i), let us use Khil ks

formula for Gegenbauer polyncuials (8, p. 205].

IC~ (cao) e F(D,4- 1/2) f-
1 2 r(n + 2x) (61024.~,( + ))S#

(18) (a - .-1 2 nt r (2x) i aln- ) -

which makas it possible for large N to write the optimum pattern

-through known functions:

(19) FiA(s( O)- n 21
M + I1+ 23. F s in 0jj s()

where

A.._2f [iM + 3.) oi- coe OAA._t i(M +1! + J.).*

(201 'us(0), -n .-. +
ib (so) M M+ 21+I21+1

A(1)- lambda function (12].

With small e<<1 i
12( + I ,. ( + + /2)+ /21 A-,I-t - ,

(21) A2 , sin% +
(xa + 12l+ 1)(2.+3) A,+34 (xa

where

Ii
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* WVhen MI< and M> l. then

1(23) ~~ M + ( x A iJ M

4,A1A ,4 S0

4' At00 40 4 . 4 4

Fig. 1.

Consequently, in the first apprcxiaation the envelope of the

current distribution is descrited by the law

(241)V 9:Y

whera normalization of the cocrdinate of the radiator position

"A
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relative to the center of the array

(25) 2" - 6. , 2,.. ..N.

2N -6+1

It is obvious [8 p. 205, 251] that (23) and (24) not only

satisfactorily describe the radiation pattern and the current

distribution of an optimum arra) with a large number of radiators

.1>>, but also make it rossible to obtain a concept of the

character of the pattern and cf the current distribution, when the

number of radiators is small. This is confirmed by Fig. I where an

example is given of calculaticn cf patt-rns (16)Aa(xi) and of

corresponding currents with A=1/2 and M+1=10. Fig. 1 also shows the

current distribution for M+1=20. The coincidence is very good;

(e/sinG)2 in (23) may cnly imfrcve it.

Let us note in conclusic that there is also a possibility of

using a generalization of classical polynotials, Pollachek's

polynomials (8, 9]. for calculation of arrays.

CLASS OF POLYNOMIALS EXAMINED BY S. N. BEBNSHTEYN AND G. SEGYE.

Let us examine the application of another class of polynomials

.for which Pxpressicns may be given in an explicit form.

I~
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First, the polynomials themselves. Orthogonal pclynomials

corresponding to weight functlcrs

(26) w (x) - (I- x)" lp (x)]-' a- 1/2.

where p(x) - positive in the section [-1, 1] polynomial of the

precise power 1, may be represented in the following manner:

(27) p.(cosO)- J / IC(O)cosnO+(O)sinn(O)). 1<2.; --- ;

(28)~ ~ ~P .(Cos0) = ! C"o ("+ -" S (O+)
(28)A r -i0

1<2(n+ 1); a - 1/2.

Real fnctions C(O) and S(8) are expressed through so-called

normalized representation [8, 13] of the trigonometric polynomial

(29) p(cosO)=Ih(z)I' z-e".

For the normalized representatIcu the polynomial h(z) satisfies two

additional conditions: h(z) does not approach zero in the circle

jz<l and h(O) - real and positive, thanks to which the

representation of the form (29) is unique.

With h(z) are connected the functions C(G) and S(#):
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(30) A(z) =C()+IS(Q) ,-e".

Whe n

p (coSO) = a, + 2 N a.csicB.

£-0

then

in which case coefficii ts d. ate real and may be found from the

system of equationa

(31) a.-dd.+didg+,+ .+d,.d, x- 0. 1.. 1.

Polynomial p(x) may to used as a supplementary means cf

regulating the power distributicn with respect to angles, for example

for suppression of the level cf fringe radiation in a given sector.

Let us pause briefly on the applicaticn of polynomials of the

form (27). Inasmuch as in the examined case the polynomial p(x) is

even, of the power 1=2L, we introduce functions C(S) and S(G) in the

following form:
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L

(32) C(0) . , ca 21c 0;

L(33) S() : duin 2,vo;

where da,- real numbers.

Then it is not difficult tt find that polynomial (27)

L

(34) p. (cos 0) - ., cos (a- 2x)

and according to (8) with an accuracy to a constant

L

(35) Rn (cos ) dl. . + - 2,)e

To each term in (35) there corresponds a constant amplituda

distribution along (N+1-2k) certral elements of the array. Such a
form of excitation of the array [14], when the larger part of it

remains excited uniforuly, with the exception of 2L end elements from

each side, turns out to be quite convenient from the standpoint of

constructing a feedcr system which makes it possible to reduce the

fringe radiation without a ncticeable reduction of the knd. In [14]

it was necessary to apply certain connections to the excitation

currents in order to obtain the optimum, mathematically convenient,

.1 
-.

4-Zia
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procadure for regulating the fringe radiation of the antenna array.

ThE use of orthogonal pclynomials of the form (27) provides the

new possibility of optimur su[Fressicn or more complex regulation of

fringe radiation of the array with d=0.5A by means of selection of

the polynomial p(x), and morecver with no limitations on currents.

The number of terms in C(8), rct equal to zaro (dzK=O; k=0, 1, o..),

is equal to the number of discrete terms in the amplitude

distribution. The representaticr of C(9) and S(8) in the form (32)

and (33) corresponds to the rardcm even weight polynomial

L L
(36) p() a. + 2 a2,°cos 2 a, + 2 S aru-(x).

where d2, and a2% are connected ty relationship (31).

To polynomials (28) there corresponds a more complex structure

of excitation currents, the ervelcpe of which is equal to 1-t2

However, when C(8) and S(8) have the form (32) aand (33), only

currents of 2L end elements of the array are also subject to changes.

DIFFERENCE ANTENNA ARRAYS. j

Let us show that the majcrity of results obtained for summary

arrays carry over directly tc difference arrays.
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A difference radiaticn pattern with the "main" zero along the

normal to an antisymmetrically excited array (I,=-I,,; Io0=) may be

represetted in the form of a sum

(1I 'F)un (X) - 2V1.U,. 4 (x) inV -fl,_().

where

N

the polynomial of the degree M- fa-,(x)-2:I-Qz,_,a (W. U*,(x) -sinmarccosx

is a Chebyshev polynomial of the 2nd type

Um (x)q.l(X)

For a difference array the tasic parameter is curvature of the

pattern in the "main" zerc, Iccated between two opposite-phase main

lobes:

(37) d(x f , D 11

As in the case of summary arrays, we introduce the quadratic

functional
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(2') P. .5FD(X)I 1 2

Vith selected D and is we shall consider as opt'-mum the

difference array in which with an assigned value of the functionial

P ,=1 the curvature s(x 0 ) acquires the maximum of the possible values

in the dirpction. x0=1 (0#=v/2). The linear phase shift makes it

possible to obtain arrays which are optimum with x091.

Let us represent the differenice pattern F,,D(x) in the form cf a

sum of polyncmials, ortbogcnal cn [-1, 1] with respect to veignt:

(44) w()1TP~)

(5') FACDx)i' -X 'a. p.(x).

According to (34) the curvature of the diagram F (x) in point

x0=1

s (1) - -D V ()

Thanks to the selecticn cf the variable in the form X=cosDu, the

problem of optimization of the difference ;attern is completely

* analogous to the problem of o~tinizat.ion of a summary pattern. Here

also a,.O =p.,(1)/h, and the o~timuu difference patern

Ak . -AS
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( 8'e) FTD (,) .= I' j ~ Z' PM- () PM (=) - PM (I) 'M-, (z)
mr' V ,A I AM- -x- I

The differe ncc betw-.en Fo., (x) and FO,(x) with an identical

number of array elements is it the factor I '--x and in the decrease

of the subscripts by one for FoOf,(x) in comparison with FONS(x). For

a difference pattern polynomials are used which are crthogonal with

respct to weight u.,(x)= ir I-x2 ,(x), for a summary pattern - with respect

to wiig'it Uv(x)=(l-x*)-"xw(x). However, when the weight w(x) contains a

Jacobian factor of the form (1-xz)' , then the difference between

weights w1 (x) and w0 (x) is nct fundamental and leads only to an

increase in the paramet-3r X by cne in the difference case in

comparison with the summary case. In particular, the natural weight

of the difference pattern corresponds to X=1, and not X=O, as for

the summary pattern. Inasmuch as structurally formulas (8) and (8')

differ only by a simple factcr V i-x=sino, then it is not difficult

to writc directly many of the results for difference arrays, witb

which it is easy to find the aralcgy in the summary case.

When FO,4(x) is writtern in the polynomial form

N

(9') . (= - I-,_ -'
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then the excitation currents

~'--~bt.jx~4  k(x) dx.w I

The integral on the right is expressed through table [15]:

jces xcosqxd i (-- ) "I r(P a)r(p + )21+1~ r(++ )-

and finally we obtain

N

(2m - 6) 22' --

Let us turn our attenticn to the factor in front of the sum

(2n-6), which shows that the cptimum current distributions for

difference arrays are to a certain degree a deformation of the linear

amplitude distribution - optiuuz with w(x)=1; a=O; b=1.

Let us cite, without derivation, only some of the z:tationships

for calculation of difference arrays using classical polynomials

(1 .')P, (k) - ANDI/VI- -- C. (x),,.
(14') IA () M 1'i sC.()

where

D M + A .
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When -1 and we subject to cptimizaion the curvature in zero

with an assigned radiation pover, we obtain the known result:

F~r~i~i Sin M(M+ 1)are~U'

(151) (M4- 1) sin d (M -j. t) -c sin (M + 1)0

sins 0

(16') A., (cos o) - A,D_ (M- 2m sin I(,M-2 j,
m 0

(17)AN (AM )A,-.. (M-2M) m = O. 1.... - I.
-12 -RI (AI -- m)

Let us note that currents (17') with an accuracy to a constant

are equal to coefficients of ar cptimum pattern (16'):

(23') AnD (X)-2.+ -' x,(A2+, (x)

(22') Xs - (M + X- 1/2) 0,

(2116)

Formulas, the numbers of which contain the prime "'" are analogs

of formulas under the same nusbers for summary arrays. As we see, the

analogy between summary and difference patterns is quite extensive.

-9I
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% I A .

0 -

Fig. 2.

Fig. 2 shows an example cf calculation of patterns (16') and

(23') and of corresponding currents with X=3/2 and MI1=10. The

current distribution is also given for M+1=20. Coincidence of precise

and asymptotic curves is cot Lad for the difference case.

CONCLUSION.

The articla describes a method for calculating equally spaced

antenna arrays (d<0.5A) with c timur summary FS(x) or difference

F,(x) radiation patterns. Witb an assigned value FS (x) in the

direction of the main maximum or curvature FID(x) in the directiom of
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the "main" zero the optimum Fatterns ensure the mirimum of integral

fIF(x)Im(I-x!)-'"(x). The weight function w(x) O not only determines

th q type of problem of optimization (for example, optimization of knd

or the power of side lobes, cr regulation cf fringe radiation of

another, more complex character) but also produces a system of

polynomials fpn(x)) which are crthogonal with the weight w(x)

(1-x2)-112 in the section [-1, 1]. Through these polynomials ph(x) we

write the cptimum patterns and through their coefficients, the

current distribution. Inasmuch as the theory of orthogonal

polynomials is most completely developed for w(x), which do not

identically approach zero in the entire section of the integral [-1,

1], the most complote results are obtained through calculation of

arrays with d=0.5A , for which the genpralized angular coordinatc x

runs through the entire interval [-1, 1]. In this case the

polynomials, for which explicit expressions are kncwn, can be used

extensively. In particular fcr the Jacobian weight w(x)=(1-x2)) the

optimum patzerns are propcrticnal to the derivative of Gegenbauer

polynomials. And here not only are explicit expressions obtained for

optimum diagrams and current distribution, but also their asymptctic

representations with an increase in the number of elements of the

array, in which case these results, to an identical degree, apply

* both to summary and to difference radiation patterns. The thaory of

*orthogonal polynomials provides a new approach to arrays with

partially decaying amplitude distributions for which the current

* * 'V. . ** * ** . .*C..77 ~
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distribution in the center is uniform. Thus at the present time the

theory of orthogonal polynomials may be effectively applied to arrays

with a distance between elements egual to the half-vave.

The asymptotic relationships for optimum solutions, when d<.5A

and in general when v(x) apprcaches zero identically on the entire

section or section of the interval [-1, 1] require asymptotic

relationships fcr correspcnding, crthogonal polynomials, the thecry

of which, unfortunately, has been little developed. Here we may point

to the works of N. I. Akhiyezer (see, for example, [16]).
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