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1. INTRODUCTION AND SUMMARY

The objective of the Multitarget Tracking Studies (MTS) project is to
develop and evaluate a parameter modeling concept for tracking multiple
targets. This report summarizes the accomplishments on phase II of the
project, during the period of June 1980 to June 1981. The results obtained
during phase 1 of MTS were reported in [1].

The MTS concept is based on modeling the observed data as a multichannel
autoregressive moving-average (ARMA) process. The parameters of the model
provide a compact representation of target parameters such as spectrum and
time-difference-of-arrival (TDOA). These parameters can be used as inputs to
a tracking algorithm, a target classification program, etc. The unique
feature of the MTS technique is the simultaneous estimation of mu)tiple target
parameters. Most conventional processing techniques estimate parameters of
one target at a time, considering the other targets as sources of
interference.

Parametric modeling of ARMA signals at low signal-to-noise ratios
presents a difficult and challenging problem, even in the single channel
case. It was clear from the start that single-input single-output ARMA models
have to be studied before tackiing the multi-input multi-output models that
arise in the multitarget case. Accordingly, most of the effort in phase I and
part of the effort in phase 11 was devoted to the single channel case. The
emphasis was on developing a recursive parameter estimation algorithm capabie
of working at the low-signal-to-noise ratios that are typically encountered in
the undersea surveillance scenario (e.g. -10 to -15 dB}. In section 2 we
present the single channel algorithm which is a more robust version of the one
presented in [1]. This algorithm {s used as an adaptive Infinite Impulse
Response (IIR) filter to perform a number of functions such as: adaptive line
enhancement, adaptive noise cancelling, adaptive TDOA estimation, adaptive
deconvolution and high resolution spectral estimation. Adaptive filters of
this kind are useful for line tracking, own ship noise reduction, inter-array
processing and other surveillance applications. The IIR adaptive filter has
improved performance compared to conventional Finfte Impulse
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filter, especially under Tow signal-to-noise conditions, as demonstrated by
the results in [2]-[4].

In section 3 we describe the multichannel ARMA modeling algorithm
developed for the multitarget case. The algorithm was tested under high
signal-to-noise conditions and was shown to be able to estimate correctly the
TDOA's and spectral parameters of two targets. However, a number of
theoretical as well as practical issues remain to be resolved before the
performance of the algorithm can be adequately assessed. This will be done as
part of phase IIl of the MTS project in which a more robust version of the
multitarget processor will be developed. The main difficulties encountered in
the ARMA approach are related to the question of structural constraints. The .
parametric tracking model (comprised of a spectral model and a propagation
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model) considered in our work leads to a certain linear transfer function -é
matrix describing the signals received by the sensors. The transfer matrix is o
called the Right Matrix Fraction Description (RMFD) of the system. The RMFD 'E

associated with the tracking model has a very special structure as will be
discussed in section 3. Estimating the parameters of this matrix involves the -
solution of a highly nonlinear optimization problem. The ARMA mode) provides 33
an alternative parameterization (a Left Matrix Fraction Description) which is
much easier to compute. Unfortunately, the special structure of the RMFD is
not shared by the ARMA model. The algorithm we currently use estimates the
parameters of a general ARMA model with no structural constraints. Because of
this, the tracking model is highly overparametrized, leading to uniqueness
problems and to degraded performance at low SNR. To make the MTS processor
more robust it seems that we will have to replace the recursive parameter
estimation algorithm originally used with a different type of algorithm
capable of enforcing the special model structure. This will probably lead to
a more complex algorithm structure.

The research performed so far on the MTS project resulted in a number of
publications, as listed in section 5. In this report we present a brief
summary of this research, deferring many details to these publications. Two
of the key papers, one for the single channel case and one for the multitarget
case, are included as appendices A and B. Further detafls on the MTS
algorithms are presented in appendices C and D.




2. SINGLE TARGET ALGORITHMS

2.1 THE RML ALGORITHM

The MTS processor is based on fitting an ARMA model to an observed time-
series. Several recursive parameter estimation algorithms were studied in
phase I for performing this model fitting. The recursive maximum 1ikelihood
algorithm (RML) was chosen as the one most suitable for our problem. The RML
algorithm estimates the parameters of an ARMA model of the type

NA NB NG
Yy F 'Z i Yeoi t Z by Uy +Zci Veei YV (1)
i=1 i=1 i=1

where {yt, "t} are the data sequence and vy is an unobservable white noise
sequence. The RML algorithm is specified by the following set of equations
(see Appendix A)

0= [al,...,aNA, Byseessbygs cl,...,ch]T = parameter vector (2a)

n T _ data
o = [-¥i oo Ypns Ypatr oV Cto1r o 0fNe) ° vector (D)

v o= [ ~ ~ ~ ~ ~ T _ filtered
9 = Yeoroo o Yena, Y1007 Ypnge Ceo10o0 Ceoned T data vector (2c)

Pp = [Py = Pooyby o P/ (g + 0p Py oy ) Iy (3)
6t = at:-l * Py by g - °I at-ﬂ (4)
r T vy - % o )
Yo = (1/0y(2)) y,, Uy = (1/0,(2)) y,, &, = (1/0.(2)) e, (6)

The pre-filter D4(z) {s usually taken to be

D f2) = 1+¢,(t) 2" oo e g (1) 27 (7
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The expontential forgetting factor is usually chosen as,

Ay, 2 A

t 1t (1-2),

t-

and the initial conditions are

-~

=0, P.=o0ol.

90 0

Several features were added to the algorithm to guarantee its convergence
and make it more robust:

(i) Stability monitoring

The stability of the pre-filter Di(2) needs to be tested. Whenever D.(z)
becomes unstable the parameter estimates 6t need to be projected back into a
region of stability [5].This can be done by setting the parameters back to
their value before the last update: 5 o Another procedure is to go
back only part of the way, e.qg.,

t = %1,

8 = 6, -sV, (8a)
where
- T2
Ve = Peop 9y (Vg = 0p 8¢ y) (8b)

The coefficient s is set inftially to max (1/2, 10°%/1v, 1}, where IV,|
denotes the sum of the absolute values of the entries of the vector V.. If
the new parameter estimates et are still unstable we set

s = max {s/2, 10'6/|vt|} and repeat the process. The stability test
algorithm is given by the following program:
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FUNCTION NSTAB(T,NT)

PERFORMS A TEST WHETHER THE POLYNOMIAL T HAS ALL ROOTS

INSIDE THE UNIT CIRCLE OR NOT

T = 14T(1)*Q**(-1)+.. +T(NT)*Q**(-NT)

WHERE Q**(-1) IS THE BACKWARD SHIFT OPERATOR

T IS A VECTOR CONTAINING THE COEFFICIENTS OF THE

POLYNOMIAL

NT IS THE ORDER OF THE POLYNOMIAL /MAX=30/

THE FUNCTION IS RETURNED O IF ALL ROOTS ARE INSIDE THE
UNIT CIRCLE, I.E. FOR A STABLE POLYNOMIAL; OTHERWISE AS 1

DIMENSION T(1)
DIMENSION TT(30), TTT(30)

NSTAB=Q

00 10 I=1, NT
TT(I)=T(1)

00 50 I=NT,1,-1

AK=TT(I)

IF(ABS(AK).GE.1.) GO TO 60
Ti=1.-AK*AK

[i=I-1

IF(I1) 50,50,20

00 30 J=1,11
TIT(I)=(TT(J)-AK*TT(1-d) )/T1
00 40 J=1,I1

40 TT(J) = TTT(J)

CONTINUE

GO TO 70
NSTAB=1

3 60
’ 70 RETURN

END

.
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(i1) Modified Pre-filtering

The choice of the pre-filter Di(z) has an effect both on the asymptotic
properties of the RML algorithm and on its transient behavior. The choice
indicated in equation (7) guarantees asymptotic convergence and asymptatic
efficiency. However, other choices seem to have faster convergence rate,
which is an important factor in adaptive processing applications.

We experimented with a modified pre-filter of the form:

D (z) =1+ kél(t)z°1+...+ch ENC(t)z'NC (9)
where 0<k<l. For different choices of the parameter k we get algorithms with
different types of behavior. In particular, k=1 gives the RML algorithm while
k=0 gives the extended least-squares algorithm. When using the algorithm on
narrowband signals in noise we found that using intermediate values of k often
improved the performance of the algorithm. A more detailed discussion of the
modified pre-filter is given in [6].

(iii) The Square-Root Form of the RML

The basic form of the RM. involves the updating of the covariance matrix
Py using the difference Eq.(4). This type of equation does not guarantee the
positive definiteness of P, and can Tead to numerical problems. It is well
known that a much better behaved solution to least-squares estimation problems
can be obtained by square-root techniques which update Pl/zrather than
P, (where P%/ZPI/Z = P,) (71,(8]. We used the following algorithm to
implement a square-root version of the RM.: Let

gy =00 7 = o1d covarfance matrix

O
"

1] GT = new covariance matrix

<
]
[l 3

where {, ﬁ are upper triangular with unity on the diagonal, and 7, 6 are
diagonal matrices. Then the following are the update equations for the U-D
factors:

3!
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e Initialization:

U=1, 0= diag {a}

' e First step:
F=q 4y, where ¢l = [fiaeens £
v =0f, ie., v, = d,f, for i=l,..., n

= dlla1 where a = Ay + vlfl

o

t
=T
k1 = [vl, 0, ..., 0]
e Main Loop

for j =2, ..., ndo

3 f ILIRY where 3 = 'fj/“j-1




¢ Update Parameter Vector

L T
9 = Oy * Ky lyg - oy 8 y)

¢ Compute Residual
T
€ T Y T % 8

An implementation of these update equations can be found in [8, pp. 100-
101]. A slight modification was needed to account for an extra division
by Kt’ which appears in (4), but not in the standard Kalman update of the
covariance matrix Pt.

The square-root RML has shown somewhat improved performance, especially
at low SNR, and we are now using only this version of the algorithm. Since
our similations were performed using high precision floating-point
computuaions, the difference between the regular and square-root normalized
RML is not Targe. A much more pronounced differnce is expected to occur when
using fixed point finite-word length computations.

The RM. algorithm with the various featrues described above is guite
robust and has been used successfully on narrowband data at SNR's as low as
-15 d8. The algorithm will probably work at Tower SNR given sufficient
data. In our simulations we used not more that 4096 data points per run.

2.2 APPLICATIONS OF THE RML FOR ADAPTIVE PROCESSING

The RML algorithm can be used for a variety of adaptive processing
applications. In appendix A we present a summary of our work on using the RML
for adaptive line enhancement, adaptive noise cancelling, adaptive time delay
estimation, adaptive deconvolution and high resolution spectral estimation.
Here we provide brief descriptions of these applications and give references
to project publications containing more details.

(i) Adaptive Line Enhancement {2]

t
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e
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The RML algorithm can be us:zd as an adaptive prediction filter for ARMA
processes. The predicted value Yelt-1 is given by

. NA NC_
Yejt-1 © 'Z_:lai("'”yt-i*z:lc,-(t-l)et_i : (10a)
i= i=

where

-

- T e
Ct-i T Y-l T Pee1%t-i-1 -

The structure of the IIR filter is depicted in Fig. 1. The coefficients
of this filter are adjusted at each time step according to the update equation
(2) - (7) of the RML algorithm. When the input is a narrowband signal
corrupted by white noise the adaptive predictor will form a bandpass filter
around the spectral lines and reject much of the noise. In other words, the
adaptive predictor is precisely the so-called adaptive line enhancer (ALE)

[9].

The ALE's currently used by the Navy and other users of adaptive signal
processing are all based on FIR filtering. As discussed in [2], the IIR
filter has a potential for performance improvement over FIR filters,
especially at low SNR's. The SNR improvement of the FIR-ALE is proportional
to the filter order. Thus, to achieve significant noise rejection, filters of
very high order have to be used, leading to fairly complex hardware. Filters
with 4096 weights and more are not uncommon. The IIR-ALE can achieve better
performance with a very low order filter, the order being just twice the
nunber of spectral lines of interest. This can lead to significant

. computational saving and simpler hardware. We have also developed a lattice
version of the IIR-ALE which is particularly attractive for special purpose
hardware implementation [10].

’ (ii) Adaptive Noise Cancelling [3]

The noise cancelling technique makes use of an auxiliary or reference
input which provides some information about the noise component that is
corrupting the signal. From this “side information” an estimate of the noise
is obtained and then subtracted from the primary input to "cancel out" the

. - 11 -
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additive noise component. The reference input may be an extra beam steered in
the direction of known noise sources (e.g. own ship) or extra sensors in a
towed array giving additional information about flow noise. These noise
subtraction techniques are very sensitive to modeling errors since they are

INPYT 22808

I
\

| WTPYT
. Toread

Figure 1. The IIR Adaptive Line Enhancer.
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essentially equivalent to "bridge balancing". Therefore, noise cancelling is
typically performed by an adaptive processor which properly adjusts the filter
parameters.

Al1 of the adaptive noise cancellers (ANC) currently in use seem to be of
the FIR type. Using the RML algorithm we were able to develop an IIR-ANC
whose structure is depicted in Fig. 2. In [3] it was shown that the general
ANC problem can be solved by fitting the following model to the observed data
at the primary (yy) and reference inputs (u¢):

- Bl2) o Cl2) g

(11)
F(z) °  o(z)

t t

where ey is an unmeasurable white noise process. A modified version of the
RML algorithm [11] recursively estimates the parameters of this model, which
are then used to adjust tie filter coefficients.

Note that the [IR-ANC involves only the parameters of B{(z) and F(z). It
turns out that the remaining parameters C(z), D(z) can be used to form an
adaptive 1ine enhancer for the signal at the ANC ouput. In other words the
RML algorithm can adjust simultaneously an IIR-ANC and an [IR-ALE, as depicted
in Fig. 3. The combined ALE-ANC was tested on synthetic data with promising
results, as reported in [3].

- 13 -
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Figure 2. The IIR adaptive noise canceller.
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(iii) High Resolution Spectral Estimation [4]

Spectral estimation techniques play an important role in dectection,
localization and classification of targets. High resolution AR and ARMA
methods were used in many applications such as seismic data processing, radar
and sonar processing and general time-series analysis problems. Several good
techniques are currently available fo: AR modeling of time series. The ARMA
modeling problem is much more difficult, and leads to optimization of a highly
nonlinear likelihood function. Because of the computational complexity of the
exact maximum 1ikelihood technique, ARMA modeling is often avoided in practice
in spite of its potential for improved resolution and better spectral
matching. Various suboptimal batch processing technigues were proposed in the
past for ARMA spectral estimation. The RML algorithm provides a suboptimal
recursive solution technique which is well suited for adaptive processing
applications. We tested the RML spectral estimator on several types of
signals under various SNR conditions. Results have been good for sufficiently
long data records, as reported in [4]. On short data records recursive
techniques are bound to be inferior to batch techniques, because of the
transient behavior of such algorithms. The RML can also be used in a batch
mode, in which case it is passed several times over a given data record. When
used in this mode the RML spectral estimates can match those of competitive
ARMA techniques.

Signal processing problems often involve sinusoidal signals corrupted by
additive noise. When it is known a priori that the signals of interest are
sinusoids, this information can be used to enhance the performance of spectral
estimators. When AR techniques are used,the presence of sinusoids means that
the roots of the predictor A(z) 1ie on the unit circle. Another
interpretation of this property is that A(z) is a linear phase filter.

Forcing the AR prediction filter to have linear phase characteristics leads to
improved spectral estimation performance as was shown by Marple [12]. In [13]
we developed several recursive least-squares algorithms for AR modeling which

can be used for spectral estimation and other applications.

- 16 -
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(iv) Adaptive Deconvolution

The need to extract a signal from a filtered version of that signal
arises in many situations such as channel equalization, seismic data
processing, speech analysis, and removal of shallow water reflections in an
active sonar system. The RML algorithm can be directly applied to these
problems provided that the signal (before it was filtered) is sufficiently
white. In this case the RML algorithm is used to implement an adaptive
"whitener". The prediction error sequence will then provide an estimate of
the original signal. Note that this technique can handle signals that have
passed a pole-zero filter, whereas most of the current deconvolution
techniques are limited to all-pole filters. Some examples of adaptive
deconvolution using the RML algorithm can be found in appendix A. In speech
analysis and other applications it is known a priori that the signal is a
sequence of impulses of random amplitudes occuring at random points in time.
This knowledge can be used to improve the performance of the deconvolution
technique by performing a nonlinear opertion in the feadback loop within the
RML algorithm; see [14] for details.

(v) Adaptive Time Delay Estimation

Delay estimation is an important technique for target localization by
multiple sensors or multiple arrays. Many different techniques for delay
estimation have been proposed, as can be seen in [15]. These techniques
involve pre-filtering followed by cross correlation and are usually performed
in the frequency domain. The RML provides several options for adaptive delay
estimation in the time domain. In one configuration the RML algorithm is used #
as an adaptive whitening filter. The outputs of two sensors are whitened and
then cross-correlated. In another configuration, the RML algorithm is used to
fit an MA model relating the output of one sensor to the output of another.
This idea is similar to the one proposed in [16]. Both of these techniques
seem to work quite well as reported in [1]. However, a more interesting
possibility is to use a multichannel version of the RML, as will be discussed
in section 3.

- 17 -




2.3 PERFORMANCE EVALUATION

The single channel RML algorithm was tested in the context of several
specific applications, as described above. Based on our experience so far the

RML appears to be a viable technique for adaptive IIR filtering capable of i
operating at low SNR's. The RML algorithm provides asymptotically efficient
parameter estimates, i.e., the variance of the parameter estimate ¢ approaches l

the Cramer-Rao Yower bound [17]. The asymptotic performance bound of the
algoritim can be evaluated using the results presented in [18]. The algorithm
is guaranteed to converge when the signal y, is an ARMA process, provided that
the orders NA and NC are at least as high as the true model order [19],

{20]. The SNR gain of the IIR-ALE was evaluated analytically in [2]. The
performance of the RML in other applications was evaluated mainly by
simulation studies [3], [4], [21] in which it compared favorably with
currently used adaptive 1IR filters and AR estimation techniques such as the
Maximum Entropy Method.

The main difficulty encountered with the RML algorithm is its fairly long
transient phase which typically lasts for several hundred data points. In
signal processing applications involving continuous filtering of data, the
transient phase is of 1ittle importance. Once the algorithm "locks-on" the
right parameter estimates it will continue tracking. In applications
involving short data records the convergence rate of the RML may not be
sufficiently fast. In general we found that the convergence of the RML was
accelerated as the parameter k in the modified pre-filter was made smaller.

_ This is in agreement with observations by other researchers that the Extended

- Least-Squares technique (k=0) is usually faster than the RML algorithm -
' (k=1). It is possible that further modifications can be made to increase the -
convergence rate of the algorithm. Unfortunately, no analytical results are
available on the convergence rate of recursive stochastic algorithms of this
type. It will be necessary to develop appropriate analysis tools before this

] o [

issue can be properly addressed. However, the performance of the RML in its I‘
pesent form is probably good enough for most adaptive processing applications.
Finally we note that the RML algorithm was tested mainly on stationary I
1 . data. Its capability for tracking signals with time-varying statistics was -

not evaluated adequately due to time and budget 1imitations.

- 18 - ’-




3. THE MULTITARGET ALGORITHM

The MTS concept is based on fitting a multi-input multi-output parametric
model to the observed data. In [1] and in appendix B we show that the
following transfer function matrix arises from the physical model:

H(z) = N(z)D(z) ~! (12)
where
D(z) = diag {l/di(Z)} = spectral model
"!.'i.
N(z) = [z 'J91 = propagation model
(Tij = propagation delay from target i Za sénsor j)
]

The outputs of the sensors Y(z) can be written as
Y(z) = H(z)U(2) + V(2) (13)

where U(z), V(z) are independent white-noise processes. Using this problem
formulation we need a way of estimating the parameters of the parametric model
H{z) from observations of the sensor data sequence. Unfortunately, the
parameters of the Right Matrix Fraction Description (RMFD) H(z) = N(z)D(z)"!

i are hard to estimate. It is much easier to estimate the parameters of a left
Matrix Fraction Description (LMFD)H(z) = A-1(z) B(z).The RMFD arises naturally
1 from the physical model and the target parameters appear in it directly.
' Furthermore, the RMFD has a very special structure (D(z) a diagonal matrix and

N(z) a delay matrix) while no such structure is apparent in the LMFD.
However, because of the much greater complexity of estimating RMFD parameters,
we have concentrated so far on the LMFD.

In section 3.1 we present an extension of the RML algorithm for
estimating the parameters of a LMFD of the transfer function H(z). In section
3.2 we present some simulation results using this algorithm. The problem of
uniqueness and other theoretical issues are discussed in appendix B.

- 19 -




3.1 THE MULTICHANNEL RML

The RML algorithm des¢ribed in section 2 can be extended to estimate the
parameters of multichannel ARMA models of the form

NA NB
= - 14)
Yy ZAi Ye-i +ZBi Veei Y Vg (
1

i=1 i
where y,v, are p x 1 vectors and A;, 8; are p x p matrices, p being the number
of sensors. The components of v¢ are uncorrelated white noise processes. Eq.
{14) can be written as

Y = A Tbt A (15)
where

A

9 = [Al"" AA® Bpocees BNB] , p x (NA + NB)p matrix

T T T T

- T
b = LYy {seees Yeuar Vo107 Ve-NBT (NA + NB)p x 1 vector

or it can be decoupled into p equations of the type
yit”{gJ v, J=1,...p (16)
where 9*’ is the j-th column of 9. For each of these equations we can now

write down the single channel algorithm described earlier. Al1 of these
algorithms wil) have a common gain vector Pt d’t’ Let

T T T T T
°t = ['yt_lﬁ"'b 'yt_NA! et_ly"': et'NB] (176)

T ST T 7T
W = [¥epoeees Yen Seopoeeor Spongd (176)

where ey it, Y are to be defined. The update equations are then given by
Py = [Py i = Pyt by b Py /(A +0b Py 4y )1/A (18)
t t-1 Pl b W Pee1 /e T b Py wp il
-~ ~ T -~
9% = e'2:-1 + Py aglyy - 0y 61-1) (19)
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J . T _ral pT
et = yt e Qt ai ) et = (et""l et] (20)
y. =0}z) g =0tz e (21)
Yp = Y% Ye o & * 0t t

- ° -1 NB: -NB
Dt(z) =1+ kBl(t)z + ... +K BNB(t)z (22)

The RM. algorighm described above estimates the coefficients of the prediction
filter

NA NB
ey =Yyt DAL v D 8y (t1) ey (23)
i=1 i=1
where

1,

1
£y= [et,... ) €y

T
G Yy - 08 -

The prediction error sequence is white, but there is no guarantee that the
components e{ are uncorrelated. Since the original model (14) involved a
vector with uncorrelated components, we need to decorrelate the components of

¢, as well. This can be done by pre-multiplying wit R;E/z, where Rilz is
the upper triangular square root of the prediction error covariance matrix.
In other words, the estimated model will be

/2

Hz) = A7H(z) B, (2) RS (24)

The square-root covariance matrix R:/z can be computed recursively using

the procedure described next. First note the following fact:

£ _ € T € . T
Ry = (1-w,) Ry} + vy gpe Ry = 5% (25a)
W, = wt_l/(wt_1 + xt) . w =1 (25b)

The parameter wy is needed to make R: an unbjased estimator of E{etez}, 1f
we were to compute
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- £
= xth_l *epey (26)

then Ré will be a scaled version of the true covariance, where the scaling

factor is nt

For example,if Kt =1 then ny * t and the unbiased covariance estimate is
% RE. The unbiased covariance estimate RE/”t obeys the following recursion:

[
M Rer ]
LS L

=
d‘ﬂm

[

R
= (1-1/nt) n:-i + %i etEI (28)

Let w, = 1/n,, and rename RE/"t as Ri to get Eq. (25a). Note also that Eq.
(27) can be rewritten as (25b).

Instead of using Eq. (25) and factoring it at each time-step to get the

square-root RE/Z, it is possible to update directly RE/Z. Note that

e/2 €/2
/Towg REEL (R

t
~ (29)
YW, el 0
Sy T s v
pre-array post-array

where ~ denotes equivalance up to an orthogonal transformation. Note that the
right-hand-side matrix is upper triangular and can be obtained from the left-
hand-side matrix by applying a Householder triangularization routine (see

appendix D for details). The complete alorithm for computing Ri/z is as
follows:




update w, (25b)
compute /l-wt Ri{%, /wt €y and set them in a pre-array
apply a Householder triangularization routine (L=p+l, M=N=p)

the upper p x p matrix in the post-array is Rz/Z

To ensure the convergence of the RML algorithm it is necessary to monitor
the stability of the polynomial det B(z) as explained in section 2.1. Target
parameters can finally be obtained from the estimated transfer function matrix
H(z) (24), as explained in Appendix B. In our simulations we estimated the
spectrum of Target i by computing the power spectrum of the impulse response
of H(z) from its i-th input. The TDOA's are computed by cross-correlating
impulse responses at different outputs.

3.2 SIMULATION RESULTS

& The multitarget tracking concept was tested by computer simulation. Some
' preliminary results are presented here. All of the tests so far were for
fixed (non-moving) targets with stationary spectra. The RML algorithm
described in section 3.1 was used to estimate the ARMA coefficients. At this
stage, no attempt was made to enforce the special structure of the transfer
function H(z). Therefore, uniqueness is guaranteed only for test cases
corresponding to stable and minimum phase systems. As discussed in appendix
B, the more general case requires the enforcement of the special structure of
N(2) and D(2).

A1l of the following test cases were run on N=1024 data points and an
input signal to noise ratio (at each receiver) of 20d8.
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Case 1
Target No. 1
Spectral parameters: dl(z) =1 - 1.642°1 + 0.95z-2

Location parameters: TDOA = 2

Target No. 2 l
Spectral parameters: dy(z) = 1 - 1.34z71 + 0.95z°2
Location parameters: TDOA = -2

1 .91-2 4(z) 0

-2
.92 1 0 dz(z

H(z) =

Fig. 4 depicts the cross-correlation and spectra of the impulse responses
of the estimated transfer function ﬁ(z) . Note tnat the correct delay
estimates were obtained (the peaks of the correlation function). Note also
the high degree of spectral separation that was obtained! The estimated
spectrum of target No. 1 still has a component of the second target, but that
component is attenuated by more than 30dB. The labeling of the targets (No. 1
and No. 2) is, of course, arbitrary but the algorithm correctly associated a
spectrum with a location (TDOA).

 anenn | [ ] —

| %%
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Case 2
Target No. 1
Spectral parameters: dl(z) =1 - 1.642'1 + 0.952‘2

Location parameters: TDOA = -2

Target No. 2
Spectral parameters: dy(z) =1 - 0.95z‘1 + 0.95z-2

Location parameters: TDOA = -2

-2 -1

1 .9z

9272 1 0 dyl2)

The results are depicted in Fig. 5.

d,(z) 0
H(z2) = 1

Case 3
Target No. 1
Spectral parameters: dl(Z) 21 - 1.39;‘1 + 0.82-2

Location parameters: TDOA = 2

Target No. 2
Spectral parameters: dy(z) =1 + 0.8272

Location parameters: TDOA = -2

N 4(2) 0 -1

-2
9z 1 0 dz(z)

H(z) =

These targets had broader spectra then the targets in Case 1 and Case 2. The
results are depicted in Fig. 6.
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Case 4

Target No.l
Spectral parameters: dy(z) = 1 - 1.64z71 + 0.95z°2

Location parameters: TDOA = 0

Target No.2
Spectral parameters: dy(z) = 1 - 1.3az7! + 0.952°2

Location parameters: TDOA = -1

197 faa o 1
H(z) = 1
1 .9z 0 dz(z)

The results are depicted in Fig. 7.

In all the test ‘cases so far we have chosen N(z) so that H(z) is a
minimum phase plant. When H(z) 1is non-minimum phase, the estimated transfer
function ﬁ(z) is a transformed version of the true transfer function, i.e.,

ﬁ(z) = H(z)T({z), T{z) = a para-unitary matrix. Thus, the spectral and
location parameters can not be read directly from the impulse response. The
following test illustrates this fact.

Case 5

Target No.l
Spectral parameters: dy(z) = 1 - 1.64z°% + .95272

Location parameters: TDOA =1

Target No. 2
Spectral parameters: dy(z) =1 - 1.34z71 + .952-2

Location paramets: TDOA =2

11 [dy () 0 -1

H{z) =
927t 9278l o dy(2)

The results are depicted in Fig. 8. Note the loss of spectral seperation and
the somewhat ambiguous delay estimates.
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The results presented above are by no means conclusive. Only a limited
number of test cases were run since the multichannel program is difficult to
use in its present form. Also, further work is needed to solve adequately the
uniqueness prablem. The LMFD representation R;l(z) ét(z) R;E/z has to be
converted into an RMFD with the appropriate structure in order to get the
correct TDOA's and spectral estimates in all situations (cf. test case no.

5). Better yet, an algorithm for estimating directly the RMFD needs to be

derived.
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4. WORK IN PROGRESS

In phase 11 we have completed the develiopment of the single channel
algorithm. While some issues such as convergence rate and tracking capability
are still not completely resolved, the algorithm is basically ready for
testing on real data and for a conclusive performance evaluation. This,
however, is beyond the scope of the MTS project. The single channel! algorithm
will not be pursued further at this point.

The main objective of our current work and its continuation in phase I1I
is the development and testing of the multitarget algorithm. While
significant progress was made in phase II, the multitarget algorithm is not
yet fully developed, as was discussed in Section 3. We are currently pursuing
several lines of investigation:

(i) Analysis of the multitarget case.

The nonuniqueness problem and its physical interpretation are being
studied. We are looking for ways of estimating correctly target spectra and
TDOA's from the LMFD parameters. The problem of modeling Doppler effects and
incorporating them in the MTS processor is being considered. Another issue is
the determination of the number of targets and handling non-square transfer
function matrices.

(ii) Refinement of the multichannel RML algorithm.

The algorithm described in Section 3.1 has been tested under high SNR
conditions. Its performance is severely degraded at low SNR's. Various
methods for making the algorithm more robust will be explored. This will
require the enforcement of some structural constraints to reduce the number of
parameters involved.

(i11) Alternative methods.
The "ideal" approach to the multitarget problem would be to estimate

directly the parameters of a physical model (i.e. the RMFD, for the situation
assumed in this report, or a more general model in case doppler effects are
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included). A possible approach which circumvents some of the difficulties
involved in estimating the RMFD parameters is to work with the spectral matrix
S(z) = H(z) HT(z"1). Another possibility is to develop a suboptimal maximum
1likelihood type algorithm for estimating directly the RMFD parameters.

Due to limited resources we will not be able to investigate all of these
issues. At the start of phase III the most promising direction will be chosen
and most of our effort will be devoted to it. We plan to develop the
multichannel algorithm sufficiently so that by the end of phase III it will be
possible to draw conclusions regarding the feasibility of our parametric
modeling approach.
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5. PROJECT PUBLICATIONS

This section lists all the publications resulting from the Multitarget
' Tracking Studies project to date.

Conference Presentations and Publications

: 1. B. Friedlander and J.J. Anton, “System Identification for Multitarget
Tracking”, Proceeding of the 13th Asilomar Conference on Circuits Systems
and Computers, Pacific Grove, California, November 1979. Also presented
to the National Academy of Sciences Panel on Applied Mathematics Research
Alternatives for the U.S. Navy, Washington D.C., November 2, 1979.

2. B. Friedlander, "An ARMA Modeling Approach to Multitarget Tracking," Proc.
of the 19th IEEE Conference on Decision and Control, December 1980.

3. B. Friedlander, "A Pole-Zero Lattice Form for Adaptive Line Enhancement,"
Proc. of the 14th Asilomar Conference on Circuits, Systems and Computers,
Pacific Grove, California, November 1980. |

é 4, B. Friedlander, "System Identification Techniques for Adaptive Noise
» Cancelling,” Proc. of the 14th Asilomar Conference on Circuits, Systems
f and Computers, Pacific Grove, California, November 1980.

5. B. Friedlander and M. Morf, "“Least-Squares Algorithms for Adaptive Linear-
Phase Filtering,” Proc. of the 1981 IEEE Intl. Conf. on Acoustics, Speech
and Signal Processing, Atlanta, Georgia, March 30 - April 1, 1981.

' 6. B. Friedlander, “A Recursive Maximum iLikelihood Algorithm for ARMA Line
Enhancement," Proc. of the 1981 IEEE Intl. Conf. on Acoustics, Speech and
Signal Processing, Atlanta, Georgia, March 30 - April 1, 1981.

7. B. Friedlander, "A Modified Lattice Algorithm for Deconvolving Filtered
Impulsive Processes,” Proc. of the 1981 IEEE Intl. Conf. on Accoustics,
Speech and Signal Processing, Atlanta, Georgia, March 30 - April} 1, 1981.




}
1

8.

9.

10.

B. Friedlander, "A Recursive Maximum Likelihood Algorithm for ARMA
Spectral Estimation,” Proc. Conference on Information Sciences and
Systems, Johns Hopkins University, April, 1981.

B. Friedlander, "Application of Recursive Parameter Estimation Algoritms
to Adaptive Signal Processing," Proc. Workshop on Adaptive Processing,
Yale University, Connecticut, May, 1981.

B. Friedlander, "A Modified Pre-filter for Some Recursive Parameter
Estimation Algorithms", Proc. 20th IEEE Conf. on Decision and Control, San
Diego, California, December 16-18, 198l.

Submitted for Journal Publication

1.

B. Friedlander, "Lattice Implementations of the Adaptive Line Enhancer,”
IEEE Trans. on ASSP.

B. Friedlander and M. Morf, "Least-Squares Algorithms for Adaptive Linear-
Phase Filtering", IEEE Trans. on ASSP, to appear.

B. Friedlander, "A Recursive Maximum Likelihood Algorithm for ARMA Line
Enhancement," 1EEE Trans. on ASSP, to appear.

B. Friedlander, "System Identification Techniques for Adaptive Noise
Cancelling”, IEEE Trans. on ASSP.

B. Friedlander, "A Modified Lattice Algorithm for Deconvolving Filtered
Impulsive Processes," IEEE Trans. on ASSP.

B. Friedlander, "A Modified Pre-Filter for Some Recursive Parameter
Estimation Algorithms," 1EEE Trans. on AC., to appear February 1982.

B. Friedlander, "System Identification Techniques for Adaptive Signal
Processing,” IEEE Trans. on ASSP., to appear. Will also be published in
the Journal of Circuits, Systems and Signal Processing.
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8. B. Friedlander, "A Recursive Maximum Likelihood Algorithm for ARMA
Spectral Estimation," IEEE Trans. Information Theory, to appear, July
1982.

Reports

B. Friedlander, "Multitarget Tracking Studies: Phase 1 Final Report,"
Report No. 5334-01, July 1980.
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APPENDIX A
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( FOR
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To appear in IEEE Trans. on Acoustics, Speech and Signal Processing. An
expanded version of this paper will appear in the Journal of Circuits Systems

and Signal Processing.
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B. Friedlander
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ABSTRACT H

Many problems in adaptive filtering can be approached from the
point of view of system identificaction. The recursive maximum
likelihood algorithm is proposed for estimating the parameters of the
signal model. The parameter 2stimates are then used to form an adaptive
infinite impulse response filter. Several examples are discussed
including: adaptive line enhancement, adaptive deconvolution, adaptive
noise cancelling and adaptive time delay esitmation.

*This work was supported in part by the Office of Naval Research,
Contract Yo. N00014-79-C-0743.




1. INTRODUCTION

Considerable progress was nade in the last decade
in the development and analwsis of recuyrsive narameter
estizacion algoritams. The a:ajor part of this work was
in the area of system identification, {n the context of
controiling plants with unknown or sloviv time varving
Parameters. A large aumber of algoritims were developed
for fitzing linear ndodels to :the ocdserved data. The
following ARMAX model is an example of the class of
Sodels tha:t are typically considered.

Lez u, and v_ denote the input and output
processes of the modél, and v, an unmeasurable white
noise process (i.e. a "disturbince”, in the sontroi
ter3inoiogy,;. Thess processes ars relacted by the
foliowing equacion:

32" - ':lz” .0 b“z'm 12e)
ety mr et eyer ¢ 126)

2t = uaie delay operacor, i.e., :-‘x, "N 4 V)

e

The case where 3(z ") » 3 is of special interest it
s1gnal processing applicacions, since the osutput
v, » (C(z‘l)/:\(z'*‘n)v: is then an autoragressive

movipg~-average (ARMA) process. when 3(2 ') s ) and
C(z™*) » 0 wa have an autoregressive (AR) srocess
y. ® (l/A(z"))v: . Such proceassas are very common in

time series analysis and stacistical signal processing.
Many problems in signal processing involve signals

that can be ceprasented by linear models of this =:pe
(AR, ARMA, ARMAX), as we will show later. Knowledge of

) 3 e
v = 1A ar . :l'! 5 g e e - o) the signal model parameters aakes i relativeiv straignt-
‘T a1 it-ti -1 {e-1 1 & tei : forvard :o design filcers tha: perform various drocess-
ing funclions such as: linesr prediction/smoothing,
which can de writzen in polvnomial ‘orm as deconvolution, noise/interferences supprassion, or
-l o -1 spec2rai analysis. When the signal model is ot <nowm,
Alz™Me_ ® 8(2 5, = (2 My, (2a) the paramecers of the related filier need 3> He adap-
- - * tivelr adjusted. A technique :thrac is commoni: used in
wnere adaptive control problems. is 20 first esiimats :he
Al e 7 - 2.2 e s a.. LA 2y model parameters and then dasign the controller as
- la chase estinates were the irue parameter values.
R g ' - - -
o Py Al '
. jhw_' pronng Y A = \_\ i

ol w4 |




The same idea can de used oy adaptive signal process-
ing, a5 aireadv indicated im (1 The combinacion
2! 3 recyrsive parameter estimacion algorizhm wicth a
~t2Ting tecnanigue dased In xnown nodel parameters is
the 22in theme 9F tRis paper.

- -

The successful applicacion 9f svscem idenrification
zechnigues in adaptive control motivatad us o apply
the same techniques o signal processing. Of particu-
lar incarest is the fact that some commonly used parame
eter astimation algovitims such as recursive maximun
Lixeiinhood (), axtended lLesst-squares (ELS) or
Tecursive generalized least squares (RGLS) {S]-{3!, are
zapabie of estimating ARMA (or ARMAX) parameters, and
10C (ust AR parameters. s we shall see, this leads
agruraily o adaptive infinite impulse response {(IIR)
Iilters. adaptive TIR Iilzering is counsidered by z3e
sizaal processing community o be a difficuls prodblem.
Consequentliv, tde overvoelming sajoricty of the work in
the area of adancive signal processing seems o on-
centrate on {inite impulse cesponse 'TIR) Iilcering.
The application 3¢ svstez identification algorizims
opens the way 0 :the development of a wnole new :lass
of adaptive IIR filzers, bsacxed >y the extensive cone

in spile 9f the natural interconnections etween
system idensiiization and adaptive signal procsssing
verT Litiie woTk seems IO have been done o sransfer
aigorithms {rom one area o e other. The objective
37 tais paper is 0 TEPOTT on SOWE recent WLk in walca
a4 vers:on of sne VL aigorizim was successfullvr
appliec to a numoer >f problems including: adaplive
Line enhancemen:,aasptive deconvoiution, adaptive noise
zanceiling and tize-deiay est:imation. A brief descrip-
3o 0f these applicacions is presented in Seczion 3.

In Section 1 we presant the RML algorithm anc¢
discuss its properzies. Some of the special characcer-
istics of the signal »rocessing problem (when compared
to zhe control probtlem; and their affect on the behavior
2% the algoriiam are aiso discussed. Finmally, in
Section - we outline sope alcernative algorithms for
adapctive processing and areas Ior further iavestigatiom.
4¢ 70pe zhar Jur work will scimulate Surther research
into the aumerous potantial applicacions of parameter
estimacion sigoriihms o adaptive signal processing.

5. THE RECURSIVE MAXIMUIM LIKELIHOOD ALGORITHDM

The ML algorite provides a recursive estimate
of che parameters of the ARMAX model in equation (1).
For a decailed derivation of this algoritim ses [13)
{14]. Hers we present only a summary of the recursions.

wet < denoce the vector of sodel parameters

P
i a :.:,,,.,%x b'.""'h}:C' :1.....c&.c}', (3a)

and : denote the data vector and the filter data

et *a
< =

vector, respaciively.

:, = (= LR eee . ry T
O Al T T Ol TORTERRL M YL RELRRLIN
3v)
e O R T T R PTPI o
. (3¢
Denots by 3, the parameter estimates at time t, and
5y C(z™*) the filter whose coefficents are the estimates
2,. Them,
Tael ® Ve ” ::‘19: = srediccion error (ea)
oo -

P - - - I - -
Trep -T2 ?:':-l':—l': NSRS LA 51 IeL
® arrdr covariance AT -3
co.. ® Y +pP L. <
Tl 4 Tl L.
: P N I iual ted
o0t ® Year T Toelieep " FeSiduai g
- . <1, .
v. s (1/C(ke ")y,
G, = (LGl M, iilcered quancicies ee)

e 2Ctke™by)e, S

-

wich initial conditions
?Q s I, 2% inizial estizste of the covariance
‘Q - %o' initial estimate 3f © itvpically
Z -
° 0.

The parameter is ad exponent:a. weighting ot cthe

data. Typicallw is & coascant :lose O uailw, or

1 ® Lo~ l=tim U39,
4 [

= 0.95 3%
E

The Darameter <« is used tO '"Pull in” che roots 3f Ine

solynomial Cikz % imto the unit sirzle, wnen Clz )

nas roots near the unilt aircie, as is often the case i
signal processing applications. This parameter ailfec:s
the donvergence race 3f tie algorizam as discussed In
.15). In fact, Zor k=7 ihis algorithz decomes :the so-
ixtended Least-3quare algoritam describded in [is.,
In most cases the choice 9f < is not ¢ritical
cthe foilowing ve assume that %k i3 zlose or
equal o unity. 70 ensure convergence, :the stabilily

::;‘.lcd

of C{z™") naeds 5 de monitored. IS unstabie, cthe
Parameter 25T maCes nead o S Projected incs 4 Tegion
of stabilizy [T},I8).

The asvmptotic properzies of the RML algoriihe
have been investigated in consideradle detail. It was
shown that asymprotically the recursive aaximum lLixel.-
hood technique has the same sroperczies as :he corres~
aonding off-line version. Thus noching is sacrificed
3v going co & recursive implemencation, provided :hat
anough data is availabie. The zaxiomum likelibood asti~
aator hes all the desirable properties one may expec:
from a parametar esCimagor:

e Asvaptotic consistency (18],

as 3he number of daca poinss
iafinigy

e Asvmptotic efficiency [1?!, i.e., cthe
estimation error covariance approaches
the Craser-Rao lover dound

e The estimation error discribucion s
asymptotically normal (19).

The convergence propercies of cthe RML slgoritie
wers studied by Ljung .7],{8] and others {5}, L2!. Iz
vas shown that this algoricim will alvays converge o a
local saximum of the likelihood function. In some situ-
ations thers may exist "false" maxima which can cause
difficulties. However, for ARMA processes it vas shown
chat all the local maxima coincide with the global maxi~
mus [20] (provided that the orders (NA,NC) of the asti-
mated AMA 30dei are equal o dr larger than the tyrue
aodel ovders).

..\, -
N 3oss to

i.e.,

Relatively litcle is known about the convergence
race of the KML algorittm for differeat types of pro-
cesses. Hardly any analytical unics sre gveailadbie and
308t of the results are basad on extensive simulation
studies (11]. However, 208t 3f thase astudies vers
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relatec 20 :consiral srobiems inavolving stdcle p.ants
wiln poles and teroes well inside the unic cirzie.
‘odels arising in 3ignal processing applications tupie
2allv avoive narrowband signals, wniin are rapresented
27 soles and zeroes 3N Or verv near INe 1Al 1irc.e.
Mr own exper.ence indicates Ziat poie and terc ioca-
1ions fave a sigaificant effect om convergence rates.
when the poles and zeroas are well separated, ast
convergence was Joserved. Clusters oI soles and zeroes,
aspeciaily wnen thev are near tne unit :ircle, oftan
lead 0 TULH siower convergence. The :issue Of tonvers
zence raceé s drucial in adaptive sigaal processing
Jince 3ignais are often nonstationary and ime-
varTing ang it is iaportant o xnow now well che
adaptive filzer will 2rack the changing paramecers.

In adaptive concrol prodlems the parameters are ofzen
very siowlv cime varving .compared to zhe time con-
stants of the plant.. We are currently invescigating
Ihe convergence rate 9f :the RML algorichm for ARMA
=0de.s with poles and zeroes nesr the uait circle.

The properties 3f the maximum likelihood estimator
described above make it very attractive for adaptive
IR filtering, as Lllusctrated tn the next seccion.

2. ADAPTIVE SIGNAL PROCESSING: SOME EXAMPLES

.1 Zhe Adaptive Line Snnancer (ALE)

The ALE is an adapctive filter Zfor nsrrovband

sigtals in additive noise [21)~123]. The ALY zan be
incerpretsd as a0 adaptive predicor, i.a., its dutput
s v .: the estimate of v_ bdased >n daca up 0

-2

t
ize t-i. A narrovosnd [autoregressive! signal in
“nite noise zan Ye reprasentad as an ARMA process [l4j.
Thus, tne optimal predictor is given by

O
.

3a s
R ay. - 7. Ly
Tzl i et T g St

wnich {s depicted as a zaoped delav line filter ¢n
Tigure .. The parametsrs 5f che filtar will be
adjusted using the RML algorichm (with NBeO)., lote
that the resulting filter 2as an infinice (mpulse res-
ponse wnile mosT ALE-s jiscussed in che .iteracture are
9f the TIR zvpe. In [24] we discuss in detail the
advancages of :he IIR-ALE and its syperior performance
at low signal=to-noise ratios.

To illustrate the behavior of ihe IIR-ALE we
depict in Tigure 2 the inpuz and output of the filter
for a single sinusoid in noise, at SNR » J dB. The
spectra ware obtained by a 512 poiat FFT., The ALE

T ERroR
J.‘ —i C:
?ITM
—
Teltal

Figure . The IIR Adaptive Line Enhancer
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-
Jutput data :orresponds td the Las:t 311 samples it a
total of 1048 data points. Yote the significanc acise
Teduction. Further noise suppression is achieved :f
cthe filcer is ai.owed 0 contiaue its tonvergence.

See [24},:25) for more resuits.

The parameters of che ARMA model C(z'l).-’A\:-‘l
which serve as the coefficients of :ne IIR-ALZ :-an also
be used to estimaze the spectrum of the obsarvec sigaal.
8 [26] we present some comparisons of the ARMA specira
obtained by the ML with corresponding estinates
obtained v the maxioum encropy method.

3.5 Adaptive Deconvolution

The need o exiract a signal, given a filrered
version of che signal arises (n many sizuations inciug=
ing: (i) speech analysis/synthesis Sy linear predictiv
coding, snd pitch estimation, (ii) estimscism of che
reflectivity sequence in seimmic data processing, (ii:i)
channel equalization for the removal of :the intersvmibe.
interference caused by convolution of :he message
sequance with che channsel ispuise response.

Consider the case whare a whize signal process
passes through an IIR filter C(z=l)/a(z~}) (szable ane
ninisun phase). The RML algorithe can de used :o
estimate the filter parameters, and decomvolution wiil
be achieved by -,untn.‘:hc data through the estimated

ioverse filter A(z"Y)/¢(z"Y). Nore that sost aurrenc
deconvolution zechniques are limiced to che case whete

the convolving filtar has only poles (L/A(z™')) whiia

the RML can handle the pole-zero case (3(275)/a(z™)).

1n Figure 3 we preasent 3 comparison batween IIR and TIR

deconvolution. The data y, vas genersted in :his case

by passing s :rain of umaful through <he filzer
ezl . 1e2™? o
atz™h 1+ .6062" o 9327

and adding neasursment noise. The signal to noise ratic
wvas 10 dB. Note zhat the IIR filtar restoras the
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original impulse saquence wnila the TIR filzer 3ives
sairs of inpuises. This is aused Sv :the fac: that :he
aoving average part of the convolving ilter is not
identified Sv zhe algoritim and therefore :he de-

- - -"
convolved signal is Atz l)y_ = Cz 1\\'_ = (lez v,

Tor a more decailed discussion of adapcive deconvolue
zion see (277, (28,

3.3 Adaptive Noise Cancelling (ANC)

The ANC and its applications are discussed in (29!
[30]. Here we present onuly a very brier description.
in the ANC problem we are provided with a noisy neas-
urenent ¥ _ of cthe signal s _

A R 8
and also with a referemce input u, which conctains ine
Jormation about che n0ise process™z_ . from the side

information (u, ) an estizace z, of the noise process

13 obtained and then subtracted from the primary input
to ":zancel out” the a0ise, i.s.,
s, 0w =3 @

. - -
< - -

under the agsumptions that u_ and t, are related
oy & linear model and that s_ i3 an ARMA process it
can be shown [31] that 7, i3 an ARMAX process of :the
fora

-l -1
}-..::" -&—Lu ng—.TLu- (10)

ToA™ f oaeth ¢
<here u_ is the reference input and ve is a whise

noise procass. The noise estimate can be obtained by
the following IIR filces.

.. - i, 2 - Sou . (o

Using zhe RML algorithm 0 estimace tae ARMAX nodel
Parametars dnd :tlen estimacing tae ":lean” signal by
equstions "%, .l zives an IIR-ANC. TFigure - iepicts
tne noise cancellation acnieved for a narrowband n:nu
mn tie presénce oOf narrowdsnd intarierence. See Il
9T mOTe resuLts.
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Note that in addition to obtaining the predictor

3271y /aiz™) of the aoise process z_, the L alzo-
rithn automatically provides us with In ARMA nodel
cteYysae™h) for zhe signal process s_ . If the
signral s_  is a narrovband process corrupied bv white
noise (ua:.orn;n.d with the noise process z, Ses-

sured by the reference input), additional noise sup=
pression can be obtained by narrowband filtering. Thus.
the ARMA parameters (C,A) can be used zo form an IIR-
ALE as was discussed in Seczion 1.1, i.e.,

. A s

P a, s = ¢, ¢

T oy by et
In othervords, the RML slgorithe leads aatuzally o an
adaptive filter (equations (9), (11), (12)) that zan
be interpreted as an IIR=ANC followed by an IIR=~ALE.
In {31] ve presemt a auch more detailed discussion of
chis filzer.

3.4 Adeptive Time Delav Estimation

(9]

. 122)

The need 0 estimate time delay “etveen two
signals arises {n many applications such as target
localization by sonar systems, and position estization
by radio navigation systems. The problem :is usually
formulated as follovs: let us assume that two sensors
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\racivers, microphones, zeophones) receive timé snifted
and scalad versions of some signal L N '
v, ®wmdx___ =3 , where 3_, 2 are independenc mea~
surement noise processes. Many differenc cechniques
Jor estimating ctae delay T have bean proposed in the
literature. These teciniques typically iavolve filter-
ing the signals and them cross-—correlating [32!-{34].
To do this in an optimal way ({n the least-squares or
zaximum likelihood sense) cequires mowledge of the
stacistics of both the signal and noise. Using the
svstem identification approach we were able to darive
an adaptive tecaonique £or time delay estimation which
requires ao prior informatiom [27],!35]. Here we
present onlv the simplest version of che algoritims
sresenced in [27;,035]).

Note that two processes that are delaved versions
of the same underlving signal are talated bdv a aoving-
average filter whose zoefficients concain the delay
information. In the exanple 2entiotiad above

v, - 3(:-L)u. v, [6%:))

wnere -1 -
3(2 7} = dz ~

(o,%0 for i¥T and b =d for ier)

v, o*a, - dn: * a white noise process

vsing the WML algorichm to astimste the coefficiencs

af 3(2”" will provide an estizate of the time dalay
by looking at the index of the largest coefficienc of

3¢z My, e the delay is not an incteger aultiple of
the sampling interval, it is necessary ro perform a
simple ncterpolation o get at the true delay (27].
The VL algorichm is, of course, capable of handling

he case where v_ i3 not vhitze.

A much more sophisticated approach Ls sased on
che idea of fizting a sulrichannel model 20 a vector
of sansor measurements v_, ¢.§.,

SA NC
y. = - Ay - S, VoL a4
: =1 Leel et L Tzag
vhere v _ isa p x 1 veector and a,, Ci aze

o < p =mscrices. In [27], {36] we have shown zhat the
rasulting sulci-input mulgi-output (MIMO) adaptive
£ilter can bde {acarpreted as a combinacion of an adap~
tive beamformer and & time delay escimsgzor. The
interesting point brought out in (36} is chat this
flltar {s capable of handling simultanecuslc several
(up 20 p; sargecs. Here we only note that :-hs use of
MIMO signal models opens the way for developing new
classes of MIMO adaptive filters which hsve numerous
applications in array processing, beamforming, and
procassing of aultisensor data. Current adaptive
filtaring techuiques sre slmost entirely devoted to
single input single output filters. We balieve that
perhaps the most imporzant contribuclon of our modale
iag approsch ls that it provides a systamatic frame~-
work for handling multichannel problems.

4. CONCLUSIONS

We prasenced an approach for developing adaptive
filcers for various signal processing problems. While
the RML algorithm descrided ia c34s paper is vell
known, its spplication to the class of problems de-
scribed in Section ) is spparently new. The RML alge-
rithe wes presented here iz one particular fora. It
is impovtsnc co noce thac slternative forms can Se
used 0 derive ocher implemencacions of these adaptive
filters vith similar asymptotic pProparties. Some
axamples:

Square~Root Fora
The update aquation (%) Zor the error covariance
zacrix ?, sufiers Irom numerical probiems when the

number of estimated parameters o ¢ NA + N3 - NC is
large (e.3., a - i0). A much betcer implemencation :s

oo

obtained by using che square root form im which P
1/ egsa
is propagated racher than P_ (where P.'" 9:" -3

The advantages of square-root algoritims were discussed
in deail bv 3ierman (37].

‘Fast” Implementation
The RML algoritim presenced in equation (<) re=-

juires in the order of «n” + S5n multiplications and
additions per data point. For aigher order modais
(i.e., iarge values of n) the amount of computation zav
become excessively large. Thus, it is important to
search for amore efficient estimacion techniques. Using
che idea of "saifr low rank" developed by Morf led to
implementations of the ML requiring proporzional to a
b

rather than n” aul:tiplicacions and additions [38.
This cechnique provides an efficient vay of computing

the gain vector ?_'j.,_'_l. The rest of the algoricim

Tenains unchanged. The detailed update equations :an
be found in ;38] and will not be repeated nere.

Recursive Laczice Forms

The recently developed aquare~-root norzalized lac-
tice forms [39) combine the good numerical behavior of
square-toot implementation with computational effi-
ciency. They furzhermore provide a computationai
technique that is recursive both in :time and in model
order. 1In fact, the lattice form provides simultaneous
parameter estimatss corresponding to filters of all
orders up to a maximum order! This is very sueful for
addressing the order determinacion problem, which is
one of cthe more diZficult aspecss of signal modeling.

Svamezric A;:'Lz Polynomisl

In some situations the parameters of the ARMA model
are interrelated in some way. TFor example, the case af
siousoids in white noise can be showm to have a sym=
zecric a(zh) polynomial, {.e., 2, " a .. Ia (60] we
presencted a way of incorporating this comstrainc in che
paramecter estimation algorithm. Several high resolution
spectral estimation techniques are implicizly "Svme
aetrizing” che predictor coefficients. In zemeral,
vhenever the problem has some special structure Chac
can be used to reduce the number of estimated paramecers,
one should expiore the possibility of using that scruce
ture ia the parameter estimation algorithm.

Finally ve should note that the results presented
hera are only preiiminary. Much work remains to be done
on the analysis and performance evaluation of the [
aod related algorithms in adaptive signal processing
applications. Sose specific issues chat aeed o be
addressed are: che couvergence rate of the BML ior
different classas of siguals, the tradeoff Setween
paramecer tracking capability (i.e., the value of -
snd filter performance, and the development of robust
techniques for ARMA order determinstion in real-tize.
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AN ARMA MODELING APPROACH
TO MULTITARGET TRACKING*

8. Friedlander
Systems Control, Inc.
1801 ?age Mill Road
Palo aAlto, California

aBsTRACT

A new approach is >resented for locating amultiple
targets from signals received by a number of spatially
iiscribucted sensors. A aulti-input multi-output dodel
i3 assumed to generaca the observed data. It is shown
that the model parametars are related to cthe locations
of the targets and to cheir spectra. The structure of
the nodel is axplored and a specific algorithm is ziven
for estimacing its paramecers {rom sensor Deasurements.
The nain feature of the proposed approach is that ic
escimates simultaneously the parameters of all the
targecs of interest.

1. INTRODUCTION

Tracking multipla targets represents special dif-~
ficulties since there can be uncertainties agsociated
with the nmeasurements beyond their inaccuracy which is
usually sodeled by some additive noise. This additional
uncertainty is relataed to the origin of the measure-
=ent3. 3ince several targets are presenct, it is neces~
sary to 3jort out which zeasurement correspoads to which
zarget. Ia other words, in additiocn to the p>roblem of
datection and bearing/range estinacion, there is a1 pro-
Siem of properly labeling the set of zeasurezents. The
.atter problem is usually referred to as target associ-
ation or track Zormationm.

Typically, these zwo

facets of nultitarget track-
{ag ire treatad separataely. First, a 3et of potemtial
target locations is chrained. Then some method is used
to label these locatioas >y the zargets to which they
:crrespond ia a manner consistaenc with previous zeasure-
senzs. Teczhniques for labeling or aultitarget tracking
aave been developed using various approaches includiag:
falaan filzering (for active sonar [1); for radar [2]);
3ayesian zethods (3)-{7]; Integer programming (3]; and
Track splicszing (%), [10], {1}, (2]. ©Tor a cecent
survey see (1ll].

n all of these techaiques the dasic detection and
locacion estimation are periormed separately for each
carget. Tha azuititarget aspect of the problem enters
only shrough the labeling procédure. In other words,
the rracking problem is treated as a collecziom of
siogle targec problems, which has to de put together
in a systematl:c and consist2ac way,

In this paper, we attampt to tackle directly the
miltichannel nature of the problem. Ianstead of looking
at one target at a time, we want to estimate simultan -
2ously zultitarzet parameters (such as location and
specctrum). The approach is best understood ia the con-
text of the passive trackicg, where an array of sensors
Deasures 31ignals (electromagnecic, acoustic or seismic)
generatad by targets. This type of problem arises in
sonar systems, acoustic surveillance systems (Jetection
of low flying aircraft) and seismic arrays (oil explor-
azion, earthquake localization, intruder detection or
artillary localization). The active tracking Problem
(radar, active scnar) can be handled in this framework
Sut will not be discussed here.

The proposed approach is based on the idea of fit-
ting 2 sulti-input aulti-ocutput nodel to the vector
cine-series observed at the outputs of the sensors,.
Under certain assumptions the parameters of this acdel
can be shown to contain information about the locations
5f all the targets, as well as other useful {nformation
such as target 3pectra. If the paramecter estimacidon is

*This work was supportad in part v the JOffice of Naval Research, Code 431, Contract No. N0J014-79-C-0743.

performed racursively and contiavally, it is hoped zhas
the relationship between the model parameters and the
targets to which rhey cozrespond will be consisceatly
maintained. Once the targets are labeled ia a jarticu~
lar way, this labeling will stay Zixed without reed for
rechecking or relabeling. This will eliminare the need
for a separate step of rarget assoicaction vhich ls
inherent in current multitarget tracking techniques.

In Section 2, we present the basic problem Zormulstion
and explore the relationship between zodel parcmecers
and target location.

The formulation of target tracking as a aultichannel
signal dodeling problen raises a number of interesting
questions in the areas of system identification and
structure of mulcivariable iinear svstems. Some of these
issues are explored ia Section J, and some in 3Section 3.
In Section 4, we present a specific algorichm for per-
forming parameter estimation. This algorithx was used
in a preliminary sipulation study, which is described
in the Appendix. This algorithm is presentaed here ouly
2s an example, and should not be interpreted as the Sest
choice for this application.

Finally, we note that the 2aphasis in this paper {s
on developing a new framework for handling the zuleti-
target tracking problem aad exploriag some of the ctheor-
etical issues it raises. Yo claizms are made regarding
che relative =merits of this aporoach to current track-
ing algorithms. At this stage, we are mainly intervested
in treating directly the aultichannel aspects 2f the
tracking problem, and not in making a comparacive avalu-
ation with curreat techaiques.

2. THE MODELING FRAMEWORK

To illustrate the bdasic ideas of sur approach we
consider first the single target case depicted in Tigura
1. Two sensors are measuring the signal x(:z) propagat-
ing from a tarzet located scmewhere in the plane. We
assume that the propagation involves only some time

delays and attenuation. Thus, the outputs Tys s of
the two sensors can be modeled as
yi(e) = x(¢ - 11) + vl(.:) (la)
7o(8) = ax(e = 1,) + v (c) , (ib)

vhere are the propagation delays from the tar-

T T,
get =0 the two sensors. n represents attenuation and
I3 vy are independent neasurement noise processes.

The cimc sampled version of these outputs will be
written as:

yl(k) * x(k - Il) + vl(k) (2a)

yz(k) = ax(k - T,) + vz(k) ' (2b)
wierse

t = AT, T, . T1AT. e TZAT.

Yota that the delays =T,, 7, are assumed to be integer
aultiples of the sampling seriod. The case of non=-
integer delays is discussed later.
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Figure 1. Two Senscrs and One Target

In msay applications, the singal x(t) can be
adequately modelad as an autoregressive (AR) process
of the form

x(k) = - g 4 x(k=-1) + u(k) 3

where u(k) is a white noise process. This is partic-
ularly ctrue for narrowband signals. The Zore general
case of signals with rational (ARMA) spectra is dis~
cussed in Section 5. Taking the z-trangform of Eq. (2)
Je get

yl(z)-z-rlx(z)+Vl(:)-z-r’~(l/d(z))U(z)+Vl(z) (4a)

v, (2 =z 2K ()4, (2)mmz T 2(L/d(2))U(2) + V,(2)
(4b)

where d(z)-l+d,z-L TS dpz'P. written in vector

Zorm the transfer function from u to the sensor out-
PUES 7147, is given by N(2)/d(z), where

y(2)=N(2)X(2)+V(z)=N(2) (1/d(z))U(2)+V(z) (6a)
aad
N, (2) 2T
Nz = |1 = | -1,
sz(z) z - (6b)

sote that the numerator of this zransfer function con-
tains informatcion about the relative delays from the
targzet o zhe sensors (which is direccly relaced to
target location), while the denominacor contains spec-
tral information. Thus, if we could estimate the para-
deters of che model N(2)/d(2) <from the observed data
ly,(2), v,(t)}, we could easily obtaia the iaformacion
aeeded for tracking. As long as we do not have direct
zeasuremencs of x(t) or u(L) the onliy information
that can be 2xtractaed from che spectral factorization
asroblem Sy(z)-(N(z)/d(z))(N(Z'lzéd(:'l))' is, of course
nonunique. Arbitrary delays =z can be inserted into
the speciral factor without changing the spectrum.
Thus. as iatuitively expected, the absoluts ielays
Ty,7, cannot be determined. iHowever, the Jifference
in the degrees if the polymomials N, (2), ¥,(z) will
be unique, and provide information about thé time-

diffarence of arrival (TDOA), Alz-rl-rz. Given TDOA'S

for two or zdora pairs of sensors will unmiqualy locate
the target (12].

The case where propagation delays (or their dif-
ferences) are non-integer zultiples of the sampling
period can be approximated by an autoregressive nmoving-
average (ARMA) model similar to equatiocn (5). To see
chis consider cha signal x(t+r), and a sawpling {ncer-
7al AT, thon.*”

x(e+1) ® 30 x(kAT) sinc (c+t - T) (7a)
kmen
where
sine(t) = sia (£/aT)/(Te/3T) . (")
Let T = LT +#37, 0 < 41<iT, and let
7(t) = x(e+t) + v(e) . (8)

Then the sampled versiom of y(t) will be givea dy

AT = D x(kAT) sinc({i+l-k)ITHATI+v(KAT) =

K=o

=
= 3 =({k-1)AT) simc[(i-k)ATHAT)+w(kAT)
YT g N
or using the notation y(i4T) *= y(1),
»

7(1) = 2 a(k) x(i-k) + v(k) ®

K-

wvhere o(k)=sine((2~k)AT+AT]. The coefficient a(k)

achieves its largest value for k=i or 1:tl. As an

approximation to (9, wve may consider replaicag the

infinita sum by a finite sum
o
y(i) = Z& a(k) x(i-k) + v(k) oY
=
Thus, the polynomials !l(z) and Nz(z) in (6) have
to be replaced by

2 -«
N2 = 3 a2, 1el, 2
k=0
The delays rl,tz can still be estimated by looking at

the index of the largest coefficienc, or by using inter-
polation. A reasongble escimace of the delay can be
given by the value © which maximizes the funczion a(<)

a
a(t) = a(k) sinc (7-k) (10)

The discussion above requira2s, of course, that the
sampling rate 1/.T be sufficiently large in relation to
the signal bandwidth. The order of a3 of the 2oving
average (MA) part of the model N(z) will be determined
by the sampling interval 4T and by the axpected spread
of TDOA's. The latter depends on the maximum change ia
target bearing expected over rhe processing interval.

It {s possible to reduce this order by removiag "bulk'
delays prior to the parameter 2stimation algorithm.
The order p of the iR part of the model d(z) will
depend on the number of spectral lines in the targec
spectrum (e.g., twice the number of important lines).
In order to reduce the required sampling race 1/3T
and the 2odel order, it is assuzed the signals have
been shiited to a baseband (e.3., removal of carcrier,
if preseat). For a more detailed description of some
of the practical issues involved see [13].

Vote that the {ramework described here can aiso
handle the effects of multipath propagation. Ia the
presence of multipath ¥ (z) (and N,(z)) will have
several large coefficients corresponding to the direct
delay and the multipath delays. Thus, a careful examin-
acion of the coefficients reveals useful information
about the aultipath structure. Siace the direct zath
has the shortest delay, the first large coefficiaeat of
N, (2) will correspond to the direct path delay and
provide TDOA information

The ARMA modeling approach can be extanded to a
multitarget environment. Here the system consisting of
targets and sensors will be reprasented by a multi-
output (MIMO) transfer function. A simple example is
depicted in Figure 2. The equation describing the
vector of measured dats y(k) is given by

y(2) = N(z) X(3) + Vz2) (11)

where V(2z) represents neasurement noise and
-Tir oTar
z z (or a more general

N(z) = delay matrix) (12)

ST T2

R
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Figure 2. The Multitarget Case

The siznal vector IX(z) is generaced >y
rdl(z) 0
X2 = 27 Ha) Uz), () = | BNCEY)
L 2 d,5(2) |

—d

The output of the sensors ia the multitarget case
can be written as

T(2) = ¥(2) DL () + V2 . (14)

Note that as in the siangle target case the numerator
N(z) coantaing location information {TDOA‘s) while the
denowminator J(z) contains specczral :ianformation. IE
the >arametars of N(2), °(z) are given the zulti-
target trackicg probiem is “asically solved. The
question i3 how %o estimaca chese parac ters froa the
4ata 7(z) ia 2 unique and reliable way. As 2ay be
exvectad, the quastion >f uniqueness is somewhat nore
cogplicated than in the single carzet case, as will Se
discussed nexct.

3. STRUCTURAL ISSLES
3.1 “niqueness

The identification of linear systems from Laput/
sutput data requires proper paramecerizatioa of their
transfer function (or state-space representation). 1In
che single~input single-output case all that i3 needed
{s a2 Jeterminacion of the orders of the aumeratoer and
denominator polynomials. In the pultivariable case
wore structual information is needed due to the fact
that the aumerator and .encuinator polynomial matrices
can be transformed in varicus noncrivial ways without
changing the order of the realization. To see this,
let U(z) denote a giinodular polynomial matrix {14];
then H(z)=N(z) D(z) “=(¥(z)U(z)) (D2)U(z)} L. 1a
other words, N(z) = N(2)U(z) aad D(z) = D(z)U(z) pro=~
vide a matrix fraction description (MFD) of the trans-
fer function H(z), of the same order as N(2),D(2).

To obtain 3 unique paramecarization of the traasfer
function its macrix fraccion descriptiom N(z), D(z2)}
has to be put ia 2 canonical form. Some of the commonly
used Iorms are the Smith-McMillan form and the Popov or
?olyonomial-Zchelon fowvm, It is iateresting to aots that
the nodel associaced with the mulcitarget tracking pro-
blem (equations (12) (13)) has a diagonal denominacor
aatrix, If N(z),D(2) are irrveducible, this implies
uniquesness of the MFD. [To see this consider the class
of unimodular zatrices U(z) such that dia;fdt(z)}-
U(z) = diagonal. Oaly U(z) = diag fci} for some con~
stants ci will satisfy this equation. 1If we further
require chat che leading coefficients of oolynomiala
are unity, we 3ust tave ~(z2) = Ij. The as..sption of
irreducidbility of N(z) and D(z) will be generally
satisfied, since it is uniikely that the delay structure
ti(z) will bear any relationship to the target signals

D(z). Thus, if the diagonal structure of 5(z) is taken
into account in the identification process, and {f the
orders of D(z), N(z) are known, a uaique parameteriza-
tion of the transfer function will be achieved.

For the tracking problem the uniqueness of N(z),
2(z) is not too {mportant as long as the transfer func-
tion H(2) can be uniquely estimated. It is possible,
in facet, to extract the information needed for tracking
direccly from the impulse response of the system H(z)=
N(2)D(z) "L, wichout looking at the numerator and denom~
inator polynomials. By applying an impulse to the input
u, of the first channel (see Figure 3) we will obtain
aL the outputs the impulse response of 1/d.(z)
delayed by variocus amounts. The spectrum o} target Yo. 1
can be evaluated by computing the power spectrum of the
impulse response, and its TDOA by cross-correlating the
two outputs. A similar procedure can be carried out
for Target No. 2. The point is that once the transfer
funceion from u to y is known, we can effectively
separace the different targets!

- . f ZE%‘ S

Figure 3. Using the Yodel =5 Obtain
Information About Targec Yo. [l.

The main difficulty in the :racking problem is
that we have to astimate H(z) £rom output measurements
only, i.e., we gnow v(t) but not uf(r). It is welli-
known that for stationary gaussian laputs u(t) the
trangfer function H(z) can bde Jdetermined oaly up to a
spectral 2quivalence :lags. In other words, all we can
sav i3 thac H(z) H(z2-1)? = 5 (2), the spectrum of =he
data y(t). Making the usual assumption that both the
poles and zeroes of H(z) are within the unit circle
({.e., a stable, minimum phase plant), we are still
left with nonuniqueness of the spectral factor due to
the axistence of unit spectral nacrices. Let 15%:)
denote & polynomial zacrix such chat S(z) 5(z° )" = 1.
Then H(z) and H(z)S(z) have the same spectrum. To
see that these exist nontrival unit-spectral aatrices
let Q denote an orthogonal matrix, i.e., QQ* = 7,
and let 3(z) donte a diagonal delay matrix. i.e.,
R(z) = diag (z-kﬂ} for some integers k,. It is easy
to see that arbitrary products of matricds of these two
types are a unit spcc:r*l factor. Cogtid%r for example
$(z;=QR(z); thea S5(z) $ (2)=QR(z) R(z ")Q =QIQ’s=l.
The presence of unit spectral factors of the 2(2) type
has the intuitive meaning as in the scalar case: cthe
absolute propagation delays canm not be determined from
neasuremants of vY(t) alone. Unly time differences
can be determined.

In order to be able to separate the information
relaced to the Jdifferent targecs it is esgantial to de
able to get rid of the nonuniqueness introduced b7 the
uniz spectral factor. To do this we must use the
special structure of the ievominator aatrix D(2) and
assume that N(2),D(z) are irreducible ({i.e., a
ainimal realization). Fizst noce that N(2)T{2) "S(2)
will, in general, have a larger order than N(z)T(z)=l
unless det 5(z)=1. Thus, for the proper choice of
model order we must have 5(z)=Q. In other words, the
only aonuniqueness left if we restrict our attention te




is generated
by orthoggnl r.tmtom;ions. N".‘f note that H(z) =

ataleel ocder spectral factors of S _(2),

N(2)D(2) "Q = N(2)U(2)(Q D(2)U(z)) =, where U(z) is
a unimodular matrix. Since we know that D(z) s
diagooal, the nouuniq {ssue red to the ques-

tign of what class of msatrices U(z) and Q will
obay 1" D(2) U(z) = dfagonal. 3y the uniqueness of
the Smith-McMillan form [14] it follows that the only
possible nodificacions of D(z) are differeant ordec-~
ings of the polynomials {dl(z). veey d_(2)}. Io other
words U(z) = Q where Q 1is a permutation matix (it
oay also include arbitrary sign changes). This fact
has the following intuitive interpretation: since the
inicial labeling of the targets is arbitrary, we can
only expect to define H(z) up to column permutations.
However, once a given labeling was determined, H(z)
will be fixed, and its MFD will be uniquely detarmiced.

In summary: using the diagonal structure of D(z)
and assuming knowledge of cthe correct (minimal) order
of the transfer function from u(t) cto y(c), it is
possible to obtaia a unique (up to input labeling)
spectral factor of §_(z) = 4(2z) H(z"!). The impulse
response of the spectral factor H(z) will provide
the desired cracking parameters (TDOA's, spectra).

It should be noted that in addition to the structure
of D(z), we may use the special form of YN(z) which
is known to be a delay matrix. This iaformation can be
used to relax the assumption of ainimality and to
obtain uaniqueness for more general problem Zormula-
tions (see, e.3., Section 5).

3.2 Right and Left Macrix Traction Descriptions

The remaining questioca is one of parameter estima-
tion. How to find a set of coefficients N(z), D(2)
which will Sest fit (in the least~squares or maximum
likelihood sense) a given time=-saries {y(t)}. Various
techniques have been proposed in the literature for
estimating the parameters of ARMA processes of the form

P '3
y(e) = - A, y(e=1) + Z B, u(e-1)
&t 2t

Yost of che work in this area seems co have been done
in the context of systeam identification (i.e., zhe
known input case) (15]-{20], but some results are
available on time-series modeling (unknown input case)
{21]. Unfortunacely, mosc of these techaiques are aot
applicable to the estimation of N(z), D(z). VNote that
the ARMA model in equation (15) is naturally related to
the Laft Matrix Fraction Description (LMFD) of the
transfer function from u(t) to y(t), while N(2),
O(z) are ics Right Matrix Fraction Description

(RMFD). To see this wa rewrite (15) as

(15

A(z) ¥(2) = 8(z) U(2z)
<here
A mreazhe

(16)

+ APZ-P,

-1 -m
+ ... +B
z a®

3(z) = Bo +3
thus,
H(<) = AC2) ™Y B(2) = N(2) D(2)”

1

b, an
One wav of estimating N(z), D(z) s to first estimate
A(2z), 3(2) using any of che techniques described in
{15]={21] (see also Section 4), and then compute the
RMFD of the transfer function a(z)=l}B(z). The RWFD

and LMFD are related by A(z)N(z) - B(z)D(z) = 0.
Writing this equacion ia terms of the coefficients of
A,3,¥ ard D leads to the following matrix equation
(written for simplicity for the case mwp=2):

My )
A, | B, S,
A° ! Bl Bo "1

Ay AL 4, 1By By B Bl e (18)

A ! 3, 8 - -y
2 M %y -
A, B.’ o
b

02 ]

where o = I, Note that if we fix the leading coef-~

ficient of D(z), say Do-l. equation (18) can be

rewritten as a matrix equsation with number of unknowns
equal to che number of equations, and can therefore bde
solved for {N,,D.}. This matrix equacion iavolved a
(mdifiad)Syh’Iesh: matrix with a very special structure.
Using this structure Xung et al. [22]=-{24] developed
efficient algoritims for going from LMFD to RMFD and
vice-versa. These algorithms ytilize orthogomal trans-
formations and are claimed to have good numerical pro-
perties. The problem of changing right to left macrix
fraction descripcions is closely related o finding the
greatast common divisor of polynomial matrices and to
computing & minimal basis for the space spaaned by

such nacrices [14].

A preferable solution would be to estimace directly
the parameters (N, ,D,} of the RMFD. This can be done,
for example, by uﬁiaé a saximm likelihood ov prediction
arror formulation which leads to a nonlinear optimiza-
tion problem. 3Such a solution will in general be couw-
putationally expensive. Some preliminary invescigation
seems to indicate the possibilircy of obtaining estima-~
tion aigorithms for N(z),D(z) which are of a compar-
able level of complexity to algorithms Sor estimating
A(2).,3(2). However, this investigaction is not yet
complate.

It should be recalled that the desized target
iaformacion c3a be obtained dirsctly from the izpulse
response of the system, which cac be computed sither
from the LMFD iﬂ(z)-A(z)'ls(z)) ot from the RMFD
H(2)=N(z)D(2) "~ as indicated in Section 3.l1. The main
reason Zor wanting to estimate the RMFD is that it
displays clearly the special structure of the system
which is needed to force a unique solution of the spec-
tral factorization problem. If the special structure
of N(z),D0(z) could be mapped into an easily specified
special structure for A(z),B(z), we could work dizectly
in terms of the LMFD. (nfortunazely, the structure of
A(2),B(2) 1induced by D(2) being Jiagonal and N(2)
being a delay mstrix, seems to be complicated and dif-
ficult to use. It should also be noted that it is
desirable to enforce the spacial structure already in
the estimation process. This can be done sasily in the
RMFD, but not in the LMFD, vhich aakes it even nore
important to develop s direct estimstion technique for
N(z2),D(z).

In summary, sevaral approaches to the estimation
of the model paramsters vere discussed: L) Direct
astimacion of the WD, with D(z) forced to be diag-
onal, (i{i) Estimation of the LMFD using available ARMA
modeling techniques. Transformation of the est..sted
LMFD into RMFD using available techniques. Checking
the structure of D(z) and finding the transformation
needad to make it diagonal. This transformacion will
pin down a uaique spectral factor. (14i) Estimate
A(z),8(2) with their form forced to have the particular
structure induced by N(2),D(z). Then cowpute the
impulse response >f H(z) ® A "(z)3(z) and from it the
TDOA’'s and target spectra. Jf these approaches oaly
the second is fully developed at the current tize, is
described in Section 4.
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3.3 Innovations Representation

In the discussion so far we have not mentioned
axplicitly the number of targets or sensors. Lat us
igsume that thers acte N_. targets and Ns sansors

3ad chat X, < N.. Consider the spectrum of y(t)
given by eqiastiod (14):

5,2 = Wt oeh T vz hT »z, (19)

here l'v denotes che covariasnce zatrix of the asasure-
aent noise v(t). Note that if :v-o and  N_<N.,
5,(z) will aot ba 3 full rank aacrix! (Ao equivalent
3y of staclag this facc is ¢o say that the iamnovations
cepresentaction of y(t) will be singular, and some of
the componencs of the innovations vector &(t) will

Se linearly Jependent). 1In fact, the rank of the covar-
iance matrix § (z) (or the ianovations covariance

satrix 1) will be equal to the number of targecs, as
can be seen irom

s.(2) = 320t 2T wie™h (20)
4 o T

Nsxsr :{Ist

Thus, the nuaber of targets can be estimated by testing
the rank of S (2) (R%). This tast «will be, of coursas,
sensitive siace oy Ieasurement noise will make Zv>0
and cause S _(2) (R7) o become full rank. However, by
looking at the relative magnitudes of the eigenvaluas
2f the covariaance matrix, Je can obtain a 20re robust
astizace of the anumber of tarzets. This procedurs is
described in zore decail ia Seccion +. In general, we
«“ill work with a "square” cransfer functionm, {.es.,

N(z) and D(z) (or A(z) and B(2)) are ¥ x.‘ls aatrices,
and decide om the actual number of zargets after per-
forming the model fitting. If NT<N.. We pay think
3f this as having N, actual targets and X -N,
fictitious targets which gensrate no signals (i:e. ,

the corresponding iaputs ui(r.)-O).

3.4 3eamformiog Iacarpracation

A standard approach to passive :tTacking is besm-
forming. In its simples:z form, beamforming consiscs
of forming a sum of delayed sensor outputs, to get a
scalar signal f£(t) which then undergoes further pro-
cessing. In the single target case, this can be viewad
as forming an inner product of the data vector Y(2)
with a "steering” vector W(z),

F(z2) = u(2)T Y(2) = W(a)T (9(2) X(z) + V(2))

The stsering vector is chosen so that it "removes” the
aumeracor polynomial which represents the propagation
nodel, i.e., choose J(z) so that

W(z)r N(z) = z.r

and then the received signal £(z) is just a delayed
version of the target signal x(t). To see this more
clearly, consider N(z) as ziven in equation (6), and
let

'J(z)r - [u'fl z-rl]/‘.‘n

Then clearly W)t N(z) = z-(‘flﬂ'z)' In the multi-

target case X(z) will be a zacrix which (s chosen so
that W(z)T ¥(2) = diag {2°T1}. Thus, cthe operation of
beamforming can be thought of as finding the inverse of
N(z) 1ia a generalized sense. MNote that beamforming is
very closaly realted to the RMFD npuugiation. In

fact, the whitening filter U(z)sC(z)N(z ")Y(2) can bae

* considered as a combination of besmforming

F(z)-N(z)-lYLz) and spectrai filteriag U(z)»D(z)F(z) ,
performed simultaneously for all targecs!

4. THE ALGORITHM

A candidate algorithm for escimating the para-
aeters A, ,3 is described below. This algorithm
is the pultivariable version of the Recursive Maximm
Likelihocd (VML) techique, described in [25] for the
single input/output casa.

Let us revrite the ARMA model of equaction (15) as
T
Y, =3 b * €, (21)
where

T
¥ = [Al. veey AP, ao. vees 5'1.

an }ls‘x(;:v-o-ﬂ»l)tiS matrix

T T T T Ry
B = L=ypys ones “Yeap® Sp-lt ttr -:_._11

an 1l x (pml)ﬂs vector

or it can be decoupled {nto Ns equations of che type
0 PSSR I
,-: ::e +.-.t [ ) W Ns (22)

where 3 is che j-th columm of 7.
The estimacion algorithm for 3 is given by

3

R bl -

el at - K:*’l Et*l' =1, ..., NS (23)
vhers K:ﬂ is a gain vector (common to all of the
93'3), and

<

LIS |
el T Toer T desp Yo 1%L een N (24)

These equations can be written in a more cowmpact
form as

3 3 T (25a)
9:-*1 - 9: * KE;I. Seel
- - b
Ceel " Year ~¢ Pen1 (258)
The gain vector K can be computed by
- ~ -~ .
Cea1™Peleet’ CetntPedeel) ® Prardenr (268)
afp b 5 T °T .
Ptﬂ. [P: ’:’ul’tﬂ?c/ \:+°:*1P:::+1)]/\: 526b)

vhere e is an exponential weighting factor, and 3:

is & filtered version of the ? vector, L.s., y,¢ {n
:_ho » vectors are teplaced by pre-filtered versions
y and £ where

Fero @y, L E 07l e (27a)

13

e’

D(z) » L + Dlz-l .. +D 2 (27

k
The pre-filter D(z) 4is typically chosen as D(2)=
B(z). However, we found that improved coavergence can
sometimes be achieved by using D(z)=A(2/3), 3£ 1.
See {13} for more details.

The innovations sag ¢y produced by the RML
will generally have correlsted entries (i.e., & noo~
diagonal innovations matrix). Since we assume the tar-
et signals to be uocorrelated, it is necessary to work
with the normlaized innovacions sequencs ¢

- R-alz

¢, (28)

— Y,




vhers R/° 15 the (lower triangular) sjuate root of

the {onovation covariance. R: ¢can be computed recur-
sively by

3 CR T (29a)
R:#l - (l-vc) Rt + LN
Yoo ® ":/(wt + “:) (29b)
or in square root form
/2 raéf?
ir"r':glg 41 orthogonal [R:ﬂ. | (30)
— f m
L'"c "Z J transforvat ion L9y

The normalized innovations will be compuced by solving

/2

& t* % (31
vhich can be done by back substitucioa since R /2 is
upper triangular. Special care has to be taken, since
R° may be §}ggular, i.e., some of the diagonal ale-
nencs of R a8y be zero (ot very small). Ia that
case, the corresponding elements of :=_  will be sat
to zero. This can be done easily in che back substi-~
:gygon routine. The aumber of Jiagocal elements of
R'“ which are greater than soms threshold value,
wvill indicace the number of targets, as was aexplained
asrlier.

To estimate TDOA's and :agnt spectra, the impulse
response of H(z)®=A(z) 'B(z) R° will be computed
for aach input/oucput pair. By croes-correlating the
impulse responses obtained for a given input i, the
TDOA's correspouding to target aumber 1 will be
obtained. The power spectrum of the impulse response
“1ll provide an estimsce of the target spectrum. There
is, however, oue resaining prodlem: the transfer func-
tion H(2) woay "scramble up” the targets by an
orthogonal transformation. In other words, the correct
transfer funccion will generally be H(z)Q, where Q is
an orthogonal transformation that needs to be deter-
ained (alternatively: f LQ?, the correct way of taking
the 2atrix square-root R )

w2

In the case whers Ns i{s small it is possible to
taks a general orthogoudl transformation matrix aand
look at the cross-correlations of che impulse reponsas.
obctained for different rotations. If the wrong rota-
tion is used, che cross-correlacion fuactiom will have
multiple peaks corresponding to several targets. If
the correcc orthogonal transformsation is used only a
single peak will occur corresponding to a single tar~
3ec. This is somevhat similar to beam steering
(except that it is done in a different space).

A Dore systematic vay for determining the ortho~
gonal :ransgomzion Q 1is to computs the RMFD of
i@ 3@ one technique for doing this 1{s pre~
sented in [321 and will not be repeated here. Omce the
RMFD N(z),D(z) 1s calculated, Q can be determined
as the trasgofrmacion aeeded to nake D(z) diagonal
(or as nearly diagonal as possidle).

Finally, we should note that the algoritham pre-
senced llare was chosen zsinly for coavenience of imple-
mentation., Many other algorithms can de used to esti-
mate At"t and it is not clear at this cime which
one is best for multitarget tracking applicationa.
However, the RML technique seens adequate for tesciag
the proposed modeling approach. Some preliminary
simulacion results are given in the Appendix.

5. SOME EXTENSIONS

The mulcitarget tracking problem was formulated
in Section Z for fixed targets with AR spectra, aod &
simple propagation model. In this section we briefly
describe how che ARMA nodeling approach can be extended
to other classes of tracking problems.

S.1 Moving Targecs

When targets and sensor locations are fixed in
space, the model presented in Section 2 will be time-
tnvariant. (This follows from the assumptions of the
stationary target signals and a time~invariant propaga-
tion aedium). Relative target motion will have two
important effects: (1) The system relacing y(t) ¢to
x(t) will be time varying and ({i) the signals gea-
srated by the targec will experience doppler shifts.
The first effect means that we nov have to idencify an
ARMA model with time-varying coefficients. (Ia fact,
only the N coefficients are time varying). This
is a difticuir. task even in cthe single channel case,
although it has been done successfully ia various
applications such as speech processing. In many situa-

cions (e.g., sonar systems) target moction is sufficieatly

slow compared to the sampling rate, so that che para-
seter estimscion algorithm will be able to track para-
aeter changes. More precisely, as loug as che target/
sensor jeometry can be considered fixed over the
time interval aeeded to zat a resasonable location esti~
oate (integration time) techniques which work well for
fixed targets will sctill be expected to work. If the
jeomecry changes sufficiently fast, a time-varying pro-
blem formulation is unavoidable. For example, we nay
try to parameterize che coefficienty XN, of che delay
natrix by Ni(:) - NL N, TN, 7. *hc coefficients
o 1,1 1,2
NN N, , can be related td cthe target location
i0,°4,1,74,2
and ics velocity.

In many applications, the signals recesived from
moving targets can undergo significant doppler shifts,
even if tha target/sensor geomatry is only slowly time-
varying. These frequeacy shifts provide ianformation
apout target velocity and about its location (e.g., by
looking at differences of doppler shifts bectweea pairs
of sensors). Thus, it is iamportant co see how doppler
effects fit into the modeling framework. Consider an
AR procass x(t) generated by a target, vhere
x(t)=(1/d(z)) u(e). For narrovband processes, it can
be shown that the doppler shifted signal will still be
an AR process, except that the AR coefficients di

are changed. Ia fact, if d(z)-(z-zi)...(:-z ) thea

ics doppler shifted versioa will be "d(z)=(z-2 )...(x—z;)

vhera the parameter 2 is deterained by target
velocity and propagation velocity. Thus, the model
for the observed signal will have the form

y(z) = H(z) U(2) + V(2) (32a)

- 27Tt
H(z) = (2 j/dtj (z)], Ng x N.r macrix (32v)
vhere d J(z) i3 the AR represeantation of the signal
aucucné by targec i, as seen by sensor j, and ri

{s the delay from target { to sensor j. Note that
the parameter of d’_ (2), =1, ..., N are not
independent, but are i'cu:cd in a apocial vay. An
examipation of these parameters provides not only a
spectral sstimata, sut also information about target
velocicy and location, The structure of this model
has 3any interesting features vhich are still under
investigetion. Of particular interest is the Juestion
of how to obtain a unique spectral factor, ia view of
the fact thac D(z) is o loager diagonal. 4As may be
expected, uniqueness can be achieved under fairly mild
conditions. Estimacing the parameters of such aodels
from noisy data, in a way that takes inco account their
spacial structure {s not vet fully developed.
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5.2  ARMA Sources

While AR aodels provide an adequats signal repre-
sentacion in a lazge class of practical cases, it 1is
sometimes aecessary to consider the more gemeral ARMA
representation. This is particularly true for wide-
Sand processes or asrrowband processes ia additive

noise. The signal model will have ia this case the
fora

X2) = W) B2t wa (33
whare N(z), D(z) are boch diagomai.
and . - a1

Y(z) = (N(z) N(2)) D(z) ~ U(z) + ¥(z). (34)

Note that the numerator of the RMFD is nov s aixture
of the delay matrix and the spectral zeroes of the
cargets. However, [(z) is still diagonsl and there-
fore most of the discussion ia Sestioa 3 still holds
rrue. The TDCA's and targec spectra can still be
aestimaced from the impulse response of the estimated
20del. Secause of the dlagonal structure of N(z)

it is theoretically possible to separace N(2) and
§(z) _by looking for common factors in the columns of
¥(z) N(z}. Inr summary, having an ARMA spectral
model does not complicate significanctly the modeliag
approach.

5.3 ARMA Propagation Models

The sizplest form of aultipath propagstion is
caused 5y a signal being reflected by some object
which lies outside the direct line of propagatiom,
causing an axtraneous delayed version of the signal
o arrive at the sensors. This type of zultipath pro-
pagation can be reprasented by a MA model of the :ype
used in earlier sections. Often, a more complicated
type of propagscion occurs. The signal can undergo
multiple refleczions of the type encountered, for
iastance, wnen a sound vave propagates in a room (e.3.,
the "cociktail party” problem: locating peopla who are
speaking inside a room). The sound is reflected from
vae wall, bounces off the opposite wall and again
from the first wall. Similar effects occur vhen
seilsmic waves propagate in the earth or when sound
propagates in the ocean (reflected from the water/air
and water/ocsan floor interfaces). This phenomena is
best modelad 5y an AR cype model.

1o general, a realistic propagation zodel will
combine both types of multipath propagacion and will
therefore be an ARMA model, i.e.,

2(2) = 8(2) D)7 x(2) + V() =

- ¥(2) (B(2) 0217t u(2) + V() (38)

where N(2), o(2)
2(z)

are the propagation model and
is che signal nodel.

The structure of the propagation model depends,
of course, on the particular application being con-
sidered and on the physical properties of the propaga-
tion medium. In its simplest form D(z) will have a
diagonal form, seaning that the propagation from a
given target to all sensors has the same kind of pro-
pagation effects, axcept for different delays which
are represenced in N(z). In general, more complicated
forms of provagation are possible ia which case J(2)
will be non-disgonal.

“hen D(z) 1is diagonal, the ltructurc_zf the
cransfer function H(z) = N(z) (U(z) D(z))) * is
similar to the pure delay case. The ouly problem is

that the signal spectrum is mixed up with the poles

of the propagation zedium. Under certain situacions !
it may be possible o separate the two. Coasider the
situation vhere the time depeandence of the signal
speccrum and the propagation model are differeat. Tor
example, consider z nonstacionary source, like speech,
which stays [ixed in space so cthat the propagation
aodel {s cime-invariant. By repesting the computation
of D(z2) D(z) over saveral time intervals and comput-
iag its roots, D(z) will be fournd from those roots
which do not change, while 3(z) will correspond to
the roots which are varying from one time interval to
another. As another example, consider a moving target
that causes the propagaticn aodel to change. Here
D(z) will have fixed roots and D(z) roots which vary
over time. If either D(z) or D(z) are nondiagonal
the structure of the transfer problem becomes more
complicated and has to be examined more carefully.
This will not be doane here.

5.4 Direct Estimation of Source Locaction

The set of TDOA's contain all the information
required to locate the targets, {.e., to find their
besring/range. Location estimation is typically per-
formed in two steps: First, estimate the TDOA's (AU)
using the algorithm described esrlier, or a more
standard generalized cross-correlation technique. Then
compute target locaticns from the set of . . 's using
the approach presentad in [12], or the hyperbolic line-
of-position techailque.

A different approach will be to try and estimate
directly the target coordinates. Since the functional
relationship betveen the target coordinates and the
TDOA's {s knowm, it is possible to re-formulace the
problem as a coordinate astimation problems. Some pre-
liminary studies seem to indicace the feasibility of
the direct approach, but no conlcusive results are
available at this time.

§. CONCLUSIONS

We introduced a Iramework which relstes various
problems that arise in multitarget tracking to the '
parasaters and the structure of a related mulcivariable X
linear system. This approach motivates some interasting
questions regarding the modeling of vector ARMA pro-
cesses under various structural coanstraincs. The
results presencted here are only preliminary aad the
objective was msinly to lay the groundwork for further
research.

The proposed approach has several features which
are important from a practical standpoinc, including:
treating multiple targets without perforuing a separate
sssociation problem (target assocation as well as line
associaction), simultsneous estimation of TDOA and
target spectra and possibility of handling multipath :
effects. However, considerable testing and performance |
evaluacion needs to be dome before the usefulness of
the ARMA modeling approach can be fully realized.
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APPENDIX C

MTS PARAMETER ESTIMATION ALGORITHMS

A number of algorithms for estimating the parameters of AR, ARX and ARMA
models were coded and tested during the MTS project. These algorithms can be
divided into three classes: recursive parameter estimation algorithms of the
RML type, non-recursive AR and ARMA algorithms and recursive lattice
algorithms. In this appendix we list the algorithms that are currently
available and either give a brief description or a reference to a more
complete description.

C.1 RECURSIVE IDENTIFICATION ALGORITHMS (IDN1)

1. Recursive Least-Squares (RLS)
This algorithm estimates the parameters of the ARX model

NA NB
Yy * '2:“1' Ye-1 +Zb1 Upy  * Y
i=1 i=1

where u, is a white noise process. The algorithm is given by
9= [al,..., aypr bl""' bNB]
0 = LYy proee Yonar Ypopeeeer Upypd
P, = [P, =P, 10, 00P, /(A + 0P, 10, )1/
t t-1 " t-1"tTt -1 tt-1"¢t t
8, = 8, 4 + Poay (y, - 610, )
t %17 Tef Yo T 0%

A, = AN

éoso,Po-ax




2. Extended Least Squares (RML1)
This is the RML algoritmm described by equations (2) - (7) with ..
Dt(z) = 1 and with e, replaced by €, =y, - 6,8, ;.

3. Extended Least Squares (RMLP)
This is the RM. algorithm described by equations (2) - (7) with I
Dt(z) = 1.

4. Recursive Maximum Likelihood (RM.) -
This is the RML algorithm described by equations (2) - (7). ..

5. Square-Root form of the RM. (NORM)
This is the algorithm described in section 2.1 (iii).

( 6. Stochastic Approximation RLS (LMS)
This is a version of the Widrow-Hoff gradient research LMS algorithm.

T
e=[a1,..., aNA] 4

- T
°t = [‘yt.ln-' ’ 'yt_NA]

LJ

yt = Olat-l }H

2 »]
[

b = %1t (B/Ry) oy

ol
]

NA
2
£ = MRy g *+ (1~x)izlyt_1_A , Ry=1 , 0<acl0

C.2 NONRECURSIVE ALGORITHMS (STAN)
1. Maximum Entropy Method (MEM)

This is an implementation of Burg's technique for autoregressive spectral
estimation. The code used was taken from [21].

- 43 -
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2. Covariance Method (COV)
This is an implementation of the covariance method of speech analysis as
given by [22, pp. 5I1. The resulting AR coefficients are used to compute
the spectrum.

3. Modified Yule-Walker Method (MYW)
This is an algorithm for estimating ARMA parameters. The algorithms
estimates first the AR parameters, using the following modified Yule-
Walker equations:

ENA Ry 3 Rya+1
Natl L. R c 1Ll
: : oy PN
Rar-1 . . RNRp-n R
( where
N
Ri“ﬁfzytym 0<i<M

t=i+l
This overdetermined system of equations is solved by a least-squares algorithm
involoving singular value decomposition (LLSQF in the IMSL).

The MA coefficients are computed next using the following equation

oAl [Ro R Rowaj{na  dwa - - O )

: R1 . aNA-1 . 1
b0 = . S a a .

) R . T .

’ . 1 1 1 . L] .
SNna Raa M1t Jlo RUSIERL
The spectrum is finally computed by
NA -1 NA
boyaZ  * oeD_ g2 by 4 Bz bt D2

S{z) =
(1 + 3y z"1 ...+ aNAz'NA) (1+alz+...+ aNAzNA)

where 2 = exp (-jw}
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c3.

RECURSIVE LATTICE ALGORITHMS (LADD)

The Normalized AR Lattice (ARN)

This algorithm implements the normalized algorithm described in [23]. The
AR coefficients are computed by Levinson's algorithm rather than by the
true whitening lattice. See [24] for details.

The Unnormalized AR Lattice (ARU)
This is the normalized lattice with its output properly scaled to give the
unnormalized prediction error. See [24] for details.

The Two Channel Lattice (KNWN)
This is the ARMA lattice for the known input case [25].

The ARMA Lattice (ARMA)
This is the ARMA lattice for the unknown input case with the prediction
error fed back to the input [25].

The AML Lattice (AML)
This is the ARMA lattice for the unknown input case with the residual fed
back to the input [251].

The Normalized Lattice (ARL)
This is the normalized AR Tattice with the true whitening filter for
computing AR coefficients [26].

The Joint Process Lattice (ARJ)
This is the normalized joint process AR lattice. The AR coefficients are

computed by a true whitening filter [26].

The S1iding Window Lattice (ARS)
This is the sliding window AR Tattice form (26].
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APPENDIX D

TRIANGHLARIZATION BY HOUSEHOLDER TRANSFORMATION

The following routine will take an LxN matrix and upper-triangularize its
first M columns.

Note: M < min (N,L}

Input: an LxN matrix S(I,Jd)
M = # of columns to be triangularized

Output: an LxN (partially) upper triangular matrix S(I,J)

DO 4 J=1, M
g=1 & Z = zero
D01 I=J, L
v(1) = S(1,J) @ v(N) is a work vector
S(1,d) =2
1 o204+ v(l) *2
IF {a<2Z) GO TO 4

Comment: If o=Z, column J is zero and this step of the reduction is
omitted.

g = SQRT (o)
IF {(v(J)<Z) o = =g
S(J,J) = ¢

- 46 -




>

P S

vid) = v(d) - ¢
o= ONE/(a * v(J))
D0 3 K=J+1, N
a=1

00 2 I=J, L

2 a=a+ S(I,K)* v(I)

a=a*ag
D0 3 I=J, L
3 S(I,K) = S(I,K) +
CONTINUE

g * v(l)

@ ONE = 1.

In the system identification problem, we want full triangularization of a square

matrix, thus L=M=N.
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