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With this thesis, I hope to help open the book on

understanding the behavior and the means of controlling per-

iodic systems. Many problems in the field of astronautics

deal with periodic systems and as we stand on the brink of

the exploitation of outer space, I feel we need more under-

standing of these periodic systems.

I would like to extend my appreciation to my advisor,

Dr. Robert Calico. With his insight and knowledge I was able

to overcome many problems encountered during the course of

this study.

Also, I would like to thank my wife Donna. No stud)

of this magnitude is without its sleepless nights, periods of

enlightenment and times of frustration. She experienced these

times with me and never once displayed dissatisfaction over

the fact that I was not with her in thought while at home.

Finally, I would like to dedicate this report to my

father, who passed away during its final preparation. It was
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this task.

G. Scott Yeakel

ii

, . ..... - -- , .



Table of Contents

Page

Preface ......... ... ....................... ii

List of Figures ........ ................... .

List of Tables ......... .................... vii

List of Notations ...... ................... viii

Abstract .......... ........................ x

I Introduction .......... .................. 1

Background ...... .................. .. .

Problem and Scope .... ............... 5

Ii Problem Analysis ......... ................ 6

Satellite Attitude Kinematics ......... .. 6

Symmetric Satellite in an Elliptical Orbit. 9

Unsymmetric Satellite in a Circular Orbit 16

III Floquet Theory ......... ................. 25

Periodic Systems ..... ............... .. 25

Floquet Theory ..... ................ . 25

IV Control Theory ........ ................. 31

Modal Control Theory ..... ............. 31

Mode Controllability Matrix ............. 

Control Law ........ ................. 37

Control Law Implementation .... .......... 39

Single Controlled Mode .. .......... . 40

Multiple Controlled Modes ........... .. 45

V Results ....... .................... . 48

iii

." .. " • ." "°. <' " .1 .



Page

Test Cases . . . . . . . . . . . . . . . . . . 48

Stability Analysis .... .............. . 49

Satellite Stabilization and Verification. .5

Single Mode Stabilization ............ .5

Multiple Controlled Mode Stabilization 67

Numerical Problems Associated with

F- T) Computation ... ............. ... 87

VI Concluding Remarks and Recommendations ..... .. 92

Bibliography. .................... 95

iv



List of Figures

Figure Page

I Basic Layout of Two-Body Orbit ..... ........... 7

2 Uncontrolled x (C) Response for Case 2 ......... 52

3 Uncontrolled x (T) Response for Case 2 ......... 532

4 Uncontrolled x (T) Response for Case 2 ... ....... 543

5 Uncontrolled x (T) Response for Case 2 ......... 5

6 Uncontrolled First Mode Response for Case 2 . . . . 37

7 Uncontrolled Second Mode Response for Case 2. . . . 58

S Uncontrolled Third Mode Response for Case 2 .... 59

9 Uncontrolled Fourth Mode Response for Case 2. . . . 60

10 Uncontrolled First Mode Response for Case 3 . . . .

11 Uncontrolled Second Mode Response for Case 3. . . . 62

12 Uncontrolled Third Mode Response for Case 3 . . . . b3

13 Uncontrolled Fourth Mode Response for Case 3. . . . 04

14 Controlled System First Mode Response for Case 1. 68

15 Controlled System Second Mode Response for Case 1 09

16 Controlled System Third Mode Response for Case 1. 70

17 Controlled System Fourth Mode Response for Case 1 -7 71

17 Controlled System First Mode Response for Case 4. 74

19 Controlled Sste SeCOnd \lode esposefor Case 4 "

20 Controlled System Third Mode Response for Case 4. 7o

21 Controlled System Fourth Mode Response for Case 4 77

22 Controlled x (T) Response for Case 4 .......... .. 7S1

23 Controlled x (T) Response for Case 4 .......... .. 79
2

V

A



Figure Page

24 Controlled x (T) Response for Case 4 .......... . .. so3

25 Controlled x (T) Response for Case 4 .......... 81
20 Controlled System First Mode Response for Case 5 83

27 Controlled System Second Mode Response for Case 5 S3

28 Controlled System Third M od Response for Case 5 S5

29 Controlled System Fourth Mode Response for Case 5 86

30 F 1 (T) Calculated at T = 7T using the Fourier

Coefficients and Analytical Techniques ......... ... 91

vi

v,'



List of, Tables,

Ta b I Pa' c

1 Non- :ero Cue f fic lent Matrix Elemients

for the 'Symmetric Satellite .IS ....

11 Non - zecro Cof f icint Matr1.ix 1Elements

for tile U31Nsvmmetric Satellite......... .. .. .... 2

11 1 Parametric Va toes of the Five Test Cases... . . . ....

IV Characteristic E'-xponenits of the Five Test Cases. so5

V Case I Characteristic Exponenits with

K=C 2 0  0.0, 0.0, 0.0)................................0

VI Case 4 Characteristic Exponents with

K= (4.0, -10.0, 0.0, 0.0) ............... 71

VI I Case S Characteristic Exponients with

K= (-1., 0. 0, -. 0t, 0.0 ................. 1

V I II TIheoret ic a1 and Compu )Lted VausOf thle

Characteristic Exponents Ifor Case 3. . ......... 9

vi



List of Notation

English

A () Coefficient matrix of linear system

A plications matrix of control term

t: (t) Par itioned matrix made up of the eigenvectors

I Mass moment of inertia matrix

J Jordan form matrix

K Gain matrix of control term

M External moment vector

R od-controllability matrix of the control term

Si T) }:igenvector of linear system

k. Inertia ratios

U(T) Control law

X (-) State vector of linear system

Script

a Semi-major axis of orbit

Orbital eccentricity

Orbital range between body and satellite

Greek

L Constant true anomaly rate for circular orbit

Period

State transition matrix

CL Spin parameter

non-dimensional range

, (T) Modal coordinate vector

0. Euler angles of satellite body

viii

II



6reek (conit

X. G haracteristic exponent

Non-ucdivilonl tivi

0 .\Iigular velocity

LO ~AngLiZIr acclcration

ix



.\bstI;Ict

The 1 inearized equat ions Jescrib iiH tile att itude

motion of two generic satellite cases r ' J v. 1op1d In

both cases, the symmetric satellite in an elliptical Iorbit

and an unsvI:mmetric satellite in a circular orb it, the 1 in-

earized equations are periodic. Using Floquet theory, the

stability of the at rude motion for several satellite designs

is checked. For satellites with unacceptable attitude stabi-

lity, an active control scheme utilizing modal control design

techniques is developed. With this control scheme, various

satellite test cases are stabilized and the results are

verified via a digital simulation of the satellite attitude

miot ion.
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I LiROllU ON

'iitii the advent of artilical satellites ill the late

1930's, satellite designers have sought various methods to

control the orientation of satellite bodies. The need for

proper attitude, or line of sight, control is evident when

one looks at the various missions that satellites perform.

Whether a satellite is performing a Space surveillance

mission for one of the 'super-powers' or providing a com-

munications link for a third world country, the proper

attitude must be maintainea at all times to assure the

satellite is accomplishing its intended functions. A simple

example is a reconnaissance satellite in a low earth orbit

at an altitude of tWo hundred Miles. If the line of sight

of the cameras on board this satellite is perturbed by as

little as five degrees, the camera will miss its desired

aimpoint by approximately seventeen miles. This is totally

inadequate performance for the serveillance of a battlefield

with high resolution cameras.

To control the attitude of satellites, satellite

designers have used several devices ranging from passive

techniques using gravity gradient stabilization to active

devices using control moment gyros, dual spin configurations,

magnetic torquers, or gyrocompasses. A desirable feature

1z
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of gravity gradient stabilizat ion is that gravity torque

stabilizes the stellitC in lieu tOf a torque producing de-

v ice. Since no torque device, and its necessary co1t rol

equipI , is required, the satel lite is less CoStlV to

bUild and to launch. However, there are some serious draw -

backs to gravity gradient stabilization, which include

restricted satellite designs and low eccentricity orbits

(Ref. Sf t ),). These t wo rest r ict ions cause prob ems w ith

the physical design of satellites and their intended mis-

s ions. In addition to these restrictions, the natural fre-

quency of oscillation of a stable gravity gradient satellite

is very low, and precise attitude control is not attainable

b)y this mLians alone.

In the 190()', as the use of satellites increased

and the exploitation of space with unmmanned vehicles began,

this general problemi of attitude stability of satellites

under the influence "Of a gravity gradient was recognized.

Two papers published in the 1960's dealt with the topic of

attitude stability of spinning satellites under the in-

fluence of a gravity gradient torque. The first paper

examined the attitude stability of unsymmetric satellites

in circular orbits (Ret. O: 114). In their study, Kane

and Shippy examined satellite attitude motion and derived

linearized equations with periodic coefficients. Since

thc linearized equations had periodic coefficients, the i r

asymptotic stability was determijed by using Floquct theory

In fact, the stability of this class of satellites was

--. .. .. . . .. . . .. ... . iiii I . . . .. ,. i . . ..



determined to be a func t ion of momCnt of inert i a rat ios

and spill rates (Ref. 0 : 114- 1 .)j In the second study,

Kane and Barba examined tile stabi Ii ty of symmetric satellites

in ellipt ical orbits. L ike the fr t study, this study

provided a periodic I inear system model of the satellite

attitude motion. Once again, : Ioquet theory Was usCd

to determine the stability of this class of satellites.

During thli s stUdy, stability was found to be dependent on

the spin rate and moment of inertia ratios like the first

study, and on the orbital eccentricity (Ref. 7: 402-405).

These two studies ere concerned exclusively with the passive

stability of the satellite attitude; there was no attempt

to control these satellites because of the non-constant

coefficients of the linearized Systems.

The results of these two studies provided valuable

inforlmIationl for satellite engicners in the 1900's and 1170's.

Huwevcr, as we become more and more dependent on satellites

and find new uses for satellites, we may no longer be able

to satisfy the requirements for passive stabilization or we

may simply want to increase the low damping of the natural

low frequency oscillations. In fact, with the advent of the

Space Transportation System, many space planners are developing

cOncepts Of large space structures for use in tie future. One

of the general mission requirements of these large space struc-

tures is precise vehicle line of sight stability (Ref. 4: 52).

With this requi renIent, considering that low orbital eccentrici-

ties, spin rates, and vehicle design requirements need to

3A



be overcome, an act ive control scheme for these satellites

must be developed. Ilowever, a problem arises in the devel-

.opment of an active controller for these satellites. The

linear systems used to model the attitude dynamics of both

the unsymmetric satellite in a circular orbit and the symme-

tric satellite in an elliptical orbit are nonautonomous , or

specifically periodic, systems. As such, these systems do not

allow the use of classical linear controller design techniques.

The control of periodic systems is a topic which is

in need of further research. Many references can be found

on the control of constant coefficient linear systems. Hlow-

ever, vex little material can be found on periodic systems

as well as the control of such systems. In his study in

1980, Shelton (Ref. 14) found modal control techniques

teasible to control the orbit of a satellite in orbit about

the third libration point, where the orbit is a time-

periodic system. Therefore, since this type of control

methodology was used to control a time-periodic system, it

is used in this study for the control of satellite attitude

mo t ion.

Modal control is a modern control technique which at-

tempts to independently control systems modes by means of

providing state feedback which is proportional to the cigen-

vectors of the dual basis for the system. Using direct

feedback of the modal variables, the closed-loop cigenvalues

of a constant coefficient system can be placed at a desired

location usirig pole pl1 aceomen t techniqutes. Also, when a con-

4
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stant coefficient system is controlled, the time response of

the system can be controlled directly through the gain selection.

In this study, modal control techniques are used to control

the loc'ation, in the complex plane, of the characteristic ex-

ponents. These characteristic exponents, of both the open

and closed-loop systems, are found using Floquet theory.

Problem and Scope

The problem addressed by this study is the control

of linear systems with periodic coefficients. Shelton

developed a controller for a particular periodic system in

his research. lowever, the system he addressed had one

unstable characteristic exponent. To handle this system,

he developed a simplified controller to control only one

mode. In this study, the general form of a controller cap-

able of controlling any number of modes is developed. This

general controller is implemented in several example cases

and the results are verified by the use of a digital simul-

ation of the linearized closed-loop system.

5!
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P'ROBLEM ANALYSIS

The major thrust of this study is to develop a

control scheme for the use with linear periodic systems. As

mentioned previously, the two periodic systems of interest

are the symmetric satellite in an elliptical orbit and the

unsymmetric satellite in a circular orbit. In this chapter,

the attitude dynamics of these two satellite cases are

examined. Kith these results, the linearized equations for

the satellite attitude motion are developed.

Satellite Attitude Kinematics

The first step in developing the equations of motion

for the attitude dynamics of a satellite is the derivation

of the kinemtics of the problem. This step involves the

establishment of coordinate frames, angular displacements,

and angular rates. As depicted in Figure 1, the basic

orbital layout consists of a satellite S orbiting body F,

with an assumed inertial frame at F. Additionally, i and v,

which represent the range and true anomaly of the satellite,

are the polar coordinates of S with respect to F.

The angular orientation of satellite S in inertial

space is found through a series of rotations. The first

rotation to Frame 1 is a rotation equal to t)' true

anonaly about the k unIt vcctor. Subsequent rotations to
I

a body-fixed frame are: a rotation of 0 about the i axis,

U
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a rotat ion of O about the J2 axis, and a rotation of 3 about

the k axis. These angles, 0 , 0 , and 0 , represent the1 2 3

pitch, roll, and yaw of the satellite body.

With these angular rotations, the total angular Ve-

locity and acceleration of S with respect to inertial space

can be determined. By using the angular velocity chain

rule,

-i 4 3 -31 2 _2 - i
W_= + LO + w + a

the angular velocity is found,

-a ]i k + 2 j + O i + k(2)
3 3 2 3 1

Using the proper coordinate transformations, the angular

velocity in frame 3 may be written as

C cos Cosa sin 0

{, } + V3 sill 0 (3)
2 1

0 + u sin u +( c3o)s cos 0
L.3 1 2 1 2o

where the subscript provides the reference axis system.

Through the use of the vector differential rule,

4 1 i 441

j 3a + w x (4)

the angular ccelcrat , is foun,

....... ..... a -...- - -- -- . _ _ __-7_ _ __.. .. .._ , -



oU cosO 0 sin - COS sin + 0 0 + v
I . 2 1 2 2 2 2 3

C2 cosO cosO + 0+ sin sin 0 + 0 sin )
2 1 2 1 1 2 2 1

o +vsiO +V6 cosO -6 0 coso +4 coso
21 1 1 3 1 2 3 1

sil + 0 cosO +Vcost cosO +0 -

. :, 1 2 -, .

L ( sin cosO +0 cosO sinG 2 2 1 I 2 1 -

w i tli the s e t wo v cc t ors, t h e anigul a r ve I oc i tv and angu 1 a r

acceleration of S with respect to inert ial space, the equa-

tions for the satellite attitude dynamics Call 1e derived.

Symnetric Satellite in an llIiptical Orbit

(Rei. 7: 402-404)

The development Of the equations of motion for the

attitude of a symmetric satellite in an elliptical orbit

perturbed by a gravity gradient torque is given by Kane

and Barba (1900). The following derivation is adopted from

this reference.

The first step in this development is the investi-

gation of the orbital motion of a satellite in the common

two-body orbit, Figure 1. In additon to the parameters

specified in Figure 1, the orbital eccentricity is noted

as e; and a is the semi-major axis of the orbit. In the

polar coordinates )L and v, the differential equations

describing the two-body orbit are,

't L 2 +  
= 0 (6a)

and

= /a-1-2)~ (Ob)

9
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where p is the Gravitational Parameter. The two-body satellite

motion is periodic, and the period may be found from Kepler's

Second Law (Ref. I: 33)

- 3/ ()

With this result, Equa tion () can be rewritten

L 0 (Sa)

and

2T11 a2(1-2) (Sb)

Substituting (Sb) into (8a) , one obtains a differential

equation for the range of a satellite, in an elliptical orbit)

from the central body:

2 '- 2 -,t)2 a 3

IL - IL - (l-e 2 )z +/ - 0(9)
L 2 r

2

This differential equation can be nondimensionalized by

making the following variable transformations:

T a

where T and -, represents nondimensional time and distance,

respectively. With these nondimensional variables, Equation

(9) becomes

+ 1 + (c 2 0) (10)

where the primc imdicates derivatives with respect to T. The

resulting Equation (10) is a second order differential equation.

As such, it requires two initial conditions: Assuming that

the satellite begins at periCe,

perigee a(l-c)

10
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tile illit illI cciidi t ions tor equation (10) are

.\ tispo int , thle equat ions Of mot ion for the satel -

i te Ca1t t itu(de ca C hI1e deCrived US inJg ler0' S omen)IIt EquaKItion11

3 T3 +3 3 3

where [I J is the m1ass moment of inertia tenlsor

L-i is tile s;kew maitrix associated wih'I nd

[M] is the external moment vector.

As suningll that thle axes arc defined inl such a wav that Iramle

3 lies along" thle principal aixes- of the satcllit body, the

inertia tenlsor takes the form

1 [0]

ii01

3 3

Ad d it i ona 11 y thle s kew s ymmect r c it r LxN a s socia ted w ithl

angula.1,1r VC IlOC i t)y has. the form11

0) - 6.1 1
3 2

0o o

Where ( o M id ko are the i nd iv i da components of W
1 2 3

SubstitUting" EquAit iorIs (3), , (S, 12) , an1d (13) inlto ~lqua-

t ion (11) prIoduces momenI~t, equa1 tionIs inl theC form:



11 1 33 22 2 3

{M) I 9 + ( -I. )¢ (14)
22 2 1 1 33 1 3

I 9' + (I -1 )c w

33 3 22 11 1

where the external moments on S by body F arc (Ref. 7: 403)

= [ 3
= 

) Q (1 "- )cosO i ] (15)

0 j 3

E[quating E"quations (14) and (15) , rccalling that for a

symmetric satellite, I I =1 one finds
11 22

I W' + (1 -1 )w m = 0
11 1 33 22 2 3

I + (I -. )1 311 2 11 33 1 3 1 1 3 (16)

cosO sinO
2 2

= 0
3

Finally, by defining an inertia parameter k such that

I - I
k = 33 22

I 1
11

Equation (lo) becomes

m' + k = )
1 1 2 3

- k , + .- L)2  cosO sin0, = 0 (17

' = 0
3

The three nonlinear differential equations given by

Equation (17) Can be combined with Iiquation (3) to obtain

three second order equations in the variables 0 , 0 , and 0
1 2 3

I2
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M. ' de i Ili 1ii tile s-taItc vector to 1)0

x~i

anid not ill- the reference stavec

N-

a linecar syvstec Of the form

x'(-) = \(TE X(Tu)

can be derived inl the neighborhood of' thle referecec state.

TO obta in this linlear, syste-Ia, thle Original Syst em

is 1I C'er :ed abou01t x such thaIt

x

The recsult in"z cueli1-ic ieit matrix, A, is a funict ion Of the1

ineortia palraimlterI, and tile variables, 0. ' n '

To produce a usabhie linear svs toin, thle depenldence Oil these

variables RILIst be Ci illuillated 1. Thle dependen1ceIC Onl -, anld V'

Can be elim iniated tilreu~lh the uso Of iquat ionl (sb). Firon

Equait ion (Sh)

and by nond iImlefs on.1 izing wi thm and T, One Obta ins



which by different Lit ion with i-cspect. to -i yi~elds,

-3

Replacin v' and V'' wi th lEqtlat 10ns ( 19 )anld ( 20) elIim inlates

tile depenldence oil these variables. To ei iniiiate thle dc-

p)ndence on 'I , on reon1e 110 I'C0 '1CS12'11 Ut i on (1

implying" thIa t 'n0 sb pcifigti osat

Howeover, thle constant w represents thle spin rate of the satel -

Ivith tile spill raIte of the satelIjte, thle constant is definled

as (~+ 1) and1L

v' + U~(L+1)()

Subst itut ing Equations (19) throughi (21 )into the I iiieari--ed

coffient t Iri i lnearl eqkUa t ionI is founld inl thle 17or1m

w hecrec A()i exp1 1i ic itIvy a f unc t ion o: i:and i::p Ii ci tlI a

funl~Ctionl Of T. TIlCie d ividnl elemen01ts of thi-s coo fi-'cienlt

matrix fo r thle 1 inear iz ed sys temn are presenited inl Table 1.

Upon exa iiining labl T)1 , one no tecs thei coecffCi c ien t

m1a t riX i S aI funIC t io o10f th 11 ri1) i t d I CCenC1t ri C i t)' , the0 1 sin1

parameter , the i nertia pa,,rameter , and '.Since reproe-
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sets the no1Id iIIcsiunal distance ro the sat l 1 ite to

pe i od Thus ,

7 = +

where "' =  and since A is a tll c t on Of "

A .(-I + T) (22)

'hus, the equat ions for the attitude motion of the symmetric

satellite are periodic and this periodicity is due to the

orbital motion ol the satellite.

Unsymmetrical Satell ite in a Circular Orbit

(Ref. 6: 114-117)

The development of the equations describing the

attitude motion for the unsVmmCtric satellite in a circu-

lar orbit pert urbed by gravity gradient torque are gilve'n

by Kane and Shippy (1903), from which the following de-

rivation is adopted.

Unl ike the symmetric satellite, this Case does not

require ann lyz in,, the orbital motion. Therefore, the first

step in the derivation is to employ l iuler's Moment Eiquation

(11). In this case, since the satellite is not symmetric

the body lixed axes are used as the re rence frame. 1sing

coordinate transformat ions , Eqnuation (3) can be written as

46
A



(5 C05f -VCO5S. sillo )CO~e +

21 3

(+vs;ino 3coso - (6Coso- (23)
2 13 1 2

uSinGo coso ) sill")
2 13

+r+ siiiO % coso
3 1 22 4

Since the attitudec of thle satellite in this Case, like the

symmetric satell ite, is a funiction1 Of 6and 6,Only smiall

angle;Js aIre consideredL. Consider ing Only small angles, Lqua -

tiOnl (23) Call be I il1eariZed about these Sm1all angle0s by

usingo thle following approximations:

CoO 1 sin _0

11 (24)

22

Linecarizing" Lquatln (23) ,one obtains

(6-0)coso- + 0~ + 3 )Sino
3 23 2 1 3

:5~~~~ 0/' - 0 cso -~0 ) Sii (20
3 1 2 3

O+

Since the orb it is circular, v is constant and v~ is zero,

for all t ino. enloting, v as Zj, tile anglar acce1lrati 013

is found from Equat ion (25):

17



(u A0 )c co - -A( }siIo C +
132 3 1 2 1 3

H-) +A; )sn+113 ( +A )coso ,
1 3 2 1 3 3

- A -G )sino - -c) coso C )+ (-0)
1 2 3 1 2 3 ?

o + cos - 0 +A1 sii' (9j
2 1 3 2 1 3 3

3

From Kane and Shippy (Ref. 0: 11.1) , the grav i tat iona 1 torque

moments acting o1 S (1 inearized by us ing the small angle

approximat ioils of Elquation (2,1)) are:

3,-, ( 1 -1 )o sin0
22 3 3 2 3

{M ) = 52(12 3 - )C coso (27),
11 33 2 3

3A2(1 -1 )sino cos0
11 22 3

W'ith the iuler's Momciit cluat ion ( 1) along with 1 quations

(25) through (27) and the following inertia parameters:

.1-1 2 2 1 3 = 212 1 1

-~~ 23 23 3 3 2[11 122 13

The equations describing the attitude motion are given by:

sino (4k A +o -I o (-+k)+A (-k )+A6 0
3 1 2 2 1 3 1 1 1 3 2

(1+k )I+coso f0 -ao (i+k )+6 6 (1+k )+Ao 0 (28a)
1 3 1 1 1 2 3 1 1 3

(l+k )+k A22 } = 0
1 1 3

:isino (-0 +50 (l+k )-6 6 (1-k )-AC 0 (1-k)
3 1 2 2 2 3 2 1 3 2

+k A26 }+cos0 -4 L- k -L 6 (1-k )+0 +AO (28b)
2 1 3 22 13 2 2 1

(.L+k )+AO (1-k )) = 0
2 2 3 2

- 18



-3A: k sill coso 0 (_8c)

3 3 3 3

De' filing a par:imcter, p; such that

(k + k )
Sp 2 

= -3A' l +k k (28d)

% 12

Equation (2,Sc) bccoIes

0 +))2 s i coso 0 (29)
3 3 3

This second-order d.iftferential equation for 0 (t) contains3

a first integral

_I (cos20 -1) + a! -- ( 0)
3

where

0 = 0 (t=()
3

Def ining a new independent variable, r , such that

= 20 (31)3

Equation (30) can be rewritten

0 + [ t (cosT-i) + 02] '  (32)

At this point, the linearized equations describing the

attitude mation can be obtained. By definiiing the state

vec tor:

0

0
2

0/A
2

194*



anld a funIC t io 011 such1 t ha t

a1 I Iillea 5sytcu Of thle form of,

is found. The d i ff1'eret il equaItionl ta' X (T) an1d X (-r
1 2

are' founld hr' )S ill( EqaILti-on (31) , (33 ), and 341)

x x (r1
I - 3

and likewise,

X '(T) -X (T)
2 4

The differentijal equations for x (T) andl x (T) a1e founld
3 4

fromi linecar COmhiiat ionlS Of Equa tionIs (28,1) a11d (2Sb). T]1c

reSu-ltilQ coef f ic ient Matr-ix is g iVen ill Talble II.

The f uic t ion 2 call be f ound from Equat ions (28d )

(32) , and (341 such that

+~ (k ±k 1
-a S--) + I (5)

i th this relation, all elemenlts 0f 1 able 11 are f unct ions

of tile independent varijable T.

10



TFable 1 1

Non- -ero Coe f f ic ient ,at r ix ciiunts

for thle Unsvmnctr ic Satellite

A(1, 3)

(',4)

A- + < k (1-co)-k (3+cos5)]A(3 1) = S L 2 1

-A (k k ) sin T
41 2

A(3,4) + 'R ( -O+) k (IC S )
A(4, 4 (k +k ) sin T

-(,4 ") + ,1 [1< (1-cost) -k (1+costJ]
2 1

A(4,1) - (,3+l) ( [k ) s T

A(42) =. + 4 +C COST' -4- [k (1+cosr) -k (-cos]
\(,)4 4 2 1

4 -4 2

A(44) U+1) (k +k2) sin T
4 1 2

21
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1)y exam,.ining lahibe i I it is apparent that all elements are

periodic with period ,Such that

A~)=A(-r+ P

Examining1, the elements of the coefficient mat rix inl

TFable I1I , one notes thle dependence of A(T) Onl thle three

diaclsionless paramiieters k I, k, and T 'he parameters k

and k are specified by) thle s:eshape, and mass distribu-
2

t ion of S. The parameter , however, is dependent onl the

independen101t variable t an on 1, 2C, 2  which is a measreo

the rotational rate of the Satellite. The valuec of 02/A 2 canl

be found for a particular satellite Configuration and Spin

rate. 1efinino a spin paramecter, u, and a parameter,

Such that

Cc= + 3 I) =

where 0 is the average value of 0 during one revolution of
3 3 1

S , thle value Of 6)2 /A2  can be found for ally value of cc. Re -

Wri tinlg Fu.a t iOn (52) such that

f' 1 2  (O2 - (37)

and by usino the method of separation of variables and thle

identity,

'~(COST-_) = -sin12 T

Fqulationl (37) canl be rewritten



do
+ 0 dt - U (?S)

3 ,( 2 s i n 2-r ) ,

Defining T as the time required for 0 to change by an amount
C, 3

of 2Tr radians, lquation (38) can be written

2dIT(T
- d = + 0 dt (39)(l- sin ) - ci

0 0

where the left hand side of Equation (39) is in the form of

complete elliptic integral of the first kind. Performing

the integrations, one finds

4Q(I) = + T 0 (40)
- 3

Since 0 is an average value during one revolution,3

and

or

- (41)

Thus, given a desired a, the parameter O/A can be found from

Lquation (41) by finding t,: and then P (k'. Subst i tuti Ing

Lquations (,;I) and (2Sd) into Lquation (3 ), one obtains

P kkk+ y t  (42

23
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wh ich y i c Ids a r ransceziden t alI eq ua t ioi ill t erms o f k, Solv -

i ug thi s t ranscendetlntal equa t ; i f or .( [,,) , FEquat ion 14 1) and

( 35) Can11 be U sed to SO I' VC orI t le funIIc t ioll 2 to comp 1 c thle

soIlutiol of' the .. (T ) mtr-iX C cLult ions inl TaicI I!.

''[h is- comipl et es t lie anal vs-, is; o f thle tinsy~mmet r ic sat ci -

litC ill a C ilCLI'lr orbit around body F. A linear periodic

Sy)s ternl Of' Ccqu t iOI otis wasfound withI a per iod of 2-, UnI ike

thle f irst Case , where thle per iod ic ity is dueI to the el I ip-

tical or-bital1 Mt ion, tile per~iOdiCit) for- tis, case is dueV

to tile rot at ion of thle satellite ab)ouI its body fixed k

a x i s.

A,

-01 INll



CHAPTER I I I

IP OQUIIT 1:1tiORY

Periodic Systems

In Chapter II of this study, the linearized equations

describing the attitude motion for the two satellite cases

are derived, For both cases, the equations of motion ar0

found to be linear of the form,

X' I) = ((T)x(T) (43a)

Where the coCfficient Matrix, A T ) is periodic such that

A(T) = A(T + T) (43b)

with T being defined as the period of the linear system.

For periodic systems of this type the stability can

be determined through the use of Floquet theory. The essence

of l:o(uLIet theor)y allows equat ions in the form of lquation

(45) to be theoretically reduced to the case of constant

coefficient equations (Ref. 5: o0).

F loquet Theory.

In general , Fl oque t theory states that the fundamental

matrix for ordinairy differential equations in the form of

Lquation (43) is given by

T) =  P(T)eI (

where F is a constant matrix and P (r) is a periodic matrix

with the same period, T, as the coefficient matrix, A(T)

25
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(Ref. 12: 2b5) This fundIIental mat r ix is s imi !ar to the

fundamental matrix

(T) z) e J T (45)

where 1:(T) = 1:( + T) and J is the Jordan form matrix

associated with the matrix p. For tile case where - has n

distinct eioenvalues A. the Jordan form matrix, J, is

diagonal. The n linearly independent solution vectors

making up xI,(T) in this case have the form

xi(T) = i'i(T)e (46)

where the fi(') are the column vectors of F(T). The

eigenvalues, Xi, of the matrix F, which are termed the

characteristic exponents, determine the asymptotic stabil-

ity of the linear system. Specifically, if all the charac-

teristic exponents have negative real parts, the system de-

scribed by Equation (43) is stable. If the cigenvalues of 7

are not distinct, the Jordan form matrix is block diagonal

and, like the distinct case, stability is assured if all the

eigenvalues have negative real parts. Therefore, the system

stability can be determined from the A-.s. It remains to beI

shown how these characteristic exponents can be computed.

I n order to compute the characteristic exponents and

the periodic matrix 1'(T), we consider the following. The

principal fundamental matrix, or state transition matrix

over one period, ¢(T,0), referred to as the monodromy matrix,

is determined from the solution to the general matrix

differential equation:

2 0

A1

--- -- L - . . .. .. , . . . . . . . . .. ; " -- ' - .a _:1 
'? ;2 - -'

-" . .. . .-- 2 . ... " - -_ --



[kT [ (i) = A(T) (T) (47)

with the initial conditions

S(o) = [I]

The monodromy matrix for a linear system of tii, form of

Equation 143) can be found by direct numerical integration

of Equation (47). With the monodromy matrix, a general

solution to Equation (43) at c = T is given by

x (T) - , (?,O)x (0) (48)

where x(O) is the initial conditions vector. From Equation

(46), the solution at T = T corresponding to a specific

value of X. is:
1

xi(T) = c f.(T) (49)

with the initial condition vector given by:

xi(0) = fi(0] (50)

Substituting Equations (49) and (50) into Equation (48)

yields:

+(T,0)f i(0) = e fi(T) (51)

where due to the periodic nature of fi(t),

fi(T) = fi(0)

Rcarrangimii Equation (51),

-, _ __ __



Ic -f (0 c

or

v

where pis anl eioenva Inc and v' is anl associated eCi ccnvector

of mat rixb Therefore, by anall oov, c is an 0igenival ue and'

f (O) i s an ci Cn'ec to r Of th lic m1onoci romV ma-t riX. ThuL1S , by

evaluat ing th le iogenstructure of the monodromv matrix, the

cha racteori st ic mut iplIiers , p 1  def-i ned h)r

Ai

are found. Kith these ni cliaracterist ic iriult ipliers, the

characterist i' exponents are found by,

Us ing the.se characte r ist ic expoiients , the Jordan for~imt ntr ,

J , of1 :quat ion 45S) is f ound1 suich that (Re\f . 12: 2o7 T

AAI



In addition to finding, the characteristic exponents

and the ,Jordan form matrix, for a complete solution in the

f o ria of i'quation (45), the F(T) matrix must be found for all

T. Since 1 (-) is periodic with per iod T , finding F (),

TC ,') , is equivalent to finding F(T) over all T. Defining

a matrix 1(T) such that:

x () x a x (-1 ] (56)

S1 2

T-

x (T) = e f Ct)

a fundamcntal Matrix is formed. Alnalhous to this matrix,

we can form a square 1 x n matrix F(T) such that:

t: ) f ]f K) f (T f T()j (57)

Substituting the matrices 1:(T) and J into Equation (45), the

fundamental matrix, as giveon by Equation (56), is found.

Being a fundamental matrix, it follows the matrix differen-

tial equation given by FEquation (47) such that:

a(T) = 0:(T)e

4 T1 (()) ' = ' (1)e + 1T) J 0 A(T)F()eJ (5S)
OT

JT
Multiplying by the inverse of the matrix e , and simplifying,

Equation C58) becomes

2-9



where th li iit alI cond it ion mat r ix 1: U i s igiven by thle

partitioned 1iiatr ix,

1~(U =if(U: ()::f (0) (i v')

Thus, 1 ('r) C an be Cound by inite.gratinig the matrix di fferen-

t ialI ELuZtiOll (59), over o110 period, With the inlitil Conl-

ditionis givenl by Eq(uat ion (60).

IWith these-; evaluiation of thc Jordan Form matrix, J,

and the eigenivctor !mtrix, F(-1), all system inforilat ion is

found to complete a Floqjuet solut ion thc linear periodic

-Sv St em of Luat ion (43). 111 the fo I'11O~ing chapIter-, these

reslts ;1re uIsed to dACeel0) a co~tIrol laIW to pror \ide active

control for these periodic systems.

0o



CHtAII IV

CONTROL TiIIiORY

iR his thesis on the control of a satellite orbit,

VW.L. Shelton found that modal control techniques provided a

feasible control scheme for time-periodic systems (Ref. 14).

Basically, modal control techniques allow the control engi-

neer to decouple the various system modes and control them

individually. In essense, in a completely controllable con-

stant coefficient system, the poles of the system can be

placed where desired using full state feedback. With these

pole placement techniques, the characteristics of each mode

can be specified.

Even though any number of modes can be controlled

using modal control techniques, Shelton's system had only

one mode requiring control. Thus, the controller developed

was simplified to handle one mode, which is not the general

case. In general, one would like to control any number of

modes simultaneously. As shown in Chapter V of this study',

the two example satellite cases at times exhibit more than

one unstable characteristic exponent, or mode. Therefore,

a generalized controller capable of controllin, nu it itle

modes is required. In this chapter, the desi £,n an d imple-

mentation of this generalized controller is presented.

Modal Control Theorv

The bas ic theory behind modal control is that any

I1

A
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system can be decoupled into individual modes. These indi-

vidual modes are determined by the characteristics of system

poles. Therefore, if the system is fourth order, there

are four nodes. To decouple a system into its individual

modes one needs to consider the mathematical properties of

similarity matrices. Matrices J and A are said to be similar

i "

j = K, F (01)

where J, F, and A are constant n-by-n matrices with F being

nonsingular. Since J and A have the same eigenvalues, this

equation can be used for pole placement (Ref. 9: 61).

Furthermore, J can be chosen in its simplest form, the

Jordan canonic,,l form. For n distinct real cigenvalues of

A, the Jordan form matrix has the structure,

C51

a
2

(62)

!0

11

where the ai 's represent the cigenvalues. The F matrix

required f0r this similarity transformation, consists Of a

partiti oned natrix of' the n cigenvectors of A:

S[f :f .:f ] (03)
1 2n

-. ~--.--------- -



whiere f is the e iienvector associated with a, Trhu s, w it h

the 1: mat rix given by) Equation ( OS) , the matrix J is found

to be s imilar to the matrix A. Ap[)lyinlg this Concept , a

cons--tanlt COol Ci LClnt SN'steml can1 he decopleJ1d. (Gix'n the

S s St ci

X~t) = Ax(t) (0 4)

the n1 mo1dCs can be dCcouleId b)' de fiilno a ne0W set Of

coo rd ina te, (t)

x (t) Fr (t) (65)

Takin,! the derivative of Equation (65) with respect to the

independent varijablec , t , Oo f inds

Sub Sti tult ing 1:qua It ion11s (63) and (0) into the original

system11 equaLtionl,

or

Tt) = .Fr" ~t (L)

Thus , if 1: is madeIC up of the n cigenvectors of A,

' t) = JTI(t) (68)

This result ing system, expressed in modal variable, conlsists

of a set Of II un1coupledCC differential equta tions:



r! (t) --o n (t)1 1 1

(t) =o (t)
2 22 ( )

r~ (t) = nr, n(t)

Since the eigenvalues of J 111ld A are tlie same, the stabil it

characteristics and responses of the individual modes has not

changed. This samc technique of decoupl ing the system modes

can be appl ied to linear periodic systems in the form of

Equation (43) , us ing the results of Chapter III . However

since control of the system is desired, a control term must

be added to the state equations.

Applying control to the system, the state equations

in the form of Fquation (43) , are augmented with a control

ter i,

x' (-) A -)x(c) u L(t) (70)

Where i(t) is the control vector and 13(,r) is the applications

matrix. The appl icat ion matrix, B(T) , ident ifies the state

variables to which I(T) is applied. Like the uncontrolled

constant coefficient system, Equation (70) can be transformed

into a set of uncoupled differential equations.

Defininglz 1:1odal variables. ( , Suh that

X(T) 1:(T)rl(T)

Equation (70) can be rewritten

F7 (r ) r, T) + 1E(-t)n (r) 1\(T)V:(T)Tl(tU) +

B (Tr ) T1 (T (71)

+ +4



Simplifying this result, a set of differential equations for

the modal variables is found,

'I-) I (T)[A(-)F(T) - 1'(:)IH() +

-1 )(72)

To prod', c n uncoupled dif ferential cquations before control

is applied, the term
-I

: L)A A(T)F(T) F' (T)]

must be diagonal. Recalling :quation (59), Floquet theory

provides the result,

or by rearranging,

I F t3[C)i'r3-F -i (73)
J = 1:- (T )'LA (T ) 1:(T 1: '(T) ( 3

Thus, by substituting this result of Floquet theory into

Equation (72) the uncontrolled decoupled modal differential

equations are found,

(1) 3 (T) + I:- (T)B(T)u(T) (74)

where J , from Chapt er II, is a Jordan form matrix composed

of the n characteristic exponents.

Muloe-{Lwit roll abilit)'2 Mlatrix

'Ihe modC-controllabilit) matrix of Equat ion (7.)

consists of two elements: the FI (r) and the PT) matrices.

Defined as the product,

j:



R( ) I (T)B(T) (75)

the mode-controllability matrix identifies the modes of the

system that are controllable (Ref. 13: 07). The matrix B(T)

identifies the physical coord mates to which control is

app l ied . As such, it is, to some extent, available as an

option to the control engineer. IIo'.ever, the control must

be applied to the system in a scheme that is physically

realizable.

When the attitude of a satellite is being controlled,

the control is applied to the angular velocity of the body

about the three axes. Generally, this control is applied

via gas jets or small thrusters. For the satellite cases

discussed in Chapter I, a suitable B(T) matrix to accom-

plish this control, with a scalar control law, is:

:i7

iI (700

1 i

Thus, as the control is applied, the angular velocity of 0

and 3 change, resulting in a corresponding change in

The remaining component of the mode-controllability

matrix is F- I (-c), which from Chapter Ill is a periodic

matrix . This matrix may be found by integrating Equation

(59) to obtain ];(T) and then inverting the result. Since

30
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ill) us b-t invrte at Cver Instc 1Cotl isepid

tli1i S WO 11 d I-rep11i l' Oe X t Oil S yeV C o1np) t a ti1 t~ i ile o (Tr) m\

be calclated directly by nioting:

F'(T.)l( Li

1)h f crc1nt i t, i no t l is w i th respe ct. to0 T

St-b-Sti tut ing 1quaIt ion (59) inlto this reCsult,

j:1,(x :- (T F ( TE LrJ-A (T ) F(T F-I ('C

and finlly, by simlplifying,

1: (T) Jv 1 ) F A x)(T) (77)

Integrat ing, tis matrix dif ferent ial w ith the i nit ial Conl-

d it ioi n (U0 ) ovecr on pec1)0r iod lin1d s I: (T) C01 'Ill T. WI tli1

I:- (-c) and 1B, t le mod -cotroI Iab ilI i ty mat rix , i s defI-]ned,

wh ich1 s inIce F I~ (T ) is pe1)cr iod ic , is per -i od ic. Finially, by

0efinlinig thle control 1,aw I (T) , tile periodic sNIs'te~ Canl he

Cont rol led and furt her eva Ilnat ionls madc.

C:ontr'ol Law

Since thle pulpo-Se of this Controller is to stll lize

thec at tijtide not ion, tile controli attem:pts to driveC the

States to zerIo. TO reCgulate this Sy-StCIII, a feedbacK cont rol

law cons ist ingl of a gain matrix, K, t imes thle modal vector

iS USeCd:



I = KrT} (78)

where

K = Fk k k k ]
1 2 3 4

Since K is a row matrix, the control vector reduces to a

scalar Cont ro la\' of the form

L k T (r) + k -r) + k r (T) + k n (T) (79)
1 2 2 3 3 4 4

tith this conit rolI law, thC gCneral form of the closed-loop

system is :

S X 0 0
-1 n (-r) +

o 0 0,
3

{} 0

L -41

R k R k R k RK
1 1 1 2 1 3 1 4

R. K IR k P, k R k
2 22 2 3 2 4 Td T) (80)

SK R. k R k k
.! I 3 2 3 '13R k R k

4 1 2 3

or, by simplification

R k I, ,, R R -k
1 1 1 3 2 1 3 1 4

P. K P k \ +. k P. K

Rh P.R K P. k +R K (Sia)

44 1 4 2 4 3 4 4 4

which is in the form,

n]'(T) = A*Lr)rl(x) (81b)

38m



Where R i cate s thle i t com~polienit of tile mode- cant rol -

1aiilityv matIr ix. ReC a11llQ i'-from thle d i SCuss ion Of thle mIode -

control labil ity mat rix that 1%'(-) is periodic , the closed -

loo001te gi V'e1 by ILluat ions- (8 1) iS aIS iso eiod ic ill thle

C0orm1 Of- I~.Luat io (43). As such, the asymptotic stabi I i t\

of thIis closed -loop systeM Can1 be C Stahl IsheCd us ing FI Quc

theory .Thu s, tihe performance of' this controlle r can be

readi ly evaluatod by f illin2( the elpecnvlnecs of thlecosd

1001) 11ono1dronv m1at rmx.

C~ont rolI Law ImII emenctait ion

Usinu the control law given by Lquat 'in(8 any)

mode or number)Cl of' mo1des canl be controlled. Cant rol af a

mode is accomp1 ishedic by ILIiIng a 11on- Zero aill inl thle K

matrix at a ponsit ion corresponding to thle miode requir ino

control ThuIs , i f thle secondJ and four1th m10-os requ li I-Ces

conltrlI, thaJt S , 71 (T) anld T) () bare- undeJsirle1 charaIc-

teristic s, thle gaill matrix is

Ihis would prcduc thle ci osed- loop Systemi as all1ows:

S 2 14

2 . 2 3 T (3

ki 0 K x + R- I4 2 4. 4 1

B y inspe cc tion,1 tile Character ist ic exponenlts o f th1i s S y Stemi



a rc \and x, w Ii ich ii rma i nd unlc hano ed , and thle con trollI od

ch1a rac toc r is-- t i c exponlents , X*and x Examinling Equations
2 4

(S0) and (S ) , as the contr'ol is applied to the syst em, tile

11 uncoupIled d i Iterenlt ll eqjuat ions are' coupIled by the addi -

t jonl1 elementUs inl tile coIlmns of thle Jor dan form matrix

correspond ino to the controlled modes. Two general case"s

appear whenl cont rol is appilied . 1The 1i rst Case occurs when

there is on1e con trol01ed miode , and the othe r is when there

are multiple conltrolled modes.

Siii"'e Controlled Mode. 1i.1enl onlly one0 mode is Con-

trolled, thle closed-loop system can always be reairranged so

that tile cooefficijent matrix is inl eit her upper or lower

trianigular foria11. Inl triangular form, tile differential equat-

10ll for thle Controlled mode call he solved. i~ithi this solution,

tile stabilIity can he determined dir-ectly. InI fact , tile

locat ion of' thle control led charalcteristic exp)onent is a linear-

fLIIc t 101 01- its Unlcont l'0 11 d IOc at ion , thle appjropr -i ato elemen~t

of, the m1oe-controllability matrix, an1d tile gainl. All of these

features are demonstrated inl tile following examploe

Suppose thle original system had a unstable mode

correCsp1ond inls to (: T . US 11115 ILLl:t iO]IS (71S) and (T'79) the

Control lwt i S

13

andJ the( closed- 1001) SNysteM (from FEquat ion (81,a) is,



+13

3 3 3

0) 1) Z k
4 3 41

Rearrang1ing" thiS seCt 0aC d.i fterei'ilt il I. equt~ationls

2 1 2~~

H r, T 0) 0 C) (.k I T)

44 43 4

wheire the Coe rificienit matrix is-, i.n1 upper tr1 i ang1ula r fo rm.

As such, t he sOaL t iol for Tn (T )i S foun d us i 1g an 11iegt ralt i 11

f a ctor. Friom 1Lquiat i on ( S a),thle dii arcit i a 1 qu t ion for

3 3 3

which is a 1 ine~ar lioma .,eneous first order di fferentijal

ejuat ion. Usino ani iliteg rztinig fa)ctor of the fom

all eXact difl'Irential I-Of T (T) can he foundIL (Ref. It): -24).

Mult iplii : g l ut ion 1 (S-) bV t his imtL" efrt I I I'a faco

T

I 1\.(~ k d- + R. (T k ]r~j (T) ) (

hih, y inspec:tion, is the exact di fferential



d T

d (r) exp{-j o  [X + R (<)k I d ]= (89)
T 3 0 3 3 3

Since 1Equation (89) is an exact di fferential,

TjTTi (T) C p - . [ R (J )k jj 3 2] C (9( )
3 3 3 3

where C is the constant of intcgrat ion. This constant can

be found hV setting T equal to :cro:

3 (0) cxp ) C

r; (0) = n
3

0

Rearranging Equa tion (90) , the solution for the controlled

imode is found,
T

r,' ( ) =  xp , - N Tk) ] d 2 ( l1)
3 3 3

0

Recalling that the mode-control lab1 i t' matrix is periodic,

Kquation (91) can be simpliflied further by representing

R (%) as an infinite Fourier series (Ref. 10: 387):

2 1 'llR (C) = a + a cos +
3 0 n= 1

(92)
s i ll r

,hcrc the coe f fcients are given by the iuler formulas:

R 1 f p K) cos 2nr7 ,cT/ 2, T/

ana"nd-= t{ c -/2 / )

a1 7Td

=)() sin IS- dr

.42

- ~ - -s-----



Substitut ~Inf lIquilt ion (t9) into li. t 1 9 1) otle obtains

:, ) ---- r exi (N + a k )T} exp{ 1
03P(93)

(:)k d ,;'

wihcre It represeilts the periodic portion of R Since the
3 3

asynptotc staility of thie closed-o1001 system depends on

the ei enva lues, or characteristic 11ult iples , of the mono-

drom" 1mtrix of ii luation (S ), tie ei enval uc associated with

the conitrolled ;:ode is given by Equation (93 evaluated at

= - Iith Evaluating Equation (93,

33r, (1) exp.[t> + al k )7"exp< R
S3 0 3 o 3p

(94)(]k d<'

where

-r ft ( )k s , u I

Sinplif)'inK talis result,

ii C?) = exp'(X + a k )'') (95)
3 3 0 3

or, the controlled system characteristic exponent is g iven

by Equation (-4)

x * = II ex+ k " = + + a k
3 3 0 3 3 0 3

Thus , the closed-loop characteristic exponent is found by

this linear equation, and with the gain value such that

x + a k < 0
3 0 3

stability is assured.

'1
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1:1011 ljation .10 (97) , colt lol of a siIIgle mode is pr di -

C ted O t lie COInstallt, . . ZCro iC'.CJUQIc)', port ion of R t )
3

bein non--zero. If the constant portion is equal to Zero,

Stabilitv call still be aclhieved bv allow ing the ('ain to be

periodic of the Corm,

k Lr) = k cos (98a)
3 3 p

Or

k L') = k Sil ;.<i (98b)

Where i is tie index of some 11011-z-ero Fourier coeCt ficient of

R Using this 11011-coils taut gain along with the trigonometric

identit ites,

cil2 T = '.,(- os 2 ) (99 a)

COs~T = .(1+cos 2>) (99b)

3 1101-zero Constant portion of R (T) is generated. l is

procedure is Ieuonstrated as follows, using Equation (98a),

co- ; jK (r) = k cos --A, I
3 3

Mul t ip y ilng th1i s result by tile appropriate element oc the

mode-cont rol la b i Iit" matrix, one finds,

(K()=aK 2::r + (zI.C 21.R (T )k." ) = a a o s .--, j a i 1 a co0s -.- )
3 3 0 3 ili /J

+ oI i. k 7 T ,
(k cos () + I(b.sin - - (k COS -,--1 (100)

3 t . 7 1
+ osk CO '-, -- 1

3

• ----



With the last term of this result and kquation (99bj, a

constant portion is generated:

ak cos 2 2 -. k + 4 rr.

or the constant port ion is
.3.

a

I ith the result, the controlled mode is always controllable

provided R -u ) is not zero for all T Otherwise, if R (T) =
3 ?

0, the third mode is uncontrollable. This is the result that

the mode-controllability matrix indicates.

Thus, when there is one controlled mode, the solu-

tion to the closed-loop periodic differential equation can

be solved using an in tegratimg factor. Using this result,

the stability of the closed-loop controlled mode can be

determined directly by using Lquation (96) . Since modal

control only controls tile desired mode(s), the stability

of the other modes is unaffected hy the control, and the

stability of the entire system is assured.

Mn tlti pl e (:ont rolled IModes. Mhm en there are mulI tipIe

controlled modes, the stability is not as readily attainable as

it was in the previous case. The rea son for this is that the

closed- icop coefficient matrix can not be rearran'ed to form

a triangular form, either upper or lower, matrix. Since the

matrix is not in triangular form, the solution to the differ-

ential equations for the controlled modes are not readily

.15



obtained. As an example, supposc the original system had two

unstable modes, n (-r ) and n (T ) . From Lquation (81a), the2 3

closed-loop system is represented by

A, P k R k 0
1 1 2 1 3

U X +K k IN k 0

P,'( ) = 2 2 - ' ,( ) (102)
0 N k A +R k 0

3 2 3 1 3

U P. k P k
4 2 :

Unlike the case when only one mode is controlled, the

coefficient matrix of this equation can not be rearralg ed

into a triangular form. Therefore, to tfid the closed-loop

characteristic exponents a Floquet theory analysis using

the concepts presented in Chapter 1 11 1IMLISt be camp leted.

By inspection o Lquation lo-2), the closed-loop

characteristic exponent are , , X and the two found from
1 g

the monodromy matrix calculated by integrating the sub-

matr ix,

P. k +X P. k
22 2 23

= ~(T)

R k A + R K
3 2 3 3 3

There are. essential Iy two methods of setting the ,ains to

st.",'i.i :e ,t..> 5v5, ,:.* T e - " 'et',, co si ts o: a

systematic search using various ai sett ings until the

desired characteristic exponents are found. The second

method entails successive dia';onali:ation. In this method,

one gain is set resulting in a control (l sys term. Then

4 o~

I



this cant ro l I ed $V stem is red i a ona I i Zed to formn a neW

Jordan form matr ix and another pa in is then set . 'l'ii Sprocess

is repeated until all modes are stabilized.

This Completes the development of the Control law

and the mode-controllability matrix. This control law

presented inl this chapt,2r is Capable of ControllPing ally

11nu1m)l- o' 11ode1S. Ill the fol Oloin chapter, examfple test

cases fromi both the symmetric and unsymnietr ic satellites

are used to demonstrate the actual usage of this control

law.



CHIAPTELR V

In 1,hap,1)t e 1, o1uf t li i s study t the devcl opulent o

lineariZedI CeqUat ions [or the ittitUdO 1ot ionl of' twVo saIte -

lites was presented. InI )0tl cases, the stability of' these

periodic systeus was foun11d to be de~ped Cut o11 v.ariouIs

parameters, inc hi t the orbIjta.1 eccentricity, moment of

inertia ratios, and spin rates. ObViouIsly, by Vary-ing"

thies e parameters , a1n infLi nite niumber of test cases are,

found. Therore, Live example test caIses were selected

from these two saItolilitc Case.,. Using these five test cases,

the theoretical developments of, this study, are verified with

numerical results. Upon select ing the f ive test cases, a

stabil itv inalys is, us ;ing 1:10 uc t thee rv* and . the recsuits

o1 Chapter III , is Conducted. W~ith this Stahil ity an1alysi-s,

two of the test cases- are dig itally simulated to verify

the results,. Next, three of the test cases are controlled

us ing the developments of- Chapter IV and,- tile closed-I oop

linecar system is simulated. Finially, numeric al probl ems

which appeared several timecs are presented us ing onek of' the

test cascs.

Test Cases

1From1 thle inlfinlite IIumber)l Of coIinaJtionIs oC Satel -

l ite parameters, five test cases are chosen for u,;c du1r inlg



the presentation of the numerical results. Of these five,

two are symmetrical satellites in elliptical orbits, and

the remaining three are unsymmetrical satellites in circular

orbits. Table I II is a summary of these five test case. - and

their associated parametric values. The test cases numbCrs are

used throughout this chapter to identify the individual cases.

Ta bl e I I I

Parametric Values of the Five Test Cases

Test Case a k k

1 0.5 -1.0 1 .0 ---

2 0.5 -2 .1) .0 ---

3 0.0 -1.0 .2 .

4 0.0 1.0 -. o .

S 0.0 1.. -. 3

Stab i itv AnalIvsis

The first step in the control of an arbitrairy satel-

lite design is to conduct a stability anaysis of the open

loop system. ',en the linear system has constant Coelti-

cients, tie stability is easily determincd by the eienvalues

of the coefficient matrix. flowever, when the system is

periodic, Floquet theory is used to ascertain the asymptotic

stability. Using the theory of Chapter 111, the stability

ion9 'I

in*
4

t ~ r .. . ... . .. 4r' . .



Or the0 fiVe Satel 1 i te caIsCs is' determined.I Tahble IV con1tainls

the four characteriistic exponenits, found uls mr F loquet t heo ry

far each tcs t case. F rom Chapte 1l I I I, a symptot ic s tab iilit y

is assured if the real part of all character istic exponents

is less than Zero.

'Table I V

Characteristic lExponelcls of thle live Tlest Cases

Case X Ak
2 3

I .018 .6.18 90 .
+.3718i -.3-12Si

2 0.0 .00 0.1

+A2~ .12L)0i1201 -.4005i -. 40 0 Si

3 .1258 I.1258 0.0 0.0
+*8l19i 18 19 i

4 3 5 S 1557 3

+ I 1 7 oi -1770 i +.I770i .1 T7oi

When thle Character i st ic ex polien ts have a reaIlx pr t of tzero,

the systeml CXliibits neuLtral stahil it>'. Of thle five test

cases, all are uns--tale excep~t Case 2. Case 2 is stable, and

it exili its the char-acteristics of stable cr vit ird iclit

saeltsMenti0Ined inl Chapter 1. W"ith the' ch11acter-istic

exponents Cotr Case 2, a stable satel lite has Zero damping and

low naturIal freC~Qencies Of ascii mt ion. Thu11S, tilie four mo1des

of thi s stabl e case arc pure ascii latory very undesirable



att itude motion for a precise satel I ite system. Cases

1 and 3 have one unstable mode, and Cases 4 and 5 have two

unstablc modes. Cases 1 and 3 both have onc unstable real

characteristic exponent, Case .1 has two unstable complex

conjugate characteristic exponents, and Case 5 has two un-

stable real characteristic exponents.

To Validate the results of the stability aiialsis,

the uIIcon t rol led 1inear systems of Cases 2 and 3 were simu-

lated over fifteen periods. At first, the uncontrolled

system of Case 2 was simulated using physical coordinates

as the basis variables. The result are presented in Figures

2 through 5. As expected, no speci fic trends on asyNmptotic

stabiltiv are ascertained from these figures. The reason

for the simul Iation results appearing as they do is that the

state variables are actually linear combinations of the four

modes. The characteristic exponents represent the response

of the idi1vidual modes, not tile physical state variables.

From quation ( 7 1)

and the state variable responses are linear combinations of

tile responses of the individual modes. Therefore, to gain

neore insi~t into tie responses of the v.rious test cases

when simulated, all simulations restIl ts are presented in

modal variables.

The initial conditions used throughout tliis stud',

for simulation )ur)oses are:

31
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.- 3

This initial conditions vector was chosen to assure that

all modes are excited. Also, all simulation results are over

a total of fifteen periods. 'Ibis period length was assumed

to be of sufficient length to illustrate the general trends

in stability of the linearized equations.

Simulating Case 2 in modal coordinates, a response

typical of a stable gravity gradient satellite is obtained.

The responses of the individual modes to the input initial

conditions are presented in Figures 6 through 9. As ex-

pected, the first and second modes represent the extremely

low frequency oscillations and the third and fourth modes

represent the slightly higher frequency oscillations. Also,

from Figures 8 and 9, no damping o1 the oscillatory mot ion

is observed.

TO Verify the instability caused by positive real

parts of thle characteristic exponents, Case 3 was simulated.

From Table IV, the first mode is unstable. Fligures I )

throu:h 3 d;cpict the responses o:1 the four :".0r1es Of Case

3. As expected, the first mode, the mode with positive real

characteristic exponent, is definitely unstable. The stable

real mode, the second mode, demonstrates tile typical response

for a node w;ith a negative real portion. Finally, tile third

.,

AI.l
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and fourth modes represent thle ty)p ic al o1t. frequency, l ow

damping osc illa~tory response 01 neutrally stab~le complex

conjugate modes.

Thus , us ing F loquet theory as presented ill Chapter

ill, tile asymptotic stability of thle five test Cases is

deter Iline d . 18y s imtl at ing4 the un1cont rol led sy'stem , thle

stability of tile uncontrol led systems is Verified. Inl thle

following sect ion, three of the unstalie satellite cases are

s tabi ii Zed' usimi the modal control theory of Chapter IV.

Satellite Stabilization and Veri ficaition

Ill this s;cct ion, threecc of thle four Unstable satellite

te~st cases are stabilized uising modal con1trol technIiLIues anld

thle Contr1ol law developed inl Chapter IV. These threeC Cases,

Cases I , -1 , and 5 , represenit three dAifferenlt ins tabili ty

Coll !igurat ions . Case I has 0110 unstabl e reai Charactei sti~c

exponent . Casecs 4 and 5 both have two uns tab Ic modes . Ca se

4 has t'O uns.'taleL comp Aox con j uate characteristic exponents

and Case S has two mnstable real characteristic exponents.

Sinle'' Mode Stab ii zat ion. To Control Ca so 1 , a

contro1lel br must be ut ilIize-d tO Control only the first mode.

tlicelre -, tile reCslts from11 the Silin' IL' C01nt roll OLI Mode secc-

0:1, 0 t heI L're u h::e ':'L lle ! use. S-nCe thr i

cent r o Ic e~ 0 :1 ci: rel -0 1:.n* is

T~) T) (T

116
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From Chapter IV, Equation (96) states that the closed-loop

characteristic exponent is

=X + a k
1 1 0 1

For this case, the uncontrolled system characteristic

exponent is 0.6718 and the zero frequency portion of the first

element of the mode-controllability matrix is 0.6198. There -

fore, the gain required to move thc characteristic exponent

to zero is

0.0 = .617S + ol198k

or

k =-1.084

For the actulM control of this system, the gain was set at

--.0, Which reOsults ill a colltrol led characteristic exponeont

of -. 5677. Table V contains the controlled system chiaract-

eristic exponents for Case 1 based upon the numer ical Floquet

analysis described in Chapter M.

Table V

Case I Characteristic Exponeonts with
K= (-2.0, 0.0, 0.0, 0.0)

Uncontrolled Co. '11L

- ) I o S .7 koTIS

0.0 +.3728i 0.0 4-.37.18i

X0.0 - .528 0.0 -.728Si

06



as expected, the simulation results, Figures 14 through 17,

show a satellite with two exponentially decaying modes and two

oscillating modes. Examinino these responses, one notices a

phenomenon that did not appear in the uncontrolled simulations.

Each mode contains a transient response that decays rapidly.

This transient response is due to the controller modifying

the cigenvector associated with the controlled mode of the

closed-loop monodromy matrix. This neW ei.envector causes

the initial transient to be displayed in all modal responses.

With the addition of the controller, the characteristic

exponents associated with the second, third, and fourth

modes remained unchanged. Only the characteristic exponent

for the first mode was altered. These results verify that

modal control techniques only alf'ect the characterist ic

exponents of the controlled modes. Also, the numerical

results of this example validate the theory concerning the

control of one mode in Chapter 1V.

Multiple Controlled Mode Stabilization. Both cases

4 and 5 have multiple unstable modes. From Chapter IV, we

found that When there are multiple controlled modes, the

gains required for stabilization cannot be found directly

by" using a linear formula like the previous example. This

problem with gza in --election was due to tile control lcd-system

coefficient matrix not being in a triangular form. There-

fore, the solution to this type of problem is accomplished

using a systematic search uSing var iouIs gainii settings.

This techIn ique Was used to stabilize both Case 4 and Case S.

o 7
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From Table 1V, the unstable modes of Case 4 are the

first and second modes. Therefore, the general control law

necessary to control this case is

'IT) = I, n (-I) + k 2 (T)
1 1 2 2

Through the use of a systematic search procedure, the values

of the two gains which provided adequate control and stable

system characteristic exponcnts are k = 4.0 and k = -10.0.
1 2

'ith those two gains, the two unstable characteristic ox-

ponents were moved to the left side of the complex plane.

The results of the controlled-system monodromy matrix cal-

culations are presented in Table VI. From these results,

once again modal control techniques controlled only the

modes requiring control.

Table VI

Case 4 Characteristic Lxponents with
K= (4.0, -10.0, 0.0, 0.0)

Uncontrolled Control led

X .3557 + .t77oi -1.011 + .014oi

x .3557 + .1776i -1.011 - .0146i
2

A -.3557 + .1776i -. 3557+ .1770i

X -. 3 57 - .177 6i -. 3557- .1776i

These gain settings were used in a digital simulation

of the modal variables. The results of the simulation are

72
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illustrated in Figures 18 through 21. In this case, the

oscillations in all modes damp out within three periods.

This is due to the location, and therefore the existence of

other than negligible damping, in the complex plane, of

the controlled system characteristic exponents. Once again,

the initial transients in all modes due to the new eigen-

vectors of the controlled system are apparent in these

figures. Since all modes of this system damp out quickly

and there are no highly oscillatory modal responses, this

system presents an excellent system for simulation in

physical variables. Therefore, with the initial conditions,

.05326

.05326

x(o) 
=

0.0

0.0

and the control law given by

u(T) = (x

this controlled system was simulated for fifteen periods

using the physical variables. This simulation verifys that

the linearized physical system is controlled with no un-

bounded growth in time of any of the state variables. Figures

22 through 25 illustrate the results of this simulation.

The controller performed as expected, all oscillations of

the state variables stopped after approximately three

periods.

7 3
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The final test case to be control led, Case S, has

two unstable real characteristic exponents. Thus, since

there are two modes requiring control, the same techniques

used in the control of Case 4 are used. From Table IV, the

unstable modes are the first and third modes. Therefore,

the scalar control law for the control of this system is

u(-) =  k n (t) + k r (t)
1 1 3 3

Using a systematic search technique, the gains that provided

adequate control for this satellite are k = -1.4 and k =
1 3

-. 01. Table VII contains the results of the closed-loop ana-

lysis using Floquet theory.

Table VII

Case 5 Characteristic Exponents with
K=  (-1.4, 0.0, -.01, 0.0)

Uncontrolled Control led

.82(5 -.0582 + .097 Ii
1

A 82r65 -. 82o5
2

A .2128 -.0582 - .0971i
3

A -.2128 -.2128

Froim these results, the control law provides adequate

control for the unstable modes to bring them under control.

Figures 26 through 29 present the results of simulating the

82
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controlled system over fifteen periods. In this case, all modes

were controlled and eventually reduced to zero. The previously

mentioned transient responses are more pronounced in this case

than in the other two cases. These transient response char-

acteristics are due to the eigenvectors of the closed-loop

system monodromy matrix. During this stud), no attempt was

made to specify the desired transient response characteristics

of the controlled systems.

With these numerical and graphical results, the

implementation and verification of the control law and

associated theoretical developments are complete. As

presented in the examples, modal control provided the required

control over only the controlled modes and only the initial

transients of the other modes were affected. Also, the general-

izations made concerning stable gravity gradient satellites

in Chapter I were demonstrated in the various examples.

During the completion of these investigations, numerical

problems associated with the computations of the F- 1 (T)

matrix were encountered. In the fo. lowing Section, these

numerical problems and their effects on the controlled system

are addressed.

Numerical Problems .,ssociated with F'- (T) Computations

Onc of the basic elements in the closed-loop system,

from Equation (74), is the I: - I (- ) matrix. This matrix , which

appeared during the diagonalization and subsequent control

processes, is periodic with period T. As such, by finding

F- I(T) over one period is equivalent to finding this matrix
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over all T. Therefore, to ease computatjional burden, the

method of computing the F1_- (T) matrix for the closed-loop

stability analysis and subsequent digital simulations was

to compute F ( T) for m evenly spaced poinjts during one
-1

period. Using these m F (T) matrices, a harmonic analysis

was completed on all sixteen elements (Ref. 2: 108-109).
Iii

The results of this harmonic analysis were - + 1 cosine

Fourier coefficients and I- 1 sine Fourier coefficients.

With these coefficients, the 1:-1 (T) matrix can be computed

at any T. Using this techIIique, the closed-loop system, in

either modal or state variables, is integrated. Using

Case 3, it is shown how this computational technique does not

insure the precise computations of the F' (T) matrix required

to satisfy Equation (77). From Table IV, Case 3 has one un-

stable characteristic exponent. Thus, since there is one un-

stable mode, the controlled characteristic exponent, X*, is

found by using Equation (96). For this case, the zero fre-

quency portion of the first element of the mode-controll-

ability matrix, a , is -0.2187. Using Equation (90), the
0

theoretical value for X*, is found, and by finding theI

characteristic exponents of the closed-loop system monodromy

matrix, the numerically derived value of X* is found. Cor-

paring these two values, the effects of these numerical

problems associated with the F" (T) can be ascertained.

These computations were carried out for five gain settings,

the results are tabulated in Table VIII. From Table 1III,

one notices that as the gain is increased, the theoretically

88
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and numerically computed Characteristic exponents diver .c.

In fact, there should be no variation in the characteristic

exponents of the mcdes which are uncontrolled. lowever,

with a gain of 1.0, there are apparent variitions in the

uncontrolled charaLteristic Cxjonents.

These var iat ions are due to the loss in accuracy of

F -Ii). To examine this loss of accuracy, the F:-t() matrix

at r = wi was c opu,)ted using the Fourier series for cach

clement and by integrating liquation (77) as presented in

CIapter IV. The results are presented in Figure 30. Exam-

ining these two matrices, one notes that there are significant

differences. The accuracy of the Fourier series can be

improved by increasing the number of function evaluations

used in the harmonic analysis. An increased number of

funCtion ewVZluations was tried, but the resulting F ('-r)

matrix was still too inaccurate. Therefore, these inaccuracies

are due to using the Fourier coefficients to compute the F-'(t)

mat r ix. 'here z.', many possible causes for these numerical

problems, among tihese are truncation errors and finite

wordlen!th of the computer. [However, no definite cause for

these problems was determined.

'Ihis completes the discuasion of the results com-

piled during this study. ConsiselV, the results indicate'

thc ability to control unstable satellites under the

in fluence of a gravity gradient. 1owever, numerical

problems in the computation of the mode-controllabiltiy

matrix were encountered.
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Using Fourier Coefficents:

-1.07103 -0.42118 0.68053 -0.25558

02. ,28 -0. 24466 0.39587 0. 14898

0.52001 -0.68481 -0.73827 0.47968

-2.43237 -0.14823 -0.15884 -2.22316

Using Analytical Techniques:

-1.07175 -0.42112 0.68092 -O.25598

0. 2275 -0.24470 0.39565 0.14874

0.52672 -0.68480 -0.73806 0.481138

-. 43... -0.14830 -0.15984 -2.2281

Figure 30. I ' (T) Calculated at T =
T

using the Fourier Coefficients

and Analytical Techniques
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ClHAPiER VI

CoNCLUD IN; RlIMARKS AND RECOMMLENDAT1ONS

The problem that this study addresses is the control

Of satellite attitude motion - ile the satellite is under

the influencC of a gravity gradient. Since the linearized

equations descr ibing the attitude motion are periodic, the

controller must control the location, in the complex plane,

of the characteristic exponents. As seen in the previous

chapter, the modal control scheme and the control law

dcveloped during this study provide adequate control over

the satellite attitude motion. The control law demonstrated

that, in general, it only controls the modes requiring

control. Therefore, the modal control techniques provide

a viable control scheme for the attitude control of un-

stable satellites described by linear periodic systems.

During this study', it became apparent that there

are two areas requiring additional work. First, a problem

was encountered numerous times With the computations of the

mode-controllability matrix. The result of this computation-

al problem is inaccurate or fictitous results when the

computing the stability characteristics of the controlled

system. The second area requirin, additional study is in the

gain selection techniques for stabilizing a satellite with

more than one unstable mode. In this study, a systematic
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search procedure was used, but in general, one would like

to select the gains directly. With additonal work in these

areas, the modal :ontrol technique and the control law pre-

sented in this study will provide an extremely flexible

method for controlling periodic systems whose asymptotic

stability characteristics are undesirable.

Recommendations for Future Studies

The recomendations for future studies consist of

two levels. The first level recommendations are future study

efforts involving the same techniques used during this study.

The second level recoinmendations are for future studies for

developing a control scheme for on-line applications in a

real world environment.

The first level recommendations are ways to obtain

more accurate calculations of the mode-controllability

matrix. There is one basic means of accomplishing this.

This means is by using double precision arithmetic F I ( T)

calculations. All computations in this study were completed

using single precision arithmetic. By increaseing the pre-

cision, more accurate results may be obtained.

The second level recommendations are possible methods

of achieving acceptable results in a real world envoronment.

The first method is to use a Kalman filter to provide state

estimations. Using sensor models, which take noise corrupted

measurements of output variables, the Kalman filter can

then be used to generate state estimates. These state
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estimates are then used as the feedback variables instead of

the actual states. This technique provides a more realistic

application of the control techniques presented in this

study. In the real world, sensors would be used to measure

the angular rates and angles. ThIis data Would then bC used

to activate the controller. The second method is to design

an optimal controller using LO, design techniques. LG

design techniques provide an optimal controller for a pro-

biem described by linear models with ,radratic cost criterion

and Gaussian noise models. This is a reasonable choice

since the linear periodic system models can be assumed to

be corrupted by noise. This noise can be due to such items

as atmospheric drag, gravity anomalies, solar wind, etc.

Under these assumptions, an optimal stochastic regulator

can be designed.
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