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EXECUTIVE SUMMARY

The use of cross-correlation for detecting and tracking the source of
signals received at spatially separated receiving sites has occupied consider-
able attention in the research community during recent years. It is necessary
to understand the statistical nature of ambiguity surfaces and the interdepen-
dence of the cells in the surface under conditions of signal level fluctuation
and signal overcontainment in order to accurately evaluate the tracking accu-
racies and the detection performance of single-cell detectors and surface
filters. The current understnding of the statistical nature of ambiguity sur-
faces is based on the probability density function (PDF) of a single cell for
matched containment where the processing and signal bandwidths are equal.
However, in actual practice, signals are overcontained because the processing
bandwidth is usually larger than the signal bandwidth and the data is oversam-
pled to magnify the surface features. In this study, the current understand-
ing of the statistical nature of ambiguity surfaces is extended to include
(1) the effects of overcontainment on detection performance and (2) the

dependency between cells of a surface.

The signal-to-noise power ratio (SNR) needed to achieve a specified Pp
and PFA can be reduced by overcontaining the signal when the signal time-
bandwidth product (Ng) is small (Ng < 12). This gain is caused by increasing
the noise time-bandwidth product (NP) through overcontainment which, in
effect, produces a better estimate of the background noise. However, for
Ng 2 12, there is no gain and the SNR increases with overcontainment because
the increase in noise power dominates the effects of increased Np.

An approximation to the exact detection performance was developed because
the exact performance equations are difficult to evaluate. The approximation
is based on using the matched containment performance equations and the true
magnitude-squared correlation coefficient in the processing band. The approx-
imate performance is very close to the exact performance for overcontainments
of practical interest, though the approximate SNRs are slightly smaller than
the exact SNRs. However, the approximation should be used with care for large
overcontainments because the approximate and exact SNRs differ significantly.
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The Joint probability density function (PDF) of two cells in a surface
was derived for the matched containment case. The cells in a surface are in-
dependent only if the surface is not oversampled. Oversampling is defined as
cells of width less than 1/2Wp sec. in time delay and 1/T Hz in Doppler shift,
where T is the observation time and 2Wp is the processing bandwidth. This has
an impact on surface filters because surfaces are sometimes oversampled to
magnify the features. When surfaces are oversampled, there is no longer a
simple analytical expression for selecting the cell threshold to achieve a
desired PFA at the filter output.
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I. INTRODUCTION

The use of cross-correlation for detecting and tracking the source of
signals received at spatially separated receiving sites has received consider-
able attention in the research community during recent years. It is necessary
to understand the statistical nature of ambiguity surfaces and the interdepen-
dence of the cells in the surface under realistic operational conditions in
order to accurately evaluate the tracking accuracies and the detection perfor-
mance achievable with cross-correlation. The limited understanding of the
statistical nature of ambiguity surfaces is based on the statistics of a
single cell in the absence of signal-power fluctuation and for equal signal
and processing bandwidths (herein called matched containment (ref. 1-4)). The
effects of signal-power level fluctuations and signal overcontainment, where
the processing bandwidth is larger than the signal bandwidth, must be quanti-
fied in order to fully understand the statistical nature of ambiguity surfaces
under realistic opertional conditions. The study results presented in this
report address the effects of signal overcontainment on detection performance
and the correlation between the cells in a surface in the absence of signal-
level fluctuations.

An ambiguity surface is a two-dimensional function, Yz(T,fD), which is
the sample magnitude-squared of the normalized cross-correlation between the
observations received at two spatially separated sites as a function of the
relative time delay (T) and relative Doppler shift (fp) between the observa-
tions. The surface is generated for a specific integration time (T) and pro-
cessing bandwidth (ZWP) as shown in Figure 1-1, 1In actual practice, the
processing bandwidth is always larger than or equal to the signal bandwidth.
Since the ambiguity surface is usually computed digitally, the ambiguity sur-
face is quantized into cells of width AT seconds in the delay dimension and
AfD Hz in the Doppler shift dimension, where AT < 1/2Wp and Afp < 1/T.

The actual structure and statistics of the surface can be controlled
through the selection of the integration time, processing bandwidth, and sur-
face cell quantization. The accuracy with which the time delay and Doppler
shift can be estimated and the ability to detect a signal is in turn con-
trolled by the structure of the surface. The surface can also be considered
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an image, and image-processing algorithms, such as "M out of N" algorithms
where at least M cells out of a total of N cells must cross a threshold, can
be used to detect the presence of a signal (ref. 5). Such surface filtering
algorithms are sensitive to the surface structure and the correlation between
cells.

The single-cell detection is a detector that detects a signal based on a
threshold crossing of a single cell in the surface. The single-cell detection
performance for the overcontainment case is presented in Chapter II, where the
probability density function (PDF) and cumulative density function (CDF) of a
single cell are derived and evaluated. Thé performance equations for the
overcontainment case are complex and difficult to evaluate. An approximation
to the single-cell PDF and CDF is derived and the detection performance quan-
tified in Chapter III. The joint statistics between cells is derived and
evaluated for the matched containment case in Chapter IV. The results are
summarized in Chapter V.




I1. DETECTION PERFORMANCE OF THE SAMPLE MAGNITUDE-SQUARED
CORRELATION COEFFICIENT

The sample magnitude-squared correlation coefficient (MSCC) is derived
and quantified for the signal overcontainment case under the following
assumptions: (1) the signal- and noise-power spectra are known and flat, and

(2) the noise is spatially uncorrelated. The detection performance is easily
quantified once the probabiity density function (PDF) and the cumulative
density function (CDF) are known. The PDF is derived by generalizing the
approach used by Goodman to derive the sample MSCC PDF from the PDF of the
autocorrelation matrix for matched containment (ref. 1).

Notation is established, and the computation of the sample correlation
matrix in the time and frequency domains is discussed in Section 2.1. The
derivation of the sample MSCC PDF and CDF is outlined in Section 2.2. Sample
plots of the PDF and CDF for various correlations and overcontainments are
also presented in Section 2.2. The detection performance is presented in f
Section 2.3 for the equal- and unequal-channel SNR cases. The results are
summarized, and the implications discussed in Section 2.4.

2.1 RELATIONSHIP BETWEEN THE SAMPLE AUTO-CORRELATION MATRIX AND THE SAMPLE
MAGNITUDE-SQUARED CORRELATION COEFFICIENT

Let Z(L) be a two-dimensional zero mean complex Gaussian random column
vector with elements z4(%) and z5() representing samples from channels 1 and
2 at time lTs for & = 1,2,...,Ny. Tg is the sampling interval, and T = NyTg
is the observation interval. The cross-covariance matrix of Z(f) is defined

as:
R0,k = E{2(L) z' (k) (2.1)

where E{°} denotes statistical expectation and ' is the complex conjugate of

the transpose. Let Z(2) contain spatially uncorrelated noise under the H,
hypothesis and contain correlated signal plus spatially uncorrelated noise
under the H; hypothesis. Then
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Z(2) = (2.2)
sw « v ., &
and
R, (LK) = N ° (2.3)

Rs(l-k) + RN(l,k) ’ B

where Rg(f,k) is the cross-covariance matrix of the signal S(g) and Ry(g,k) is
the cross~covariance matrix of the noise N(£). Finally, assume that the
signal- and noise-power spectra are band-limited and flat and that the
processing bandwidth (2Wp) is larger than the signal bandwidth (ZHS) as shown
in Figure 2-1, Define the overcontainment ratio

The signal is overcontained when OVC » 1. Matched containment occurs when
oveC = 1,

The sample magnitude-squared correlation coefficient (MSCC) can be
computed from the sample auto-correlation matrix. The two-dimensional
positive definite Hermetian sample auto-correlation matrix is

N
T [ ]
A= Y z() Z (g . (2.5)
p=1
Let
841 3842
A = . (2.6)
a}, 8
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OVERCONTAINMENT RATIO (OVC) = HP/HS

Figure 2-1. Signal and Noise Power Spectra




The sample MSCC i{s the sample magnitude-squared cross-correlation coefficient
between z,(%) and z,(%) and is given by

p o —— . (207)

The PDF of p? can be derived from the PDF of A by (1) performing the change of
variables indicated in Eq. (2.7) and (2) integrating out the auxiliary
variables a1, 822 and the phase angle of aq2

According to the Nyquist sampling theorem, the minimum sampling rate is
2Wp samples/second so that Tg < 1/2Wp. Consequently, the Z(2) are correlated
because the signal component of Z(L) is oversampled by the overcontainment
ratio, OVC. Therefore, the PDF of A is difficult to derive from the joint PDF
of the Z(L) because the Z(4L) are dependent.

Let Z(ﬁ) be a two-dimensional column vector denoting the vector of
frequency coefficients from channels 1 and 2 at frequency k/T Hz for
k = 1,2,...,NP where ZHP = NP/T Hz. Since the minimum sampling frequency is
2Wp, Np > Np. 2(k) is computed as

_ g2l

No~1

T NT

dune (2.8)
20

2(k) =

zi-

T

for k = 0,1,...,Np-1. It is easily shown that i(!) and Z(k) are independent
when %4k for the strictly band-limited spectra and the frequency coefficients
are spaced at intervals of 1/T Hz (Appendix A). Therefore, the power-spectral
density matrix of i(k) for the assumed power spectra is

R (LK) = E{Z(k) Z' (0]

Ns-1 No-1

e <l
Ng-1 (2.9)

P-
2

b
>
"

Rg+ Ry, Ikl <




where Rs is the power-spectral density matrix of the signal; and Bﬁ is the
power-spectral density matrix of the noise which is diagonal. With the
frequency spacing of 1/T Hz,

and (2.10)
W,T

"
*

Ns is the number of frequency coefficients or equivalently the degrees of
freedom in the signal band. Similarly, Np is the number of frequency
coefficients or equivalently the degrees of freedom in the noise band. When
the signal is overcontained, there are M = Np-Ng frequency coefficients
containing ony noise. The overcontainment ratio can thus be expressed in
terms of M and Ng:

OVC = Wp/Wg
Np/Ng

(Ng+M) /Ng (2.11)

The sample auto-correlation matrix defined in Eq. (2.5) can be computed
with the frequency coefficients instead of the time samples. It is easily
shown that

Z(k) 2 (k) ' (2.12)
;

>
[[]
TG

The PDF of A is easily computed from the joint PDF of the Z(k) because the
Z(k) are independent even when the observations are oversampled in the time
domain.




2.2 CUMULATIVE AND PROBABILITY DENSITY FUNCTIONS

The probability density functions (PDF) of the sample magnitude-square
correlation coefficient (MSCC) is easily computed from the PDF of the sample
auto-correlation matrix, A. Since the frequency coefficients, i(k), are
independent, the characteristic function of A is easily derived, and the PDF
of A is obtained by computing the Fourier inversion of the characteristic
functions of A. Th PDF of A is derived in Section 2.2.1. The probability
density function and the cumulative density function of the sample MSCC are
computed and evaluated in Section 2.2.2 and 2.2.3, respectively.

2.2.1 Probability Density Function of the A Matrix

The characteristic function of A is

JTR(AO)}

M,(8) = Efe (2.13)

where TR(+) denotes the trace and ¢ is a two-dimensional positive definite
Hermitian matrix., Substituting Eq. (2.12) into Eq. (2.13) and using the fact
that the f(k) are Gaussian and independent, it is shown in Appendix B that

1

Mp(8) = (2.14)

N

N
] M a1 ] M
Ry |5 15 1 185 - g0 |
l Z4 | Zs Z

-1
IRQ - 3
1
where |¢| denotes the determinant and Rik, for k = 0 and 1, is defined in
Eq. (2.9). The PDF of A is then given by

_ 1 -JTR(AD)
) = e fDMA(O) e do (2.15)
¢
where D° is the domain of integration for two-dimensional positive definite
Hermitian matrices., Substitute Eq. (2.14) into Eq. (2.15). It is shown in

Appendix B that

10




: -1
S N_~2 -TR(Ri A)

1 Al P 1

£(A) x 1?}(M;NP;ARA)

M Ns
I T(Np) T(Np-1) |n;°| |n;1| (2.16)

where 1F1(°;°;°) is the confluent hypergeometric function of matrix argument
(refs. 6 and 7); T'(*) is the Gamma function (ref. 8) and

-1 o
AR = R3' - RZ (2.17)
Z, %

Note that if M=0, NP=NS and

-1
N.-2 =TR(R~ A)
S z
£(4) { Al e 1

(2.18)

Ns
I T(Ng) T(Ng-1) |R£1|
which is the PDF of A for matched containment (ref. 1).

2.2.2 Probability Density Function of the Sample MSCC

The PDF of the sample MSCC is easily obtained from f(A) by the change of
variables indicated in Eq. (2.7) and integrating out the auxiliary
variables. Let

- 38
a,, = a,,2,, pe (2.19)

where p is the sample correlation coefficient and © is the phase angle of

LIPE Then
a,.a
s L2 e, ey, 0, 0) (2.20)

The PDF of the sample MSCC is

2 1 (T " 2
£(p®) = E[o f[n a,, a5 f(a”,azz,p ,6) da"dazzdﬂ (2.21)
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It is necessary to define the terms in the auto-spectral matrices before
evaluating Eq. (2.21). The auto-spectral density matrices defined in

Bq. (2.9) are:

and

N01 0
- (2.22)
0 N°2

J6s
S¢1 1501502 ps ®

(2.23)
. -36g '
/30150 ~s® So2 ;
®n? oy of 0 <’2¢>reJe t
. 2 : -jo
012 O 0102078 o3
Jeg
So1 * Moy /501502 os ©
[s..S e d8 S., + N
0102 Fs 02 02

where Ng, is the noise spectral density in channel k, S°k is the signal

spectral density in channel k, p; is the true correlation coefficient between
the signal components, 65 is the phase of the true signal correlation, P is
the true correlation coefficient between the two channels, and g is the phase
of the true correlation between the channels. From Eq. (2.24), it follows
that the true MSCC is

of

vhere

SNR, SNR2

(SNR,+7) (SNR,+1) p?s (2.25)




SNRk = Sg/Nok (2.26)
is the in-band signal-to-noise ratio (SNR) for channel k.
Substitute Eq. (2.22) - (2.26) into Eq. (2.21). The reader is referred

to Appendix B for the details of evaluating Eq. (2.21). The PDF of the sample
MSCC is

-
£(p?|pd, M, Ng) = > D(k:M,Ng) (SNR, SNR,(1-p2))* £(p2|ic)

R=0

(2.27a)
where
Np+k-2 NP (SNR2+1)M
fp?|k) = (1-p?) (1-9%) — T x
(SNR,)

(-] 2 2 .
2§=:o(p’p.r) A (2) 3F1(M+k, Np, Noekel;

1 SNR2+1 (
N_+2K+22; 1 = 1 = o — 2.27b)
P (SNR,+1) (1-p2) ' SNR;+1
0¥, (9,
D(k:M,NS) = (NP — 1/2)k (2.27¢)

r(NP+2k) P(Np+k¢2)z T(Ns+k+21)
Ak(l) = 2 (2.27d)
T(NP) P(Np-1) P(Ns+k) P(NP+2k+21)(NP)2k(E!)

(x), = T(x+n)/T(n) is Pochhammer's symbol (ref. 8).

3F1(°,°.';';°,') is a three-one hypergeometric function
of two arguments defined in Eq. (B.37).




If the signal components are perfectly correlated, pé =1 and

£(o*|ogMNg) = £(p?|0) (2.28)

Also, if there are equal channel conditions,

SNR = SNR, = SNR, (2.29a)
and
1 SNR,+1
3F1(M+k, =Np, Np+ke; Np+2ke22; 1 - , 1 - §ﬁﬁ:IT

(snn1+1)(1-p§)

+2ke28; 1 - ! ) (2.290)
(sna*1)(1-p§)

F,(Mek, -N_; N

21

= PP P

It should be noted that pg, SNR,, SNR,, and pg are related by Eq. (2.25) and
that M and Ns are related by the overcontainment ratio, Eq. (2.11).

Eq. (2.27) does reduce to the well known expressions for the PDF of the
sample MSCC for noise only and for matched containment (ref. 2). For matched
containment, M = 0; Np = Ng; and Eq. (2.22) becomes

N -2

21,2 2, S zNS
f(p?|07,0,Ng) (Ng=1)(1-pq) “(1=p%) x

oF 1 (NgNgs 15 pzp?)

N No-2
(Ng-1)(1-p2) “(1-p?) > x

1-2“5
(1-9;92) oF(1=Ng, 1=Ng5 1; p;p’) .
(2.30)
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Under noise only conditions, SNB1 = SNR, = 0; p; = 0, and Eq. (2.22) reduces
to

Np-2
£(p?|0,M,N) = (N=1)(1-p%) (2.31)

Example plots of th PDF of sample MSCC are shown in Figures 2-2 through
2-l4 for equal channel conditions for several overcontainments. Figure 2-2 is
the PDF of the sample MSCC for noise only and is provided as a point of
comparison. Figures 2-3 and 2-4 are the PDF of the sample MSCC for signal
present. By comparing Figures 2-3 and 2-4 to Figure 2-2, it is seen that the
PDF of p? moves to the left and takes on "noise-like" characteristics as the
overcontainment increases and as pzT decreases.

2,2.3 Cumulative Density Function of the Sample MSCC

The cumulative density function of the sample MSCC is

pz

t
F(pgl(p;,n,us) z ]’ f(p’lo;.n,ns) dp? (2.32)
0

where p{ € [0,1] is the threshold on the sample MSCC. Substitute Eq. (2.22)
into Eq. (2.32).

2),2 -
F(DtIDT,M,NS) =

. 2,1k 2
;g;b(k,M,Ns)[SNR1SNR2(1-08)) F(p; ) (2.33a)

where

15
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N (SNR2+1)M

B (2) «x
(sunzn)k 125 %k

Ip€(2+1, Np+k=1) 3F,(Mek, -Np, Npekel;

1 SNR2+1
NP+2K+22; 1 - , 1=
(SNR +1) (1-p]) SNR,+1
(2.33b)
where
P(NP+2K) T(nP+k-1) P(NP+k+£) F(Ns+k+22)
B (%) =
k P(Np) F(NP-1) F(Ns+k) F(NP+2k+22) (NP)2k !
(2.33¢)
p 4
_ _T(a+b) ~a-1 b-1
Ix(a,b) = T(a) T(b) ,gﬂ : (1-t) dt (2.334)

is the incomplete Beta Function (ref. 8). D(k;M,NS) is defined in
Eq. (2.27c). As in the PDF of the sample MSCC, if pg = 1,

F(pflog, M, Ng) = F(p}]0) (2.34)

For matched containment, M = 0, Np = Ng, and Eq. (2.33) becomes

19




2%
Py Y(Ns+£)

F(p2|(p2,0,N,) = I 2(R+1, N-1)
TS g; (en? T(Ng-1) Pe S

| Y

1- 001 g0 L' - PePp

. 1. p¥p?
2F1(-l., 1-Ns, 1; thT) (2.35)

which is the well known equation for the CDF of the sample MSCC. Under noise-
only conditions, SNR1 = SNR2 = 0; O% = 0; and

Np-l

2y 2
Flpy) = 1-01-p)) (2.36) (

Example plots of the CDF of the sample MSCC are shown in Figures 2-5
through 2-8 for equal channel conditions for several overcontainments. The
same conclusions that were drawn for the PDFs can be drawn for the CDFs. The
CDF of the sample MSCC moves to the left and takes on "noise-like"

characteristics as the overcontainment increases and as p% decreases.
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2.3 DETECTION PERFORMANCE

The detection performance is defined as the in-band signal-to-noise power
ratio (SNR) needed to achieve a specified Probability of Detection (Pp) and
Probability of False Alarm (PFA) for a set of operating parameters. SNR is
defined as the in-band SNR in each channel for the equal channel case and the
in-band SNR in the weakest channel for the unequal channel case. The
operating parameters are the degrees of freedom in the signal band, the signal
overcontainment, and the ratio of the SNRs in the two channels (DIF). The
ratio of the SNRs is defined as

DIF = SNR,/SNR (2.37)
where SNR, > SNR.

The Ppp and Pp are "one minus the CDF" evaluated under the appropriate
conditions. From Eq. (2.36),

NP-1
Poa = (1= pd) (2.38)
Similarly, from Eq. (2.33),
Py = 1- F(p%'p%,M,NS) (2.39)

for p} # 0. The procedure used to find the SNR needed to achieve a desired
operating point is to (1) select a Pp, Pp,, Ng, p§, DIF, and OVC, (2) use

Eq. (2.38) to find the threshold, pé, and (3) numerically solve Eq. (2.39) for
the required SNR.

2.3.1 Equal Channel Performance

The matched containment equal channel SNR required to obtain a PFA = 10-4
and Pp = 0.1, 0.5, and 0.9 is shown in Figure 2-9 as a function of Ng. This
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figure is provided as a point of reference because the effects of overcontain-

ment are presented by discussing the way this figure changes with overcontain-
ment. As is well known, the SNR decreases 2 dB per doubling of “S for

Ng > 64. Overcontainment has two effects on the noise. The noise degrees of
freedom is increased with respect to NS, and the noise power is increased with
respect to the matched containment noise power. The increase in both cases is
equal to OVC. The effects of overcontainment on SNR is dependent on which of
the two effects dominates.

The in-band equal channel SNR required to obtain an operating point of
Pp = 0.5 and Pg, = 10-4 as a function of OVC is shown in Figure 2-10 for
Dé 1.0 and for a set of Ng's. It is immediately obvious that the SNR can be
reduced by overcontaining the signal for small Ng. For a given NS, there is a
value of QVC, ovC,, which minimizes the SNR. For OVC larger than OVCO, the
SNR increases at a rate of about 1 dB per doubling of OVC for the range of OVC

shown in the figure. For Ng > 12, the SNR increases with OVC and also reaches
an asymptote of 1 dB per doubling of OVC for the range of OVCs considered.

The reduction in SNR caused by overcontaining the signal for small Ng has
been verified by two simulations developed to study the detection performance
of surface filters (ref, 9 and 10). The simulation by Tetra-Tech consisted of
two sine waves in Gaussian noise, while the Ensco simulation consisted of
Gaussian signal in Gaussian noise. The effects of overcontainment for Ng in
the range of 16 to 64 and OVC in the range of 2 to 8 has been verified with
real ocean data in the MDS experiment conducted at the DARPA Acoustic Research
Center in May 1981 (ref. 11).

Reducing the SNR by increasing the overcontainment is counterintuitive
because increasing noise power is not expected to improve performance.
However, for NS <12, NP is small for matched containment; the sample MSCC is
a poor measure of the true noise MSCC; and the threshold for Pp, = 10~4 is
large as shown in Figure 2-11 where the PDF of the sample MSCC is plotted for
Ng = 2 and for several OVCs. Increasing OVC for these small Ng's increases
the Np which yields a better estimate of the true noise MSCC and results in a
lower threshold. The PDF of the sample MSCC for the true MSCC needed to




40

v 1

-4
Pep = 10

-
H, = Processing Bandwidth

.S = Signal Bandwidth
N = Tig
O¥C = o/

20

11 v rrrr A s ams mam SN SERMENS EEAe— ——

NS'C

Equal Chennel Signal-to-Noise Ratfo 1n the Signal Band (dB)

Ne =0

o

v

F
L

NS'IB

[ SPUE RO WU L T TV SN NNy S I W W v |

~—

10 20

30

Figure 2-10. Effects of Overcontainment for P_ = 0.5

28

D




20

ove = 10 N -2
-
9-1- = 0.0
1
& 4
g 10 =
5
-
2 ]
]
4
1 ovC = 2
[ 3
1 ove = 1
0 '“—'—T_:::?::::?=-F‘T::::;::::;::::;:===?-F_T—“—'1
0 0.5 1.0
Sample Magnitude-Squared Correlation Coefficient (p?)
ove 0 8 6 4 2 1
L 2 1 a1 " [ ntli]_;‘l JJ"_IAJtJ
0 0.5 1.0

- 104
PFA 10~ THRESHOLDS

Figure 2-11. . Probability Density Function for Noise




8298

20 - [
]
J ove = 1
T Equal Channe! Conditions
- “S .2
] Pp ® 0.5
‘é - ‘og - 'I.O OVC = 2
2 .
* 104
>
[-]
s ]
g
4
i OvC = 10 ove = 6
0 = L AL A AL AR R SO A | —t
0 0.5 1.0
Sample Magnitude-Squared Correlation Coefficient (p?)
ove 10 8 6 4 2
| IO D l;’LJ.l’lng‘LLll..’

- 104
PFA 10 " THRESHOLDS

Figure 2-12. Probability Density Function of Signal and Noise

30




achieve a PFA 3 10'“ and PD = 0.5 is shown in Figure 2-12 for signal present,
for pg = 1.0, and for the same OVCs used in Figure 2-11, It is seen that for
matched containment, the signal PDF is impulsive because of the large
threshold required by the small NP' As OVC increases, the threshold is
reduced; the signal PDF spreads out more; and the required SNR is reduced.

However, when NP is sufficiently large to produce an adequate estimate of the
noise background, the SNR increases with OVC because the noise power dominates
the performance.

The in-band equal channel SNRs for PD of 0.1 and 0.9 and for PFA = 10'u
are shown in Figures 2-13 and 2-11, respectively, as a function of OVC. The
decrease in SNR with increasing OVC that was observed for PD = 0.5 is still
retained for small Ns. There is still a value of OVC, OVCO, that minimizes
SNR. For OVCs larger than OVCO,the SNR begins to increase at about 1 dB per
doubling of OVC. When Ng > 10 for Pp = 0.1 and Ng > 14 for Pp = 0.9, the SNR

increases for all overcontainments.

The in-band equal channel SNR does not continually increase at 1 dB per
doubling of OVC as Figures 2-10, 2-13 and 2-14 seem to indicate. There is a
value of OVC, OVCT, for which SNR attains a maximum and retains the maximum
value for all OVC > OVCy. This effect is shown ijon Figure 2-15 where Ng is
sufficiently large to produce the effect for OVC < 30. This effect is not
very surprising because the PDFs and the CDFs under both hypotheses approach
each other for sufficiently large overcontainment (Figures 2-2 through 2-4 and
Figures 2-5 through 2-8). However, the presence of a small amount of
coherence under Hy prevents the PDFs and CDFs from becoming equal but cause a
constant offset between the PDFs and CDFs for H, and H,.

2.3.2 Unequal Channel Performance

The unequal channel detection performance is only discussed for PD = 0.5
and PFA = 10’" because the effects of the unequal channels are the same for
PD = 0.1 and 0.9. In the unequal channel case, the true in-band MSCC is

o2 = __(DIFPSNR)SNR

2
T (DIF*SNR+1) (SNReT) © (2.40)

S
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where SNR, = SNR, SNR, = DIF®SNR, and SNR; > SNR,. The equal channel case
occurs for DIF = 0 dB. If SNR; is very large, DIF is very large and Dé
becomes

2 _ SNR 2

Therefore, the equal channel case (DIF = 0 dB) provides the upper bound to SNR
and the limiting case of unequal channels (DIF very large) provides the lower
bound to SNR.

The unequal channel effects for Ng = 2 are shown in Figure 2-16 as a
function of overcontainment. Therre is still some gain to be obtained by
overcontaining. However, in the limiting case of unequal channels, SNR always
decreases with OVC, but does reach a minimum value as will be seen for larger
NS. It is also apparent that the SNR in the weak channel can be decreased as
the SNR in the strong channel is increased.

The unequal channel effects for other Ng are shown in Figure 2-17. For
small NS, overcontaining still produces gains. In the limiting case, the SNR
reaches a minimum and maintains that value for further increases in OVC.
However, for large Ng, SNR increases with OVC till a maximum value is
reached. A small amount of gain can be produced for sufficiently large OVCs
in the limiting case. The cause for this effect in unknown at this time. It
can be concluded that for DIFs in the range of practical interest, the effects

of overcontainment are the same for the equal and unequal channel cases.
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2.4 DISCUSSION

The probability density and cumulative density functions of the sample
MSCC were derived for the signal overcontainment case under conditions of
known and flat signal and noise power spectra. As expected, the CDF and PDF
took on "noise-like"™ characteristics when OVC became large.

The CDF was used to study the effects of signal overcontainment on the
required in-band channel SNR to achieve a PD = 0.1, 0.5 and 0.9 and a
PFA = 10’“ for og = 1.0. It was observed that for Ng < Nsm the SNR decreased
with increasing OVC until a minimum was reached where Nsm is 10, 12, and 14
for PD = 0.1, 0.5 and 0.9, respectively. Once the minimum was reached, the
SNR increased with increasing OVC. For Ns_g Nsm' the SNR always increased
with OVC. For OVC sufficiently large, SNR reached a maximum value and SNR
remained at that maximum value for all further increases in OVC.




III. APPROXIMATION TO THE DETECTION PERFORMANCE OF THE
SAMPLE MAGNITUDE-SQUARED CORRELATION COEFFICIENT

The expressions developed in Chapter II for the probability density
function (PDF) and the cumulative density function (CDF) of the sample
magnitude-squared correlation coefficient (MSCC) are complex and difficult to

E evaluate numerically, Eq. (2.27) and (2.33). It is desirable to have an
‘ approximation of the PDF and CDF of the sample MSCC that is easy to use. Such
an approximation based on the matched containment equations for the PDF and

CDF is presented and evaluated in this section. Expressions for the PDF and
CDF are derived and evaluated in Section 3.1. The equation for the CDF is
then used to evaluate the detection performance in Section 3.2 where the

approximation performance is compared to the exact performance.

3.1 CUMULATIVE AND PROBABILITY DENSITY FUNCTIONS

The approximation for the CDF and PDF of the sample MSCC is to use the
matched containment expressions for the CDF and PDF given by Eq. (2.35) and
(2.30), respectively, but to (1) use the degrees of freedom in the noise, and
(2) use the true MSCC in the processing band for p%. The true in-band MSCC is

SNR, SNR
2 LI o2 (3.1)
Pr = (SNR_+1) (SNR,+1) ©s .

where SNRi is the in-band signal-to-noise power ratio for channel £ and pé is
the magnitude-squared correlation coefficient between the signal components.
Define the SNR in the processing band to be

= . (3.2)
SNRI =z SNR£/OVC

where OVC is the overcontainment ratio. Then true MSCC in the processing band
is




i SNR1 SNR2 ,

p2 P
T (SRR,+1) (SER,#1) ©
SNR, SNR
" L ol (3.3)
- (SNR1 + 0VC) (SNRZ + 0VC) *s *

Therefore, for a given p§, SNR{, and SNR,, pfp < pf. Finally, the degrees of
freedom to use in the matched containment expression is not the signal degrees
of freedom (Ng), but the noise degrees of freedom

The approximation of the PDF of the sample MSCC in the signal overcontainment
case is

r(p?|pT,M,Ng) =~ f(p*[p2,,0,Np) =

NP-Z
(Np-1) (1 = pép)(1-p’) x

12N

P
2,2
(1 - p%0rp)

.« 1s p2p2 .

Example plots of the PDF of p? are shown in Figures 3-1 and 3-2 for equal
channel conditions and pg = 1.0, It is seen that the PDF moves to the left
and takes on "noise-like" characteristics as OVC increases. By comparing
Figure 3«1 to Figure 2-3 and Figure 3-2 to Figure 2-4, it is seen that (1) the
location of the peak for the approximate PDF is the same as the location of
the peak for the true PDF for the same OVC, and (2) the approximate PDF is
more concentrated than the true PDF for the same OVC.
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The approximation of the CDF of the sample MSCC is

~ 2
F(O:ID;.M.MS) ~ F(Otlpz-rp.oyﬂp) =

2
. 1- pTP P P 1 - pt
pt 1 < p2p2 ,‘2.:0 1 1.2 8
P¢Prp = = P¢Prp
. 1. p2n2
2F1(-z, 1-NP, 1, ptpTP) (3-6)

where pé is the threshold. Example plots of the approximate CDF are shown in
Figures 3-3 through 3-5 for equal channel conditions and for pg = 1.0, Upon

comparing Figure 3-3 to Figure 2-6, Figure 3-4 to Figure 2-7, and Figure 3-5
to Figure 2-8, it is seen that the approximate CDF is less tilted than the
true CDF and that the tails of the approximate CDF are more sharply defined.
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3.2 APPROXIMATE DETECTION PERFORMANCE

The procedure for quantifying the detection performance with the
approximate CDF is the same as used in Section 2.3 for the true CDF. The
Probability of False Alarm is

) NP-1
and the Probability of Detection is
1 - pz NP-Z 1 - pz 2
2 TP : t
Pp = 1-p 2 2 ] 2 2.2 ] X
V- pPrpj R=0 [t - 0porp
. 1. n2a2
oF (=%, 1-Ng; 15 plel.) (3.8)
where
o2 - _(DIF®SNR)SNR (3.9)
TP -~ (DIF®SNR+OVC)(SNR®*OVC) : *

SNR is the in-band SNR for the weakest channel, DIF > 1, and DIF = 0 dB for

equal channel conditions.

3.2.1 Equal Channel Performance

The approximate in-band equal channel SNRs for PFA = 10‘“ are shown in
Figures 3-6 through 3-8 as a function of OVC for P, = 0.1, 0.5, and 0.9,
respectively. Upon comparing Figures 3-6 through 3-8 to Figures 2-10, 2-13,

and 2-14, it is seen that the approximate equal channel detection performance

has the same characteristics as the true equal channel detection perfor-

mance. The approximate SNRs for PD = 0.1 closely match the true SNRs for all

Ns. while the approximate SNRs for PD = 0.9 are smaller than the true SNRs.

However, when Ns is sufficiently large, the approximate and true SNRs closely

agree for the range of OVC considered. It should be noted that the

approximate detection performance predicts gains by overcontaining for larger

Ns than does the true performance though the difference in Ng is slight.
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The approximate SNR does not reach a maximum value for sufficiently large
OVC as does the true SNR as shown in Figure 3-9. The approximation indicates
that SNR increases 1 dB per doubling of OVC for all OVC once OVC is
sufficiently large.

3.2.2 Unequal Channel Performance

The matched containment detection performance equations are only
dependent on the SNRs through the true MSCC, Eq. (3.8) and (3.9). It is then
only necessary to use the Dép developed for the equal channel case and solve
Eq. (3.19) for the SNR for a given DIF and OVC. If the SNR in one channel is
much larger than in the other channel, Eq. (3.9) reduces to

2 _ SNR 2
PIp = SNR+ OV Ps  ° (3.10)
The approximate unequal channel detection performance is shown in !

Figure 3-10 for Pp = 0.5, Py, = 10'“, and Ng = 2. There is still some gain to
be had by overcontaining but in the limiting case, SNR always decreases with
OVC but reaches a minimum as will be seen for larger Ng. The approximate
unequal channel SNRs are always smaller than the true unequal channel SNRs,
but the difference is small for the range of OVCs considered (Figures 2-16 and
3-10).

The approximate unequal channel detection performance for other Ng is
shown in Figure 3-11. There is still some gain obtainable by overcontaining
for small Ng. In the limiting case, SNR reaches a minimum value and maintains
that value for further increases in OVC. For large Ng, SNR always increases
with OVC. 1In the limiting case, SNR is insensitive to OVC in contrast to the
true performance where a small amount of gain can be obtained for sufficiently
large OVCs (Figure 2-17). It can be concluded that for DIFs in the range of
practical interest (0 dB - 30 dB), the effects of overcontainment are the same
for the equal and unequal channel cases.
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3.3 DISCUSSION

An approximation to the detection performance for signal overcontainment
was developed based on the matched containment equations for the CDF and PDF
of the sample MSCC. This approximate CDF and PDF had the same characteristics
as the true CDF and PDF.

The approximate detection performance based on the approximate CDF
closely matched the true detection performance for sufficiently large NS. For
small Ng, the approximation predicted SNRs that were lower than the true
SNRs. The approximation predicted that for sufficiently large OVC, SNR
increased 1 dB per doubling of OVC for all OVC, whereas the true performance
predicts that SNR will reach a maximum. Therefore, the approximation should
be used with care to predict performance for large Ns's and large OVCs.




IV. DEPENDENCE BETWEEN CELLS IN AN AMBIGUITY SURFACE

The performance of algorithms that process an ambiguity surface as an
image in order to enhance the detection performance or to enhance certain
features is dependent on the statistics of the individual cells and the
dependency between the cells. It is essential to understand the dependency
between surface cells in order to quantify and understand the performance of
these algorithms. The joint probability density between two cells is
developed in Section 4.1. The correlation coefficient between two surface
cells is derived and evaluated for the oversampled noise case in Section 4.2.

4.1 JOINT DENSITY FUNCTION

Each cell in an ambiguity surface is the sample MSCC between channel 1
and channel 2 for a specified time delay on channel 2. Consequently, the
joint probability density functions between two cells is the joint PDF between
two sample MSCCs for different time delays on channel 2. It is possible to
define a three-dimensional observation vector containing a sample from
channel 1, a sample from channel 2, and a delayed sample from channel 2, and
to use the approach for deriving the single-cell PDF for deriving the joint
PDF.

Let Z(2) be a three-dimensional zero mean complex Gaussian random column
vector with elements z,(2), z5(L), and z3(2) representing samples at time Tg
for 2 = 1,2,...,Np. Tg is the sampling interval, and T = NyTg is the
observation interval. The elements of Z(g) map into time samples in the
following manner: z,(R) is a sample from channel 1 at time g; 2,(g) is a
sample from channel 2 at time 2; 23(1) is a sample from channel 2 at time g+kp
so that z3(L) is just a delayed version of zp(L). The sample auto-correlation
matrix computed with the z(%) is a three-dimensional matrix

FRECEDING PAGE BLANK-NOT F1LMED

L




Np

z(2)z' (1)

A = Z
349 842
- [
= 382 %2
[ ] ]
813 823

313
823 .
233

€4,1)

(4.2)

Since A is a three-dimensional matrix, it is possible to compute three sample

MSCCs from A.

The three sample MSCCs are:

2

2 |a12|

p12 a a
11 712

33

L eyl

p . 23
23 a5, a33

(4.3)

(4.4)

(4.5)

where 012 is the sample MSCC between channel 1 and channel 2; 913 is the

sample MSCC between channel 1 and the delayed channel 2, and 023 is the sample

MSCC between channel 2 and its delayed version. Since O 23 represents the

normalized auto-correlation function of channel 2, the joint PDF between two

cells in a surface is the joint PDF of 012 and 013, r(012,

13). Therefore,

f(912, 13) can be computed from the PDF of A by a generalization of the

approach used in Chapter II:

Eqs. (4.3) thro

ay,, 833, 933 and the phase angles of a;, a3, and a,3.

ugh (4.5),

(1) perform the change of variable indicated by

and (2) integrate out the auxiliary variables ay1»

The PDF of A is derived by Fourier transforming the observations as done
Using the notation developed in Chapter II, the PDF of A in
the three-dimensional case is

in Chapter 1I.
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-TR(RQ A)

N.-3
P 1
m* TNy T(N.-1) T(N-2) IR | S IR |
P P P z1 zo
F 08 N 2Rn) (4.6)

where NP = THP is the degrees of freedom in the noise; NS = ZTWS is the
degrees of freedom in the signal, Rz1 is the auto-spectral density matrix of
the observations with signal present, Rzo is the auto-spectral matrix of the
noise, and AR is defined in Eq. (2.17). The auto-spectral density matrix for
signal present is defined as

02 o o
1 12 13
- 2
321 = 19% % %3
2 §
%% % %
§ 3¢ 3%,
o? 600 e 2 000 e 3
1 12T, 137,
=34, %23
= o, 0.p e [} [o S0 Y o) e
172", 2 2731,
=393 =%,
L01U3DT136 0203DT238 03

where D; is the true MSCC between channel n and m and ¢nm is the phase angle
nm
of Oy

The joint PDF is only derived for the matched containment case (M=0)
because of the difficulty in manipulating the mathematics. The detailed
derivation of the joint PDF is presented in Appendix C and will not be
repeated here. By performing the change of variables and integrating out the
auxiliary variables discussed above, the Joint PDF is




r—-—-————--———————_m“

2 2 _
(1-p2 )Np-f1-p’ )NP-2[1+20 P Pn cos(d, +b, .- .)-p2 -p2 -p2 ]2NP
12 13 Ti2 T13 Tas 12771370137 P T,y .
N
2 2 2 P
T(N_) T(N_-1) [(1-02 Y(1-p2 )(1-p ﬂ
P P T,, T,s T,s
A(k) cos k(é,, + o, - ¢..) (4.8a)
o 12 % ¥23 13
where
Ak) = (p2p2 X(p2 p2 K(p2 )k «
121, 13777 T,

2 .2 N, 2 2 L,.2 2 2 \p
i (0120,1.12) (0130 T13) (9120130’?23)
2t nt p!

£,n,p=0

P(Np+k+2+n) T(Np+k+2+p) F(Np+k+n+p)
I'(ken+1) T(k+2+1) T(k+p+1)

2F1(NP+R+2+p, N_+k+n+p; N_-1; (1-9’2)(1-02 o2 ) . (4.8b)

P P 1 13 T23

In general the cells in a surface are not independent because the joint
PDF does not factor. Before presenting the correlation coefficient between
cells, it is instructive to consider the form of the joint PDF for some
special cases. With the assumed flat power spectra, the auto- and cross-
correlation functions have the form

R(2) = R(o) 2in{T/a) (4.9)

where £ is the time delay and a > 1 is the ratio of the actual sampling rate
to the Nyquist sampling rate.
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Case I: Signal in Both Channels Sampled at Nyquist Rate

If the sampling is at the Nyquist rate, p§13 = p§23 = 0. In this case,
the joint PDF becomes

Np-2
f(pfz,p§3) z (NP-1)(1-p§3) x

, NP NP-Z 2 2
2 . 1.
(NP-I)(1-pT12) (1-p12) 2F1(NP’NP' 1; p12pT12)

(4,10)

which is the product of a "noise only" PDf for 9%3 and a "signal plus noise"
PDF for 9%2 (Eqs. (2.30) and (2.31)). Therefore, the cells are independent in
this case bacause the joint PDF factors.

Case II: Noise in Both channels Sampled at Nyquist Rate

Since the sampling is at the Nyquist rate, p%z = 0. Also,

p§1 = p% = 0 because the noise between channels 1 and 2 is spatially

uncorrelated. The joint PDF is
Np-2 Np-2
P ) © RERNCIRED

2 2 - 2 2
£(pl,,033) = (Np=1)(1-p3,) © x (Np=1)(1-p3,

Therefore, if the noise is sampled at the Nyquist rate, the cells are
independent in the noise-only case.

Case 1I1: Oversampled Noise in Both Channels

Since the noise between channels 1 and 2 is spatially uncorrelated,
p§12 = 9%13 = 0. However, because of the oversampling, p§23 £ 0. The joint
PDF is




f(p2,,p2.) = (N 1)2(1 2 )NP-Z(t 2 )NP-2(1 2 )NP
PiaePy3’ = NpT “P32 ~Pi3 ‘9123 x

= (°§2°213°§23)k

(N,), «x
(k)2

Pk

k=0

2F1[Np+k,NP+k; Np-1; (1-p§2) (1-p§3) p§23] (4.12)

As expected, the cells are dependent when the noise is oversampled.




4.2 CORRELATION COEFFICIENT BETWEEN CELLS

The correlation coefficient between two cells is a measure of the
dependency between the cells. The correlation coefficient between sz and p§3
is defined as

E{p2,02.} - E{p2,} E{p2,}
5 = 12713 12 13 (4.13)

022 Ozz

P12 P13

where 02; and 02; are the variance of p?, and p?, respectively.
Pi2 P13 12 13

According to ref. 1, the n'? moment of pfl for £ = 2 and 3 is

Np=1 T(Np)T(me1)

P
E{(pz )m} = (1_02 ) __z__)__ % ‘
1% T12 r Np+m t
. . a2
3F2(m+1, Np, Np3 mNp, 15 pT1l) (4.14)
where p§12 is the true MSCC of p%l. The variance is then computed as
2 2
03:2 = E{(p%z) } - E{p%z} . (4.15)

The m*! joint moment between p3, and 0%3 is

1 1
2 .2y} 2 .2 D 2 2 2 2
E{(p12013) } = /0 _4‘ (012913) f‘(p12,p13) dp12dp13 . (4.16)

It is shown in Appendix C that by substituting Eq. (4.8) into Eq. (4.16) that
the mth joint moment is




2NP
r. 2 2 2
1+ 20, P, P, cos(P _+b_ -0 ) -p2_p2 -p ]
el(ol 021 - || " TpTgTyy 12772373 T Ty Ty s
12713 = N
T (Np) [(1-p§ )(1-p2 )(1-P2 )] P
12 13 23
kggB(k) cos k (¢12 +¢23 - ¢13) (4.17a)
where
w pk+2¥ Jks2n pk+2p
- %1 nt p!
zonvp=0

r(NP+k+£+n) T(Np+k+1+p) r(NP#k+n+p) T(k+men+p+1) T(kelemep+1)

T(k+n+1) T(k+l+1) T'(kep+1) T(Np+k+m+n+p) P(Np+k+£+m+p) X

).

23 (wam

+k+m+n=p; Pz

F,(N-1, N T

3FoNp +k+2-p, Np+k+n-p; Np+k+2+m+n+1, N

P P

The 15t Jjoint moment is time consuming to evaluate because for each k
there is a triple infinite sum involving a hypergeometric function with an
infinite number of terms. The evaluation of the correlation coefficient is
therefore restricted to the oversampled-noise-only case Case III in
Section 4.12.

In the noise-only case

2 =
elol,)} = T (4.18)
and
N, -1
0;2 = -Z_P-— (ll.19)
1% NP(NP+1)




Letting p2 =p2 =0
T T3
N, 2
P 2k [ kel
E{pZ 02} = (1-p02 )" 3 »p =) x
12P13 Tos k% T23(Np+k)
gF2( 1y Np=1, Npsk; Npekel, Npekel; pr ) (4.20)

23

The correlation coefficient is then computed by substituting Eqs. (4.18)
through (4.20) into Eq. (4.13). The correlation coefficient for the
oversampled-noise-only case is plotted in Figure 4-1 as a function of Np for
several p2

PT23

It is seen that the correlation coefficient approaches the true value of
the MSCC between the cells as NP gets large. As an example of the use of
Figure 4-1, consider the correlation between adjacent cells when the noise is
oversampled by a factor of 2 and 4. For oversampling by 2 and U, 0%2 is 0.4
and 0.81, respectively, which indicates a significant correlation between
cells. This type of behavior is also expected with signal present but the

manner in which it approaches p§23 is more complex.
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4.3 DISCUSSION

The joint distribution between cells was derived for the matched
containment case. It was shown that the cells are independent only when the
data is sampled at the Nyquist rate. If the data is oversampled to produce
surface feature magnification or to produce better estimates, the cells are
dependent .

The correlation coefficient between cells was derived and evaluated for
the oversampled noise case. It was shown that the correlation coefficient
approaches the true MSCC between cells as NP gets large. It is expected that
the same will be observed with signal present.
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V. CONCLUSIONS

A detailed analysis of the detection performance of the sample magnitude-
squared correlation coefficient in the signal overcontainment case has been
presented. The signal-to-noise power ratio (SNR) needed to detect a signal
with a Pp of 0.1 - 0.9 can be reduced by increasing the signal overcontainment
whenever the degrees of freedom in the signal (Ng) is small (Ng < 12). This
gain is caused by decoupling NS and the degrees of freedom in the noise (NP)
through overcontainment. In the matched containment case, wihenever Ns is
small, knowledge of the noise background is poor, high thresholas z=+ needed
for a specified PFA' and large SNRs thereby are needed. By overcontaining, Np
is made larger, the PFA threshold is reduced, and SNRs can be reduced.
However, when NS is large (NS > 12), the SNR increases with increasing

overcontainment because increases in noise power dominate the effects of

increasing Np. The gains caused by overcontainment for small Ng were verified

by two independent simulations. The SNR increase with increasing \
overcontainment was verified for Ng in the range of 16 to 64 by the Minimum

Detectable Signal Experiment conducted at the DARPA Acoustic Research Center

in May, 1981,

An approximation to the exact detection performance was developed because
the exact performance equations are complex and difficult to evaluate. The
approximation is based on the well known matched containment performance
equations. The approximate performance is very close to the exact performance
for the ranges of overcontainment of practical interest though the approximate
SNRs are slightly smaller than the exact SNRs. However, the approximation r
differs significantly from the exact performance for large OVC in that the
exact SNRs reach a maximum value, while the approximate SNRs continually
increase as the overcontainment increases. Therefore, the approximation is
reasonably accurate for ranges of overcontainment of practical interest, but
should be used with caution for large overcontainments,

The joint statistics of two cells in an ambiguity surface were developed
and evaluated for the matched containment case. The cells in a surface are
dependent whenever the data are sampled at a rate larger than the Nyquist f
rate, but are independent whenever the data is sampled at the Nyquist rate.
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are independent, the well known equation relating PFA to threshold can be used

to set single-cell Pp,. If the data is oversampled to magnify surface

features, there is no simple relation for selecting the threshold for a
desired Pp,.
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Appendix A
CROSS-COVARIANCE MATRIX OF THE FREQUENCY COEFFICIENTS

Let Z(%) be a two-dimensional stationary zero mean complex random column
vector with elements z,(%) and z,(2) which represent samples from two channels
at time &Tg for £ = 1,2,...,Ny. Tg is the sampling interval and T = NyTg is
the observation interval. The cross-covariance matrix of Z(%) is

R,(k-2) = E{z(L) 2 )} (A.1)

where {*} denotes statiscal expectation and ' denotes the complex conjugate of

the transpose. The elements of Rz(k—k) are

R, (k-%) R, (k-%)
[ z, 212 ]

R ® (k-%) R (k=-2)
242 Z2

Rz(k-l)

[E{z1(2) a0} Efz,(0) z5<k>}]
(A.2)

E{z,(2) 2200} Efz,(R) 280}

where ®* denotes the complex conjugate.

Assume that the power spectral densities of z(2) and z,(2) and the
cross-spectral density between z,(L) and z,(2) have bandwidth 2Wp and are zero
outside the interval [-wp, WP]. It is then possible to express the elements
of R (k-%) as

N 1223\(
R, (k) = Z s,(a) e T (A.3a)
1
q='NF
Np lzqu
T
Rzz(k) z Z 5,(a) e (A.3b)
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T
Rz12(k) = :E:: Slz(q) e (A.3c)

where S,(q) and S,(q) are the power spectral densities of z,(L) and z,(2),
respectively; S;,(q) is the cross-power spectral density between z,(%) and
z25(R); 2Wp = Np/T = (2Np+1)/T; and the sampling rate > 2Wp.

Let Z(k) be the two-dimensional zero mean complex random column vector
which represents the Fourier coefficients of the observation vector Z(R) at
frequency k/T for k = 1,2,...,NP. Z(k) is computed according to

Np=1 i
2(k) = %— zZ() e T (A.4)
T A=

The cross-covariance matrix of i(k) is

Ry (2,K) E{Z(2) Z(k)}

R~ (2,k) R~ (2,k)
Z, 212
(A.5)

L]
R, () R (1,00




Substitute Eqs. (A.3) and (A.4) into Eq. (A.5).

Rz, (i) = EfZ () 2800}
NT-1 _,Zgﬂ.n ,lelkm
= Z R,(m-n) € TeT
NZ
T - n,m=0
Ng Nt 2laleq) _g2li(ag)
= —‘—Z $,() Z e T e T
NZ
T q=-NF n,m=0
Np
_ Z s, (q) —2in Mg-k) sin TI(g-2)
- 1 -k -2
- N sin I(F=) N, sin p(=f)
a=-N, T N T N
0 » R £ Kk
i S,(2) y L=k
Similarly,
R£2(£,k) = E{z,(2) 28(k)}
Np
. Z 5,(q) sin H(q-kl sin N(q-2)
- N. sin M{3=%} N_ sin n{g'—&}
q=-N, T Ng T Ny
0 L R #k
- { 32(2) ’ 2 - k

and

(A.6)

(A‘7)




Ry k) = E{z,(2) 28(x)}

Ne

sin M(q-k) sin M{q-R)
>eo

- N sin{SZE} N, sin {g;&}
q=-Ng T N, T N,
§ 0 , Lk

812(2) , L =k

Therefore, for the strictly band-limited case,
s 0 » L4k

R_(%,k)
z
l R(2) 2=k
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Appendix B
CUMULATIVE DENSITY AND PROBABILITY DENSITY FUNCTIONS OF
THE SAMPLE MAGNITUDE-SQUARED CORRELATION COEFFICIENT

The derivation of the cumulative density function (CDF) and probability
density function (PDF) of the sample magnitude~squared correlation coefficient
(MSCC) is presented in this appendix for the signal overcontainment case under
conditions of known but flat power spectra for the signal and noise. The PDF
of the sampled MSCC is obtained by (1) deriving the PDF of the sampled auto-
correlation matrix, and (2) making a change of variables and integrating out
the auxiliary variables. the characteristic function of the sample auto-
; correlation matrix is derived in Section B.1. The Fourier inversion of the
characteristic function to obtain the PDF of the sample auto-correlation
matrix is presented in Section B.2. Finally, the derivation of the PDF and
CDF of the sample MSCC is completed in Section B.3.

B.1 CHARACTERISTIC FUNCTION OF THE SAMPLE AUTO-CORRELATION MATRIX |.

Let 2(2) be a two-dimensional zero mean complex Gaussian random column
vector at frequency 2 with auto-spectral density matrlx R, (2,8) for
2=1,...,Np. Assume that Z(l) is independent of Z(k) for k#8. The sample
auto-correlation matrix of the data is

N

A= S 2 Z(w (B.1)
g1

e}

where ' denotes complex conjugate.
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The characteristic function of A is

E { eyra(M»)}

§ JZ TR(Z(L) 2 (1) ¢)
|
1

M,(¢)

N
33 i'u)o “z(z)l
= E e 2:=1 ’
Np . A
_ ﬂ' . { o2’ oztz)} (5.2)
2=1

where TR(*) is the trace, ® is a two-dimensional positive definite Hermitian
matrix, and E{¢} denotes statistical expectation. Since ¢ is a positive

definite Hermitian, there exists a nonsingular matrix such that

(B.3)

"
o]

U'Rg(l,l) U

U'eu (B.4)

]
=

where W is a real diagonal matrix with wy, > 0 and Woo > 0. Let

Z(2) = UY .




Then,
. { o2 (z)oz(z)} . E {eJY‘U'WY} 4

E {e JY"”}

e {e J“’n'hlz} e { . J"’za"’zlz}

]
(1 - jw”)(I - jw22)

Iz - W™

oz (2,070 - guren)™!

= o)™t R, - el ol (.6)
where || denotes determinant. ¢
From Eq. (B.3),
lu'] |R;(R,0)] |U} = 1 . (B.7)
Thus, from Egqs. (B.2, (B.6), and B.T),
Np
M(®) = 1R (2,00]7" JRg(e, 007 - g0t (B.8)
2=1

In the signal overcontainment case, there are Ng frequency coefficients
containing signal and noise and M frequency coefficients containing only
noise, where

NP = Ns + M . (Bog)




= 0 if the processing bandwidth is matched to the signal bandwidth. Assume
that signal and noise power spectra are flat. Then the auto-spectral density
matrices become

R; = Rﬁ , noise only
R, (2,8) = ° ° (B.10)
R. = R+ R, y 8ignal + noise
z S N
1 () o

where RN is the auto-spectral density matrix of the noise, and RS is the
auto-spectral density matrix of the signal. It then follows, from Eqs. (B.8),
(B.9), and (B.10), that

-N =N

S -M S
|Rl\ - JO R~ - J°
%o I 24 |

- A -M A~
M@ = IRy IR | (B.11)

B.2 PROBABILITY DENSITY FUNCTION OF THE SAMPLE AUTO-CORRELATION MATRIX

The probability density function (PDF) of the sample auto-correlation
matrix, A, is obtained by computing the inverse Fourier transform of M,(¢).
The PDF of A is given by

~JTR(A$)
£(A) = #/"A“’) e de (B.12)
(am* Do

where DO is the domain of integration for two-dimensional positive definite
Hermitian matrices. Substitute Eq. (B.11) into Eq. (B.12),

-N
- s
IR | |R£1' -Jrn(Ao)

£(Aa)

de¢ (B.13)

N
L}

The PDF of A can be computed either by computing the inverse Fourier transform
of MA(O) directly as given in Eq. (B.13), or by using the convolution property
of Fourier transforms. At the time of this report, the only successful
approach has been to use the convolution property of Fourier transforms. Let
f(Ay) be the PDF corresponding to the characteristic function




=M -1 -M
I RA l I RA - J¢ '
zO zO

and f(Az) the PDF corresponding to the characteristic function

|R - jo| .

X |‘"s 155" Mg
z 2

1
Then,

£A) = £(A) % £(A) (B.14)

where ® denotes convolution. According to Goodman (ref. B1),

-TR(R:lAl)
M-2 Z
14,41 e
¥ 18] 20
I T(M) T(M-1) |R; |
o]
(B.15)
f(A,) =
1 0  |ay) <o
and
-1
N -2 “TR(R; A))
s 1
1“2' e
N ’ lAz| 20
I2T(Ng) T(Ng-1) |B: | °
z A
£(A,) = L (B.16)
2’ * 0 y 18] <0




Substitute Eqs. (B.15) and (B.16) into Eq. (B.14),

-tR(Rz'a)  -TR(R:'Y)

Ng-2 = me2 2 2,
p. 14-Y| Y| e € dy
£(a) !

M2 T(N.) T(No=1) T(M) T(M=1) |R» " r. M
S s~ = | 21| | zol

-1
-TR(RQ A)
e 1

"

x

N
2 T(Ng) F(Ne=1) T(M) T(M-1) [R; | > [Ry M
S S z1| z,

=1 -1
Ns_z -TR((R& - Ri ))

|a-y] S jr™Ce ° 1 gy (8.17) !

Dy

where Dy is the range of integration such that [A-Y| > 0 and |Y]| > 0. Make a
change of variables and use the definitions of the confluent hypergeometric
functions of positive definite Hermitian matrices given in Eq. (2.9) of

Ref. B2 or Eq. (A7) of Ref. B3. Then,

-1
Ngobe2 -TR(R21A)
£(a) = _1a] € = * ,?1(M;M+MS;ARA)
M S
I TNgoM) TONgen-1) R | R |
° (B.18)

where i

AR = ng‘ - B3 (B.19)




/

and 1?}(‘;‘;‘) is the confluent hypergeometric function of matrix argument.
According to Eq. (1.3) of Ref. B4, 1?}(';';‘) can be expressed as an infinite
sum of confluent hypergeometric functions of a single dimensional variable.
Thus,

JF1(M; MeMg; BRA) =

2"—; 1% (), (N, 18R A

F,(Mek; MeM_—2k; TR(AR A)) (B.20)
(M+Ms-i)k (M+MS)2k k! 171 S

k=0
where
(a) _ T'(a + x)
x T(a) '
Therefore,
-1
-TR(RE A)
e 1
f(a) = 5 x
S M
I T(NS+M) r'(NS-@P‘I-H |R21| |R£°|
M+N_ +k=2
Z"" 0% o0, ), 18R[* Ja)
= x
s (M+Ns-i)k (M+Ns)2k k!
JFo(Mek; MeRg + 2k; TR(ZR M) . (B.21)
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B.3 CUMULATIVE AND PROBABILITY DENSITY FUNCTIONS

integrating out auxiliary variables., Let

a1 12
A =
[ ]
P 422
Let
a = ¢ a,.a De‘je
12 11322

where p is the sample correlation coefficient. Then

f(A) = f(a11, 322’ 312)

lajol £layqs 255, lagpls ©

o

a4y 815 P flayy, a5, 0, 9

a a
11 712 f(a

5 , 0) .

190 800 P

The PDF of the sample MSCC becomes

84

The probability density function (PDF) of the sample magnitude-squared
correlation coefficient (p2?) is obtained from the PDF of the sample auto-
correlation matrix given in Eq. (B.21) by performing a change of variables and

(B.22)

(B.23)

(B.24)

2
a,,85, f(a11. a,, p°, 0) d8 da,, da,, .

(B.25)




All that remains to derive f(p?) is to compute Eq. (B.25) using
Eqs. (B.21) and (B.24). However, before proceeding, it is necessary to define
the form of the quto-spectral density matrices. It is assumed that the noise

— e

is spatially uncorrelated. Then the auto-spectral density matrices defined in

Eq. (B.10) become 3
Noj 0
R o= Ry s (B.26) i
b4
o o 0 NOZ
s
So1 Y 501502 P ©
Rg = (B.27)
[o] -Jes
Q
¥ S01502 P So2
and
2 2 Je
o4 G042 o4 010P1¢ }
RE = =
1 'y 'Je 2
Ci2 9 C0P7® o>
B o 7
s
So1 * Nos Y 501502 Ps
. (B.28)
vV S..S.. Ps
S01502 Ps © Sp2 *+ No» i

where Nok is the noise spectral density in channel k, Sok is the signal
spectral density in channel k. pg 1s the true correlation coefficient between
the signal components, OS is the phase of the true signal correlation, pr is
the true correlation coefficient between the two channels, and 6 is the phase
of the true correlation between the channels. From Eq. (B.28), it follows
that the true MSCC is




SNR, SNR
2 _ 1 2 o2
or = (SKR,) (SR, + 1) 5

vhere

SNR = S /N
k Ok Ok

is the in-band signal-to-noise ratio (SNR) for channel k.
in-band SNR because the spectra are flat.

With the above definitions, it is easily shown that

A~ = - a2
|R21| = (Spy*lpy) (Spp*Npp) (1 - op)
|“20| = Noy Moo
2
SR, SNR, (1-0%)
= R
2
;
1 ey 0 1Ny, O
R: = =
z
o 0 ¢y 0 1,
Y41 b2
R:1 = .
z, b2 Y22
2 30
% =0,02Pqe 1
z o x |nil
0.0.0 q-d o? 1
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(B.29)

(B.30)

SNRk is the actual

(B.31a)

(B.31b)

(B.31¢)

(B.31d)

(B.31e)




Substitute Eq. (B.31) into Eq. (B.21):

£(A) = z c(k; M,Ns) g(k,a11,a22,p2,¢; M,Ng) (B.32)
k=0
]
where
Clk; M,Mg) = )
-1)¥ (M), (n.). SNRK sNRX (1-p2)K
kK S’k 1 2 S (B.33)
M. Vs )
T(Ng+M) T(NG+M-1) (MeM=3), (MeNg), |Rz°| [Rz1|
and
8“(1 3111 3229 pzv e; M, Ns) =
MaN -1 )
g*k-2 -TR(RZ1A)
al =
A 5 JF, (Mek; MeNge2k; TR(AR 4)) e (B.34)
Integrate Eq. (B.32) according to Eq. (B.25) so that
(- -]
f(p?) = C(k; M,Ng) f(k,p?; M,Ng) (B.35)
k=0
where
fik,p?; M,Ng) =
@ I 2 Q4.
% j' j’ j” 4485, g(k,a11,a22,p N:H M,NS) da, ,da,.d6
0 - (B.36)

Using the integral representation for the cor."luent hypergeometric function
given in Eqs. (B.22) and (B.31) and Eq. (13.2.1) of ref. B5, and integrating
over 0, we get




MeNg+k-2
(1-p?) P(H+Ns+2k)

T(M+k) T(Ng+k) X

f(k,p%; M,N,) =

]

]
/ f (aﬂa M*N"'k -7 (2/ |b12| p (1-t)) x
0 70

22 811822

No+k-1
M= gy S da,da, dt

a11(b11-Ar11t) e-azz(bzz-Arzzt)
2

(B.37)

Expand the Bessel function in a power series and integrate over a;q and as,.
Eq. (B.37) becomes

M+Ns+k-2
\ (1-p%) I (MeNg+2k)
£lk,0%; M,Ng) = T(MK) T(NGK) x (
@ 28 2%
|b12| P 2
——— F(M+Ns+k+2) x
%00 |22
1 No+k+28-1
M+k~-1 S
MaN_ +k+£ t (B.38)

S
((b11-Ar11t) (by, = Ar,,t)

According to Eqs. (3.21.1) and (9.183.1) of Ref. B6,




N +k+2%-1

o (b

gkt (g S at =
)M#NS+E:1 =
11" Ar11t) (b22- Arzzt)
r(NS+k+2!') r(NS+k) (-b_u)lhk 5
) M+Ns+k;I' 44
r(H+NS+2k+2!,)(b b..)

11722

315'1 M+k,-(M+N) ,MeNek+2; MeN+2k+2R;
1 b11 (c11/b11) - (c22/b21)
-
11 ©q1/943
where

= (a) (B) (Y)
F(a,8,Y; 8; x,y) = mn ‘m ‘n xmyn

3 o m,nzzoﬂ)mm »! nl

(B.39)

(B.40)

Substitute Eq. (B.27), (B.28), (B.31), (B.32), (B.33), (B.38), and (B.39) into
Eq. (B.35). Then

[~}
21,2 - . 2,1k 2
£(p* {03, M,Ng) = kz_on(kv”st)(SNR1SN’*2("" ¥ ro?lk)  (B.41a)

where




£(p?k) = (1-p?)

a©
2.2v % . .
ng(° o) A () 3F1[M+k, -(MeNg), MeN ske; MeNGo2ke20;

1 - —-;-z— , 1= R2/R1] (B.41b)
R1(1-pT)
Kk
(«1)" (M), (N
k 'S’k
D(k; M,N.) = (B.41¢)
S (M+Ns-})k
I‘(M+Ns+2k) r(N+NS+k+9,)2 I‘(Ns+k+29,)
A(R) =
k T(MeNg) T(MaNg=1) T(NG+K) T(NeN+2ks20) (MeNg),, (R1)2
(B.41d)
Rm = SNRm + 1 form = 1 or 2 (B.U41e)

It should be noted that if the SNRs in each channel are equal, SNR1 = SNR,,

and
1 Ry
F, (M+k, =(MeN,), MeN_ +k+; MeN_42k420;1 « ————, 1 == ) =
31 s S S 2 R
F,(Mek, =(MeN); MeN +2ka2R; 1- —— ) (B.42)
21 s S )
R,(1-pq)

Finally, the cumulative density function is defined as

pz
F(o2|p2,M,Ng) = 4 © £(o?|o2,M,Ng) dp? (B.43)
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Substitute Eq. (B.41) into Eq. (B.43). Then

F(p}|o3.M\Ng) =

o
Kk
kgon(k;n,ns) (SNR1SNRZ(‘I-pg)) Flp} k) (B.44a)
where
M
M«N_ R, o
Flo2lk) = (1-p2) 2 3 o2'B (0) I ,(Re1,Melgrk-1) x
Ry 220 Pt
1 R,
F1[H+k, ~(MeNg), MeNgokal; MN42ke20; 1 = ———, 1 = 2= )
2 R
R1(1'°T)
(B.4Y4b)
I'(M+Ns+2k) I'(M-vNS-o-k-ﬂ I'(H+Ns+k+2,) I'(Ms+k+22.)
Bk(z) s
T(H+Ns) F(H+Ns-1) P(Ns¢k) P(H+Ns+2k+2£) (M+Ns)2k L
(B.44c)
_ _T(a+b) b-1
1(a,0) = TraYPTEY f £2~1 )P ae (B.lk4d)

is the incomplete Beta function.
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B2

B3
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Appendix C
CORRELATION COEFFICIENT BETWEEN TWO CELLS OF
AN AMBIGUITY SURFACE FOR MATCHED CONTAINMENT

The derivation of the joint probability density function (PDF) of two
cells in an ambiguity surface and the correlation coefficient between cells in ]

an ambiguity surface is presented in this appendix for the matched containment
case under conditions of known but flat power spectra for the signal and
noise. The joint PDF of two cells is derived in Section C.1. The correlation
coefficient is computed in Section C.2.

C.t JOINT PROBABILITY DENSITY FUNCTION

Let f(l) be a three-dimensional zero mean complex Gaussian random column

vector at frequency 2 with auto-spectral density matrix ﬁz for & = 1,...,Np
with elements Ek(l). Assume that Z(2) is independent of Z(k) for k#. The
sample auto-covariance matrix of the data is

A= Sz z (c.1)
=1

o

where ' denotes complex conjugate. The PDF of A is the complex Wishart PDF
(Ref. C1) given by

-1
N,-3 =TR(R. A)
IAI P e z

R L
. P
I* T(N,) T(Np-1) T(N;-2) |Rg]

0 , Al <o (C.2)

£(A)
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Dt A R

Let

811 2 %3 a
A = agz a5 a3 (C.3a) '
8,3 833 83
and
:
a, = / am®nn  Pan for m,n = 1,2,3 (C.3b)
-~ Je
P _ mn (C.sC)
mn = p,. e

where p . is the sample corrlation coefficient between 2,(R) and 2,(R) and 6y,
is the phase of apy,.

It is necessary to derive the joint PDF of pj3 and 053 in order to
compute the correlation coefficient. This can be accomplished by a change of
variables in Eq. (C.2) and integrating out the auxiliary variables.

Consider the following transformation.

A = AyPA

D
where
" y
/311 0 0
0 0 /a33
- -
.m ‘ .
i;
i
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A Ay e S P NS A P 023 AT R . A1 1~

|
!
|
§

P = p’12 1 9’23 (C.Ub)
[ ]
[ P33 P23 1

Then
f(A) = f(a, P) . (C.5)

Now it is possible to find an upper triangular positive definite matrix, T,
such that

P = T T' (CO6)

where the diagonal elements are positive (Ref. C1). Then

t ti2 ti3
T =10 th, trs (C.7)
0 0 t33

where tgp > 0 for £ = 1,2,3. Substitute Eq. (C.7) into Eq. (C.6) and solve
for the tg,'s.

tyy = 1 (C.8a)
t, = Py (C.8b)
tyy ® 813 (C.8c)
t,, = /1 - |t12|’ (C.8d)
ty * 532_23223212 (C.8e)
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- _ 2 _ 2
tyy = 1= ltpgl® - Ity (c.80)
The Jacobian is easily shown to be (1 - |ty5|%). Therefore,

£(A) = rug,-r) - |z12|’) . (C.9)

According to Eq. (C.8), &, and Py3 are directly related to t;, and t,;.
Therefore,

f(o:2,9f3) 2 f(|t1zl’,lt13|’) . (C.10)

The derivation of the joint density between p1’2 and 0123 is reduceable to
computing the joint density between |t,,|* and |t,3|z. Let

-1
R

Q = {q!k} for L,k = 1,2,3 (C.11a)

39g

Qy = Iq’kle (C.11b)

It then follows Eqs. (C.11) and (C.9) that

tlay 085508550 1t lh It 1tyg hwyp,0 50w,.) =

NP-1 2 ) NP-3 2 NP-Z
T O [ [ [ T LR D R I L

x

N
[] ay P
n I‘(NP) I‘(NP-U r(up-z) IRzl

exp{-2(va. a__ |t

1%22 | cos (w

1211942 12742) *

/1"133 |t13||q13| 008 (w,4-6,,) +

Aty (Itgglltyyllansl cos (v w -0,,)

/1 - [ty21? 1ta31lapsl cos(u\23-¢23)))}




vhere Wope is the phase angle of t‘k, f£k. Integrating out the phase angles
and using the Neumann addition formula, one gets ]

£ay 10850833 Iy, s Ity3 s ftp3) =

Np-1 . ,Np-3 4 Np-2
8(&11323333) |t12||t13|Itg3|(1-|t2344-|§13| ) (1-|t12| )

N X
P
T(N,) T(Np=1) T(N,-2) [R_|

exp{-(a"q11 +a,,0,, + a33q33)} x

©o
2 v
I°(2¢322833 1"|t12l |t23“q23') k§0 cka( %11%33 |t13”q13|) 8

L (27250855 Ity3lltyallagl) 1, (271525; Itgpllay,l)

cos k(¢12 + 023 - 013) (C.13)

where ¢, = 1, € = 1 for k = 1,2,3... . Expand

fa  a 2

and integrate out [t,5].




f(a,y08,00a53 |ty ) [E3]) =

Np-1 . Np-2 \
4(a,,85,85,) |t12||t131(1-|t12| ) " Q-] 5] i}
N
P
I(Np) T(Ny=1) |R_|

0F1(N-1; a22a33(1 - |t12|z)(1- |t13|2) |q33|2) x
exp{~(a),ay; + 35,8, + 233953)} x

k§=:O {eka(Z ‘/311333 |t13| |q23|) x

1,(2 vayas3 |tyo) 1843l lag3)) T.(2 vagjays; ty5l0ay,1) x

cos k (4y, + p3 = ¢13)} . (C.14)

Expand the Bessel functions in an infinite series; integrate out a,,, as,
as3; and make a change of variables to 9%2 and p§3. Then

(1= o) P (1 - 2g)

flpipiet3) = N N
T(Np) T(N=1) |Rs] (q11q22q33)

k}; A(k) €08 k (g5 + by3 = &3) (C.15a)

where




_ k
A(k) = (9:2913°T129T13°T23) x
| ) P
= (ipr )Toiph Voot )
21 ni p!

x

2,n,p=0

T(Np+k+£*n) F(Np+k+£+p) P(NP+k+n+p)
T'(ken+1) T(ke+1) T(k+p+1)

x
oF (Np+keg +p, Npskenep; Np=1; (1-03,) (1-p§3)(psz3)) (C.15b)
p% is the magnitude squared of the true correlation coefficient between
pn

Z () and Z (2) and ,F,(e,s; *,s) is the confluent hypergeometric function.
P n nd oFy




C.2 CORRELATION COEFFICIENT

The correlation coefficient between the magnitude-squared sample
correlation coefficients pfa and pf3 is defined as

E(p2, 02,) - E(p2,) E(p3,)
= 12713 12 13 (C.16)

(o]
2,2 2.2
b /""12""13

where E(+) denotes statistical expectation. According to Ref. C3,

om . NP'1 P(NP) T'(m+1)
Elogy) = (1 - "‘rm) O

. . 2
3F2[m+1,NP,NP, meNp, 1 oTuc] (C.17a)

2
2 - .~y . 2
o pik = E(p!k) (E(pzk)) (C.17b)

where p%zk is the magnitude squared of the true correlation coefficients. All
that remains is to compute the obh joint moment.

1
m 2m 2m
E((p},0}p)") = fo f P12 P33 flpy0035) dodydp, . (C.18)

Substitute Eq. (C.15) into Eq. (C.18). It then becomes necessary to compute

1 No-2 N-2
2(k 2(k P P
[ ] dgemner) @i m L o) (1 - 6y)

+k+nep; N ~-1;

2F1[NP+k+2¢p, N

P P

According to Eqs. (7.512.11) and (7.512.12) of Ref. C2, Eq. (C.19) becomes
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o e M AR =5 18 it e A Al e o3 R, 5 4R

F(k+men+p+1) T(kelemep+l) I‘(NP-1)2
T(Np+k+m+n+p) T(Np+k+l+m+p)

x

2
3F2(Np-1, Np+k+£+p, Np+kensp; Nekemepsl, Npekemensp; Pp )

23 (¢.20)
The Jjoint moment then becomes
2 .2 \my
E((o12013) ) =
2N
(1+20, p. b, cos (b, 46 =¢0..) -p2 ~p2 -p% ) F
T12 T13 t23 127723 13 T12 T13 T23 .
N
Tn,) ((1-p2 )(1-0p2 Y(1-02))F
P T2 Ty3 To3
QEOB(k) cos k (¢12 + 0,5 - ¢13) (C.21a)
where
o p§+2l p¥+2n pl;+2p
B(k) = 12 13 23
- Xt nt p!

L,n,p=0

I(Np+keZen) T(Ny+kele1) T(Npekenep) T(kemenep+1) T(keLemep+1)
F(ken+1) T(k+2+1) I(kep+1) T(Np+k+m+n+p) T(Np+k+2+m+p)

b

2
3FZ(NP-1, Np+k+2+p, Np+ken+p; Np+k+2+m+p+1, Np+k+men+p; DT23)

(C.21b)

The correlation coefficient is then obtained by substituting Egqs. (C.17) and

(C.21) into Eq. (C.16).

In the case of oversampled noise, the spatial correlation coefficients,

0412 and 9;13, are zero. The mth moment becomes
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2 .2 D)
B((p1zo13) ) = o
, N = °123 T (keme1) T(N+k) 2
(-pp ) Z 2 TN +k+m) X
23 i kD) P
F.(m, N.-1, N.+k; N_+kem, N_+kem; P2 ) . (c.21)
3°2 P P P 3 Tps

The mean and variance of Dik are YNP and (NP-1)/(N;(NP+1)], respectively.
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