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ON DIGITAL PROCESSING VIA PDQ FACTORIZATION

A. Introduction

This report discusses a method of compressing data bases that des-
cribe large digital images. The ultimate objective of such a procedure
is to effect savings in computer memory required to process images and
to decrease the amount of data necessary to transmit images over a com-
munication channel.

A digital picture (of photograph or video image) can be
represented as a matrix consisting of rectangular blocks of size m x n
where m and n are the number of pels (picture elements) in the
horizontal and vertical directions, respectively. To process such a
picture most effectively (in terms of processing time and quantities of
the pictures) by a computer, it is desirable that the main memory of
the computer, during the computation, has enough capacity for storage
of the entries of the whole image matrix. Unfortunately, this is not
the case for most modern minicomputers. Therefore, different adaptive
techniques have been devised to cope with this situation. For
instance, C. B. Moler and G. W. Stewart [2] described a matrix
factorization, the so called PDQ factorization technique and applied it
to image representation. The factorization is closely related to SVD
(singular value decomposition technique developed by H. C. Andrews and
C. L. Patterson [I]). The merit of PDQ factorization over SVD is that
it requires, during computation, much less arithmetic and the entire
maxtrix need not be stored in the main memory.

We have applied the PDQ factorization technique to various digi-
tized pictures, and studied their approximations by different ranks
with fixed initial column vector and observed the relationships between
initial column vectors P1 and resolution of the approximated image with
fixed rank.

In the implementation of PDQ factorization, we have developed a
computer program called MATPRXVAX written in Fortran. This program is
described in some detail.

I. Analysi3 of PDQ Factorization

Specifioally, the PDQ factorization aims to express a matrix A
with m rows and n columns as

A a PDQT (E)

Mauaupt submitted Septembet 23,1981.



where P is an m x m orthogonal matrix, QT is the transpose of Q, and D
is a lower bidiagonal matrix, i.e. whose only nonzero entries are

i = d i' i = 1,2,---min(mn)

i = d il- 1i 2 ,---min(m+l,n)

Assume m < n,

d 0
d12

Sd12 d22

D=: 0 d d
23 33

• d.~

dd
m~n

In our computer program, each column vector of P and Q is a
normalized one. Given a (nonzero) initial column (or column vector) P1

from A and, one can construct matrices P. D, and Q in (E) by some
recursive formulae. The important feature of these recursive formulae
is that, during the computations, the columns a1 , a2, - an of A are

being referenced sequentially. We also note that, in practice, the
inexact arithmetic due to the roundoff error may disturb the
orthogonality as well as the normalization. Note that the choice of
the initial column P1 affects the whole structure of P. Q and D. An

approximation Ar of A by specific P, Q and D is formed as follows:

TAr z Pr Dr Or

where Pr' Qr are the matrices formed from the first r columns of P and

Q (in (M)), and Dr is the r x r lower bidiagonal matrix with a, i a

1,2,...,r on the diagonal and Bi, i z 2, ... , r on the subdiagonal.

Clearly Ar is a reduced matrix (of A) of rank < r.

Moler and Stewart [2) showed, using theoretical studies of the
Lar.czos algorithm, that Ar will be a fairly accurate approximation to A

even for quite small values of r. If one compares the storage for A

and Ar, their ratio will be

2



mr+2renr
R(m, n, r) - mr

mr

Particularly, when m n, we have

R(m, n, r) - 2nr 2 2r

n 2
clearly in order to save storage it is necessarily that 2nr < n

That is

2r < n.

Thus PDQ decomposition will provide significant saving of storage
and/or transmitting time if r is chosen much smaller than n.

It seems that, in general, for a matrix of low rank (its corres-

ponding image is of relatively low detail), the PDQ factorization will
be effective in processing and restoring the picture. In practice, it
is not clear how to choose the value of r in order to have an efficient
representation of a picture A with less computer storage andnn

processing time. However, from our experiments, so far, n- seems to be

a suitable threshold for the reduced rank r. Of course, the properties
that lead to such low numerical rank remain to be studied.

Recall that [13 Andrews defines a condition number CR (G) = d l/dK

in the discussion of the potentially efficient representation of the
image (picture) in terms of its eigenimages, where G is the original

picture (matrix), d is the maximal eigenvalue, and dk the minimal

eigenvalue (SO) in the SVD decomposition for G.

Similarly, we would like to define in PDQ factorization a
condition number for reduced matrix of rank k: Ck(A) - Max~di,

i - 1, 2, ... k} ,

where di a max{=I , I2' "." Ni}/minl(aj' 2' "" * i

and gi "maxis1 , 92 P ... 81 I/minj(8 1 , 82, • )I

A threshold for r values would be a value of k such that both C (A) and
k

Ck+I1(A) as well as their difference are large (of course. here the

quantity of largeness remains to be decided). Another way that one may

measure the closeness between A and Ar is by defining the quantity

r r-1 1

D(A, A r) 1 - n

3



Clearly if r - n, then D(A,A r) - 0. Therefore a threshold that one may

consider for the approximated value r is to require D(AAr) to be

sufficiently small. We hope to extend our efforts to include the study
of the threshold of r values in our next report.

III. Description of the Matrix Factorization Software.

Because of the limited memory of the NOVA 800, our principal com-
puting tool, factorization of the image matrix is accomplished by the
program MATRXVAX running on the VAX 11/780. A formatted image disk
file 'MATAF' is created by the program VAXDATA on the NOVA 800 and
written onto a magnetic tape by the program MAGTAP using a blocking
factor equal to I. Program MATRXVAX (1) reads the image magnetic tape
file into memory on the VAX, (2) factors the image matrix into the

matrices P,D and QT of specified rank r (3) reconstruct the image PDQT

onto a magnetic file and (4) writes the matrices P, D and QT onto a
magnetic tape file.

The image and matrix magnetic tape files created by VAX are
written into disk files 'MATAFIN' and 'MATP', respectively, by the
Program MAGTAP on the NOVA 800. The program WRTMATAFIN writes the
reconstructed image stored in 'MATAFIN' on the CQ4TAL CRT and the
program XQ4T writes the CCHTAL disk file onto magnetic tape. Images of
rank ri, where r i < r are written either on the CCMTAL CRT by the

program 24TCT or Optronics C-4300 Colorwriter by the Image Writing
Software System PWREC.

IV. Test Results (Pictures)

V. PDQ Factorization for Blurred Images

Denote the original image by A (without loss of generality, we may
assume A is a square matrix). Suppose that the noise is modelled by
the presence of two unknown matrices N1 and N2 such that for any given

image A, B = N1A+H2 will be the blurred image of A. In order to apply

PDQ factorization to A, we first have to determine the two unknown
matrices. To do this we use identity matrices I and 21 to define

B1  N I + N and B = 2N I + N
1 1 2 2 1 2*

Then B and B2 are the two known matrices. Therefore N1 x B2 - B1

and N2 a 2B1 - B2 * Once N1 and N2 are obtained and stored, then for

each blurred image B, we apply N1  (B-N2 ) (provided that N1-1 exists).
We get the original image A and then proceed with PDQ factorization.

4
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VI. Concluding Remarks

The above results will be used for further exploration of the PDQ

factorization to digital images. As part of this work efficiency of

factorization needs to be improved.

So far, we have seen, through some tests that the PDQ

factorization did provide significant saving of storage as well as
processing time in the representation of some ordinary pictures. We

hope that further research will shed some light on the underlying

theory. Our next topics of studies will be (i) properties of images

(matrices) whose PDQ factorizations produce good (effective)

approximations (i.e., the effective numerically reduced rank r is much

less than the rank n of the original matrix, say, rank r less than

n/4). (ii) Applying PDQ factorization to the enhancement of the
images.

VII. List of Programs

VAXOATA

US/90/8I lo135191

CURRENT DIRe YANG

C POD FILL MAMEIVAXOATA
C. INPUT DATA TO VAX FROM TAPE

PA AMETER NU12SMv258

DIMENSION 1ACN)OP(M)OZBOM)
CDP9ON/PPAP/AtO
DATA AIUI
PF(X)uA*X*
ACCEPT $MATRIX DIMENSION a I1 NA
ACCEPT IMATRlI RANK * I'NR
CALL OPEN(2#'MATAF',2.IER)
WNI1E(2, 19)NA#NR

to FQRP ATC1X#213#1X)1
ACCEPT ITAPE FILE NUMBER 8 ',NFILE
12@HA/6
IGNISS
ZFCNF1L~ekG98)GO TO Ill
CALL bKFL14T(IR#NFILE)

160 ILL*@
CALL HIAOMYLIERIAILL)
IP(IEX*h.e.)fiO TO 126

119 Ou 13e JUINA

130 CONTINUE
GO TO 125

123 CALL FMN4 A#ISDNA12)
125 00 23 Is1.19

1' CI-I)*6*1
t23KI1*7

3I FORMA1C1Xo8(6I,2X))
29 CDNTIPtI

ICNToiCr.T.1

IF(ICNT.Ew.NA)GO TO 156
!F(IENaQOe5)GO TO III
Gu TOIIAP

160 CONTI UE
Dii 59 7.1,N*PCI~mPF7 (FOAT €I))

........ ... .... ... .... .. r . ... .. .a~lleii " .. 1 - ' " ""li - : " " '" . .. ." . . .. . 11II .. . .



so Cold? IsvE

Du 46 Is1#12

?a FORMA9TCI aCF&.0,IX))
so CONTINUE

CALL CLDSLCIIEN)
3TOP

HATEX VAX

US6/28181 18147148
CURRENT DIP, YANG

C kOOb FILL NAP18 MATHXVAX
C MATR4IX FACTURIZATION

PARAMETER NUI,,NRREIU
COMMOt./iATRI QCNNR)PCNNRR)ePT(N),QTCN)ePt!CN)uOT!(N~e

1*LP"AhCN).bETACN) .IAR(N.N),IA(NN3
x OPEN(uMITuS1,YYPEwOLO' ,PILEIMATA.DAT')
N OIEt(UNT23TYPEUINCiSFZLEuIMATAF.OAT#3
x OPEN4CuNITuag.TYPEu'INEW',FILEs'IMATP.oAT')

RLA0C2I,46P9)NA,NR

00 Ago J910256
AGN~ (-i .9*1~C3#X)

09 41d 1010

NEAQ(21,4333 CXACL#J)#tLEKI,12)
431 FORMATCd(l6,2x)3
410 CiJNTIrlihE
420t CONTINUE

00 &do Ivl#32

REAG (21,453) CPCL#I)#LOKI#Kgl
4530 FURM A T CC V 6 ,P , I
440 CONTIN~UE

StTAM60u.

00 2 lsI.NA

2 CUNTINU.
SuMoSeJRT (SUMi)

P(I,1)*P (I, 1)/SUM
4 CTINU9

00 20 ISIONA

SUM@S~u"FLOAT(IA(K@* )) 'P(K@01
to CONTINIUL

9 (It I) I SUM
go CONTINaUE

uUJ 30 IsIoNA
sU"@staM.(I.j*Q(Z, 13

ALP1"AC1)m4WRT (SUM)
00 44 ZmaNA



A@ CONTINUt
Jos

so JSJ'1
1FCJ*GT.NR)60 TO 236
00 79 J2NI#NA
Su~Md.
Du 60 KmiINA
$usUhJFL0AT(!ACJ2.M)) '0(KJ-1)

as CONiTINUE
PT (J2)vUU'iALA(w)*PCJ2#J-1

?a CONTINUE
x2vj-l
00 IdW J20loNA
Sumlowe
OU 9dU KoI,K2
SuMm",
00 be JJSUIA
SuMvSW4.PT (JJ)*P(jJK)

of CONTINUtE
3U"IlUi4I*.UN.P CJ.mK)

go CONTINUE~
PT I CJ2) mPY (.32) -3UM I

Mi CONTINUE

Do Ilat 141#NA
SuMvSUM.pTI (I) .PY! l)

119 CONTINUE
diTA (3) 3SURY CSUM
00 120 Zml.,NA
PC!,J1 aPTI CZ)/BEYTACJ)

123 CONTIUUE
00 170 42@1,NA I
00 16; K-I.NA

169 C(JNTINUt
raT(.32) SUI4-dETA (.3) 9CJ.2,J-I)

176 CONTINUE

D0 294 J2@1,NA
3UM 1.4.
0O 19d K@1,K2

00 t6o JJ*1.NA
3UP~.SUM+QT (JJ)tgCJJOK)

t6o CUMTINUK

too CONTINUE
UT! (J2) 801 (.2) -SUPI

2u3 CQt4TINIiA
01) 210 toINA

213 CONTINUE

00 226 ISl.NA
9 C18 4 GOT1 CI)/A1.PMA CJ)

60 T4Of5
233 CONTINUC

00 330 %8I#NA
00 32V 181,NA

00 310 JN1IN
SuMvSUM*P (I DJ) AL.P9A(CI) 0(1J)
IFCJotQo1)G0 TO 313
*UMUSUM*P (IPI) 'BTA (.) 'QCIKJm1)

319 CONTIMUC
hftCIIU@IPX(SUM)

326 CONTINUE
00 33v JIM1,366



00 .334 11@1#32
ICLUISl-1) '6*1

431 FJRnAT(1Xv8(Za.2X))
338 CONTINUE
X 4CCEPT 34@,JYN

REAOC11#34PiJYM
348 FORMAW(CONTINUE? CLUYE3@dwNO) 1,13)

IFCJYN,t3.U)G0 TO 368
X ACCEPT 46deNRI

RhAUCII,3302NR1
351 FORMATCIMATMZX WANK a '0131
361 CONTINUL

121NR/4

KIECI-11*401

viZlTEC2d.38ei)(ALPHA (L~,L.K1.K2)
WNITkC24,J4i) (8ETACLL~ ,LLUK1,I2)

301 FUINtATCX4(El2,5.1X))
373 CONTINUt

Nii20NN/4
00 400 u JUI,2
00 488 1111002

OiIITE(24..3SW) (JLL) ,LLsKIK2)
44g CONTINUE

IF(JYN.~hd.Ct)GO TO 390

GO TO 23d
393 CONTINUE
X CL0SE(W'4IT,2lOISPC3Es'OELETE'I
X CLOSECUNIT@23#OISPO3sE'3AVE')
X CI.OE(UNIT224413SPO3Eu'SAVEO)

3TOP
ENO

WRTHATAFIN

CURRENT 010, YANG

C bUOU FILE NAME1 WRTMATAFIN
C .111153 LMAGE FRO" VAX
C NOThl WMEN FORMAT WRITTEN WITH CIX, To VAX
C WORD MgUST BE READ WITH NOVA USING (IX, FORMqAT
C wo~fu MUST ft mEA0 WITH VAX USING C I FORMAT
C I.E. iX. uELETEO FROM FORMAT STATEMENT

PAhANIL N8512'M0254
DIMENSION zACN2,IBCM)
CALL OPECI,'WATAFINl#2#IER)
CALL UPENCT (IER)
ACEPT Y U IMAGE 0 a ',IOUT
ACCEPT 'DISPLAY CODE e l,IC0OE
ACCEPT 'MATRIX DIMENSION a IONA
CALL 030L CIERsICODE)
Ou 23 Jul,251
00 13 1*1,32
M1UcZ*I,*l*1



*tAOCX,3I) CIA(L~ .L§KK2)
X WRITECIdoS3) ICZALI)LiL9uMIK2)
3S PQRMAT(LEOCII,2X))

Ou 40 MmKI.K2
IF CIA (m) eL?.U) I A (1) of
IFCIA(M) .GTe255)IACM~u255

As CONTINUE
16 CONTINUL

CALL. PACK(ZA,IS,NA)
CALL. WTINAGE(IER#ZOUTtJIB..NA/2)

23 CONTINUE
CALL CLOSIER)
STOP
ENO

MATPOTP

*8/28/81 10848132
CURRtENT DIR, YANG

C HOuS FILE PIAMtEIDATPQTP
C IMAGE CONVERSION BY MULTIPLICATION Of Pog ANO 0
C MATRIX AANK N*4 RUN ON VAX MUST BE MULTIPLE OF 4

PARAMETER h61014oM82§AINN825dpNMul2S
DIMENSION PCN2,QCN).ALPI4A(NN),lETACNN).ZA(NN).I3(NP)
CONPON#iNTsi/Xp C"
CamOhiOINT32/I0 CM)
EUUIVAL&NCE CIPCI)oP(l)),CZGCI)oGCI)
ACCEPT #NEW RUN? CIUYESIUNO) w *.JYN
ACCEPT 'M4AX MATRIX RANK MR@ '#NR@
ACCPT l"AWIX RANK a ',MR
ACCPT 'TO MTIIPL
CALL OP9NC3, 'MATP'.2*IER3
NLINE38 1024INNO
"TRANSUNNO/d
NW0391U24
NOeLA388
IZUNRU.'4
00 36 101#12
Mlot.Iuul)01*
9259103
REAQ (3,263CALPWA CL) ,L8KIK2)
REA0CJv21)(d9TA CL) .LuKIK2)

2e F~ft$ATX4CE3.A,1lX))
3w CUNTINUL

ZFCJYu..EDgl)GO TO 32
CALL CPIL0C'PhAT' ,211.IER)
IFCIER.mwe.I)TYPE 'FILE ERROR'
CALL CPILIOCIGHATIP3,2NOPER)
IFCI~kNEl)TYPI IPILE ERROR 2'

32 CALL OPEN(1*lPNATlo2*ZER3
CALL QPt( C1 'MAr'.2olER)
IFCJ'fNele)GO TO 52
IMAXoNWOS14
00 50 JoIoNTRANG
00 401 ISwIoIPAA
K 13(TO13 401
(21MR103
REAO(3.26) CPCL),Lml(IpKU)
Q9AQ.C3o20) CQCLL)oLLoKI.K2)

40 CQNTINUE
CALL MNULK (1.CJ.1)*ftSLX3.ZPoNS5 u)
CALL v,4BLK CI. U-1L) *N61NSo IgoNSLNSP I

X TYPE 'IPCI),IuI,32 ',CIPCIXX)IZXXUI.31)
X TYP6 'IQCI),Ilt32',CIQCIXXX),IXXXu.312)

10



so CONTIN.UE
52 CUNTIkWI

CALL RL3fC',9Td1,ZkR)
CALL INIT(IM'V',ER)
lF(lPL.LQ*0)6O TO 21P
CALL SIKFLIP?(ER.!FLI

293 COITINUL
DO 166 AU1.tiTIANS
CALL RO5LK2(B. Ct)ONSILKtSZ0NDLNS.!ER)
DU 160I KINIPNLINES
Kj8(11-)PkP

CALL OLCI.)NL5ZNLMft
00 15W Zlou1.INLkS

SUM804i
D0 140 JUL1fsk
SUIM.SUM.Ptlj.j) .ALP'A (J).U(KJ*J)
! JEgoI)GO TO 14e
8eSJM*s~P PjJ.J) .SETA (4) *0 (J*J.1)

145 CUTINL

IF (1l1).LTP)IA(I1)@G
IF CiA CI1) GTe255) ZA(IX) 255

IS, C0'7I~ut
CALL PACtlapIB.256)
CALL ,RITMT(!EII,Ibje12S)

160 CUN'TI%~Ut
CALL PTENDF(IER)
CALL CL05U(IPZER)
CALL CLQSLC2#IER) I
CALL CLLUsI3.ER)
CALL "LbE(.'4TG1,IER)
STOP.
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