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ONE CLASS OF OPTINUM LINEAR ECUALLY SPACED ANTENNA ARRAYS WITH

SUMMARY OR DIFFERENCE RADIATICN FATTERNS.

B. M. Minkovich,

The optimum pattern FO(x) minimizes the integral _,[:lﬂr'l’"-x»""ww..
With a suitable selection of v(x) 20 many of the known probleams of
cptimization coincide with the examined problem. The function w(x)
produces a system of orthogonal gpolynomials p, (x) through which FO(x)

is expressed and the correspcrnding excitation currents, through their

coefficients.

INTRODUCTION.,

~

The structure of radiaticn patterns wvhich are optimum in the

Dol'f-Chebyshev sense coften turnrs out to be unsatisfactory in view of

the constancy, or finally, of the slov drop of the level of side

- P+
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lobes. This shortcoming led tc the appearance of antenna arrays for
vhich the corcept of optirality has a different sense. In particular,
arrays vere constructed which are optimum with respect to the
front-to-rear factor [knd] [1, 2], with respect to the aminimum noise
temporature [3], with respect to the efficiency of the main lobz [4],
with respect to an assigned knd with a minimum of radiation powar in
the sid» lobes [5, 6], with respect to the maximum reduced curvatura

of the difference pattern [7]), ard a number of others.

In the majority of the menticned vorks during soluticn of the
stated problems matrix methcds are used, or, what is the same thing,
methods of systems of linear algebraic equations. These methods,
vhich possess a number of advantages, especially with respect to
universality, turnm out to be sarginally satisfactory whem the rumber

of elements of the matrix beccmes extremely large.

Recently, for calculation ¢f optimum arrays, L. G. Sodin [6 )
drev upon polynomials which are orthogonal on a unit circle. Belcw,
it will be shown that in the case of equally spaced arrays with a
sumpary or diffarence radiaticn pattern the apparatus of pelynomials,
vhich are orthogonal in the integral [-1, 1] vith a non-negative
veight w(x), may be widely used for controlling the radiation power
distribution in space., With ar increase in the number of radiators,

vhen the matrix methods become awvkward, the use of orthogonal

DEPE L S TSR W A
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polynomials, thanks to the presence of asysptotic formulas, provides
an advantage both during calculaticn of excitation currents and cf

the resulting pattern.

SUMMARY ANTENNA ARRAYS,

A summary radiation pattern with a maxiamum on the normal to a
syametrically excited in-phase array may be written in the form cf a

polynomial - expansion in Chetyshev polynosmials:

: N
(@) Fus@ =11~ +2¥ LT, . (x).

vhere I,=1., - excitation currents,

X=08 Du=cos 0,
D= ndyy,
8=cos 0,

9 - angle read frcm the axis of thes array,
Tw(x) - Chebyshev polyncsial of the first type,

d - distance between elezents cf tha array,

A - vavelength in free sface,
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8 - here, and subsequcntly, a numbsr assuming two values: 0 and
1 - respectively for arrays of an odd aad even nusber of elements,

B¢ 1=2N-6+1 - number of elements cf the afray.

Let us examine only the case when DEv /2 (d{O.S/\) and variatle

x, depending on D, runs through the interval

1€ [-), —al+ o, 1), where d=cusp,

Let us introduce the follocwing quadratic functional into the

examinatiorn

Ll
w (x)
(2) Py= [ 1Fus ] R d

in which case it is demanded cf the weight function w(x) that it be

non-negative and even,

With the selected D and B we shall consider as optimum the
summary array in which, wvith a given value of the functional Pg=1,
the pattern F, (x) acquires the saximum of possible values in the

direction xqo=1 (35=7/2).

Arrays, optimum for the direction xoﬁl. may be obtained from the

T e r——

optimum array for the directicn xo=1 by introduction into the current

distribution of a linear phase shift #=Duy [2, 6] and &he veight
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vw(x), in the general case, may be taken in the following form:

. _(¥® x€l—b, —al+a b, 0<agh< .
i (3) '(x) 0 XEI—' l- —b)+ (""Q, a) + (b0 ')l

An adeguate selection of W(x) ard b makes it possible to obtain, as

particular cases, the problems c¢f optimization mentioned in the

introduction, However, by selecting the weight W(x) so that it

3 t changes along the radiated interval it is possible to accomplish more

o complex regulation, ascriting a differert valus tc the powsr radiated
in different directions. In directicns where W(x) has an increased

value, the level of radiaticn decreases. Let us note that when the

veilght vw(x) is natural, i.e., b=1 and W(x)=1, then wve obtain ar array

with the maximum knd.

Let us solve the problem c¢f optinmization: let us £find the

optimum (in the sense indicated above) radiation pattern Fo,s (X) and

the corresponding excitation currents 1% .

In principle the soluticr cf the problem is not complex. In

v T~ W

fact, let a system of polynorials (g (x)} Le known which are

orthogonal in the interval [-1, 1] vwith the waight

-
(%) D) = (5) (1 — 5,
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in which case, thanks to the Parrfy of wg(x), the parity of the ]
% ) pclynomial p,(x) coircides with the parify of its main term x™. Then
¥f the random pattarn FMS(x) may ke represented in the form of a sum cf

polynomials of parity identical with tha parity M=2N-6:

o e

M
=V nra \*]
(5) Fus® a0 e )

4
w2 N

‘;4 vhere the prime indicates that summation proczeds on indices of

parity M. Punctional (2) in light of the orthogonality of polynomials
E Pp (x) is equal to

M

Py = X 'iad bu
Asad
Snwa?

vhere

. 1
= s _ 2 (x)
(6) | LS :fllp.(x)l—-w_ﬂdx._

It is easy to establish that Fys (1) =max with Ps=1, wvhen a, with

an accuracy up to a constant is equal to

£ R e e

(7) a = py (1)/hs.
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Consequently, the optimusg pattern

M M
Pyg(‘)"‘\:'h:lpn(l)Pn(x)“ 12 Eh;'p,(l)p,(x) + 4
aAmd -l .

M
+ = 0N A (= D pa ()] -

A

Using the Kristoffel'-Darbu formula [8, 9] which is
valid for orthogonal polyromials, we obtain a final expression fcr

the optimum patterr

M XPaq (1) Pagyy (%) — ppg gy (1) P o () -
LV n— o

(8, F_“,(x) =

vhre k, - coefficient p,(x) withk the main term x*.

Using Horner's diagram we gay write the polynomial F:s {x) in

the explicit forum:

N
(9) Fas () =, b0

M’

Then the excitation currents lg as coefficients of expansion into a

seriss on Chebyshev polynomials, are equal to: §

’: J' o 1',,,_‘ (l)

! N

—), b dx = :
(10) e Vi ?
"'2."“ Coe 2™,

The structure (10) is sisilar ¢to the structure of the analogous

T T N RS AT o e
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i formula for calculating currepts of Dol!'f-Chebyshev arrays [10],
however, the absence of factcrs representing numbers close to one in

a high powver, significantly sisplifies calculations.

In principle the problem cf calculaticn of an optimum array is
solved: the pattern is equal tc¢ (8), currernts -~ (10) . Actually,
however, for calculation of an optimum array we need to coamstiruct

] polynomials which are crthogcnal in [-1, 1] with a weight wg (X).

INPORMATION ON ORTHOGONAL POLYXNOMIALS.

3 The theory of orthkogonal gclyncmials is presented in detail in

(8, 9). Here only some of the general propertias of crthogonal

polynomials are presented.

The weight negative functicn w(x) in section {a,, b;] uniquely
defines a system of orthogonal peolynomizls {p,(x)} with an accuracy
up to a constant factor fcr each polyromial, Moments of the weight

function
h
qajwm{u

make it possible to write the crthogonal pclynomial in the form cf a

W AN R . ST e e oAt

determinant




poC = 11135 EAGE 9
G & Cn CC1 Ca
G & c.+| €y Cyg Catt
Pu(x) = o T i Ga= e
. Ca-1€n “Can [ cn-H Can
1 x X

Thraes sequentizl peclyncmials are connected by the linear

recurrent relationship

p'l'H (%) = (Apx - By) pa (x) — Cnp._| ®) n=1, 2,3 ..
" .

Thus, when an analytical expression for the polynomials p, (x) is
absent the optimum pattern (8) is represanted in the form of a sum of
determirants. Howvever, even in this case the calculation of currents
(10) may turn out to be relatively simpler than the calculation cf
the inverse matrix. In the same case whzn the analytical form cf
Pp (%) is known not only is the calculation of currents consideratbly
simplified, but the type cf crtimum diagram becomes known ahead of

time, b2fore the calculaticn ¢f currants, in a closed fornm.

Below it is shown how to usa poclynomials in which analytical

expressions are known,.

CLASSICAL POLYNOMIALS.
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Let us set a=0; b=1 and weight

(11) wix) = (1—x" xe(— L1} 230

Such a saslection ccrresponds to an antenna array with a distance
between elements of d=0.5A, in vhich, by selection of the Jacobian
veight (11) it is possible tc regulate the level of side lobes,
inasmuck as with A>0 the structure of the weight is such that the
valua of side lobes is increased. Waight w(x)=(1—x»)""'* and interval
{-1, 1) make it possible to estallish directly (8, 9] that the
corresponiing crthogonal pclynomials ara2 Gegenbauer polynowmials cr

ultraspherical polynomials

N
(12) P ) =Cpy ()= ¥ oyt ",
;e
vhers
» om T(N--md ) =) Pmit=
( 1 3) a;ﬁ.l.. = (‘_' ‘)N (N T = (A)

#ith A=0, 1, and 1/2 the Gegenbauer pclynomials coincide

T

- e

WP Betpn w3




K Jhatcn)

boC = 1135 PAGE 11

respectively with Chebyshev pclynomials (of tha 1-st and 2-nd types)
and Legendro polynomials. Using the formula of differentiation of

Gegenbauer polynomials

}F4W%qmn—mqm+m+m_nqqm

and the conditicn cf standardizatiorn

h(ly o LA 2N)_
G = al T (24)

ve find that the optimum pattern Fons {x) is equal to the derivative

A -
of Cn (x):
(14) Fyys (0 = Ays - (Chug ().

in which case

' rIM. - 2) '
Ape = — - (i M SR - ] =
s varp.  ereyw ot Tus ()= Aus X
r_ 2. 9

2(A-- V)T 2 M

#ith A=0 and optimizaticn of knd ve oktain

SN S & _ 1 singM 410
(15) Fips(x) == TR (cos (M + Darccosx} = o= 2o

vhere
X=cos 0.
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Let us note that the casc \A=0 is spebial and in (13) and (14)

with A=0 ['(\) must be replaced Ly a constant.

It is easy to interpret relaticnship (14). Extremal orthogonal
polynomials, in particular Gegenbauer polynomials, having all zeros
in the examired intarval, increase abruptly on the edges cf the
interval, and the area of abrrgt growth gces to the formation of a

narrow main lobe,

Thanks to this it is pcossitle, irrespective of optimization, to
obtain "good" radiation patterns, fcrmally applying relaticaship (14)
and alsc (8) toc non-orthogonal (with the given weight) but extrsmal
polynomials, for example, of the type of Chebyshev-Akhiyezer

pclynonmials [ 11].

Prom (13) ard (14) it is nct difficult to find -t and the
excitation currents (10) cf tke optimum summary array. Practically,
hovever, the currents are nmore sipply calculated using a
trigonometric representaticn cf Gegenbauer polynomials:

(M (A)y_n
Ci (cos0) = |} ——a=m
Hem0 =),

ml (n~ m)l

cos|(n— 2m) ),

vhere

@ =T (o + )T Q).
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Then the optimum pattern

. Fe,. (cos6) = A o (R)m (A)Al+l~m - sin{(M+1—2m) 01
(16) Ms - s E m! (M-l | —m)t (M + 1~ 2m) sin0 :

M

Here each of the terms corresgcends to a uniform distribution along
{M+1-2m) central elements of the array. Thanks to this the excitation

currents satisfy the simple recurrent reslationship

-

M) (A pgp1mn
(17) Bea = lhats + Ausargprr Tt M+ 1=20) n=0, 1, . N=9,

in which case I; is the current of the final element, 10,,,=0.
Calculaticn is elementary and is actually reduced to the writing out

of expression (16).

Explicit expressions for the optimum pattern (14) and (16) and
for excitation currents (17) are obtained. However, this is not the
only merit of the examined methcd of calculation of antenna arrays.

It was notad above that it has certain advantages when the numbar of

elements of the array is large and the use of matrix methods
encounters certain difficulties. Then it is possible to use

‘asymptotic relationships for gclynomials, Since we are interested in

AR N, WY S RN Ser gy
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the asymptotics, including tte joint =0 (x=1), let us use Khil'ls

formula for Gegenbauer polyncsials [8, p. 205].

C: (cos0) = TG4 12) 27120 (n 4 2) ( ] )m hapl(n+2) 8

(18) (n -2y~ at T (24) siné {snej—1n

vhich mekes it possible for larce M to write the optimum pattern

_through known functions:

2+
(19) Flys(cos8) o m—"}s M (_“;oe_)m Bs ),
where
A2 [(M 4 A) 0] — cos 0A, _ |(M+|+;.)j
(20, r‘“(o)s 12 “n’el 12 ] .
MA+2A+1
Pns(o) "———“"‘2’.+l »

A(x) - laambda function [12].

With small 6<<1

. ,(mM+a+lm+m1m-—;-—
ﬂa(")ﬁ",—(,‘n.) Ty
(21) un L
sind |\ ‘2

HE Aontd +grrm s Mnt]

1
Apptd +

vhers
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relative to the center of the array

2—8
(25) Ll L LR SN2

It is obvious [8, p. 205, 251] that (23) and (24) not only
satisfactorily describe the radiaticn pattern and the current

distribution of an optimum array with a large number of radiators

M¢1>>1, but also make it fossible to_obtain a concept of the
character of the pattern and cf the current distribution, when the
nunber of radiators is small. This is confirmed by Fig, 1 where an
example is given of calculaticn c¢f pattarns (16)/\.(x,) and of

corraspending currents with A=1/2 and M+1=10. Fig. 1 also shows the

current distribution for M+1=2Q0. The coincidence is very good;

(6/sind)2 in (23) may cnly imgprcve it.

Let us note in conclusicr that ther2 is also a possibility of
using a genseralizatior of classical polynosials, Pollachek's

polynomials (8, 9], for calculation of arrays.

CLASS OF POLYROMIALS EXAMINED BY S. N. BEBNSHTEYN AND G. SEGYE.

Let us examine the application of another class of polynoasials

- for vhich expressicns may be given in an explicit form.
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Pirst, the polynomials theaselves. Orthogonal pclynomials

corresponding to veight functicrs
(26) w () = (=@ a=F 12

vhere p(x) - positive in the section [-1, 1] polynomial of the

precise powaer 1, may be represented in the following manner:

(27) : Palcos6) = |/ —;! [C0) cosn®+S O)sinn(0)), 1< 2n; a=_—;—;
(28) Pa(c050) = ]/%'{c(o, e 00 s @) m.(::;,‘,_.; '

<200+ 1); @a=172.

Real fnctions C(9) and S(8) are expressed through so-called

normalized reprasentation [8, 12] of the trigonometric polynomial

(29) p(c0s8) = [A@D|* z=e".

For th2 normalized representaticn the pclynomial h(z) satisfies two

additional conditions: h{2) does not approach zero in the circls

‘zl(l and h(0) - real and pcsitive, thanks to which the

reprasentation of the form (29) is uniqua.

With h (z) are connected the functions C(6) and S(9):

o i

H
i
§

¥
A
3
M
} oy




(30) h(@))=C@O) +iS(®) z=e".

When
[}
P (cos0) =a,+2 N a,cosx,
-t
1
then

’ &
&,g\fg) = :S d ‘zx.
&m0

in vwhich case coefficiints dK are real and may be found from the

system of eguationz

(31) a‘ad#‘+dgd‘+|+ P .+ d’-‘d‘ ‘=oc ll Y .n’-

Polynomial p(x) may ke used as a2 supplementary means cf
regulating the power distribueticn with respect to angles, for example

for suppression of the level c¢f fringe radiation in a given sectcor.

Let us pause briefly on the applicaticn of polynomials of the
form (27). Inasmuch as in the examined case the polynomial p(x) is
even, of the power 1=21, wve introduce functions C(8) and S(6) in the

following form:
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L
(32) CO) = Y dy,cos2x0;
=0
!
L
| (33) S(O)-::d,,slnuﬁ;
B » ]

vhere d,x - real numbers.

Then it is not difficult t¢ find that polynomial (27)

3
(34) Pa (c088) = ]/_-—:- Z dyx cos (n — 2x) O

and acccrding to (8) with an accuracy t> a constant )

L ;
(35) Fyq(cos8) = \) g, SN M+ 1208
“8( ) 2 = a0 .

To each term in (35) there corresponds a constant amplituda

distribution along (M+1-2k) certral elements of the array. Such a

o\ i e e e .

form of excitation of the array [14), vhen the larger part of it
renains excited uniforely, with the exception of 2L end eleaments from

each side, turns out to be quite convenient from the standpoint of

6
¥
b
S
b
i
L3
|

| constructirg a feedcr system which makes it possiltle to reduce the
; . fringe radiation without a ncticeable reduction of the knd. In [ 4]

it vas necessary to apply certain connections to the excitation

currents in order to obktain the optimum, mathematically convenient,

i

et Bt i
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procadure for requlating the fringe radiation of the antenna array.

The uss of orthogonal pclynomials of the form (27) provides the
nev possibility of optimur sugpressicn or more complex regulation of
fringe radiation of the array with d=0.5/\ by means of selection of
the polynomial p({x), and morecver with no limitations on currents.
The number of teras in C(0), rct equal to zero (dox=0; k=0, 1, «cee)
is equal to the number of discrate terms in the asplitude
distribution. The representaticr cof C(9) and S(9) in the form (32)

and (33) corresponds toc the rarcécm even weight polynomial

L . L
(36) P(‘)""ao+2za=xc°52"e=ao+2_\,:lau7'u(x)-
=

vhere d,, and a,, are connected by relationship (31).

To polynomials (28) there carresponds a more complex structure
of excitation currents, the ervelcpe of which is equal to 1-£€% .
However, when C(8) and S(6) have the form (32) aand (33), only

currents of 2L end elements of the array are also subject to changes.,
DIFPERENCE ANTENNA ARRAYS.

Let us show that the majcrity of results obtained for suamary

arrays carry over directly tc difference arrays.

[N
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M difference radiaticn fpattern with the "main™ zero along the
normal to an antisymmetrically excited array (In=-I_,3 Io=0) may be

reprasented in the form of a sunm

(1) Fup =2 10, 0= VT=F,_ (),
{
where
. N
the polynomial of the degree M—1 Myei() =2 3, 1Qents (%), Un(x) =sinmarc cos x,

LT )

is a Chebyshev polynomial cof the 2nd type

Por a djifference array the tasic parameter is curvature of the
pattern in the "main" zerc, lccated between two opposite-phase main

lobss:

Fyp (x) F
(37 009 = 20| e pyT=F e

ds in the case of summary arrays, ve introduce the gquadratic

functional

ST
- . [l « RN . -
- - . g . - AREEN] - ~ 4 '3 921 LY "
e L . . e B Fo o\ o S
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L] 1
(2*) Pp"j [Fap @ |° 7"—‘*_‘—’—;‘“-; [Ty B P w(x) VY T=2Vdx.
-l -1

Hitﬁ selected D and M we shall consider as optimum the
di fference array in which witt an assigned valus of the functioaal
Pp=1 the curvature s(x,) acquires the maximum of the possible values
in the direction x4=1 (5% =#/2) . The linear phase shift makes it

possible to obtain arrays which are optimum with xg#1.

Let us represent the difference pattern F“D(x) in the form cf a

sum of polyncmials, orthogcnal ¢n [-1, 1] with respect to weignr:
(a) Wn(‘)-‘-‘-l/l——x'w(x).

M—1
(5°) Frp@ =11 — 2 N a0, ().
A=0
According to (34) the curvature of the diagram Fyp (X) in point
Xp=1

M-
s()=:D Ea,p,,(l).

Thanks to the selecticn ¢f the variable in the form x=cosDu, the
problem of optimization of the difference pattern is coapletely
analogous to the problem of optixization of a summary pattern. Here

also a2 =pn (1) /hy and the optisuas difference patern
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(8%) Fiop () = 1/ T Sttt 2oy Vg 0 = pu W1y 0
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The differznce between Pﬁus(x) ard Fo, . (x) with an identical

number ¢f array elamants is ir the factor |”T—x and in the decrease
of the subscripts by one for FOup (X) in comparison with FOyg(x). For
a difference pattern polynomials are us=d which are crthogonal with
respct to weight w(x)= V' 1-xw(xj, for a summary pattern - with resgect
to waigat wiy=(—x)""w(x). However, whenr tha weoight w(x) contains a
Jacobian factor of the form (1-x2)> , then the difference between
veights v, (x) and wg(x) is nct fundamental and leads only to an
incr2asa in the parametar N\ by c¢ne in the difference case in
comparison with the summary case. In particular, the natural weight
of the difference pattern corresronds to A=1, and nel A=0, as for
the summary pattern. Inasmuch as structurally formulas (8) and (8')
differ only by a simple factcr 1V 1—x=sin6 then it is not difficult
to writc directly many of the results for difference arrays, with

which it is easy to find the aralcgy in the summary case.

When Pﬁﬂu(x) is writter in the polynorial form

T

3TN
P
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then the excitation currents

N 1
1
R= Y 2 bt ‘f Ui (0 dx.
-l

-1

The irtegral on the right is expressed through table [15]:

Tip+1) ,
' r@§1+0refi+o

Scos’xcosqxdx =[1 4 (— ™) 2:'_
and finally we obtain

N cm—n
’ R=Qn— 8y pM—t . “m-i
(10%) Ao )z; Y om— gy g
Let us turn our attenticn to the facior in frent of the sum
(2n-6), vwhich shows that the cptimup current distributions for

difference arrays are to a certain degr2e a deformation of the linear

amplitude distribution - optimur with w(x)=1; a=0; b=1.

Let us cite, without derivation, only some of the falationships
for calculation of difference arrays using classical polynomials

(149) "\A’m(")”ﬁuovl“';'% (Ch @)},

vhere
M1
Awp™ i1 Aus-

N it

%
1
Y
5
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When A=1 and we subject to cptimizaion the curvature in zerc %

with an assigned radiation power, ve obtain the known rasult:

Flol) = VT=p 4 [ Solihueons)

dx P1-=
(‘Sl) - (M- 1) sinuces(M 5 1) 8 — ens O3in (M + 1) 0
sind 0 ’
(16) X Mm (A ag_m . 1
Fup(cos®) = 4,5 ), o (M — 2m) sin (M — 2m) 8,
(17¢) r_ =t OnMuw m_9m) m=o0,1,...,N—1L

N-a T T3 T i (M —m)

Let us note that currents (17') with an accuracy to a constant

are equal to coefficients of ar cptimum pattern (16%):

(231) Fun (e 2 @t )™ 1y Ay (0
(229) Xy = (M+A—172)0,
(2“.) l:-"ee.('—a)"'.

Pormulas, the numbers of which contain the prime "'" are analegs

of formulas under the same¢ nurhers for summary arrays. As we see, the

analogy between summary and difference patterns is quite extensive.
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Fig. 2.

Pig. 2 shows an example c¢f calculation of patterns (16') and
(23%) and of corresponding currents with A=3/2 and M+1=10. The
current distribution is alsc given for M+1=20, Coincidence of precise

and asymptotic curves is rot rad for the difference case.

CONCLUSION.

The articla describes a mathod for calculating egqually spaced
antenna arrays (d<0.5A) with cptimur summary Fs(x) or difference
Pp(x) radiation patterns. With an assigned value Fg (x) in the

directicn of the main maximum or curvature Pb(x) in the directior of
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the "main® zero the optimum patterns ensure the mitisum of integral
fIFO)PU—wﬂ”“wnhﬂ- The waight function w(x) >0 not only determires
;Le typ2 of problem of optimization (for.exa-ple, optiaization of knd
or the power of side lobes, cr regulation ¢f fringe radiation of
another, more complex character) but also produces a systea of
polynomials [pn(x)} vhich are crthogonal with the weight w(x)
(l-xz)‘vh in the section [-1, 1]. Through these polynomials Pp (x) we
vwrite the cptimum patterns and through their coefficients, the
current distribution. Inasmuch as the theory of orthogonal
polynomials is most completely developel for w(x), which do not
jdentically approach zero in the entire secticn of the integral [-1,
1), the most complete rasults are obtained through calculation of
arrays vitk d=0.5A, for which the generalized angular coordinatc x
runs through the entire interval (-1, 1]). In this case the
polynomials, for which explicit expressions are kncwn, can be used
extensivaly., In particular fcr the Jacobian weight u(x)=(1-xz)* the
optimum patterns are propcrticnal to the derivative of Gegenbauer
polynomials, And here not only are explicit expressions obtained for
optimum diagrams and current distribution, but also their asymptctic
representations with an increase in the number of elements of the
array, in which case these results, to an identical degree, aprly
both to summary and to differerce radiation patterns. The thaory of
orthogonal polynomials provides a newv approach to arrays with

partially decaying amplitude distributions for which the current

5 PR, R D
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distribution in the center is uniform. Thus at the present time the
theory of orthogonal polyrnosials may be effectively applied to arrays

vith a distance between elements egual t6 the half-vave,

The asymptotic relaticnships for optimum solutions, vhen d<0.5 A
and in general whenr w(x) apprcaches zero identically on thc entire
section or section of the interval [-1, 1] require asymptotic
relationships fcr correspending, crthogonal polynomials, the thecry
of which, unfortunately, has Lkeen little developed. Here we may point

to the works of N, I. Akhiyezer (see, for example, [16)).
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