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ABSTRACT

;"l'he axisymmetric elastic-plastic torsion of a shaft of general shape
subject to the Hencky consistency condition with the von Mises yield function
is considered. It is proved that the Haar-Kirman principle is valid in this
case, and that the problem is essentially two-dimensional. The problem is
reformulated as a variational inequality, and the existence and uniqueness of

the solution is studied.
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SIGNIFICANCE AND EXPLANATION

when a shaft of circular cross section is subjected to a torque, a
~.18tic enclave may appear. The boundary between the elastic region and the
plastic region is unknown. It is a so-called free boundry problem.

Assuming that Hencky's consistency condition with the von Miges yield
function is satisfied, we can prove that the Haar-KArman principle is valid,
which means that the strain energy must be minimized subject to the constraint
that the stress should not exceed its permigsible limic. We show that the
problem is essentially two-dimensional, and give two kinds of variational
formulations of the problem: one for the stress field, the other for the
stress function. The existence and uniqueness of the solution of the

variational inequality for the stress function is proved.
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ON AN AXISYMMETRIC FREE BOUNDARY PROBLEM
Shu-zi Zhou"

1. Introduction

The elastic-plastic torsion of shafts is one of the classic free boundary
problems. For the case of that the cross-section is constant, it has been
studied deeply by using variational inequalities during the last decade (see,
for instance, Ting (1971, 1976], Brezis and Sibony [1971), Lanchon [1974),
Friedman [1980]), Pozzi [1980]). Recently, Cryer [1980] has considered the
case in which the shaft has variable cross-section and rotational symmetry.
He has proved the existence, uniqueness and regularity of the solution of the
variational inequality problem for the stress function under some assumptions.
He has assumed that the function it describes the generator of the rotational
shaft is monotone. In this paper we consider the case in which the generator
may have more general shape; give two kinds of variational fomulation of the
problem: one for the stress field, the other for the stress function; prove -
that Haar-Karman principle is valid and the problem is essentially two-
dimensional under the so-called Hencky's conditions; study the existence and
uniqueness of the solution.

I am grateful to Professor C. Cryer for many valuable discussions.

Hunan University (Changsha, China) and the Mathematics Research Center,
University of Wisconsin-Madison.

Sponsored by the United States Army under Contract No. DAAG29-80-C-0041 and
the National Science Foundation under Grant No. MCS77-26732.
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2. Classical problem

Let Figure 1 represent a shaft of circular cross section with equal and
opposite pure torques T applied at the ends. Assume that the material is
homogeneous, isotropic, and elastic-perfectly plastic, that there are no body
forces, and that there are no external tractions on the lateral surface. Our

aim is to find the resulting stress distribution.

Figure 1

Setting up a cylindrical coordinate system in which the z-axis coincides
with the center line of the shaft and the origin lies in a end of the shaft,
we assume that the equation for the generator is r = R(z). Let (see Figure
2)

@={(z,x): 0<z<L, 0<r < R(z)}

I‘Oa{(z,r)=o<z<n,r-o}

1‘1 = {(z,r): 0< z< L, r=R(2)}

P21 = {(z,r): 0 < r < R(O), z = 0}

rzz = {(z,r): 0 ¢ r ¢ R(L), z = L}

I =T __uT .
2 21 22
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Figure 2

Then we have (Eddy and Shaw [19%49]).

Classical Problem: Find stress function v @ 0'.!1 () n ¢:2 (8) such that

Vel € kx? in @ {(k is a constant given)
_ ~3 v 9 -3 v
Av 2 -a={xr " 37) ~3p (r T 3) =0
in 8 0 {(r,z2): || < xr2}

v=20 on PO' v = T/2% on 1'1

v
7“--0 on I'z .

This formulation of the problem is based on the von Mises yield criteria,
and on the so-called semi-inverse method given by Saint-Venant (see, for
instance, Timoshenko et al. {1951, p. 259, p. 306)) in which one assumes a
priori that there are no radial and axial displacement. This fact will be

proved in section 4 of this paper.

3. Haar-yarman principle
The argument we use in these two sections is similar to that in Lanchon
[1974] for the case of constant cross section.
From now on we assume that
R(z) is piecewisely, continuously differentiable

R'(0) # -, R'(L) # + (3.1)
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which implies that & 1ig strongly Lipschitz domain. Then the three

»
dimensional region 2 occupied by the shaft is also strongly Lipschitz

domajin. Its boundary is
* * L ] *
= U V)
an I‘1 I‘21 I‘22

» * *
where I‘1 is the lateral surface while 1‘21 and P22 are the end surfaces.

Denote by Ups Uy and u, the components of the displacements in the

radial, tangential and axial directions respectively. Let

T
u = [urlueruz] y O = tor'oe'oz'oez'orz'oral I
T

€= [er,ee,ez,eez,erz,ere]
where O-gtress fleld, €=gtrain field. Then we have (see, for instance,

Timoshenko et al. {1951, pp. 305-308))

in 8 (3.2)

g
Tr—...;WQ'%‘—(u—r—-o in Q . (3.3)

We have the boundary condition as follows:
oOn +0 n =0
rr Xz z
+0
Urenr eznz = 0

[ 2
0 n +0dn =0 on I, (no external tractions) (3.4)
rz r zZ 2 1

L ]
= = = r L]
atz aez °, 0 on in ] 22 (pure torque) (3.5)

[ o rog 28 =] , xog aa = (3.6)
21 F22




et

*
where (n., ng, ny) = n is the outer normal of 3% . (Obviously, n is

* *
well-defined a.e. on 3% because of (3.1), and ng = 0 on M, n. =0 on
*

r v r' )e
21 22

0

Assume that the resulting stress field o satisfies the Hencky's

consistency conditions (Lanchon [1974])
F(Oo) <0
eo = Auo + A

2T0-a® <0, wvoe " (3.7
where F(0) is the von Mises yield function

1,2 2 2 2 1 2 2
F(O) =5 (07 40y 40 +04) -5 (0, +0g +0)" -k, (3.8)

T

LI W L M {o : F(o) € 0}, and A is the matrix in the Hooke's

law (Timoshenko et al. {1951, p. 7, p. 66})

K -V =V h
-V 1 -V ;
A=d [-v v g (3.9)
E
2(14V)
(201+v) '
L 2(14V)_

where E is the modulus of elasticity and VvV is the Poisson's ratio with
0 <V« 1/2,
Let

M, = {c e M, : 0@ [n'(n')ls, o satipfies (3.3) - (3.6)}

*
where the 0 in (3.4) - (3.6) is the trace of ¢ on 30 (see, for

instance, Nedas {1967, p. 15)).

Peoposition 3.1. If (3.2) and (3.7) are valid for o’ @ M_, then the

2'

Haar-Karman principle is valid in this case, that is
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J1(00) = min J1(0)
oeu2
where

1 T
3,0 =3 jn. o AoV . (3.10)

Proof: ¥ O @ Mz, we have (noting that A is symmetric)

3,0 = 3,0% =2 [ (a0 - (¢")Tac)av
a

- n.(a-ao)TA(o-ao)av + fn'(oo)TA(a-co)dV .

It follows from Gerschgorin's theorem (Varga [1962, p. 16]) that all of the

eigenvalues of A are not less than (1-2V)/E > 0. Hence

xTAx > (1-2v)x°/E, v xeR® (3.11)
and we have
3,0 - 31(o°) > [, 0)Ta-a"yav
Q
> [, €)% 00" (since (3.7))
Q
0 0 . 3y

s 0 “roo1 0 z 0
B IQ' [31‘_ L (r_ tT -59_)(09-09) * ez (az-oz)

0 0

0 0
P 100 o0y s (o e 2o )
3z " r 30 /'"6z 6z %9z " %% Vrz rz

1 au‘: ug ug 0
st - —)(0_g-0,g)Irarddaz (since (3.2))

0 0 0 0 0 0
) fan'(u!'((ar-or)nr * T * U (970 0, * (96,7% )N,

0 ] 0 0,3 0
+u_((0,_=~0_ )n_+ (9,-0)n ))dS - In' (u (= (3 =0 ) +
0 0
(0_=0_)=(0,=0_)
19 0 3 r r 9 0 0.9 0
T35 (%07%0) * 37 (%% * r * uglsr (.97%9) *
-6=
‘~Jp:;:‘ > T P .
. vvs‘r'rdﬂtm"




v opxen ®

e w g

0
0 2(0re-0re)

19 0 9 0
< 35 (999 + 5 (oez-oez) +

-0° ) +
Yz rz

]
) + u:(.;; (0

9 0 ? 0 1 0
1] (Uez-Uez) + ¥z (Uz-dz) + T (Urz-orz)))dl (Green's formula)

o“_‘

=0 . (since (3.3) = (3.5))
Q'!.D.
About more general discussion on the Haar-Kirman principle, see Martin

{1975, pp. 733-736).

4. Variational formulation of the problem

Proposition 3.1 suggests the following variational formulation of our

problem.
0

Problem (A) Find 0 e M2 such that

0
J1(0 ) = min 31(0)

[+/
a‘z

where J, is defined by (3.10).
It is easy to show the following assertion.

Proposition 4.1. Problem (A) is equivalent to the variational inequality

0

o em,
(4.1)
31(00, 0-3%) > o voen,
where
a1(c1,02) -/, ohHTa? & . (4.2)
1]

Proposition 4.2. Problem (A) has at most one solution.

Proof: If o’ and 0' are solutions, then we have by (4.1)

a,(oo, a1-o°) >0
1 c,0

a, o, -01)>0 s

-?=

R . B it

N
e

- ™ 4’:"7%

e,
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By virtue of (3.11) we obtain

(1-2v) [, (o'-0%)2av/E < 31(01-00, oleo )
Q 0

1 0 1 0 1
= - - - - < .
a,(0’, 0°=0') - a, (0", 0 ao) 0

1 0 *
Hence 0 =0 a.e. in 0 .

Q.E.D,
Theorem 4.3, Assume problem (A) has solution oo. Then
[ ]
(a) o°=og=o°-o°-o a.e. in 2
r z rz
0 *
(b) g-g— =0 a.e. in @
* - * ]
Proof: let ¢ = [0, O, O, oez, 0, °r9] in _and
* 1 2% 0 d
= — 0 2
oez 77 o °9z a in "
* 1 27 0 *
IR = Io oo 9 in 8 .
*
If we can prove ¢ @ Mz and
* 0
J1(a ) € I, 0 ) (4.3)

then the conclusion of the theorem is clear by Proposition 4.2.
* *
At first we prove that ¢ € [H1(9 )]6. Recall that § is defined by
*
(2.1) and it is the cross~-section of 2 by plane 6=constant. Define space

12 2) = {v : v measurable in 8, kvl ¢ =}
b o Lzm)
with norm r

fvl = fn vzrdrdz p

L:(Q)
and define a distribution

* * « n
<Uez, V>Q,r = Iﬂ Oez vrdrdz, Vve co( ) .

v ve c;'(ﬂ), define
*
(r,0,z) = ¢(r,2z) in 8 {r = o}
0(0,9,2) =0 .

Then we have

< e - oy e e
A - LAt L
e 2

TR T

|




* 1 0
ele’ >n’r| = | !Q* oez ¢ av|

0 1 0
1400 ‘101 - 160 4 a1 )
w2@hy 2@h T 0z 2% . L@

L
Hence Uez (more precisely, its restriction in ) belongs to the dual space
of Li(ﬂ) and then

* 29
Oez e Lt( ) .

So
. 2 2N * 2 . 2
/. (0g,) v = [o a0 fﬂ (0g,) ‘rdraz = 2wlog 1%, ¢ »
2 Lo(®
\ r
L 2 2 *
i.e. dez eL” (). similarly, we have
0
T}
-1 r2n 8z 2, .*
v’zn[o -5, dMer @) .
Given ¢ e C:(Q), we have
0
1 r2m aoez

<v, w)s'r = fn (-2—“ o ¢ dd)raraz

0 0

do d¢

1 0z LI 0z
il Vs ly # e vrea

1 27 0 3(erx)
= - -2—'- IO de IQ Uez —s——r drdz

1 2% 0 3 (¢x)
'-27!0 (Io O, 48) 5 i

»
aa
- fﬂ a;z %‘;&) drdz = fn -5;0-2- vrdrdz

*
3o z
<1r—, (4 >Q,!‘ .

It means that

. 0
3%, 4 an 2%, 0612
o cw e I eert@) .




Similarly, we obtain

* 0
LT g
) 1 " ] *
2. =T 2 we e’y .
But
ao'
0z
-0 -

» *
Hence dez e H‘(Q ) The same argument indicates that 0;9 e H'(ﬂ*) « and we

obtain
* *
o' em'@y® .

Turn to (3.3) - (3.6). Check the second equations of (3.3) and (3.6) for

g :
* d 0 0 0
o 8 . 1 aae . aoez . 20re 1 I” 3are . aoez . 2ure)de
or r 99 3z 2% ‘0 dr S 9z r
0
30
1 2% 1 0
= - 2—‘l 0 '; W de (since (3.3))
=0 (periodicity of ¢ in
* 1 2% 0
Ir' o, @ = Ir' rig; [y 9, 49) re@rar
22 22

1 2% R(L) 28 2 0
-Tl-fo dO' fo drfo r oaz de

e [T, e ol

22
The rest of (3.3) - (3.6) is clear.
Now we prove
* - * 2 » 2
F(0 ) (Uez) + (Ore)

We have

» E 2 *
+0 ,0
0z rd ré

. 2 * 2 *
(dez) + (Ote) = Oezd

ro B2

ds = T .

-k2<0.

6)

(4.4)




1 2n 0 * 0 *
2n fo ‘°ez°ez + °re°re)"°

1 2n * 2 * 2 V 2% 0 .2 0 .2 V
€ — 2 o 2
57 Uy (og)? + 0. 01%1a072 « (27 (o) )2 + (%)%)a8)

1 1
= 735 1007 + 02012172« (27 (0] )2 + (0017100172
i.e.,

»
(9,07 + (9,02 < 1 [2T ((og )% + (00g)%100 . (4.5)

On the other hand, we have

2 2

0 .2 0 0 2

(Uez) + (Ure) CF(0) + k" <k .
Therefore, we obtain

* 2 * 2 1 2% 2 2

§ = -
(Ogg)" + (0,9)° € o= [07 k“a0 = x
[ ]
te., (4.4) is valid, and o e Mz.

L ]
Finally, we compute J1(00) - Jl(c )+ Clearly,

T * 2(14V) * 2 v 2
(C )AC = <= [(Uez) + (Ure) ]
o.7__0 1 0.2 0,2 0.2 0.0 00 0.0
(0)7A0" = 2 [(9)° + (9g)° + (09,)° = 2v(0 0g + 0o  + 0g0)]
2(1+4V) 0 .2 0 .2 0 .2 > 2(1+V) 0 .2 0 .2
t=— [(Gre) + (Uez) + (drz) ] = ((Gez) + (are) 1

(since 0 < Vv ';-) .

It follows from (4.5) that

2 0 .2

* v 2 0.2
[0 10007 + 0 9T1av < [ 100" + (0 9710w

HJence

* * *
23,06% - 3,000 = [, 1(06H A’ - (0" Tac 1 av
2

2(14V)
E

* ]
> oo tog)® ¢ opp 1w - [ g )® + (o ian > 0
]

(4.3) has been proved, and the proof of the theorem is completed.

Q.B.D.

~11=-
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The basic idea of the above proof is the same as that of the so~called
semi~-inverse method.
This theorem enables us to take the set
{ o o n'}
N=108€ Hz : or =0y = 2 rz = 0 in
as the set of the admissible stress vectors instead of M, in problem (A).
Then we have the following problem.

Problem (B). Find oo € N such that

31(o°) = min 3 (®) .
OeN

0

Obviously, problem (B) has at most one solution; if o is the solution

of problem (A), then it is also the solution of problem (B).

Remark 4.1, If O @ N, then it follows from (3.3) that

d0 3o
8z _ _xb _ °
96 =~ "99 ¢
Therefore,
(1+V) 2%
J,(G) E JO(U)
where

2 2
I o) = IQ (0 g + Og,)r draz .

S. The variational problem for stress function

2
1f problem (B) has solution o® e [co(ﬁ )]6, then we have by remark 4.1:

0 0
o e N1, JO(O ) min JO(O) (c)

[o/
eN,

where N, is a subset of N:

N, = {cen:o0e [c°(9.)16}

voe N1, by virtue of (3.3) we have
3 2 9 2
‘5‘; (r ore) + 's? (f aez) = 0 .

*
Then it is easy to show that there exists v @ H2(Q) N c' (M) such that

-12-
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» *
) 2 )
Te = £, g = r0, in T

v * -
Hence w—— = 0 on l‘o, and v =C, on ro. let v=v =-C4q+ Then

v 2 v 2
i r oez, - Pl dre in 0
v=0 on Po

-3, 9v,2 v, 2 =
3 (0) = fa Eht v o laraz = 3w

It follows from (3.4) and (5.1) that

9
%- -g—z!cos (n,r) +-5¥cos (n,z) = 0 on P,'

where s 1s the tangential direction of 1'1. Therefore,
ve=CcC, on 1'1 .
Since (3.6), (5.1) and (5.2), we have
2" R(0) 2 - R(0) 3v
T = Io a9 !o r‘og, drad = 2w fo = dr = 2% v(0,R(0))
Combine (5.4) and (5.5) we obtain
v = T/2% on I .
By (305) and (501) we have
g% =0 on I, .
It follows from F(0) € 0 that
2 4 2 2 2 4
[Vw]® = r (0 g + Op,) < x‘r
I9%) € kr? in 0 .
Since o @ [H‘(ﬂ')le, we have

1
C,.g¢ Tgy € Hr(ﬂ)

where
nl@ = vet® s &, a2
T r %’ Tz r
z.:(m is defined by (4.3).
Hence
e 2 ;—;’:, £ 2 -g‘;’ e u:_(ﬂ) ,
particularly,

-13-
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(5.2)

(5.3)

(5.5)

(5.6)

(5.7)

(5.8)

(5.9)




fn 3 (5-) drdz, IQ 3 gl)zdrdz <w (5.10)
Finally by (5.1) and {5.2) we have
v = (f r O dr) r 4dr . [¥ g2 dr < Cr5
0 0 9
80
o roviaraz < = (5.11)

Now let
N2 ={v:ve HZ(Q) r\c1(§), (5.2) and (5.6) - (5.9) are validl .
Then it is easy to see that (5.1) - (5.2) defines a biunivocal map from N,

onto N,, and problem (C) is equivalent to the following problem:

Vo @ Ny, J(vg) =min J(v) (D)
veuz
where (noting (5.3))
3w = fg p((g‘—’)z + (g!)zlaraz (5.12)
p=r3 | (5.13)

Now we enlarge the set of admissible functions of the variational problem

(D) for solving the problem on the existence of the solution. WNoting (5.11)
and that only the derivatives of first order appear in the functional J(v),

we introduce a set as follows

K={v:ve H;(ﬂ), v = T/2% on P1, {Vv] € krz in 8} (5.14)
where
1 2 dv v 2
H, (%) = {ve L) : 5, 3-e Lp(ﬁ)} (5.15)
Lz(ﬂ) = {v : v measurable, Iv} < ) {(5.16)
] 2
Lp(ﬂ)

with norm, respectively,

1
vt , = [fn ov2draz)’2
Lo()
P
ot (lvl22 + |a" 2 + 3;'12
Q Q Q
H,y () Lo (@) ( ) ot )
-14-
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ProsR N

and v = T/2n is in the sense of trace (see, for instance, Nelas {1967, p.
15]). K 4is a natural extension of N, because of that according to theorem
2.2 in Cryer {(1980], if u e H;(ﬂ), then (5.2) (in the sense of trace) and
(5.11) are valid. Therefore, we have the variational problem for stress
function as follows.

Problem (E). Find v, @ K such that

J(vo) = min J(v)
veK

and, equivalently,

Problem (F). Find vo such that

vo e K

a(vo, v-vo) > 0, vvek

where
dv' dy" v’V

MRARPIEL 5 AR T bl

Similarly to the case of constant cross-section, we introduce the
obstacle problems relevant to problem (F). There are two obstacle problems to
be considered.

Problem (F1). Find V4 such that

V1 e K1

- >
a(v1, v v1) 0 vve K1

where

K, = {ve H;(ﬂ) : v=T/2% on I, v 2 01 in Q} ,

1'
and W1 is the solution of the Cauchy problem

=]15a-
hadiaile Sy




v, e c2m
179,12 = x4, v < 1/2m a0 @ (5.17)
*1 = T/2% on I'1 .
Problem (F2). Find v, such that
v2 e K2 !
a(vz, v-v2) >0 Vvex,
where
Kz-{vel-l;(ﬂ):v.'rlzl on l'",v‘Vz in R} ,
and 02 is the solution of th} Cauchy problem
v, e c*® | ’
199,12 = %%, v, 20 1n @ (5.18)
#2 =0 on I'o .

The problem (F1) is just the problem (4.7) in Cryer [1980]), there the solution

for (5.17) is also discussed.

He 02 - golution of the Cauchy problem (5.18)

(17
Assume ¥_ is the solution of the Cauchy problem (5.18), iet p = -5-—2,
ay 2 z
q = D—r—z « Then the equation is

repleg?-xiiao .

We have along the characteristics parametrized by s in n\ro (Courant and

Hiltert (1962, p. 78])

(6.1)




2o 2 W BRI

3
.:.;. 3%. 2q (6.2)
a
2 IF P 2 2 2.4

—d- -p'a-p-i-q}—q'SZ(p +q)=2kTr (6.3)
e, _ 3 3

s (p 3*2 +3;) 0 (6.4)

3
% LA SRR S (6.5)

a."“‘a_vz"ar

Since Wz e cz(ﬁ), (6.1) - (6.5) are algo valid on Po. Given (zo,o) e l'o,
consider the characteristic passing this point. Let the parameter value of
this point be 8 = 0. We have initial conditions (since Vz =0 on I‘o and
F=0)

z(0) =z , r(0) = p(0) = q(0) = 02(0) =0 .

o

It follows from (6.4) that p(s) = 0. Hence z = z, (since (6.1)), and

q= kr? (since F = 0 and "2 » 0). Therefore, we obtain by integrating
along the characteristic

av 3#2

s 2 v
¥y (zgex) = 9, (8) = fo s - I: Bz

2
+ ey 1ds

gle
&l&

s & r r 2 3
~fpag ®=fjaa=[ira=-x .
Since (z,,0) e Po is arbitrary, we obtain the solution

¥, (z,r) =ked/3 in @ . (6.6)

7. Properties of the set X
penote by cC’' () the set of functions which satisfy Lipschitz

conditions, that is, if v e c0,1(§)' then

lv(p1) - v(pz)l

h (v,) = sup _ - < (7.1)
Py#P,
-17-




where Py = (z24,¥4), Py = (25,ry), and |P<| - P2| =
1

[(21 - 22)2 + (r1 - rz)z /2 .

Lemma 7.1. The following statements are equivalent:

(a) v e C°'1(n)

1 dv v ®©
(b) veH (), and E.Hen(ﬂ) .

Proof: It has been shown (cf. Adams [1975, pp. 1% :.%x.) that if v, -g%,

% e Lm(ﬂ) then

dv e
h, (v,i) € c,(lvl + ] # Wyl ), (7.2)
! Vo = L s AR (%))

By similar argument we can prove that if ?r:, ;}:;’ e L"(Q), and v e L’(Q)
then
h1(v,n) < c2 (I-;%l - + I-gll . Yy . (7.3)
@) L@

Therefore, it is clear that (b) implies (a).
Now assume v € C°'1(n). Then v posgesses a total differential a.e. in
1 (Morrey (1966, p. 65]), i.e.
vipy) - v(pz) = [%—})(21 -z) + [-g%] (r, = x,) +0 (Ip1 - pzl) (7.4)
ae. in 8
where [%E] ’ [g%] are the partial derivatives in the usual sense. Clearly,

they are measurable in fl. It follows from (7.1) and (7.4) that

3 2
lixzll, Hgd ] € h v ae.tn 2 (7.5)
Hence v @ H'(?) and (Morrey [1966, p. 63])
2 v .9 3
(39 = 5 130 = = - (7.6)

Then by (7.5) we obtain g{, -g%e L (R), i.e. (b) is valid.

QoEoDo

Ptom’ition 7.2. K C K1 N Kz.
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Proof: Given v @ X, it is enough to prove that

w1 Cv ¢ Wz . (707)

By Lemma 7.1 we have v & C°'1(§). Then (7.6) is valid. Since v @ H‘(ﬂ),

is absolutely continuous in r on 0 € r € R(z) for almost all value z

(Morrey [1966, p. 66])).

Therefore, noting that v = 0 on I'o, we obtain

) 3
v(r,z) € |v(r,z)| = l[; [ﬁldﬂ F J

< [T 1Wvlar < [F krdr = Vv, awe.in @

The gecond part of (7.7) has been proved. Now prove the first part. The

system of the characteristic equations for the Cauchy problem (5.17) has the

same form as (6.1) - (6.5). Let the parameter value 8 = 0 ocorrespond to the

point on l‘1. Then it follows from (6.2) that the point in @ corresponds to

the negative value of s. Noting that v has a total differential a.e. in

2 and that (7.6) is valid, we have along the characteristic

v(2(0),5(0)) = v(z(s),r(s)) = - (§‘-' £. T ¥ E)as

1
fo( z 2P +-r2q)da‘2fo |Vole (P +Q)/2ds

av
<2 f2 WPrlas - I ‘43—1 ds = ¥,(2(0),x(0)) - ¥, (z(s),r(s))

’

But v(z(0),r(0)) = W,(z(O),r(O)) = T/2%, Hence v ? W‘.

Q.E.D.

Proof: Given v, weé K and A with 0 € ) € 1,

!

Proposition 7.3. The sets X, X4 and K, are closed, convex subsets in

1
Q).
Hp()

wa have

v + (1=hwl ] = (32 + (-0 392+ A 3o 1oy 2%

-19-
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2,9
cragh?e o 3")21’2+ -2 @h? + -n? ")21

= AI%] + (1-0) |9w| € ke2 .

By the linearity of the trace operator (Nelas (1967, p. 15]) we have
Av + (1-A)w = AT/2% + (1-A)T/2% = T/2% on I‘1 .
Hence Av + (1-A)w € K and K is convex.

Let {vn} be a Cauchy sequence in XK. Since H;(ﬂ) is a Banach space
(Cryer [1980]), there exists v @ H;(ﬂ) such that vtV in H;(ﬂ) . It
follows from the continuity of trace operator (Nelas [1967, p. 15]) that
v = T/2% on 1'1. By well-known subsequence argument we obtain that

%] < kr? in Q. Then X is closed.
The conclusion about Ky and K, can be proved by similar argument.

Q.ECD.

8. Solution of the problem (F)

At first we solve the problem (Fz) it suggests the solution of the

problem (F). Let (cf. Cryer [1980, Remark 5.3])

R= min R(z) (8.1)
0<z<L
- ..3
ko - (3T/2“)R . (8-2)

We need a lemma it may easily be shown by a well-know theorem (Adams

[1975, p. 54]).

Lemma 8.1. If u e Colﬁ) n H‘(Q), then

tru=u on 39

where tr u 1is the trace of u on 932,

Proposition 8.2. If k < kg then the problem (Fz) has no solution. 1If

k ? ko then it has a unique solution.

=20~
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Proof: There exists a Z such that
0<z<L, R(z)=R .
If k < ky then by (6.6) and (8.2) we have
v, (R = kKR'/3 < K E/3 = /21 (8.3)
Thus, there exists a real number c¢ and an open neighborhood I of the point
(z,R) such that
¢2<c<'r/21r in 1:1 =IN Q |,
Assume that X, is nonempty. Take v @ K. Then
véccr/2m 4n L,
and there exists a sequence {vn} cc (@) such that

fv -~ vl 1 +0 (n +®) , (8.4)
n H (D)

From the construction of v, (Adams [1975, pp. 54-56]) we see that there

- *
exists 32 c 21 and a real number C 2 C such that meas ' > 0, where
* -
' = P1 N 22, and that
*

v €C <T/2% 4in I . (8.5)

n 2
Then by the ocontinuity of trace operator and (8.4) we have

lv - tr vl o SHv = trvl <c,v -vi *0 .
r
L, " LG Ve Tyl

Hence there exists“a subsequence {v"'} which converge to tr v a.e. on I‘.,
and by (8.5) we obtain

ttv<c.<T/2ﬂ on I" .
This ocontradicts that tr v = T/27 on P1. Therefore, K, is empty, and the
problem (Fz) has no solution.

If k? ko, then let
v=min (b, /21 1n 8§ . (8.6)

Show that v € K,. Clearly, Vv < Wz. and

v =kr/3 in 80{r<al

v = T/27 in 8n{r> &

-2 {=

Ry 3 -

e "
. P ot
Ak W .
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where 4 = (3T/27W k)1/3. So we have (Gilbarg and Trudinger [1977, p. 145})
1 v
ven (), a—z-o in 9
aV 2 Q { < }
- kr in Ni{r<a (8.7)
dv
"0 in 2n{r> a .
It 18 easy to see that
vl 5 < »®
Q
Hp( )

Hence v e H;(ﬂ). Clearly, v € co(ﬁ) ks (2), and v = T/2% on 1'1 in the

usual sense. So v = T/2% on I'1 in the sengse of trace of lemma 8.1, and
v e Kz .
Thus, K, 1is a closed, convex, nonempty set of ﬂ;(ﬂ); and a(v',v")
is a continuous, coercive, real bilinear form on H;(Q) x H;(Q) {Cryer [1980,

P. 549]); hence the problem (Fz) has unique solution (Stampacchia [1964]).

Q.E.D.

Theorem 8.3. If k < k; then the problem (F) has no solution. If k ? ko

then it has a unique solution.

Proof: If k < ko then K, is empty. By proposition 7.2 K is also empty,

and the problem (F) has no solution.

If k ? ky, then take v as in (8.6). We have known that v e H;(Q)
and v = T/27 on T'1. But from (8.7) we see that |Vv| € xe2 in Q. Hence
veK, and K is nonempty. By the similar argument to that in the proof of
Proposition 8.2 we obtain that the problem (F) has a unique solution.

QuE.Do

Remark 8.1. By virtue of theorem 8.3 and Proposition 7.2 we obtain that the

theorem 6.2 in Cryer [1980]) means that the problem (F) and (F,) are equivalent

under the conditions described there.

-22-
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Remark 8.2. The conjecture that the problems (F) and (F,) are equivalent is

not right. The numerical experiment we have made for the case R(z) = 1

indicates that vj ¥ vq. This fact may be shown by analytical method in this

cagse .

-23~
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