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0. Introduction

We consider a Markov decision process with a general state space and general

action space. The system is observed at discrete points in time. If it is in

state s and action a is taken, then an immediate return r(s,a) is earned and the

system makes a transition to a new state according to the (possibly defective)

transition probability measure p(s,a;-). The objective i- to maxinize the

expected total return over a finite or infinite horizon from each possible start-

in ;tate. Discounting is accommodated by IncorDoratine' the discount factor In

the transition probabilities.

We seek a set of realistic and easily verified conditir.s under %ihich opti-

mal policies can be compute i (or approxinated) in an efficient wa,. 'hiat

distinguishes our approach from many others in the literature 1a that the condi-

tions we develop are appropriate to a specific class of Markov decision processes:

those that arise in the control of stochastic service and storage systems, such as

queueing, replacement, and inventory systems. Under these conditions we are able

to establish the standard results of the theor, of H1arkov decision processes:

(i) that the optimal value function satisfies the optimality equation of dynamic

progra ming, (ii) that it is the unique solution in a certain class of functions,

(iiI) that a stationary policy attaining the maximum in the optimality equation

is optimal among all policies, and (iv) that the method of successive approxi-

mations converaes (in other words, the finite-horizon optimal value functions

approach the infinite-horizon optimal value function).

It is customary in the literature to start with a general Markov decision

model and impose regulnrity conditions, such as e.g. uniform, polynomial, or

exponential bounds on the return functions [3 ], [14), [20], [37], as they are

needed to derive desired results. By contiast, we begin with what we feel to be

appropriate abstractions of the applications in which we are interested. Ile
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impose on our model a set of conditions, mostly involving monotonicity of return

functions and transition probabilities, that are common to many of the control

models for queueing, replacement, and inventory systems in the literature, and

then work toward achieving as many of the goals (I) - (iv) as possible. In fact,

we are able to achieve all four goals. Horeover, we are able to do this, by means

of certain transformations, in the context of an approach based on contraction

mappings with respect to the sup norm, so that the convergence of successive

approximations is uniform and geometric. This property makes it possible to use

various techniques to accelerate convergence, such as bounds, elimination of sub-

optimal actions, and transformations to reduce the spectral radius of the process

(see, for example, [ 8], [9], [17], (18], [19], [20], [22]).

In Section I we introduce our basic Markov decision model and establish

notation. The special cases of this model studied in this paper are all basically

examples of the essentially negative model of Hinderer R1]. That is, the one-

stage return function is bounded above and the one-stage discount factor is

strictly smaller than one. Like Schal [241 we allow the discount factor to depend

on the state and action, so that our model covers semi-Markov decision processes.

Our notation incorporates the discount factor in the transition probabilities and

allows for defective transition probabilities (cf. P0], Pl]). For n-stage

problems we extend the SchX1 model to allow a non-zero terminal-value (scrap)

function (cf. 110, P32). In the context of the successive-approximations

method for infinite-stage problems, this is equivalent to allowing a non-zero

starting function.

In Sections 2 and 3 we study two special cases of the basic decision model

of Section 1, both of which abstract some of the properties commonly found in

stochastic service and storage systems. The model of Section 2 allows unbounded

return functions, but the structure of the return function and transition
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probabilities gives rise to bounded optimal value functions. Hence goals (i) -

(iv) can be achieved and, moreover, the convergence of the method of successive

approximations is uniform with respect to the sup norm. Although the conditions

of this model may seem testrictive, we give an example from queueing control to

show that they can be satisfied in some applications.

The model of Section 3 also allows unbounded returni functions, but places

fewer restrictions on the return functions and transition probabilities and hence

is applicable to a wider class of Narkov decision processes. In fact the condi-

tions of this model seem to be satisfied by nearly all the queueing-control

models considered in the literature. We give some examples in support of this

assertion and also present an inventory model in which our conditions are satis-

fied. The assumptions for this model are weaker than those of the models in

the literature in which an (s,S) policy is shown to be optimal. As in the case

of the model of Section 2, we are able to achieve goals (i) - (iv) for the

model of this section, and establish uniform convergence of successive approxi-

nations. The optimal value functions are not bounded for this model, however.

By means of a shift transformation [ 7], [20], (21] we show how to convert this

model to an equivalent model satisfying the conditions of Section 2 and give an

economic interpretation of the transformation. As a shift function we propcse

(among other possibilities) the infinite-horizon value function from a particular

reference policy of a simple form. In queueing-control models the reference

policy is usually an extremal policy, e.g., the policy that rejects all customers

in an arrival-control problem or the policy that alwrys uses the maximal service

rate in a service-rate-control problem. In the inventory-control model the

reference policy could be the policy that orders nothing when inventory is posi-

tive and orders up to zero, if possible, when the inventory is negative.
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1. Basic Decision Model

We now give a detailed description of the basic Markov decision model and

establish the notation that will be used throughout the paper. Informally speaking,

the object of study is a system that can be controlled at discrete time points,

called _stges and labeled t - 0,1,2,.... If at stage t the system is observed to

be in state s c S, the decision maker can select an action a E D(s), the set of

admissible actions. If he selects action a in state s at stage t, then an

Immediate return r(s,a) is earned and the state at stage t + 1 will be in the

set B with probability p(s,a; B).

As in [20] ,[21] we allow for defective transition probabilities, i.e.

p(s,a;S) < I. The model thus includes discounted Markov and semi-Markov decision

processes, as well as stopping problems. In a more formal development, the model

can be converted to one with proper transition probab!lities by introducing an

absorbing state (cf. PCI, P1). As this conversion is by now standard in the

literature, we shall assume that it has been done and make no further reference

to it.

A policy n is defined in the usual way [3], 34], U1 , t4], t6] as a collection

of decision rules for choosing actions at each stage t. A policy is called

stationary, and denoted simply by f, if it always chooses the same action,

a = f(s) c 'D(s), whenever the system is in state s c S. The set of all

stationary policies will be denoted by F. Each starting state s c S and policy

iT, together with the transition probability measure p, determine a stochastic

process ((Xt, At), t - 0,1,...) with associated probability measure P . Here

X denotes the state and A the action at stage t. We shall denote by E [.

the expectation operator associated with P , and %irite Er I. to denote the
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function that assigns value E" ["] to the point s E S.
5

In order to keep the exposition simple, we shall make no reference in this

paper to measure-theoretic and topological conditions needed to ensure that the

stochastic processes and associated measures are well defined. Our developments

is rigorous if, for example, all the sets referred to above are standard Borel

spaces and the functions are measurable. (See, e.g., Hinderer Al], SchAl P4],

Serfozo , or Stidham 32 for details.)

Associated with each policy w, formally define the infinite -horizon value

function V i by

V'(s): = [- r(X ,A() (s S)t t O t

and define the infinite - horizon optimal value function V* by

V*(s)- - sup V'R(s) (s C S)

In order to ensure that the expectations are well defined, we shall make specific

assumptions regarding r and p for each of the specific models considered in this

paper. In all cases the models will be special cases of an essentially negative

model (cf Hinderer [1 ).

For finite-stage problems we allow a terminal-value (scrap) function,

Vo* S - R. That is, if the horizon length is n, then the system terminates upon

reaching stage t-n and earns a terminal value V (X n). Associated with each

policy n, formally define the n-stage value function V by
n

V (s): [Z r(X , At) + Vo ()] (s CS)
t-o 5 t .on

4t -O
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and the n-stage optimal value function V* by

n

V n(s): -sup V n (s) (s C S)
TIT

Again, we shall impose specific conditions on r, p, and V 0to ensure that these

functions are well defined for each of the models considered.

For a stationary policy f define the operator P(f) by

(P(f)v) (s): - fp(s,f(s); ds')v(s') (s C S)

for all functions v such that the integral is well defined. Similarly, define the

operator L(f) by

L(f)v: -r(f) + P(f)v,

where r(f) is the function whose value for the argument s is r(s,f(s)), s c S.

It follows from the definitions that, for a stationary policy f,

V f L(f)V f r(f) + P(f)V f, (1,I)

(L (f))nO _ f as n -,.0 . (1.2)

Define the operator U by

Uv: - sup . L(f)v.
f C I

Under the conditions satisfied by the models considered in this paper, it can be

shown [241, D43 that V* and V nsatisfy the optimality e quations

-*UV (1.3)
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V n UV 1 _ UnVo0, n > 1 (1.4)

As in Stidham P4 our main goal in this paper will be to establish conditions

(on r, p, and V ) under which successive approximations converges, that is,
0

V n- V , In contrast to P4, in which pointwise convergence was established usingn

extensions of the methods of Strauch P41, Hinderer (UJ, and Sch~l ;!Q, we shall

here seek uniform convergence (convergence in sup norm) under conditions in which

the operator P(f) is contractive, but r(f) is unbounded. As indicated in the

introduction, our conditions are specifically tailored to fit control models for

stochastic service and storage systems.

For any function v: S -6 R, define the supremm norm of v, denoted II vil , by

li VII: = sup iv(s)1
SE$

Let R: - Ru {--) and let V: S - R be a given function (hereafter called a

reference function). Let W(V) be the Banach space of all functions uniformly

bounded away from V. That is,

(U(V): { v: S + R JV-V 11 < Col.

The following lemma, which follows from (1.3) and the contraction-capping fixed-

point theorem, will be used frequently in our analysis.

Lema 1.1. Suppose

(i) V* C U(V)

(ii) U is contractive on W4V), i.e., there exists a P, 0 Q < 1, such that

IUu -Uv I< iu-v If forallu, vc (V).

Then, for all v e WJ(V), as n - co

11 ev - v* I I I. n 11I v -* 0,I

and V* is the unique fixed point of U in U(V).

(It should be noted that (i) and (ii) imply that U: (V) * U(V).)

f -
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2. Model I

In this section we study a special case of the basic d.cision model presented

in the previous section. The special structure of this model makes it possible

to apply the theory of contraction mappings to deduce uniform geometric convergence

of the method of successive approximations, even though the one-period return

function may be unbounded. In fact, our simple assumptions describe an important

class of Harkov decision processes for which the classical theory of fIarkov

decision processes, which was developed under conditions that only allowed umi-

formly bounded one-stage returns, is applicable. The difference between our

conditions and the classical conditions (cf., e.g., [3 ), [5 ]) is that we do not

require r(f) to be uniformly bounded for all f, but only for certain f. Our

conditions may in fact be part of the folklore, but we could not find them in the

literature.

Although the assumptions of our todil may at first seem artificial and restric-

tive, they are satisfied in certain applications, as we shall demonstrate in the

latter part of this section by means of an example from the control of queues.

Of more significance, perhaps, is the fact that for a wide class of decision models.

including most of the queueing-control models in the literature, it is possible to

transform the problem into an equivalent problem that satisfies the assumptions of

this section. We shall demonstrate this transformation in the next section.

Let e: S - R be the unit function; that is, e(s) = 1. For each stationary

policy f, defino the. gupremum norm of the transition operator P(f) by

6L.
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II P(f) j = sup (P(f)e)(s)

scS

= sup p(s,f(s), S).
SES

Also define r- S -R _u{4-} by

r - sup r(f)
fcF

Ie shall need the following conditions.

Condition 2.1. P: = sup IIP(f) i1< I
fcF

Condition 2.2 M: = 11 ril < o

For discounted problems Condition 2.1 is equivalent to having the discount

factor uniformly strictly less than one. Condition 2.2 implies (but is not

implied by) having the one-stage return r(f) uniformly bounded above. Thus 1odel

I is a special case of an essentially negative dynamic-programming model. 1ote

that Condition 2.2 does not require the one-stage returns to be bounded below,

so that Model I is not a special case of the classical discounted bounded-return

model of Blackwell and Denardo= However, we do require r(f) to be unlforml.,

bounded for the subclass of myopic stationary policies, that is, policies f for

which r(f) = r.

In this section we shall be interested in the Banach space ('. = ('J(O) of all

uniformly bounded functions, that is,

W: - {v: s- R I Il <m

Tic key results of this section are contained in the following theorem.

Theorem 2.1. Assume Conditions (2.1) and Q2.2). Then V*cW is the unique bounde3

solution to the optimality equation
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V = Uv

and, for any V c , 11 V* 'nI _ U11 V* - V 0 [ + vo

so that V n= un -* V* niformly and geometrically (with respect t,- thje rup ,,n o

Proof. These results t ollo n lrmLemma 3.3 and Theorem 3.1 in vao ..uien and V,,.

P211, extended in an obvious way to a general (not necessarily cou)tah]-) szate

space, since Conditions 2.1 and 2.2 imply assumption 2.3 of 21).

Alternatively, the theorem may be proved directly by verifyinp. that (i) ana (i,

of Lemma 1. 1 hold, oo that the classical contraction- :.apping theorv appitr-'

Conditions 2.1 and 2.2 give a simple special case in which the very P*.±rera:

conditions of iin Nunen and Wessels [21] hold, and hence the theory or ccrt I iI

mappings based on weighted sup norms can be applied. Indeed, from the fact

(demonstrated in Theorem 2.1) that only "good" (i.e. myopic) policies need t-

have bounded return functions in order for the model to be contractive, if fIh,,

that the classical theory [3], [51 based on ordinary sup norms is applicable.

The advantage of our conditions over the more general conditions in[21J is

that they are simple to state and can be easily checked in applications, The;

would not be of much use, however, if they were too restrictive to have any

significant application (except trivially in the case where r(-, ) itself is

bounded.). In the remainder of this section, we shall illustrate the appltcitlor

of Conditions 2.1 and 2.2 to problems with special structure, which makes

verification of these conditions easy. To this end we shall present new

conditions that Imply Conditions 2.1 and 2,2, in the context of a general mod-.

with partially ordered state and/or action spaces. There conditions, which

involve monotonicity of r and p, are much stronger than necessary for condition,

2.1 and 2.2, and consequently lead to sharper results than Theorem 2.1. They ir>'

related to but Tieaker than conditions that have been proposed in the literaturc

(cf, e.g., Stidham and .rarihu D31, Serfozo 96) for a different purpose. name ,v

showing that an optimal policy has a particular (e.g., monotonic or centrol-lilmit



form. Ile illustrate the application of these stronger conditions with an exarpl-

from control of queues. In the next section %e show how more general problems

can often be transformed into equivalent problems having this structure, so that

the results of this section can be appl d.

For the remainder of this section, suppose that the state space S is

partially ordered by a relatiod'" and that D(s) = A, for all s c S. A function

v; S - R is called increasing (decreasing) If v(s) 5= v(t) (v(s) > v(t)) for all

s < t in S. A set B C S is called increasing (decreasing) J s c Z implies t c B

whenever s < t (s > t). We shall need the following conditions,

Condition 2.3. There is an element 0 c S that is minimal with respect to the

relation "<". That is, s _ 0 for all S E S.

Condition 2.4. For all a c A, r(s,a) is decreasing in s E S! moreover sup r(Oa)
acA

Condition 2.5. For each s c S, there exists an a e A such that r(sa) > 0.

Conditions 2.3 and 2.4 imply that r(s,a) <= M < -, for all s c S, a c A.

Condition 2,5 implies that r(s) > 0, for all s c S. Hence 1jr jj< M < - Znd

Condition 2.2. applies. lreover, 0 < V* < M(l-p) -1 < Hence we have the

following corollary of Theorem 2.1.

Corollary 2.2, Assume Conditions 2.1 and 2.3, 2.4, 2.5. Then 0 < V * < "(l-)-1

V* is the unique solution in 0) to the optimality equation

v -Uv

and, for any V 0 ('J, V n V U 0- V* uniformly and geometrically with respect too n o

the sup norm.

The monotonicity of r implied by Condition 2.4 makes it natural to look for

conditions under which V and V* will be monotonic functions on S. (ionotonicityn

of V and V* is often used in proving that an optimal policy has a particular form,
n
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for Markov decision processes with special structure. See, for example, Sobel

[21, Stidham and Prabhu [311. and Serfozo [2a). For this purpose we shall need the

folloiring additional condition.

Condition 2.6. For all s E S, s'c S, s < s'implies p s, a, B)< p(s'aB) for

a c A and each increasing set B( S.

' hen Condition 2.6 holds we 'ny that p is stochastic ily iicreAsing in s

(cf. Lehman [131, ,e;.,ler .nd Veinott [2], Scrfozo [(21 rfozo calls such p a

monotone transition probability) From Serfozo [26] we get the following.

Lemma 2.3. Condition 2.6 holds if and only if, for every stationary policy f such

that f(s) H a, for all s c S, and every increasing (decreasing) function v. S- I,

P(f)v is increasing (decreasing).

Now the following theorem can he proved easily by induction on n.

Theorem 2.4. Assume Conditions 2.1, and 2.3 - 2.6. If VO  I and is decreasing.

then V n c N and is decreasing, for each n > 1, V n- V* uniformly and geometrically,n - n

and V* is decreasing and the unique solution in (2 to v = Uv.

Remark 2.1. Monotone return functions and transition probabilities are en-

countered often in applications of 1larkov decision processes, particularly to

queueing and replacement systems. Such systems are often closely related to

random walks and thus have a (nearly) additive transition structure. Specifically,

the state represents the "quantity" (e.g. number of customers) in the system

and transitions occur by means of inputs and outputs, which are (nearly) indepen-

dent of the current staec and either or both of which may be subject to control

(see Stidham and Prabhu £3l, Section 4-i). Such a transition structure typically

gives rise to monoton, tran:;tion robahilitie,. (For a simple example in the

context of a controlled random walk, see Serfozo f2 Section 5.) The basic
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idea, of course, is that whatever the (tixed) action, the more quantity In the

system now, the more is likely to be In the syStcu aL t Me nt×[ stage. The fact

that the return function, r(-,il) is decreasing come~s about becaube there is

usually a cost (e.g., inventory holding cost, cu,;Lomer waiting cost) associated

with having quantity in the system: the more the quantity, the higher the cost.

Remark 2.2. The observation that V > 0 (see Corc-llary 2.2) depended

on the fact that Condition 2.5 implies the existence of a stationary policy that

never takes an action leading to a negative immediate return. At first glance

it might seem that a stronger statement could be made, namely, that without loss

of optimality one may restrict attention to policies that never take an action a

from any state s such that r(s,a) < 0. If this were true, then the problem would

be equivalent to one in which r(sa) 2 0, for all s L S, a E A. It is easy to

construct a counterexample, however, to show that Condition 2.5 does not imply

that actions leading to negative immediate returns can be ignored. The problem,

of course, is that it may be advantageous to incur a ne!,ative return now in order

to get into a set of states with large positive returns.

There are, however, realistic additional conditions under which our model is

equivalent to one with a non-negative return function. As an exanple we offer

Condition 2.7. The action space A is partially ordered by a relation "<". For

all s c S, a e A such that r(s,a) < 0, there exists an a' E A, a' < a, such that

r(s,a') > 0. For each s c S, D(s,a ; .) is stochasticallv increasing in a c A.

(ror an application in which this assumption holds, see below.)

Theorem 2.5. Assume Conditions 2.1, 2.3-2.7. Suppose V 0 Ec Wis decreasingo

Then, for each n J I, V n ,', is decreasing, and sari-4fde the restricted opti-S n

mality equation

V = sup L(f) V (2.1)
n fc F+ n-
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where F+ {f c F1 r(f) L 0).

Moreover, V - V uniformly and geometrically, and V is decreasing and the
n

unique solution in V to the restricted optimality equation

V sup L(f) V (2.2)

fe F+

If V° = 0, then the convergence of Vn to V is monotonic : Vn > Vn-l, n >

Proof. In light of Theorem 2.4, it suffices to show that the supremur over

all stationary policies f in the original statement of the optimality equations

can be replaced by a supremum over F+ without loss of optimality. We have, for

example,

V UV = sup {r(f) + P(f)V 1.
feF

Let f be an arbitrary stationary policy. It follows from Condition 2.7 that
there exists a policy f' c F+ with f' < f and r(f') _ r(f). (Set f'(s) f(s)

if r(sf(s)) Z 0; for s c S such that f(s) - a and r(s,a. < 0, set f(s) =a',

where a' < a and r(s,a') . 0 > r(s,a).) Since V is decreasing (by Theorem 2.4)

it follows from the second part of Condition 2.7 that P(f) V < P(f') V (The

situation parallels that covered by Lemma 2.3, except that now we are dealing

with a stochastic ordering on A rather than S.) Therefore,

r(f') + P(f') V > r(f) + P(f) V

and consequently, since f was arbitrary and f'c F+,

sup L(f) V > sup L(f) V > sup L(f) V

f F f(F fcF+

so that (22) holds. The proof of (2.1 1a formally identical. Monotonicity of

convergence when V - 0 follows by induction on n, using the fact that U is a
0

nonotone operator and UV - r > 0 - V 00 0

I(S P -
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A queueing-control application

Consider the following model for control of arrivals to a generalized

queueing system, which includes several arrival-control models in the literature

as special cases (see Johansen and Stidham [12] fo details). Customers arrive

at intervals which are independent and identicllv distributed as a random variaLle

T, with Pr(T > 0 > 0 for some c > 0. Each customer brings a certain amount of

potential input to the system. The potential inputs of successive customers

are independent and identically distributed as a random variable S. At each

arrival instant the system controller has the option of accepting or rejecting

the entire potential input of the arriving customer. If an input is accepted

then it is added to the quantity, s, in the system and a net benefit, b(s), is

earned. We assume that b(s) - r - C(s), where r is a rev.ard, or utility of

service, and C(s) is a waiting cost, a non-decreasing function of s. If an input

is rejected, the net benefit is 0. Potential output from the system is governed

by an uncontrollable stochastic process with non-negative stationary independent

increments, (N(T), T 01. Thus, at the end of a time interval of length T, which

begins with a quantity a in the system and during which no arrivals are accented,

the quantity in the system is distributed as (s - :(T)) +
. Future benefits are

continuously discounted at rate a > 0.

In reference [121 the reward is allowed to be a random variable, but in all

other respects the model is the same. The model specializes to a (l./l system

with quantity interpreted as work in the system, if S has the distribution of

the service time and N(T) - T (see [33], [ 61). If S =1 and {W(T), t > 0} is

a Poisson process, then the model specializes to a rI/'/l system with quantity

interpreted as the number of customers in the system (see [161, [311).

The problem of maximizing the expected discounted total net benefit over a

finite or infinite horizon can be formulated as a special case of our Markovian
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decision model, in which the state s is the quantity found in the system by an

arrival, the action a 1 1 (0) denotes acceptance (rejection) of a customer,

r(sa) - a(r-C(s)), and p(sa; B) = E[e -a T l((s + a S - N(T))+ c B)], where

a is the continuous-time discount rate and l(E) is the indicator of the event E.

The finite-ho'rizon and infinite-horizon optimality equations are, respectively,

V n (a) = max (r-C(s)) + Ee - T Vn _ l ( ( s + a S - N(T))+)+,.
a-Oln

n 11 (assume V0 
= 0), and

V (8) u max {a(r-C(s)) + Efe - a T  1 ((s - a S N(T)) +)] } (2.3)
a-O,l

s E S - [0, -). It is easily verified that Assumptions 2.1-2.7 are satisfied.

Hence Theorem 2.5 applies, which implies in particular that it is optimal at

each stage n, 1 < n <, to reject the. arriving customer (a - 0) if r < C(s),

that is, if his individual net benefit is negative. The converse is not generally

true (except for n = 1): an optimal policy may reject a customer even though

r > C(s), that is, even though it is in his individual interest to join. (For

further discussion of this phenomenon, see Johansen and Stidham [12] and the

references cited therein.) Theorem 2.5 also implies that V and V are non-

negative and non-increasing and that the convergence of V to V is monotonic

(V n V ) as well as uniform and geometric.

L _ .. --a....l
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3. Model II

In this section we consider another special case of the general decision

model of Section 1. Unlike the model of the previous section. this model does

not have bounded optimal value functions. It has enough structure, however, that

it is still possible to demonstrate uniform geometric convergence of the method

of successive approximations for certain starting functions. The structure of the

model includes that found in a large number of Markov decision processes, including

most of those studied in the literature on stochastic service systems in which

monotonic, or critical-nambex, policies are optimal. This structure makes it

possible to transform the model, by means of a shift function, into an equivalent

model satisfying the conditions of Section 2. We illustrate the applicability

of the model by some examples from queueing and inventory control.

We shall use the following two conditions throughout this section.

Condition 3.1. sup P(f)l < 1

fcF
Condition 3.2. M: = sup 1ir(f) l 

<

fvF

Note that Conditions 3.1 and 3.2 are exactly the conditions of the essentially

negative case.

In this section we shall be interested in the Banach space N(v), where

V: S - R is a given non-zero reference function. We shall use the following

condition on V.

Condition 3.3. UV - V

An upper bound on V* is a natural candidate for a reference function, since

in many applications (see expmjple later in this section) it is easy to compute

such an upper bound. Since Conditions 3.1 and 3.2 imply that V* < Il - M(l-p)-l<-,

it also makes sense to confine our attention to refprenre functionq V > V* such

that V <H
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Theorem 3.1 . Let V wV, here V* < V < Ml. Assume Conditions 3.1 - 3.3. Then

V* ((V) and is the unique solution in W(V) to the optimality equation

V * Uv

and, for any V 0 c(V) lV* - UnV 0 ( 1 flV* - V Oi <  , so that nV

converges to V* uniformly and geometrically.

Proof. Condition 3.1 implies (ii) of Lemma 1.1. It remains to verify (i) of

Lemma 1.1: V* C (J(V).

To this end, we first claim that it suffices to show pointwise convergence

of juccaisive approximarion with V aq etartIng function"

u nv . V* (3.1)

To see this, note that (ii) of Lemma 1.1. and Condition 3.3 imply that (s c S)

UnV(s) _ V(s) <nl k+l- 
Uk I

n-i k

P)-l - <

Letting n and assuming (3.1), we conclude that (s E S)

v*(s) - V(s) < (1 - 0)-i1 u-,0 - 11 <

Reversing the roles of UnV(s) and V(s) yields the same uniform upper bound for

V(s) - V*(s), so that

IIV*- (1- P)- 1 1 - V11 <

that is, V* c W(V).

Thus it remains to prove (3.1). Define V rlim UnV. Since V *,

Unv > UnV* = V*, so that V > V*. Hence it suffices to show that I unv < V*,
Go~o

To this end, we first show that Conditions 3.1 - 3.3 imply that

V 1. i Un v and that V. is a fixed point of U. Although a direct proof is

possible, we shall instead prove these facts by means of a shift transformation,

which converts the problem into an equivalent problem satisfying the conditions

of Model I. This shift transformation is of independent interest. In
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particular, it has an interesting economic interpretation, which we shall discuss

later in this section.

For each decision rule f, define t(f): = r(f) + P(f)V - V.

Consider the Markov decision model (S,A,D,f,p). Condition 3.3 implies that:

I sup t(f) II H sup{r(f) + P(f)V 1-- V 
fcF fcF

so that Condition 2.2 holds. Condition 3.1 is identical to Condition 2.1. Define

the operator U, where it is well defined, by

Ov: = supf i(f) + P(f)v 1.
f F

Define the infir1'. -i:,.on optimal value function V* for the transformed model in

the obvious way (cf. Section 1). Then

Moreover, since the transformed model satisfies conditions 2.1 and 2.2, it follows

from Theorem 2.1 that V* is the unique bounded fixed point of U and that

V*=lm &n., (3.2)
n-

Now observe that

UO = spr(f)

- sup{ r(f) + P(f)V } -
fcF

-uV - V,

and by induction on n,

u no0-unV- V. n >-I. (3.3)

From (3.2) and (3.3) we conclude that

V® = li un * + .



-20-

Hence

UV,= U(V* +v)

= sup (r(f) + P(f) (P* + ) 1
fEF

16 sup {r(f) + P(f)V - V + P(f)V* I +
fEF-

= sup (r(f) + P(f)V* } + V
fr.F

M Ov* +

-V* +

=V

that is, VW is a fixed point of U, the desired result.

Let c>O be given. Choose a stationary policy f such that

VW = UVC !• L(f ) V. + c . (3.4)

(See Remark 3.1 below.) Iterating on L(f) and using Condition 3.1 , we have
n-1

v < (L(f))nV + E P C
k-0

n-i
(L(f))no + (P(f)) V + Z P k

k=O
so that

V. < V(f) + lrn (P(f))nv. + (i- _-n-*f

<" V* + lm (P(f))nV + £(l - p)

From Conditions 3.1 and 3.2 and the hypothesis that V < M,1 it follows that

V " liUnv c M1, so that

-lI--- (Paf))nP < lim 0n M 1 a' 0.

n-l- n-1

Hence, since E was arbitrary, we conclude that V < V*, the desired result-
Go =

Remark 3.1. The existence of a policy f satisfying (3.4) follows from the

existence in general of c - optimizing decision rules, which is a mild

regularity condition, apparently satisfied in all practical problems. It holds,

for example, when the state space is countable. For general state space, where



-21-

it is customary to require decision rules to be measurable functions in order for

the relevant stochastic processes and integrals to be well defined, there may

be difficulties in applying the condition to certain functions v, such as v = V,

which may not themselves be measurable (cf. Blackwell [ 3], Strauch [34 J,Hinderer

[11]). There is no problem, for example, if the action space is countable or if

continuity - compactness conditions are satisfied by (S,A,D,rp) (see, e.g.,

SchNl [241). Alternatively, one may enlarge the class of admissible decision

rules to Include all in iversally measurable functions f- S - A such that

f(s) c D(s), s e S, and require that r,p, and v also be ,niversally measurable

(cf. Shreve and Bertsekas [27]).

Remark 3.2, It can easily be shown that Condition 3.3 and (3.1) together are

necessary an well as sufficient for (i) of Lemma 1.l. In other words:

V* c fN(V) iff I UV -- V 11 < - and uv - V*.

We now give several examples of applications of Model II to problems in

control of queues, followed by some suggestions for a general approach to the

solution of such problems. Finally, we show how Model II can also be applied to

certain periodic-review inventory models.

Example 10 . Control of Arrivals.

Again we use the model of Johansen and Stidham [121 for control of arrivals

to a stochastic input-output system as a vehicle for illustrating the

verification and application of our conditions. (See Section 2 for a detailed

introduction to the model.) In the present context we are interested in the

case of continuous, rather than lump-sum, charging of the holding cost. To be

specific, the system is observed at arrival points, the state s is the quantity

in the system found by an arrival, the action a indicates acceptance (a = 1) or

rejection (a- 0) of the potential input of the arrival, the return function

r(s,a) is given by:
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T +

r(s,a) ar - E[/ e-"lh((S + aS - N()) ) dT 1,
0

and the transition probability by

p(s,a;B) - E[e -  ((s + aS - N(T))+c B)].

Here h(') gives the rate (per unit time) at which holding cost is incurred, as a

function of the quantity in the system. Ve assume that h(') is a non-negative,

non-decreasing, convex mapping from S into R.

Thus the model differs from the one considered in Section 2 only with respect

to the return function. In the model of Section 2, there is a waiting cost, C(s),

associated with an arriving customer who joins when the state is s. This cost

might represent the expected discounted cost that the customer will incur during

the entire time he spends waiting in the system. Note that it is a cost

associated only with the joining customer, but that it reflects time spent

waiting after as well as until the next arrival point. By contrast, in the

present model the return function includes costs associated with all customers

in the system, but only until the next arrival. The relation between the two

charging schemes is given by

C(s) = E[U e- " (h((s + S - N(r))+ ) - h((s - N(T)) + ] dr]. (3.5)
0

It follows from the assumption that h(.) is non-decreasing and convex that C(,)

defined by (3.5) is non-negative and non-decreasing, as required in the model

of Section 2.

(For further discussion and economic interpretation of the two charging schemes,

see Johansen and Stidham [121.)

The infinite-horizon optimality equation, V* - UV*, for the problem with

continuous charging is given explicitly by (s > 0)

V*(s) - max (ar - Ej ear h((s + aS - N +)) ) di]a=O,1  0

+ E[e-T V*((o + aS - N(T)) +
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It is easily verified that Conditions 3.1 and 3.2 hold. In fact, V* < 141=

r(l-p) < , where = E[e ] < 1.

Define V : S - R by
-l

V(s); = r(l - - E[ e - a T h((s-N(T)) + ) dT] (s C S) (3.7)

Theorem 3.2. Consider the arrival-control model with continuous charging of

holding cost and with V defined by (3.7). Then V* < V < 'I< , V* c ( ](V) and

is the unique solution in [(V) to the optimality equation (3.6). Moreover, for

any V C W(V), 11 V* - U n0 < pn1l V* - V j < -, so thaL UnVo cuOvr6es to

V* uniformly and geometrically.

Proof. Let r be an arbitrary policy, noting that
1!

V (s) = E [E r(X,,At)] (3.8)
s t=0

= _ T-= r)+ X t

= E [E rA ] L [E Elf e h((X + A S - dT(T)) )dTXA ]
s t=0 s t=O o t

The first term on the right-hand side of (3.8) is maximized by the (stationary)

policy that accepts all customers, whereas the second term is maximized by the

policy that minimizes holding costs, namely, the (stationary) policy fr that

rejects all customers (fr(s) = 0, for all s c S). Note that

vfr(s) = -E[f e- 4T h((s-N(-i))+)dT] (s E S) (3.9)
0

since under fr no rewards are earned, but all the quantity s currently in the

system must be processed and will incur holding costs until it is processed.

It follows then from (3.7), (3.8), and (3.9) that

V < H1 + Vfr= (3.10)

since w was arbitrary and Vfr < 0, we conclude that V* < V < M <
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To compl~ce the proof it suffices to show that Condition 3.3 holds, so that

Theorem 3.1 applies. To this end, first observe that Vfr satisfies the functional

equation.

vfr(s) = -E[f*e- h(((s-N()) )d ] + E[e - T vfr((s-N(T))+)] (s E S) (3.11)

(This follows from (1.1) and (3.9).) Note also that (3.5) and (3.9) imply that

C(s) = -E[Vfr(s + S), + vfr(s). (3.12)

dow, using (3.10),(3.11), and (3.12),we can write

OV(s) - V(s) max far - E[f Te -h((s+aS -N(T)) +)dT]

a=0,l 0

+ Eo-aT V((,, + aS - N(T))+]} - V(s)
-at h +

max far - E[f e h((s+aS - N(T)) +)dT]

a=O,l 
0

+ E[e- Uvfr((s + aS -14(T)) +  
- Vfr(s) - (-p)M 1

= max far - E[Vfr(s + aS)] }-Vfr(s) -r
a=Ol

-max {r - C(s). ) J' - r. (3.13)

Since C(-) is non-decreasing, it follows from (3.13) that

-r < UV(s) - V(s) < 0 (3.14)

and hence I UV v1 < r < - , so that Condition 3.1 holds. This completes

the proof of the theorem.

Remark 3.3. Since LW < V (by (3.13)), it follows by induction from the

monotonicity of U that Un _ Un-1V, for all n ? 1, so that the convergence of

unv to V* is monotonically decreasing.

Corollary 3.3._ Consider the arrival-control model with continuous charging of

holding cost. Suppose V - Vfr  V*. Then V* E W(V) and is the unique solution

in ('(V) to the optimality equation (3.5). Moreover, for any V c (!(V),o

IV*- UnVo 0I- 0niV* - V 0 , < so that U V converges to V* uniformly and

geometrically.
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Proof. A direct consequence of Theorem 3.2 since (3.10) implies that V- vfr jj

= I< , where V is defined by (3.7).

Remark 3,4. Since UVfr > L(fr)V ft = Vfr , it follows by induction from the

monotonicity of U that UnV > Un-IV, for all n > 1, when V = Vft . Hence the

convergeace of un to V* is monotonically increasing. In fact, of course,

convergence of Un V to V* is monotonically increasing whenever V is the infinite-

horizon viluc function for a particular policy, This observation is true in

general of "successive approximations in policy space and poes back at least

to Bellman [1].

Remark 3.5. Define a new return function f by k(s,a): = r(s,a)

+ ~e'T~r1( __,, f r(,
+ E[ev fr (Cs + - IJ('))+)] - V r(-;) (-; c S, . 1 l) or, equivalently,

r(f): = r(f) + P(f)V fr Vfr, for each decision rule f. In fact, the

proof of Theorem 3.2 shows that

k(s~a) = a(r - C(s)) (s c S, a= 0,1)

so that the Markov decision model (S,ADt,p) has the struct c )f the r!.val-

control problem with lump-sum charging of waiting costs, which was studied in

Section 2. The effect of this shift transformation is to subtract V f r from the

value function for each policy and hence from the optimal value functions for

both finite and infinite horizons. In economic terms, -v fr(s) is just the

expected discounted cost of holding the quantity s until it is processed and hence

represents an unavoidable, or fixed, cost that must be incurred no matter what

policy is followed. The shift transformation thus can be interpreted as a removal

of these fixed costs, so that only those costs that vary with the policy - namely,

those associated with the current and future customers - are included in the

value functions. That such a transformation should lead to an equivalent decision

problem is therefore plausible on intuitive grounds.
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This shift transformation was first proposed for an arrival-control problem

in Lippman and Stidham [161. In that context, however, it was used for a

different purpose, namely, facilitating the comparison of an optimal policy with

the (equilibrium) policy followed when each customer acts to maximize his own

expected discounted net benefit: a(r - C(s)). (Note that an equilibrium policy

is myopic with respect to the transformed model (S,A,Df,p).)

An equilibrium policy can also be used to generate an alternative reference

function V for the model with continuous charging. Denote by fe the (stationary)

equilibrium pallcy; thart 1, fo, accept-s a customer (re = 1) in state s iff

r > C(s). Since the optimal value function, V*, for the transformed model

(S,A,D,t,p) satisfieb (2.3), it follows that an optimal policy accepts a customer

iff r > C(s) + E[e-T (V* ((s - N(T))+ ) - V* ((s + S - N(T)) +))]. It can easily

be shown (see Johansen and Stidham [12]) that V*(-) is non-increasing. Hence an

optimal policy accepts a customer in state s only if the equilibrium policy fe

accepts in s (cf. also Lippman and Stidham [16] and the references cited therein

for other instances of this phenomenon). This property can be used to prove

Theorem 3.4. Consider the arrival-control model with continuous charging of

holding cost. Suppose V = V f u < V*. Then V* e W(V) and is the unique solution

in ('(V) to the optimality equation (3.6 Moreover, for any V 0 rW(V),
O

IV*- nv < n fI V* - V 0 1 , so that UnV converges to V* uniformly

and geometrically.

Proof. We shall verify that Unv - V* and that Condition 3.3 holds. The remainder

of the proof then parallels that of Theorem 3.1. (See Remark 3.2.)

Let f* denote an optimal policy. Since f* accepts only if f., accepts, it

follows that for each n > 1 X is stochastically smaller tnder f* than under fe
n

given X 0 s. Thus, since V e) is non-increasing, we have(cf. Lemma 2.3)o

- .-- ---.--
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kp (f,))nYf E f * [vf"(Xn)

Ere Vf ex f) )nVfeS n(X)] = (P(fe)(3.15)

But

V = L(f )Vfe (L(f))nVfe

- (L(fe)) no (P(fe))nv
fe

n vf .,nf
and(L(f))O -* V , as n - , by (1.2)., so that (P(fe))V " 0, as n

Using this fact together with (3.15), we conclude that

lun (p(f*)) fe > lrn (P(f'))fe - 0. (3.16)

Now it follows from (3.16) and Theorem 1. of[32] that U nVf' + V*.

To verify Condition 3.3, first observe that (a c S)
f T To + -T f +UV e(s) = max (ar - E(f e~ a h((s+aS-N(r)) )dT] + E[e-T V f(sa.aSN(T))+)I)

a=O, 0

= max {r + E('!(s+S)1, (s)}

= U(s) + (r - w(s)) 1 (w(s) < r) (3.17)

where.

i's): = - E[ Te- a T h((s -N(T)) + ) dt] + E[e-aT V f' ((s-N(T)) )
0

w(s). = L(s) - E[W(s+S)].

On the other hand,

vfc(s) - L(fe) V fe(s)

- (r+E[W(s+S)]) 1 (C(s) _ r) + W(s) 1 (C(s) > r)

- W(s) + (r - w(s)) I (C(s) < r) (3.18)
It follows from (3.17) and (3.18) that

0 :1 uvf '(s) - Wfe(s)

= (r-w(s)) 1 (w(s) <, r < C(s)) + (w(s)-r) 1 (C(s) r < w(s)). (3.19)

It remains to show that UVf( - Vfe is uniformly bounded above. To this

end, first observe that

Vfr (s) : Vf' (S) 5 M1 + Vfr (s). (3.20)

The right-hand inequality follows from (3.10). The left-hand inequality can be

verified as follows. First, note that L(f.)V fe(s) - >(r > C(s)) (r+E [tr (s+S)])
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+ I(r < C(s)) Vfr(s) Vfr(s) + l(r > C(s)) (r - C(s)) + > Vfr(s). (:ere we have

used (3.12).) Hence, iterating and using the monotonicity of the operator L(f.)

we have (n > 1)

V < (L(f,)nVfr = (L(f,))n0 + (P(f,))nVfr.

Letting n - and using the fact that V fr < 0, we have

Vfr < f + - (P(f,))nVfr < Vf ,

Noi, it follows from (3.11) and the definition of W(s) that

W(s) = vfr(s) + E[e-"'l (Vfe((s - N(T))+ ) - Vfr((s - N(T))+))].

Hence, from (3.20) we obtain

vfr(s) < W(s) < vfr(s) + )Ml,

which imples (using (3.12)) that

-p.4t1 + C(s) <_ w(s) < C(s) + p1

Using th, se ineqtdA1Itte together with (3.19), we find that

0 < UV f(s) -V f() < (r-C(s)+oM1 ) 1 (w(s) < r < C(s))

+ (C(s)-r+rMI ) 1 (C(s) < r < w(s))

< -, M [1(w(s) < r < C(s)) + I (C(s) < r < w(s))]

thus verifying Condition 3 3.

Remark 3.6. The proof of Theorem 3.4 could be simplified considerably if one

could assert that w(s) is non-decreasing and w(s) > C(s). The first property

says that, if one is free to choose the action in the current period but must

follow f, thereafter, then the optimal action is non--increasing in s. The

second property nays that, ,nder th, same eircumtances., the optimal action will

be to reject (a = 0) whenever the equilibrium policy rejects (fj(s) = 0), and

perhaps in other states as well. (Analogous properties hold when one considers

an optimal rather than equilibrium policy- see (12 1.) lio;ever, we have not

been able to find proofs for either property and conjecture that they do not
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hold in general. Intuitively, if one must follow an equilibrium policy after

the current period, then it might be optimal to accept in the current period

even if an equilibrium policy would reject, since the resulting state at the next

arrival might then be large enough to force the next customer to balk rather than

join, which in turn makes it possible for the customer after that to join rather

than balk. The net increase in total welfare could be positive in some cases.

Example 20. Control of the Service Rate

As a further illustration of how our theorems can be applied to problems

in queueing control, we consider an !I//i queue with vdrinhbl -. vco ral-P. (See

Stidham and Prabhu [33], Sobel [28], or Crabill, Gross, and Magazine 4 j for

detailed discussion of this model and relevant references.) Let the arrival

rate k > 0 be fixed. The service rate , can be chosen from the interval [0, Ill

llhenever service rate w Is in effect, the system incurs a cost c(w) per unit

time, where c(*) is non-dccreasing and continuous with c(0) = 0. A holding

cost is incurred at rate h(i) whenever i customers are in the system, i > 0,

where h(°) is non-negative and non-decreasing. Costs are discounted continuously

at rate a > 0o

To construct a Harkov decision model for this problem, we use the 'new

device- of Lippman [15] and observe the system at points of arrival (occurring

at rate A), service completion (occurring at rate w), and null events (occurring

at rate -1) The time between obscrvation points (stages) has exponential

distribution with parameter A. =X + i The system is said to be in state i

(where i is a non-negative integer) whenever there are i customers present. The

action taken at an observation point is the service rate p, which remains in

effect until the next observation point. Thus, D(i) = [0,w 1, i > 1l and

D(O) = {0} The one-stage return function r(i,p ) is given by

-rr(i, i ) = ( ri + A) [ -c(ij) - h(i)]
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and the transition probability measure is determined by the discrete (discounted)

transition probabilities,

pij(p)" = Pr [Xt~l= j I Xt = i, At =

= (C + A) [ Xl(J =i+l) + 1l(j=i-1) + (1,-p ) I (=i)].
-l

Conditions 3.1 and 3.2 are satisfied, with t- A(A + 1) and 1i0. Define

V*(i) (i=0,1 ... ) as the optimal value function for the infinite-horizon nroblem.

V* satisfies the optirality equations

V*(i) = (A+a) max {-c(i) - h(i) +XV*(i+l) + pV*(i-1) + (P-w)V*(i)}
O< <

> 1 (3.21)

V*(O) = (A+,,,) {--h(O) + XV*(1) +wV*(O) I

Define the stationary policy g by g(i) =, i = 1,2,... Ie call g the

full-service policy. Among all policies, g obviously minimizes the infinite-

horizon expected discoumted holding cost. Now define the function V- S - R by

-1M (a + A) Ei[Z h(X t)], i > 0 (3.22)

t=0

Theorem 3.5. Consider the H//I service rate-control model, with V defined by

(3.22). Then V* <- V < 0, V* F, ¢(V)and is the unique solution in W(V)to the

optimality equations (3.21). Noreover, for any V 0 (:I(V), {[V* - UnVoll<

rn:J-V,_o I -I , so that UnV converges uniformly and geometrically to V*.

Proof. Let iT be an arbitrary policy and note that

V 7Ti) = Er[ Z r(Xt ' A ) (3.23)

i t=0

-(o + A) E [ E c(At)] - (a+A) E [ Z h(X )] i > 0
i O i t=O t

The first term on the right--hand side of (3.23) is non-positive and the second

term 13 maximized by the full--gervice policy g, since g minimizes the infinite-

horizon expected discounted holding costs. Therefore, V T7 V< Since 71 was

arbitrary we conclude that

V* <_ < 0.
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To complete the proof, it suffices to show that Condition 3.3 holds, so that

Theorem 3.1 may be applied, To this end, first observe that V satisfies the

functional equations

V(i) - (a+A)- {-h(i) + AV(i+l) + iV(i-1)}, £ > 1

V(O) = (a+A)- {-h(O) + XV(1) + jV(0)}

Thercfore, 0 (0) - V(O) - 0 and, for i > 1,

UV(i) - V(i) (a+A)-1 [max f-c(v)-h(i)+ XV(i+l) + PV(i-l) + (G-o)V(a)

- {-h(i) + xV(i+l) + IV(i-l)1]

< (a+A) max ((G-4) (V(i) - (i-l)))

Since V(i) < V(i-l), for all i > 1, the qu--tity in brackets is maximized by

setting 'i p±. Hence,

UV(i) -V(i) =O, 1 > 1. (3.24)

On the other hand,

UV(i) - V(i) _ L(g) V(i) - V(i) - c(), i > 1.

Therefore, Condition 3.3 holds and the theorem is proved.

Remark 3.7. Since UV < V (by (3.24)), it follows by induction using the

monotonicity of U that U <V < un-v, for all n >_ 1, so that the convergence of

UnV to V* is monotonically decreasing.

Corollary 3.6. Consider the M/11/1 service-rate-control model. Suppose V-Vg < V*.

Then V* c L(V) and is the unique solution in W(V) to the optimality equations

(3.21). oreover, for any VO E ((V), JJV* - L < Pn V* - Vo I < ,so

that UnVo converges uniformly and geometnically to V*.

Proof. It follows from (3.22) and (3.23) that
-I

V~i >9(i)> () + V i) i > 0.

Thus the corollary follows immediately from Theorem 3.5.

Remark 3.8. Since UVg > L(g) Vg - Vg . it follows by InduCtion using the

monotoniciLty of U that UnVg > n-V g , for all n .>1I, so that the convergence of

II
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UnVg to V* is monotonically increasing.

Remark 3.9. Define a new return function r by (i = 0,1,..., 0 < _ )

i(i,p) = r(i,p) + Z Pij(P) v (J) - vg9i).
j=O

or, equivalently,

W). - r(f) + P(f) Vg - V9

for each decision rule f c F. By an argument similar to that used in the proof

of Theorem 3.5, it follows that

i(i,w) = (a+A) [c( I) - c) - (G -) (Vg(i-l) -vg()],

i > 1, p c [0,p] (3.25)

k(0,0) = 0.

From (3.25) we see immediately that

"<. max r(i ,p) <_ (,r+A) - CM')

so that the Markov decision model (S,A,D,r,p) satisfies the conditions of 'lodel I

studied in Section 2. The effect of this shift transformation is to subtract

Vg from the value function for each policy and hence from the optimal value

function for both finte and infinite horizons. Thus, the value functions

for all policies are measured relative to that of an extremal (in this case,

full-service) policy. Like the policy that rejects all customers in the

arrival-control problem, this full-service policy minimizes holding costs among

all pblicies. Thus, the holding costs under policy g -- that is, -V(i) as

defined by (3.22) -- are unavoidable fixed costs that must be incurred no

matter what policy we follow. (Other policies may incur larger holding costs,

of course.) Our results say that the original service-rate-control model is

equivalent to one in which these fixed costs have been eliminated, that is, a

model with r(i,p) as its one-stage return function.

Examination of (3.25) reveals that i(i,0) can be interpreted as the net

savings from taking action v rather than p In the current period, If policy g
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is to be followed in all future periods. If the maximum net savings is zt-ro,

that is, if

G -0)-I[c(P) - c(O)] < vg(i-l) -9 v(i), for all i > I,

then a full-service policy is optimal (cf. Sobel [29], Schleef [25], Sobel and

Winston [30]). Thus, in addition to providing a convenient vehicle for

demonstrating uniform, geometric convergence of successive approximations. the

transformed model with Vg as shift function is in some sense the "proper setting"

in which to investigate the form of an optimal policy. We have already made

a similar observation in the context of the arrival-control model, and we believe

the observation to be valid in the majority of control models for stochastic

service systems and related systems.

Remark 3.10. A close examination of the proofs of Theorems 3.2 and 3.5 will

reveal that in both cases the proof of Condition 3,3 for V - V hinges on the

fact that the function

h(s,a): - t(f a )  V(s)

= r(s,a) + fp(s,a,ds,) V(s')

is supermodulir [361, 135), [33] in (s,a), where f. is the stationary policy that

always takes action a (fa(s) = a, for all s c S). This property, together

with the facts that V(s) is nonincreasing in s e S, S contains a minimal element

0, and V (in both examples) is related to the value function for an extremal

policy, leads directly to uniform upper and lo.: rbounds on UV(s) - V(s) and

thence to Condition 3.3. Supermodularity is extensively used as a device for

proving monotonicity of optimal control policies [26], [2,], [31], [121. We

expect that it could also be used as the basis for a general model of queueing-

control problems for which methods like those used in Theorem 3.1 could be

used to demonstrate unif' rm geometric convergence of successive approximations.
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Example 3 ° . Inventory Control.

This example will he used to give three variants of the classical single-

product inventory problem with periodic review, as described, e.g., by Scarf [23].

We shall allow for unbounded returns and not require convexity conditions for

the cost or rewird structure. Let u; first describe the general model.

An inventory system is ob:erved at discrete points in time, say the bepinninp.

of each month. At these points in time the StaLe of the ,vztem it defined as

the available inventory. This inventory may be negative as well as positive,

so backlogi'In, i,; allowed. Let us represent the state space by S R = (- , =).

If the state sES is observed at time t c (0,1,2,...), then a positive amount
+

aeR can be ordered. Delivery is immediate. The ordering cost c(a) is non-

decreasing in a = 0. A holding cost h(s) is incurred at the beginning of a period

and is non-decreasing as a function of the inventory s 0. If the observed

inventory s at the besinning of a period is negative, then a shortag.e cost

p(-s) is incurred. '.,e a.3sume p( ) to be a non-decreasing function of the amount

of the shortage. Finilly, we assume that the demands in successive periods

are i.l.d. randoin variables with probability distribution function (,), such

that the expected demand in each period is finite, i.e.,

d 1 . (3.26)

Costs and rewards are discounted. The one-period discount factor is p < 1,

tso that costs Incurred in period t are weighted with the factor r . As was

the case with the queueing-coutrol examples, the goal is to maximize the total

expected discounted returns (equivalently: m'n[mize the total expected discounted

costs) over an infinite horizon, and to find a (stationary) policy for which

this maximum is (approximately) achieved.



In the notation of o.'r bOe, .c,.c', ; m,,,e,, , he oni-s-,tage return function

is given by

-h(s) - c(a), fo r 0 1 = n
r(s,a) =(3.27)

-p(--s) - c' ), f ,i s. - 0

and the (discounted) transitio pr,,,ttb1 it it i.;h

p(s,a-B) l (s + a - m1 ( (3.23)

In the remainder of thisc -cct j en t') :I I V t .t )del II is aolicable under

certain conditions on c, h, p. and . '1,!. involves verification of Conditions

3.1 - 3.3 for a reference functia V tis, is, choien approrriately. Conditions

3.1 and 3,2 are Watisfiol trivil!v, .i;c.> ,': ar- conLcdering a discounted problem

+
with costs only, so all returns ir .tt hence r += 0 (cf. (3.27) and

(3.23)). Thus the only problem re-:miJnint, i!; to determine a V such that Condition

3.3 is satisfied. This will be done first for the classical case i-ith linear

holding and shortage costs. Then a m,,del with non-linear costs will be analyzed,

under mild condition,; which do not require ,nvexity of the cost functions.

Moreover, Jumps i, Lhese functions are ptermitted ls long as they are limited in

magnitude. As a consequence of the,,e more general conditions, of course, results

such as the optimality of an (sS) ,vlicv do not necessarily hold.

(a) The ciassical inventory model_

In this case the model as descr ibed, e~g., by Scarf [23] will be studied.

The cost of ordering, an imount a 0 is giv.'. V.y

c(a) = (a) K 4 c-n

where K 0 0, c 0, and 6(a) = 1, if ' 0 ,(a) 0 if a = 0. The holding

cost is linear,
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h(s) = h's, s 0,

where h 0. The shortage cost is also linear,

p(-s) = -p s, s < 0.

Hence the one-period return function can be written as

j -h-s - 6(a)°K - c-a, s = 0, a = 0
r(s,a) = 

1  ->a~ K c ~ s ,~ (3.30)
r~so) p's - (a)oK - a, s < 0, a = 0 (.0

We assume that

c < p(1-0-) p (3.31)

The economic interpretation of this condition is that it costs less to order

a unit now than to backlog that unit forever, which is a plausible assumption.

As an upper bound on V* we shall use V defined by
)-l - '

sn(-h-s(l-P) 4- h-M1 *I(D-P) ',0), s ) 0
Vs:= (3.32)

(p+c) s s 0
<PC' S <

Lemma 3.7. V* = V = 0.

Proof. Obviously V = 0. wp shal! prove V* V Inductlvely. Define the

function h by

-h1., s z 0

b(s): -- S' S <0 (3.33)

Clearly V* =b 0 , and hence

nV *< Un < >V= U~V U h = 0, n = 1. (3.34)

* -.
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Def ine

+pn >
h : = h(]+p+... ), n = 0,

n

Pn : . p(l+P+...+Pn), n 0 , (3.35)

.nn-i >
M': = h'MI'p(1+2p+.. .+n ), n 1
n 1

(1.1 = 0). The induction hypothesis Is the following.

< -hn S + M" s =0

Unb(s) = m (3.36)
{max (Pn'p+c).s, s < 0

Noting that (3.31) implies that p+c = P+PPn-i = Pn for sufficiently large n, we

see that the desired result will follow from (3.34) and (3.36), upon letting

n - wo.

Clearly (3.36) is true for n 0 0. Suppose that it is true for some n = 0.

Case 1 - s = 0:

U +lb(s) = -h-s + sup {-K.6(a) - c-a + Pf'Unb(s+a-E)dt( ))
a=O 0

-hs + sup fs+a[-h .(s+a-F,) + M'd (r)}
alO 0 

n

< fs+a
= -h-s + sup {-o'h fa(s+a-C)do( )) + pMa0 no n

- -h's - pvh f (s-&)d (C) + p1'n o  n

= -h-s - p'h [so(s) - fS d4(E)] + pM'
n 0 n

= -(h+p'h )s + p'h [s(l-s(s)) + f Sd4(&)] + pM'
Sn 0 n

-hnls + Ohn'M + pM'

-h + s + M nn+1 n+I
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Case 2 - s < Oz

Define k minfn~c~pp }.(Recall that (3.31) implies that k < .)First

suppose n < k, so that c > pp n

Un1b(s) p-s + maxfpf Ub(s- )d ( ), c-s -K+ sup{-c-y +
0 Y>S

pfU%(y-)d, (M)l

p-s + maxfof p ' (s-4)d ( ),
o n

c-s - K + sup {-c-y+pf p 'Y0 W )
s<y'-0 0n

c~s - K + sup{-c-y~pf p -(y-0,dI+()f
y :O yn

- s + maxfp-p n.S - pp ~n.I

c-s - K + sup {,(-c+pp n).Y) - -nml

c-s - K - r- n. I

IPIS-PIPn -N + max(P'p n.s, c-s-K--s + O-P n.s, cs-'K)

-(p+Q.p) P = +*

Now suppose n =k.

U ~b(s) p-s + maxtPpk p(S-d'QW),

c~s -K + sup -c-y+pfpk(~d&

Cs-5 K + b(cYvm YOd M

p-s + max~p -Pks -. k l

c-s -K + sup, ((-c+rPQPI,) - Op 1(~S<Y0
CK)
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p's + max(Pp-k-S, C'S}

= (p+c)-s

Finally, suppose n > k.

U nb(s) - ps + max{pf (p+c).(s-E)d(F),
0

c's - K + sup (-cv+of-(p+c).(y-6)dWG)),
s<y<O 0

c-s - K + syp{-c-y+f (p+c)-(y- )dO(&)}}

y=

= p-s + maxfp(p+c)s - P(p+c)M1,

c's - K + sup {(-c-p(p+c))y} - p(p+c)M,
s<y<O

c's - K}

p-s + maxfp(p+c)s, c-s}

= (p+c)s.

This completes the induction and so the lemma is proved.

Our main result for this model is contained in the following theorem.

Theorem 3.8. Consider the InvetLtory-control model with linear costs and

with V defined by (3.32). Then V- V 0, V*',)(V) and is the unique solution

in W(V) to the optimality equation, v = Uv. Moreover, for any V E'V(V),

Ii V*_-UnV 0 jnV,_V < = , so that 1nV0 converges to V* uniformly and

geometrically.

Proof. In order to apply Theorem 3.1, it remains to verify that Condition

3.3 holds:

II UV-V'F1! < '. In fact, we show that 0 UV(s) - V(s) = -M, where M <®, for

all sES.
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rase I.- s 0:

Using efnctirinllv the namo .rgtn.-mT no u.sd to verify the Induction hypothesis

(3.36) in Lemma 3.7, it can be shown that

UV(s) -hs(I-p) -1 + h-M *o(l-p) 2 ,

and hence UI7(s) V(s). The only difference is that h and Mn are replaced byn n

thotii rtpCctVw: limits, hd1-p) and h*M 1 pk-P)- 2 . On the other hand, 11V

r(f O ) + P(fo)V, with fo the policy that has f(s) = 0 for s = 0, and f(s) =

-s for s < 0. Hence

LW(s) > -hs + of5 [-h(l-p)-(s- I )]d(,) + of w(p+c)(s- )do( )
0

-1 s

= -h-s - hP(1-P) -s,(s) f { dpQ-)-

+ s(p-(s,()+ s~d)) - ppdc).-

+

= -h-s - h'P(I-P)- 1.S + thp-rJo) + P(p+c)J

l[s(1-0Ks)) + f5  ~p4(c)J0

>= .h(l-p)-is - p(p+c)HI1

-2
V(s) - P"M (h(l-0) + p + c)

= V(s) - M

for sufficiently large M < .

Case 2 - s < 0:

Again, the proof that UV(s) V(s) = (p+c)- Is Asscutially the same as the proof

of (3.36) in Lemma 3.7. On the other hand, UV Z r(fo) + P(fo)V, so that

UV(s) = p's - K - c(-s) + pf (p+c)(O-)d4( )
0
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(p+c)-s - K - p(p+c)M 1

- (p+c)-s - M)

for sufficiently large M < -.

Remark 3.11. As in the queueing examples we can define for each decision rule

f a transformed return function t(f) by

r(f) + P(f)V - V - L(f)V - V.

Now the transformed inventory control model (S, A, D, t, p) satisfied the conditions

of Model I of Section 2, since 11sup (f)jI - UV - VI < M. Moreover,

f
V* = V* - V.

Remark 3.12. The proof of Theorem 3.8 shows that UV V. It follows by

induction from the monotonicity of U that u n = un- V, so that the convergence

of unV to V* is monotonically decreasing.

Remark 3.13. The idea of extremal policies as introduced for queueing systems

cannot be used directly for inventory systems. It is clear from the proof of

Theorem 3.8, however, that any policy f0 of the form f0(s) - 0 (do not order)

for all s > s+ 0 and -s-k = f0(s) S-$for s < 0 and some 0 < k < - satisfies

Ii V* - vf011 < -, which implies that VfO might serve as a reference policy.

For such f0 we might define t(f) by

r(f): - r(f) + P(f)Vfo - VfO,

which automatically implies that t(f0 ) 
- 0. Consequently, the successive

approximations method,

0  0

v n sup {(f) + P(f)V nl, n = 1,
f
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~ > V V-f0
converges to V* monotonically, i.e., V = vn-l' and v - * V-

As in the queueing examples the effect of the shift transformation is to

subtract Vf0 from the value function for each policy. So again the value

functions are measured relative to that of a reference policy, in this case fo.

Roughly speaking, our results say that the inventory problem with linear cost

structure is equivalent to one in which the costs one has to incur to reach the

"feasible area" (not too far from state s = 0) are subtracted.

(b) Inventory control with restricted order quantity

We consider the same problem as described in Example 3(a) with the restriction

that the maximal order quantity is R. In this model it is not always possible

from states s < 0 to reach the "feasible area in one step. Hence a logical

reference policy will be of the form: f0 (s) R for s < s0 o O- f0 (s) 0 0 for

> 0; f(s) = R for sc[s 0 , s11. The value function for such a policy

will be of the order:

P-h's(l-p) 1 , for s - 0

P'(s): = 1(3.37)

p-s(1-) - , for s < 0.

Define V by

f min(-hs(l-o)
- I + hOM I.P(l-0)-2,0), for s =0

V(s) = .mn(ps(l-p)-  + poR.p(I-p)-2,0), for s <

Lemma 3.9. V* I V - 0.

Proof. The proof parallels that of Lemma 3.7. With b again defined by (3.33),

the induction hypothesis is now

(a
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(s) (3.39)

Pn s + m'n , s < 0

with hn , p and M' defined by (3.35) and
n ni n

M":= p-Rp(l+2p+.. .+no
n -l)

n

If (3.39) is true, the desired result again follows from (3.14) upon letting n

It remains to prove (3.39).

Case 1 - s = 0:

Since sp< {} sup {.}, the inductive argument used in Case I of
O=a-R a=O

Lemma 3.7 can be used again here.

Case 2 - s < 0:

Clearly (3.39) is true for n - 0.

Again define k - min {nlc <  p}. For n 1 k, the inductive argument used in

Case 2 of Lemma 3.7 can be used again here to show that

Ub(s) < p ns =p ns + "
n

Suppose (3.39) is true for some n = k.

(s<-R) U n+b(s) - p.s + max{pfp n(s-E)d () + p11"
no

c-s - K + sup< {-c-y + fP p n(Y- )d(0)) + P*M"}
s<ys+R 0 n n

-ps + maxfp n 9, c-s -K + sup< ((-c+P-pn)y})
P.S IDX{P s, s -K +s<y-s+R

-P.P *M + p.M"
n n

p-s + max(p.p n*, c's - K + (-c+p.p )(s+R)) + p-M"
ni n n

I
*t - - ,J I .I II " . . .9



- 44 -

= pos + maxP.p n-S, - K - cR + pp -S + -Pn- R) + poM'
n

= (p+p.p )s + Pnp R + p-M"
nn n

= n+l- +Hn+ 1

(-R-s'O) n+l b(s) - p-s + maxfoU(s-)dp(), -K + pa

0 a=0 0

p-s + maxf0f*p n-(s-)d(E) + p-M", 01
0on n

=P.S + maxfp~p ~s-P.p 1111 01 + P.M"
n n 1' n

= ps + max{p-p S+P.P *R, 0} + p-M"
n

= (p+O-p )s + P-P R+p-Mn
n n n

= P ++n+ 1.

This completes the inductive step and hence the proof of the lemma.

Theorem 3.10. Consider the inventory-control model with linear costs,
< <

restricted order quantity, O=a=R<-, and V defined by (3.38). Then V*=V=O,

V*EfU(V) and is the unique solution in r'(V) to the optimality equation, v = Uv.

11oreover, for any V00)(V 1 V -U 11--,nl V*-V 0 11 < so that unv0 converges to

V* uniformly and geometrically.

Proof. Again we verify Condition 3.3 by showing that 0 Z U(s) - V(s) - -M,

where D<-, for all scS.

Case I - s = 0:

The proof that UV(s) V(s) is the same as in Theorem 3.8. On the other hand,

UV : r(f,) + P(f0)V, with f0 the policy that has f(s) - 0 for s = -R, and f(s) R.

for s < -R. Hence
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Ii(s) -> -h~s * S [-h(Z-)-ls¢]#

00

* p/"p(l- p)-1 (s-¢)d$(¢)
s

- -h"s-h'p(l-p) - (si(s)- 5 ddS({) ]
0

1-P P -( -P) fs( -( ) -*
> _1 l 'p)-1 ) -
= -l-)-s - p-o(1-p)

-(1-P)' 11[h(1-l) -  
+ p]

> V(s) - TI,

for sufficiently lnrge M < -.

Case 2 - s < 0:

The proof that UV(s) < V(s) is essentially the sane as in tlhe inluctive step of the

proof of Lemma 3.9 for n = k. The only difference is that pn and If' are replaced
n

by their respcctive limits, p(l-p) and p-R.p(I-p) -
. On the other hand, IA >

r(fo) + P(f )V, so that

(s < -R) UV(s) =p-s - K - c-R + pfcp(1-p)'1(s + R - &)d+(&)
0

P.S + p-p(l-P) 1s + p-R.p(l-p) - K - c-R - p-p(l-p)-II I

p(l-) s + p'R'p(l-p)- 2  [K + c.R * pp(1-p) (
-1t

+ R(1-p) )

> V(s) - M,

for sufficiently large M <.

r- ..L '. • ......
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(-R <s () o ii(s) ,s * P1 p(l-o)-(s-5)dg(t)
0

p.S + p.P(1-p)-1 _ p.P(1-p)-lH1

p(l-0)- s + pR.p(-n)- p-R.p(l-p)- p.r(l-p)- 11
1 -1RoIo - 2 -p01O

V(s) - p-p(l-P) - [l Il + R(-P)- ]

= V(s) - ,

for sufficiently large M < 'o.

This completes the proof of Theorem 1.10.

Remark 3.14. The economic regularity condition (3.31), c < p(l-p)- p, is not

needed in the nodel with restricted order quantity. In fact, if c p(l-p) p

then k= and the proof of Lemma 3.9 shows that 1)nh(s) =< p ns, for all s < 0 and

> -1n = 0. Hence, in this case, V can be defined as V(s): = p(l-P) s, for s < n.

Remark 3.15. It should be clear that it is not difficult in peneral to find a

Pood reference function V or 1. Usuallv, the structure of the problem vill indicate

the direction in which to search for such a function. This was Irue for the

queu_ ing examples as well as for the inventory-control models.

Remark 3.16. Once again the convergence of uit to V* is monotonically decreas-

ing, since IV =< V for V defined by (3.38).

Remark 3.17. By defining i(f): = r(f) * P(f)V - V, the inventory-control

problem with restricted order quantity can be transformed into a problem that

satisfies the conditions for Model I.

(c) __entor control ith non-linear costs

Now we shall treat the inventory control model as described in the introduc-

tion of example 3, without the restriction to linear costs. Ve shall need the

following condition:

4 Sl | . .
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c(-s) = p-p(-s) + H,2., s 0, (7.40)

WIAciu M') -.. TI-I econoni interpretation of this condition is that below some

point so = 0 it cannot he much worse to order up to zero than to stay for one

period with the shortage s = so. Note that for the case of linear costs, this

condition is stronger than (3.31), but still economically plausible. In addition

we assume that ordering all at once Cannljot bO Inuch t'.orsc than ordering separately,

i .,,

c(a+b) = c(a) + c(b) + 13, a,b 0 (3.41)

where M3 < -. Finally, the expected shortage cost for one stage, if we start with

s = 0, is assumed to be finite, i.e.,

f0p(E)dO(E) = H < (3.42)
o 4

Dcfine V by

V(s): = sup Estgod(Xt)] + g(s), (3.43)

where

h(s), s= 0
d(s): =

0, S<0

and

(s): =, =

p(-s) - c(-s) , s <

Lemma 3.11. V*V =0.

Proof: Obviously V = 0. On the other hand,



- 48 -

(s 0) V(s) sup F [ E d(X )
St=

IT t

t 0

since r(s,a) < d(s), for all sOS, acA;

(S -C 0) V*(s) = W*(s)

= -p(-s) + syi) {- c(a) + pf V*(s+a-&)dO(C)1
a=() 0

= --p(-s) + max (sip { - c(a) + pf V*(sea Q)d(P .),
O=a--s 0

sgp { - c(a) pf/V*(s+a-E)dO( )5}
a=-s 0

-p(-s) + max {sup I- c(a) - p(E-s-a)dO(E)1,- c(-s)}
O-a<-s

- -p(-s) - c(-s) + max {sup { c(-s) - c(a) - pp(-s-a)), 0)
Osa<-s

= -p(-s) - c(-s) + max {sup { c(-s-a) - pp(-s-a)} + M3, 0)
O=a<-s

= -p+-s) - c(-s) + 2  M 3

This completes the proof of the lenma.

Theorem 3.12. Consider the inventory-control model with non-linear costs satis-

fying (3.40), (3.41), and (3.42), and V defined by (3.43). Then V < V <,

V*F '!(V) and is the unique solution in '-!(V) to the optimality equation, v = IK-.

Moreover, for any V0c W(V), IV' - UnV.il f PnIIv -lV* _ o , so that UV0 con-

verges to V* uniformly and geometrically.

Proof: Let f( be the policy that has f0 (s) = 0 for s 0, and fQ(s) = -s for

s < 0. Ile shall show that lIV - V fOJ < a This will imply that IIV - v*ll <

IIUVf - vfo 1 < -, and lIv" - vfoll <-.
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It suffices to snow that V () - V(s) -1, for all qF1, v.here M < -, Th.s

will be done inductively. Firs t observe that

V(S) = sup E7[ d(Xt)]
S t t

t:O)

i f d(Xt)

1 urn Bfc I I E
n-o It=O

Hence V = lim V , with V defined by

n n
- n-I

V s) \1 tE d(Xt)], s 0v n(S)  t s 0:

-s) - c(-s), s -C 0

Moreover Vfc lirm f'C, with VfG defined b,

11 n

vfn(,): E f[s Z r(Xt' At)]

t=O

The induction hypothesis; is the follov:ing:

f " ) - \17 n a 1 I, S 'S (S.44)

Clearly (3.44) is true for n=1, since v 7 V u. .UOe that it i true for .
>I

n I

Case 1 - s 0:

/ (S) -,1(s) + of n1(f -)d $( )

= d(s) + " Ivn (s-O,(W
n

d(,) + pf s- ),'¢( -V

( (s) - .



Case 2 - r0:

v~ f + ! O-c(F
n+1 n

c(-s s Q +- PfV (-:(( nil

~ p(-S) -0-; pf-(1+P)-()dO6(F)- ('k''

- -p-s) c(-)-p [(1+P)114 + 112 + M

- '' I (S) -

for sufficienltly larg-e M < ~

This com1etes the p)roof of thE t'ere,

Pe ma rk 1. 1s. The imventof ?-rolit-rul 1,iut 1I t Wit)) penCl,-4 owl ~txw

rostrictcd. order eiiiartt it can ~e h1andIled in a 'FirJI1lar vav, Irovirled

(-(s+R)) - > -!I tiniiforni in 5< -P,.
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