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SECTION 1
INTRODUCTION

The estimating scheme described in this report is the direct
result of prior work by Hutchinson, and co-workers e and by
Shih and co-workers 3_6. This estimating scheme is used to
determine a fracture mechanics parameter (the J Integral) which
describes the intensity of the Hutchinson7, Rice and Rosengren8
(HRR) stress-strain field at the crack tip in an elastic-plastic
material. The estimating scheme can also be used to determine
load-load line displacement and crack mouth opening displacement.
The J-Integral parameter determined by the estimating scheme can
be used to obtain the crack tip opening displacement when the HRR

field singularity describes the crack tip singular behavior.

The two-fold purpose of the report is (a) to review the
theoretical basis for the estimation scheme and (b) to describe
a computer program which utilizes the estimating scheme to yield
values for the J-Integral (J), the load-line displacement (A),
and the crack mouth opening displacement (CMOD or §) for five

different structural crack geometries.



SECTION 2

THEORETICAL BACKGROUND

This section of the report has been prepared to provide
background information relative to the elastic-plastic fracture
mechanics parameters which are derived by the computer program

described in Section 3.
2l ELASTIC-PLASTIC FIELD PARAMETERS

The solutions for the in-plane tensile opening mode (Mode 1)
type of deformation problems are the primary interest in the
present work as well as fracture mechanics in general. However,
the mathematical difficulties have prevented detailed treatment of
elastic-plastic problems. Except in some out-of-plane, tearing

mode (Mode 3) type of problems 271l

, rigorous mathematical solu-
tions of elastic-plastic problems are not available in general;
the available limited cases of elastic-plastic crack tip stress

analyses will be reviewed in this subsection.

Figure 1 shows the crack tip and area ahead of the crack tip
The region ahead of the crack-tip is divided into three distinct
zones: (1) elastic, (2) elastic-plastic, and (3) intensity non-
linear (large strains and rotations, and ductile cavities) zone.
The elastic zone (1) controls the behavior when the plastic zone
size is small compared to the elastic zone and the geometry. In
this case, referred to as small scale yielding, linear elastic
fracture mechanics (LEFM) is applicable. If the plastic zone
size is large, compared to the case of small scale yielding, LEFM

is not applicable.

The intense elastic-plastic stress-strain field contained
within zone 2 of Figure 1 is further expanded in Figure 2. When
the intensely deformed process zone is small compared to the size
of the elastic-plastic zone under consideration, the deformation
theory of plasticity for a power hardening material can be used to
obtain stress-strain solutions ahead of the crack tip outside the
intensely deformed process zone as suggested by Hutchinson7 and
Rice and Rosengren 8. These authors expressed power hardening

using a stress (o)-strain (e) relationship given by:

11



Zone 1 = An Elastic Field Surrounding the Crack Tip
Zone 2 = An Elastic-Plastic Field Surrounding the Crack Tip
Zone 3 = An Intense Zone of Deformation

Figure 1. Crack-Tip Stress and Strain Fields Surrounding the

Crack (Reference 11).
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PLASTIC

Figure 2. Expanded View of the Elastic-Plastic Stress-Strain
Field (Reference 11).



oco=0_ (—) (1)

where oo and & are reference stresses and strains, respectively,

and N is the strain hardening exponent.

When Equation 1 is used to model the behavior of the material
in the plastic range, the stress, strain, and displacement functions
for the crack tip regidn are given by Equation 2, regardless of the
amount of plastic deformation:

N
_ 5 . N+1
Oij = K0 Oij (0,N)~T (2a)
-1
gy = K. Bes (65T DO (2b)
ij € ij
1
= ~ N+1
iy = K€ ui(e,N) a (2¢)

where Ko and K€ are the magnitudes of singularities of appropriate
quantities with Ke being a function of K0 . The functions 5i.,

Eij and ﬁi depend on angle and exponent N in Equation 1. Equations
2a, 2b and 2c have been referred to as the set of "HRR" field
equations after the initial investigators (References 7 and 8).

In the derivation of the HRR field equations, the J2 deforma-
tion theory of plasticity was used to describe the material behavior.
If the loading is proportional, the field solutions obtained using
both the Jz-deformation theory and the more realistic J2—incremented
theory of plasticity are the same. However, when unloading occurs
during deformation, the loading path may be different from the
assumed proportional loading and the validity of the above solutions

is not guaranteed.

The magnitude of the singularity in Equation 2 can be written

in terms of J as when the process zone is small (Reference 11):

J N+1 -~
= . — .. (0,N (3a)
o5 % ( ro, g3> %ij ( )



1
J N+1 -
Eij = €o <-ﬁ> eij (6,N) (3b)

i NN s (8 (3¢)

J =[ [Wnl- ny 044 uj,i]ds (4)

In equation 4, T is any contour that surrounds the crack tip,
ds and ny are the element length and outward normal log T, uy,i
are the displacement gradients and Oij and €4 are the stress and
strain tensors. The J has been determined to be independent of

the location of contour curve T.

Hence, for a given cracked material, with the assumption of
power law hardening behavior, deformation theory of plasticity,
and proportional loading, there exists a unique elastic-plastic
stress and strain field which is characterized by its intensity J.
In a manner similar to the LEFM approach where the stress intensity
factor (K) measures the intensity of stress and strain within the
elastic crack tip field, the parameter J defines the intensity of
the elastic-plastic crack tip field, the parameter J defines the
intensity of the elastic-plastic stress and strain in the crack tip
field and thus provides a basis for a nonlinear fracture mechanics
approach. The use of J to define the level of elastic-plastic
stresses and strains around the crack tip requires that the intense-
ly deformed process zone is small.

For ideally plastic materials, the relationship between the
J-integral and the crack tip opening displacement (8;) defined by
the opening distance between the intercepts of two 45° lines drawn
back from the crack tip, with the deformed profile of the stationary

crack as shown in Figure 3 is given by References 12 and 13:



| 45°

Figure 3. Definition of Crack Tip Opening Displacement §.



§, =d — (5)

where dn is a constant. For strain hardening materials, Shih and
co-workers (References 4 and 14) have shown that Equation 5 can be
used to relate J and 6t when the constant dn is replaced with a
function which is strongly dependent on the strain hardening exponent
and mildly dependent on the ratio o,/E (E = Young's modulus). The
functional relation for a strain-hardening material is described in
Figure 4; Figure 4a applies for plane strain conditions while Figure
4b applies for plane stress conditions. Figure 4 has been derived
assuming that Equation 1 describes the material.* On the basis of
Equations 3 and 5, Gt, the crack tip opening displacement, is also

a parameter which characterizes the intensity of the stress-strain
HRR field. The above HRR field equations are applicable only for

the case of stationary cracks.

2:2 PARAMETER DETERMINATION

For elastic-plastic materials, the parameters: the J-integral
(g), the crack mouth opening displacement (CMOD=§), and the load-
line displacement due to the presence of a crack (Ac) can be approxi-
mated by the contributions due to their linearly elastic and plastic
parts (References 3, 4, and 16):

Je g™ % §°

§ = 6% + 6P (6)
= 7€ P

b, = a5 + oP

where superscripts e and p denotes elastic and plastic, respectively.

*
If the material is described by the relationship:

€
(]

then dn is as presented in Figure 4. However, if o # 1 then dn is

— = q (3%—)n and a =1

equal to the product of the value of dn given in Figure 4 and the
quantity of a”Gl(Reference 15).
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Figure 4. Variation of dn with N and oO/E (a) Plane Strain
(b) Plane Stress (Assuming Equation 1 Applies).
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Reasonable estimates of the total load-line displacement (A) for the
structural geometry can be obtained by summing the contributions due
to the presence of the crack, i.e. Ac from Equation 6, and to that

due to the structural geometry without a crack (An), (Reference 3):

A=A_ + A (7)

The error in using Equation 7 is small when the distance between

the load points is much smaller than other structural dimensions.

The purpose of this subsection is to outline the analysis that
must be accomplished in conjunction with Equation 6 to derive
estimates of the elastic-plastic parameters. The following three
paragraphs present: the elastic formulation, the plastic (strain-
hardening) formulation and the elastic-plastic transition formula-
tions, respectively.

. . Linearly Elastic Contribution

For linearly elastic materials, the elastic crack

parameters appearing in Equation 6 can be expressed in the form:

Je oo 2 Ze
—_— = )" J (a/b)
0,E,a o,
e -
§ - g e
== = ( = ) &8 (a/b) (8)
0 0
be . (—92) 2% (a/b)
e a o c
0 0

0" . .
where ¢ 1is the remotely applied stress, and 9. and e, are reference

stresses and strains related by the expression B B Eeo. Functions
Se ge
’

width (a/b). These functions can be found in Reference 17 for

, and Ag are functions only of the ratio of crack length to

different finite width crack geometries.



2slid Plastic (Strain Hardening) Contribution

To derive the plastic crack parameters given in
Equation 6, certain assumptions are required. First, the material
is assumed to behave according to a power hardening constitutive

(oc-e) equation of the form

— =a ()" (9)
o] 6]

where o is a dimensionless constant, 00 and Eo are reference

stresses and strains, and n is the hardening exponent. Note that the
exponent in Equation 9 is in the inverse of the exponent in Equation
l. For n=1, the material behaves as a linearly elastic material;

as n approaches infinity, the material behaves more and more like

a perfectly plastic material. Generalizing Equation 9 to multi-

axial states via the J2 deformation theory results in:

B 3 T L
__}_.1 ] —— o _e __l_._J.. (10)
€ 2 o o
0 0 0
where eij' Sij’ and o, are the strain deviator, the stress
deviator, and the effective stress ( = V3/2 Sij.sij)’ respectively.

Ilyushin (Reference 8) first noted that the boundary value problems
which (1) have an externally applied, monotonically increasing load
or displacement and (2) are based on Equation 10, have some special
properties. He showed that the stress at each point in the boay
varies linearly with a single load parameter when tractions are
prescribed on all boundaries and the directions of these tractions
remain fixed while their magnitudes are everywhere linearly propor-
tional to the load parameter. Since the stress components at each
point are proportional, the solution based on J2 deformation theory
also applies for incremental plasticity theory when the load

parameter is monotonically increasing.

10



The functional dependence of the field parameters
(stress, strain, and displacement) on the applied load (or dis-
placement) also means that crack tip parameters can be uniquely
related to the remotely applied load (0®) via the following expres-

sions (References 3 and 4):

P n+l
I w0 Tl
0O € a — (o._) J(brn)
0 0
sP _ ,0® - gp a
= = (E_) (B,D) (11)
o
P
A ) o RN
c = T . a
€ a (00) Ac b’n)

where Jp, 6p, and Ag are functions only of % and n. The reader
will note that the functional forms given by Equation 1l are
similar to Equation 8 and, in fact, they reduce to Equation 8 when
n=1.

An alternate form of Equation 11 that has been used
previously (References 4 and 5) and which is used in the computer

program discussed in Section 3 is:

= = p n+l
JV = o Go EO a fl(a/b) X hl (B'n) - 13;)
a P &
sP = o €. 8 fz(a/b) hz(B'n) . (Eg) (12}
P a P -
AC = Q €O a f3 (a/b) h3 (B,n) 2 (i)

where P is the applied load (per unit thickness), PO is the limit load
(per unit thickness), fl,f2 and f3 are functions only of geometry and

crack length while hl’ h2 and h3 depend on geometry, crack length,

11



and strain hardening exponent. Shih and co-workers (References 4
and 5) have tabulated the functions hl' h2, h3 for a number of
geometries for the conditions of plane stress and plane strain.
From the reference tabulated data, these functions can be obtained
by interpolation for any value within the % and n limits given;
thus, the plastic (strain-hardening) component of Equation 6 can
be computed for any given applied load P (or ox) from Equation 12

for 11).

25233 Elastic to Plastic Transition

In the two preceding paragraphs, we reviewed the
procedures for estimating the parameters of Equation 6 when the
material was either linearly elastic or plastically strain harden-
ing. Under the assumptions for small scale yielding, Bucci, et al.
(Reference 16) observed that the transition region between fully
linear elastic and fully large-scale plastic deformation could be
more accurately modeled if the physical crack length term,i.e. "a"
in the elastic components of Equation 6 was replaced with an
effective crack length term (ae). Bucci, et al. suggested an
effective crack length based on adding the Irwin plastic zone size

(ry) to the physical crack length:

a = a+r (13)
e - 3
where
S S S (14)
Yy g (o]
)
with B = 2 for plane stress and B = 6 for plane strain. The stress

intensity factor is represented by K.

Subsequently, Shih, et al. (Reference 4) defined the
effective crack length with a modification to account for strain
hardening and for the relationship of the load to limit load. The
Shih, et al. formulation for the effective crack length is:

a, = a + ¢ ry (15)

12



where

l?

|
S
—~

I
r. = BT ( ) (16)

Y +

3

and

b = L (17)
1+ (P/Po)

The factor ¢ provides a correction to ry in the case
of small scale yielding, and also limits the contribution from the
plastically adjusted crack length for large-scale yielding so that the

values of a 7 e , and Ao approach unity.
gF sP AP
c

The version of Equation 6 embedded in the computer
program discussed in Section 3 is given by:

J = Je(ae) + JP (a,n)

5 = 6%(ay) + 6P (a,n) €18
_ .e p

Ac— Ac (ae)+ Ac (a,n)

where ag is the effective crack length defined in Equation 15. The
elastic contribution given by Equation 8 is thus modified by the
repiacement of the physical crack length by the effective crack
length. The plastic contribution is given by Equation 12.

13



axd FORMULATIONS FOR DIFFERENT GEOMETRIES

This subsection has been designed to present all the rele-
vant information and equations that would allow one to use the
estimating procedure outlined in subsection 2.2 for five different
structural geometries. The equations and data presented herein
have been previously presented by others (References 2 through 5
and 17) and are only repeated here for completeness. The infor-
mation for each structural geometry is summarized using a figure
and two supporting tables. The five structural geometries con-
sidered are listed in Table 1 along with the individual figure

and table numbers which present the supporting information.

Each of the five supporting figures all are arranged in the
same way so that each geometry's relevant equations and data
appear in the same location in the figures. The arrangement of
the figures is such that a schematic of the geometry appears in
the upper left hand side and the individual versions of Equation
18 (the elastic-plastic parameters) can be found in the upper
right hand side. The remainder of the figure is devoted to
presenting equations that further define the elastic and plastic
components of Equation 18 and to defining the tables that contain
discrete value information on the plastic functions hl’ h2, and
h,.

In order to ensure that the information in Figures 5 through
9 is properly interpolated, a few additional notes are presented
here. First, E' is Young's modulus (E) for plane stress and is
equal to E/(1l - V2) for plane strain where v is the Poisson's
ratio of the material. The loads, P and Pg, are the applied load
and the theoretical limit load for a perfectly plastic material

( n = ») respectively; both are expressed per unit thickness.

14
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GEOMETRY ELASTIC-PLASTIC PARAMETERS

P

A‘
Ta 2 2
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-——ZD-(H)-— AL = == + /3 aeoL(mo)

CENTER CRACK
PANEL (CCP)

SUPPORTING ELASTIC FUNCTIONS: F, Vl AND V

F(z) = j/sec ( 172_1 )

2 with z = ae/b

Vl(z) = -0.071 - 0.535z +0.16922 - 0.0223 - 1.071(1/2z) 1ln(l-2)
) 3 4 5
V2(z) = -1.071 + 0.250z - 0.357z“+ 0.121z~ - 0.047z +0.008z
=1.071 (1/2) 1ln (1-2)
THEORETICAL PLASTIC LIMIT LOAD: Pg

Plane Stress Condition
4

T = — -
Po =74 oo(b a)
Plane Strain Condition

T-— -
Po = 200 (b-a)

SUPPORTING PLASTIC FUNCTIONS: hl' h2' and h3
Plane stress condition tabularized in Table 2a
Plane strain condition tabularized in Table 2b

Figure 5. Elastic-Plastic Parameters for the Center-Cracked
Panel (References 4, 5 and 17).
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GEOMETRY ELASTIC~-PLASTIC PARAMETERS

a 2
3w Bl ag e, (b-a)h, (a/b,n) (p/pT)"*1

§ = Vl(z)%, + ae a hz(a/b,n)(P/Pg)n

A =0

P
-_t]9
% L
T =<
A = Vz(z)%, + aca h3(a/b,n)(p/p§)“

COMPACT TENSION
SPECIMEN (CT)

a
SUPPORTING ELASTIC FUNCTIONS: F, Vl, and V2 with z = 1?

(2+2)
/E(l-z)1

v, (z) = (5.435+43.3152-83.16622+57.694z°) / (1-22)

F(z) = . (0.886+4.64z-13.322°+14.7223-5.62%)

and
vz(z) = (O.995+27.9772-27.209:2+11.06223)/(1-22)

T

THEORETICAL PLASTIC LIMIT LOAD: Po

Plane Stress Condition

T— -
Po = 1.072n (b a)co

Plane Strain Condition

T 2452
PO —/3_—!’] (b a)oo

-
with n 3.\/(132__:)2 + 2 (52-_9;) g = (52:_% + 1)
SUPPORTING PLASTIC FUNCTIONS: hy, hy, h,

Plane stress condition summarized in Table 3a
Plane strain condition summarized in Table 3b

Figure 6. Elastic-Plastic Parameters for the Compact
Tension Specimen (References 4, 5 and 17).
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GEOMETRY ELASTIC-PLASTIC PARAMETERS

P Ta 2
. e L2 P = T.n+l
by 3 = g= F*(2)g, + a0 e (b=a)hy (a/b,n) (B/Py)
T
4'ae P T.n
§ = 4=V, (2)g, + aeo(b-a)hz(a/b,n)(P/Po)
i.&. =4
T_ s da = e
Ac B Vz(z)-I + aeo(b-a)h3(a/b,n) (P/Po)
2b(W)
_ PL V3P . n
s 1 by =gp ¥ ¥I9R DigEy ]
DOUBLE EDGE A 8, * A,
CRACKED PANEL (DCP)
a
SUPPORTING ELASTIC FUNCTIONS: F, V,, and V, with z = 7?
F(z) = (1.122 - 0.561z - 0.205z2 + 0.471z° - 0.190%)//1I-2
- 2 s TWay o oo M2y o N
Vl(z) = (E)f0.459(51n —2-) 0.065(Sin -2-) 0.007(Sin )

+ Cosh™!(sec %;)]

2

mz

mz

(==)[0.0629 - 0.0610(Cos —2—)“ - 0.0019 (Cos ﬂ-;—)s

v2(z)
+ n(Sec %;)]

THEORETICAL PLASTIC LIMIT LOAD: Pg
Plane Stress Condition
T 4

P. = —0_ (b-a)
o /3'0

Plane Strain Condition

Po = 5.94 9is (b-a)

SUPPORTING PLASTIC FUNCTIONS: hl’ h2’ and h3

Plane stress condition tabulated in Table 4a
Plane strain condition tabulated in Table 4b

Figure 7. Elastic-Plastic Parameters for Double-Edge
Cracked Panel (References 4, 5 and 17).
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GEOMETRY ELASTIC-PLASTIC PARAMETERS

9a L® 2,,,P? a P\ n+l
1_ J = e (Z)E' + ade (b_a)hl(E’n)(ET)
(W) o
12a_L
= e P a P N
_Pa‘ 6§ = —p7V,(2)F + aeja hy(gn) (p?)
e S =
[ —
= [GLf P a P ,\n
AC = E!—VZ(Z)E' + aeoa h3 (s,n) (P—T')
! °
a w AL=VAIPLY | PL3(14v) | 3(1=v?) | 3v(=-v*),
n 6EI b 2E 10E —4E
SINGLE EDGE _ 0.21(1-v*))P
CRACKED PANEL IN S
THREE-POINT BENDING
(STB) A=A+ A8,

a
SUPPORTING ELASTIC FUNCTIONS: F, Vl, and V2 with z = T?

F(z) = 1.09 - 1.735z + 8.2z% - 14.18z° + 14.57z"

V,(z) = 0.76 - 2.28z + 3.87z% - 2.04z° + 0.66/(1-2)?

vy(2) = (I§2)2 (5.58 = 19.57z + 36.82z% - 34.94z° + 12.77z")

where
z = a/b

THEORETICAL PLASTIC LIMIT LOAD: Pg

PLANE STRESS CONDITION

o o
Po 0.53600(b a)“/L

PLANE STRAIN CONDITION

T = = 2
PO 0.72800(b a)‘/L
SUPPORTING PLASTIC FUNCTIONS: hl' h2' h3

Plane stress condition summarized in Table 5a
Plane strain condition summarized in Table 5b

Figure 8. Elastic-Plastic Parameters for the Single-Edge
Cracked Panel in Three-Point Bending (References
4, 5 and 17).
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GEOMETRY ELASTIC-PLASTIC PARAMETERS

P
A ma_F? (z)P?
= e a(b-a) P .n+l
‘. —— J -—E,—bT—— + GOOEO—F—'hl (a/b,n) (P—T)
o
4a_Vv,(2)P
q = e’ 2 T o0
_L__" 5 § = S + aeoa h3 (a/b,n)(P/Po)
s o~
\s‘]— 4aeVl(z)P T.n
b(W) A, = —pgT—— * %&,a hy(a/b,n) (P/P)
i
_ 2PL /3P .n
R ca B o e B

SINGLE EDGE CRACKED

PANEL IN TENSION (SET) A = An + Ac

a
SUPPORTING ELASTIC FUNCTIONS: F, Vl and V2 with z = 1?

F(z) = /(2/7z)Tan(nz/2)[0.752 + 2.02z + 0.37{1 - sin(mz/2)}?)

Sec(mz/2)
Vl(z) = [1.46 + 3.42{1 - Cos(mz/2)}] (Sec 12/2)2
¥, (2) = [2/(1-21*100.99 = 2(l-2) (1.3 = 1.2z + 0.7z%)]

THEORETICAL PLASTIC LIMIT LOAD: Pg

PLANE STRESS CONDITION
T 3,
Po 1.072 n (b a)o0
PLANE STRAIN CONDITION
T o 2288
o V3

P n (b—a)co

a 2 a

with n =3\/(———)"+1 - (=%

SUPPORTING PLASTIC FUNCTIONS: hl, h2, h3

Plane stress condition summarized in Table 6a
Plane strain condition summarized in Table 6b

Figure 9. Elastic-Plastic Parameters for Single-Edge
Cracked Panel in Tension (References 4, 5 and 17).
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SECTION 3
COMPUTER PROGRAM DESCRIPTION

The purpose of this section is to describe the computer
program (EST) listed in Appendix A. The EST computer program
was written in FORTRAN IV for interactive use on the CYBER 175.
The first subsection describes its function and the major ele-
ments of the program using flow diagrams. The second subsection
describes the program output and various methods for presenting
the output data. The third subsection presents the input and how

one should prepare the material properties data. The final sub-
section describes the format of Appendix A.

3.1 PROGRAM FUNCTION

The purpose of the EST computer program is to calculate the
value of the J-Integral (J), the crack mouth opening displacement
(CMOD = §), and the load-line displacement (A), as well as their
elastic-plastic components. The material is assumed to behave

according to Ramberg-Osgood type of stress-strain relationship:
S Lo
e = e Nl (=) (19)

where €, and o, are reference strains and stresses related by

£, = oo/E, E is the elastic modulus, and o and n are power
hardening constants. The program calculates the parameters
according to the estimating procedures defined within subsection
2.2 and uses the equations and data presented in Figures 5
through 9 and Tables 2 through 6 in subsection 2.3. The values

of functions h h2 and h3 are known for the particular exponent

ll
n and crack length a. In EST, the intermediate values of hl'
h2 and h3 are evaluated using a two-dimensional linear interpo-

lation algorithm from the tabulated values.
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One modification of the theory was incorporated into the
EST computer program to change the level of the theoretical
limit load so that it more closely approximated the observed
experimental results. The change involved utilizing a limit
load (Po) calculated from the product of a constant k (dependent
on material and geometry) and the theoretical limit load, i.e.

B T
P_=kP_ (20)

in all those equations which utilized the limit load in the
calculation of the elastic-plastic parameters. The value of k
is an input to the computer program and would typically be set
equal to 1 for the first set of runs. Subsequent runs made with
this interactive program would then be made to bring the theore-
tical load-displacement behavior more in line with the observed

behavior.
B2 OVERALL FLOW DIAGRAM

Flow diagrams of the computer program are shown in
Figures 10 and 11. The call to the subroutine RDDATA will
initiate the entering of the test conditions interactively.
Tabulated values of hl’ h2 and h3 in Tables 2 through 6 are
organized into separate subroutines in the program. Once the
geometry and stress condition are interactively chosen, the pro-

gram calls the corresponding subroutine with hl' h2 and h3.

With the input material constants and crack length
information, the program makes a call to subroutine TBL2. Sub-
routine TBL2 is a module which returns the linearly interpolated
values of hl’ h2 and h3 to the program for the given n and a/b

condition.

After the interpolation of the corresponding hl’
s
routines JKCAL, LDSCAL and CODCAL. The subroutine JKCAL is

and h3, the program will make calls to the calculating sub-

written in such a way that for the selected geometry, it will

compute K, Pg, Yy and, elastic and plastic components of the
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INTERACTIVELY INPUT
EOMETRY TYPE, PLAN
STRESS OR STRAIN,
AND MATERIAL

CALL A SUBROUTINE FOR
TABULATED VALUES OF
DEPENDENT ON GEOMETRY
TYPE AND PLANE STRESS
OR STRAIN

1

CALL RDDATA TO INTER-
ACTIVELY ENTER TEST
CONDITIONS

PRINT TEST
CONDITIONS

Figure 10.

CALL TBL2 TO INTERPOLATE
hy. hy. hg FOR GIVEN
MATERIAL'AND CRACK
LENGTH

PRINT hy, hy, hy

CALL JKCAL TO CALCULATE
PG K, J AND ITS
COMPONENTS

PRINT CRACK LENGTH,
LOAD, K, AND J, A,
8 AND THEIR
COMPONENTS

POINT DIS-
PLACEMENT 2
ALLOWED MAXIMUM
DISPLACEMENT?

YES

INCREASED LOAD

CALL LDSCAL TO
CALCULATE A AND ITS
COMPONENTS

CALL CODCAL TO
CALCULATE 8 AND
ITS COMPONENTS

INCREASE CRACK
LENGTH

Overall Flow Diagram of the Computer Program.



INTERACTIVELY INPUT
GEOMETRY TYPE, PLANE
STRESS OR STRAIN

CALL A SUBROUTINE

TO FIND TABULATED Hy, Hy, Hs,
DEPENDENT ON GEOMETRY
AND PLANE STRESS OR

STRAIN
Y
| ] | L |
CALL CCPSTS CALL CTSTS CALL DCPSTN CALL STBSTS CALL SETSTS
TABLE 2A TABLE 3A TABLE 4A TABLE 5A TABLE 6A
CALL CCPSTN CALL CTSTN CALL DCPSTN CALL STBSTN CALL SETSTN
TABLE 2B TABLE 3B TABLE 4B TABLE 5B TABLE 6B
1 'l 1 |
INTERACTIVELY INPUT
TEST CONDITIONS

PRINT TEST CONDITIONS

CALL TBLZ TO INTERPOLATE
Hy, Hp H3 FOR A GIVEN
MATERIAL AND CRACK LENGTH

Figure lla. Detailed Flow Diagram of the Computer Program.

34



CALL JKCAL:

BRANCH TO CHOSEN

GEOMETRY

CALCULATE Py,
K, J AND ITS

COMPONENTS FOR
ccp FIG. 5

SIMULAR TO LEFT
BRANCH FOR CT
FIG. 6

SIMULAR TO LEFT
BRANCH FOR DCP
FIG. 7

SIMULAR TO LEFT
BRANCH FOR STB
FIG. 8

SIMULAR TO LEFT
BRANCH FOR SET
FIG. 9

BRANCH TO CHOSEN

CALCULATE A AND
ITS COMPONENTS
FOR CCP
FIG. 5

CALCULATE A AND
ITS COMPONENTS
FOR CT
FIG. 6

CALCULATE A AND
ITS COMPONENTS
FOR DCP
FIG. 7

CALCULATE A AND
ITS COMPONENTS
FOR STB
FIG. 8

CALCULATE & AND
ITS COMPONENTS
FOR SET
FIG. 9

CALL CODCAL

BRANCH TO CHOSEN

GEOMETRY

CALCULATE 3 AND
ITS COMPONENTS
FOR CCP
FIG. 5

CALCULATE & AND
ITS COMPONENTS
FOR CT
FIG. 6

CALCULATE & AND
ITS COMPONENTS
FOR DCP
FIG. 7

CALCULATE 8 AND
ITS COMPONENTS
FOR STB
FIG. 8

CALCULATE & AND
ITS COMPONENTS
FOR SET
FIG. 9

Figure 11b.

Detailed Flow Diagram of the Computer Program.
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PRINT CRACK LENGTH,
LOAD, K, AND J, A ,3
AND THEIR COMPONENTS

IS LOAD
POINT DISPLACEMENT
> SET MAXIMUM
DISPLACEMENT

NO

\
INCREASE LOAD

ACCORDING TO
SPECIFIED INCREMENT

IS
LOAD > SET
MAXIMUM

LOAD

INCREASE CRACK LENGTH

Figure llc. Detailed Flow Diagram of the Computer Program,
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J-integral and return these values to the main program. Sub-
routines LDSCAL and CODCAL compute and return the values of Ai,
Ag, Ai and, ¢€ and s° respectively, to the main program.

Once these calculations are completed for the
given crack length and load, calculated values are printed. Then
the load values and crack length values are increased and calcu-
lations are performed as described in the flow diagrams in
Figures 10 and 11l. This procedure continues until a/b exceeds

0.75.

3.3 PROGRAM OUTPUT

The program has been organized so that the output is
currently restricted to yield information on only one geometry
and one material for each run. The major variable controlling
output is physical crack length; the other parameters are
described as a function of increasing load for each crack length.
Table 7 has been prepared to provide a listing of the output
parameter symbols and their description. Appendix B provides
the output for a typical run. Table 8 describes some of the
cross—-correlations which are possible based on the EST program
output. Figure 12 was prepared to schematically describe how
several of the possible cross-correlations would appear. Alter-
nate presentation schemes are possible through a slight recon-

figuration of the algorithm described in the flow diagrams.
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LOAD

MAXTMUM
LOAD-LINE
DISPLACEMENT

A
max

Figure 13:

CRACK
LENGTH = CONSTANT
0 LOAD-POINT DISPLACEMENT, A
LOAD =
CONSTANT
0
CRACK LENGTH, a
LOAD B
LIMIT LOAD CONSTANT
0

Sample of Program Output

CRACK LENGTH, a

COMPLIANCE

ELASTIC

0
U CRACK LENGTH, a
STRESS
INTENSITY
FACTOR
K
LOAD = CONSTANT
0
0 CRACK LENGTH, a
/J/Je
LOAD B
LIMIT LOAD CONSTASE
1
0

CRACK LENGTH, a

Presented in Schematic Diagrams.



Computer

Symbol

A
AE
ALPHA

CMOD

EC
EN
EPO
H1

H2

H3

LC

TABLE 7

PARAMETER OUTPUT AND THEIR SYMBOLS

Text
Symbol

€
0o

hl(a/b,n)

hz(a/b,n)
h3(a/b,n)

J
K or SIF

k

Description

Physical Crack Length

Effective Crack Length

Hardening Constant

Crack Mouth Opening
Displacement

Elastic (or Young's)
Modulus

Elastic Crack (Load-
line) Displacement

Elastic No-Crack
(Load-line)Displace-
ment Component

Reference Strain

J-Integral Plastic
Function

CMOD Plastic Function

Plastic Load-line
Displacement Function

J-Integral

Stress Intensity Factor

Limit Load Correction
Factor

39

Units
(English/Metric)

in/m
in/m

in/m

ksi/Pa

in/m

in/m

kip-in/N-m
ksivin/Pavm



Computer
Symbol

LDISP

PC

PN

P/PO
PzC
SIGO
SPAN
SQRT (EJ)

SQRT (J/JE)

TH

TABLE 7 (Continued)

PARAMETER OUTPUT AND THEIR SYMBOLS

Text
Symbol Description
A Load Point Displacement
n Ramberg-0Osgood Exponent
AP Plastic Crack (Load Line)
o .
Displacement
Ag Plastic No-Crack
(Load Line)
P/P Ratio of Load to Limit
o
Load
-— Plastic Zone Correction
Factor (Monotonic=l;
Cyclic=2)
o, Yield Strength
2L Gauge Length
VEJ Square Root of (E.J)
YJ/J€ Square Root of (J/J°)

-— Thickness of the
Spe¢imen
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Units
(English/Metric)

in/m

in/m

in/m

ksi/Pa
in/m
ksivin/Pavm

in/m



TABLE 8

POTENTIAL CROSS-CORRELATIONS POSSIBLE WITH PROGRAM OUTPUT

Primary
Independent

Variable
(Abcissa)

BASIC EXPERIMENTAL PARAMETERS

Load-1line
Displacement

e Total
e Elastic Component

e Plastic Component

Crack Length

Dependent
Variable
(Ordinate)

Load

Elastic Compliance

Maximum Load-line
Displacement

Load to Limit Load
Ratio

Maximum Crack Mouth

Opening Displacement

Secondary
Independent
Variable
(Multiple Curves)

Crack Length

Load
Load

Load

FATIGUE AND FRACTURE RELATED PARAMETERS

Crack length

Load-Line
Displacement

Plastic Zone Size

Effective Crack Length

Stress Intensity Factor
J-Integral (HRR Field)

e VJ.E
e VJ Je

Crack Tip Opening
Displacement

J-Integral (HRR Field)

e VJ.E
e VJ Je
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Load, Field
Parameters

Load, Field
Parameters

Load
Load, Displacement,

Load to Limit Load
Ratio

Load

Crack Length



3.4 PROGRAM INPUT REQUIREMENTS

Necessary inputs to the EST computer program are material,
structural geometry, and loading properties. A summary listing
of the input parameters and their symbols are presented in
Table 9 and a sample input listing is provided in Appendix C.
As can be noted from this listing, the material hardening para-
meter a does not appear. The reason for this is that EST
calculates o (ALPHA) internally assuming (1) that the constitutive
equation is the Ramberg-Osgood stress-strain relationship:

€ _ O g.n
e o tolg) o
0] 0] 0]

(2) that the reference stresses and strains are related by
OO = Eeo, (3) that
aE = a(ig) = 0.002 (22)
0 E
and (4) that the hardening exponent n is obtained by least squares
fitting procedures. Equation 22 was derived with the use of
Figure 13 and an analysis of Equation 21 for the condition

R B which shows
e =€ =e (1l+a)

Y g=¢
0

o( (23)
When the EST program is compiled and run, the program prompts
the user for necessary information. Input of the geometry, as
well as selection of plane stress or plane strain condition allow
the program to select the appropriate table of values for hl' h2
and h3 functions presented in subsection 2.3. The EST program
calculates the EPFM parameters for different loads, starting from
the user selected minimum load and ending at the user selected
maximum load with load increments selected by the user for a
given initial a/b ratio. By a suitable selection of crack length
increment, it is possible to calculate the EPFM parameters of
different crack lengths starting from the initial (a/b) for

different loads.
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TABLE 9
EST COMPUTER PROGRAM INPUTS

ENGLISH/
EST TEXT DEFAULT METRIC
SYMBOL SYMBOL PROPERTY VALUE UNITS
SIGO = Material 0.2 Percent Yield ksi/Pa
Strength
N n Ramberg-0Osgood Exponent ———
E E Elastic Modulus ksi/Pa
LC k Correction for Limit Load 1.0 -——
PZC Plastic Zone Correction 1:0 ——
Factor
- Plane Stress/Plane Strain -
Condition
- Specimen Geometry (CCP, CT, -——
DCP, STB, SET)
W 2b Structural Width in/m
—— L Half Span in/m
TH Thickness in/m
A/B a/b Initial Crack Length/ 0.25 -———
Width Ratio
Crack Length Increment in/m
Load/Displacement
PMAX Maximum Load kips/N
PMIN Minimum Load 0.0 kips/N
Load Increment kips/N
DISMAX Maximum Load-Line in/m
Displacement

43



TA

co > — w—

R 0.002

™
<

Figure 13. Material Stress-Strain Curve Describing the

Values of o and .
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In the input prompts, the plastic zone correction factor
(PC) is taken as either 1 or 2. The value PC is used in Equation
16 aé a multiplication factor on the yield strength Oy when
PC = 1 the loading is monotonically icreasing, when PC = 2 the
loading is cyclic.

There are several restrictions or bounds on the calculations
that result from input or default conditions. The most obvious
bounds are the limits on the load or load-line displacement values
that are created by input. However, because the tabular values
of the hl' h2, and h3 functions are limited to the range of a/b
between 0.25 and 0.75, the EST program frustrates any attempt
to compute the value of these functions outside the allowable
a/b range by resetting upper and lower limits. Another default
condition occurs whenever the handling exponent (n) exceeds 20
in order to ensure that the hl’ h2, h3 functions are not extra-

polated beyond the tabulated values given in subsection 2.3.
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SECTION 4

SUMMARY

A review of the theoretical basis for the estimation scheme
3;16

’

proposed by Hutchinson and co—workersl and Shih and co-workers
was presented in previous sections. A computer program was written
to implement the above estimation scheme. Certain modifications
were incorporated into the program such that the limit load
behavior computed by the program is compatible with the experi-
mentally observed limit load behavior. The computer program can

be used to calculate the elastic-plastic behavior of five different
specimen geometries. Possible useful outputs from the program

are given in Table 8.
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APPENDIX A

A LISTING OF THE FORTRAN IV
PROGRAM EST
DESIGNED TO RUN INTERACTIVELY
ON THE CDC CYBER 175
COMPUTER SYSTEM
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FOOO0OO0O00On0nN0n0n

2100

100
2200

2500
2600
200

PROGRAM EST (INPUT,OUTPUT,TAPE6,TAPE1=INPUT)
COMMON/A/E ,EA,PLCOR,SI1GO,XLL,B,FACTOR,XN,ALPHA ,EPO,TH,PP1,IPL,

$ A,H1,H2,H3,PP,2Z,22E,P0,AE,XKSQ,XJ,BETA,PI
COMMON/B/DELTE, DELTP,DELTA
COMMON/C/DELCE, DELCP,DELNE ,DELNP,DELC,DELN ,DELT, DELE, DELP
COMMON/D/X(10) ,¥(10) ,21(100) ,22(100) ,23(100) ,IFLAG,METENG
COMMON/E/ PMIN,PMAX,PIN,Z220,AIN,DISMAX

COMMON/F/NUMAB ,NUMN,ITYPE

COMMON/X/PPP0 ,XJJE

PROGRAM EST CALCULATES J, DISPLACEMENT, AND DELTA
FOR THE FOLLOWING SPECIMENS:

1) CENTER CRACKED PANEL (CCP) =--- PLANE STRAIN OR PLANE STRESS
2) COMPACT TENSION SPECIMEN (CT) --- PLANE STRAIN

3) DOUBLE-EDGE CRACK PANEL (DCP) --- PLANE STRAIN

4) SINGLE-EDGE CRACK PANEL IN 3-POINT BENDING --- PLANE STRAIN
5) SINGLE-EDGE CRACK PANEL IN TENSION (SET) --- PLANE STRAIN

THE VALUES OF DISPLACEMENT VS. J, LOAD, AND DELTA ARE
WRITEN TO A FILE USED TO GENERATE PLOTS (UNIT 7).

REWIND 6

XNU=0.3

IFLAG=0

PRINT2100

FORMAT (*0ENTER SPECIMEN GEOMETRY*,/,
$ * (Cccp,CT,DCP,STB,SET)==| *)
READ(1,100)JTYPE

FORMAT (A3)

PRINT2200

FORMAT (* PLANE STRESS (0) OR PLANE STRAIN (1) ? *)
READ*, IPL

PRINT2500

FORMAT<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>