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I. INTRODUCTION

Consider electromagnetic coupling through a small aperture in an
infinitely thin perfectly conducting screen separating two regions. Im-
pressed sources in one or both regions cause electromagnetic power to flow
through the aperture. The field due to the aperture is the actual fileld
minus the short-circuit field. The short-circuit field is the field that
would result if the aperture were closed with an infinitely thin sheet of
perfect electric conductor. The problem is to find the far field due to
the aperture.

The method of solution is similar to that used in [1], and is sum-
marized as follows. We close the aperture with an infinitely thin sheet
of perfect electric conductor and provide for the téngential electric
field originally present in the aperture by attaching an unknown magnetic §
surface current M to one side of the sheet and -M to the other side of the
sheet. Continuity of the tangential magnetic field across the sheet gives
an integral equation for M. This integral equation is then solved numeri-
cally by means of the method of moments. The sclution is expressed in
terms of generalized network parameters [2].

Specifically, M is expressed as a linear combinatfon of the quasi-

1° =
whose far fields form a basis for the far field of M. This linear combi-

f - static magnetic currents M. MZ, and gs, which are equivalent sources i

nation is substituted into the integral equation for M, and then the

integral equation for M is tested with M., M, and !3 successively. The

result is a system of three equations in three unknowns. In matrix nota-

tion, these equations state that the product of a square matrix with a

column vector of the unknowns is equal to a column vector of known
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coefficients. This matrix equation is called the moment equation. The

square matrix is called the moment matrix, and the column vector of known
coefficients is called the excitation vector.

The elements of the excitation vector are simply related to the
short-circuit incident fields evaluated at the aperture. The imaginary
parts of the elements of the moment matrix are obtained by equating the
solution of the moment matrix to the solution predicted by conventional
small aperture theory [3], [4]. The real parts of the elements of the
moment matrix are the coefficients appearing in the quadratic expression

for the power radiated by M.

The far field due to the aperture is the far field due to M. The
solution to the moment equation gives M as a linear combination of M, M,
and §3. The far field from each of M, M, and HB is equal to the far

field from a current element.

The moment solution so obtained is applied to three examples. The
first example is an aperture in an infinite conducting plane, the second
is an aperture in a transverse wall between two rectangular waveguides,
and the third is an aperture in a lateral wall of a rectangular waveguide
coupling to a half-space. In all three examples, the far field (due to

the aperture) obtained by means of the moment solution is the same as that

obtained by means of the radiation reaction method devised by Collin [5],[6].

In Appendix A, it is shown that the moment solution satisfies conser-
vation of power. Conservation of power means that the power entering the

aperture is equal to the power leaving the aperture. In Appendix B, it is

minadibiesni, i




shown that the moment solution satisfies reciprocity in the sense that
remote source and measurement polnts on opposite sides of the aperture

can be interchanged.

IT. STATEMENT OF THE PROBLEM

Consider a small aperture in an infinitely thin perfectly conducting
plane screen separating two regions. Region a to the left of the aperture
1s filled with loss-free homogeneous material whose permeability is ua and
whose permittivity is aa. Region b to the right of the aperture is filled
with a loss-free homogeneous material characterized by ub and Eb' As shown
in Fig. 1, electric and magnetic current sources gia and yia are impressed
in region a, and sources g}b and y%b are impressed in region b, All of
these sources are remote from the aperture. 1In Fig. 1, the aperture is
labeled A.

The problem is to find the far field due to the aperture for the
situation described in the previous paragraph. By definition the field
due to the aperture is the actual field minus the short-circuit field. The
short-circuit field is the field that would result if the aperture were
closed with a plane sheet of perfect electric conductor.

In Sections ITII-VI, a solution for the far~field due to the aperture
is constructed. This solution is valid for the simple situation described
in the second from the last paragraph. However, this solution can serve as
an approximate solution for the more general situation in which the screen

18 not plane, inhomogeneities such as conducting walls or dielectric




obstacles are present, and power is dissipated. It can be expected that
good accuracy will be obtained if the screen has only slight curvature
near the aperture, no inhomogeneities occur near the aperture, and no

appreciable power is dissipated near the aperture,.

I11I. DEVELOPMENT OF THE MOMENT SOLUTION

The electromagnetic field in region a in Fig. 1 is simulated by the
situation shown in Fig. 2. 1In Fig. 2, the original sources g}a and E}a
exist in region a, the aperture is closed, and a sheet of magnetic current

-M is placed just to the left of the closed aperture. Here,

M=Exn 1)

where E is the electric field in the aperture in Fig. 1 and n is a unit
vector normal to A. As shown in Fig. 2, n is directed away from region a.
In Fig. 2, (Eia’ E}a) 1s the electromagnetic field due to (lia, y?a) radi- ;
ating in the presence of the complete screen, and (gé(—!), Eé(f!» is that
due to -M radiating in the presence of the complete screen. The complete
screen is the screen with the aperture closed. The total field

&t

84 gé(fg), Eia + Eé(fﬂ)) in region a in Fig. 2 is the field in region
a in Fig. 1. a
The field in region b in Fig. 1 1s simulated by the situation shown ;
in Fig. 3. 1In Fig. 3, the original sources g}b and y}b exist in region b,
the aperture is closed, and the sheet of magnetic current M is placed just

to the right of the closed aperture. In Fig. 3, (gib, g}b) is the field

due to Qlib, y}b) radiating in the presence of the complete screen, and

(Eb(l_@), B_b(g_)) is that due to M radiating in the presence of the complete
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+ gp(g)) in region b in Fig. 3

screen. The total field (EX® + EC(v), H
is the field in region b in Fig. 1.

The sign difference between the magnetic currents in Figs. 2 and 3
is dictated by continuity of the tangential electric field across A in
Fig. 1. Continuity of the tangential magnetic field across A in Fig. 1

requires that

gt gl gy A (2)

a b _
_Etan(ﬂ) - ﬂtan@) ~ “tan —tan

where the subscript tan denotes components tangential to A. Since the

aperture is small, M may be expressed by the three term expansion

M=V + VM, + VM, 3

where El is the quasi-static current whose radiation field is that of a unit

magnetic current element K& = 1 in the Ei direction, gz

current whose radiation field is that of a unit magnetic current element

is the quasi-static

K¢ = 1 in the 52 direction, and M, is the quasi-static current whose radi-

3
ation field in region a is that of an electric current element I = -jwea
in the n direction. The £ and L) directions are orthogonal directions

in the plane of the aperture. All of the above three current elements are

placed at the origin of coordinates. This origin is chosen to be somewhere

in the aperture.

The phase of each of El’ EZ’ and EB is taken to be constant throughout

the aperture. Because their radiation fields are those of unit magnetic

current elements, gl and §2 are purely real. With regard to §3, the

electric current element I{ = -jwea in the n direction is equivalent in




8
region a to an infinitesimal loop of magnetic current in the plane of
the aperture characterized by [7, p. 135]
KS =1 (4)
where K 1s the filamentary magnetic current and S is the area of the
loop. It follows from (4) that §3 is also purely real,
To obtain the moment solution to (2), we substitute (3) into (2),
define the symmetric product <A, B> between two vectors A and B to be
the integral of their dot product over A, and then take the symmetric
product of (2) with !1’ ﬂz, and 53 successively. In matrix form, the
result is
v + Y° 0 = 1 (5)
a b > >
where [Y ] and [Y ] are square matrices, and V and 1 are column vectors.
The elements of [Ya], [Yb], and I’ are given by
a a
Yo, = - <M, H(M,)> (6)
13 I M 1=1,2,3
3=1,2,3
b _ b
Yij =- M, H (y_j)> (7
Il - M, @iP-nl?)s, 1=1,2,3 (8)

The elements of V are the coefficients Vl, V2, and V3 appearing in (3).
The elements (6) - (8) cannot be evaluated in a straightforward
manner because the functional forms of the magnetic currents{ﬁl, M and

§3arenot known. However, it has been established that

1) The magnetic currents Hl’ §2, and HB are real.
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2) The radiation field of M., is that of the unit magnetic

=1
current element K¢ = 1 in the L direction.
3) The radiation field of M, is that of the unit magnetic

current element K¢ = 1 in the £ direction.

4) In region a, the radiation field of !3 is that of the

electric current element I = —jmea in the n direction.

The magnetic current g% as 1t appears in Eé(M ) in (6) is attached

_.j

to the left-hand side of the complete screen. The magnetic current M

-—j
as it appears in gb(gj) in (7) is attached to the right-hand side of the

complete screen. The radiation fields of M, and M, are those of the
unit magnetic current elements mentioned in assumptions 2) and 3) re-~

gardless of the side of the complete screen to which M, and M, are

attached. Assumption 4) states that when EB is attached to the left-

hand side of the screen, its radliation field is that of the electric
current element I{ = -jwea in the n direction. However, it follows

from the result of (7, Prob. 3-6.] that when EB is attached to the right-
hand side of the complete screen, its radiation field is that of the

electric current element IR = -jwe, in the n direction.

b

IV. EVALUATION OF THE EXCITATION VECTOR

Assumptions 2) to 4) of Section III will now be used to evaluate
the elements (8) of the excitation vector fi. In view of the definition

of the symmetric product, (8) becomes

=1 -Ii (9)

where




b . H M, « uPas (11)

Here, ds is the differential element of area. Application of reciprocity

? [7, Sec. 3-8.] to the right-hand side of (10) gives

ia _ ia |, _a ia &
% - ” - 3% - e + 27 - B, ))ds (12)

where (g?(gi), Ea(yi)) is the field radiated by M, attached to the left-

hand side of the complete screen, The integration in (12) 1s over the

domain of J}a and H}a. Assuming that this domain is in the radiation

field of Hi’ we may, by virtue of assumptions 2} to 4), replace (12) by

ia ia a, ia a,n
1° = ” - 3% Bl + 0 - H(H))ds (13)

where ﬁl is the unit magnetic current element K& = 1 in the £1 direction,

8, is the unit magnetic current element K = 1 in the t, direction, and

ﬁ is the electric current element I{ = -jwea in the n direction. We

3

emphasize that ﬁ3 is an electric current rather than a magnetic current.

The impulsive currents ﬁi’ ﬁQ’ and ﬁB are located at the origin of

coordinates. As it appears in (13), ﬁl is attached to the left-hand

side of the complete screen.

Application of reciprocity to the right-hand side of (13) gives

cut%s, 1-=1,2 (14)

L}
|l o
W
n
—_—
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Because of the impulsive nature of ﬁl’ ﬁz, and ﬁs, (14) and (15) reduce
to
ia ia
L =h
ia ia
I,” = H, (16)
ia . ia
13 = J(.ueaE3
ia ia ia
where Hl is the t, component of H™ at the origin, H2 is the t, com-
ponent of ﬂia at the origin, and E;a is the n component of E}a at the

origin.

A development similar to (12) - (16) reduces (11) to

Iib - Hib
Igb = Hgb (17)
I;b = jmsb Eéb

where Hib, H;b, and E;b are, respectively, the_t_1 component of g}b, the

52 component of gib, and the n component of gib, all evaluated at the

origin. The factor Eb in the last of equations (17) is due to the fact

that when ﬁa is attached to the right-hand side of the complete screen,
its radiation field is that of the electric current element I{ = ~jweb in
the n direction rather than I{ = —jwea in the n direction. Substitution

of (16) and (17) into (9) gives

g




This completes evaluation of the elements (8) of the excitation vector fi.

V. EVALUATION OF THE IMAGINARY PART OF THE MOMENT MATRIX

The imaginary parts of Y? of (6) and Yb of (7) will now be

] ij
evaluated by using Bethe's theory [3]. According to the extension of this

theory to allow for contrasting media [4], the far field of the magnetic

current M in Fig. 2 can be approximated by the far field of the combina-

tion of the magnetic pole dipole

2y
- b (_ ia _ 1b, _ ia _ ib
By = g 5 o (B - B - 8y oy (- = )] 1%
and the electric charge dipole
2¢
By = % +2 nao, (e E;a - ebEzb) (20)
a b

Furthermore, the far field of the magnetic current M in Fig. 3 can be

approximated by the far field of the combination of the magnetic pole

u €
dipole —E-Rm and the electric charge dipole ‘E-Re' In (19) and (20),
ub Ea

o and a o are the magnetic polarizabilities, and 0 is the electric
polarizability. The polarizabilities O %p2? and a, are purely real
and correspond, respectively, to the amxx’ amyy’ and a, used in [8].
Equation (19) 1is simpler than [4, Eq. (34)] which contains a real
symmetric polarizability dyadic. However, since it is real and symmetric,
this dyadic can be diagonalized by a simple rotation the coordinate axes )

in the plane of the aperture. Hence, (19), in which the magnetic polari-

zability dyadic is represented only by the diagonal elements uml and amz,

can be obtained for any small aperture.

S 4
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For our purposes, it is more convenient to deal with current
elements, magnetic denoted by K% and electric denoted by I&. These are

related to § 2 and P, by
KL = juu_ p_ (21)
1L = jwp, (22)

Thanks to (19) and (20), (21) and (22) become

2fwp_u
_ ab ia _ b
Kt TR [- %) op ™ H

1b
1 1) Tty %

@ - 1) (23)

2jwe
- a ta _ _ b
1L = e, re 2% (€,E3 = E,FE37) (24)

The combination of -K and -1 replaces -M in Fig. 2.
Previously, the magnetic current M in Fig. 3 was likened to the

u
combination of the magnetic pole dipole -U—a- N and the electric charge
b

€
dipole e—b 2, These dipoles are equivalent to magnetic and electric cur~
a

rent elements KL' and IL' given by

KL' =3 (ua ) (25)
v = Wy R
“
12 = jw (&~ 2.) (26)
a

Comparison of (25) with (21) gives

K = K @n)

Comparison of (26) with (22) gives

b
' =—1 (28)
a
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The combination of K&' and I&' replaces M in Fig. 3.

Replacement of -M in Fig. 2 by the combination of -K& and -I{ and
i replacement of M in Fig. 3 by the combination of K&' and I&' gives the
situation shown in Fig. 4. 1In Fig. 4, K& is the magnetic current element
(23), and If is the electric current element (24). If the aperture is
sufficiently small, the electromagnetic field in Fig. 4 is a good approxi-
mation to that in Fig. 1 at points sufficiently remote from the aperture.
Note that if the result of [7, Prob. 3-6.] is used to replace the electric

€
b I2 in Fig. 4 by infinitesimal loops of magnetic ]

e =

current elements -IL and

[+

current, then the magnetic current attached to the left-hand side of the

screen in Fig. 4 becomes the negative of the magnetic current attached to

the right-hand side of the screen in Fig. 4. This is in agreement with the

fact that the magnetic current attached to the left-hand side of the screen

in Fig. 2 18 the negative of the magnetic current attached to the right-hand
side of the screen in Fig. 3.

The combination of current elements -K% and -I% in Fig. 4 replaces

-M in Fig. 2. The radiation field of the combination of K& and I{ attached
to the left-hand side of the complete screen is (approximately) equal to the

radiation field of M attached to the left-hand side of the complete screen.

The combination of K& and If is called ﬁ and is expressed as

A

M= vyl + Ut + Vi (29)
where ﬁl, _@2, and ﬁ3 are defined just after (13). Thanks to (23) and (24),

the V's are given by

, I l.J.




Fig. 4.
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- b r -
1 f zjwuaubaml b
v, — 2 0 0 I
ua ub
2jwu y o
b m2 i
A = 0 —-a>°n 0 1 (30)
2 My + ub 2
200
i
v 0 0 _— 1
i 3 J i jw(sa + sb) ] i 3 ]
i i i
where Il’ 12, and 13 are given by (18).

Equations (29) and (30) were ohta:ied by using Bethe's theory extended
to allow for contrasting media. This theory is called conventional small
aperture theory. For calculation of the far field, the moment solutlon (3)
is equivalent to (29) where the ¥ : are the elements of the column vector 6
which satisfies the moment equation (5). Hence, the moment solution will be
equal to the result of conventional small aperture theory if the elements of
By forcing the elements of the SOlu-

. "+
tion V to (5) to be equal to (30) for arbitrary values of Ii, I;, and

the solution V to (5) are given by (30).

I;, we obtain that [Ya + Yb]-l is equal to the square matrix in (30). This

result implies that

[ u s
Z'Ma ] . 0 0
JeMa p%m
+
[v3+yP) = 0 _ta” %y 0 (31)
AT
a'bm2
o . Jw(ea+sb)
20
- e >

In order to isolate [Ya] from [Yb], we rewrite (31) as

[~ <

1 1

1
C + )
zjaml kana kbnb 0 0
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where ka is the wave number in region a, na is the intrinsic impedance
in region a, kb is the wave number in region b, and nb is the intrinsic
impedance in region b. From (6) and (7) and the nature of the magnetic
field operators ﬂé and g?, we expect the elements of [Ya] to be pro~-

portional to l/na and the elements of [Yb] to be proportional to 1/nb. i

It is now evident from (32) that

r -
1 i
0 0 §
|
2jwuamml ;
1 :
iY?) = 0 0 (33)
2jumaOLmZ
jwe
a
0 0 20
R e
1
0 0
2jmubo‘ml
b 1
[yl = 0 — 0 (34)
ijubamz
jwe
b
0 0 7a
- e -

The admittance matrices (33) and (34) came out purely imaginary
because no radiation terms were included in the magnetic pole dipole (19)
and the electric charge dipole (20). Now, [Ya] and [Yb] have real parts
which, although usually small compared to the imaginary parts, become
important if the imaginary parts are cancelled by means of electromagnetic

interaction.

4
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VI. EVALUATION OF THE REAL PART OF THE MOMENT MATRIX

In this section, the real parts of Y2 and Yb are evaluated and

the far field due to the aperture is obtained from the moment solution

for M.
According to (6), the real part of Yij’ denoted by Re(Yij), is
given by
Re(Y2,) =- RecM,, HE(M,)> (35)
13 -

Unfortunately, (35) is not amenable to calculation because the quasi-

static magnetic currents M, and M, are not known.

= 05

With a view toward obtaining a workable formula for Re(Ya

13

consider the power p? supplied by the magnetic current M of (3) attached

), we

to the left-hand side of the complete screen. If M is the only source in

region a, then P2 is given by [7, Eqs. (1-63) and (1-64)]

P? = - Re <M*, H"(M)> (36)

where the asterisk denotes complex conjugate. Because 51’ M, and !3

are real, substitution of (3) into (36) gives
p? = Re(V* Y¥) (3n

where V is the column vector of the coefficients Vl’ V2, and V., in (3).

3

Also, V is the transpose of V, and Y® is the square matrix whose elements

are defined by (6). Equation (37) can be rewritten as
PP e g U vt (¥ (38)

From reciprocity, Y? is a symmetric matrix so that (38) reduces to

p® = V[Re Y3[V (39) :




If the medium in region a is loss-free, then P? 1s also equal

to the integral of the real part of the outward component of the complex
Poynting vector over a surface S such that the combination of S and the

complete screen encloses the magnetic current M. Hence,

*
P - ke ” ERa) x B0 - ds (40)
S
where the magnitude of ds is the differential element of area and the
direction of ds is that of the normal vector which points outward from S.

If S is sufficiently remote from M, then (40) becomes

P® = Re ” @ < B ® - ds (41)
S

where.ﬁ is given by (29). The right-hand side of (41) is the power radiated
by the source ﬁ attached to the left-hand side of the complete screen, Sub-

stitution of (29) into (41) gives

P2 = Tx[?21V (42)

where ¥2 is a square matrix whose elements are given by

?:j = % JJ [Ea(_iij) X Ea*(ﬁi) + _ga*(_f_i‘i) x .Ea(ﬁj)] . E ((.3)
S

The magnetic current M was introduced in (36) as an independent
source. Hence, V is arbitrary in (39) and (42). The fact that (39) is

equal to (42) for all conceivable column vectors v implies that

Re[Y?] = [¥?) (44)

According to (44), knowledge of the power radiated by the source ﬁ.attached

to the left-hand side of the complete screen determines Re[Ya]. Retracing
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the development (36) - (44) with M attached to the right-hand side of

the complete screen, we obtain

Re[Y"] = (¥°] (45)

where ?b is a square matrix whose elements are given by

sb 1 ([ b b* A~ b* A b*
Y =3 h (E (&j) XHO M) +ET @) < EM)) - ds (46)
» S
F' According to (45), knowledge of the power radiated by the source ﬁ attached
to the right-hand side of the complete screen determines Re[Yb].
Equations (44) and (45) call for replacement of (33) and (34) by ;
13
- %
[ 1 ;
~a ~a sa f
—+ ¥ Y Y :
2jwi a7 11 12 13 ;
a ~a 1 sa sa
(vl = Y21 3ion o t Y22 Y53 (47)
a m2
sa ~a jwea ~a
L Y3 REY) 20 * Y33
and 1
1 sb b b
_— 4 Y Y Y
2jw o0 " 1L 12 13
b, _ b 1 sb sb
(Y71 = Y21 oot Y22 Y23 (48)
b m2
, - ?b ‘?b wab + ?b
31 32 Zae 33

As stated just after (38), [Ya] is a symmetric matrix. Furthermore,
[Yb] is also a symmetric matrix, For the situation in Fig. 4 where
homogeneous media exists on both sides of the complete screen, [Qa] »

and [?b] are diagonal matrices. However, the elements of [?8] and [?b]
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as obtained from (43) and (46) are valid for the more general situation
in which the complete screen is not plane and loss-free inhomogeneities
such as perfectly conducting walls or loss-free dielectric objects are
present on either or both sides of the complete screen. Presumably, a
slight curvature of the complete screen or loss-free inhomogeneities
remote from the aperture will have little effect on the imaginary parts
of [Ya] and [Yb]. Hence, it is feasible to apply (47) and (48) when the
complete screen curves slightly and/or loss-free inhomogeneities exist
remote from the aperture. In these cases, (?a] and [?b] could have
non-zero off-diagonal elements.

The matrix elements ?i and ?Ej in -vpressions (47) and (48) for

|
the moment matrices [Ya] and [Yb] are defined by (43) and (46). 1In

(43), ﬁl is the unit magnetic current element K¢ = 1 in the 5 direc-

tion, M, is the unit magnetic current element K¢ = 1 in the £2 direc-

-2

tion, and ﬁ3 is the electric current element If = -jmga in the n

direction. As they appear in (43), ﬁl’ ﬁz, and ﬁa are attached to the

left-hand side of the complete screen. 1In (46), ﬁl is the unit magnetic

current elem:nt K¢ = 1 in the t, directionm, ﬁ is the unit magnetic cur-

1 2

rent element K¢ = 1 in the £ direction, and ﬁ3 is the electric current

element I{ =-jwe, in the n direction. As they appear in (46), ﬁl’ &2’

b

and ﬁ are attached to the right-hand side of the complete screen.

3
The magnetic current elements &1 and &2 in (46) are the same as those

in (43). However, the electric current element ﬁB in (46) is different
from that in (43) if € # €, . The use of M, in (43) and (46) is based
on the global definition that &3 is the electric current element which is

equivalent to the infinitesimal loop of magnetic current in the plane of

the aperture characterized by (4).
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a b
14 and Yij

appearing in (47) and (48) were derived for loss-free media in regions a

Expressions (43) and (46) for the matrix elements ¥

and b. However, (43) is valid so long as there is no loss inside S.
Hence, it is feasible to apply (43) if there is some loss provided that
the loss in the vicinity of the aperture is negligible. Similarly, (46)
still applies if, in region b, loss occurs remote from the aperture.
Expression (43) for ??j was extracted from the power radiated
by the source M attached to the left-hand side of the complete screen.
Since the medium inside S is loss-free, this power must be equal to the
power supplied by ﬁ, An alternative expression for ?ij will now be
extracted from the power supplied by M. Since ﬁl and ﬁz are purely real
magnetic currents and ﬁ3 is a purely imaginary electric current, the

power supplied by ﬁ is given by

*

P2 = - Re <V fi, + Vi H2(#)> + Re <V M E? (M) > 49)
1 Ty 28 330 2 =
Substitution of (29) into (49) gives
~% ->
P2 = Re(V C7V) (50)

where C? is the square matrix whose elements are given by

1=1,2
a _ _ . a
Cij <£4_i’ E (M_j)> ’ ; (51.)
L} =1,2,3
c3y = <Hy EFE)> i =1,2,3 (52)
Equation (50) can be rewritten as
kg
p? = ¥ v?y (53)

where
A -g.*
P2 = % c® + (641 (54)
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The matrix ¥° defined by (54) is equal to the matrix 't appearing in
(42) because the quadratic forms (42) and (53) are equal to each other

for arbitrary V.

From reciprocity, c® is a symmetric matrix so that (54) reduces to

2 = Re C? (55)

Thanks to the definition of the symmetric product and the definitions

of ﬁl’ ﬁz, and ﬁ3, substitution of (51) and (52) for the elements of c?

in (55) gives

o a A a A a A T
Re H (M)  -Re H () -Re H (M,)
sa _ | a s _ a,a _ a, n
Y = Re H2 (_til) Re H2 (ﬁz) Re Hz(ﬁ3) (56)
a,n a,n a, .
weaIm E3(El) wgaIm E3 (Ez) u)gaIm E3 (_1_4_3)
where Im denotes imaginary part. In (56), H;(ﬁj), H;(ﬁj), and Ez(ﬁj) are,
respectively, the 51 component of Eé(ﬁj), the 52 component of g?(ﬁj), and

the n component of gé(ﬁj). These three fields are evaluated at the

origin. In (56), ﬁB is the electric current element If = —jwea in the n

direction.

Consideration of the power supplied by ﬁ attached to the right-hand

side of the complete screen leads to

[ b o b o b o 1
-Re H, (M) -Re Hl(_}_lz) -Re H1(§3)
sb b, b~ b,
Y' = | -Re H,(M,) -Re H,(M,) -Re H,(M,) (57)
b A b ~ ) b ~
we, Im E (M) ‘ui,bIm E3(§2) s Im E3(§3)




bA
Here, Hl(ﬁj

ﬂp(ﬁj), the t, component of gk(ﬁj), and the n component of Ek(ﬁj). These

three fields are evaluated at the origin. In (57), ﬁB is the electric

)P Hg(ﬁj), and Eg(ﬁg) are, respectively, the t, component of

current element I = -jwe, in the n direction.

b
»1 _a b
Now that I',Y , and Y have been evaluated, the moment equation
(5) can be solved for V. The solution to (5) is
> -
Vo= v? 4 ¢0y i (58)
where the elements of Tt are given by (18). The elements of Y2 and Yb

are given by (47) and (48) in which ?i 1s given by either (43) or (56),

3

and ?: is given by either (46) or (57). The elements Vl’ V2, and V3

]
of V of (58) give M according to (3).

The field due to the aperture consists of the fields radiated by
-M in Fig. 2 and M in Fig. 3. If only the far field is of interest, M
may be replaced by ﬁ of (29). Hence, in region a, the far electric field

due to the aperture is E?(-ﬁ) given by

A 3 -~
EA-) = - | v, E°@) (59)
- . i-= =i
i=1
where the V's are the elements of V of (58), and gé(ﬁi) is the electric

field due to ﬁi attached to the left-hand side of the complete screen.

Here, ﬁl is the unit magnetic current element K{ = 1 in the 1 direction,
ﬁZ is the unit magnetic current K¢ = 1 in the t, direction, and ﬁa is the
electric current element I{ = -jwea in the n direction.

Similarly, in region b, the far electric field due to the aperture

is _I';b(ﬁ) given by

) = ] v, @) (60)




where the V's are the elements of V of (58), and gk(ﬁi) is the electric

field due to ﬁi attached to the right-hand side of the complete screen.

Here, ﬁ is the unit magnetic current element K{ = 1 in the 31 direction,

1
M, 1s the unit magnetic current element KL = 1 in t:he_g2 direction, and

M. is the electric current element I = —jweb in the n direction.

VII. APERTURE IN AN INFINITE CONDUCTING PLANE

In this section, the moment solution for small aperture coupling
is applied to a small aperture in an infinite conducting plane. Here,
the situation is precisely the situation described in the first para-
graph of Section II.

In expression (58) for V, the elements of fi are given by (18),
Y2 is given by (47), and Yb is given by (48). The matrix elements Q?j
appear in (47), and the matrix elements ng appear in (48).

Now, Qij appears in the quadratic expression (42) for the power
radiated by the source ﬁ of (29) attached to the left-hand side of the
complete conducting plane. Here, the adjective complete means that the
aperture has been closed with a perfect conductor. In (29), ﬁl, ﬁz,
and ﬁa are the current elements defined in the second from the last
paragraph of Section VI. In the case of the complete conducting plane,

there are no cross-product terms in the quadratic expression for the power

P2 radiated by It 1s evident that P2 is twice the power that would

8
be radiated by ﬁ in the homogeneous medium characterized by (ua, ea)
everywhere. From [7, Eq. 2-116] for the power radiated by an electric

current element in a homogeneous medium and from the dual expression for

the power radiated by a magnetic current element in a homogeneous medium,

we obtain




e e

k2
a a

P =

2 2.2, 2
T (v 17+ v [7 + 3G V415

Comparison of (61) with (42) gives

[ ki
—_— 0 0
3wna
o K2
Y = 0 3?;6_ 0
k,
0 0 3
a
. .

Similarly, we obtain

- -

2
2 0 0
b
2
P - 0 3;2%— 0
b
4
ky
» 0 0 iy

In view of (18), (47), (48), (62), and (63), expression (58) for

V becomes
Hlb _ Hia
V. = 1 1
2 2
. ko g0, Ha * ¥y
-]
31Tnanb zamlwua“b
Hib _ Hia
V. = 2 2
2 2 2
kanb + kbna ua + ub
3Tmanb 2quwuaub
ib ia
v = b3~ %af3
4
? E:a + Eb kanb + k:na
-
2 3mmanb
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(61)

(62)

(63)

(64a)

(64b)

(64c)




In region a, the far electric field due to the aperture is given

by (59) in which the V's are given by (64) and gé(ﬁi) is the far electric

field due to ﬁ attached to the left-hand side of the complete conducting

i

plane. Here, ﬁi’ i=1,2,3, are the current elements defined in the second

from the last paragraph in Section VI.

3-13] that the far electric field

It is apparent from [7, Sec.

Eé(;&) due to an electric current element 1{ attached to the left-hand

side of the complete conducting plane is given by
-jk r
jwu_e

27y lgtan

EP) = - (65)

where r is the distance from the origin and l&tan is the part of I{ per-

pendicular to the radius vector from the origin. Similarly, the far

magnetic field g?(g&) due to a magnetic current element K{ attached to the

left-hand side of the complete conducting plane is given by

-jk r
jwe e 3

K2 (66)

a
K = - 21y ~“tan

where E&tan is the part of K¢ perpendicular to the radius vector from the

origin. In the far zone, the electric and magnetic fields g? and gé due

to any source in the vicinity of the origin satisfy

a a
E" =nH xu (67)

is the unit vector in the direction of the radius vector from

where u
-T

the origin.

Expressions (65) - (67) will now be used to obtain Eé(ﬁi), i=1,2,3.

For convenience, an xyz coordinate system is constructed such that the unit

' vectors in the x,y, and z directions are El’ 52, and n, respectively. With




this coordinate system, (65) gives 28

-jk.r
ki e 8 sin 9

21r

EAH,) = u, (68)

where 8 is the angle measured from the positive z axis and ug is the unit

vector in the § direction. Similarly, (66) gives

~-jk r
A jk_e a
H (ﬂl) = - (ge cos 6 cos ¢ - E¢ sin ¢) —Eﬁﬁ;;_—_ (69)
and
Ny jkae jkar
H (§2) = - (ge cos 9 sin ¢ + E¢ cos ¢) ~§;ﬁ;;r-- (70)

where ¢ is the angle measured in the xy plane from the positive x axis

and u, is the unit vector in the ¢ direction. Application of (67) to

Yy
(69) and (70) gives

-jk.r
a,n jkae ?
E (Ml) = (26 sin ¢ + E¢ cos 6 cos ¢) ST (71)
and . ~jk r
a,n J.kae
E (MQ) = (- u, cos ¢ + U, cos 8 sin ¢) T (72)

The far field g?(ﬁi) due to ﬁi attached to the right-hand side of the
complete conducting plane is given for i = 1,2, and 3 by equations similar

to (71), (72), and (68).

foe

Ek(ﬁl) = (ge sin ¢ + g¢ cos 6 cos ¢) T (73)
-ik T
b,a Jkye "
E (ﬂz) = (- ug cos o + u, cos 8 sin ¢) 5 (74)
-jk. r
b, kt2> e ®
E'(M;) = uy —5—sin 8 (75)

The far electric fieldgf(-ﬁ) in region a due to the aperture is

given by (59) which is
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3
E'-i) = - ] v, EP() (76)

i=1

where the V's are given by (64) and E?(ﬁi), i=12,3, is given by (71),
(72), and (68). The far electric field Eb(ﬁ) in region b due to the

aperture is given by (60) which is

Eb

where the V's are given by (64) and Ek(ﬁi), i=1,2,3, is given by (73),

(74), and (75).

VIII. APERTURE IN A TRANSVERSE WALL BETWEEN TWO WAVEGUIDES

In this section, the moment solution is applied to two rectangular
waveguides of dimensions a by b and a' by b' separated by a transverse
wall at z = 0 which contains a small aperture as shown in Fig. 5. The
aperture is located at the center (x = a/2, y = b/2) of the cross section
of the left-hand waveguide or, equivalently, at the center (x' = a'/2,

y' = b'/2) of the cross section of the right-hand waveguide. Here, x

and vy are rectangular coordinates in the cross section of the left-hand
waveguide, and x' and y' are rectangular coordinates in the cross section
of the right-hand waveguide. The aperture is symmetric about the lines

x = af2 and y = b/2 so that the t ty and n directions introduced in

19
Section III can be taken as the x,y, and z directions, respectively.
The left-hand waveguide is filled with the loss-free homogeneous medium

(ua, Ea) and the right-hand waveguide is filled with the loss-free

3
@ = ] v, E') (77)
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s €

$ - _Er-Ei “b b

Fig. 5. Two rectangular waveguides coupled by a small

aperture in a transverse wall between them.
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It is assumed that a > b and that a' > b’

homogeneous medium (ub, >

b)'

so that the TE, . mode is the dominant mode in each waveguide. Further-

10

more, it is assumed that the frequency is such that only the TElO mode

propagates in each waveguide.

The excitation of the coupled waveguides is a TElo wave incident
in the left-hand waveguide. If the transverse wall were complete (no
aperture), then in the right-hand waveguide there would be no field
and in the left-hand waveguide the electric and magnetic fields would

be gia and Hia given by

% = uE, (e73B2 B2y g4 IX (78)

ia

2= - u vE (38 4+ 3F%) g =y

2x '
u, %%} Ei (e°sz - esz) cos %} (79)

Here, U Ey’ and{g2 are the unit vectors in the x,y, and z directions,

respectively. Also, E, is the amplitude of the incident wave, and

i
2 T2
8= Jii- D (80)
_ B
Y =& e (81)
a a
where
J
ka u)vuaea (82)
/17
a
n, =V o (83)
a

The superscript "a" in (78) and (79) indicates that the left-hand
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waveguide 1s taken to be region a which appears in the general theory,

The right-hand waveguide will be taken as region b of the general theory.
In the far zone (z << 0), the electric and magnetic fields gaQQ)

and Eé(ﬁ) due to ﬁ attached to the left-hand side of the complete trans-

verse wall can be expressed as

a.c. jBz . mx
ET(M) = u, Er e sin — (84)
Eé(ﬁ) =-u vE B2 sin 1= -
iny jBz ups
Y, “Ba Er e cos — (85)

where Er is an unknown coefficient. Application of reciprocity to the

fields (84) ~ (85) and (78) - (79) gives

a, ;. - ia | o ~ ia ~
” EM »~Jds=-H (Vlgi_1 + vzgz) + E V3§3 (86)
Sab
where Sabis the cross section of the left-hand waveguide and J is an

electric current sheet which, when radiating in the left-~hand waveguide

closed with the complete transverse wall, pr duces the electric and

magnetic fields Eia and'ﬂia.

The 1nterested reader can show that the current sheet

g=-u 2vE &3 510 I )

placed at z = ~d in the cross section of the left-hand waveguide pro-

duces Eia and g}a for -d < z < 0. In view of the definitlons of ﬁl’

ﬁz, and ﬁs, substitution of (84) for Eé(ﬁ), (87) for J, (78) for Eia,

ia

and (79) for H

in (86) gives
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E = —= (88)

The power P® radiated by ﬁ attached to the left-hand side of the

complete transverse wall is given by

a

a,» a* .
P=—ReJJE(§)X§ (_bi)-gzds (89)
S
ab

In view of (88), substitution of (84) and (85) into (89) gives

2
P° = = V| (90)
A development similar to (84) - (88) shows that in the far zone
(z >> 0), the electric and magnetic fields g?(ﬂ) and gb(ﬁ) due to
ﬁ attached to the right-hand side of the complete transverse wall are
given by
b,y _ -jR'z ., 1mx'
EM = u, E e sin —- (91)
N _snt : '
@) = -u YE e387% gin X4
hat t a
. ] Nt 1]
o T g o382 o T (92)
—z B'a’ 't a
where
2 T2
" o - (=
B8 kb 2 (93)
B'
Y = _ (94)
ko
= TR
kb = W YUy (95)
U
n = V=2 (96)
b
2v
Eo= (97)

PR




A development similar to (89) - (90) shows that the power Pb radiated

by ﬁ attached to the right-hand side of the complete transverse wall

is given by

2
L T (98)

Comparison of (90) with (42) shows that the only non-zero element

~a ~a .
of Y 1is Y11 given by

Y17 @b (99)

According to (98), the only non-zero element of P is ??1 given by

b _ 2y
Y11 7 a2

(100)

It is evident from (78), (79), and (18) that the only non-zero element of

. i
the excitation vector is I

1 given by
i
1. = 2YE, (101)
1 i

In view of (47), (48), (99), (100), and (101), the only non-zero

element of V of (58) is v1 given by
YEi
v, = (102)
1 :L.+ v iy Ua + My
. 1] ] \
ab a'b AwdmlLaub

In the far zone (z “< 0), the electric and magnetic fields due to
the aperture are the fields due to —ﬁ attached to the left-hand side of
the complete transverse wall. Thanks to (84) and (85), these fields are

given by

. el ‘
E2(-M) = u E_e'"" sin 7% (103)
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where, from (88) and (102),

2YEi

E = 7 Y' Ua F L‘b (105/
3 Gyt I e )
ml a"b

In the far zone (z >> 0), the electric and magnetic fields due to
the aperture are the fields due to ﬁ attached to the right-hand side of

the complete transverse wall. As given by (91) and (92), these fields are

b .~ -jB'z . x'
ET(M) = Ey Et e sin N (106)
- o !
Hb(M) = - Y'Et e~IB'2 sin —— +
jrY’ -jB'z mx'
u, '%;’aT Et e cos — 5~ (107)
where, from (97) and (102),
ZYEi
E = 8
t .y TRE (108)
A 1 _+ —_—— - % .—____—)
a’b (ab a'b! b G U
ml a"b

IX. APERTURE IN A LATERAL WALL OF A WAVEGUIDE

In this section, the moment solution is applied to a rectangular
waveguide of dimensions a by b coupled to a half-space by means of a small
aperture in one of its walls. As shown in Fig. 6, the aperture is located
at (z = 0, x = x') in the upper (y = b) wall of the waveguide. Except for
the aperture, the whole y = b plane is perfectly conducting. The aperture
is symmetric about the lines z = 0 and x = x' so that the tyr Eys and n

directions introduced in Section IIT can be taken as the z, X, and y
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Fig. 6. A rectangular waveguide coupled to a half-gpace by means of a

small flanged aperture.
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directions, respectively. The waveguide is filled with the loss-free
homogeneous medium (ua, Ea) and the half-space is filled with the loss-
free homogeneous medium (ub, sb). It 1s assumed that a > b so that the

TElO mode is the dominant mode in the waveguide. Furthermore, it is

assumed that the frequency is such that only the TE, . mode propagates in

10
the waveguide.

4 The excitation is a TE10 wave which travels from left to right in
the waveguide. If the aperture were closed with a perfect conductor,

then in the half-space there would be no field and in the waveguide the

electric and magnetic fields would be E}a and E}a given by

% -y £ e3P gy T (109)
2 2y i a

Hia = - u YE, e_jBZ sin X 4y Jmy E e_JBZ cos X (110)
- —x i a —z Ba 1 a

Here, Ei is the wave amplitude, and B and Y are given by (80) and (81).
The waveguide region is taken to be region a of the general theory. The
half-space region will be taken as region b of the general theory.

Far from the aperture, the electric and magnetic fields g?(-ﬁ) and H
ﬂa(fﬁ) due to -ﬁ attached to the inside of the upper wall of the complete

o~ waveguide at (z = 0, x = x') can be expressed as

E2(-M) = u E in
E (-4 Yy Fy
z<<0 (111)
Ha(-ﬁ) =y YE eJBZ sin 2 + 4 imy E esz cos =
- = ~xX r a -2 fRa r a
E* () = u Ete_jsz si 2?
‘ -y z>>0  (112)
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The complete waveguide is the wavegulde with the aperture closed with a
perfect conductor. In (111) and (112), Er and Et are unknown coefficients.

Application of reciprocity to the fields (111) and (109) -~ (110) gives

fa |y qi (113)

a, & - ia ~ A _
[J E(-M) Jds =H (VlM + VZEZ) E 313

-1
Sab

where Sa is the cross section of the waveguide and J is the electric

b
current which, when radiating inside the complete waveguide, produces the

electric and magnetic fields E}a and E}a.

It can be verified that the current sheet

jBd TX

J=-u 2YE, e sin — (114)
- i a

placed at z = -d in the cross section of the complete waveguide produces

ia

E " and Eia for z>-d. In view of the definitions of ﬁl’ ﬁ?’ and ﬁa,

substitution of (111) for E(-M), (114) for J, (109) for E'2, and (110)

for E?a in (113) gives

2
E o=+ [y 4+ gy - 31—ci-sv ) (115)
, ab " Ra 1 2B '3
where

]
S = sin Eg* (116)

1]
C = cos Eﬁ— (117)

A development similar to (113) (115) shows that

k%S

= = - -3
E = [ Ra V1 SV2 g V3] (118)

The power P? radiated by ﬁ attached to inside of the upper wall

of the complete waveguide is, as calculated from (111) and (112),

38



a _ aby 2 | 2
PY = = LE 17+ 1EIT] (119)
# Substitution of (115) and (118) into (119) gives
~%kA
P2 = VIV (120)
where
~
2.2 wkz SC ]
mC 0 a
& 2 2 2
A R~a a
["
sa Y 2
Y = ab 0 S 0 (121)
ﬂkz SC k4 52
a 0 a
2 2
nd Ba B e

The half-space matrix ?b is given by (63).
In view of (47), (48), (121), and (63), the moment matrix [Ya + Ya]

reduces to

cl 0 c4
(v3+yP1 = | o c, 0 (122)
<, 0 c3
where
2
nzcz kb i ua+ub
€1~ Tt 3 T ke (o) (1232)
. k. n Ba’b b a"'a"m1 Hp
a'a
2
82 Ky i Haty
c2 = k n_ab Imm.  k n o 2u ) (123b)
a'a b a'a m2 b
3 .2 4
k™ S 3 £ _+€
cy " it et ) a1230)
a b be b
”ka SC
c4 = (1234)

2
naLa b




From (122), we obtain

rv3+yP) 7t -

In view of (109) and (110), the excitation vector fi whose elements

are given by (18) reduces to

b

40

(124)

(125)

Thanks to (123), substitution of (124) and (125) into (58) gives

v = anb CEiaml 02 (ea + € )y ___-a ]
1 k ahA 2¢
a b
~ 2) BEiSflmz
V2 =
1 + ub 2
22— + 2y & "
b
2n. E,S Lo+ u 2] 2k n
V. = - b 1 [2 ¢ a b + kb a a o ]
3 naA 2ub ml

where

(126a)

(126b)

(126¢)




41
kb v, + My £y + £y . e, + o T C k kb n,
b= ( 21 )T + A 3nn qml -
b b b k Ba b b
2.2 4 3 .3 3 2
+
ld(ua ub)(kas 0% kb S+ 4 o (k [k n, TT kbc ] (127)
2ub Bab n, 3TTk e 3'rmb Bab kaBa b
With the xyz coordinate system in Fig. 6, the definitions of ﬁl’
ﬁz, and ﬁ3 and formulas like (65) - (67) yield
-jkbr
jkb e sin 8
b ~ - - Jw
E (M) Uy 5r e (128a)
-jk. r
b~ e " 19
E'(Ez) = (26 sin ¢ + u, cos 8 cos ¢) — o e (128b)
_kar
Eb(ﬁ ) = - (u, cos € sin & + u, cos ¢) ——————~——'ejw (128¢)
= =3 =0 -4 27r
where

Y = kbsin 8 (x'cos ¢ + b sin ¢) (129)

Here, 6 is the angle measured from the positive z axis, and ug is the
unit vector in the 6 direction. Also, ¢ is the angle measured in the

xy plane from the positive x axis, and is the unit vector in the ¢

u
-~

!
direction. Finally, r is the distance from the origin. The factor ejv
in (128) is due to the fact that the aperture is located not at the origin
but at (x=x', y=b, z=0).

In the waveguide region, the far field due to the aperture is given

by (111) and (112) where Er and Et are given by (115) and (118), respectively.

The V's in (115) and (118) are given by (126). 1In the half-space region

(y>b), the far field due to the aperture is g?(ﬁ) given by (60) which is
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b o 3 b -
EM = ] V,ET(H) (130)
i=]

In (130), the V's are given by (126), and Eb(ﬁ,i)’ i=1,2,3, is given

by (128).
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APPENDIX A. CONSERVATION OF POWER

In Appendix A, it is shown that the moment solution for the current
elements K% and I% in Fig. 4 satisfies conservation of power. Conservation
of power means that the power entering the aperture from region a is equal
to the power flowing from the aperture into region b. Applied to the situ-
ation in Fig. 4, conservation of power states that the power -P? absorbed
by the current elements -K{ and -I% on the left-hand side of the complete
screen in Fig. 4 should be equal to the power Pb supplied by the current
elements K2 and (Eb/ea) If on the right-hand side of the complete screen in
Fig. 4. Note that the powers p? and Pb used here in Appendix A are different
from those used in the main text. In the main text, p2 and Pb are calcu-
lated with the impressed sources (gia, gia) and (g}b, Mib) absent. In
Appendix A, p? and Pb are calculated with the impressed sources present.

The combination of the left-hand current elements -K& and -I{ is
equal to —ﬁ where ﬁ is given by (29) in which ﬂ and ﬁ are unit magnetic

1 2

current elements and ﬁ is the electric current element Ii = —jwsa in the n

3

direction. Hence, the power P2 supplied by the combination of -K% and -Ix

is given by
* A * . A i * A A
P? = Re<v fl + V,ft,, HX(-) + B> - Re<V M, (- + g (A-1)
Thanks to (49) and (53), (A-1) becomes
~Xan> EIN * i * A ia
P? = VN + Re<V M, + VR, H A - Re<V,fi,, E°°> (A-2)

By virtue of (44), the symmetry of Im[Ya], and the impulsive nature of

ﬁl’ ﬁz, and ﬁ3, (A-2) reduces to

a _ ~k.az * ia * 1a *_ia _
P" = Re(VYV + VT VR 4 Jue ViES ) (A-3)




’ b _ . okby _ xodb  koib *_ib .
. P =Re(VYV V1Hl V2H2 jwebV3E3 ) (A-4)
The sum of (A-3) and (A-4) is
~%
P2 + PP = Re(V I[Y?® + YOIV - Ti]y (A-5)

44
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The combination of current elements K& and (eb/sa) I attached to
the right-hand side of the complete screen in Fig. 4 is‘ﬁ given by (29)

in which ﬁl and ﬁz are unit magnetic current elements and ﬁs is the elec-

tric current element If = -jwe, in the n direction. In a development

b
similar to (A-1) ~ (A-3), we obtain

where fi is the column vector whose elements are given by (18).

o T TR TTEETEE TR T A R T

It is evident from the moment equation (5) that the right—-hand

side of (A-~5) vanishes so that

-Pp =P (A-6)

Therefore, the moment solution for the current elements Kf and If in

Fig. 4 satisfies conservation of power. Conservation of power depends

o
upon accurate evaluation of T' and Re[Ya + Yb]. It is interesting to note
that, as long as Im[Ya + Yb] is symmetric, Im[Ya + Yb] has no effect on the

right-hand side of (A-5) and therefore no influence as to whether power is

conserved.
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APPENDIX B. RECIPROCITY

In Appendix B, it is shown that the moment solution (3) for the

magnetic current M satisfies reciprocity. Reciprocity states that
[I(Eéb -g}a-géb .u}a)ds - JJ(EPa .géb _ ﬂPa -g?b)ds (B-1)

where, with reference to the original problem shown in Fig. 1, (géb, géb

)

is the field in region a due to (J'°, M'P), and (£P?, u"?) is the field

in region b due to (g}a, ﬂla) Otherwise stated, (E?b, E?b) would be

the field in region a in Fig. 1 if (g}a, g}a) were absent, and (g?a, EPa)
would be the field in region b in Fig. 1 if (g}b, gib) were absent.

It is evident from Figs. 2 and 3 that

E* ("), B3 (-1P)) (B-2)

—~
™
-
A
1]

(Epa’ Hba)

E o, 1Ped)) (B-3)

where y? is the part of M due to (ila, Mia)’ and MP is the part of M

due to (ilb, Mlb). Otherwise stated, gé is the value of M which would

result if (gib, Mib) were absent, and Mb is the value of M which would

result if (g}a, ﬂia) were absent. Substitution of (B-2) and (B-3) into

(B-1) gives

_”(Ea(ﬂb) C 5Py - ui%yas = JJ(Eb(Ma) 'iib_gb(ga) ) ds (B-4)

Equation (B-4) is equivalent to (B-l). Hence, the moment solution (3)
for the magnetic current M will satisfy reciprocity if the moment solu-

tions (3) for !a and ﬁb satisfy (B-4).

The moment solutions (3) for gé and yp are given by




e e

f-‘—n—n‘r,‘\ T e T T e T e s o

a a a. a
M Vlﬂl + Vzﬁz + V3g3 (B-5)

b _ b b b
M = Vlﬁl + VZHZ + v3y_3 (B-6)

>
where Va, V;, and Va are the elements of the column vector v which

3

satisfies

2 + Y298 - 1l (B-7)

b b b +b

and Vl, V2, and V3 are the elements of the column vector V  which
satisfies

v + Y20 = 7P (B-8)

ia

In (B~7) and (B-8), 1 and fib are column vectors whose elements are,

with regard to (18), given by

Iia = - Hia
I;a = - H;a (B-9)
4 e o

and
1° - Hib
1.0 - H;b (B-10)
I§b = jus, E;b

If it is assumed that y? and EP are given by (B~5) and (B-6)

and that (Q}a, ﬁia) and (J}b, gib) are remote from the aperture, then

(B-4) 1is equivalent to

-”(g“@") g0y - nMas - ”(g"@a) 3P oW ) - uPyas  (m-11)
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where
~a A ar A
= + + -~
3 Viyl voR, v§§3 (B-12)
b _ba bs b
B o= vl + vl + vl (B-13)
Here, ﬁl and ﬁz are the unit magnetic current elements KL = 1 in the
51 and 52 directions, respectively. As used in (B-11), the ﬁa which
appears in (B-12) is the electric current element I¢ = —jwey in the
n direction. As used in (B-11), the ﬁg which appears in (B~13) is the
electric current element I = -jwea in the n direction.

Applying reciprocity first to the sources @b and (gia, ﬁia) to
the left of the complete screen and then to the sources ﬁé and (gib, ﬁlb)

to the right of the complete screen, we find that (B-11) is equivalent to

ia _ a_ib a ib . a_ib
E3 = Vl“l V2H2 - JwebV3E3 (B-14)

b ,ia b, 1a .
V) BT+ VR 4 jue v

w o

Equation (B-14) is always equivalent to (B-1l) regardless of the values
of the V's.

It will now be shown that the V's which satisfy (B-7) and (B-8)
also satisfy (B-14). 1In matrix form, (B-14) is

—Pia - _ gerid (B-15)

where ¥2 and ﬁb are the transposes of the column vectors V@ and Vb
in (B-7) and (B-8). The column vectors ?ia and Tib in (B-15) are the
same as those in (B-7) and (B-8). Multiplication of (B-7) by Vb from

the left gives

Pry? + yP1? = gPiie (B-16)

Multiplication of (B-8) by V2 from the left gives

Vy? + PP = 3P (B-17)
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Because [Ya + Yb] is a symmetric matrix, the left-hand sides of (B-16)
and (B-17) are equal to each other. Therefore, the right-hand sides
of (B-16) and (B-17) are equal to each other so that (B-15) is true.
In the previous paragraph, we found that the column vectors
va and Vb of the V's in the moment solutions (B-5) and (B-6) satisfy
(B-15). Backtracking, we see that these V's satisfy (B-14) which is
equivalent to (B-11). Since (B-11l) is equivalent to (B-4), we con-
clude that the moment solutions for Mé and gp satisfy the statement

(B-4) of reciprocity. 1In other words, the moment solution (3) for the

magnetic current M satisfies reciprocity.
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