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ON DIGITAL PROCESSING VIA PDQ FACTORIZATION
I. Introduction

This report discusses a method of compressing data bases that des-
cribe large digital images. The ultimate objective of such a procedure
is %o effect savings in computer memory required to process images and
to decrease the amount of data necessary to transmit images over a com-
munication channel.

A digital picture (of photograph or video image) can be
represented as a matrix comsisting of rectangular blocks of size m x n
where m and n are the number of pels (picture elements) in the
horizontal and vertical directions, respectively. To process such a
picture most effectively (in terms of processing time and quantities of
the pictures) by a computer, it is desirable that the main memory of
the computer, during the computation, has enough capacity for storage
of the entries of the whole image matrix. Unfortunately, this is not
the case for most modern minicomputers. Therefore, different adaptive
techniques have been devised to cope with this situation. For
instance, C. B. Moler and G. W. Stewart [2] described a matrix
factorization, the so called PDQ factorization technique and applied it
to image representation. The factorization is closely related to SVD
(singular value decomposition technigque developed by H. C. Andrews and
C. L. Patterson [1]). The merit of PDQ factorization over SVD is that
it requires, during computation, much less arithmetic and the entire
maxtrix need not be stored in the main memory.

We have applied the PDQ factorization technique to various digi-
tized pictures, and studied their approximations by different ranks
with fixed initial column vector and observed the relationships between

initial column vectors P1 and resolution of the approximated image with
fixed rank.

In the implementation of PDQ factorization, we have developed a
computer program called MATRXVAX writtem in Fortran. This program is
described in some detail.

II. Analysis of PDQ Factorization

Specifically, the PDQ factorization aims to express a matrix A
with m rows and n columns as

A = PDQT, (E)
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where P is an m x m orthogonal matrix, QT is the transpose of Q, and D
is a lower bidiagonal matrix, i.e. whose only nonzero entries are

= di.i' i =1,2,=-nin(m,n) ,

i
{ di.i-l' i 22 ,e=ain(met,n) . i
1
Assume m <n,
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In our computer program, each column vector of P and Q is a
normalized one. Given & (nonzero) initial column (or column vector) P,I
from A and, one can construct matrices P, D, and Q in (E) by some
recursive formulae. The important feature of these recursive formulae i
is that, during the computations, the columns a,, a,, —- 3 of A are T
being referenced sequentially. We also note that, in practice, the

inexact arithmetic due to the roundoff error may disturd the
orthogonality as well as the normalization. Note that the choice of
the initial column P1 affects the whole structure of P, Q and D. An

approximation Ar of A by specific P, Q and D is formed as follows:
T
Ar - l’r Dr Qr' *
where Pr' Qr are the matrices formed from the first r columns of P and
Q (in (E)), and Dr is the r x r lower bidiagonal matrix with a; . i =
1,2,...,/ on the diagonal and Bi. {i=2, «.e., r on the subdiagonal.
Clearly Ar is a reduced matrix (of A) of rank <r.
Moler and Stewart (2] showed, using theoretical studies of the
Lanczos algoerithm, that Ar will be a fairly accurate approximation to A

even for quite small values of r, If one compares the storage for A
and Ar' their ratio will be




mr+2r+nr

R(m, n, r) = T2

Particularly, when m = n, we have

anr42r

2
n

clearly in order to save storage it is necessarily that 2nr < nz.

R(m, n, r) =

That is

2r < n. 3

Thus PDQ decomposition will provide significant saving of storage
and/or transmitting time if r is chosen much smaller than n.

It seems that, in general, for a matrix of low rank (its corres-
ponding image is of relatively low detail), the PDQ factorization will
be effective in processing and restoring the picture. In practice, it
is not clear how to choose the value of r in order to have an efficient
representation of a picture An with less computer storage and

processing time. However, from our experiments, so far,-%-seems to be "
a suitable threshold for the reduced rank r, Of course, the properties i
that lead to such low numerical rank remain to be studied.

Recall that [1] Andrews defines a condition number CR(G) = d1/dK

in thé discussion of the potentially efficient representation of the
image (picture) in terms of its eigenimages, where G is the original

picture (matrix), d, is the maximal eigenvalue, and d_ the minimal

1 k

eigenvalue (#0) in the SVD decomposition for G.

Similarly, we would like to define in PDQ factorization a
condition number for reduced matrix of rank k: Ck(A) = Max{di, 85»

i=1,2, ... k}{,
where di = max{a1, Gy vee ai}/nin{(a1, Gpy veey ai)}

and g, = max{S,, Byy oo Bi}/min{(81, Byy ooy Bi)}

A threshold for r values would be a value of k such that both Ck(A) and

Cisy(A) as well as their difference are large (of course. here the
quantity of largeness remains to be decided). Another way that one may

measure the closeness between A and Ar is by defining the quantity

D(A, Ar) * | -




Clearly if r = n, then D(A,Ar) = 0. Therefore a threshold that one may

consider for the approximated value r is to require D(A.Ar) to be

sufficiently small. We hope to extend our efforts to include the study
of the threshold of r values in our next report.

III. Description of the Matrix Factorization Software.

Because of the limited memory of the NOVA 800, our principal com-
puting tool, factorization of the image matrix is accomplished by the
program MATRXVAX running on the VAX 11/780. A formatted image disk
file 'MATAF' is created by the program VAXDATA on the NOVA 800 and
written onto a magnetic tape by the progran MAGTAP using a blocking
factor equal to 1. Program MATRXVAX (1) reads the image magnetic tape
file into memory on the VAX, (2) factors the image matrix into the

zatrices P,D and QT of specified rank r (3) reconstruct the image PI)QT

onto a magnetic file and (4) writes the matrices P, D and QT onto a
magnetic tape file.

The image and matrix magnetic tape files created by VAX are
written into disk files 'MATAFIN' and 'MATP', respectively, by the
Program MAGTAP on the NOVA 800. The program WRTMATAFIN writes the
reconstructed image stored in 'MATAFIN' on the COMTAL CRT and the
program XOMT writes the COMTAL disk file onto magnetic tape. Images of

rank ri' where l"i £ r are written either on the COMTAL CRT by the

program XMTCT or Optronics C-4300 Colorwriter by the Image Writing
Software System PWREC.

IV. Test Results (Pictures)

V. PDQ Factorization for Blurred Images

Denote the original image by A (without loss of generality, we may
assume A is a square matrix). Suppose that the noise is modelled by
the presence of two unknown matrices N1 and N2 such that for any given

image A, B = N1A+N2 will be the blurred image of A. In order to apply
PDQ factorization to A, we first have to determine the two unknown
matrices. To do this we use identity matrices I and 2I to defire

B1 = N1I + N2 and 52 = 2N1I + "2'

Then 31 and B2 are the two known matrices. Therefore N1 z B2 - 81
and "2 = 231 - BZ' Once N1 and NZ are obtained and stored, then for
each blurred image B, we apply N1'1 (B—Nz) (provided that N1"l exists).

We get the original image A and then proceed with PDQ factorization.







f VI. Concluding Remarks
|

The above results will be used for further exploration of the PDQ

factorization to digital images. As part of this work efficiency of
factorization needs to be improved.

So far, we have seen, through some tests that the PDQ
factorization did provide significant saving of storage as well as
processing time in the representation of some ordinary pictures. We
hope that further research will shed some light on the underlying
theory. Our next topics of studies will be (i) properties of images
(matrices) whose PDQ factorizations produce good (effective)
approximations (i.e., the effective numerically reduced rank r is much
less than the rank n of the original matrix, say, rank r less than
n/4). (ii) Applying PDQ factorization to the enhancement of the
images.

VII. List of Programs

T e e I YT XL A LA R R A DAL AR A L Ll L)
VAXOATA

o8/28/81% 18535820
CURRENT DIR, YANG

EPNONTNEOEINOO PNV N RPN N N QOO RRPOOVROOQS

c RDOS FILE NAMEIVAXDATA

c INPUT OATA TO VAX FROM TAPE
PARAMETER Nni128,Mu258
DIMENSION Ia(N},P(M),IB(NM)
COMMON/PPAR/A,B
DATA As0/04,34/

F PF(X)sAsXeB

ACCEPT '"MATRIX OIMENSION @ ',NA

ACCEPT 'MATRIX RANK o ',NR
CaLL OPEN(2,'MATAF!,2,1ER)
WITE(2,1@)NA,NR

14 FURMATIX,2(13,1X))
ACCEPT 'TAPE FILE NUMBER s !',NFILE
129MA/8
ICNTep
IF(MPLLE.EG,0)GO0 TO @@
CALL SKPLMT(IER,NFILE)

Y1} b {NR T}
CaLL WEAOMTY(IER,IA,ILL)
IFCIER,NE,S)0O TO 120

119 DU 132 Jsi,NA
()

130 CONTINVE
Gu Y0 129%

120 CALL FMLN(IA,LIB,NAZ2)

128 00 28 ley,I12
KRin(Imi)edey
K298 17
WHITE(2,30) (IB(L),LeKi,02)]

30 FORMAI (32 ,8(16,2X))

20 CONTIMUE
ICNTO CnTel
IF(ICNT EW,NA)GD TO 160
1F(IEx,EQ,5)G0 TO 110
Gu TO tuP

160 COnTINUE
DU 8@ Yei,Na
P(I)npP(FLOAT(2))




78
(1]

439
410
420

430
440

1e
28

CONTINULE

Du 6@ Isi,12

Kis(lwl)eney

K2eK1e+?

wRITELR,7¢) (P(L),LORE,KQ)
PORMAT(1X,8(Fb6,8,1X))
CONTINUE

CaALL CLOSE(2,IER)

$T0R .
EnD i

A T R Y R I L Y T R Y R T L T 1) '
MATRXVAX i

88/28/8) 101471048 :
CURRENT DIR, YANG i

(A A2 A XX X2 A2 A 222 2 2222222211211

®O0Y FILE NAMES MATHXVAX
MATRIX FACTUKR]IZATION
PARAMETER Nsi¥,NRRuiQ
COMMON/MATR/ GCN,NRR) ,P(N,NRR) ,PT(N),QT(N),PTI(N),QTI(N),
SALPHA(N) s BETA(N) s TARCNGN) yTA(N,N)
OPENCUMITER),TYPEs'QLD! ,FILES'NATA,DAT?!)
OPENC(UN1ITS23, TYPER'NEW! ,FILES IMATAF ,0AT?)
OPEN(UNIT=24,TYPESINEW! ,FILER"MATP ,DAT')
READ(21,460)NA,NR
FURMAT (L (I3,1X))
DU 420 J»y,2058
DU €1¢ [sy,92
Kis(Jef)eBey
K2eK 1?7
READC21,430) CLACL,J)LuKL,K2)
FORMAT(B(I6,2X))
CUNTINLE
CONTINUE
D0 edv Im1,32
Kio(Ini)wie)
Kgenie?
REAC(21,450) (P(L,1),L8K),KR)
FURFAT(B(F6,.P,1X))
CONTINUE
BeTA(L) 84,
SuMed,
DU 2 Isi,NA
SunsSuMeF (I,1)eP(1,1)
CUNTINUE
SuMaSuRT (SUm)
VO 4 ls1,nNA
P(1,1)8P(,1)/78UM
CUNTINUE
D0 29 Imi,Na
SuMe@,
DD 32 XBi,NA
SUMBSUMSFLOAT(ZALK,1))eP(K,1)
CONTINUE
Q(l,31)e8uUnm
CONTINUE
suhsg,
vl 3B Isl.NA
SumesSuMeG(2,1)*Q(I,1)
LCONTINUE
ALPMA (1) SURY (SUM)
00 4@ Isi,NA
G(I,1I8uCTs1)/7ALPHAC(Y)




L]
79

L1
90
182

110

120

160
17

180
19e
260

e
320

CONTInUE

Jsl

JeJet

IF(J.GT . NRIGOD TO 238
0y 78 J2wi,NA

SuMtay,

Du 62 Kesi,NA
SUMBSUNSFLOAT(IACJ2,K))2Q(K,JIn})
CONTINUE
PT(J2)sSUMeaALPHA(Sn1)eP (J2,J=1)
CONTINUE

K2sjey

D0 1vp J2si,NaA

SuMy ey,

OU 9@ Kei,Kk2

uMep,

00 50 JJsi,~nA
SUMBSUMSPT (JJ)eP(JJ,K)
CONTINUE
SUMLaSUMLeSUMP (JQ,K)
CONTINYE
PTI(JR)ISPTY(J2)~SUNY
CONTEINUE

SumMed,

00 1312 lIwi,NA
SUMaSUMePTT (T)*PTI(I)
CONTIMVE

BeTA(J)sSURT (SUN)

0Q 12@ Iwy,NA
P(1,J)sPTI(1)/BETACS)
CONTINUE

0Q 179 J2s=i,NaA

SuMed,

VO 16¥ Ksi,NA
SUMBSUMFLOAT (TALK,J2))wP(K,J)
CONYINUE

QT (J2)9SUM=BETA(J) 20 (J2,Je})
COMTINUE

Kgejey

00 206 J2w3,NA

SuMisy,

DO $9¢ K831,Kk2

SyMso,

00 18¢ JJol,NA
SUMeSUMQT(JJ) 2@ (JJ,X)
CUmMTINVE
SumiagumiesyMeQ(J2,K)
CONTINUE
QTI(J2)2QT(J2)~8UML
CONTINUE

DU 219 Is1,NA
SUMsIUMCOTTI(I)»0TI(1)
CONTINUE
ALPHA(J)930RT (SUN)

00 220 Is}i,NA
QCI,JINQTICII/ALPHALS)
CONTINUE

G0 19 %S¢

CONTINUE

D3 339 Ks=i,NA

00 329 l9i,nA

Synee,

00 313 Joi.NR
SUMESUMeP (I ,J) oALPHALI) *G(K,J)
IF(J,£Q,1)6G0 TO 310
SUMBSUNSP (T, ) eBETA(I) *Q(KR,J=1)
CONTINUE
TAR(Z,K)oIPIX (SUM)
CONTINUE

00 330 Jing,286




434
e
340
3se

360

380
370

499

390

NDOoOODOO

00 336 Iieg,N2

Kio li=1)ele)

K2aKie?

ARITE(23,431) (TARCL,J1),LeKL,K2)
FURMAT(1X,8(18,2X))

CONTINUE

ACCEPT 344,JYN

READ(L11,34K)JYM
FORMAT('CUNTINUE? (LaYES,B8=N0) !,13)
IF(JYN,EQ,B)GU TO 360

ACCEPT JYU,NRY

REAU(11,39Q)INRY

FORMAT ('MATRIX RANK @ 1,1I3)
CONTINUE

12enR/ 4

Dy $7¢ [=3,12

Kis(Ini)ede}

ngenkted

WRITE (24,380) (ALPHA(L) ,LeKY,K2)
wRITE (24,38¢) (BETACLL) JLLEK1,K2)
FORMAT(1X,4(CEL2,08,1X))

CONTINUE

NN2BNR/ &

00 4By Jni,256

00 920 Is1,NR2

Kis(lel)wdey

KguKied

WRITE (24,380) (P(J,L),LoK1,K2)
WHITE(24,30808)(QCJ,LL),LLO*K],K2)
CONTINUE

IFCJYN,EU#)GU TO 390

LLILLSY

60 TO 23

CONTINUE
CLOSE(UnNIT921,0ISPCSES'QELETE")
CLOSE(UNITE23,01ISP0SEnSAVE")
CLOSE(UNITS24,0ISPOSEn'SAVE!)
STOP

ENO

VNN OCPNCNEV VPV ROORNTROCROOIROOCOORCRPOIVEOQ

HRATHATAFIN

08/28/8) 10148817
CURRENT DIR, VYANG

L AAAAAA A A A2 AR A4 A2 A2 22 XL 2 dr]]) )

RUOS FILE NAMES WNRTMATAFIN

wRITES [MaGE PROM VaX

NOTES wrMEN FURMAT WRITTEN WITH (1X, ) TO VaX
WORO MUST BE READ WITH NQVA USING (1X, ) FORMAT
wyRyu AUST BE wZAD WITM VAX USING ¢ ) FORMAT
1.E¢ iXs UELETED FROM FORMAT STATEMENT
PARAMETER “a812,M8256

DIMENSION IA(N),28(M)

CALL OPENC1, "MATAFIN',2,1ER)

CaLlL UPENCT(IER)

ACCEPT 'TU IMAGE ®» « 1,10UT

ACCEPT '01SPLAY CODE - ',ICODE

ACCEPT 'MATRIX OIMENSION = ',NA

CALL LSPL(IER, ICODE)

Dy 20 J=y,256

DU 128 Ist1,32

Kio(l=i)eoney

K2BK1e7




READ (1,38 CIACL) s LOKE,K2)
X WRITE (16,30) CTACLL) sLLOKE,K2)
30 FORMAT(1X,8(16,2X))
DU 40 MeK}.K2
1P (TACM) LT ,0)IA(N) 80
IF (IA(M) GT.255) 1A (M) 8255
40 CONTINUE
16 CONTINUE
CALL PACK(1A,I8,NA) :
CALL WTIMAGE (IER,IOUT,J,I8,~NA/2) 1
20 CONTINUE
CALL CLOSE(1,IER)
sToP
EnD

V000000200 RNENCNOCNOPRTOONAOONONOVORCROY
MATPQTP

20/28/84 10348130
CURRENT OIR, YANG

(AAA 2 2222 X1 2222222222 22212122 222]]

ROUS FILE MANEIMATPOTP
IMAGE CONVERSION BY MULTIPLICATION OF P,Q AND D
MATRIX RANK NR® RUN ON YAX MUST BE MULTIPLE OF 4
PARAMETER No1024,M82040,NNeR56,NMa128
OIMENSION P(N),QCN) ,ALPHA(NN) ,BETACNN) s TACNN), 2B (NM)
COMMON/INTSL/IP (M)
COMMON/INTSZ/10 (M)
EUUIVALENCE (IP(1),PC1)),(2Q(1),0(1)) |
ACCEPT NEN RUNT (1aYES,BaNQ) o ¢t,JYN 4
ACCEPT 'MAX MATRIX RANK NRS = !,NRO
ACCEPT IMATRIX RANK = !',NR
ACCEPT 'TO mTo1',IFL
CALL OPEN(Y, 'MATP!,2,1ER)
NLINESE1024/NRY
NTRANSONNW/4
NWD3s1024
NOLRSnS
I128nR0/ 4
00 3@ 1si,l2
Kisy]=l)edey
KgeKie+y
READ(J,29) (ALPHACL) )LoKs,X2)
READ(I,20) (BETA(LILOKE,4K2)
20 FORMAT(1X,4(E33,0,1X))
3¢ CUNTINUE
IFCJYn,E0,08300 TO 32
CALL CFILW#('PMAT',3,208,ER)
IFCIER NEL1)TYPE 'FILE ERROR!
CALL CPILW('OMAT',3,208,IER)
IFCIENNELLITYPE IFILE ERROR 2!
32 CALL OPEN(Y,!'PMaT?,2,IER)
CALL CQPEN(2,'QMATT!,2, (ER)
IF(JYN.EQ,2)G0 TO 82
IMAXSNNDS/4
00 30 Js{,NTRANS
00 4v Iwi,IMAK
Kin(Ieol)odey
Kaenied
READC(3,20) (P(L), LK} ,KQ)
READ(I,2P) CACLL) o LLOKY,K2)
43 CUNTINUE
CALL "WoLA (L, (Jol) onBLKS,IP,NOLKS, ZER)
CALL "RBLK(2, (J=1)*nBLKS,10,NBLKS, IER)
X TYPE 'IP(1),1Is1,32 1, (CIPCIXX),IXXBY,32)
 § TYPE 'IQ(CI),1»1,327,(020(¢IXXX),IXAXEY,lQ)

(g X g X o)

10




S CONTINUE
32 CUNTINUE
CaLL RLIE('mTo', JER)
CALL INIT('mYe',lER)
IF(IPL.EC,B)GO TO 200
CALL SKFLMT(IER,IFL)
200 COMNTINUE
00 166 A®1,NTRANS
CALL ROBLKI2, (Kel)oNBLXS,1Q,NBLKSE,IER)
DU 160 nisy,NLINES
wJe(Rie}l) enkp
lioy
D0 15+ Im3,NIRANS
CALL ARUBLACL, (1»1)eNBLKS,IP,NBLKS,IER)
DO 156 Ilei,NLINES
1Je(lle])oNRD
SUuhse,
D0 140 udi, Nk
SumaSUMeP (1JeJ)vALPRA(J)eU(KJIe])
IFP(J.EQ.1)G0 TO 40
SuMBSuUMeP (TJeJ)eBETA(J)*G(KJeJeY)
140 CunTInLE
llelle}
IACLI)®IFIN(SUNM)
IFCIALTL) LT, @)IA(IL)e0
IF(1ACIL) GT,255)1A(II) =250
150 CGNTINVE
CatL PACKR(1a,18,256)
CALL »RITMT(JEN,18,~128)
160 CunTINUE
CALL MRTENOF (IER) ;
CaLL CLOSE(L,IER) ‘*
call CLOUSE(2,1ER) ]
CALL CLUSE(3,IER) i
CaLL RLSE('mT@', IER) ‘
sTor . .
END _ h

: - . & »
& e )
wd ¢ Ao
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