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SECTION 1
SUMMARY

1.1 Introduction

E Several spaceborne surveillance and weapon ayatem concepts of interest
to the USAF and DARPA have large flexible support structures and stringent
line~of-sight (LOS) performance requirements. Sevare environmental, onboard,
and maneuver disturbances affect LOS performance to such a degree that cur-
rent state-of-the-art disturbance accommodation techniques are not satis-

! : factory for achieving the desired level of performance necessary to satis-

? fy DARPA mission goals and objectives. The application of the current con-

Lo trol theory and the state-of-the-art control techniques to such precision

structures, however, has also been severely hampered by many fundamental

technical problems not encountered before. Under the Active Control of

Space Structures (ACOSS) program of the Defense Advanced Research Projects

Agency (DARPA), The Charles Stark Draper Laboratory, Inc. has conducted a

careful theoretical research on a broad selection of the major issues, Funda-

1 mentally important analytical and numerical resulis, as well as interesting

: new insights, have been obtained. Such results and insights will not only

. help improve the control theory and techniques for their applications to large

] flexible precision space structures but also help develop a ynified generic

structure-dynamics-control technology base for achieving DARPA mission goals

and objectives for such spaceborne systems.

' The research was performed from February 1980 through February 1981
) under the ACOSS-6 Study. This document reports our new results beyond what
! have been documented earller as an interim report [1].

1.2 Scope i

* Some major issues arise from the common practice of using only a
reduced-order modal model in designing feedback control systems for a full-
order model of a large flexible structure concerned. Some other major issues
are related to active augmentation of damping and stiffness, stabilization by
output feedback, vibration suppression during maneuvers, and possible im-
provement for controller design.

This report addresses the following major issues in various contexts.
Optimality of fixed-form reduced-order compensators: Section 2.

Full-order closed-lcop stability with reduced-~order controllers:
Sections 3, 4.

Robustness of full-order closed~loop stability with reduced-order
controllers: Sectious 3, 4.

Effect of control and observation spillover: Sactions 3, 4.
Techniques for preventing control and observation spillover: Section 5.
. Active augmentation of damping and stiffness: Sections 3, 4, 6.

1-1
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Output feedback stabilizability: Section 7.
Suppression of structural vibrations: Sec.tions 3, 4, 6, 7, 8.
Large-angle maneuver combined with vibration suppression: Section 8.

Improvement possibilities for controller design: Sections 3, 4, 5, 6.

LT T R

1.3 Highlights

Section 2. - Let the performance of a large flexible space structure
under control be measured by a cost functional. For each n-mode approximate
model, n =1, 2, ..., design a fixed-form compensator that optimizes the
cost functional for the approximate model. This design procedure is vetry
practical but raises an important theoretical question. As the sequence of
approximate models approach to a truth model of the structure, is the limiting
1 compensator (if it exists) optimal for the truth model? Section 2 provides a
i positive answer and some sufficient conditions.

At L L. i R

Section 3. - Velocity-sensor outputs can be fed back for augmentation
of damping to large space structures and displacement-sensor outputs can for
] augmentation of stiffness. The design of feedback controllers for such
: distributed-parameter systems in practice must be based on only a relatively
small number of modeled modes, howaver; usually the existence of spillover
and the interaction with unmodeled modes are ignored. Due to the attendant
: control spillover and observation spillover, even stability of the closed-
loop system with reduced-order feedback controllers may not be ensured, let
: alone the desired additional damping and stiffness.

Various useful conditions for ensuring closed-loop asymptotic stability
{ have recently been established and are reported in Section 3. Such conditions
3 and the insights thereby derived are useful as a guide to stability-ensuring
3 designs of reduced-order feedback controllers. Large space systems considered
: are not limited to the class of large space structures, which are normally
assumed to have only stable modes; possible presence of rigid modes and
unstable modes are not excluded. Closed-loop stability conditions are also _
extended to the case of nonproportional damping. For the common class of !
large space structures having only stable elastic and rigid modes, specially '
useful simpler conditions for ensuring closed-loop asymptotic stability are
also derived. In addition, conditions for robustness of closed-loop asymp-
totic stability to parameter variations and errors are obtained.

Section 4. - Since its conception by Canavin in 1978, the mcdal-dashpot
design of vibration controllers has undergone significant advancement as a re-
sult of two initially separate research efforts at CSDL. The discouraging
high-gain problem of Canavin with modal-dashpot design ¢an now be alleviated
by a bi-objective design optimization algorithm, which exploits the existent
free parameters. The first part of Section 4 reports the development of such
a bi-objective modal-dashpot optimizer (for adding the largest possible damp-
ing to primary modes while requiring the smallest possible feedback gains)
and many interesting numerical results on closed-loop stability and robustness
of modal-dashpot designs.
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» The presence of rigid-body modes was considered a difficult tech-

' , nical issue in stability analysis or modal analysis, and some unnecessary

: separate control was suggested to eliminate them. The second part of Sec-
tion 4 shows that an integrated design of modal dashpots and "modal springs"
will easily and practically resolve the problem with rigid modes. The attrac-
tive stability and robustness properties of modal-dashpot design have been ]
expected intuitively from energy dissipativeness of passive member dampers 1
o and several numerical examples. Two simple but rigorous theorems on the :
‘ full-order closed-loop asymptotic stability and robustness properties of ]
both modal dashpots and modal springs are now established analytically here.

;

E

P Section 5. - The techniques for preventing control spillover via

' proper synthesis of the influences of the existing actuators and via proper:
initial placement of the actuators are applied to two representative numerical

, i models of large space structures (these techniques can be dualized for the

F ' prevention of observation spillover). The prevention of spillover :o a sig-

' nificant number of nonprimary vibration modes is shown to be possible by

proper synthesis of the influences of actuators existing on a structure. The

| synthesis procedure was programmed in FORTRAN, and demonstrated on Model 1

; (the tetrahedral model) and Model 2. For Model 1, six actuators caa be proper-
: ly combined to form two synthetic actuators for independent control of four

; primary modes without any spillover to four secondary modes. For Model 2,

] synthesis of the 19 member actuators can prevent spillover to between 17 and

2] secondary modes, depending on the particular group of nonprimary modes i
selected as secondary modes; at least two independent synthetic actuators
are available for control of the primary modes.

™ s
sl e 2

EOAL a2 84 cHECE

i : The synthesis program, because of its mathematical generality, is easily
f : modified for studying the placement of actuators for prevention of spillover

to all nonprimary modes. Spillover is found to be inevitable in Model 1 for
each single actuator, be it placed at one node or between two nodes. For

total prevention of spillover in Model 1, at least nine elementary actuators
are required, each being placed to influence one degree of freedom but simul-
taneously controlled by a single input. This "superactuator" scheme when ap-~
plied on Model 2 with 68 elementary actuators simultaneously controlled by

as many as four independent inputs (i.e., four independent superactuators)

can inhibit any control spillover therein.

bt b e bl s
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Section 6. - There is usually inherent in the process of feedback con-
troller design substantially more freedom of choice than is commonly exploited.
This point dis strongly emphasized again in Section 6 in the context of the
problem of augmenting the damping and stiffness of second-order linear elastic
systems by active feedback control. It is observed that considerable freedom i
of choice exists in specifying modal damping and stiffness matrices that lead :
to a particular set of closed-loop eigenvalues. In particular, a priori as- ;
sumptions of symmetry or nonnegative definiteness for these specified matrices

- are unnecessary and without even physical motivation, since they are to be
realized with active feedback control. 1In addition, once these specifications
have been made, equations for the corresponding feedback gains may have multi-
ple solutions. The extent of the design freedom available with this problem is ;
not fully characterized. However, an example demonstrating how it can be used 5
to advantage is given. As a practical matter, one may expect that such in-
creased freedom of choice may facilitate the selection of a stabilizing 3

et e

controller.
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Section 7. - The focus in Section 7 is on the general existence of
an output feedback gain matrix that stabilizes the closed-loop system. This
question has been discussed at some length in the literature, but no simple
algebraic characterization has been found. The technical approach taken is
based upon a comparison of the performance of output feedback with that of
optimal state feedback. This difference is expressed in terms of the output
of an open-lcop-stable system operating under unity feedback. Sufficient con~
ditions for asymptotic stability of the output of the latter system are estab~
lished first. This result then leads directly to sufficient stability comn-
ditions for the original plant operating under output feedback constraints.
Such conditions are similar to (but less restrictive than) those assumed in
the Kalman-Yakubovich-Popov lemma for an algebraic characterization of posi-

tive real matrices.

LIST OF REFERENCES

1. Active Control of Space Structures Interim Report, CSDL Report
No. R-1404, September 1980; also Rome Air Development Center
Report No. RADC-TR-80-377, January 1981. (A097206)
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SECTION 2

OPTIMAL FIXED-FORM COMPENSATORS
FOR LARGE SPACE STRUCTURES

2.1 Introduction

The basic problem considered here is that of desfgning physically
simple controllers for highly flexible mechanical structures. This is an
outgrowth of the stochastic output feedback compensator design prcblem
ccusidered in the interim report and is aimed at developing a systematic
approach to the design of control systems subject to specific physically-
motivated structure constraints. In addition, this design procedure
provides quantitative information about the performance of the resulting
control system performance as a by-product. Specifically, it is assumed
that the dynamics of the flexible structure can be described by a system
of time-~invariant, linear partial differential equations. As a practical
matter, however, these dynamics may be only approximately known in the
form of a finite element model. It is important, therefora, that the
design procedure developed here not rely on explicit knowledge of the
distributed parameter "truth" model, but only on the approximate "design'
model, In addition, the structure of the control system should fulfill
certain practical requirements to insure that it is not prohibitively
complex to implement. In particular, these implementation considerations
will generally dictate the following structural constraints:

(2-1) a finite number of scalar observations serve as inputs to
the control system.

(2-2) a finite number of scalar control signals are generated by
the control system.

(2-3) the dynamics of the contrcl system can be described by a
finite dimensional linear state space model.

These conditions insure that the control system can be constructed from
a finite quantity of standard electronic and electromechanical control

hardware.

This design problem is formulated more precisely in the following
sections., Specifically, Subsection 2.2 defines the distributed parameter
models considered here for the dynamics of the undamped plant. To
facilitate the discussion of the effects of inherent damping and external
control on these dynamic models, Subsection 2.3 recasts the problem in
terms of strongly continuous semigroups. Subsection 2.4 adds inherent
damping to the problem and examines the extent to which the qualitative
nature of the semigroup describing the plant dynamics 1is altered by
various damping mechanisms. Proceeding along similar lines, Subsections
2.5 and 2.6 then examine the nature of the control problems arising from
various restrictions on the types of sensors and actuators available for
control. In particular, Subsection 2.5 demonstrates that, in general,
optimal coatrollers for the distributed parameter plants considered here

4~iJ
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are themselve3 distributed parameter systems and therefore do not meet
the implementation constraints (2-1) to (2-3). Subsection 2.6 then
defines a class of control laws that do meet these constraints and
exzamines the consequences of requiring controllers to be of this class.
In particular, the importance of including sufficient inherent damping
in the dynamic model of the system is shown to arise from these restric-
tions.

The results presented in Subsections 2.2 through 2.6 ares not new
but are included here because they constitute a necessary background for
the optimal fixed form compensator problem formulated in Subsection 2.7.
This problem i{s a genevalization of that considered in [1], considering
a sequence of Sinite dimensional "decign models" that converge to the
distributed parameter "truth mndel" in the limit of infinite dimension.
Optimal fixed form compensators meeting constraints (2-1) to (2-3) are
then developed for each design model and the limit of this sequence is
taken in an effort to arrive at a compensator design that is both optimal
and implementable. Subsection 2.8 presents optimality results for this
design approach and these constitute the principal contribution of this
work. Specifically, sufficient conditions are developed for the optimality
of this limiting compensator when it exists. Finally, Subsection 2.9
summarizes the principal advantages and disadvantages of this design
procedure, identifies some important open questions raised by it and
suggests several promising avenues for future investigationm.

2.2 Undamped Flexible Structure Models

The flexible structures considered here will be linear, time-
invariant distributed parameter systems whose open loop dynamics are
described, in the absence of inherent damping, by the generalized wave
equation considered in [2]. This model is very similar to those con-
sidered by other authors in their treatments of various aspects of the
flexible structure control problem [3, 4, 5, 6, 7] and includes many
popular specifi. flexible structure models as special cases. In par-
ticular, the dynamics of the systems considered here are described by

the equation

3%x(z,t) /3t + Ax(z,t) = f£(z,t) (2-4)

where x(z,t) and f(z,t) are elements of a Hilbert space H of functions

defined on the bounded open spatial domain Q¢ R and perameterized by
the time variable t € [0,» ) . Here, Ao is a time-invariant, symmetric

1in ar partial differential operator with domain Do dense in H. It is
further assumed that Ao is a nositive definite cperator [9]: there

exists a positive constant ao such that for all x € H,

2-2
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<A_x,x> Z_l°||x|=2 (2-5)

H and ||.|| represents the norm ?

where <.,.> indicates the inner product on
t is also assumed that Ao is an

induced by that inner product. Fipally, i
That is, the resclvent operator

operator with compact resolvent [8,9].
10] for 1

R(X,Ao) = (Ao - )\I)’1 is required to be a compact operator (8,9,

some A.

rator and its properties will be

discussed in detail in Subsection 2.6 in connection with compact linear feed~
back compensators. Forv the present, however, it is sufficient to note

that the principal physical consequence of the requirement that A, have
compact resolvent is that the undamped flexible structure model Eq. (2-4)
may be regarded as a countably infinite collection of discrete harmonic
oscillators. It should be noted that this restriction is not difficult

to meet in practice since a very broad class of partial differential
operators can have compact resolvents. For example, any strongly elliptic
partial differential operator has this property, i.e. any operator of

the form [11]

The notion of a compact ope

A L ()ak+<) (2-6)
= - = ag (2) =)t ez -
° 1,k=1 2 j AL

where m is a positive integer. Here, the functions ajk(z) satisfy the

conditions that for some c_ > 0, all £ € C and almost all z € §, i

e T - Ly - G i TR e .
oy A TR TR TV TR ema e Trm e
SITRPEET Wi G T TN TR T
- U L 2 TN
T WHRTYT ORI TR TR W TN N T

» I

|
.

_ 2 .
(D B8 25 q (2-7)

m
L a
j,k=1 3

vhere the overbar indicates complex conjugation. While this definition ;

assumes the problem is set in Rl, it is not difficult to extend this class

of operators to " [10}. The assumed boundedness of Q, on the other hand,

is an essential reatriction. Specifically, {f Q is allowed to be un- i
bounded, the operator AO may have a continuous spectrum and will therefore i

not have a compact resolvent (11]. Consequently, while the notion of
approximating a very large structure by one of infinite extent might seem
1ike a reasonable approach on physical grounds, this would change
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significantly the essential character of the problem and will not be
considered here. It is also significant to note that for the second

order case, m = 1, restrictions (2-6) and (2-7) reduce to the definition
of a SturmLiouville operator. This class of operators pervades classical
phyzics and is discussed extensively in [12].

E In terms of specific distributed parameter models, Eq. (2-4) can be

{ used to descrite the motion of a variety of simple systems. For example,

g setting

7 ! Ao = -c232/3x2 (2-8) ‘

and specifyiag appropriate boundary conditions, Eq. (2-4) describes the
vibration of a uniform one-dimensional string, clamped at both ends.

Similarly, setting

i
: 2 2
: 1) 3) 3 (ymds i
: Ab _]J(Z) 5 (z)az + azz Ol(z)azz (2-9) g
1
i

Eq. {2-4) can describe the transverse vibration of a one-dimensional beam
! of nonuniform mass density u (z) and flexural rigidity oa(z) subject to a
| constant longitudinal tensile force f£(z) [13]. 1In two space dimensions,
the vibrations of a thin rectangular plate may be described by setting [13]

] 2 2

: _ )28 2 ) _

] A, = €]~ + C; —5 (2-10)
821 322

while the vibrations of a thin circular plate may be described by setting ,
{141 :

: |

= iz (2,1 3 - s

Ay = r or ( Br) = (2-11) :
xr~ 9¢ :

where r and ¢ represert the radial and angular components of the vector

PRI

2zt R2 expressed in cylindrical polar coordinates. Finally, it is also
possible to consider more complex structural models like the Timoshenko
beam [13] or more complex assemblies of simple structures like those just
described within the framework of the model just described. One of the

most common methods of combining such component structures into a dynamic

2-4
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model, however, is to assume frictional coupling at the boundaries [5]
which requires the introduction of a damping term iatec Eq. (2-4), a
problem that will be considered in detail in suybsection 2.4.

The assumption that Ab is a positive definite operator insures
the oscillatory nature of the model (2~4), generalizing the scalar equation

x(t) + ax(t) = f(t) (2-12)

L

describing the simple harmonic oscillator of frequency a‘, provided

a > 0. This restriction on the flexible structure model does, however,
exclude rigid body motions from the dynamics since these would correspond
to zero eigenvalues of the operator Ao. As noted in [3], however, this

is not a serlous restriction since such dynamic modes may be considered
independently of the rest of the plant which may then be described by

model (2-4).

2.3 Semigroup Formulation

Returning to the scalar system (2-12), note that it may be cast
in conventional state space form as

= Av + f (2-13)

I

by defining v, £ and A appropriately. There are, of course, an infinite
number of possible ways of doing this, but two particularly popular

choices are

x(t) 0 1 0--1
y = » A = » £ = (2-14)
x(t) -a 0 £(t)
) e
and - .
\ ]
a‘x(t) 0 0 .
y b A = '.ﬁ - (2-15)
x(t) :al’ _f(t)_'

Similar expressions may be developed for the abstract model (2-4).
particular, in analogy with (2-14), we can define

In
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x(z,t) 0 1 0
v = A = i - (2‘16)
ax(z,t) -Ao 0 f(z,t)
ot ’ .
reducing Eq. (2~4) to the form of Eq. (2-13). Also, since Ao is a
positive definite operator, it is possible to define a unique square
root Aﬁ/Q [9, Theorem 3.351] such that (A%’/z)2 - Ab' This allows a
description analogous to Eq. (2~15) by defining
1/2 b 7
A, x(z,t) 0 Ao 0
v = A = " f = (2-17)
ax(z,t) -AS 0 f(z,t)
‘at » 9’

The first order model (2~13) obtained by defining v, f and A as
in either Eq. (2-16) or Eq. (2-17) 1s extremely useful in that it casts
the dynamic model (2~4) in a form similar to that employed in finite
dimensional linear systems theory. Many of the control results available
for finite dimensional linear systems may be generalized to infinite
dimensional problems set in this form by reformulating the problem in

terms of semigroups.

In what follows, U, X and Y will denote Banach spaces, L(X,Y) is

the space of bounded linear operators from X into Y and L(X) denotes
A strongly continuous semigroup is defined [15] as a map T(t)

L(X,X).
from R+ into L(X) satisfying
T(t +8) = T(E)T(s) O <s<t (2-18)
() = I (2-19)
(2~20)

[IT(e)x, - x || » 0 as t > 0+ for all x, € X

Strongly continuous semigroups represent a generalization of the tran-
sition matrix arising from the state-space description of finite
dimensional linear systems. That is, it is possible to describe the
dynamics of many infinite dimensional systems by




B
|
|
|
|

T T ey e -

x(t) = T(Ox + It Tt - 8)E(a)ds (2-21)

o

where x(t) represents the state of the system at the time t, evolving
from x(0) = X, under the influence of the driving function f(t). !

} It is also possible to develop a differential description of the

| I
. system dynamics vepresented by Eq. (2~21) by introducing the concept of
the infinitesimal generator of the semigroup T(t). This is defined {15]

i

as

Ax = nmtl (T(t) - Dx (2-22)

i
i t*o+

The domain D(A) of thias operator is the set

i
whenever this limit exists.
The state of the system described

!
of x € X such that this limit exists.
by Eq. (2~21) can then be cast in the form

x(t) = Ax(t) + £(t), x(0) = x, (2-23)

et . M s s,

provided f(t) meets certain continuity or integrability conditions (15,
Theorem 2.21 or Lemma 2.22]}. _
i

In addition to this constraint on f£(t), the dynamic operator A }
must, of course, generate a strongly continuous semigroup T(t) in order |
for the semigroup representation of the system and the control results
that follow from it to be valid. Necessary and sufficient conditions
for an operator to generate a strongly continuous semigroup are given
by the Hille-Yosida Theorem [15]. These are very mild conditions to !
impose on physical systems, requiring only that the state of the system
be sufficient to describe its future evolution and that this evolution be
continuous in time and depend continuously on the initial state.

Consequently, it is not surprising that systems describel by Eq. (2-4) :
generate strongly continuous semigroups. In fact, it can be shown that ]
such systems generate unitary groups [11, p. 466], a much stronger result. :

‘. . + ]
' If stricter constraints are placed on the operator A in Eq. (2-23), ‘
a particularly well~behaved class of infinite dimensional systems results. i

Specifically, if A is the infinitesimal generator of a strongly con-
tinuous semigroup T(t) that satisfies the additional conditions {15]

2-7 .
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(2-24) T(t) can be analytically continued into the sector

S(w) = {t ¥ 0: Jarg t| < w}

for some w € (0, W)

R

(2-25) for each t ¢ S{(w) and all x € X,

%? T(t)x = AT(t) and AT(t) € L(X)

(2-26) for any U < < w there is some K > 0 such that

T g

Hre) || <k, jlaTo) || < ®/]¢]

e

for all t £ S(w-¢)

T T P s 1 e
S

Sufficient

st St St sy

i
4
3
[ then T/t) 1s called a holomorphic (analytic) semigroup.
! conditions for A to generate such a semigroup are
{
E ; (2-27) A is a closed, densely-defined linear operator on a f
E Canach space X j
4
E (2-28) the resolvent se: for A is contained in the sector
: S(m/2 + w) for some w £ (0,7m/%)
3
(2-29) there exists M > 0, independent of A such that

HIRGALA Y < M/ |A] for X € S(T/2 + w).

Note that condition (2-27) is automatically satisfied by any operator
A generating a s:rongly continuous semigrour [15, Theorem 2.9]. )

The most common class of systems generating holomorphic semigroups
are finite dimensional linear systems whose associated semigroups are i
the transition matrices ¢(t,t'). In fact, systems generating holomorphic
semigroups may be regarded as natural generalizations of the finite
dimensicual case. For example, condition (2-29) implies (3] that the
frequency response of such systems is low-pass in nature, decaying at
least as fast as 1/s. On this basis, it is suggested in [3] that such
systems may be effectively approximated by finite dimensional models, a
result that is defiritely not true for distributed parameter systems in
In particular, this is not true for the undamped flexible

s s s

general.
structures described by Eq. (2-4).
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The class of operators satisfyiung conditfons (2-27) through
72-29) is fairly broad, however. For example, if A is a bounded operator,
it generates the holomorphic semigroup defined by [9]

T(t) = exp(At) (2-30)

T e 0 e o e

The finite dimensional result follows directly from this since linear

; operators between Hilbert spaces of finite dimension are bounded. Not

i all operators generating holomorphic semigroups are bounded, however, as
11lustrated by the fact that systems described by parabolic differential
equatiuas usually generate holomorphic semigroups [15). Finally, it is
important to note that the undamped flexible structure model of Eq. (2-4) :
does not generate a holomorphic semigroup. The inclusion of damping in )
the model can change its dynamic behavior radically, however, and it is
possible to have strong enough damping mechanisms to give rise to systems

that do generate holomorphic semigroups.

T e —_r

2.4 Damped Flexible Structures

Eq. (2-4) is an unrealistic model for the dynamics of a real
flexible structure because it describes a conservative system. Physically,
this corresponds to a structure that, once excited, vibrates forever
without loss of energy. Consequently, realistic dynamic models must
) include a damping term to describe the loss mechanisms inheremt in all
' physical systems. Since it is the small magnitude of these losses that

motivates the control problem cornsidered here, however, it is tempting

to neglect them altogether and deal with undamped models. Unfortunately,
as the following paragraphs illustrate, it is not the magnitude of these
losses that determines the nature of the control problem, but rather ;

the qualitative nature of the loss mechanisms.

B i o T

e i e

T AT

To include these losses in the flexible structure model (2-4),
an additional term will be added, 1i.e.

Do prieareimoiosns 195 Rupepimei

22x(z,0)/3t% + A 3x(z,t) /3t + A x(2,0) = £(z,t) (2-31)
where A1 is an operator with domain I)1 dense in H. It will further be
assumed thst the operator Al is self-adjoint and non-negative so that

(2-32)

<A1v,v> >0 for all v e Dl

To see the significance of this, define the internal energy of the system
as [5]

e e g e e e ap—
T e e ———
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(2-33)

Be) = (%012 + ||anx(e)||?)

f : and note that, in the absence of external forces,

dE(t) /dt = <x(t) + on(c),i(t)> (2-34)

- <-A1i(:).i(c)>

as easily shown by direct differentiation. Consequently, the non-
negativity requirement on Al implies that the internal energy of the

system decays monotonically to zero. More descriptively, it may be noted )
that these conditions fumply that -Al is a dissipative operator ([9]. . 1

" iy e < e

!
3
]
| As in the undamped case, this dynamic model may be cast in the
f ' form of Eq. (2-13) by defining either 3
P ;
i ; x(z,t) 0 1 0 ;
| v = A = £ - (2-35) :
£ ox(z,t) -A  =A f(z,t)
] ot o 1
t ’ >
| |
or :
Agx(z,t) 0 Ag 0 E
X = A it ;’ i = (2-36) B
ax(z,t) ~A° -A f(z,t) :
o 19, ;
at [ 3
]
i

The question of whether the semigroup forumalism may be applied to the
damped system depends on the choice of Al’ as does the nature of the

semigroup generated when the approach is applicable. To see this, let

U denote either of the infinitesimal generators of the semigroup de-
scribing the undamped system defined in Eqs. (2-15) and (2-16) and define
T as the perturbation of U due to the inclusion of damping in the system,

i.e.
1
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T = A-U = (2=37)

1f A1 is a bounded operator, then T is also u bounded operator and it 1is

a standard result [9, 15) that U + T generates a strongly continuous
semigroup if U does. 1If Al is an unbounded operator, however, the

i {
. perturbed operator U + T may fail to generate a strongly continuous :
semigroup. Consequently, unbounded damping operators must be considered g

carefully. :/)

Probably the most common unbounded damping operators are [3, 6, 16]. ;

Y
Al = 2EA0 (2-38)

and

Pre—

A, = YA (2-39)

' which are used to describe hysteretic or structural damping in flexible
structures, Both of these models are examined in [3] where it is shown
that they do result in systems described by strongly continuous semi-
groups. The model defined by Eq. (2-38) is especially interesting since
it is a generalization of the damped harmonic oscillator

R(6) + 260 x(6) + 0 %x(t) = £(0) (2-40)

from R1 to the infinite dimensional Hilbert space H and may be viewed as

an infinite collection of such oscillators. This model is investigated
f in detail in [3] where it is shown that it generates a holomorphic semi-
group, In fact, the principal focus of that work is an investigation of

1/2 (relative

the notion that all operators within a neighborhood of ZEAO

to the uniform operator norm on H) generate holomorphic semigroups.

While this is not established, several sufficient conditions for the

damped system to generate a holomorphic semigroup are presented. For
example, operators of the form

) 1/2 1/2 -
A 26 %+ cA (2-41)

1

2-11
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are covs: dered where C is a bounded operator. Further, it is required

that th .. -perator be relatively bounded with respect to Abllz (91, {.e.
that the domain D1 of Al contain the domain 01/2 of A°1/2 and that there

exist non-negative constants a and b such that

|
- [agll < allvll + oA M2l ve o, (2-42) 1

Under .hese conditions, it is shown that there exists a positive constant ﬁ
m(f) such that if ||C|l < m(£), the damped system described by Eq. (7-31) .
generates a holomorphic semigroup.

s e gy it

The requirement that the damped system generate a holomorphic
semigroup is too restrictive to include all cases of interest. For
example, a structure with viscous damping is described by the damping

operator

N (2-43) X

for some positive constant 8. This is a very common damping model but

it 1s not sufficient to yield a holomorphic semigroup. A weaker assumption
that is satisfied by the viscous damping mechanism is that it be

sufficient to endow the system with a uniform exponential decay rate {51.
That is, there should exist positive numbers Ko and Kl such that

ekl st e a1

e e T — N
————
P

E(t) € K e 1% E(o) (2-44)

Note that since E(t) is the norm of the state vector v(t) defined by

Eq. (2-17), this is a statement that the system is exponentially stable
[15] and is therefore a reasonable property to expect from physical J
systems of the type considered here.

A sufficient condition for the damping represented by Al to
generate a uniform exponential decay rate is that Al be invertible,

Such systems are referred to as strongly damped {5,17)}. It should be

noted that weakly damped systems can also exhibit uniform exponential

decay rates [5]. Finally, it should also be noted that the requirement

that the damped system exhibit a uniform decay rate is weaker than the

requirement that it generate a holomorphic semigroup since the unbounded

damping operators considered above lead to strongly damped systems. i
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2.5 Optimal Control of Flexible Structures

For control applications, it is necessary to include explicit sensor
and actuator descriptions in the model describing the plant's dynamic
behavior. As was the case with the inclusion of damping in the model, the
assumptions made regarding these sensors and actuators will have a con-
siderable impact on the resulting plant model. 1In particular, the sensors
and actuators will, along with the specific control law assumed, determine
the nature of the feedback operator that describes the perturbation of
the open loop plant by the control system when the loop is closed.

Control inputs may enter the dynamic model of Eq. (2-31) in either
of two ways. The most obvious approach is to control the system through

the forcing term f(z,t), i.e.

f(z,t) = Bu(z,t) (2-45)

where B is an operator mapping the space U of admissable controls into

the Hilbert space H. This actuator model is general enough to include a
very wide range of physical devices, including such unconventional control
elements as the scanning actuators considered in [18]. Generally, however,
the model is restricted to include actuators of the form

f(z,t) = Bu(t) (2-46)

where B € L(U,H) and U = R™. Physically, this model corresponds to a
collection of m distributed actuators Bi attached to the structure over

fixed spatial regions, i.e.

b (z) ze®
B, = (2-47)

0 z ¢ Qi

where Qi is a compact subset of §, the closure of the domain on which the

structure is defined. It is important to note that this model does not
include the case of point actuators for which each Qi consists of an

isolated point z,. To include this case, bi(z) must be taken as a Dirac

delta distribution [19] which does not yield a bounded operator B [15].
Similarly, boundary control - the second control approach mentioned
above - does not correspond to a bounded actuator model [15]. Here,

2-13
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control forces are applied at the boundary 930 of the structure and the
effect in one dimensional systems is similar to that of a point actuator.
In two or three dimensions, the situation becomes more complex.

Sensors are included in the system model in essentially the same

way. Here, observations y(z,t) are defined by

y(z,t) = Cy(t) (2-48)

where C is an operator mapping the Hilbert space V on which the model of
Eq. (2-13) is defined into the space Y of observations. As before, this
is a very general model, encompassing a wide variety of measurements,
including both the case of complete state iaformation for which C = I,
the identity mapping from V into Yy, and the more common case where

y = RP and C & L(V,Y). Similarly, point observations and boundary
observations may be included in the model, again resulting in unbounded

mappings from V into v.

Given the dynamic model (2-13) with actuator and sensor models of
the form (2-45) and (2-48), respectively, the control problem is then to
design a compensator mapping K between the space of observations Y and

the space U of controls, i.e.

u(z,t) = Ky(z,t) (2-49)

This results in a closed loop system v« -se dynamlcs are described by the

autonomous differential equation

v(t) = [A+BRClu(t), ¥(0) = ¥ (2-50)

provided the perturbed operator A + BKC generates a strongly continuous
semigroup. If B € L(U,V), K € L(Y,U) and C £ L(V,Y) then F = BKC € L(V,V)
and, as in the case of bounded damping, A + F generates a strongly con-
tinuous semigroup. Similarly, as in the case of unbounded damping
operators, if B, K or C are unbounded, then F may be unbounded and A + F

may not generate a strongly continuous semigroup.

Consequently, there is some advantage in restricting consideration
to bounded sensor, actuator and compensator models. This does, however,
place some fairly significant constraints on the ability of the resulting
feedback mapping F to alter the system's behavior. For example, if F is
bounded and the open loop system operator A does not generate a holomorphic
semigroup, then the closed loop operator A + F cannot generate a holomorphic

2-14
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semigroup. This follows from the fact that holomorphic semigroups are
stable under relatively bounded perturbations [9]. Hence, if A+ F
generates a holomorphic semigroup and F is bounded, -F is relatively
bounded with respect to A + F, implying A generates a holomorphic semi-
group as well. On the other hand, it is not clear that physically
motivated unbounded feedback operators are free of these constraints.

For example, it is shown in [20] that boundary observations and controls
will move the spectrum of the undamped wave equation uniformly into the
left half plane. This is not enough, however, for the cloused loop system
to generate a holomorphic semigroup since the resolvent set of A + F does
not lie in a sector of the complex plane as required by condition (2-28).

Note that these results are quite different from the finite
dimensional case for which the spectrum of the closed loop system could
be modified arbitrarily if enough states were available for measurement
(21}. The finite dimensional linear regulator makes use of this fact,
modifying the system's dynamics to minimize a specified cost functional
of the state and control trajectories. While this degree of control is
not achievable in the infinite dimensional case, infinite dimensional
versions of the linear regulator problem can be formulated and yield
results that are similar in form to the better known finite dimensional
results. For example, Curtain and Pritchard [15] consider both stochastic
and deterministic formulations of the linear regulator with either finite
or infinite time horizons. In the deterministic, finite time horizomn
case, the problem s to minimize a cost functional of the form

t
1
I, t, 2)) = <z(ty), Gz(t,)>+ S {: <z(s), Mz(s)> + <u(s), Ru(s)>:} ds
%
(2-51)
for the system described by
z(t) =T(t - to)zo + T(t - s) Bu(s)ds (2-52)
to
Here, M, G and R are bounded operators as is the actuator influence
operator B. In addition, R is assumed to satisfy
2
<Ru,u> > a|u]| (2-53)

for some o > 0 and all u € U and that the complete state z(t) is observed.
As in the finite dimensional case, the result is given by the control law

2-15.
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utt) = -R7IB*Q(t)z(t) (2-54)

where B* is the adjoint of the operator B, and the optimal cost is given
by <z°,Q(t)zo>. Here, Q(t) is the solution of the operator Riccati

equation

cdl—t<Q(t)h,k> + <Q(t)h,Ak> + <Ah,Q(t)k> + <Mh,k> = <Q(t)BR'IB*Q(t)k.k>
(2-55)

with Q(tl) = G and h,k € D(A), the domain of the infinitesimal generator

A of the semigroup T(t). Again as in the finite dimensional case, this
reduces to a steady state Riccati equation as tl goes to infinity. These

results can be extended to the case of boundary controls [15], although at
the expense of additional constraints on the semigroup T(t). Similarly,
in the stochastic case [15], the optimal compensator is shown to separate
into an infinite dimensional state estimator followed by the deterministic
gain just described.

Finally, it is useful to conclude this chapter with a concrete
example that illustrates the major issues just outlined. In [15], optimal
control of the wave equation is considered, i.e.

32x(t,z)/3t% - 3%x(z,t)/32° = u(z,t) (2-56)

subject to the boundary conditionms

x(l,t) = 0

x(0,t)

(2-57)

x(z,0) = x (2), x(2,0) = x(2)

with the cost functional
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, 1 uX(z,t,) V2,2
' J(u) = [ —5r ] t+x (z,t)) | dz
. o
E : . . (2-58;
b 1 1] 1-2 2
: +&{ £ [:7[ x (z,t) + u (z,t)J dzdt
P
This problem may be cast in the form of Egs. (2-52) and (2-53) by defining
'{L X(Z,t)
P t E
E w(t) = . = T(t)_v_v_o +£ T(t - s)Bu(s)ds (2-59) j
x(z,t) '
i
‘ where . ;
\ : 0 xo(z) ) v ;
,‘ i B = » M, = (2-60) |
o NE: X, (2) ]
r \‘;
Similarly, the cost may be expressed as +
H
1 f111 ] !
. J(w) = 5 <ult)), wlt)>, + [ 7 1 7<Mu(t), w(t)>, + <ulz,t), u(z.t)ijdt 1
(2-61) ;
H
; where <.,.>H indicates the inner product i
Wi, Wy = <x(z,£),x(2,8)> +<x(z,t),x(z,t)>
N - with <.,.> including the usual inner product associated with L2[0,1].
The bounded operator M is defined by
q
i
| 2-17
i
. N SR
S I A S e T e e ey . :
R T e




!" l ) I T i I T epnp—ryn T - v e
£ :

12

i . .

[ , . : s
¥

;

F

E

¢
0o o0
0o 1
b
E This particular problem can be solved analytically [15, p. 98] to yield ]
3 the optimal control law
? Pl
E . 0 o0
u(z,t) = w(t) = -x(z,t) (2-64)
0o -1 )3
Physically, this result says the best control law is achieved in this case
, by adding viscous damping to the system, providing it with a uniform :
i i exponential decay rate.
Y ! ]
% ; 2.6 Compact Feedback Compensators :

If X and Y are Hilbert spaces, a particularly interesting subspace i

2 of L(X,Y) is the space C(X,Y) of compact linear operators. A bounded j

. ' linear operator T:X -+ Y is compact (23] if it maps bounded sets in X into

4 | subsets of compact sets in Y. These operators are in some sense natural

: generalizations of matrices into infinite dimensional Hilbert spaces g
since if T € L(X,Y) and either X or Y is a finite dimensional space, T i

¥ : is compact. Consequently, all mxn matrices are compact operators in

{ Z L(Rn,Rm). Further, it is true {8, 9, 23] that the adjoint of a compact f i

: operator is compact, as are products of compact operators with bounded o
5 operators. Finally, it is useful to note that C(X,Y) is a closed sub-
- : space of L(X,Y) [8, 9, 23) so that if {Tn} is a sequence of compact

operators and HTn - T|| + 0 as n +®, the 1limit T is also a compact i

operator. ;

These operators are of interest here because the feedback mapping
F arising from most realistic control schemes is compact. In particular,

consider the open loop system described by

- A

x(t) = Ax(t) + Bu(t)

Ak 4 ik oo ML . s sk

(2-65)

ot

y() = cCx(t) {

with x(t) € H representing the state of the system, u(t) € R® represent-~

i ing the m scalar inputs available for control and Z(t) € RP representing

2-18




the p scalar observations avaiiable from the sensors. Here, as long as
the operators B and C are bounded (i.e., pointwise and boundary controls
are excluded), it is clear that B and C are compact operators for any
finite m and p. Consequently, if constant output feedback control is

applied to the system, i.e.

ult) = My(e) (2-66)

N

for some M € R™*P it is also clear that the feedback operator F = BMC is ]

compact.
Similarly, it is easy to show that dynamic compensators of the form //)J

u(t) = Gz(t) + My(t)
(2-67)

R e LR e
FYTRL T L Ty e

z(t) = Fz(t) + Ly(t)

] e g mg g

, ' where 2(t) € RY for some finite q, can be described by compact feedback

operators. This is done by augmenting the state vector to i

b i
N

(3

x(t)
b v(t) = (2-68)
: z(t)
defined on the Hilbert space V= H + R? with the inner product
= ' -
<y (8), wy(e)>) <xy(8), x,(t)> + 2,7 (£)z,(t) (2-69)
§
The augmented system may then be described by the model %
i
(2-70) %

v(t) = [A + BKCly(t)

L e st

b i, i s s L
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Note that if A generates the strongly continuous semigroup

>|
]

ol
]

K

5 -
0
M

£ =
LL

operator A generates the strongly continuous semigroup

T(t)

T(t)

0

T(t), the

Further, .f T(t) is a holomorphic semigroup, it is easy to see that

T(t) is .1so a holomorphic semigroup.
exponertfally stable, however, since z(t)

with

This augmented model is not

2(0) for all t > 0, _
althou,.. this problem can be remedied if desired by replacing A and K

(2-71)

(2-72)

(2-73)

whare Fo is any arbitrary positive definite qxq matrix. This augmented

system is described by the strongly continuous semigroup

rmm e ————s

-

D i o

T(t)

T(t)
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which is asymptotically stable if T(t) is. The dynamics of the closed
loop system are described by

- 3 = (& ¢ Flu(e) o
(2-75) S

(or w(t) = [& + Flv(b))

where F = BKC (or ¥ = EKE) is the augmented feedback operator. This

operator is clearly compact since'f,'a and K (or K) are all compact as /);
i before. »

; Since all compact operators are bounded, it is clear that the

? control limitations outlined in Subsection 2.5 for bounded feedback operators
: ‘ apply to the compact case as well., Unfortunately, there are more severe

: control limitations on compact feedback operators than on arbitrary

‘ bounded operators, as noted in [22]. Specifically, it is shown in [22]

: that if the semigroup T(t) with infinitesimal generator A describes a

¥ conservative system (i.e., E(t) = E(O) for all t > 0 in Eq. (2-33)),

then the system described bv the semigroup S(t) with infinitesimal ;
' generator A + F cannot exhibit a uniform exponential decay rate if F

E ' is a compact operator. Further, even if the system is strongly stable
; ' (i.e., if E(t) + 0 as t + = for all initial states 30) but does not

a1l e i,

et b bt e i

; possess a uniform exponential decay rate, compact feedback cannot provide

E it with one. These results arise from the fact that compact perturbations
of an operator with compact resolvent preserve the asymptotic behavior

of the spectrum [24]. Thus, if the poles of the open loop system lie

on, or asymptotically approach, the real axis of the complex plane,

compact feedback will not alter this fact. Russel illustrates a specific

example of this limitation in [20] where he shows that the closed loop

3 of a controlled wave equation must each lie in neighborhoods of

radivs rj of their open loop counterparts where {rj

: Consequently, while it is possible to construct compensators to place
any finite subset of the closed loop eigenvalu2s at will, any features of
the system that depend on the asymptotic behavior of its spectrum will \

remain unchanged by compact feedback. :

4 ] poles A

} is an 82 sequence.

Finally, note that while the compactness of B, C and K resulting
from restrictions (2-1) to (2-3) insures the compactness of the feedback
map F, the converse is not true. For example, the optimal linear
regulator problem considered by Gibson [5, 22] results in compact feed-
back operatcr that is no easier to implement than those considered in
Subsection 2.5. Specifically, C = I in this problem, which is bounded but i
not compact, while B is a compact operator. Consequently, the optimal |

lB*Q is compact and cannot impart a uniform

e b 18 Tt Tt s oo i i,

state feedback map F = ~B}

ool o i s b
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exponential decay rate to the undamped plant, as noted in [5, 22}, 1In
contrast, in the optimal linear regulator problem considered in [15], the
operators B and R are both bounded but not compact. Thus, this com-
pensator can and does impart a uniform exponential decay rate to the

undamped plant.

2.7 Optimal Compact Feedback Compensators

Since compact feedback cannot improve the performance of flexible
structures arbitrarily, the question of how much improvement is possible
naturally arises., 1In particular, given a flexible structure model, a
specific set of compensator constraints and a performance index, the
basic question is how much the performance index can be improved rela-

tive to its open loop value.

The most common approach to this problem has been to develop a
finite dimensional plant model Pn for the structure that approximates

the true dynamics described by the distributed parameter model P. This g
reduces the problem to the finite dimensional one of designing the best
compensator Kn* subject to the constraints, allowing the use of standard J

control approaches. This fact represents the greatest advantage of this ;
approach and explains its great popularity., The most difficult aspect !
of this design procedure is that of determining a reasonable approximating

model Pn' In particular, to achieve reasonable fidelity in approximating

P, it is desirable to make Pn complex enough to capture all of the im-

portant details of the structure's dynamics, while for control purposes
it is desirable to keep Pn as simple as possible to reduce the difficulty
of designing Kn*. In practice, the usual approach 1s to start with a
finite element moudel Pn that is large enough (several hundred states or

more) to approximate P reasonably well and then employ any one of several ;
model reduction approaches (25, 26, 27] to obtain a simpler model Pn' i

to be used as a basis for designing Kn*.

A second, less popular approach is that employed in [13]. Here,

the distributed parameter control problem defined by the plant model P

is first solved to obtain the optimal full-state feedback control law F* f
as described ia the last chapter. Then , this control law is approximated '
subject to the implementation constraints (2-11) to (2-3) to obtain a
finite dimensional compensator K. This approach is less popular than ?
the first one described because it requires the distributed parameter :
plant model to be known, which is not always the case. Also, distri-
buted parameter control problems are generally harder to solve than

finite dimensional ones.
Both of these approaches suffer from the ad-~hoc nature of the

approximations involved. In particular, it is not clear that either of
these design approaches will yield the best compensator K* subject to

e e e A 2,
- s’ Q.A‘A-\M;d)ﬁ‘."h‘(\.“.‘~'h»<<‘&_&-u e
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f the implementation constraints imposed on the problem. Further, even

: though it may be true that a "good" approximation will result in a
compensator whose performance is close to the optimsl performance,
these design methods do not yield any quantitative information on this
difference. In fact, as nnted in [28], a poor choice of approximate
plant model Pn (or Pn' if the model reduction approach is employed) can

result in closed loop instability when the compensator Kn* is applied to

: the distributed parameter plant P. An approach that avoids these
: difficulties is that described in [5). Here, the dynamics of the struc-
ture are described by a sequence {Pn} of approximate models that con-

[ 5 verge to the distribured parameter plant P as n + ©®, Then, the optimal
full-state feedback controller Fn* i3 determined for each plant model 4

Pn' Under the conditions described in [5], the sequence of compensators

T
s

{Fn*} converges to the optimal full-state feedback compensator F* as

n + «, While this limit does not meet the implementation constraints
(2-1) to (2-3), this approach does provide a systematic way of approx-
imating it since the performance of the distributed parameter plant

f with the control law FN* approaches that of the optimual control law F*

for sufficiently large N and insures the stability of the closed loop

b ‘ system. Also, as a practical matter, this means that if a sufficiently
accurate finite element model of the structure is available, the dis-
tributed parameter dynamical model P need not be known.

- e

conntha

: Unfortunately, this last approach does have two distinct dis-

advantages. First, even though the control law FN* satisfies conditions

(2-1) to (2-3) for any finite N, it becomes progressively harder to
implement as N increases. Thus, if the sequence {Pn} converges slowly, i

the compensator resulting from this design procedure may be verv complex. ;
On the other hand, simpler compensators may exist that will yield
acceptable performance. The second principal disadvantage of this
approach is that it cannot be used to design cowpensators meeting struc-
tural constraints like decentralized information patterns.

Consequently, the compensator design approach considered hare is
a modification of that considered in [5]. Specifically, the distributed
parameter plant P is approximated here by a sequence of finite dimensivnal
plants {Pn} as just described. However, rather than designing full-

state controllers for each model Pn’ the optimal fixed form compensator
Kn* is designed for each Pn‘ That 1s, the desired compensator structure

is fixed initially and the free parameters that define specific com-
pensators of this form are optimized tor each model in the sequence
{Pn}. Finally, the limic of the sequeace of compensators {Kn*} will be

taken as n + ™,

é
|
i
1
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More specifically, in the problem considered here, the dynamics of
the distributed parameter plant P will be assumed to satisfy Eq. (2-31).
The cbservations and control inputs will be assumed to satisfy Eqs. (2-48)
and (2-46), respectively, where the influence operators B and C are
compact. In addition, it will be assumed that the damping operator Al

is "almost sufficient" to endow the system with a uniform exponential
decay rate. Specifically, a finite number of unstable modes will be
allowed but the asymptotic nature of the spectrum must be such that when
these unstable modes are stabilized, the resulting system has a uniform
exponential decay rate. Similarly, a finite number of rigid body (i.e.,
zero frequency) modes will be allowed. However, since this would violate
the positivity assumption on A made in Chapter two, these modes must be
treated as a separate finite dimensional subsystem by augmenting the plant
state. Finally, to provide a basis for optimizing performance, some form
of uncertainty must be ncluded in the plant model. For deterministic
probiems, this wili take the furm of a random initial state with zero
mean, Gaussian probability density and known covariance. For stochastic
problems, plant driving noise and observation noise will be assumed with
known statistics. Specifically, zero-mean white Gaussian plant driving
noise will enter through a finite number of "equivalent disturbance
actuators,”" of the same type as the control input actuators and zero-mean
white Gsussian observation noise will be present in the cutputs, arising
from noise sources external to the plant.

Given this distributed parameter plant model P, the approximating
plants {Pn} will be truncated modal models similar to those employed in

(2, 5, 22]. Physically, this means each approximate model Pn represents

a collection of n (possibly coupled) damped harmonic oscillators.

The compensatcrs Kn* will be of the form of Eq. (2-67) for some

fixed non-negative integer q. For q = 0, this reduces to the constant
gain output feedback compensator and if no decentialization constraints
are imposed on the problem, all mp elements of the gain matrix are free
design parameters. For q > 0, q° elcments of the (m+q)x(p+q) compensator
matrix K may be fixed without affecting the compensator's transfrar function
[29] (e.g., tie compensator may be put into any one of several cannonical
forms [30]), reducing the number of free design parameters to mp + (m+p)q.
Decentralization constraints will further reduce the number of free design
pavameters by requiring certain elements of K to be zero. Consequently,
the feedback map ¥ = BKC may be decomposed into a fixed part Fo and a
variable part F1 which will be chosen to minimize a cost functionil J(.).
The cost functionals J(.) considered here will be standard quadratié
functionals like those considered in [5]. The cost functionals Jn(') used

to define the optimal compensators Kn* will then be taken as the pro-
jections of J(.) onto the modes defining Pn' The optimality results

developed in the next section are more general, however, and will only
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' ) require that each cost functional Jn(') be continuous and that the se~

quence {Jn(')} converge to J(.) in a manner described in the next section.
It is, of course, not poasible to assess the severity of this convergence ;

.o requirement withkout a detailed examination of the approximate models
tPn} even for specific cost functionals J(.) since the manner in which

{Jn(“)} converges (or does not converge) depends on the manner in which
{Pn} converges. The continuity requirement on the cost functionals,

; however, is not restrictive since most practica. parameter optimization

3 ‘ schemes involve either gradient searches or the solution of gradient-

k derived necessary conditions, both of which require Jn(.) to be differ- :
' i

entiable, hence continuous. —/)

2,8 Optimality Conditions

The compensator design approach just described raises two very
important questions. First, when does the sequence {Kh*} converge?

e e s e

That is, what conditions must be imposed on the plant model P, the
approximating plants Pn‘ the compensators Kn and the cost functionals

"t ey ey e

Jn(.) and J(.) to insure that the sequence of compensators {Kh*}converges

to a well-defined limit K*? Clearly, this is a difficult question to é
answer in general since it will depend on both the nature of the con- i
vergence of the approximation plants {Pn} and the nature of the dependence

of the optimal compensator K* on the plant Pn. The results of [5] are

encouraging, however, since they provide necessary and sufficient conditions
for the convergence of the sequence of compensators considered there.
Specifically, in [5], no constraints are imposed on the compensator
structure and J(.) is taken as a quadratic cost functional with positive ‘
definite, bounded, self-adjoint weighting operators on both the state
and the control and examines the convergence of the resulting sequence
of full-state feedback compensators. Results are presented that indicate
‘ the existence of sufficient inherent damping in the plant P to insure a
! uniform exponential decay rate is a necessary and sufficient condition
‘ ' for this sequence of compensators to converge to a compact limiting

{

T Tt iy e -

Bt L

operator.

ot el . MaiBoer i

: : The second question raised is that of whether the limiting ;
] compensator K* is optimal with respect to J(.) when it exists. Specif- ;
ically, if Kn* minimizes the cost functional Jn(') for the plant Pn and {

Kn* + K* as n + ©, wvhat conditions are sufficient to insure that K¥ (
i

minimizes J(.) for the plant P? This section will show that if the
sequence of cost functionals {J _(.)} converges to the limit J(.) appro-
priately, then K* does minimize J(.) for the limiting plant P.

okl ) il sttt e .
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Specifically, it will be assumed that the sequence {Kn*} con-
verges to K* in the sense that ||Kn* - K*|| + 0 as n +«, That is,

given € > 0, there exists N such that ||xn* - k*|| < € for all n > N,
Here, the norm ||.|| is defined as [8]

1,1

5 , 2
: : K - 2-76
o K] = o i 2-16) |

- y # 0

][2 is the Euclidian 1
:
s norm on R™, The compensators Kn* will also be required to belong to the

where y € R?]l.]]l is the Euclidian norm on R® and I,

set A of componsators meeting the structure constraints described in the
3 last section. Note that by fixing the structure of the compensator in
: this manner, only the free parameters depend on Pn and Jn(‘) so that 1if

K* exists, it will be of the correct form. In addition, two other 1

constraints will be jmposed on K*. First, it must stabilize the plant F :

in order for the ‘nf{inite time horizon problems considered here to make

sense. Similarly, the optimization problem becomes meaningless if J(K*%) -
) is not finite. Thus, defining

S = {Ke A| K stabilizes P} (2-77)

ML T TR T ARer TR TR TR T e o T e

and )

T = {Ke A] JEK) <=} (2-78)

the set ' of admissable compensators will be defined as

. T = (SsAT)® (2-79) %
i

where Q° indicates the interior of the set Q2. Note that I' will generallv Co

shrink as additional constraints are imposed on the structure of the

compensator, possibly reducing to the empty set if these constraints dre
b severe enough.

Given the set T of admissable compensators defined by the plant P,

the cost functional J(.) and the compensator form constraints defining
A, the sequence of approximating cost functionals must satisfy the

2-26
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; following convergence requirement. For arbitrary K € ' and € > 0, there
‘ must exist a positive integer N and a positive constant § such that

IV T Y S S T

n>Nand ||L -K]|] <8
(2-80)

[ e 7T TR T T e A

=> 3 (@ -Jw| <e

Basically, this requires the sequcnce {Jn(.)} to converge uniformly in

RN A T S O S e

: some open neighborhood of every element of ' This insures the following
j : results.
Lemma 2-1: If a sequence of continuot:s cost functionals {Jn(.)} converges 3

in the manner just described, the limiting cost functional J(.) is con-
tinuous on T.

T THEYET

Proof:
{ : 1. Given € > 0, it follows from the convergence condition on
; ’ {Jn(.)} that there exists a positive integer N and u > 0
: : such that ]JN(L) -J (L)]| < €/3 for all L ¢ BU(K) where ;
! B &) = {L: |[[L-x|] <ul :
‘ 2. Since JN(.) is continuous, there is a positive constant V %
é } such that IJN(L) - Jy(K)| < €/3 for all L & B (K).
3 3. Let 8 = min(u,v) so L€ Bg(K) = > L e B (K) and L € By (K)
; so that
S EICHIEIN (SR IR (AR M ¢hY
_
; + 3L = 3 |
E ‘; + |3y - I® |
‘ E < €/3+¢€/3+€/3 = k€,
f . 4, Thus, J(.) 1is continuous on T. O
; R
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Lemma 2-2: If a sequence of continuous cost functiomals {Jn(.)}

: converges in the manner just described and if the sequence of compensators
ﬁ {Kn}converges to a limit K, then
: lim J (K) = J(X).
n+ o nn
: ;
1 ! Proof:
; !
[ 1. From the convergence condition on {Jn(.)}, given € > 0 there ]
% exists an integer N1 and V > 0 such that if n > Nl’ then /);
3 -
5 la (L) J(Ln}l < €/2 for all L ¢ B (K).
; 2. Since T is open, if Kn + K and K € T, there exists an integer 1
i j N, such that n > N, = > K e T so that J(K ) is a finite, ;
i i
% physically meaningful quantity. ?
? 3. Since K~ K, there exists an integer N3 such that n > N3 => ‘
| |
E : Kn £ Bv(K)' :
| '* b
§ : 4., Thus, let NA = max (N;’NZ’N3) so that n 2_N4 = > oo
k [Jn(l(n) - k)| < e/2..
[ :
i t
E 5. By lemma 2-1, there exists p > 0 such that L ¢ BU(K) = > !
; Ty - )| < ef2.

T E 6. Again, since K+ K, there exists an integer Ny such that

3 ' >N, = >K B (K)
. n > 5 = 0 € " .

7. Let N = max(NA,Ns). Then n > N = >

3 (R - 3@ < |3 (R) - 3K

+IK ) - I |

< gf2 +€l2 = €.

8. Consequently, 1im J (K) = J(K). O
- n n

It is important to note the significance of this convergence
requirement on the sequence {J,(.)}. First, this is a stronger condition
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than local convergence which only requires Jn(K) + J(K) for all K e T.

In particular, local convergence does not guarantee the continuity of the
limiting cost functional J(.). Simila-ly, this condition is weaker than
uniform convergence since given € > 0, the minimum N and maxiwmum § for

| which [Jn(L) - J(L)| <€ for all L & BG(K) may vary with K. In parti-

3 cular, the convergence mav become local on the boundary of the set T.
In fact, the convergence required here is equivalent to uniform conver-
gence of {Jn(.)} on compact subsets of ', as shown in the following

I lemma.

Lemma 2-3: The following convergence requirements on {Jn(.)} are S
equivalent: f/)

i) Given K € T and € > 0, there exists an integer N and a
positive constant § such that n > N = > lJn(L) -Jwy| <e

for all L ¢ BG(K)'

T S ar s i e ompr ey e e o
e oiiitng “da

i
ii) Given a compact subset §{I of ', there exists N such that ' g
n2N=>[J (1) - J(LY| < € for all L € Q. .

L T e g e -

Procf:

X 1. To show i) = > ii), let Q be a compact subset of I'. Then
given K €  and £ > 0, there exists an integer NK and a

s ST A —

positive constant GK such that n 2-NK = > IJn(L) - J() <€

ST

for all L such that ||L - K|]| < GK'

b
- : 2. Since Q is a compact subset of I', it is closed and bounded so :

sup (min NK) = max (min NK) = N <o
KeQ KeQ

and

inf (sup GK) = min (sup 6K) = §>0.
Keqd KeQ

Clearly, N > N, and § < 6¢ for all K € [ so that
n>N=> IJn(L) - J(L)| < € for all L such that ||L - K|| < é.

e e

) 3. However, K is an arbitrary element of R son > N = >
l3,(L) - 3| < € for any L € Q, establishing ii).
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4, To prove ii) = > 1), select an arbitrary K e . Since T
is open, there exists some 8§ > 0 such that the open ball BZS(K)
is contained in T

! 5. Let §26(K) represent the closed ball

Byg(K) = {L : lL - r|] < 268} ;

and note that B(S K)e BZG(K)c. B3(S (K)cT. ]

6. From ii), there exists N such that n > N = > ’/);
- < B
l3,(L) - J@W)| < € for all L e B,4(K).

7. Thus, given K €T, n >N = > IJn(L) - J(L)l < ¢ for all
: Le BG(K)’ establishing i). 0O '

that establishes sufficient conditions for the optimality of the limit

' ! . The principal result of this section is the following theorem
K* of the sequence {Kn*} of optimal compensators for the approximating

plants {Pn}.

Theorem 2-1: Suppose the following conditions are met:

T T T e e (e g
v

i) each functional Jn(') is continuous

ii) Kn* minimizes Jn(.) for all n

[P e o aan

iii) Kn* + K* for some K* € T

iv) Jn(.) + J(.) in the sense of lemma 2-3.

e Ea sl s

Then,
l W) lim J (K *) = J(K¥)
. n-—)w n n 1
vi) K* minimizes J(.) co
Proof: P
1. Result v) follows immediately from conditions 1) and iii) by : ;
lemma 2-2, :
2. To prgve vi), suppose K* is not optimal. Then there exists }
some K € T such that .
3
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JKY) - J@K) = d > 0.

3. From the convergence condition on {Jn(')}’ there exist integers

Nl and N, such that ;

3

R n >N => |5 ®) - J@]| < /2 |

T i and ;
| n >N, => [J (K* - JEK¥| < d/2.

—

4, Let N = max(Nl,Nz), then

S T e T

-d4/2 < JN(R) - J(K) < d/2

-4/2 < I (K®) - J(R*) < d/2 :;

T = e

i 5. Thus, i
-, ’
| TR = JEE = [TER) - K] 4
! | = J® +d - [ER - TR0

> J(ﬁ) + a/2

VRIS NP

> I+ UE - I®)] ;

Iy (K

which contradicts the definition of KN*.

6. Consequently, K* minimizes J(.). D

: Finally, the following corollary is an important practical result
i that follows immediately from the convergence of {Kn*}. In particular,

it guarantees that compensator designs based on sufficiently accurate
% - finite dimensional dynamic models (e.g., sufficiently large finite element
models) will stabilize the distributed parameter plant and achieve
approximately optimal performance.

Al Corollary 2~1: If conditions i) through iv) of Theorem 2-1 are met, then
E . there exists some integer N such that
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i) n>N=> K * stabilizes P

ii) given € > 0, there exists N' > N such that

T e T, e e

' J(R_*) ~ J(K*) < € for all n > N'.

Proof: //).

1. Since I' is open and K* € ', there exists § > 0 such that
B6(K*)C:F. Thus, since Kn* + K*, there exists an integer N

such that n > N = > Kn* £ BG(K*) = > Kn* stabilizes P. ;

TR T AT A T TS

By lemma 2-1, J(.) 1is continuous on I so given € > 0, there ©
exists U > 0 such that L € B (K¥) = > 13y ~ J®®| = J(L) - 3

J(K*) < €,

[\M]

3 } 3. Consequently, since Kn* + K* and K * € T for all n > N, there e
exists N' > N such that n > N' = > Kn* €T and J(Kn*) = J(K*) ‘

< €. D

2.9 Conclusions

{ The compensator design approach suggested in [1] has been g
S generalized to a wider class of cost functionals and specialized to the
' i flexible structure control problem. In addition, sufficient conditions ;
for the optimality of the resulting compensator have been established.
If these conditions can be met, this design approach has three principal ,
advantages. First, it does yield the best compensator, relative to the :
cost functional J(.), that meets any given set of structure constraints
imposed on the control system. Consequently, the difficulty of imple- ,
menting the control system may be specified a_priori as a design con- |
|
t
i

straint. The second advantage of this design approach is that the value

of J(K*) provides a quantitative measure of the performance achievable

subject to the implementation constraints. Thus, if this cost is too

great to meet the desired performance objectives, the optimality of K* §
implies that some of the structure constraints must be relaxed to '
achieve acceptable performance. Finally, as a practical matter, this
approach allows the design of the optimal compensator K* from a
sufficiently accurate finite element model, eliminating the need for
exact knowledge of the distributed parameter dynamics.

bttt il Mk ke 145 it b nei bt i o
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Unfortunately, this design approach also has two fairly signifi-
cant disadvantages. First, the finite dimensional optimal fixed form
compensater problem is numerically difficult to solve. Specifically, 1
unlike the case of the optimal full-state feedback compensator, no
o explicit solution is available for this problem. Only necessary con-
4 ditions for optimality are known and these are dirficult to solve [29].

The other major disadvantage of this approach is that it is new
so several important open questions exist. First, it 13 not clear under
what conditions the sequence {K *} of approximating compensators converges
to a well-defined, stabilizing gompensator K* with fiaite cost J(K*).
Similarly, it is not clear under what conditions the sequence (Jn(,ﬁ}

R A o

of approximating cost functionals converge in the sense required by lemma
2-3. Finally, even if these sequences do'converge for a particular
problem, their rate of convergence will determine how practical this
design approach will be. Clearly, all of these questions depend on the
nature of the distributed parameter plant P, the cost functional J(.) and
: the approximation scheme that determines the sequences {Pn} and {Jn(')}'

In particular, in view of the results of [3,5,22], it is likely that the
answers of all of these questions will depend strongly on the nature of
the damping mechanisms present.

In conclusion, the results presented here suggest the following
avenues of research might yield useful results:

1. Examine the convergence of standard quadratic cost functionals
for modal approximations {Pn} of the plant P. In particular,

RSN IR T TeeaTe N AT T

do the corresponding approximate cost functionals {Jn(.)}

meet the convergence requirements of lemma 2-3?

3 . 2. Examine the possibility of extending Gibson's results [5,22]

. to the case of fixed form compensators. Specifically, is the

;- : existence of a uniform decay rate in stable open-loop plants
: a necessary and sufficient condition for the convergence of

1 the sequence {Kn*} arising from quadratic cost functionals

J(.) and modal approximation schemes?

3. As a specific example, examine the convergence of stochastic
output feedback compensators {Kn*} for representative plants

like the Draper model number 2. Specifically, what is the
relation between inherent damping and convergence rate for
this problem?

4. Examine the possibility of developing numerically efficient
algorithms for evaluating the optimal compensator Kh* for the

finite dimensional plant Pn. In particular, is it possible to

develop a recursive algorithm to compute Knﬁi from Kn*?
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SECTION 3

CLOSED-LOOP STABILITY AND ROBUSTNESS CONDITIONS
FOR LARGE SPACE SYSTEMS WITH REDUCED-ORDER CONTROLLERS

é ' 3.1 Introduction

g ; Consider the active (or passive) control of a generic large space
; system which may contain rigid as well as elastic modes, undamped as ' 1
i well as damped modes, unstable as well as stable modes. As usual, let .

such a large-scale distributed-parameter mechanical system be adequate