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1. INTRODUCTION AND SUMMARY

The objective of the Multitarget Tracking Studies (MTS) project is to

develop and evaluate a parameter modeling concept for tracking multiple

targets. This report summarizes the accomplishments on phase II of the

project, during the period of June 1980 to June 1981. The results obtained

during phase I of MTS were reported in [11.

The MTS concept is based on modeling the observed data as a multichannel

autoregressive moving-average (ARMA) process. The parameters of the model

provide a compact representation of target parameters such as spectrum and

time-difference-of-arrival (TDOA). These parameters can be used as inputs to

a tracking algorithm, a target classification program, etc. The unique

feature of the MTS technique is the simultaneous estimation of multiple target

parameters. Most conventional processing techniques estimate parameters of

one target at a time, considering the other targets as sources of

interference.

Parametric modeling of ARMA signals at low signal-to-noise ratios

presents a difficult and challenging problem, even in the single channel

case. It was clear from the start that single-input single-output ARMA models

have to be studied before tackling the multi-input multi-output models that

arise in the multitarget case. Accordingly, most of the effort in phase I and

part of the effort in phase II was devoted to the single channel case. The

emphasis was on developing a recursive parameter estimation algorithm capable

of working at the low-signal-to-noise ratios that are typically encountered in

the undersea surveillance scenario (e.g. -10 to -15 dB). In section 2 we

present the single channel algorithm which is a more robust version of the one

presented In [1]. This algorithm is used as an adaptive Infinite Impulse

Response (IIR) filter to perform a number of functions such as: adaptive line

enhancement, adaptive noise cancelling, adaptive TDOA estimation, adaptive

deconvolution and high resolution spectral estimation. Adaptive filters of

this kind are useful for line tracking, own ship noise reduction, inter-array

processing and other surveillance applications. The IIR adaptive filter has

improved performance compared to conventional Finite Impulse
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filter, especially under low signal-to-noise conditions, as demonstrated by

the results in [21-[4].

In section 3 we describe the multichannel ARMA modeling algorithm

developed for the multitarget case. The algorithm was tested under high

signal-to-noise conditions and was shown to be able to estimate correctly the

TDOA's and spectral parameters of two targets. However, a number of

theoretical as well as practical issues remain to be resolved before the

performance of the algorithm can be adequately assessed. This will be done as

part of phase III of the MTS project in which a more robust version of the
multitarget processor will be developed. The main difficulties encountered in

the ARMA approach are related to the question of structural constraints. The

parametric tracking model (comprised of a spectral model and a propagation

model) considered in our work leads to a certain linear transfer function

matrix describing the signals received by the sensors. The transfer matrix is

called the Right Matrix Fraction Description (RMFD) of the system. The RMFD

associated with the tracking model has a very special structure as will be

discussed in section 3. Estimating the parameters of this matrix involves the -(

solution of a highly nonlinear optimization problem. The ARMA model provides

an alternative parameterization (a Left Matrix Fraction Description) which is

much easier to compute. Unfortunately, the special structure of the RMFD is

not shared by the ARMA model. The algorithm we currently use estimates the

parameters of a general ARMA model with no structural constraints. Because of

this, the tracking model is highly overparametrized, leading to uniqueness

problems and to degraded performance at low SNR. To make the MTS processor

more robust it seems that we will have to replace the recursive parameter

estimation algorithm originally used with a different type of algorithm

capable of enforcing the special model structure. This will probably lead to

a more complex algorithm structure.

The research performed so far on the MTS project resulted in a number of

publications, as listed in section 5. In this report we present a brief

summary of this research, deferring many details to these publications. Two

of the key papers, one for the single channel case and one for the multitarget

case, are included as appendices A and B. Further details on the MTS

algorithms are presented in appendices C and 0.
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2. SINGLE TARGET ALGORITHMS

2.1 THE RML ALGORITHM

The MTS processor is based on fitting an ARMA model to an observed time-

series. Several recursive parameter estimation algorithms were studied in

phase I for performing this model fitting. The recursive maximum likelihood

algorithm (RML) was chosen as the one most suitable for our problem. The RML

algorithm estimates the parameters of an ARMA model of the type

NA NB NC
Yt =- ai Yt-i + E bi ut-i + E ci vt-i + vt (1)

i=1 i=1 1=1

where {yt, ut) are the data sequence and vt is an unobservable white noise
sequence. The RI. algorithm is specified by the following set of equations

(see Appendix A)

o = [a 1 ,...,aNA, bl,...,bNB, ci .... ,C4c] T = parameter vector (2a)

tet-,, etNC] T  data (2b
..'t-NA' ut-i,... ,ut"NB "" vector

~ ~ ~eNT filtered (2c)
,t "[-Yt-1"'Yt-NA, ut-1'"', ut-NB' et1,,.., - data vector

t P 1 P )-]/% (3)Pt [t- t- 1h t I t-I/('t + h t l t

64, = t-I + P t h* t - ot at-1) (4)

et = t (5)

= (/DtW) Yt' ut = (I/Dt(z)) Yt' t = (l/Ot(z)) et (6)

The pre-filter Ot(z) is usually taken to be

Dt(z) - 1+c1(t) z'+,..+ CNC(t) zNC (7)
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The expontential forgetting factor is usually chosen as,

Xt= Xt-1 + (1-X),

and the initial conditions are

0o =0 , Po = 1.

Several features were added to the algorithm to guarantee its convergence

and make it more robust:

(i) Stability monitoring

The stability of the pre-filter Dt(z) needs to be tested. Whenever Dt(Z)

becomes unstable the parameter estimates 9t need to be projected back into a

region of stability [5].This can be done by setting the parameters back to

their value before the last update: 0t = et_1. Another procedure is to go

back only part of the way, e.g.,

"t t-1 s t (8a)

where

Vt a P t-1 (t (Yt - OT t- 1 ) (8b)

The coefficient s is set initially to max (1/2, 10-6/IVt1}, where IVtI

denotes the sum of the absolute values of the entries of the vector Vt. If

the new parameter estimates 9t are still unstable we set

s = max {s/2, 10 6/IVti1 and repeat the process. The stability test

algorithm is given by the following program:

6-



FUNCTION NSTAB(T,NT)

C PERFORMS A TEST WHETHER THE POLYNOMIAL T HAS ALL ROOTS
C INSIDE THE UNIT CIRCLE OR NOT
C T = 1+T(1)*Q**(-I)+...+T(NT)*Q**(-NT)
C WHERE Q**(-l) IS THE BACKWARD SHIFT OPERATOR
C
C T IS A VECTOR CONTAINING THE COEFFICIENTS OF THE
C POLYNOMIAL
C NT IS THE ORDER OF THE POLYNOMIAL /MAX=30/
C
C THE FUNCTION IS RETURNED 0 IF ALL ROOTS ARE INSIDE THE
C UNIT CIRCLE, I.E. FOR A STABLE POLYNOMIAL; OTHERWISE AS I

DIMENSION T(1)
DIMENSION TT(30), TTT(30)

NSTAB=O

DO 10 1=1, NT
10 TT(I)=T(I)
C

00 50 INT,-
AK=TT(I)
IF(ABS(AK).GE.1.) GO TO 60
T1=1.-AK*AK

11=1-i
IF(Il) 50,50,20

20 DO 30 J=l,Il
30 TTT(J)=(TT(J)-AK*TT(I-J))/T1

DO 40 J=l,ll
40 TT(J) = TTT(J)

50 CONTINUE
C

GO TO 70
60 NSTAB=1
70 RETURN

1END

-7
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(ii) Modified Pre-filtering

The choice of the pre-filter Dt(z) has an effect both on the asymptotic

properties of the R. algorithm and on its transient behavior. The choice

indicated in equation (7) guarantees asymptotic convergence and asymptatic

efficiency. However, other choices seem to have faster convergence rate,

which is an important factor in adaptive processing applications.

We experimented with a modified pre-filter of the form:

Dt(z) = 1 + kcI(t)z4 +...+k N  cNC(t)z "NC (9)

where Ok1. For different choices of the parameter k we get algorithms with

different types of behavior. In particular, k=l gives the RML ilgorithm while

k=O gives the extended least-squares algorithm. When using the algorithm on

narrowband signals in noise we found that using intermediate values of k often

improved the performance of the algorithm. A more detailed discussion of the

modified pre-filter is given in [6].

(iii) The Square-Root Form of the RML

The basic form of the RML involves the updating of the covariance matrix

Pt using the difference Eq.(4). This type of equation does not guarantee the

positive definiteness of Pt and can lead to numerical problems. It is well

known that a much better behaved solution to least-squares estimation problems

can be obtained by square-root techniques which update P1/2rather an

Pt (where -tP/PT/2 = ) [71,[81. We used the following algorithm to

Implement a square-root version of the RML: Let

P'= T = old covariance matrix

t JT = new covarlance matrix

where 0, U are upper triangular with unity on the diagonal, and , 6 are

diagonal matrices. Then the following are the update equations for the U-0

factors:

8-
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* Initialization:

U I, = diag ( }

First step:

f 4Tt where f [fl fn]

v = 6f i.e., vi = difi for ni.... n

d1 = d,/a 1  where = = t + vif

-T= k E=v , ....O0

* Main Loop

for j = 2, ..., n do

j i= c j f

dj = dj .j i/(a. X t )

uj = u + a3 k 1 , where aj = -f./aj

kj j-1 + vj

We use the notation ui, ui for the columns of U, U, i.e.,

* Compute New Gain

Kt = kn/an

-9-
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* Update Parameter Vector

KT ^

It = It-1 + Kt (Yt - tr-

* Compute Residual

T -
et t- Y t et

An implementation of these update equations can be found in [8, pp. 100-

1011. A slight modification was needed to account for an extra division

by kt, which appears in (4), but not in the standard Kalman update of the

covariance matrix Pt.

The square-root RML has shown somewhat improved performance, especially

at low SNR, and we are now using only this version of the algorithm. Since

our simulations were performed using high precision floating-point

computuaions, the difference between the regular and square-root normalized

RML is not large. A much more pronounced differnce is expected to occur when

using fixed point finite-word length computations.

The RML algorithm with the various featrues described above is quite

robust and has been used successfully on narrowband data at SNR's as low as

-15 dB. The algorithm will probably work at lower SNR given sufficientf

data. In our simulations we used not more that 4096 data points per run.

2.2 APPLICATIONS OF THE RML FOR ADAPTIVE PROCESSING

The RML algorithm can be used for a variety of adaptive processing

applications. In appendix A we present a summary of our work on using the RML.

for adaptive line enhancement, adaptive noise cancelling, adaptive time delay

estimation, adaptive deconvolution and high resolution spectral estimation.

Here we provide brief descriptions of these applications and give references

to project publications containing more details.

(i) Adaptive Line Enhancement [2]

" i-10-
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The RM algorithm can be usz.d as an adaptive prediction filter for ARMA

processes. The predicted value Ytit-i is given by

NA NC

c (10Qa)
Ytit-I ai(t-llYt-i+  ilt- i

=1 i=1

where

T
Ct-i = yt-I - *t-10t-i-1

The structure of the IIR filter is depicted in Fig. 1. The coefficients

of this filter are adjusted at each time step according to the update equation

(2) - (7) of the RM algorithm. When the input is a narrowband signal

corrupted by white noise the adaptive predictor will form a bandpass filter

around the spectral lines and reject much of the noise. In other words, the

adaptive predictor is precisely the so-called adaptive line enhancer (ALE)

[9].

The ALE's currently used by the Navy and other users of adaptive signal

processing are all based on FIR filtering. As discussed in [2], the IIR

filter has a potential for performance improvement over FIR filters,

especially at low SNR's. The SNR improvement of the FIR-ALE is proportional

to the filter order. Thus, to achieve significant noise rejection, filters of

very high order have to be used, leading to fairly complex hardware. Filters

with 4096 weights and more are not uncommon. The IIR-ALE can achieve better

performance with a very low order filter, the order being just twice the

number of spectral lines of interest. This can lead to significant

computational saving and simpler hardware. We have also developed a lattice

version of the fIR-ALE which is particularly attractive for special purpose

hardware implementation [10).

(ii) Adaptive Noise Cancelling [3]

The noise cancelling technique makes use of an auxiliary or reference

input which provides some information about the noise component that is

corrupting the signal. From this "side information" an estimate of the noise

is obtained and then subtracted from the primary input to "cancel out" the

- 11 -
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additive noise component. The reference input may be an extra beam steered in

the direction of known noise sources (e.g. own ship) or extra sensors in a I
towed array giving additional information about flow noise. These noise

subtraction techniques are very sensitive to modeling errors since they are 3

I

I
:NPUT - ROR J

Yt * - - "

Yt-I f t-2 8 Y. -

---- I U T P UJ T

" € l Z - --- -.

II
___________________I_ I-n

I

Figure 1. The IIR Adaptive Line Enhancer.
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essentially equivalent to "bridge balancing". Therefore, noise cancelling is

typically performed by an adaptive processor which properly adjusts the filter

parameters.

All of the adaptive noise cancellers (ANC) currently in use seem to be of

the FIR type. Using the RML algorithm we were able to develop an IIR-ANC

whose structure is depicted in Fig. 2. In [3] it was shown that the general

ANC problem can be solved by fitting the following model to the observed data

at the primary (Yt) and reference inputs (ut):

Yt = B(z)ut + C(z) (1 )

F(z) O(z)

where et is an unmeasurable white noise process. A modified version of the

RHL algorithm [11] recursively estimates the parameters of this model, which

are then used to adjust tie filter coefficients.

Note that the IIR-ANC involves only the parameters of B(z) and F(z). It

turns out that the remaining parameters C(z), O(z) can be used to form an

adaptive line enhancer for the signal at the ANC ouput. In other words the

RMW algorithm can adjust simultaneously an IIR-ANC and an IIR-ALE, as depicted

in Fig. 3. The combined ALE-ANC was tested on synthetic data with promising

results, as reported in [3].

13
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(iii) High Resolution Spectral Estimation [4]

Spectral estimation techniques play an important role in dectection,

localization and classification of targets. High resolution AR and ARMA

methods were used in many applications such as seismic data processing, radar

and sonar processing and general time-series analysis problems. Several good

techniques are currently available fo AR modeling of time series. The ARMA

modeling problem is much more difficult, and leads to optimization of a highly

nonlinear likelihood function. Because of the computational complexity of the

exact maximum likelihood technique, ARMA modeling is often avoided in practice

in spite of its potential for improved resolution and better spectral

matching. Various suboptimal batch processing techniques were proposed in the

past for ARMA spectral estimation. The RML algorithm provides a suboptimal

recursive solution technique which is well suited for adaptive processing

applications. We tested the RML spectral estimator on several types of

signals under various SNR conditions. Results have been good for sufficiently

long data records, as reported in [4]. On short data records recursive

techniques are bound to be inferior to batch techniques, because of the

transient behavior of such algorithms. The RML can also be used in a batch

mode, in which case it is passed several times over a given data record. When

used in this mode the RML spectral estimates can match those of competitive

ARMA techniques. 1
Signal processing problems often involve sinusoidal signals corrupted by

additive noise. When it is known a priori that the signals of interest are

sinusoids, this information can be used to enhance the performance of spectral

estimators. When AR techniques are used,the presence of sinusoids means that

the roots of the predictor A(z) lie on the unit circle. Another

interpretation of this property is that A(z) is a linear phase filter.

Forcing the AR prediction filter to have linear phase characteristics leads to

improved spectral estimation performance as was shown by Marple [12). In [13)

we developed several recursive least-squares algorithms for AR modeling which

can be used for spectral estimation and other applications.

- 16 -



(iv) Adaptive Deconvolution

The need to extract a signal from a filtered version of that signal

arises in many situations such as channel equalization, seismic data

processing, speech analysis, and removal of shallow water reflections in an

active sonar system. The RML algorithm can be directly applied to these

problems provided that the signal (before it was filtered) is sufficiently

white. In this case the RML algorithm is used to implement an adaptive
"whitener". The prediction error sequence will then provide an estimate of

the original signal. Note that this technique can handle signals that have

passed a pole-zero filter, whereas most of the current deconvolution

techniques are limited to all-pole filters. Some examples of adaptive

deconvolution using the RML algorithm can be found in appendix A. In speech

analysis and other applications it is known a priori that the signal is a

sequence of impulses of random amplitudes occuring at random points in time.

This knowledge can be used to improve the performance of the deconvolution

technique by performing a nonlinear opertion in the feedback loop within the

RML algorithm; see [14) for details.

(v) Adaptive Time Delay Estimation

Delay estimation is an important technique for target localization by

multiple sensors or multiple arrays. Many different techniques for delay

estimation have been proposed, as can be seen in [15). These techniques

involve pre-filtering followed by cross correlation and are usually performed

in the frequency domain. The RML provides several options for adaptive delay

estimation in the time domain. In one configuration the RML algorithm is used

as an adaptive whitening filter. The outputs of two sensors are whitened and

then cross-correlated. In another configuration, the RML algorithm is used to

fit an MA model relating the output of one sensor to the output of another.

This idea is similar to the one proposed in [16]. Both of these techniques

seem to work quite well as reported in [1]. However, a more interesting

possibility is to use a multichannel version of the RML, as will be discussed

in section 3.

-17-



2.3 PERFORMANCE EVALUATION

The single channel RML algorithm was tested in the context of several

specific applications, as described above. Based on our experience so far the

RML appears to be a viable technique for adaptive IR filtering capable of

operating at low SNR's. The RML algorithm provides asymptotically efficient

parameter estimates, i.e., the variance of the parameter estimate 0 approaches

the Cramer-Rao lower bound [17). The asymptotic performance bound of the

algorithm can be evaluated using the results presented in [18). The algorithm

is guaranteed to converge when the signal Yt is an ARMA process, provided that

the orders NA and NC are at least as high as the true model order [19),

[20). The SNR gain of the IIR-ALE was evaluated analytically in [2]. The

performance of the RML in other applications was evaluated mainly by

simulation studies [3), [4], [21) in which it compared favorably with

currently used adaptive hIR filters and AR estimation techniques such as the

Maximum Entropy Method.

The main difficulty encountered with the RML algorithm is its fairly long

transient phase which typically lasts for several hundred data points. In

signal processing applications involving continuous filtering of data, the

transient phase is of little importance. Once the algorithm "locks-on" the A
right parameter estimates it will continue tracking. In applications

involving short data records the convergence rate of the RML may not be

sufficiently fast. In general we found that the convergence of the RML was

accelerated as the parameter k in the modified pre-filter was made smaller. ]
This is in agreement with observations by other researchers that the Extended

Least-Squares technique (k2O) is usually faster than the RML algorithm

(k=1). It is possible that further modifications can be made to increase the

convergence rate of the algorithm. Unfortunately, no analytical results are

available on the convergence rate of recursive stochastic algorithms of this

type. It will be necessary to develop appropriate analysis tools before this

issue can be properly addressed. However, the performance of the RML in its

pesent form is probably good enough for most adaptive processing applications.

Finally we note that the RML algorithm was tested mainly on stationary I
data. Its capability for tracking signals with time-varying statistics was

not evaluated adequately due to time and budget limitations.

18



3. THE MULTITARGET ALGORITHM

The MTS concept is based on fitting a multi-input multi-output parametric

model to the observed data. In Ell and in appendix B we show that the

following transfer function matrix arises from the physical model:

H(z) = N(z)D(z) -1 (12)

where

D(z) = diag {i/di (z)} = spectral model

N(z) = [z " i ] = propagation model

(-ij = propagation delay from target i to snsor j)

The outputs of the sensors Y(z) can be written as

Y(z) = H(z)U(z) + V(z) (13)

where U(z), V(z) are independent white-noise processes. Using this problem

formulation we need a way of estimating the parameters of the parametric model

H(z) from observations of the sensor data sequence. Unfortunately, the

parameters of the Right Matrix Fraction Description (RMFD) H(z) = N(z)D(z)Y1

are hard to estimate. It is much easier to estimate the parameters of a left

Matrix Fraction Description (LMFD)H(z) = A-'(z) B(z).The RMFD arises naturally

from the physical model and the target parameters appear in it directly.

Furthermore, the RMFD has a very special structure (D(z) a diagonal matrix and

N(z) a delay matrix) while no such structure is apparent in the LMFD.

However, because of the much greater complexity of estimating RMFD parameters,

we have concentrated so far on the LMFD.

In section 3.1 we present an extension of the RML algorithm for

estimating the parameters of a LMFD of the transfer function H(z). In section

3.2 we present some simulation results using this algorithm. The problem of

uniqueness and other theoretical issues are discussed in appendix B.
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3.1 THE MULTICHANNEL RML

The RML algorithm described in section 2 can be extended to estimate the

parameters of multichannel ARMA models of the form

NA NB

t= - A Yt-i +  Bi vt-i + vt (14)

where y,v, are p x 1 vectors and Ai, Bi are p x p matrices, p being the number

of sensors. The components of vt are uncorrelated white noise processes. Eq.

(14) can be written as

Yt = OT -)t + v t (15)

where

OT = [A1 ,... ANA' BI..., BNB p x (NA + NB)p matrix

T T T T T
'Ot = [ ' -1'"' Yt-NA' vt- ... vt-NB ' (NA + NB)p x I vector

or it can be decoupled into p equations of the type

4 = '0 + 4j, j =1.,p (16)

where SO is the j-th column of 9. For each of these equations we can now

write down the single channel algorithm described earlier. All of these

algorithms will have a common gain vector Pt t Let

T T aT  T.BT

t = .. Yt-NA et,..., et (17a)

T- T T eT
~T~T et... (17b)It E [Yt-1'" I ". Yt-NA1 -'"et-NB]

where et, Yt, et are to be defined. The update equations are then given by

P [Pti P- T P + 4,T P tP 't (18)
t( -1 Pt- It(Yt 't t ) 1(Ig)tt

^j + Pt (tt - s _) (19)
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T t.. ... p]

e =Yt e t et -et ... , et (20)

it 1 (z)y, it = t1(z) et (21)

Dt(z) = I + kB1(t)z- + ... + KNBiNB(t)z-NB (22)

The RML algorighm described above estimates the coefficients of the prediction

filter

NA NBt yt + D ,i(t- 1) yt-i -E i (t1 t-i (3
i=1 i=1

where

1T

t - t t-1

The prediction error sequence is white, but there is no guarantee that the

components ej are uncorrelated. Since the original model (14) involved at
vector with uncorrelated components, we need to decorrelate the components of

C as well. This can be done by pre-multiplying with R c / 2 , where R e/2 isret tt

the upper triangular square root of the prediction error covariance matrix.

In other words, the estimated model will be

H(z) = A~ (z) B Z _(24)

The square-root covariance matrix Re/2 can be computed recursively using
t

the procedure described next. First note the following fact:

R (lw) Re + Wt Et R; = eT (25a)
Rt t- t 1 Ro o 0 0

wtt

wt unbiase /(w ti o + X) wf 1 (25b)

The parameter wt is needed to make RE an unbiased estimator of E{T). Iftwe were to compute
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T

Rt -XtRt- + Ete t  (26)

then Re will be a scaled version of the true covariance, where the scaling
t

factor is t

nt 2 Xtnt. I + i (27)

For example,if Xt = 1 then nt 
= t and the unbiased covariance estimate is

I Re. The unbiased covariance estimate Re/It obeys the following recursion:
T t*

Rtt lt-i Rt- 1 + T
nt lit nt-1 nt c~

= (l-l/nt) + -1 + T (28)
"t1

Let wt a 2/nt, and rename R-/nt as Rt to get Eq. (25a). Note also that Eq.

(27) can be rewritten as (25b).

Instead of using Eq. (25) and factoring it at each time-step to get the

square-root Re/2, it is possible to update directly R/2. Note that

I III(29)
T 01t t J L

pre-array post-array

where - denotes equivalance up to an orthogonal transformation. Note that the

right-hand-side matrix is upper triangular and can be obtained from the left-

hand-side matrix by applying a Householder triangularizatlon routine (see

appendix 0 for details). The complete alorithm for computing Re/2 is as
t

follows:

22 -

AdLI!



update wt (25b)

compute/1I-w t Ry2 '/ t and set them in a pre-array

apply a Householder triangularization routine (L=p+1, M=N=p)

the upper p x p matrix in the post-array is Rt/2the

To ensure the convergence of the RML algorithm it is necessary to monitor

the stability of the polynomial det B(z) as explained in section 2.1. Target

parameters can finally be obtained from the estimated transfer function matrix

H(z) (24), as explained in Appendix B. In our simulations we estimated the

spectrum of Target i by computing the power spectrum of the impulse response

of H(z) from its i-th input. The TDOA' s are computed by cross-correlating

impulse responses at different outputs.

3.2 SIMULATION RESULTS

The multitarget tracking concept was tested by computer simulation. Some

preliminary results are presented here. All of the tests so far were for

fixed (non-moving) targets with stationary spectra. The RML algorithm

described in section 3.1 was used to estimate the ARMA coefficients. At this

stage, no attempt was made to enforce the special structure of the transfer

function H(z). Therefore, uniqueness is guaranteed only for test cases

corresponding to stable and minimum phase systems. As discussed in appendix

B, the more general case requires the enforcement of the special structure of

N(z) and D(z).

All of the following test cases were run on N=1024 data points and an

input signal to noise ratio (at each receiver) of 20dB.

- 23
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Ca se 1

Target 4o. 1

Spectral parameters: dl(z) = I - 1.64z-1 + o.95z - 2

Location parameters: TDOA = 2

Target No. 2

Spectral parameters: d2(z) = I - 1.34z -1 + 0.95z 2

Location parameters: TDOA = -2

.. 9z2  1 1 0 d2(zJ

Fig. 4 depicts the cross-correlation and spectra of the impulse responses

of the estimated transfer function H(z) . Note tnat the correct delay

estimates were obtained (the peaks of the correlation function). Note also

the high degree of spectral separation that was obtained! The estimated

spectrum of target No. 1 still has a component of the second target, but that

component is attenuated by more than 30dB. The labeling of the targets (No. I

and No. 2) is, of course, arbitrary but the algorithm correctly associated a

spectrum with a location (TDOA).

2
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Ca se 2

Target No. 1

Spectral parameters: d1(z) = i - 1.64z -, + 0.95z " 2

Location parameters: TDOA = -21

Target No. 2

Spectral parameters: d2 (z) = 1 - 0.95z-, + 0.95z "2

Location parameters: TDOA = -2

H l z ) - 1 z 2 ( z ) I

.qz"  1 0L d2(z~
The results are depicted in Fig. 5.

Case 3

Target No. 1

Spectral parameters: d1(z) - - 1.39z -1 + O.8z-2

Location parameters: TDOA = 2

Target No. 2

Spectral parameters: d2 (z) 1 1 + 0.8z- 2

Location parameters: TDOA = -2

H (z) 1 .9 : 2 ] [dl(z) 0 ] -z

9z 1 0 d2z

These targets had broader spectra then the targets in Case 1 and Case 2. The

results are depicted in Fig. 6. 1
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-4 . .. 00. 200 4..0

Target No. 1.

Target No. 2

Figure 5a. Cross-correlation of the impulse responses
corresponding to each target
N1024 data points, k=.9

0. 50. 100. 150. 200. 250.0.0* I I 0.0

:I I

so toe is. ao. 50

(1. 5arg. 1N. 1.e B. e

Target No. 2

Figure 5b. The estimated spectra of two targets
:,f-1024 data points, k=.9.
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I 'I |

I ' / I
I I

I~e i ~e

S ... ... .....-...

- I/i \' \ I! :. ::

-1.00- -1.000
-4.00 -8.00 0.00 2.00 4.00

Target No. 1.
Target No. 2

Figure 6a. Cross-correlation of the impulse
responscs correspondin3 to each target
N=1024 data points, k=O
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Figure 6b. The estinated spectra of two targets
N, 1024 data .oints, k-0
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Case 4

Target No.1

Spectral parameters: dj(z) = I - 1.64z-1 + 0.95z 2

Location parameters: TDOA = 0

Target No.2

Spectral parameters: d2(z) 1 - 1-34z 1 + 0.95Z 2

Location parameters: TDOA = -1

TeH(z) = 1 :9:: 2][dl z) 0 ]zjHlz 1- .9z- 1 0 d 2(z)

The results are depicted in Fig. 7.

( In all the test'cases so far we have chosen N(z) so that H(z) is a

minimum phase plant. When H(z) is non-minimum phase, the estimated transfer

function H(z) is a transformed version of the true transfer function, i.e.,

H(z) = H(z)T(z), T(z) = a para-unitary matrix. Thus, the spectral and

location parameters can not be read directly from the impulse response. The

following test illustrates this fact.

Case 5

Target No.1

Spectral parameters: d1(z) = I - 1.64z "1 + .95z- 2

Location parameters: TDOA = I

Target No. 2

Spectral parameters: d2(z) = 1 - 1.34z"l + .95z-2

Location paramets: TDOA =2

1 1 [d1(z) 0
.9z1 .9z 

0 d2(z)

The results are depicted in Fig. 8. Note the loss of spectral seperation and

the somewhat ambiguous delay estimates.

- 29-
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Figure 7a. Cross-correlation of the irroulse

responses corresponding to each target
N=1024 data points, k=.9
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Target No. 1
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Figure 7b. The estirmlted soectra of two targets
N-1024 data ioints, k-.9
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The results presented above are by no means conclusive. Only a limited

number of test cases were run since the multichannel program is difficult to

use in its present form. Also, further work is needed to solve adequately the

uniqueness problem. The LMFD representation A 1 (z) Bt(z) R c/2 has to be

converted into an RMFO with the appropriate structure in order to get the

correct TDOA's and spectral estimates in all situations (cf. test case no.

5). Better yet, an algorithm for estimating directly the RMFD needs to be J
derived.

I

I

4.

3I
I
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4. WORK IN PROGRESS

In phase I we have completed the development of the single channel

algorithm. While some issues such as convergence rate and tracking capability

are still not conletely resolved, the algorithm is basically ready for

testing on real data and for a conclusive performance evaluation. This,

however, is beyond the scope of the MTS project. The single channel algorithm

will not be pursued further at this point.

The main objective of our current work and its continuation in phase III

is the development and testing of the multitarget algorithm. While

significant progress was made in phase II, the multitarget algorithm is not

yet fully developed, as was discussed in Section 3. We are currently pursuing

several lines of investigation:

(i) Analysis of the multitarget case.

The nonuniqueness problem and its physical interpretation are being

studied. We are looking for ways of estimating correctly target spectra and

TDOA's from the LMFD parameters. The problem of modeling Doppler effects and

incorporating them in the MTS processor is being considered. Another issue is

the determination of the number of targets and handling non-square transfer

function matrices.

(ii) Refinement of the multichannel RML algorithm.

The algorithm described in Section 3.1 has been tested under high SNR

conditions. Its performance is severely degraded at low SNR's. Various

methods for making the algorithm more robust will be explored. This will

require the enforcement of some structural constraints to reduce the nwuber of

parameters involved.

(iii) Alternative methods.

The "ideal" approach to the multitarget problem would be to estimate

directly the parameters of a physical model (i.e. the RMFD, for the situation

assumed in this report, or a more general model in case doppler effects are
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included). A possible approach which circumvents some of the difficulties

involved in estimating the RMFD parameters is to work with the spectral matrix

S(z) = H(z) HT(z-1 ). Another possibility is to develop a suboptimal maximum

likelihood type algorithm for estimating directly the RMFD parameters.

Due to limited resources we will not be able to investigate all of these

issues. At the start of phase III the most promising direction will be chosen

and most of our effort will be devoted to it. We plan to develop the

multichannel algorithm sufficiently so that by the end of phase III it will be

possible to draw conclusions regarding the feasibility of our parametric

modeling approach.

i

1

I
I
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5. PROJECT PUBLICATIONS

This section lists all the publications resulting from the Multitarget

Tracking Studies project to date.

Conference Presentations and Publications

1. B. Friedlander and J.J. Anton, "System Identification for Multitarget

Tracking", Proceeding of the 13th Asilomar Conference on Circuits Systems

and Conmuters, Pacific Grove, California, November 1979. Also presented

to the National Academy of Sciences Panel on Applied Mathematics Research

Alternatives for the U.S. Navy, Washington D.C., November 2, 1979.

2. B. Friedlander, "An ARMA Modeling Approach to Multitarget Tracking," Proc.

of the 19th IEEE Conference on Decision and Control, December 1980.

3. B. Friedlander, "A Pole-Zero Lattice Form for Adaptive Line Enhancement,"

Proc. of the 14th Asilomar Conference on Circuits, Systems and Computers,

Pacific Grove, California, November 1980.

4. B. Friedlander, "System Identification Techniques for Adaptive Noise

Cancelling," Proc. of the 14th Asilomar Conference on Circuits, Systems

and Computers, Pacific Grove, California, November 1980.

5. B. Friedlander and M. Morf, "Least-Squares Algorithms for Adaptive Linear-

Phase Filtering," Proc. of the 1981 IEEE Intl. Conf. on Acoustics, Speech

and Signal Processing, Atlanta, Georgia, March 30 - April 1, 1981.

6. B. Friedlander, "A Recursive Maximum Likelihood Algorithm for ARMA Line

Enhancement," Proc. of the 1981 IEEE Intl. Conf. on Acoustics, Speech and

Signal Processing, Atlanta, Georgia, March 30 - April 1, 1981.

7. B. Friedlander, "A Modified Lattice Algorithm for Deconvolving Filtered

Imulsive Processes," Proc. of the 1981 IEEE Intl. Conf. on Accoustics,

Speech and Signal Processing, Atlanta, Georgia, March 30 - April 1, 1981.
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8. B. Friedlander, "A Recursive Maximum Likelihood Algorithm for ARMA

Spectral Estimation," Proc. Conference on Information Sciences and

Systems, Johns Hopkins University, April, 1981.

9. B. Friedlander, "Application of Recursive Parameter Estimation Algoritms

to Adaptive Signal Processing," Proc. Workshop on Adaptive Processing,

Yale University, Connecticut, May, 1981.

10. B. Friedlander, "A Modified Pre-filter for Some Recursive Parameter

Estimation Algorithms", Proc. 20th IEEE Conf. on Decision and Control, San

Diego, California, December 16-18, 1981.

Submitted for Journal Publication

1. B. Friedlander, "Lattice Implementations of the Adaptive Line Enhancer,"

IEEE Trans. on ASSP.

2. B. Friedlander and M. Morf, "Least-Squares Algorithms for Adaptive Linear-

Phase Filtering", IEEE Trans. on ASSP,to appear.

3. B. Friedlander, "A Recursive Maximum Likelihood Algorithm for ARMA Line I
Enhancement," IEEE Trans. on ASSP, to appear. I

4. B. Friedlander, "System Identification Techniques for Adaptive Noise

Cancelling", IEEE Trans. on ASSP.

5. B. Friedlander, "A Modified Lattice Algorithm for Deconvolving Filtered

Impulsive Processes," IEEE Trans. on ASSP.

6. B. Friedlander, "A Modified Pre-Filter for Some Recursive Parameter 1
Estimation Algorithms," IEEE Trans. on AC., to appear February 1982.

7. B. Friedlander, "System Identification Techniques for Adaptive Slgna)

Processing," IEEE Trans. on ASSP., to appear. Will also be published in m

the Journal of Circuits, Systems and Signal Processing.

1
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8. B. Friedlander, "A Recursive Maximum Likelihood Algorithm for ARMA

Spectral Estimation," IEEE Trans. Information Theory, to appear, July

1982.

Reports

B. Friedlander, "Multitarget Tracking Studies: Phase I Final Report,"

Report No. 5334-01, July 1980.
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APPENDIX A

SYSTEM IDENTIFICATION TECHNIQUES

FOR

ADAPTIVE SIGNAL PROCESSING

To appear in IEEE Trans. on Acoustics, Speech and Signal Processing. An

expanded version of this paper will 
appear in the Journal of Circuits 

Systems

and Signal Processing.
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SYSTEM IDENTIFICATION TECHNIQUES FOR ADAPTIVE SIGNAL PROCESSING

B. Friedlander

Systems Control, Inc.
1801 Page Mill Road
Palo Alto, CA 94304

ABSTRACT

Many problems in adaptive filtering can be approached from the
point of view of system identification. The recursive maximum
likelihood algorithm is proposed for estimating the parameters of the
signal model. The parameter estimates are then used to form an adaptive
infinite impulse response filter. Several examples are discussed
including: adaptive line enhancement, adaptive deconvolution, adaptive
noise cancelling and adaptive time delay esitmation.

*This work was supported in part by the Office of Naval Research,

Contract No. N00014-79-C-0743.
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Csiderable progress was made in the last decade C(:~- c..2-d)in the deveopmaat and analsis of recursive parameter -i ..C
estimation algoritmas, The major part of this work was t deayopraor
in the area of system identification, in the context of
controlling plants with unknown or slowly time varying -he case where 3(z-) - 0 is of special interest in
parameters. A large number of algorithms were developed signal processing applications. since :in output
for fitting '.Inaav models to -he observed data. The v - (I(z-4)/A(z-',v is then an autoragressive
following AMX,.l model Is an example of the class of ""
models the: are typically considered. movigpg-average (AL.MA) process. 'When VzzC: . 0 and

° 0 we have an autoregressive (AR) process
.et 4. and v. denote the input and output y - C/A(z"))v . Such processes are very common in

processes of the odail, and v. an zmeasurable white :ate series analysis and statistical signal processn&.
noise process (i.e. a "disturbince", In the control
terminology,. These processes are related by the Many problems in signal processing Involve signals
fol.owing equation: that can be represented by linear models of this type

N" .-- (AR. AL'A. APIAoU ,as we will show later. vnowledge of
• " -' " " fo d the signal model parameters makes : relatively scra nt-

iL t-i 1forward :o design filters that perform variousprac ss-
Ing functions such as: linear predictton/smothing.

which can 'ae 'ritzsn III polynomial form as deconvolution, noise/interference suppression, or
A . * ((a spectral analysis. *When the signal model is not Known.

(4) h:ne parameters of the related filter -ed to be adap-
tiveal,. adjusted. A technique that is comonl used in

where adaptive control problems. Is to first estimate the

Aa, -; - . m odel parameters and then design the contr ller as if
thase estimates were the :rue parameter values.



.- e same 'oea can ae used for adaptive signal process- , -, -? " "
;r.i, as alrasdvy . dicated in .'-:- . com nartior. z+1: : '
-' a recursive parameter estimation algori m with a error varance ma
"l:er.ing :ecnnique based an kn1own52 Model Parameters ..s
:ne na.' :name of :hia paper.

.he successful applicacion of system idenirication
:ecraiques in adaptive control mocivated us to apply t+!- " : "t residuald
:he same techniques :o signal processing. Of particu-

iar interest .s :he fact that some comonlv used param- * i ->.
ater estimation algorith.as uc as recursive .,MCmk "
:ikelihood (,LC. .t.nded !"st-squares (EL,) or" zut-ed quantities
recursive geeralzed least squares ',3GLS) f5j- 6, are
:apable of es:imat.ng ARMA (or AU ) parameters, and ; . (C(kz-l))e
not :ust AR parameters. As we shall sea, this leads
aCurafly to aVaoC.ve infinite impulse response .t o
!iiters. Aapt-lve ZIR filtering is considered bv :et

siinal Processing comunitv to be a difficult problem. ?a - -I, * ini-ial estimate :f :.U covarisntce
zonsequnt-..,, te overvelming ajor i-: of the work I-
:he area of adaptive signal processing seems :o zoa- . initial estimate of a
contrete or. fincte impulse restons. :P) filtering. 0)
The application 3. s stex identificetion algoritzhas o
opens :he way :0 :he developmeat of a whole new class . peramecer * s a exponentlal weighting on the
af aaptive .!R fil:ers, beced :y :he extensive cn-"
ver;mece analvsis : hat was performed n :ecent .ears data. ,'sicall: La constant close :o unit:. 3r

- . 9. 0 .953 "
:n spite of the natural interconnections 2etween

system idenc'ifcation and adaptive signal processing The parameter k is used to "pull in" :he roots of the
ve r' Lit:.e work soem to -Ave been done to transfer Po1YUOMMU KZ .

r s o rT o: v P. into the unit :irtle, when C' 1'
allorit-as from an* area :o -he orde~r. -hs objt:i* ,-as roots ear :he uni: circie. as is of:en toe case ino: :nis paper is to report 3n som recast "jork in daic: sianal processing app.catiSon. This parameter affects
a versin. of ;,ea t l "gor::ohm was successful :he convergence race of the algorithm as discussed La
applie to a nunoer of problems including: adaptive :n fact, for K- th4 algor:thn becomes :he so-
line enhancement,aaap:ive deconvoluzion, adaptive noise :alled ltaended tea-Square algorihm described in it",
anceIng and ime-daa estimation. A brief. os: cases the hoic of k is not cr:ical
'i3. of these aplica:tions is presented in Section 3. an in he following as assue :hat k is close or

o Sect.ion : we preent the R. algor~ ad equal to uni:y. :o ensure convergence, the stabii:-
discuss Its .ropertIes. Some of the spec'tl chaaccer- of C_' ) needs to be monitored. If unstable, the

istics of the signal Processing problem (when compared parameter estimates need to a projected into a regi..
:o :he con:rol problem) and their affect on the behavior of stability '71,1'81.
of the algor *:, are also discussed. Finally, in
Sect-on - we outline some alternative algorit$hs for The asymptotic properties o. the L aioritna
adaptive processing and areas for further investigation. have been investigated in considerable detail. It was
';e naov tat our work wi'll stimulate further research shown that asympcoticall7 .he recursive maximum likal;-
nto the numerous potential applications of parameter hood technique has the same properties as too corres-

estimation algorithms to adaptive signal processing. pondtng off-line version. Thus nothing is sacrificed
by going to a recursive implementation, provided that
e. .cUSr . 

, L: LzaOOD ALGORITI enough data is available. The =axmum likelihood esti-
macao has all the desirable properties one my expect

h R. algorithm provides a recursive estimate from a Parameter estimator:
of :he parameters of the AMW model in equation (1). 6 Asmptotic consistency jig,,. e - A

Tor a detailed derivation of this algorithe see r131 %
:141. Rare we present only a mmary of the recursions, as the number of data points N goes to

infinity
Let denote the vector of model parafeters 6 o effic ency 1., i.e.. the

8 b.' b.. bc ...... % (3a) estimation error covarimnce approeches
the Creaer-Rao lower bound

and :, ." donote the data vector and :he filter 4ata • nhe estimation eror distribution is

vector, respectIvely. as.pttically normal 19).
-u The convergence properties of the L algoritc=

,,were studied by Jung 71,[ and others t1.Z. It
(3b) was shown chat this allorith.oi vill always converge to a

I* . . . . .,. local axaim of the likelihood function. I s situ-"= 'Y--l ..... u)t 'u-' 'ut-alae:-='' e-Nc. &auso~ there May exist "false"' uarim which uan caus
difficulties. However, for A'A& processes it was shows

(3c) that all the local maxIma coincide wt.h the global maxi-Denote by ce peramtet estimates it time t. end 1[:0) (provided that the orders (NA.4C) of the %eti-

v C(z * the fLRter whose ceeffic nts are the estimates mated AIVA model are equal to ot larger tbon the true
, hen, ,deZ orders).

. *y. "'.' t " prediction error (a) Relatively little is knos about :he convergencerate of the MM algoritba for different types of pro-
cesses. Hardly any analytical units are available and
most of the results are besed on extensive sllation
studies [111. Howsvet, most of these studies wore



r.acege to zontrol orrobl.es ivl c st3:-v r,arts
winpoles and zeres well inside :?Le -.att circ.e. 0. too. Ig. ge iw

!odels ariainc in siIgnal processing applltatIns tvpi- as
.31l- involve narrowoanc sL;nals. -vr."n~ are rpresented
2, poles and zeroes -)n or -:or*: near -- ie "n.: r c:.t.
'ur wn Le r":2-ence Indistes :nac pole a n :arc loca- 40 ":Lors !AVe a sinificant effect n convergence raes.-
.ahdn te poles and :aroas are wall separated. -ast
convergence was joserved. Clusters Of nooes and zeo*,jAl
svLapcil,-w con the, are near tne -nit -ircl . often e. 5 , t
'*ead to mue- suwer convergence. The zssue of -inony.. ~~-'.
;wet race is crucial In adaptive signal processing
since s nas are of ten nonscaionart and time-

:ar-tin anid it is important to 'know how weil th-

dsapti.ve fi.l:er will tack the hanging parameters. 04. .in Adaptive zonrrol problis the parameters are often - . 4 ge ..
very slowly tiae varying compared to the time con-
s . ants Of the plant;. '.e are curreat&:- investigating Figure Za Spectrum of the ALU input Y
:ie convergence rate of the M algorithm Oar AM *. 3o. ie.. mle . -1.models with poles and zero** near ,he unit circle. .... -

The properties of the maximum likelihood estimator
described above make it very attractive for Adaptive
ZR ffatorid. as Ulustrated in the next section. 40a 4

S.ADA? V SICAu ?RCSS . shonlG EXAMPeES usse

he .4da- tve Line Enhancer hA LE) l I

:he hL is an adaptive filter -or n/rrow-and-
signals in .additive noise ' The ALZ can be '' 4 ' s'Tp ..
interpreted as an adaptive predictor, 1. a., its output

isI
" ' 

1. -60 a66 "  9z;

tha estimae of V.base d onk daca up to . os. IS O5. no. ASS.

-!me .r0 4Lr. sF o, cSeu Of1 m ther A otput

white~~ noiee :ao boteu rertsne as anAMA poces

SA ater reduction. 7urther noise suppression ;a aChie&vec

whfich i depicted as atapped delay line 2'1.25r fo or aml
Figure 1. The parameters of t-he filter will be ph araaeters of the .3'A model CCZ :Ak,
adjusted using the' FL'M algoritcho wlh NO). :tote which servo as :he coefficlar of :he ::I-ALr a alsothat the :esltlng !IlIter has an infinite impulse -,ee- be used to estimate -.he spectrm of the Observed si;naZ.
ponse while most ALE-o discussed in the 11terature are :n !bJ; we present some comparisons of the A3V1A spectra
of the vIR :vpe. Za [24 we discuss in detail1 the obtained by the IV . with corresponding estimlates
advantages of the LUR-AL and Its superior performance obtained by the maximum ancropy method.
at low signal-to-noise ratios.

.0a illustrate the behavior of the LU-ALS we
depict In Figure 2 the input and output of the filter The need to e"tract a signal, &,iven a -filtered

A.* a igesinusoid in noise. at SNX - 3 dB. 7Me Version Of the Signal arises InA many Situations includ-
spectra were obtained Oy a 512 point rrM -he ALE intg' (i0 Speech anal~sia/synthesis by linear predict~Ve i

coding. and pitch estinatio, (wi escatian of the
Nor _________________ reflectivity sequence In seismic data procesnls -

channel equaization for the removal of t-he intorsymbo.
interference caused by convoluition of :he message
sequence with the channel impulse response.

- Consider the case where a white signal1 process7 ,passes through an LUR filter C L,/( J4~(table and
0 minimum phase). 7Me V)L algorithm tan be used to

estimate the filter parameters, end deconvolution will

'f be achieved by passing the data through the estimated
deconvoluti.on techniques are limited to the case where

CV41 the convolving filter has onily pales (lz )while
the Sf? am handle the pole-zero case (Cz )/A(:")

~"--.-?~------*~In Pigurs 3 we Present a comparison between 1. and' n.R
t A deconvolution. The data y was generated in this case

by passing a train of impulses through the filter

-L - -l 2,2(
A(s ). 1 + .60O8, 03&P':

Figure nlTh :11 Adaptive Line Enhancer end adding sasurment noise. The signal to noise ratio
was :0 dS. ?4tO thet the ZLU filter retores the
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-- n C no presence or narrow .bano -nter~erence. See l
_ *.'or more resu'cs.
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Figure 3b The Deconvolved Signal . at :.e -tu

Outpu an an FIR Filte N ZC- 0)'. .

mv:ing average par of c

identified "zy th e algorithm and therefore -'he de-
convolved si gnal is A- U SYee -4.._)V.

or a ore etled di-scusin of dpti-v d evolu-

:-on see :"7:. I"ZS. S:C;.AL trr"--LEcE1C%.

:301. Rae e pre ent o n - a ve - bref desc- ip ci n

n t.h e QV p o b l m "as a e pr v ided wth a no s y ma s s- B(Z -) /A (z 
"  )  

o f t e no se p ro c e s s z , zh e .- l jo -

ufmn _o hesga h aueatial Sproeusit of yo ArV odel

7t .S. z () Czl) /A(z
"-1 
) 
f'or -he signal process s. • : tn

signal s. -a a rarrowband process corrupted by w.hit.e
a n d a ls o " wi h a r e fe e c e n p u t u . h ic h o n a n s n - n o i e ( u nc o r~ r e a s d wi th. th e n o s e p oc e s z _ = a a-
f orti:on about :h e -raise proceSS-z. F .rom the side

oed byv the reference npuat), additonal nose sup-
'-ao ma c i-on (u .) a n e stimat re z . o i te no se process press in can be ob taied b y a ro b d f il er i.n g. - h u s ,

1-s obtained and then subtracted from the prima.7 input the AM parameters (C.A) can be used to form an ZI.R-
-.o to "cancel out" the zeise, i.e.. . as was discussed i Section 3., i.e.,

,. *... - e. (9) 40... n..lX m.

I re oherwords, The in alorithm leads naturally - o an
y a lnear odl and t hat s :an an AL A process it adaptive fl .er .equatons (9), (1), ( 12)) char an

an be shown [311 that 7 is an Apul process of :be be interpreted as an M-ANC followed by an Z.-AU.,

for'm In !31! we preent •asuch more detailed i.stussion of
_oin ve s. e. : i filner.

hnere .i-s the reference I put and v er r a wht-e

molse process. T'he noise estimate can be obtained by sJaea:e auaplaLosscisere

convolvedarisealInsmany japplications suc as tage

he aolloweng e fil ter. oocalisacuo by sonar systems. and position estimation

b navigatio.nse .syst.e, T proble
m 

is usually
foviruC ed as oios: lt us osme t ht two sensors

.-- 0.. Mar we .r.n.ny eybif cit. .. . ..,
......po le .....p.id d ih oiy ~ ( ) M ) . f th , n ,s .tC 5 .. . ... •r 'al ,ao-? '



reczvers. microphones, 3sooohorles) receive time sric1fted Souare-Rooz Form
and scaled versins of s0m0 signal x.: -i - xt n

*dx ~ ,ner n i ae ~depndec ~The update equation (4) for the error zovaroance
t macri ? suffers from numerical probl.ems when the

surement noise processes. Yiany different cocmniquoes
for estimating the delay haveov been proposed in 'h umoer of 4 esimatd perameters ni - NA - N3- NX i
literature. "hese techiniques typcal -iov fitr Lr0~g. i ). A much better lIplementation :.s
ing the signals and then cress-corr.3.aing :32Z-j34)j. obtained by using the square root form in which P:
.o do this in an optimal way (in trhm Lea-square"s"a or / : t

maxmumLiel~oo seSC reuirs tnelege f he to propagated rather than ?. (where P p -

statistics of both the 5signa1 and iicise. Using the The advantages of square-root algorithms -ere discussed
system identification approach we were aole to derive in desil by 31orman 371.
an adaptive technique for time delay estimation which
requires ad prior information [_'7],.35]. Here we "Tast" Implemnation
present only the simplest version of the algorichas
presented in Z,5.The Mf algotichs presented In equation (.0) re-

N4ote :.-At two processes that are delayed versions quires in the order of -n 5aS multiplications and
of the sam underlying signal are related by a moving- additions per data point. For higher order models
average fIlter whose coeffIc1ents Contain the delay (i.e., large values of n) the amount of computation may
information. :a the exaple mentioned above become excessively Large. Thus, it is Important to

-I search for more efficient estimation techniques. '.sing
3) :u he ides of "shaft low rank' developed by M'orf '-ed to

implementati~ons of the MJC requiring proportional to ni
Boers dz - rather than n Imultilicatons and additions 38.

(b4-0 for I.,T and b,-d for i.-c) Thi technique provides an efficient way of computing
the gain vector P- The rest of the algorithm

V: .* : dn,_ - a white noti, process remains unchanged. The detailed update equations --an

' sjg -he ML lgorthmto stiate he oeficints be found in :381 and will not be repeated '-ere.

Usin th LC alorlhe o etimte he oeficintsRecursive Latt-ice Forms
of 3 : _ .il provide an estimate of the time delay
ov looking at the index of :he Largest coefficient of 7he recently developed squarm-root normalized lit-

UZ1). f the delay Is not an Integer multiple of tic* forms i391 conbine the good numerical behavior of
:he sampling interval, it is necessary to perform a Square-root implementation with computational eff i-
simple Lnterpolation to get at the true delay ~,ciency. They furthermore provide a computatonai
The L algorithm is. of course, capable of handling technique that '.a recursive both in time and in modal
:rie case where v. is not white, order. In fact, the lattite form provides simultaneous

parameter estimates corresponding to filters of aI-
A muh mre ophitictedappoachis ase on orders up to a maximum order! This is ver sueful for

:he idea of fitting a multichannel model to a vector addressing the order determination problem. which is
of snsormoasramats v,, eg., ne of the more difficult aspects of signal modeling.

NC Sympecric A(r polynomial

it Ini some situations the parameters of the AERiA model
weey isapx 1 vector and &,C re are interrelated in some way. For example, the case of~hero~ ". IsapAC inusoids in white noise can be shown to have a sym-

p -p matrices. Tn l71. [361 we have shova that the I oyoil i- n~lw
resulting multi-input multi-output ()CM~) adaptive meri A~_)PlnmaLO.4 n-i,: 01w
filter can be interpreted as a combination of A dep- presented a us? of Incorporating this constraint in the
:Iva besafrmer &me a time delay estimator. The parameter estimation algorithm. Several hi4h resolution
Interesting point brought out in [361 is that this spectral estimation techniques are implicitly "Spin-
filter isa capable of handling simultaneocual' several mctrizing' the predictor coefficients. :a general,
(up to pj targets: Here we only note chat -bs use of whenever the prables has some special structure that
MIMO signal models opens the way for developing new can be used to reduce the number of estimated paraeters,
classes of MLMO adaptive filters which have numerous one should explore the possibility of using that struc-
applications in array processing, beassforming, end turen in the parameter estimation algorithm.
processing of aultisensor data. Current adaptive
filtering tccniques are almost entirely devoted to Finally ve should note that the results presented
single input single output filters. We tmlieve that here are only preliminary. 4uhch work remains to be done
perhaps the most Important contribution of our model- on the analysis and performance evaluation of the XK.
ing approach is chat it provides a systematic frame- and related algorithms in adaptive signal processing

work for handln maltichasnol problems. applications. Som specific issues that need to be-
addressed are: the convergence rate of the MU for

4. CKCLUOUSdif ferent classes of signals, the tradeoff between i
paraMeter tracking capability (i.e., the value of

We presented an approech for developing adaptive sad filter performance, and the development of robust
filters for various signal processing proila. While techniques for ARIA order determination IA real-tine.

the IL algorithm described in the paper is well
1osown, its application to the class of problems do- lRznmCz
scribed in Section 3 is apparently new. The MC algo-
rithe was presented bere In one particular form. It I. P. Sagander and 1. Witceamark, "A Self-tming Filter
is important co mote tbAtc alternative forms an be for Fixed-4ag Smoothing," ggL pjn
us"d to derive other Ilawmations of these adaptive -,ea" Vol. =T-23, N4o. 3, j7T15 7yjS7H
filters with similar asymptotic properties. some
Oamples:
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AN AMMA MODELING APPROACH
TO .%LTITARGET TRACKING*

B. Friedlander
Systems Control. Inc.
18 ?age .11il Road
Palo Alto, California

ABST.ACT

A new approach is presented for locating multiple performed recursively and continually, it is hoped t".at
targets from signals received by a number of spatially the relationship between the model parameters and the
distributed sensors. A multi-inpuc multi-output model targets to which hhey correspond will be consistently
is assumed to generate the observed data. It is shown maintained. Once the targets are labeled in a particu-
that the model parameters are related to the locations lar way, t.is labeling will stay fixed vithout Peed for
of the targets and to their spectra. The structure of rechecking or relabeling. This will eliminate the need
the model is explored and a specific algorithm is given for a separate step of target assoication which .s
for estimating its parameters from sensor measurements, inherent in current multitarget tracking techniques.

The main feature of the proposed approach is that it In Section 2, we present the basic problem formuletion
estimates simultaneously the parameters of all the and explore the relationship between model paremeters
targets of interest, and carget location.

l. :h'T.ooUCrTI"O The formulation of target tracking as a multichannel
signal modeling problem raises a number of interesting

Tracking multiple targets represents special dif- questions in the areas of system identification and
flculties since there can be uncertainties associated structure of multivariable linear systems. Some of these
with the measurements beyond their inaccuracy which is issues are explored in Section 3, and some in Section 5.
usually odeled by some additive noise. This additional In Section 4, we present a specific algorithm for per-
uncertainty is related to the origin of the measure- forming parameter estimation. This algorithm was used
cents. Since several targets are present, it is neces- in a preliminary simulation study, which is described
3ary to sort out which measurement corresponds to which in the Appendix. This algorithm is presented here only
target. la other words, in addition to the problem of as an example, and should not be interpreted as the beat
detection and bearing/range estimation, there is a pro- choice for this application.
blem of properly labeling the set of measurements. The
!atter problem is usually referred to as target associ- Finally, we note that the emphasis in this paper is
ation or track formation. on developing a new framework for handling the multi-

target tracking problem ad exploring some of the :heor-
Typically, these two facets of multitarget track- etical issues it raises. 'To claims are made regarding

ing are treated separately. First. a set of potential the relative merits of this approach to current track-
target locations is obtained. Then some method is used ing algorithms. At t hs stage, we are mainly interssted
to label these locations "by the targets to which they in creating directly the multichannel aspects of the

zcrrespond in a manner consistenc with previous measure- tracking problem, and not in making a comparative ivalu-
mencs. Techniques for labeling or multitarget tracking ation with current techniques.
have been developed Using various approaches including:
Kalman filtering (for active sonar '!I; for radar -I; 2. 1 . ODELLG FP.'Om

3ayesian methods [31-[71; :nteger prograing [3; and
Track splitting Z91, [101. [11, Z;. 73r a recent To illustrate :he basic ideas of iur approach -we

iurvey see . consider first the single target case depicted in -igura
1. Two sensors are measuring the signal x(:) prcpagat-

:n all of these techniques the basic detection and ing from a target located scmewhere in the plane. "We
location estimation are performed separacal for each assume that the propagation involves only some time
target. The mulrttarget asp.ct of the problem enters delays and attenuation. Thus, the outputs yl :'

y
, of

only through the labeling procedure. In other vords,
the :racking problem is treated as a collection of the two sensors can be modeled as

single target problems, which has to be put together y W (ta)
in a systematic and consistent way. yl(t) - X(t -(la)

In this paper, we attempt to tackle directly the y,(t) - nx(t - T,) 4- v,(t) (lb)
multlchannel nature of the problem. Instead of looking - I

at one target at a time, we want to estimate simultan - where r, "2  are the propagation delays from the tar-
eouslv =ultitarget parameters (such as location and
spectrum). The approach is best understood in the con- get to the two sensors. n represents attenuation and
text of the passive tracking, where an array of sensors v,, v, are independent measurement noise processes.
measures signals (electromagnetic, acoustic or seismic) The time sampled version of these outputs will be
generated by targets. This type of problem arises in written as:
sonar systems, acoustic surveillance systems (detection
of low flying aircraft) and seismic arrays (oil explor- y1 (k) - x(k - T1 ) + vI(k) (2a)
ation. earthquake localization, intruder detection or
artillery localization). The active tracking problem y2 (k) - nx(k - T,) + v,(k) , (2b)
(radar, active sonar) can be handled in this framework
but will not be discussed here. where

.he proposed approach is based on the idea of fit- t - 1T T. * T1.T, - 2,
ting a multi-input multi-output model to the vector
time-ceries observed at the outputs of the sensors. Note that the delays 7V "  are assumed to be inteer
'nder certain assumptions the parameters of this mcdel multiples of the sampling period. -he case of non-
can be shown to contain information about the locations integer delays is discussed later.
of all the targets, as well as other useful information
such as target spectra. :f the parameter estimatibn is

.h..is work was supported in part by the Office of Naval Research, Code 431, Contract .o. :CC001-7P-C-C743.
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y(i T) - 5 x(kAT) sinc((i+ -k)2T+a'T]+v(kAT)

((-- iA sn[(-)!+A1vkT

or ..ing the notation y(LiT) y(i),

Y(i -W~k x(i-k) + v(k) (9)

Fig'ure 1. Two Sensors a One Target k
,

-
- n i v

In many applications, t singal where n(k)-sincC(Z-k),aT+dT]. The coefficient n(k)

adequately modeled a an autoregressive (AR) process achieves its largest value for k-Z or Z±i. As an
of the form approximation to (9) we may consider replaicng the

X - d i (k-i) + u(k) (3) infinite sum by a finite sum
m

7W - (k) x(i-k) +- v(k) (9')

where u(k) is a white noise process. This is partic-
ularly true for narrowband signals. The more general
case of signals with rational (ARMA) spectra is dis- Thus, the polynomials VI(z) and .;2 ( ) in (6) have

cussed in Section 5. Taking the z-transform of Eq. (Z) to be replaced by
we get m

y,(z)-z-TlX(z)+V (:)-zTl(l/d(z))U(z)+V (z) (4a) N14) -" E ik)i k
, i - 1. 2.

+ k-O
,(Z)-nz -2X(z)+V (z)-nz

' 2
(l/d(z))U(

-
) The delays T -,T2  tan still be estimated by looking aV,(b) Tedly il

the index of the largest coefficienc, or by using inter-

where d(z) id, i. Writen ±n vector polation. A reasonable estimate of the delay can be
where + ... + dp given by the value which maximizes the function n(:)
form the transfer function from u to the sensor out-

puts 71,,, is given b7  N(1)/d(z), where a
n(T) n(k) sinc (T-k) (10)

y(z)-N(z)X()+V(z)-N(z)(l,'d(z)) ,(z)+V(z) (6a)

and The discussion above requires, of course, that the

S1sampling rate li.T be sufficiently large in relation to
NWZ m3,(z)J 

2  
(6b) the signal bandwidth. The order of n of the moving

["Z average (YA) part of the model N(z) will be determined

:ote :hat the numerator of this transfer function con- by the sampling interval .T and by the expected spread

tains information about the relative delays from the of TDOA's. The latter depends on the maxinum change in

target :o the sensors which is directly related to target bearing expected over the processing interval.

target location), while the denominator contains spec- It is possible to reduce this order by removing "bulk"

tral information. Thus, if we could estimate the para- delays prior to the parameter estimation algorithm.

meters of the model N(i)/d(z) from the observed data The order p of the AR part of the model d(z) will

y1 (t), y1(t),' we could easily obtain the information depend on the number of spectral lines in the target
ede tspectrum (e.g., twice the number of important lines).

needed for tracking. As Ion$ as we do not have direct In order to reduce che required sampling rare 1/AT
-asurements of x(t) or u(t) the only information and the model order, it Ls assumed the signals have
that can be extracted from the spectral factorization been shifted to a baseband (e.g., removal of carrier,

problem Sv(z)=(N(z)/d(z))(4(z-
1
){d(z-

1
))' is, of course if present). For a more detailed description of some

nonunique. Arbitrary delays z- can be inserted into of the practical issues involved see 113].
the spectral factor without changing the spectrum.

.hus, as inuitively expected, the absolute delays Note that the framework described here can aso

, cannot be determined. dowever, the difference handle the effects of multipath propagation. tn the

in the degrees if the polynomials M4 (z), . ,(z) will presence of I-,tipath N1Ci) (and NCz)) will have
be unique, and provide information sIout the time- several large coefficients corresponaing to the direct

difference of arrival (TDOA), -1 'T T Given TDOA's delay and the ultipath delays. Thus, a careful examin-
1 2 T 1- 2 , scion of the coefficients reveals useful information

for two or more pairs of sensors will uniquely locate about the aultipath structure. Since the direct path
the target (12]. has the shortest delay, the first large coefficient of I

The case where propagation delays (or their dif- NI(z) will correspond to the direct path delay and
ferences) are non-integer multiples of :he sampling provide MOA information

period can be approximated by an autoregressive moving- The AiMA modeling approach can be extended to a
average (AMA) model similar to equation (6). To seeheein are the y ten c on

this consider the signal x(t+T), and a sampling inter- multitarget environment. Here the system consisting of

val AT. Then, targets and sensors will be represented by a multi-
4- output (MIMO) transfer function. A simple example is

x(t+T) F, x(kLT) sinc (t+r - k.T) (7a) depicted in Figure 2. The equation describing the
k- vector of measured data y(k) is given by

where I
sinc(t) - sin (J/T)/L6t/.!.T) 7 (bZ)y() N() (z) + Vkz) (11)

Let 7 - LIT + AT , 0 < At<,T, and let where V(z) represents measurement noise and

y(t) - x(t+T) + v(t) . (8) ' 1 -T21  (or a more general

Then the sampled version of y(t) -ill be given by 1 - 2 TZ2j delay matrix) (12)

1&



D(z). Thua, if the diagonal scruccure of DOz) is taken
into account in the identification process, and if the
orders of D(z), N(z) are known, a unique parameceriza-
tion of the transfer function will be achieved.

For the tracking problem the uniqueness of %(z),
D(z) is not too Important as long as the transfer func-
'ton H(z) can be uniquely estimated. :t is possible,
in fact, to extract the information needed for tracking

I directly from the impulse response of the system 1(z)-
N(z)D(z)

"I
, without looking at the numerator and denom-

inator polynomials. By applying an impulse to the input
u of the first channel (see Figure 3) we will obtain

-- -- - - -- a the outputs the impulse response of l/d (z)
--- delayed by various amounts. The spectrum o target No. I

tA.'T~t -PA4AT!ON can be evaluated by computing the power spectrum of the
4001 O4EL impulse response, and its TDOA by cross-correlating the

two outputs. A similar procedure can be carried out
Figure 2. The Hultitarger Case for Target No. 2. The point is that once the transter

function from u to y is known, we can effectively
Te signal vector .X(z) is generated y separate the different targets!

X(z) - D-I)W (), Xz) .(13) a

L0 d 2 (W

The output of the sensors in the multitarget case
can be rritten as

YWz -S (z) D(z) "  (Z) + 7W ) (14)"

Note that as in the single target case :he numerator - -- - "---
• (z) contains location information "(TDOA's) while the
denominator (z) contains spectral information. If
the parameters of N(z), 0(z) are given the multi-
target tracking problem is basically solved. The
question is how to estimate chese paran ters from the Figure 3. Using the .Yodel :o Obtain
data 7(t) in a anique and reliable way. As may be Information About Target No. i.

expected, the question of uniqueness is somewhat more
complicated than in the single target case, as will be The main difficulty in the :racking problem is
discussed next. that we have to estimate H(z) from output measurements

only, i.e., we know -(t) but not u(t). :t is well-
3. STUC7LTTAL :.SSozS known that for stationary gaussian inputs u(t) the

3.1 Uniqueness transfer function .(z) can be determined only up to a
spectral equivalence class. in other -words, all we can

he identification of linear systems from Input/ say is that H(z) H(zL)t - S (z), the spectrum of --te
3utput data requires proper paramererzstion of their data y(t). Making the usualassion that both the
transfer function (or state-space representation). tn poles and zeroes of (z) are within the unit circle
the single-input single-outpuc case all that is needed (i.e., a stable, minimm phase plant), we are still
is 5 determination of the orders of the .umerator and left with nonuniqueness of the spectral factor due to

denominator polynomials. In the multivariable case the existence of unit spectral matrices. Let ISz)
more scructual information is needed due to the fact denote a polynomial matrix such that S(z) S(z ) - I.
that the numerator and .ocvLinator polynomial matrices Then H(z) and H(z)S(z) have the same spectrum. To
can be transformed in various nontrivial ways without see that these exist nontrival unit-spectral matrices
changing the order of the realization. To see this, let Q denote an orthogonal matrix, i.e., QQ" -. ,
let U(z) denote a u imodular polynomial matrix (14]; and let .(z) donce a diagonal delay matrix. i.e.,
then H(z)N(Z) D(z) *(n(z)U(z))(D(z)U(z))

"1 . 
In () u diag (Z'Il for some integers k;. it is eaa7

other words, .1(z) - N((z)U(z) and 5(z) - D(z)U(z) pro-
vide a matrix fraction description (MD) of the trans- to see that arbitrary products of matricts of these two

fer function H(z), of the sam order as (z),0(z). tpes are a unit spectrtl factor. Conjidsr fo example
To obtain a unique parameterization of the transfer S(zp-QR(z); then S(z) S (z)-QR(z) R(z )Q -QIQ'-I.
function its matrix fraction description ;N(z), D(z), The presence of unit spectral factors of the .(z) type
has to be put in a canonical form. Some of Che coMOnl7 has the intuitive meaning as in the scalar case: the
used forms are the Sith-.c.Millan form and the Popo' or absolute propagation delays can not be determined from
?ol7uomial-2chelon fo-, It is Interesting to aoct that measurements of ,(t) alone. Only time differences
the maodl associated with the multitarget tracking pro- can be determined.

blem (equations (12) (13)) has a diagonal denominator In order to be able to separate the information
matrix. if N(z),D(z) are irreducible, this implies related to the different targets it is essential to be
uniquesness of the .1D. [To see this consider the class able to g t rid of the nonuniqutness introduced by the
of unimodular matrices U(z) su.ch that diag{d(z)}. unit spectral factor. To do this we must use the
U(z) - diagonal. Only (z) - diag 'C 1 , for som con- special structure of the lenomlnaror matrix (z) and
stants Ci will satisfy this equation. If we further assume that N1(z),D(z) are irreducible (i.e..
require that the leading coefficients of polynomials minimal realization). First note that N(z)3(z)'S z)
are unit7, we must have '.(z) - I]. The as,joption of will, in general, have a larger order than N(z)(z)-i
irreducibility of N(z) and D(z) will be generally mless det S(z)-I. Thus, for the proper choice of
satisfied, since it is unJikel:, that the delay structure model order we must have S(z)-Q. Zn other words, the

wi(z l wi1l bear %ny relationship to the target 3ignals only nonuniqueness left if we restrict our attention tc



minial order spectral factors of 5 Wr. is generated A0  3, F0by orthoglnal cranaformaiona-. exynote that H(z) - LA3i
1(z)D(z) Q - .1(z)U(z)(Q'0z)U(z)) , where U(z) is A'A 1 Be "40

a unimodular matrix. Since we know that (z) is A,, A B B B B0 (1
diagonal, the nonuniquaness issue reduces to the ques- A1 . I 0 1 )
tign of.'what cases of matrices UWz and Q will

obey -' D(z) U(z) - diagonal. 3y Lhe uniqueness of A, B, 0

the Smith-.Mc. iLlan form [14] it follows that the only L Dl

possible modifications of 0(z) are different order- 3
ings of the polynomials .dI(z), .... d ()). In other

words U(z) - Q where Q is a permutahon matix (it
may also include arbitrary sign changes). This fact where 1 . Note that if we fix the leading cief-

has the following intuitive interpretation: since the ficient of D(z), say Do-I, equation (18) can be

initial labeling of the targets is arbitrary, we can rewritten as a matrix equation with number of unknowns
only expect to define H(z) up to colum permutations. equal to the number of equations, and can therefore be
However, once a liven labeling was determined, H(z) solved for ',. '. This matrix equation involved a
will be fixed, and its IFD will be uniquely determined. (modified)Syl~eeder matrix with a very special structure.

In summary: using the diagonal structure of D(z) Using this structure Kung et al. [22]-[24] developed
and asuming knowledge of the correct (minimal) order efficient algorithms for going from L. '4 to R.FD and

d assuringfenowledgeof the corect (ima) order vice-versa. These algorithms utilize orthogonal trans-
of the transfer function from u(t) to 7(c), it is formations and are claimed to have good numerical pro-

possible to obtain a unique (up to input labeling) parties. The problem of changing right to left macrix
spectral factor of S Wz - H(z) lWz'). The impu.lse
repos tespectral factor (z) The iroulse fraction descriptions is closely related to fLding the
response of the spectral factor 1(z) "will provide

the desired cracking parameters (TWOA's, spectra). greatest comon divisor of polynomial matrices and to
computing a minimal basis for the space spanned by

It should be noted that in addition to the structure such matrices (14].
of D(z), we may use the special form of 11(z) which
is known to be a delay matrix. This information can be A preferable solution would be to estimate directly

used to relax the assumption of minimality and to the prameters ,U D I of the KIM. This can be done,

obtain uniqueness for more general problem formula- for example, by m a ximum likelihood or prediction
tlon (see, a.&., Section 5). error formulation which leads to a nonlinear optimize-

tion problem. Such a solution will in general be com-

3.2 Right and Left tcrlx Iraction Descriptions putationally expensive. Some preliminary investigation
seems to indicate the possibility of obtaining esati

s
ma-

The remasning question is one of parameter estima- tion algorithms for .(z),D(z) which are of a compar-

tion. How to find a set of coefficients .(z) W(z) able level of complexity to algorithms for estimating
which will beat fit (in the least-squares or maximum A(Z),3(z). However, this investigation is not yet
likelihood sense) a given time-series ;y(t)}. Various complete.
techniques have been proposed in the literature for

estimating the parameters of AR3A processes of the form I t should be recalled that che desired iaret
p m .2formacon co be obtained directly from the impulse

7(t) A L y(t-i) + E 31 U(t-) (15) response of ta system, Ahich can be computed either

)i) from the L'G'D fR(z) A(z)'L3(z)) or from the 3210
H(z)-N(z)D(z) as indicated in Section 3.1. The main

.!st of the work in this area seems co have been done reason for wanting to estimate the R0 is that it

in the context of system identification (i.e., the displays clearly the special structure of the system
known input case) [l3]-(201, but some results are which is needed to force a unique solution of the spec-
available on time-series modeling (unknown input case) tral factorization problem. If the special structure
C21]. Unfortunately, most of these cechtiques are ot of .(z),0(z) could be mapped into an easily specified

applicable to the estimation of .(z), D(z). Note that special structure for A(z) ,(z). we could work directly

the AL14A model in equation (15) is naturally related to in terms of the L'F1. Unfortmately, the structure of
:he Left atrix Fraction Description (TL2D) of the A(z),B(z) induced by D(z) being diagonal and NW(z)

transfer function from u(t) to y(t), while 14(z), being a delay matrix, see to be complicated and dif-
0(z) are its Right .trix Fraction Description ficult to use. It should also be noted that it is
(3MFD). To see this we revrite (15) as desirable to enforce the special structure already in

the estimation process. This can be done easily in the
A(z) Y(z) " 3(z) 0(z) (16) 3.FD, but not in the - ., which makes it even more

where important to develop a direct estimation technique for

W -I + Al 1 + . +. Az XN(z),D(z).
- Az"" P In sumary, several approaches to the estimation

3( z 3 +Bz 
1 + 

""
+ 
Bz' of the model parameters were discussed: (i) Direct

I estimation of the .QM, with 3(z) forced to be diag-
thus, onal, (ii) Estimation of the L.20 using available .MAA

) A(z) -l (z) = .(z) D(z) . (17) =odeling techniques. Transformation of the ast..asted
L,20 into WD using available techniques. Checking

One way of estimating N(z), 0(z) is to first estimate the structure of 0(z) and finding the transformation

A(z). B(z) using any of the techniques described in needed to make It diagonal. This transformation will

[15]-(21] (see also Section 4). and then compute the pin down a unique spectral factor. (ill) Estin te

32410 of the transfer function A(z) zB(z). The M(7WD A(z),(z) with their form forced to have the particular

and L.GD are related by A(z).1(z) - B(z)0(z) . O. structure induced by M(z)),D(zj. Then compute the

'riting this equation in terms of the coefficients of impulse response of H(z) a A- (z)(z) and from it the
A,3 ard D leads to the following matrix equation OA s and target spectra. Of these approaches only
(Arritc. e or s.L3lcLty for the case a-p-2): the second is fully developed at the current time, as

described in Section 4.



,3 Innovations Represencation F(z)-N(z)'f(.z) and spectral fiLtering U(z)-D(z)F(z)

In the discussion so far we have not metioned performed almultaneously for all targes!

explicitly the number of targets or sensors. Let us 4. TH ALGORIM
asume that there are I"T targets and N $ sensors
and chat N, < .;_. Consider the spectrum of y(t) A candidate algorithm for estimating :he pars-
;1ven by eq"arioA (14): meters Ai.

3
j is described below. This algorithm

is the wltivariable version of the .cursiv Maximua
(z) -(z)D(z) (z)" .(- (19) Likelihood (.'IL) techique, described in (251 for the

Y single input/output case.
where denotes the covariance matrix of the measure- Let us rewrite the AAMA model of equation (1) as
ment noise v(t). Note that if :v-0 and XT<N S'
Sv(z) will act be a full rank zatrixt (An equivalent yt . aT t + et (ZI)
way of stating this fact is co say chat the innovatlont-
representation of y(t) will be singular, and some of where
the components of the innovations vector c(t) will
be linearly dependent). In fact. the rank of the cover- T (A, 3 . B
lance matrix S (z) (or the innovations coveriance P m "

mtrix .J) will be equal to the number of targets, a an .sx(p+m-l)N S matrix
can be seen from 3T T -YT _T .

-. -T Z-12 3 -YS (:) " 14(z)D(z) O(z ) .x(z ) (20) t = t-l . 't-p' 't- -L

an I x (p+%+'). S vector

or it can be decoupled into NS equations of the type
Thus, the number of targets can be estimated by testing j T
the rank of S (z) W9'). This test will be, of course. 7 i + -, ... (22)

y t t S
sensitive since any measurement noise will make Z >0 w J
and cause Sv(z) (e) to become full rank. Rowever, by here is the 3-tb colim of .
looking at the relative magnitudes of the eigenvalues The escimation algorithm for 4 is given by
of :he covariance matrix, -e can obtain a more robust ii + J
stimate of the number of targets. This procedure is e 

=  
K 4  1 S (23)

described in more detail in Section 4. In general, we
will work with a "square" transfer function, i.e., where Kt+l isa aoin vector (common to all of the
X(z) and D(z) (or ACZ) and 3(z)) are .4 s i),atrices, and
and decide on the actual number of targets after per-
forming the model fitting. If M.<$. we may think j 4 , (
of this as having 1., actual targets and 9S-M T
fictitious targets -ich generate no signals (i.e., These equations can be written in a more compact
the corresponding inputs u1()0). form as

3.. 3eamforming Interpretation T (25a)t +l t t41 t41 €
A standard approach to passive racking is beam-

forming. In its simplest form, beamforming consists E
t

l YC+' -0 z+)
of forming a sum of delayed sensor outputs, to get a The gain vector K can be computed by
scalar signal f(t) which then undergoes further pro-
cessing. In the single target case, this can be viewed K * /,x, + T
as forming an inner product of the data vector Y(z) 't+L t t+1 t "t4ltCt+L

) 
" 't+i't+l (26a)

with a "steering" vector W(z),

F(Z) - 14(z) T (a) - '2(z) ('2(z) XC(z) + VWz) t~l" [P- t t4I ~ t4C.k t+. P t ~ ttlAt Zb
where \ is am exponential weighting fatoer, end

The steering vector is chosen so that it "removes" the w tfi ltered version of the : vector, i.e., y,t in
numerator polynomial which represents the propagation thea fiectors aresrenlacedhby prv-fiorridevrsions
model, i.e., choose "2(z) so tht hhe I vectors are replaced by pre-filtered versions

(Z) -T , 
T y and where

(zZy , z - D 1 (a ,(27a)
and then the received signal f(t) is just a delayed yt 0 (2) Yt I t t() (
version of the target signal x(t). To see this more 0(z) - I + D + .. + .. k (27b)
clearly, consider N(z) as liven in equation (6), and
et The pre-filter D(z) is typically chosen as D()

)-(), However, we found that improved convergence can
4 (z) ( z" z 1/2a sometimes be achieved by using 0(z)-(Z/4), 3a I.

Then clearly W(z)T .MW - ZI T+2
) .  

In the muti- See [13) for more details.

target case 1(z) will be a mtrix which is chosen so The innovations sequence et produced by the L
t z (z) d a T i}. Thus, the operation of will generally have correlated entries (i.e., a no*-

beamforming can be thought of as finding the inverse of diagonal innovations matrix). Since we asume the tar-
(z) in a generalized sense. l2oce that beamforming is get signals to be uncorTrlated, it is necessary to work

very closely realted to the PSGD rePresentation. In with the normlaized innovations sequence
fact. the whitening filter U(z)M(z)2(z_ )Y(Z) can be R 0

considered as a combination of beaformLng - (28)



where R2/  is the (lower triangular) s4uare root of 5. SOME EXTENSIONSt
the Innovation covariance. R can be computed recur- The mttatarget tracking problem was formulated
sively by tin Section 2 for fixed targets with Ak spectra, and a

Re - • T (29a) simple propagation model. In this section we brieflyt~l t (vt) t + t € t describe lw che ARPA mordeling approach can be extended

/(W + (M) to other classes of tracking probLems.

5.1 Movine Targets
or in square root form

/.R /I. When targets and sensor locations are fixed in
"-w orthogonal a..,.i space, the model presented in Section 2 will be time-

7 transformetion (30) invariant. (This follows from the assumptions of the
tstationary target signals. nd a time-Invariant propaga-

tion medium). elat ive target motion will have two
The normalized innovations will be computed by solving imprtnt effects: (i) The system relating y(t) to

-/2 (31) (t) will be time varying and (ii) the signals Sen-
/t s(&rated by the target will experience doppler sh ts.

/2 The first effect means that we m have to identify an
which can be done by back substitution since I is AMHA model with time-varying coefficients. (In fact,

upper triangular. Special care has to be taken, since only the .4 coefficients are time varying). This

ir may be 3nlr , ia.tsm fth ignlae- i i i task even in the single channel case.
Ments of I - may be zero (or very smal.L). In that although it has been done successfulLy iA various
case, the corresponding elements of z c will be set applications such as speech processing. In many situa-
to zero. This can be done eaoily in the back substi- cions (e.g., sonar systems) target motion is sufficiently
tyCAon routine. The number of diagonal elements of slow compared to the sampling rate, so that the para-
e I which are greater than some threshold value, meter estimation algorithm will be able to track para-
will indicate the number of targets, as was explained meter changes. More precisely, as long as the target/
earlier, sensor geometry can be considered fixed over :he

time interval needed to get a reasonable Location esti-
To estimate TDOA'sIand tar1 t spectra, the ImpuLse mate (integration tine) techniques which work well for

response of H(z)-A(z) i(z) '- ill be computed fixed targets will still be expected to work. If the
for each input/output pair. By cross-correlating the jeomecry changes sufficiently fast, a time-varying pro-
impulse responses obtained for a given input i, the blem formulation is unavoidable. For -ample, we may
TDOA's corresponding to target number I will be try to parameterize the coefficiantq N of the delay
obtained. The power spectrum of the impulse response matrix by .4( (t) - N i, +Mlt+N ,2t

"
. The coefficients

will provide an estimate of the target spectrum. There X M iet
is, however, one remaining problem: the transfer func- N2 .oilNi,_ can be related to the target Location
tion () may "scramble up" the targets by an ana its velocity.
orthogonal transformation. In other words, the correct In many applications, the signals received from
transfer function will generally be R(z)Q, where Q is moving targets can undergo significant doppler shifts,
an orthogonal transformation that needs to be deter- even if the target/sensor geometry is only slowly tiae-
med (alternatively: f the correct way of taking varying. Thesa frequency shifts provide information
the matrIx square-root R s.aouc target velocity and about its location (e.g., by

In the case where N is small it is possible to looking at differences of doppler shifts between pairs

take a general orthogonAl transformation matrix and of sensors). Thus, it is Important to s how doppler

look at the cross-correlatioDA of the impulse reponses. effects fit into the modeling framework. Consider anLookat he ros- ore~alouof he lpule r~onns. Af procss x(t) gsenerated by a target, where
obtained for different rotations. If the wrong rota-

tion is used, the cross-correlation function will have x(t)-(l/d(z)) u(t). For narrovband processes, it can

multiple peaks corresponding to several targets. If be shown chat Che doppler shifted signal will still be I
the correct orthogonal transformatioa is used only a an AR process, except that the AX. coefficients di
single peak will occur corresponding to a single tar- are changed. In fact, if d(z)-(z-zI)... (z-z ) then
get. This is somewhat similar to beam steering its doppler shifted version will be d(,)-(,-r.La
(except that it is done in a different space). where the parameter a is determined by target

A more systematic way for determining the ortho- velocity and propagation velocity. Thus, the model

gonal transformation Q is to compute the RPWD of for the observed signal will have the form

1(z)-L2(z)ftt/ 2
. One technique for doing this is pro, y(z) - 3(z) U(s) + V(z) (32a)

sentedin [221 and will not be repeated here. Once the 1
RM N(s),D(z) is calculated, Q can be determined H(z) - [Z T i /d ij(z)], N S I T matrix (32b)

as the transofrmcion needed to make i(z) diagonal
(or as nearly diagonal as possible). where d (z) is the At representation of the signal

Finally, we should note that the algorithm pre- generatei by target i, as seen by sensor J, and T j
sented here was chosen sainly for convenience of imple- is the delay from target i to sensor J. ote that
metation. .any other algorithme can be used to esti- the parameter of diJz), . ..., M are not
mt Ai,Bi and it is not clear at this time wh/ch Independent, but are lated in a special way. An
one is best for multitarget tracking applications. examination of these parameters provides not only a
However, the 01 technique seem adequate for testing spectral estimate, but also information about target
the proposed aodeling approach. Soae preliminary velocity and location. T1he structure of this model
simulation results are given in the Appendix. has many interesting features which are still under

Investigation. Of particular interest is the question
of how to obtain a unique spectral factor, in view of
the fact that D(z) is no longer diagonal. As my be
expected, uniqueness can be achieved under fairly mild

conditions. Estimating the parameters of such models
from noisy data, in a way that takes into account their
special structure Is not ',rt fully developed. 1

i I



5.2 A Sources of the propagation medium. Under certain situations
it nay be possible to separate the two. Consider the

W.hil. AS models provide a adequate signal repre- situation where the time dependence of the signal
setarion in a large close of practical cases, rum and the propagaion model are different. For
sometimes necessary to consider the more general AMA example, consider a nonstationary source. like speech.
representation. This is particularly true for wide- which stay* ixed in space so that the propagation
hand processes or omrrowband processes in additive model is ce-invariant. By repeating tho computation
noise. The signal model will have in this case the of 5(z) D(z) over several time intervals and couput-
form Lg its roots, (z) i.ll be found from those roots

which do not change, while 5(z) will correspond to
X(z () 0(5)-1 U(s) (33) the roots which are varying from one tim interval to

another. As another exampl, consider a moving target
where i(x), 5(z) are both diagonal, that causes the propagation model to change. Here

and L (z) will have fixed roots and D~z) roots which vary
Y(z) - (M(z) (z)) 5(z) U(z) + V(z). (34) over time. If either D(z) or (z) are nondiagonal

the structure of the transfer problem becomes more
note that the numerator of the RM is nov a mixture complicated and has to be examined more carefully.
of the delay matrix and the spectral zeroes of the This will not be done here.
targets. Rowever, 3(z) is still diagonal and there-
fore most of the discussion La Section 3 still holds 3.4 Direct Estimation of Source Location
_-ue. The MCA's and target spectra can still be The set of TDOA's contain all the information
estimated from the impulse response of the estimated required to Locate the targets, i.e., to find their
model. Secause of the diagonal structure of .(z) bearing/range. Location estimation is typically per-
it is theoretically possible to separate 4(z) and formed in two steps: First, estimate the TDOA's (A4
'I(&) by looking for commn factors in the colums of ij
;JWz) .(z). In aummary, having in .Y14A spectral using the algorithm described earlier, or a more

model does not complicate significantly the modeling standard generalized cross-correlation technique. Than

approach. compute target locations from, the set of .. 's using

the approach presented in (12], or the hyperboic line-
5.3 .%RMA PropagatLon .odels of-position technique.

The simplest form of aultipat.h propagation is A different approach will be to try and estimate
caused hy a signal being reflected by some object directly the target coordinates. Since the functional
which Lies outside the direct line of propagation, relationship between the target coordinates and the
causing an extraneous delayed version of the signal TDOA's is known, it is possible to re-formulace the
to arrive at the sensors. This type of multipath pro- problem as a coordinate estimation problem. Some pre-
pagation can be represented by a 11A model of the mape liminary studies seen to indicate the feasibility of
used in earlier sections. Often, a more complicated the direct approach, but no conlcusive results are
type of propagation occurs. The signal can undergo available at this tine.
multiple reflections of the type encountered, for
instance, when a sound wave propagates in a room (e.g., 6. CONCLUSIONS
the "cocktail party" problem: locating people who are
speaking inside a room). The sound is reflected from We introduced a framework which relates various
one wall, bounces off the opposite wall and again problem that arise In multitarget tracking to the
from the first wall. Similar effects occur when parameters and the structure of a related mltivariable
seismic waves propagaec in the earth or when sound linear system. This approach motivates some interesting
propagates in the ocean (reflected from the water/air questions regarding the modeling of vector ARlA pro-
and water/ocean floor interfaces). This phenomena is ceases under various structural constraints. The
best modeled 5y an Al type model, results presented here are only preliminary and the

objective was mainly to lay the groundwork for further
In general, a realistic propagation model will research.

combine both types of multipath propagacion and will
therefore be an AMA model, i.e., The proposed approach has several features which

'-I are important from a practical standpoint, including:
Y(z) (z) D(z) X(z) + V(z) - treating multiple targets without performing a separate

; W( association problem (target assocation as veil as line
l(z) fD(z) D(z)] " U(z) 4 7(z) (35) association), simultaneous estimation of TDOA and

target spectra and possibility of handling multipath
where .l(z), 0(z) are the propagation model aid effects. Rowever, considerable testing and performance
5(z) is the signal model. evaluailon oeds to be done before the usefulness of

the AMA modeling approach can be fully realized.
The structure of the propagation model depends,

of course, on the particular application being con- AIoULEDGI 'M
sidered and on the physical properties of the propaga-
tion medium. In its simplest form D(z) will have a The author gratefully acknowledges the contribu-
diagonal form, meaning that the propagation from a tion of Professor M. Morf of Stanford University who
given target to all sensors has the same kind of pro- first proposed the modeling approach and generously
pogation effects, except for different delays which provided his idea and guidance.
are represented in .4(z). in general, more complicated
form of propagation are possible in which case (z)
will be non-diagonel.

When D(z) is diagonal. the structure-if the
transfer function H(W) = V(z) (D(s) 0(z))) is

similar to the pure delay case. The only problem is
that the signal spectrum is maxed up with the poles

.. %



20. B.W. Dickinson. M. M1orf and T. Kailath. "A Miniml
Realizacion Algorithm for Matrix Sequences,"
EE ,Trans. Automat.c Control, o1. AC-19,

1. E.C. Fraser and L. Miear, '" ahematIca Models NIo. 1, February 1974, pp. 31-38.
and Opti im CosiputAtion for Computer-Aided Active 1. A. Jakeman and ?. Young, "lafied Instrumental
Sonar System," U.S..Navy Electronic Lab., SRI 7ariable Methods of Recutsive Time-Series .aalysis,
Fina. Rep. (First Year), Sen Diego. CA. Contract Pert 11: '-bltivariable Systems," Znt. 1. Control,
M123-(953)5.486A, .'March 1967. Vol. 29, No. '-, pp. 621-644, .979.

2. P. Smith and G. Buechler, "A Srnching Algorithm 2z. S. Kung, T. Kailach and M. Mor!, "?ast and Stable
for Discriminating and tracking .4uliple Objects," Allorithms for Minimal Design PToblems," toc. of
:EIE Trans. Auto. Cotrol, ol. AC-20, the Fourth I)'AC tt. Symposium on .u6ltivariable
February 1975, pp. 101-104. Technological Systems, ,'redericton, Canada, 4-8

3. G.A. Ackerson and 1.S. Pu, "On Stats Estimation July 1977.
in Switching Enviroents." IEEE TE. Auto. 23. S. Ungs, 7. Kailach and .. borf, "A Fae Projection
Control, Vol. AC-15, Feb. 1970, pp. 1.0-17. *Method for Canonical Minimal Realization," ?roe.

4. i. Akashi and E. Kumgnto, "Randon Samling of the 1976 IEEE Conf. on Decision and Control.
Approach to State Estimation in Switching 24. S. Kung, "Optimal Hanke.-Horm Model Reductions
Environments," Automrics. Vol. 13, July 1977, Scalar Systems," ?roc. of the Joint Automatic
pp. 429-134. Control Conf.. San Francisco, August 1980.

S. A.G. Jaffer and S.C. Gupta, "Recursive Bayesian 25. T. Sadersron, L. Ljung and I. Gustavaeson, "A Com-
Estimation with Uncertain Observation," IEEE paratve Study of Recursive Identificacion .Methods.'
Trans. Infor. Theory, Vol. IT-17, September 1971, Report 7427, Dept. Aucomatic Control, Lund, Sveden,
pp. 614-616. 1974.

6. . "Optimal Sequential Estimation of Discrete
Processes with arkov Interrupced Observations,"
IEEE Trans. Auto. Control, Vol. AC-16, October
1971, pp. 471-475.

7. N.F. lahi. "Optimal Recursive Estimation with
Uncertain Observations." IEEE Trans. Inform.
heory, Vol. IT-15, July 1969, pp. 456-462.

3. C.L. 4oretield, "Application of 3-1 Integer Pro-
granaing to Mutitarget Tracking Problem," in
?roe. IEEE Conf. Decision and Control. Dec. 1975
and i Trams. Auto. Concrol, Vol. AC-f2, June
1977, pp. 302-312.

9. R.A. Singer, I.G. Sea, and X. Housswri1ht,
"Derivation and Evaluation of Improved tracking
Filters for Use in Dense Mltitargt Environments,"
IEEE Trans. Inform. Theory. '1ol. IT-20, July 1974,
pp. 423-432.

10. R.. Sittler, "An Optimal Data Association Problem
In Surveillance Theory." IEEE Tra AI..'Ji. Electron,
Vol. ML-S, April 1964, pp. 125-139.

Li. 'Y. Bar-Shalom, "Tracking Mtchods 4in ultitarget
Envirotment." IEE1 trans. on Auto..Cotrol, o..
AC-23, No. 4, pp. 618-626, Augt 1978.

L2. J.M. Delome, M. orf and 3. Friedlander,
"Estimating Source Location from Time Difference

of Arrival: A Linear Equations Approach,"
Technical Report No. 4355-1, SEL-79-010, Stanford

University, 31 March 1979.
13. B. Friedlander, "Multitarget tracking Studies:

System Description and Preliminary Evaluation,"
System Control, Inc. Technical Rport, T.4 5334-
04. June 1980.

1 4. T. Kailath, Linar System, Preatice-alla, Inc.
1980.

15. A. Gauthier and t.D. Landau, "On the Recursive
Identification of .Multi-Input .M'ulti-Output
Systems," Automatica, Vol. 14, pp. 609-614, 1978.

16. B.D.0. Anderson, "An Approach to MaLtivartable
System Identification," Auomatlca, Vol. 13,
pp. 401-408, 1977.

17. R. GuIdorzi, "Canonical Structures in the
Identification of Multivariable System,"
Automatica, Vol. 11, pp. 361-374, 1975.

18. E. tse and I.L. WaLoort, "Structure Determination
and Parameter identification for liultivariable
Stochastic Linear System." MZE TraU. AtcoMaic
Control, Vol. AC-20, Vo. 5, pp. 603-613,
October 1975.

19. L.C. Suen and R. Liu. "Determination of the
Structure of ultivartable Stochastic Linear
Systems," IEEE Trans. Automatic Control, Vol.
AC-23, No. 3, pp. 458- 64, June 1.978.



APPENDIX C

MTS PARAMETER ESTIMATION ALGORITHMS

A nunber of algorithms for estimating the parameters of AR, ARX and ARMA

models were coded and tested during the MTS project. These algorithms can be

divided into three classes: recursive parameter estimation algorithms of the

RML type, non-recursive AR and ARMA algorithms and recursive lattice

algorithms. In this appendix we list the algorithms that are currently

available and either give a brief description or a reference to a more

complete description.

C.I RECURSIVE IDENTIFICATION ALGORITHMS (IDNl)

I. Recursive Least-Squares (RLS)

This algorithm estimates the parameters of the ARX model

NA NB

yt ,-i]ai Ytl +"bi ut. i  + vti=l ial

where ut is a white noise process. The algorithm is given by

8 = Cal,.... aNA, bi,..., bNBJ

St 2 ['Yt-l"'" "yt-NA' Ut-l"'" Ut-NB]

Pta( tlP T P /X+ TPt WXl]kt P tl-It tt-1/(t t1t t

et z at-l t t (Yt "Yet- 1 )

At z , t- +(

eO • 0, PO 01
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2. Extended Least Squares (RtL1)

This is the RM. algorithm described by equations (2) - (7) with
T-

Dt(z) = and with et replaced by e = Yt - Ot-1 °

3. Extended Least Squares (RMLP)

This is the R.L algorithm described by equations (2) - (7) with

Ot(z) t 1.

4. Recursive Maximum Likelihood (RML)

This is the RML algorithm described by equations (2) - (7).

5. Square-Root form of the RML (NORM)

This is the algorithm described in section 2.1 (1ii).

6. Stochastic Approximation RLS (LMS)

This is a version of the Widrow-Hoff gradient research LMS algorithm.

e - Cal,..., aNAl
T

ot . [ Yt- " " .. .. .Yt-NA I T

e t= Yt - OTt'lt-

Ot a et-I + (W/Rt) Ctt

NA

Rt XRt.l + (-) Y RO , O4O

i-1

C.2 NONRECURSIVE ALGORITHMS (STAN)

1. Maximum Entropy Method (MEM)

This is an implementation of Burg's technique for autoregressive spectral

estimation. The code used was taken from [21].
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2. Covariance Method (COY)

This is an implementation of the covariance method of speech analysis as
given by [22, pp. 51]. The resulting AR coefficients are used to compute

the spectrum.

3. Modified Yule-Walker Method (MYW)

This is an algorithm for estimating ARMA parameters. The algorithms

estimates first the AR parameters, using the following modified Yule-

Walker equations:

RNA R RA+1

RNA+1 R

RNR-1 LRNRA

where
N

t=i+l
This overdetermined system of equations is solved by a least-squares algorithm
involoving singular value decomposition (LLSQF in the IMSL).

The 14A coefficients are computed next using the following equation

-N A rR 0R I R 2A a NA a N 0
LRo 1 2 a NA-I •

0 R 1 a N A
~NA R2NA R1R 0. 1

The spectrum is finally computed by

bNA A + ... b_,z + b + b,z +...+ b NA
S(Z) N ID INONA

(1 + at z_ ... + aNz') (1+a 1z+. . .+ NA

where z = exp (-J.1
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C3. RECURSIVE LATTICE ALGORITHMS (LADO)

1. The Normalized AR Lattice (ARN)

This algorithm implements the normalized algorithm described in [23]. The

AR coefficients are computed by Levinson's algorithm rather than by the

true whitening lattice. See [243 for details.

2. The Unnormalized AR Lattice (ARU)

This Is the normalized lattice with its output properly scaled to give the

unnormalized prediction error. See [24) for details.

3. The Two Channel Lattice (KNWN)

This is the ARMA lattice for the known input case [253.

4. The ARMA Lattice (ARMA)

This is the ARMA lattice for the unknown input case with the prediction

error fed back to the input £25).

5. The AL Lattice (AML)

This is the ARMA lattice for the unknown input case with the residual fed

back to the input £253.

6. The Normalized Lattice (ARL)

This is the normalized AR lattice with the true whitening filter for

computing AR coefficients [26).

7. The Joint Process Lattice (APJ)

This is the normalized Joint process AR lattice. The AR coefficients are

computed by a true whitening filter £263.

8. The Sliding Window Lattice (ARS)

This is the sliding window AR lattice form (26].

- 45 -
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APPENDIX 0

TRIANOJILARIZATION BY HOUSEHOLDER TRANSFORMATION

The following routine will take an LxN matrix and upper-triangularize its

first M columns.

NM N-M

L WL

Note: M min (N,L}

Input: an LxN matrix S(I,J)

M = # of columns to be triangularized

Output: an LxN (partially) upper triangular matrix S(I,J)

DO 4 Jul, M

=Z @ Z zero
00 1 IJ, L

v(I) = S(IJ) @ v(N) is a work vector

S(IJ) = Z

a a + v() **2
IF (a 4 Z) GO TO 4

Comment: If o-Z, column J is zero and this step of the reduction is

omitted.

a = SORT (a)

IF (v(J)<Z) a = -a

S(JJ) a

- 46 -
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VWJ = V(J)-
a= ONE/ (a * (J)) @ ONE =1.

0O 3 K=J+1, N
a = Z

00 2 IZJ , L
2 a - a + SUMK * V(I)a a a *

DO 3 I=J, L

3 S(I,K) - S(I,K) + *V(I)

4 CONTINUE

In the system identification problem, we want full triangularization of a square

matrix, thus L=M=N.

k4
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