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Preface

With this thesis, I hope to help open the book on
understanding the behavior and the means of controlling per-
iodic systems. Many problems in the ficld of astronautics
deal with periodic systems and as we stand on the brink of
the exploitation of outer space, I feel we need more under-
standing of these periodic systems.

I would like to extend my appreciation to my advisor,
Dr. Robert Calico. With his insight and knowledge 1 was able
to overcome many problems encountered during the coursc of
this study.

Also, I would like to thank my wife Donna. No study

of this magnitude is without its sleepless nights, periods of

enlightenment and times of frustration. She cxperienced these
times with me and never once displayed dissatisfaction over
the fact that i was not with her in thought while at home.

Finally, I would like to dedicate this report to my
father, who passed away during its final preparation. It was
the values he instilled within me that made me able to finish
this task.

G. Scott Yeakel
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Abstract

* " The linecarized equations describine the attitude
motion ot two generic satellite cases are Jdoeveloped.  In
both cases, the symmetric satellite in an c¢lliptical orbit
and an unsymmetric satellite in a circular orbit, the lin-
earized equations are periodic. Using Floguet theory, the
stability ot the at tude motion for several satellite designs
is checked. For satellites with unacceptable attitude stabi-
lity, an active control scheme utilizing modal control design
techniques 1s developed. With this control scheme, various
satellite test cases arvre stabilized and the results are
verified via a digital simulation of the satellite attitude

motion.
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CHAPTER 1

[NTRODUCTTON

Bachground

with the advent of artifical satellites in the late
1950's, satellite designers have sought various methods to
control the orientation of satellite bodies. The nced for
proper attitude, or line of sight, control is evident when
one looks at the various missions that satellites perform.
Whether a satellite 1s performing a space surveillance
mission tor one of the 'super-powers' or providing a com-
munications link {for a third world country, the proper
attitude must be maintaincu at all times to assure the
satcllite 1s accomplishing 1ts intended functions., A simple
example is a reconnaissance satcellite in a low carth orbit
at an altitude of two hundred miles. 1f the line of sight
of the cameras on board this satellite is perturbed by as
little as five degrees, the camera will miss its desired
aimpoint by approximately scventeen miles. This 1s totally
inadequate performance for the serveillance of a battleficld
with high resolution cameras.

To control the attitude of satellites, satellite
designers have used scveral devices ranging {rom passive
techniques using gravity gradicent stabilization to active

devices using control moment gyros, dual spin configurations,

magnetic torquers, or gyrocompasses. A desirable feature




of yravity gradient stabilization is that gravity torque
stabilizes the satellite 1n licu of a torquce producing de-
vice.  Since no torque device, and its necessary control
cquipment, 1s reoqulred, the sacellite is less costly to
build and to launch. llowever, there arce some serious draw-
backs to gravity gradient stabilization, which include
restricted satellite desiygns and low cccentricity orbits
(Retf, 8: 199), These two restrictions cause problems with
the physical design of satellites and their intended mis-
sions.  In addition to these vestrictions, the natural fre-
quency ot oscillation of a stable gravity gradient satcellite
is very low, and precisc attitude control is not attainable
by this mceans alone.

In the 1960's, as the use of satellites increasced
and the exploitation of space with unmunned vehicles began,
this general problem of attitude stability of satellites
under the influence of a gravity gradient was recognized.
Two papers published in the 1960's dealt with the topic of
attitude stability of spinning satellites under the in-
fluence of a gravity gradient torque. The first paper
examined the attitude stability of unsymmetric satcllites
in circular orbits (Retf. 0: 114), In their study, Kane
and Shippy examined satellite attitude motion and derived
lincarized cquations with periodic cocefficients. Since
the lincarized cquations had periodic coefficients, their
asymptotic stability was determined by using Floquet theory.

In fact, the stability of this class of satellites was

-
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determined to be a function of moment of inertia ratios

and spin rates (Ret. o: IHd-119). In the sccond study,

Kane and Barba cexamined the stabllity of symmetric satellites
in elliptical orbits. Like the first study, this study
provided a periodic lincar system model of the satellite
attitude motion. Once again, Floguet theory was uscd

to determine the stability of this class of satellites.
During this study, stability was found to be Jdependent on

the spin rate and moment of inertia ratios like the first
study, and on the orbital ecccentricity (Ref. 7: 402-405).
These two studies were concerned exclusively with the passive
stability of the satellite attitude; there was no attempt

to control these satellites because of the non-constant
cocf{ficients of the lincarized systems.

The results of thesc two studies provided valuable
Information for satellite englneers in the 1900's and 1870's,
fiowever, as we become more and more dependent on satellites
and find new uses for satellites, we may no longer be uble
to satisty the requlrements f{or passive stabilization or we
may simply want to incrcase the low damping of the natural
low frequency oscillations. 1In fact, with the advent of the
Spacc Transportation System, many space planners arce developing

concepts or lurge space structures for use in the future. One
of the general mission requirements of these large space struc-
tures is precise vehicle line of sight stability (Ref. 4: 52).

With this rcquirement, considering that low orbital ecccentrici-

ties, spin rates, and vehicle design requirements need to

ORI




be overcome, an active control scheme tor these suatellites
must be developed. llowever, a problem arises in the devel-
opment of an active controller for these satellites. The
lincar systewms uscd to model the attitude dynamics of both

the unsymmetric satellite in a circular orbit and the symme-
tric satellite in an clliiptical orbit are nonautonomous, or
specifically periodic, systems. As such, these systems do not
allow the use of classical lincar controller design techniques.

The control of periodic systems is a topic which is
in neced of further rescarch. Many references can be {ound
on the control of constant coefficient linear systems. low-
cver, ver, little material can be found on periodic systems
as well as the control of such svstems. In his study in
1980, Shelton (Retf. 14) found modal control techniques
feasible to control the orbit of a satellite in orbit about
the third libration point, where the orbit is a time-
periodic system. Thercefore, since this type of control
methodology was used to control a time-periodic system, 1t
is used in this study lor the control of satellite attitude
motion.

Modal control is a modern control technique which at-
tempts to independently control systems modes by mecans of
providing state feedback which is proportional to the cigen-
vectors of the dual basis for the system. Using direct
feedback of the modal variables, the closed-loop cigenvaluces

of a constant cocfficient system can be placed at a desired

location using pole placement techniques., Also, when a con-
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stant coelfficient system is controlled, the time response of

the system can be controlled directly through the gain sclection.
In this study, modal control techniques are used to control

the location, in the complex plane, of the characteristic ex-
ponents. These characteristic cxponents, of both the open

and closed-loop systems, are found using Floquet theory.

Problem und Scope

The problem addressced by this study is the control
of linear systems with periodic coefficients. Shelton
developed a controller for a particular periodic system in
his research. However, the system he addressed had one
unstablc characteristic exponent. To handle this systen,
he developed a simplificd controller to control only one
mode. In this study, the gencral form of a controller cap-
able of controlling any number of modes is developed. This
gencral controller is implemented in several example cases
and the results are verified by the use of a digital simul-

ation of the linearized closed-loop system.
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CHAPTER I1

PROBLEM ANALYSIS

The major thrust of this study is to develop a
control scheme for the usc with linear periodic systems. As
mentionced previously, the two periodic systems of interest
arc the symmetric satellite in an elliptical orbit and the
unsymmetric satellite in a c¢ircular orbit. In this chapter,
the attitude dynamics of these two satellite casces are
examined. With these results, the lincarized equations for

the satellite attitude motion arc decveloped.

Satellite Attitude Kinematics '

The first step in developing the cquations of motion ;
for the attitude dynamics of a satellite is the derivation
of the Kinecmatics of the problem. This step involves the

establishrment of coordinate frames, angular displacements,

and angular rates. As depicted in Figure 1, the basic
orbital layout consists of a satecllitec S orbiting body F,
with an assumcd inecrtial frame at F. Additicnally, & and v,
which represent the range and true anomaly of the satellite,

arc the polar coordinates of § with respect to F.

The angular orientation otf satellite $ in inertial
space is found through a scries of rotations. The first
rotation to Frame 1 1s & rotation equal to the truc i

aronaly about the kl unit vector. Subscquent rotations to

a body-fixed Yrame are: a rotation of ¢ about the 1 axis,
] H
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a rotation of Y uabout the j, axis, and a rotation ofO3 about

the k3 axis. Thesce angles, 01, 0 , and 63, represent the
pitch, roll, and yaw ol the satecllite body.
With these angular rotations, the total angular ve-

locity and acceleration of S with respect to inertial spuace

can be determined. By using the angular velocity chain

rule,
il gl e, gl g (1)
the angular velocity is found,
'“11 _ 7 + 7 .+ 7 o .
@ = ¢ Kk + 0 ) + 9 1 + vk, (2)

3 3 23 1 1
Using the proper coordinate transformations, the angular

velocity in frame 3 may be written as

0 €058 0 ~v¢os3sin g

1 2 1 2
T . . <
{w } o= 0 + v sin 8 (3)

2 1

0 + U S1n uy +VvCosi Ccoso
k 1 2 1 2

- . 2

where the subscript provides the reference axis system.

Through the use of the vector differential rule,

.‘l“i' -4 3 . .
dlw, S E + @ﬂl X ﬁﬂl {4)
Jt RE

: . Pl B SR
the angularacveleration, @ , 1s found,




e
~ -
0 cos® -0 0 sin® -veos O sind + 0 0.+ v
1 .2 1 2 2 . ! 2 2 3
(-U cosb cos0 +0 sin®sin€+ 0 sin o)
2 1 2 1 1 2 2 1
8 +vsind +vh cosd -8 9 cosB +vd cosO
. 2 1 1 1 31 2 3 1
ceufl 2050
1‘.\){}'—‘ - 2 (5)
¢osind +¢ 0 Ccosd +vCosy cost +9 - v
1 > 2 2 2 13

(9 sin?® cosd +0 c¢osHb sind )
- 2 2 11 2 1 -

With thesce two vectors, the angular velocity and angular
acceleration of 8 with respect to inertial space, the cqua-

tions tor the satellite attitude dynamics can be derived.

Symmetric satellite in an BElliptical Orbit
(Ret'. 7: d402-404)

The development of the equations of motion for the
attitude of a3 symmetric satellite in an clliptical orbit
perturbed by a gravity gradient torque is given by Kane
and Barba (1Y00). The following derivation is adoptcd from
this reference.

The first step in this development is the investi-
gation of the orbital motion of a satellite in the common
two-body orbit, Figure 1. In additon to the paramcters
specified in Figure 1, the orbital cccentricity is noted
as ¢, and a is the scmi-major axis of the orbit. In the
polar coordinates £ and v, the differential ecquations

describing the two-body orbit are,

no- vl j; =0 (6a)

. e 1
n2y = Ja u(l-e?)*

and

(ob)
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where p is the Gravitational Parameter. The two-body satcellite
motion is periodic, and the period may be found from Kepler's

Sccond Law (Ref. 1: 33):

- 75;:_ 13 2 ()

>

With this result, Lguation (6) cuan be rewritten

. . I
L AVERS (ﬁrl) 9—2 = 0 (8a)
n
and
28— 2m a 252 \
TV = S oa (1-¢°) (8b)

Substituting (8b) into (8a), onc obtains a differential
cquation for the range of a satellite, in an clliptical orbit,

from the central body:

. hr 2 i 1. 2 _EN 2 3 ) f
O A SRS DRRAR: .3 IS (9)
1 /.LZ )LZ

This differentiul equation can be nondimensionalized by
making the [ollowing variable transformations:

_ aw _

b
= — Z’ = —_—
1 T t i a

where 1t and ¢ represents nondimensional time and Jdistance,
respectively. With these nondimensional variables, Equation
(9) becomes

2 .
I (10)

where the prime indicates derivatives with respect to 1. The
resulting Equation (10) is a sccond order differential cquation.
As such, it requires two initial conditions: Assuming that

the satellite begins at perigce,

1pcrigco = all-¢)

10
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:1 . = U
perigee

the initial conditions for cquuation (10) are

T(UY = 1-¢

Thed) =0

At this point, the cquations of motion for the satel-
lite attitude can be derived using Buler's Moment Equation:

o= iy oty et el (11

where [1) is the mass moment of inertia tensor
N X . . . -3,1

fol] is the shew matrix associated with w , and
[M] is the external moment vector.

Assumlng that the axes are defined in such a way that Frame

5 lies along the principal axes of the satellite body, the

inertia tensor takes the form

1 A\
11
(1] = I (1)
(o] {
33

Additionally, the skew symmetric matrix associated with

angular velocity has the forn

0 - ®
i 3 2
o3l -
e\ ' ] = W 0 - W (15)
2 1
(W] [y 0
2 1 i
. L. |
where ¢ , o , and w arc the individual components ot w .
1 2 3

Substituting Lquations (3), (5), (12), and (13) into lqua-

tion (11) produces moment cquations in the form:




[ B
lnml + (Iaa—lzz)mzm
(M} = W' o+ -1
Izzwz (111 Iaa)mlwa (14)
[ ] + I - N
33m3 ( 22 lll)m wz

where the external moments on S by body F arc (Ref. 7: 403),

SCR A T ) e e i
{5t Jh‘) 4 (é}} Iaa)uo>u2>1nez (15)

Lquating Lquuations (14) and (15), recalling that for a

symmetric satcllite, Ill=1 , once f{inds
22
I w' + (I -1 Jww =0
11 1 33 22 2 3
, (2 \%_ -3
I e+ (I -1 Ja =3(:— z 11
11 2 N 13091, T) " Uy (16)
COS8 s1ind
2 2
w' =0
L 3 §

Finally, by defining an inertia parameter k such that
1

r

o
|
w
w
ro

Lyuation (10) becomes

o' *+ Koo =0
1 1 2 3
KA
N (;é) k cosd sind = Q (1)
N T3 N 1 2 2
w' =0
3

The three nonlinear differential equations given by
Equation (17) can be combined with Equation (3) to obtain

three sccond order cquations in the variables 0 , 0 , and ¢ .
1 2 3




By Jdefining the state vector to be
r -
d T
¢ )
Y \T)
X(t) = .
( ,\,I(T)
1
o () i
and noting the reference stuate,
Noo= 0
G
4 linecar system ot the form
-y - 9
X'(1) = A(t)x(T)
can be derived in the ncighborhood of the retference state.
To obtain this lincar system, the original system !
x'(t) fix(t)]
12 linecarized about x  such that
0
\‘fi
Nooo= oo = - i = [
L] o X X = X »J 1, >
] 0
The resulting coertficient matrix, A, is a function of the

I\
1

inertia parancter, and the variables, o' o', oand 9.
’ 4 4 o

To produce a usable lincar system, the dependence on thesce

variables must be climinated.  The dependence on v' and "
can be eliminated through the use of bquation (Sb). From
Equation (8b),
Wr '(" 1
N S (18)
1 (O ’
and by nondimensionalizing with and 1, onc obtains
l\
SRR
b Unet)® o)

.




which by Jditferentiation with respect to 1 yields,
3 1,
S2(l-emy s .
\)'l = -__vL——_’___,__ \" :I
- : (20)

-

Replacing V' and v with lLiquations (19} and (20) climinatces
the dependence on thesce variables.  To eliminate the de-

pendence on U', one recognizes from kquation (10)

2

G o= v 0; = ¢constant

The dependence on 5; is eliminated by specifving this constant.
tiowever, the constant W represents the spin rate of the satel-
1ire and the true anomally rate. Since one 1s concerncd only
with the spin rate of the satellite, the constant is Jdefinced

as (& + 1) and

VU O = wo+ 1) (21)
3

Substituting Bquations (19) through (21) into the lincarized
coefficlent matrix, a lincar cquation 1s found in the form

of

where A(T) is explicitly a function of o and itmplicitly a
function of 7. The individual clements of this coefflicient
matrix for the linearized system are presented in Table 1.
Upon examining Table I, one notes the coefficicent
matrix is a function of the orbital cccentricity, the spin

parameter, the inertia parameter, § and §'. Since g repre-

14




AL, 5)
A2, )

A(5,1)

A(5,2)

A(3,4)

A4, 1)

Agd, 2

A(4,3)

Table 1

Non-Zero Coetricient Matrix Elements

{or the Symmetric Satellite

1
1
e L 1
Lo L UEY e ) (1m0
4 T2

(1‘;’,2) _ (1"":&) - . 2 '

T ;2

(1+a) (1+k ) - =(d-c )-




sents the nondimensional distance {rom the satellite to

body F, it is periodic with the same period as the orbitual

period. Thus,

T A O S A
where v = 20 and since A 1s a tunction of =
Ao) = M+ 7) (22)

Thus, the cquations tor the attitude motion of the symmetric
satellite are periodic and this periodicity is due to the

orbital motion ot the satellite.

Unsymmetrical Satellite in a Circular Orbit

(Ref. 6: 114-117)

The development of the equations describing the
attitude motion for the unsymmetric satellite in a circu-
lar orbit perturbed by gravity gradient torgue arc given
by Kanc and Shippy (1963), from which the following de-
rivation is adopted.

Unlike the symmetric sutcliitc, this casc does not
require analyzing the orbital motion. Therefore, the first
step in the derivation is to cmploy Luler's Moment Lquation
(I1). In this casc, since the satellite 1s not symmetric
the body T'ixed axes are used as the reference tframe. Using

coordinate truansformations, Equation (3) can be written as

10
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descincne e B S——————— -‘i




i ]
{0 COSg -uosg SIng jJcosg +
1 2 1 2 3
(G +vsingd )sing
2 1 3

Y 1 - LI . C e
1w / } o= (¢ +vsinQ Jcost - (0 cosg - (23)

2 1 3 1 2

vsing cosg )sing
2

—

?

4 +C sind +tvcosd CosQ
3 1 2 2 1 “

- -

Since the attitude of the satellite in this casc, like the

symmetric satellite, is a function of ¢ and § , only small
1 2

angles are considered. Considering only small angles, Lqua-

tion (23) can be lincarized about these small angles by

using the following approximations:

cosy =1 siny = °

1 1 1 (24)
cosg =1 sing = 0

2 2 2

Lincarizing bEquation (23), onc obtains

o -
(6 -v0 Jcosy + (6 +v0 )sing
1 2 3 2 1 3
(o = (6 +v0 )coso - (6 -ve )sing (23)
21 3 1l 2 3
6+
L .

Since the orbit is circular, v is constant and v 1s zero,
- - - - .
for all time. Denoting v as A, the angular acceleration

is found f{rom tjguation (25):




" . . . .
(U -A0 JcosQ0 -(¢ -AD )sing ¢ +
1 2 3 1 2 3 3

(0 +A0 )sing +(0 +A0 )coso §
2 1 3 2 1 3

3
= -(0 -ad ysing - (& -av cose ¢ )+ (20)
1 2 3 1 2 3 2

(0 +50 JCOosd -(0 +AC )sing §
2 1 3 2 1 3 3

o

From Kane and shippy (Ret. 6: 1143}, the gravitational torque

3 - 4

moments acting on S (lincarized by using the small angle

approximations ol Lquation (24)) arce:

3¢l -1 )9 sing
22 33 2 3
(M} = 302(1 -1 )¢ cost (27)
11 33 2 3
30(1 -1 )sind cosd
L 11 22 3 3 |

With the Buler's Moment liquation (11) along with lLquations
(25) through (27) and the following inertia parameters:

I -1 1 - I -1
kl = 33 22 k, = 11 33 }(3 = 22 11

The cquations describing the attitude motion arc given by:

sing {4k A20 +0 -0 § (l+k )+ad (1-k )+aé o
I 1r 2 2z 1 3 1 1 1 3 2

(1+k )}+coso {0 -A0 (1+k )+G & (1+k )+AD 0 (28a)
1 31 1 1 2 3 1 1 3

(I+k )+k a2 } =0
1 1 1

sinv {-0 +a0 (1+k )-8 0 (1-k )-a0 0 (1-K )
3 1 2 2 2 3 2 1 3 2
+k A301}+c0583P4 A%k 0 -éléa(l-k°)+ez+Ael (18b)

(L+k Y+p0 & (1-k )} =0
2 2 3 2




N

¢ -3A°K sing coso =0 (28¢)
3 3 3 3

Delining a paramcter, p; such that

(k + k)
I)- = —SA-' ___1T:‘_k_}_\.__—'~__ (:Sd)
1 >

Equation (28c¢) becomes

O +pising cosy = U (29)
3 3 3

This seccond-order differential cquation for ¢ (t) contains
3
a first integral

2 )

§ o= ol (cos2o -1) + 373" (30)
where
=0 (t=0)

Defining a new independent variable, 1, such that

T = 20 (3n
LEquation (30) can be rewritten

b)

2
= + ["-

{cost-1) + 0215 (

Ce
¢

9
(2]
ty

—

At this point, the lincarized cquations describing the
attitude motion can be obtained. By defining the state

vector:

0 )
1
O‘)
X(1) = é/A (33)
1
e
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and a function £, such that

T
!
.-

<
w

a lincar system of the f{orm of

X'(T) = A(TIN(T)

is found. The differential cquation for x (1) and x (1)
1 2

are found by using Equation [31), (353), and (34):

ot Vo= Py
) = k()

and likewise,

T

Xx'(1) = x (1)
2 L

The differential cquations for XJ(T) and xu(r) arc found
{rom lincar combinations ol liquations (28a) and (28b). The
resulting coefficient matrix is given in Table T1.

The {function g can be found {rom bEguations (28d),

(32), and (34) such that

B = :_T; '(—”]“t—i.—j‘ (cost-1) + 02
1 2

(h +k ) S
1 (35)

+

A

— i

With this relation, all elements of Table 11 arc functions

of the independent variable .




Table 11

Non-Zevo Coefficient Matrix Llements

for the Unsyvammetric Satellite

ACL,3) =

AL, ) = &

A(3.1) = -.5 + 511 [kz(l—cosr]-k1(1+c03T)]

A T " = _k’ifi'l) 1. . -

A3, 2 T (A1+R2) sin T

AG,3) = BEL (k +n ) sin !
A4y = B B [k (1-cosT) - K (1+cosT)]

AGs,1y = -l (k +k ) sin =
- - JiE+1 - 1 e . . 8
A(4,2) = -.5 + 1 LLZL1+L0>T) - kl(l—gosr)J
AG4,3) = - Ll Brl [k, (1+cost) - k (1-cost)]
iy = . (B+1l) <3
A(4,4) 73 (k1+k2) sin T

21

P S




By examining Table i1, 1t is apparent that all elements are

periodic with period 1, such that
Alt) = At + 1)

where 1t = ZJu.
Examining the clements of the coefficient matrix in
Table 11, one notes the dependence of A(t) on the three

dimensionless parameters kl, k , and 8. The paramcters kl

1o

and k2 arc specified by the size, shape, and mass distribu-
tion of S. The paramcter B, however, is dependent on the
independent variable T and on 62/8, which is a mecasurc of
the rotational rate of the satellite. The valuce of 0°/4% can
be found for a particular satellite configuration and spin
rate. Defining a spin paramecter, o, and a paramecter, k,

such that

'Dt]
to

a o=+ 2 k%= P (30)
A 02

where 0315 the average value of 03 during onc revolution of

S, the value of 0%/4% can be found for any valuc of a. Re-

’

writing Lquation (52) such that

* !C:‘JZ ~2qh
“3=:[ = (COST—]:} 40“]~ (37)

-

and by using the method of separation of variables and the
identity,

7 (cosT-1) = -sin’t

Equation (37) can be rewritten

70




LIO
+ 0 dt = (73)

-
3 (1-k2sin2q)”

Detfining T as the time required for 9 to change by an amount
3

of 27 radians, lquation (38) can be written

2

do

P+ =4 6 dt (39)
(1-k%*sin®1)* -

o) G

where the left hand side of Lquation (39) is in the form of
complete clliptic intecgral of the first kind. DPerforming

&

the integrations, onc [inds

(k) = + T 6. (40)

Since O 1s an average value during one revolution,
bl

3 . 2T mne
s — T T 2a(R)
and
_ i o
T ANy
or

e (41)

- |

Thus, given a desired a, the parameter 8/A can be found f(rom
Equation (41) by finding k and then €(k). Substituting

Equations (41) and (28d) into Lquation (30}, onc obtains

O L T B v S (42)
2




b
|

which yields a transcendental cquation in terms of L. Solv-

ing this transcendental cquation for (L), liquation (41) and
(35) cun be used to solve for the function & to complete the
solution of the A(r) matrix calculations in Table 1.

This completes the analysis of the unsymmetric satel-
lite in a circular orbit around body F. A lincar periodic
system of ecquations was tfound with a period of 27. Unlike
the first casce, where the periodicity is duc to the eollip-
tical orbital motion, the periodicity for this casce is duc
to the rotation ot the satellite abouv its body ixed i“

axlis.
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CHAPTER TT11

FLOQUET THEQRY

Perlodic Systoems

In Chapter I1 of this study, the lincarized cquations
describing the attitude motion for the two satellite casces
are derived., Ftor both cases, the cquations of motion are

tound to be lincar of the form,
X'(T) = A(T)x(T) (43a)

where the coetticient matrix, A{1) is periodic such that

A(T) = A(T + T) (43b)

with T being defined as the period of the linear system.

For periodic systems of this type the stability can
be determined through the use of FFloquet theory. The essence
of Floquet theory allows cquations in the form of Equation
(43) to be theorcetically reduced to the case of constant

coefflicient cquations (Ref. 5: 00).

Floquct Theory

In general, Flogquet theory states that the fundamental
matrix for ordinary differential cquations in the form of
Equation (43) is given by

dt) = r(r)e'T (44)

where T is a constant matrix and P(r) is a periodic matrix

with the same period, T, as the coefficient matrix, A(7)




{(Ref. 12: 205). This fundmental matrix 1s similar to the
fundamental matrix

o(t) = F(oyedT

(45)
where F(r) = F{(t + 7) and J 1s the Jordan form matrix
associated with the matrix . For the case where T has n
distinct cigenvalues Ai’ the Jordan form matrix, J, 1s
diagonal. The n linecarly independent solution vectors

making up v(t) in this case have the form

ii(r) = {'i(r)e)‘ir (46)

where the fi(T) are the column vectors of F(t). The
eigenvalues, Ai’ of the matrix I, which are termed the
characteristic exponents, determine the asymptotic stabil-
ity of the linear system. Specifically, if all the charac-
teristic exponents have negative real parts, the system de-
scribed by Equation (43) is stable. If the cigenvalues of T
are not distinct, the Jordan form matrix is block diagonal
and, like the distinct case, stability is assured if all the
eigenvalues have negative real parts. Therefore, the system
stability can be determined {from the Ki's. It remains to be
shown how these characteristic exponents can be computed.

fn order to compute the characteristic cxponents and
the periodic matrix P’(7), we consider the following. The
principal fundamental matrix, or state transition matrix

over one period, $(T,0), referred to as the monodromy matrix,

is determined from the solution to the gencral matrix

differential ecquation:

o0




J - ‘

a7 Co(t)] = A(t)e () (47)
with the initial conditions

w(0) = [I]

The monodromy matrix for a linear system of tiie form of

Equation (43) can be found by dircct numerical integration

of Equation (47). With the monodromy matrix, a general

solution to Equation (43) at ¢t = T 1s given by
X(T) = 1(T,0)x(0) (48)

where x(0) is the initial conditions vector. From Lquation
(46), the solution at 1t = T corresponding to a specific '
value of Ay is:

.,

i

X, (1) = ¢ ‘fi(T) (49)

with the initial condition vector given by:
x;(0) = £;(0) (50)
Substituting Lquations (49) and (50) into LEquation (48)

yiclds:

. AT
$(T,00£,(0) = e b (T

where due to the periodic nature of fi(T),

£,(1) = £,(0)

Rearranging Equation (51),




or

{B'Ip}\.’ U
where pois an elgenvalue and v o 1s an assoclated eclgenvector

AV
of matrix B. Therefore, by analogy, ¢ is an cigenvalue and

. T
f
1

ri(U) is an cicenvector of the monodromy matrix. Thus, by

evaluating the cigenstructure of the wmonodromy matrix, the

characteristic multiplicers, CI detrined by,

are found. With thesce n characteristic multipliers, the

characteristic exponents are found by,

h, = it (31)

1 L

Using these chavacteristic exponents, the Jordan form matrix,
J, of Eyuation (45) is found such that (Retf. 12: 207):

A r07 |




In addition to finding the characteristic exponents
and the Jordan form matrix, for a complete solution in the
form of bquation (45), the F(t) matrix must be found for all
T. Since P (v) 1s periodic with period T, finding F(1),
Te{U,7), 1s cquivalent to finding F(t) over all 1. Defining

a4 matrix e(t) such that:

$(1) = [x (1) iizaT) Do e X ()] (56)
where
o) = M
Ai ) 1_1:
in(r) = n fn(T)

a fundamental matrix is formed. Analgous to this matrix,
we can form a sguare i X n matrix F(t) such that:

() = [F (1)

1 T2

[

(t) i T ()] (57)

Substituting the matrices F(t) and J into Equation (45), thc
fundamental matrix, as g¢given by Equation (56), is found.
Being a fundamental wmatrix, it follows the matrix differen-

tial equation given by Equation (47) such that: H

s(x) = r(ne’’
and

() = Frenyed® « Finyde’ T = A(nE(n) e ] (

(Fa]
[ve)
~—t

Multiplying by the inversce of the matrix CJT, and simplifying,

Equation (58) becomes




'J“,

Freo) = Aol (u) - Egod (59)

where the initial condition matrix,F(u), is given by the

partitioned matrix,

F(O) = 00 (00 (oot I (00 ] (00)
Thus, F(t) can be found by intcgrating the matrix differen-
tial Equation (593}, over one period, with the initial con-
ditions given by Equation (00).

With these cvaluation of the Jordan Form matrix, J,

and the cigcenvector matrix, F(t), all svstem information is

tfound to complete a Floguet solution @t the lincuar periodic
svstem of bEquation (43). In the following chapter, these
results are uscd to develop a control law to provide active

control for these periodic systems.




CHAPTER TV

CONTROL THEORY

In his thestis on the control of a satcllite orbit,
W.L. shelton tound thuat modal control techniques provided a
fecasible control scheme for time-periodic systems (Ref. 143,
Basically, modal control techniques allow the control cngi-
ncer to dJdecouple the various system modes and control them
individually. 1In essense, in a completely controllable con-
stant cocfficient system, the poles of the system can be
placed where desired using {ull state {cedback. With these
pole placement techniques, the characteristics of cach mode
can be specified.

Even though any number of modes can be controlled
using modal control techniques, Shelton's system had only
one mode requiring control. Thus, the controller developed
was simplified to handle onc mode, which is not the gcneral
case. In general, one would like to control any number of
modes simultancously. As shown in Chapter V of this study,
the two example satellite cases at times cxhibit more than

onc unstable characteristic exponent, or mode. Therclore,

a generalized controller capable of controlling multiple
modes is required. In this chapter, the design and imple-

mentation of this generalized controller is presented.

Modal Control Theory

The basic theory behind modal control is that any

31




system can be decoupled into individual modes. These indi-

vidual modes are determined by the characteristics of systen
poles. Therefore, it the system is fourth order, there

arce four modes. To decouple a system into its individual
modes one neceds to consider the mathematical propertics of
similarity matrices. Matrices J and A are said to be similar
il

J = YA (61)

where J, I, and A are constant n-by-n matrices with F being
nonsingular. Since J and A have the same cigenvalues, this
equation can be used for pole placement (Ref. 9: 61).
Furthermore, J can be chosen 1n its simplest form, the
Jordan canonicul form. For n distinct real ecigenvalues of

A, the Jordan form matrix has the structure,

where the o;'s represent the cigenvaluces. The F matrix
required for this similarity transformation, consists of a

partitioned matrix of the n ecigenvectors of A:

Fo=o[f:f .. .if] (03)




where fi is the cigenvector associated with ;- Thus, with
the F matrix given by Equation (03), the matrix J is {found
to be similar to the matrix A, Applying this concept, a
constant coefticient system can be decoupled. Given the

system,

X{t) = Ax(t) (64)
the n modes can be decoupled by defining a new sct of
coordinuates, nit),

X(t) = In(t) (05)
Takine the derivative of Equation (65) with respect to the
independent variable, t, onc finds

X(t) = Fn(t) (00)
substituting Lquations (65) and (066) into the original
system cquation,

Fn(t) = An(t)

or

fit) = FCAFL (L) (b7)

Thus, 1f ' is made up of the n cigenvectors of A,
nit) = Jn(t) (68)

This resulting system, expressed in wmodal variable, consists

of a sct of n uncoupled differential cquations:




no(t)
1

A ()

on_ (t)
1 1

on (t)
2 2

(uY)

Nty = opn, (t)

Since the cigenvalues of J and A are the same, the stability
characteristics and responscs of the individual modes has not
changed. This same technique of decoupling the system modes
can be applied to lincar periodic systems in the form of
Equation (43), using the results of Chapter III. However,
since control of the system is desired, a contrel term must
be added to the state cquations,

Applyiny control to the system, the statc cquations
in the form of Equation (43), are augmented with a control
term,

X'(T) = A(T)N(T) + B(t)u(r) (70)
Where u(t) is the control vector and B(t)} is the applications
matrix. The application matrix, B(t), identifics the state
variables to which u(r) 1s applied. Like the uncontrolled
constant coefficient system, Equation (70) can be transf{ormed
into a sct of uncoupled differential cquations.

Defining modal variables, A(1), such that

x(t) = F(tyin(r)

Equation (70) can be rewritten

"

Fret)nit) + F(tin' (1) A(T)E(T)n (1) +
B(r)u(t) (71)




Simplifying this result, a sct of differential cquations for

the modas variables is found,

N = ET A () - B IR ¢

P (72)
Fo()B(oulr)

To produce n uncoupled differential cyuations before control
1s applied, the term

-1 .

FoIAM@FM) - F(m)]

must be diagonal. Recalling lquation (59), IFloquet theory

provides the result,
Fr(t) = A(T)lF(t) - F(t)J
or by rearranging,
Jo= FTN A - F(n) ] (75)

Thus, by substituting this result of Floguet theory into
Equation (72) the uncontrolled decoupled modal differential

equations are found,
- _— -1 -
n'(t) = Jnit) + F ()B{tyu(rT) (74)

where J, from Chapter 111, is a Jordan torm wmatrix composed

of the n Characteristic exponents,

Mode-Coatrollability Matrix

The mode-controllability matrix of Lguation (74)
. . -1 .
consists of two clements: the F (1) and the B(1) matrices.

befined as the product,




R(t) = I (¢)B(x) (75)

the mode-controllability matrix identifies the modes of the
system that are controllable (Ref. 13: 07). The matrix B(t)
identifics the physical coordinates to which control is
applied. As such, 1t is, to somc cxtent, available as an
option to the control engincer. Ilowever, the control must
be applied to the system in a scheme that is physically
realizable.

When the attitude of a satellite is being controlled,
the control is appliced to the angular velocity of the body
about the three axes. Generally, this control is applied
via gas jets or small thrusters. TFor the satellite cases
discusscd in Chapter II, a suitable B(g) matrix to accom-
plish this control, with a scalar control law, is:
fu
)
|
|

B{t)=B= (70)

-
|

1 !
\

L1
Thus, as the control 1s applicd, the uangular velocity of 0

1

and ¢ change, resulting in a corresponding change in

Jnsuliﬂ‘\iisplACCﬁCﬂt.

The remaining component of the mode-controllability
matrix 1is F'I(T), which {rom Chapter 111 is a periodic
matrix. This matrix may be found by integrating lLigquation

(59) to obtain F(t) and then inverting the result. Since




F(r) must be inverted at every instance control is appliced,
this would require extensive computation time or F !'(7) may
be calculated Jdivectly by noting:

-1 . o

Pooqmyb(ny = L]

Differentiating this with respect to 1,
-1 . -1 .
Pty + F (Tl (r) = 0

substituting lLquation (59) into this result,

-1 1

F7hv(e) = TN IF(D)I-ACDECO IE T (1)
and {inally, by simplifying,
¢
-1 -1 -1 -
E7or(t) = JE (1) - FO(T)A(T) (77)

Integrating this matrix differential with the initial con-
dition F’I(O) over one period finds F_I(T) for atl t. With
F‘l(r) and B, the mode-controllability matrix, is Jdefined,
which since F-I(T) 1s periodic, is peritodic., Finally, by
defining the control law u(t), the periodic system can he

controlled and turther cvaluations made,

tontrol lLaw

Since the purposc of this controller 1s to stabilize
the attitade motion, the controller attoeapts to Jdrive the
states to zero. To regulate this system, a feedback control
law consisting of a gain matrix, K, times the modal vector

is usced:




o

u = Kn(t) (78)

where

Since KN is a row matrix, the control vector reduces to a
scalar control law of the form
u=Kkn{t) + Kn(t) +kn () +kn (1) (79)
1 1 2 2 3 3 b b

With this control law, the general form of the closed-loop

system is:

|
DY 0 0 0
} 1
) .0 A 0 o
() = | 2 Lon (1) o+
(0 0 A 0
| 3 ‘
|0 0 0 \
- bl
—
R Kk R k R K R Kk
1 1 1 2 3 1 4
Rk R k Lk R k| _
21 2 2 2 3 > v (1) (80)
R Kk R k NI R Kk
31 3 2 3 3 3 4
I Rk R k Rk Rk
L__ 4 1 b 2 b 3 4 _ai
or, by simplification
I
Io+R K R Kk R k R Kk
11 to2 13 1w
. NN NN R k. R A |
() o= -t - : St oY)
R K R K A +R K N N
l 301 2 3 T3 Ty l
. A Ty . ) b ’S It
LR“I\I Rk R K \"H\“kﬂ (s1a)

which is in the form,

n'(t) = A*(t)n(1) (8$11)




where Ri indicates the ilh component of the mode-control -
lability matrix. Recalling trom the discussion of the mode-
controllability matrix that R(t) 1s periodic, the closced-
loop system given by Lquations (81) is also periodic in the
form of Equation (J3). As such, the asymptotic stability

of this closcd-loop system can be established using Floguet
theory. Thus, the performance of this controller can be
readily evaluated by finding the cigenvalues of the c¢losed-

loop monodromy matrix.

Control Law Implementation

Using the control law given by Equation (78), any
mode or number of modes can be controlled. Control of a
mode is accomplished by having a non-zero gain in the K
matrix at a position corresponding to the mode requiring
control. Thus, it the sccond and fourth modes requires
control, that is, n’(r) and nu(r) have undesirable charac-

teristics, the gain matrix is

L= a0 kU R ($2)

This would preduce the closced-loop system as lollows:

— —
\ R k 0] R K
1 1 2 1 6
i 0 A +R Kk U R K 3
nt{(t1) = 222 TR ) (83
Q R Kk A R Kk
32 3 T
4] R K \ x +R Kk
L. w2 " 4 a]

By inspection, the characteristic exponents of this system




are Kl and \3, which remained unchanged, and the controlled
characteristic exponents, K,* and A“*. Examining Lquations
{(80) and (81), as the control is applied to the system, the
n uncoupled Jditfterential equations are coupled by the addi-
tional clements in the columns of the Jordan {orm matrix
corresponding to the controlled modes. Two genecral casces
appear when control is applicd. The lirst casc occurs when
there is one controlled mode, and the other is when there
are multiple controlled modes.

Single Controlled Mode., When only one mode is con-

trolled, the closed-loop system can always be recarranged so
that the cocefficient matrix i1s in cither upper or lower
triangular form. In triangular form, the differential equat-
ion for the controlled mode can be solved., With this solution,
the stability cuan be determined directly. In {act, the
location of the controlled characteristic exponent 1is a lincar
function of its uncontrolled location, the appropriate clement
of the mode-controllability matrix, and the gain. All of these
teatures are demonstrated in the following example.

Suppesc the original system had a unstable mode

corresponding to r (7). Using pquations (73) and (79), the

control law 1s

and the c¢loscd-loop system (from Equation (8la)) is,

40




{ 1\ 0 R K U
] 1 12
0 R K 01
n'lt) = 2 z 3 n(t) (85)
0 U YO+R K 0
3 3 3 t
0 0 Rk X
4 3 41

n' (1) A 0 0 REk | |n (1)
1 1 1 31 1
n' (1) Lo A 0 Rk | n (1)
2 = 2 2 3! 2 {So)
' (T) 0 0 by Rk | in (1)
. 4 4 b3 !
Do
‘ n'(r) 0 0 O X #R K 'n (1)
3 \ O T N

where  the coefficient matrix i1s in upper triangular form.
As such, the solution for n (t) is found using an integrating
3

factor. From bLguation (85), the ditfoerential cquation for

i
!
|
l n LT) is
3
n'(t) - [A + R (k| oo =0 (87)
3 3 3 2 2
which i1s a lincar homogencous first ovder differential
cquation. Using an integrating factor of the form
nelt) = exp{-/Y (v + R (k7 d )
3 3 3
0
an exact differential lor n (t) can be found (Rel. 10: 24).
. 3
Multiplyving Equation (87) by this integrating tactor
T .
n'(t) expo-s (X +# R (MR 1A - exp
3 . 5 k! “ 3 (SS)

| (- £0 0a *R_ (K JdE3A + R (DK In (1) = 0
0 3 k] 3 3 3 3 k]

which, by inspection, is the cxact ditferential




IT [ns(r) expi-J Ma + I\a(i)l\aj d ¢g}]= 0 (89)

since Liquation (8Y) is an exact differential,
T
noLr) eapi-/ [ A + R (T)k 7 d ) =¢ (u)
9]

where € 1s the constant of intcgration. This constant can

be found by setting T equal to zero:

]
(!

n, (V) exp (0)

r (0)
3

1}
=

Rearranging Equation (90), the solution for the controlled

mode is tound,

= xn 1S s RoT ] 5} 9
hj(T) N, CXP U R 3L‘)k3J d o} (91

0

Recalling that the mode-controllabality matrix is periodic,
Equation (01) can be simplificd further by representing
R (&) as an infinite Tourler series (Ref. 10: 387):

3

o

ol -
: - nw
R () = a + L. a cos o= 5 o+
E o n=1l "n 1
(92)
T b sin nr .
n=1 n p R

where the cocelficients are given by the Buler formulas:

. — 1 b 3 et N
tl," - ‘7 . }\3 (‘)d ta
4 =t rn () co<3ag-df5f (-T/2, 1/2)}
¢ n T 3 o e T N o ’ e ) s

- R (5) sin
T 3

vy




o iAo bt e

s e i b

i
i
!
§

substituting bquation (92) inte bguation (Y1) one obtains

4

1

o (o) = noexpi(y o+ a Kk )tr oexp{s R
3 2 3 03 9 3y
0 1 (93)
()R dod
3
where R represents the periodic portion of R . Since the
3 3
D

asymptotic stabillity of the closed-loop system depends on
the cigenvalues, or characteristic multiples, of the nono-
dromy matrix of bBjquation (87), the cilecenvaluce associated with

the controlled mode 1s given by Equatlon {93) evaluated at

1 7 T, with i = 1. IBvaluating Equation (93},
no () = explily o+ a k)TiexplS R
3 3 v 3 o 3
P
(94)
3
where
SR ("yk dno= 0
v 3}, 3
simplifyving this result,
n (7)) = expi(x o+ a kvl (95)
3 3 03

or, the controlled system characteristic exponent is given
by Equation (534)

AE o= l%flcxp{ ( + a k)7 =1 + ak (90)
3 ! 3 ¢ 3 3 o 3

Thus, the c¢losed-loop characteristic exponent is found by

this lincar equation, and with the gain valuc such that

X +ak <0
3 ¢ 3

stability is assured,.
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From Lguation (97), control of a single mode is predi-
cated on the constant, iL.c. zero frequency, portion of R’{T)
belng non-zero. 1P the constant portion is cqual to zcero,
stability can still be achicved by allowing the gain to be

periodic ot the form,

N (t) = k cos =L (98a)
3 3
or
K () = k sin 22tE (98b)
R) 2 s

where 1 is the index of sowe non-zero lourier cocefficient of
R(r). Using this non-constant gain along with the trigonometric

rdentitites,

1

sint L(l-cos 27) (99a)

2

cos T = L(1+cos 271) (99b)

a non-zero constant portion of R (tr) is generated. This
3

procedure is demonstrated as follows, using lLguation (98a),
2nt

h(e) = h cos =T j

"

Multiplying this result by the appropriate clement of the

mode-controllability matrix, one finds,

53] 3.

. N R S Yo eas Sl
I\KKT)lxg(f) = Jol\3k,0':' -—.'1\ J + izl(tlikO:' o 1)
i#]
(k_ cos =)+, (bysin ) (K cos Tibi) (100)

) 2,['.
+ u.Kk cos® T
J 3 {




With the last term of this resuit and LEquation (99b), a
constant portion is gencerated:
!

a.k dr,

uikacos2 l%lj = —Jgi(l * oS i)

or the constant portion 1is

a.
1

a' = -

¢

{-A,

With the result, the controlled mode is always controllable
provided R3(T] is not zero {or all v. Otherwise, i{ R (1) =
0, the third mode 1s uncontrollable. This 1s the result that

the mode-controllability matrix indicates,

Thus, when there i1s once controlled mode, the solu-
tion to the closed-loop periodic differential equation can
be solved using an integrating factor. Using this result,

the stability of the closced-loop controlled mode can he

3 determined dircectly by using bquation (90). Since modal
control only controls the desired mode(s), the stability
of the other modes is unaffected by the control, and the
stability of the entire systeoem 1Is assured.

Multiple Controlled Modes. When there are multiple

e e i

controlled modes, the stability is not as recadily attainable as
it was in the previous casce. The reason for this is that the

closed-loop coeiricient matrix can not be vearranged to form

¢ ez

a triangular f{orw, cither upper or lower, matrix., Since the
£ -
! matrix is not in triangular form, the solution to the dJdiffer-
% ential equations for the controlled modes are not readily
‘i
!




obtaincd.
unstable modes, n (1) and n3(T).
2

closed-loop system is represented by

As an example, supposce the original

From lLquation

r R K R K
L0 A +R K R
nt(ty = ! S 13
I o R Kk A o+R K
3 2 3 3
0 R Kk R
. 4 2 Y3

system had two
(8la), the
0
U
n(t)  (102)
0]
\ .

Unlike the casc when only one mode is controlled, the

cocfficient matrix of this cquation can not be rearranged

into a triangular form.

Thercefore, to find the closed-loop

characteristic exponents a Iloquet theory analysis using

the concepts presented in Chapter 11 must be completed,

By inspection of Iguatilon (102),

characteristic cxponent arc X , A
1 4

the closed-loop

and the two found

{rom

the monodromy matrix calculated by integrating the sub-

matrix,

A +R Kk
33 3

¢(7)

There arc.cssentially two methods of setting the gains to

<

systematic search using various cain scttings

. . . .. .
. S . e e T iaae et
D110 this svstonr, [ho tivse mothod

consists o¢

desired characteristic exponents are found.

method entails successive

one gain is set resulting in

46

diagonalization,

a controlled

systom.,

until the
The second
In this mcthod,

Then




this controlled system 1s rediagonalized to form a new
Jordan form matrix and another gain is then sct. This process
is repeated until all wmodes are stabilized.
This completes the development of the control law
and the mode-controllability matrix. This control law
presented in this chapter is capable of controlling any
number of modes. In the following chapter, example test
cases {rom both the symmetric and unsymmetric satellites
are uscd to demonstrate the actual usage of this control

law.




CHAPTER V

RESULTS

In chapter 11 of this study, the development of
linearized ceguations for the attitude motion ol two satel-
lites was presented.  In both cases, the stability of thesc
periodic systews was found to be dependent on various
parameters, including the orbital cccentricity, moment of
inertia ratios, and spin rates. Obviously, by varyving
these parameters, an infinite number of test cases arce
found. Therelore, [ive example test cases were sclected
from thesc two satellite cases. Using these five test cases,
the theoretical developments ol this study arce verifled with
numerical results. Upon sclecting the five test cases, a
stability analysis, using Floguet theory and the results
ot Chapter [11, is conducted. With this stability analysis,
two of the test cases are digitally simulated to verify
the results. Next, threce of the test cases are controlled
using the developments of Chapter IV and the closed-loop
lincar system is simulated. Finally, numerical problems
which appeared several times are presented using one of the

test casces.,

Test Cases

I'rom the infinite number of combinations of satel-

lite paramecters, five test cases are chosen for usce during

48




the prescentation of the numerical results. Of these five,

two arc symmetrical satellites in elliptical orbits, and

the remaining three arce unsymmetrical satellites in circular
orbits. Table JIT 1is a summary of these [ive test cases and
their associated parametric values. The test cases numbers are

uscd throughout this chapter to identify the individual cases.

Table 117

Parametric Valuces of the Five Test Cases

Iest Casce [ a kl k’
1 0.5 ~1.0 1.0 ---
2 0.5 ~2.0 .0 ---
3 0.0 ~1.0 - .0
4 0.0 1.0 -.0 .0
5 0.0 1.0 -1.0 -.3

Stability Analysis

The first step in the control of an arbitrary satel-
lite dcsign is to conduct a stability anaylsis of the open
loop syston.  When the lincar systom has constant coetti-
cients, the stability is casily determined by the cigenvalues
of the coefficient matrix. filowever, when the system is
periodic, Floquet theory is used to ascertain the asyvaptotic

stability. Using the theory of Chapter 111, the stability

449




ol the five satellite casces is determined.  Table 1V contains
the four characteristic cxponents found using [Floquet theory
tfor ecach test case.  From Chapter [11, asymptotic stability
1s assured if{ the real part of all characteristic exponents

is less than zero.

Table LV

Characteristic LExponents of the Five Test Cases

Case A A A A
1 2 3 4
1 L0718 -,0718 J.,0 0.0
+.37281 -.37281
2 0.0 0.0 0.0 0.0
+.12001 -.12001 <. 40051 -.40051
3 L1258 -.1258 0.0 0.0
+.18191 -.18191
4 3857 L3557 -.3557 -.35587
+.17701 -.17701 +,17701 -.17701
5 L3205 -.5205 L2128 L2128

When the characteristic exponents have a real part of zero,
the system exhibits ncutral stability. 0Of the {ive test
cases, all are unstable except Casce 2. Casce 2 is stable, and
it oxhibifs the characteristics of stable gravity gradient
satellites mentioned in Chapter 1. With the characteristic

>

exponents for Casce 2, a stable satellite has cero damping and

low natural f{reqguencies of oscillation. Thus, the four modes

of this stable case arc pure oscillatory: very undesirable
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attitude motion for a precisce satellite system. Cascs

1 and 3 have one unstable mode, and Cases 4 and 5 have two

unstable modes. Cases 1 and 3 both have onc unstable rcal
1 characteristic exponent, Casce 4 has two unstable complex

conjugate characteristic exponents, and Case 5 has two un-
! stable real characteristic exponents,

To validate the results of the stability anavlsis,
the uncontrolled linecar systems of Cases 2 and 3 were simu-
lated over Tifteen periods. At first, the uncontrolled
system ol Case 2 was simulated using physical coordinates
as the basis variables. The result arce presented in Figures
2 through 5. As expected, no specific trends on asymptotic
stabiltily are ascertained [rom these rigures. The reason
for the simulation results appearing as they do is that the 3
state variables are actually lincar combinations of the four
modes.  The characteristic exponents represent the response
ol the individual modes, not the physical state variables.

From Equation (71),

) o= Flendn)

and the state variable responsces are lincar combinations of
the responses of the individual modes.  Therefore, to gain
nmore insiéht into the responses of the varlious test Casces
when simulated, all simulations results are presented in
modal variables.

The initial conditions uscd throughout this study,

for simulation purposcs arc:
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This initial conditions vector was chosen to assure that

all modes are excited. Also, all simulation results are over
a total of fiftecn periods. This period length was assumed
to be of sufficient length to illustrate the general trends
in stability of the lincarized cquations.

Simulating Casc 2 in modal coordinates, a responsc
typlcal of a stable gravity gradient satellite 1is obtained.
The responses of the individual modes to the input initial
conditions are prescented in Figures 0 through 9. As ex-
pected, the first and sccond modes represent the extremely
low f{requency oscillations and the third and fourth modes
represent the slightly higher {rcquency oscillations. Also,
from Figures 8 and 9, no damping of the oscillatory motion
is observed.

To verify the instability causcd by positive real
parts of the characteristic exponents, Casc 3 was simulated.
From Tablce IV, the first mode is unstable. TFigures to
through 13 Jepict the responses of the four nodes of Jase
3. As capected, the first mode, the mode with positive real
characteristic cxponent, is definitely unstable. The stable i
rcal mode, the sccond mode, demonstrates the typical response

for a mode with a negative real portion. Finally, the third

PR s oA .
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and fourth medes represent the typical low f{requency, low
damping oscillatory response ol necutrally stable complex
conjugate modes.

Thus, using Floquect theory as prescented in Chapter
[[I, the asymptotic stability of the five test cases is
deterwined. By simulating the uncontrolled system, the
stability of the uncontrollied systems is verified. 1n the
tollowing scction, three of the unstable satellite cases are

stabilized using the modal control theory of Chapter 1V,

Satellite Stabilization and Verification

in this scction, three of the four unstable satellite
test cases are stabilized using wodal control techniques and
the control law developed in Chapter 1V. These three casces,
cases 1, 4, and 5§, represent three different instability
configurations, Casec 1 has onc unstable rcal characteristic
exponent. Cascs 4 and 5 both have two unstable modes. Casc

3 has two unstable complex conjugate characteristic cxponents

and Case 5 has two unstable real characteristic cxponents.
Single Mode Stabilization., To control Case 1, a

controller must be utilized to control only the first mode.

theretore, the results trom the single Controlled Mode scec-

tion of the rroevious chapter are usod. Nince there 15 ong

contreliced mode, the control law s

ult) = kn (1)
11




From Chapter [V, kquation (90} states that the closed-loop

characteristic exponent is

For this casc, the uncontrolled system characteristic
exponent 1is 0.0718 and the zcro {requency portion ol the {irst
clement of the mode-controllability matrix is 0.6198. There-
forc, the gain required to move the characteristic cxponent
to zcro 1is

0.0 = .0178 + .0198kl

or

b

kl = -1.084

! For the actual control of this system, the gain was sct at

‘ -2.0, which results ina controlled characteristic exponent

of -.5677. Table V contains the controlled systcem charact-
eristic exponents for Casc 1 bascd upon the numerical Floquet

analysis described in Chapter I1T1.

Table V
Case 1 Characteristic bxponents with
K= (-2.0, 0.0, 0.0, 0.0)
Uncontrolled co 1led
\ U AN - 50T
1
. ~.0718 -.0718
x3 0.0 + .37281 0.0 + 37281
A 0.0 - .3728i 0.0 - 37281
u

00

Y “»V.v;‘..‘tuw‘._‘;‘ e . L, e
e e o LAY e?




as expected, the simulation results, Figures 14 through 17,
show a sutellite with two exponentially decaying modes and two
oscillating modes. Examining these responses, one notices a
phenomenon that dJdid not appear in the uncontreolled simulations.
Each mode contains a transicent response that decays rapidly.
This transient responsc is duc to the controller modifying

the cigenvector associated with the controlled mode of the
closed-loop monodromy matrix. This new cirenvector causes

the initial transient to be displayed in all modal responses.
With the addition of the controller, the characteristic
exponents assoclated with the sccond, third, and fourth

modes rcmained unchanged. Only the characteristic exponent
for the first mode was altered. These results verifly that
modal control techniques only affect the characteristic
exponents of the controlled modes. Also, the numerical
results of this example validate the theory concerning the
control of one mode in Chapter 1V.

Multiple Controlled Mode Stabilization. Both casces

4 and 5 have multiple unstable modes.  From Chapter 1V, we
tfound that when there arce multiple controlled modes, the

gains required for stabilization cannot be found directly
by using a lincar formula like the previous cexample. This

problem with eain seclection was due to the controlled-system

coefficient matrix not being in a triangular form. There-
fore, the solution to this type of problem is accomplished
using a systematic scarch using various g¢ain scttings,

This technique was used to stabilize both Case 4 and Casc 5.
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From Table 1V, the unstable modes of Case 4 zre the

first and sccond modes. Therefore, the general control law

necessary to control this case is
H{t) = hkn (v) + kn (t
(1) = hn (1)« ko (1)

Through the usc of a systematic scarch procedure, the values
of the two gains which provided adequate control and stable
system characteristic exponents are kl = 4,0 and k2 = -10.0.

With these two gains, the two unstable characteristic ex-

ponents were moved to the left side of the complex planc.
The results of the controlled-system monodromy matrix cal-
culations are presented in Table VI, From these results,
once again modal control techniques controlled only the

modes requiring control.

Table VI

Case 4 Characteristic Lxponents with
K= (4.0, -10.0, 0.0, 0.0)

Uncontrolled Controlled
e L5557 + 17701 -1.011 + 01401
kz L3557 + ,17761 -1.011 - .01461
A -.3557 + .17761 -.3657+ .17701

~1

- 17761 -.3557- 17701

>
'
(2]
Ul
(72

These gain secttings were used in a digital simulation

of the modal variables. The results of the simulation are




illustrated in Figures 18 through 21. 1In this casc, the
oscillations in all modes damp out within three periods.
This is due to the location, and therefore the existence of
other than negligible damping, in the complex planc, of

the controlled system characteristic exponents. Once again,
the initial transients in all modes duc to the new cigen-
vectors of the controlled system are apparent in these
figures. Since all modes of this system damp out quickly
and therec are no highly oscillatory modal responses, this
system presents an excellent system for simulation in

physical variables. Therefore, with the initial conditions,

—
.053551

x(0) =

and the control law given by

u(t) = KF™

this controlled system was simulated for fiftcen periods
using the physical variables. This simulation verifys that

the lincarized physical system is controlled with no un-

bounded growth in time ol any of the state variables. Figures

22 through 25 illustrate the results of this simulation.
The controller performed as expected, all oscillations of
the state variables stopped after approximatecly three

periods.




t ose) 40y osuodsoy opoy 3Isdtg woisds pofrogiuo)

*§1T oanidryg

001334
00"yl go-et 30°0t1 go'8 Co'9g 03¢ 00°¢ to°q,
i 1 ! 1 1 ) 4 s

Q

o

| 2

N

o

.=

I

o

- O

N

o

=

ﬁvg

o

V

lgl3




| -
, b OsSBD 10 9su0dSdY OPOj PUODIS WILISAS PII[0X3IUOD G oandry

go"pl gd ¢t 0C~o1 co-8 Go’'s £Loty 002 o~
i 1 Y

-
00 ¢~

8G 0

91°0

cul

“
|




p ose) 403 osuodsdy Opoyy PATYL wIISAS POII0IIUC) Q7 daundIy

oyl ggret 6l
3 L

]
ot
o
(%)
o)
@)
o
w
(]
o
~+
(=)
o
N
(w]
(=)

-
02°0-

08'0

gyld

; -
oF'1

02°2




t Ost) 103 dsuodsdy OOy YIANOo  WdISAS DPOTLOIIU0D ‘{7 2anTTj

COidsd
00" %1 0021 0001 00°g 00°9 00'¥ 00°2
1 i i

) S

1 ! I3

gco-to




e e

e -
r osv) 103 osuodsoy ﬁiﬁx POTT1013UO) oo saudty
Go01d3d
00" vl 00°21 00°01 0o0°a 009 00 ¥ 00°2 00°0,
1. A 1 1 1 e d o
~
Qo
L ©
o
o
(Lo
N
O
0
D
(oo}
Lo~
NN
o
Q
-
[ep]
o

S - e -

78




Z
t 9se) 10 osuodsoy (i) X porrosiuoc)y ¢z ouanidtg

0oT¥3d
00" ¥1 coet co- ot 00°8 00°9 00" ¥ 00°2 00°0
i 1 i

1 1 4

8030
(0BY) 2X

-
gt'aQ

¥e o




¢
103 osuodsoy (1) X por10a1uUO]) "7 JinBT4

t osul
00Id3d
00°v1 00 ¢t 0o ol 0o°8 J0°S 0o ¥ 06°¢ 00°g,
] 1 1 § - N 1 1 o
N
o
2
o
o
2
N
o

T

ov*a

(NBLl/08d) EX

80



L
t 9sv) 20j osuodsoy (2) x pojlouaiuoy

*c7 ouandryg
00I14d3d
0o0-¢v1 0021 00°0t1 008 00°9 00°% 002 DD.D_
| i 1 l 1 1 Ju o
o
(ew]
1
O
o
<
P
TMU]
23
)
~
l
o2
mr\

81




The {inal test case to be controlled, Case 5, has

two unstable rcal characteristic exponents. Thus, since
there are two modes requiring control, the same techniques
used in the control of Casc 4 are used. From Table 1V, the
unstable modes are the first and third modes. Therefore,

the scalar control law for the control of this system is
u(t) = kn (t) + kn_(7)
11 303

Using a systematic search technique, the gains that provided
adequatc control for this satellite are k = -1.4 and k =

1 3
-.01. Table VII contains the results of the closed-loop ana-

lysis using Floquet theory,

Table VII

Case 5 Characteristic Lxponents with
K= (-1.4, 0.0, -.01, 0.0)

Uncontrolled Controlled
Al .8205 -.0582 + 09711
Az -.8265 -.8205
A3 2128 -.0582 - L09711
A : -.2128 -.2128
4

From these results, the control law provides adequate
control for the unstable modes to bring them under control.

Figures 26 through 29 present the results of simulating the
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controlied system over fifteen periods. In this case, all modes
were controlled and eventually reduced to zero. The previously
mentioned transient responses arc morce pronounced in this case
than in the other two cases. These transient responsc char-
acteristics are duc to the cigenvectors of the closed-loop
system monodromy matrix. During this study, no attempt was

made to specify the desired transicent response characteristics
of the controlled systems,

With these numerical and graphical results, the
implementation and verification of the control law and
associated theorctical developments arc complete. As
presented in the examples, modal control provided the required
control over only the controlled modes and only the initial
transicnts of the other modes were affected. Also, the genceral-
izations made concerning stable gravity gradient satecllites
in Chapter I werc demonstrated in the various cxamples.

During the completion of thesc investigations, numerical
problems associated with the computations of the F-I(T)
matrix were encountered. In the [o.lowing section, these
numcrical problems and their effects on the controlled system

are addressed.

Numerical Problems Associated with F7' (7)) Computations

Onz of the basic clements in the closced-loop system,
. . , . -1 . I . .
from Equation (74), is the I (v) matrix. 7This matrix, which
appeared during the diagonalization and subscquent control

processes, is periodic with period T. As such, by f{inding

=1 . . . . . . .
F (7)) over onc period is cquivalent to finding this matrix




over all t. Therefore, to casc vomputational burden, the
method of computing the F-l(r) matrix for the closed-loop
stability analysis and subscquent digital simulations was
to compute F-l(r) for m evenly spaced »oints during once
period. Using these m F'l(r) matrices, a harmonic analysis
was completed on all sixteen clements (Ref. 2: 108-109).

N . . . 1 -
The results of this harmonic analysis were : + 1 cosine

Fourier cocfficients and % - 1 sine Fourier cocfficients.
With these coctfficients, the F_I(T) matrix can be computed

at any t. Using this technique, the closcd-loop system, in
either modal or state variables, is intcgrated. Using

Case 3, it is shown how this computational technique does not
insure the precise computations of the F-I(T) matrix required
to satisfy Equation (77). TFrom Table IV, Case 3 has onc un-
stable characteristic exponent. Thus, since there is onc un-
stable mode, the controlled characteristic exponent, AT, is
found by using Equation (96). Tor this case, the zero fre-
quency portion of the first eclecment of the mode-controll-
ability matrix, ao, is -0.2187. Using Equation (90), the
theoretical value for x?, is found, and by finding the
characteristic exponents of the closed-loop system monodromy
matrix, the numerically derived value of AT is found. Com-
paring these two values, the effects of these numerical
problems associated with the F'l(r) can be ascertaincd.

These computations were cdrried out for five gain secttings,
the results are tabulated in Table VIII. From Table VIII,

onc notices that as the gain is incrcased, the theorctically

88
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and numerically computed characteristic exponents diverge.
In fact, there should be no variation in the characteristic
exponents ol the medes which are uncontrolled. However,
with a gain ot 1.0, there are apparent variations in the
uncontrolled characteristic ecxyonents,

These variations are due to the loss in accuracy of
F-l(r). To examine this loss of accuracy, the F-I(T) matrix

at t = n was computed using the Fourier series for cach

element and by integrating Equation (77) as presented in
Chapter IV. The results are presented in Figure 30.  Lxam-
ining these two matrices, one notes that there are significant
differences. The accuracy of the Fourier series can be
improved by increasing the number of function evaluations

used in the harmonic analysis. An increcased number of

function evaluatlons was tried, but the resulting F_l(r)

matrix was still too inaccurate. Therefore, these inaccuracics

. . . ~ o~ . . ~=1
arce due to using the Fourier coefficients to compute the F (1)

matrix. (here are many possible causes for these numerical
problems, among these are truncation cerrors and finite
wordlenyth of the computer. However, no definite causce for
these problems was determined.

This completes the discussion of the results com-
piled during this study. Consisely, the results indicate
the ability to control unstable satellites under the

influence of a gravity gradient. However, numerical

problems in the computation of the mode-controllabiltiy

matrix were encountered.




For)

F-I(T)

i

i

Using Fouricr Cocfficents:

—
-1.07103 -0.42118
h.02281 -0.24400
0.52601 -0.68481
-2.45257 -0.14823
L

Using Analytical

-1.07175 -0.42112
0.02275 -0.24470
0.52072 -0.08480

-2.43222 -0.14830

Figure 30.

0.68055

0.
-0.

-0.

39587
73827

15884

Techniques:

. 68092
.395065
. 738006
.15984

F''(1) Calculated at

-0.25558
0.

0.

1~

0.

0.

m

.22316

14898

47968

14874

481138

using the Fourier Cocfficients

and Analytical Techniquces




CHAPTER V]

CONCLUDING REMARKS AND RECOMMENDATIONS

The problem that this study addresses is the control
of satellite attitude motion © 1le the satellite is under
the intluence of a gravity gradient, Since the lincarized
equations Jdescribing the attitude motion are periodic, the
controller must control the location, in the complex plane,
of the characteristic exponents. As scen in the previous X
chapter, the modal control scheme and the control law
developed during this study provide adequate control over

the satellite attitude motion. The control law demonstrated

that, in genceral, it only controls the modes requiring
control. Therefore, the modal control techniques provide
a viable control scheme for the attitude control of un-
stable satellites described by lincar periodic systems.
During this study, it became apparent that there
are two arecas requiring additional work. First, a problem
was encountered numerous times with the computations of the
mode-controllability matrix. The result of this computation-
al problem is inaccurate or fictitous results when the
computing the stability characteristics of the controlled
system.  The second area requiring additional study is in the
gain selection techniques for stabilizing a satellitce with

more than one unstable mode. In this study, a systematic




scarch procedurc was used, but in gencral, onc would like

to select the gains directly. With additonal work in thesec
areas, the modal control technique and the control law pre-
sented in this study will provide an extremely flexible
method for controlling periodic systems whose asymptotic

stability characteristics are undesirable.

Recommendations for Future Studies

The recommendations for future studies consist of
two levels. The first level recommendations are futurce study
efforts involving the same techniques used during this study.
The sccond level recommendations are for futurc studies for
developing a control scheme for on-line applications in a
real world environment.

The first level recommendations arc ways to obtain
more accurate calculations of the mode-controllability
matrix. There is one basic means of accomplishing this.

This mecans is by using double precision arithmetic F~
calculations. All computations in this study werce completed
using single precision arithmetic. By increascing the pre-
¢cision, more accurate results may be obtained.

The second level recommendations are possible methods
of achieving acceptable results in a real world cnvoronment.
The first method is to use a Ralman f[ilter to provide state
estimations. Using scnsor models, which take noise corrupted
measurements of output variables, the Kalman filter can

then be used to gencrate state cestimates. These state




estimates arc then used as the feedback variables instead of
the actual states. This technique provides a more realistic
application of the control technigues presented in this
study. In the real world, scnsors would be used to measurce
the angular rates and angles. This data would then be wused
to activate the controller. 7The second method 1s to design
an optimal controller using LQG design techniques, QG
design technigues provide an optimal controller for ua pro-
blem described by linecar models with gradratic cost criterion
and Gaussian noisc models. This is a reasonable choice

since the lincar periocdic system models can be assumed to

be corrupted by noise. This noise c¢an be duec to such items
as atmospheric drag, gravity anomalies, solar wind, ctc.

Under these assumptions, an optimal stochastic regulator

can be designed.
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