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ABSTRACT

. IN-100, a nickel based powdered alloy, is presertly used in turbine
disks within the F-100 turbofan engine. It has been found that time
dependent inelastic strains can be developed within this material at the
high temperature environment of the turbine engine. Previous work per-
formed by Terry D. Hinnerichs involved developing a computer program that
would predict crack growth with viscoplastic flow. A large portion of
his work used a strain-rate sensitive model known as the Bodner-Fartom
flow law., Crack growth predictions using this flow law were very encour=-
aging, but the determination of the nine material parameters involved

; in the flow law presents some difficulties. Therefore, it has been
proposed that a much simplified version of a strain-rate sensitive model
be employed to capture viscoplastic action.

Hence, this thesls involves the study of various mathematical forms
of the Malvern oversatress constitutive equation. Each of these models
employed a finite element computer program to predict crack growth.

The computer program incorporates the constant strain triangles. The

residual force method was utilized to handle variations in material
stiffness due to plastic deformations and creep. In addition, a Hybrid

Experimental-Numerical (HEN) procedure was used to trace crack opening

displacements near the crack tip. This HEN procedure insures the model

is following the experimental displacement rates accurately. Thus, the

crack grovwth predictions are a by-product of both the rate-sensitive model
and near field displacement rates.

The various mathematical representations of the Malvern model were
compared to the Bodner-Partom response. Comparisons were made utilizing
total plastic work generated, crack growth rates, and effective stress

contours and stress profiles./
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I. INTRODUCTION

BACKGROUND

Currently, the United States Alr Force is very much interested in
obtaining maximum service life from jet engine components. In par-
ticular, jet engine disks are being retired from service based on
the failure of one in a population of 1000 turbine disks (1).

Failure in these disks 1s considered to be a crack length of 0.03
inches. It has been determined that the remaining 999 disks have
considerable residual life (approximately 80% of these retired disks
have at least 10 life times remaining). Thus, a new Air Force
program called Retirement-For-Cause (1, 2, 3, 4) is being initlated
so that the remaining safe 1life of these disks can be utilized.

The Retirement-For-Cause program would retire a disk component from
i1ts service life when a quantifiable crack limit has been verified
through a crack inspection technique. Thus, present research in this
area has focused upon crack growth prediction models. So, once a
crack initiation site has been identified, the crack growth prediction
model would be used to predict when the crack would reach critical
size and the disk Retired-For-Cause.

In the analysis of turbine disks, their operational environment is
worth noting. Various engine missions may include throttle cycling.,
This cycling may be due to various mission requirements such as
take-of f, climb, various air maneuvers, ferry, and landing. These

operational aspects effect crack growth parameters such as stress and

strain levels, stress intensity, and component temperature. Yet,

A e n s o e

U IHAt® ok e APy 4 S8 b e e rem o

ORI,




e AR AR e T e,

there are also missions in which throttle cycling is limited, therefore,
engine operational parameters are constant for long periods of time
called "dwell times". In this case, crack growth parameters become
functions of both stress and strain levels at constant temperatures.
Under these conditions, cracks in engine components under high loading
cause the material to yleld, forming a region of plastic deformation in
which the stress-strain behavior of the material 1s nonlinear.

In addition to local ylelding at the crack tip, high temperatures
cause the material to strain without an increase in the stress level
and, consequently, time dependency becomes important (this phenomenon
is known as creep). These physical considerations (plastic deformation
and creep with time) have been incorporated by Terry D. Hinnerichs (5)
in modeling crack growth behavior of IN-100, a new nickel based powder
alloy presently used in F-100 turbine disks. He developed a constant
strain finlite element computer program in order to model the physical
behavior of the material. Inelastic behavior near the crack tip was
modeled using either the Bodner-Partom or the coupled Malvern-Norton
flow laws. These rate-sensitive models each differ in their constitutive
development. For example, the Malvern medel employs the concept of
8 reference stress-strain isotropic hardening function. Thus, elastic
and plastic deformations are separated through the use of the Von-Mises
yleld criterion. The Malvern model has the advantage of a limited set
of material parameters which are quite easy to determine.

A more sophisticated model, the Bodner-Partom, is based on

v
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dislocation dynamics. In its formulation, the elastic and plastic defor-

D i I

mations are not separated by a yleld criterion. Therefore, this consti-
tutive model is independent of the material's yleld stress. The main
disadvantage of the Bodner model is in its reliance upon many material
constants which must be determined beforehand, and often this is not an

easy task, due to coupling of the parameters.

PURPOSE

The major purpose of this thesis 1s to compare the Bodner-Partom

% flow law model with variations of the coupled Malvern overstress and

Norton's Creep laws. The comparlsons between the models are directed
toward physical and mathematlcal representations of the effect on crack
growth, plastic zore size, plastic stress and strain distridutions, and
differences in plastic work due to inelastic behavior at the crack tip.
These comparisons can be used in determining if a simplified flow law, J
under certain restrictions, models the materials' inelastic behavior
with crack growth as accurately as the sophisticated Bodner-Partom
model. Thus, if one can model the plastic flow with a simplified model
in which the materlal parameters are few and easily determined, then one
has developed a useful engineering tool that can be readily used for
determining plastic flow effects on crack growth. For example, the
Bodner-Partom model in its present form requires, as mentioned previously,
the evaluation of nine material parameters. These parameters have been
evaluated for IN-100 at 1350"F based upon an experimental data set of

eleven creep tests and nine tensile tests. The results of this work i

are published by Stouffer (6) and have been utilized by Hinnerichs,




within his finlite element computer code, to model crack growth. Although
the results using the Bodner expression to model crack growth are very
encouraging, determination of Bodner's nine material parameters are
difficult, and require a thorough understanding of the model's develop-
ment. Therefore, it has been proposed that a simplified flow law with
two material constants, such as the coupled Malvern/Norton, could provide
the necessary plastic flow required to accurately model the plastic

zone at the crack tip.

Hinnerichs (5) compared effective stress and strain at the crack
tip using both the Bodner~Partom and the linear Malvern-Norton models.
Results showed good correlations between the two models, even though
the linear Malvern model had a limited range in predicting the plastic
strain-rate. Consequently, the focus of this thesis will be toward the
development of variations of the coupled Malvern-Norton model to capture
the full variation of plastic straln rates over a range of stress levels.
These rate-sensitive models will then be incorporated into the computer
program developed by Hinnerichs. Also, the finite element program will
be used to model crack growth based on the new variations of the coupled
Malvern-Norton model and compare crack growth behavior to the response

using the Bodner-Partom model.

GENERAL APPRCACH

A two-dimensional (constant strain triangle) finite element

program developed by Terry D. Hinnerichs at AFIT will be used to study

the effects of various viscoplastic flow laws on crack growth,

:
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Initially, different forms of the Malvern overstress flow law

will be studied. These forms will include linear, power, and expo-
nential mathematical expressions of the constitutive laws. Com-
parisons of these different forms will be made with each other and
to experimental tensile tests for IN~100.

The Malvern law will then be superimposed upon the secondary creep
Norton flow law to express a unified flow law. This unified flow law
approach has been proposed by Zienkiewicz and Cormeau (7), and will
be used with the linear, power, and exponential forms of the Malvern
equation (these forms will be called the coupled forms).

In addition to these coupled forms, a form using only the exponen-
tial form of the Malvern equation will be used to fit the range of
plastic strain rates (this form will be called the uncoupled form).

This new modification couples the viscoplastic and creep strains together
without the superposition technique, as mentioned above.

Once good correlations among stress, strain, and strain rate
behavior of these models have been made, then each of these strain-
rate sensitive models will be incorporated into the finite element anal-
ysis of crack growth.

The crack growth model consists of a center cracked plate specimen
in which constant strain triangles are used to model the plate. Element
size has been reduced near the crack tip with element refinements in
the order of a grain size for IN-100,

Crack-opening displacements from experimental data obtained by

W. Sharpe (8) has been utilized within the computer code so that crack

e o g P PRI W S WO




opening displacements (COD) will accurately model the actual experi-
mental displacement versus time relations. For example, if the C.0.D.
in the Sharpe data curve exceeds the finite element calculated displace-
ment, then a node at the crack tip is released so that the correct
C.0.D. versus time can be matched. Thus, predicted crack length versus
time becomes a by-product of C.0.D.

In the analysis of crack growth using the center crack plate, two
different applied load levels have been incorporated. Cne load lavel
of 10896 1bs. with a stress intensity factor, K, of 25 KSIVin' , and
another load level of 16060 1bs. with a K of 36.8 KSIVin' are considered.
Each load case uses both the Bodner-Partom and coupled Malvern-Norton

equations to model the effects of tlme dependent plasticity on crack

growth,

ASSUMPTIONS
Basic assumptions used in the formulation of strain-rate sensitive
constitutive models are as followss
1. The total strain within a material may be decomposed into elastic
and plastic components. This assumption is computationally con-
venient since the finite element code formulates an elastic stiff-
ness matrix directly, while effects of plasticity can be incremen-
ted separately by a rate-sensitive model via the residual force
method (see theory section). This eliminates the need to modify
the elastic stiffness matrix.

2. Plastic incompressibility is assumed such that hydrostatic

(spherical) stress has no effect on the yleld behavior of the




material.

3. The formulation of hoth Malvern's and Bodner's flow laws implies
that plastic strain rates are linearly related to stress rates.

4, The materilal's behavior is considered isotropic up to the
elastic limit. After exceeding the yleld point, two different
hardening rules are enforced depending on the constitutive flow
law used. The Malvern-Norton combination assumes isotropic
hardening. Thus, the yileld surface expands uniformly with respect
to the hydrostatic stress line. On the other hand, the Bodner-
Partom Model uses a kinematic hardening function which can vary
the material's hardness through the use of a recovery term. If the
recovery term i1s not included, the Bodner's law follows the iso=-
tropic i. ~dening rule (9).

5. Malvern's constitutive model assumes the existence of an
initlal yield surface. This surface is traced through time by the
model and defines the point at which plasticity occurs. On the
contrary, Bodner's flow law was developed independent of a yield
surface and, thus, traces plastic strain from the start of load

application.




II. VISCOPLASTICITY AND CREEP THEORY

A rheological model for the Malvern-Norton stress-strain relation-
ship may be represented by the total strain behavior of a material as

shown in Figure 1

:li,l_.
P
T <A Y JJ'_, > 0
€ c
FIGURE 1.

The total strain is composed of both elastic (represented by the spring)
and inelastic strains (slides and dashpots). The inelastic strain is
made up of the time dependent viscoplastic strain as well as the creep
strain. The viscoplastic strain occurs only when the yield point of
the material is exceeded and is considered nonrecoverable. Thus, the
slides can move in only one direction. Another time dependent strain
called creep strain (represented by the second dashpot), 1s an inelastic
strain that continuously forms throughout time and is independent of
the initial yield stress.
Thus, the total strain using tensor notation is
ToTAL elastic plestic
. = €y + £€ij
\) J
(2.1)
P vp ¢
where €j = eaJ + € , 1s the total plastic response
including both viscoplasticity and creep strains (10,11,12).

These strains can be expressed in rate dependent form as

o Total » Elastic o Plashic

613 = G'LJ + E'LJ where € =

Q

€
t

l

(2.2)

o




Therefore, the total strain rate 1s composed of both the elastic
strain rate, vwhich is related to stress by the derivative of Hooke's
law, and the plastic strain rate.

The plastic strain rate is related to stress by the Prandtl-
Reuss equation. This equation assumes, as mentioned previously, that
an increment of plastic strain is proportional to the instantaneous
deviatoric stress. The deviatoric stress represents the radius of the
VYon-Migses yield cylinder in 3-D stress space. The Von-Mises yleld
surface, represented in three-dimensional stress space, is shown in

Figure 2
a0
3

FIGURE 2. VON-MISES YIELD SURFACE
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vhere, from Figure 2, S'\j is the deviatoric stress vector, Ui; 1s the

total stress vector, and Sij Umm 18 the hydrostatic stress vector which
lies on the line where ¢, . 0, : G;; =0 (13).

The Von-Mises yleld criteria implies that if a state of stress lies
on the yleld surface, then plastic flow occurs. If, hovwever, the state
of stress decreases and lies within the cylinder, elastic strains occur.
The Von-Mises yleld surface extends to infinity parallel to the cylindrical
axis shown in Figure 2. During plastic straining, this surface expands
normal to itself, and thus, isotropic hardening is enforced within
the plastic zone.

The Prandtl~Reuss Equation takes the form
. P
G"Lj = /L SLJ (2.3)

where SlJ represents the radius of the yield cylinder in 3-D stress
space., The 7L parameter is a material behavior value expressing the
material's plastic flow response. This plastic flow response can be
represented by several well-known flow laws, one of which is the Malvern
Linear Overstress law (15). This law accounts for viscoplasticity
during an incremental change in the stress level (overstress) and is

represented constitutively by

P e 3 Sij
Pov| =213 = (2.4)
€57 FEl) ] < oe
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The parameter 2(9 is the fluidity constant which can be varied
to match the material'’s strain-rate sensitivity. The effective
stress, Ue , is a stress invariant which measures the incremental
change of the yleld surface due to an overstress. The deviatoric
stress, Sij , represents a point at which plasticity is measured.
The strain hardening yleld stress function, U-' ( eZ) ,» is a function
of the effective plastic straln and is used as a universal stress-
strain curve that governs the material's uniaxial inelastic behavior
during loading. This function takes the form (assuming a linear strain

hardening over a given uniaxlal stress-strain segment)

Flef)= GG + H' €e (2:5)

where Cﬂ: is the material's initial yield stress, F‘I represents the
slope of the uniaxial stress-strain curve and E.: is the effective
plastic strain (14).

The strain hardening yield stress function is valid only when
used with monotonlcally increasing loads. This equation is based on
the Von-Mises yield criterion modeling isotropic hardening and does
not account for the Baushinger effects that occur during load reversal.

The flow law that is coupled to the Malvern is the Norton law for
secondary creep. This law accounts for long term creep strains that

occur with time, The creep response for all practical purposes can

be considered negligible, since crack growth studies considered
herein were at high levels of strain rates for relatively short

periods of time, but thls phenomenon will be included for completeness.

11




Norton's Creep law (11) is expressed in multiaxial form as
. B .
ép = o (a) 33 ,

e 2.6)
vwhere Kc and B are material constants to be determined from uniaxial
creep test results. See Appendix A for determination of these values.

The coupling of Malvern's overstress law with Norton's secondary
creep law has been proposed by Zienklewicz and Cormeau (4). The
coupled form would represent a unified flow law where both visco-
plastic and creep strains are superimposed to form a total plastic
strain.

The interest of the next section is to to examine some of the param-

eters presented previously and discuss their individual characteristics.

CONSTITUTIVE MALVERN MODEL DEVELOFPMENT

The simplest form of the Malvern law has been shown in Equation
(2.4). It has one material parameter, TKP , which models plastic strain-
rate sensitivity. Thus, a value for 33: must be chosen to fit the strain-
rate required for the analysis. Hence, for the simpliest form or so-
called linear model, determination of ¥p is highly problem dependent.
For example, in the case of plastic flow near a crack tip or geometrical
discontinuity, both magnitudes of strain-rate and stress levels are high.
Also, as one traverses across the plastic zone ahead of the discontinuity,
stress and strain rate levels vary. Thus, if one is attempting to capture

these variations within the plastic zone, using a one parameter function

such ag the Malvern equation, an averaging technique must be used. Also,

the value of 'f; is chosen high enough so that the linear model will

| gy
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predict the proper plastic flow at both high and low stress intensity
factor levels.

To eliminate the problem dependency that the linear Malvern
mnodel presents in predicting a range of strain rates, other versions of
the Malvern constitutive equations are introduced.

MALVERN'S POWER LAW. The power version can be expressed in

multiaxial form as

L

- P ry 3
e.. = X - I .
P d(ef) 2

v

(2.7)

2

where G:TQQ) is a function discussed in a subsequent section, but for
completeness, the reader can think of 1t as the plastic stress-strain
curve. The parameters lﬁp and 72 are introduced to establish
material dependency rather than problem dependency. These two material
constants are determined by taking the natural logarithm of each side

of the above equation, then selecting two experlimental strain rates

and thelr corresponding stress levels. This establishes two equations
which can be used to find Yfp and 7l +» The power form of the Malvern
law predicts only two experimental strain rates accurately. These
results will be graphically shown in the experimental response section.

EXPONENTIAL MALVERN. Another form of the Malvern flow law uses an

exponential mathematical expression. This form of the governing
constitutive equation has been used in the analysis of propagation of

plastic waves of uniaxial stress in long rods and bars (16) and

13




expressed as

Oe - O-'(Ge SU
€ * XP =P ( ) } 2 Ua (29

The parameters blp and Q. characterize the shape and, therefore, rate

l

sensitivity of the strain-rate versus stress curve, and the calculations
for their determination can be found in Appendix B. The term (UE-V_'@:,))
is called the overstress, where in the uniaxial case, the effective stress,
G-é » reduces to an applied stress and the strain hardening yield stress

=, P
value, U(€e) characterizes the viscoplastic nonlinear response of the

material's uniaxially stress-strain curve (see Figure 3). h
-7 h
[ ]
E4
o’ _____ -— —_ = e e = = . — o ——

vield Shass |- - - - - -

> € }—
3 €e—_)

-
Total Strain

FIGURE 3. UNIAXIAL STRESS-STRAIN CURVE SHOWING OVERSTRESS
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The exponential form has been found to match experimental strain rates

over a range of corresponding stress levels (see section III for these

reaults). Hence, as noted in the experimental section, the exponential

form of the Malvern law is the most accurate of all versions in predicting ;

actual material behavior,

BOINER-PARTOM CCNSTITUTIVE MCIEL

The Bodner-Partom constitutive equation expressed in uniaxial form

is
2n
L ] _ 2 Z '
€ = —3—D°®<p 2—}:(5:) = (2.9)

where ;Z. represents the macroscopic measure of hardness; N isa
constant controlling the strain-rate sensitivity; and [)o expresses the
limiting value of strain rate. A detalled discussion of these constitutive
model parameters is presented in a technical report by Stouffer (6,17).
Hinnerichs (5) explains the details of how Bodner's flow law is numerically
integrated in the finite element program used herein. It should be
noted that this material model 1s capable of handling unloading or
cyclic loading with a more physically correct description than Malvern's
model.

Table 2.1 shows a list of the current coefficients developed by
Stouffer (6) for IN-100 at 1350 F. These nine constants, although not
all shown in Eq (2.10), are used in the total response of the Bodner-

Partom flow law to calculate plasticity within the finite element program.

15




TABLE 2.1

CCEFFICIENTS FCR IN-100 AT 1350 F

Material Description Value
Parame ter
E Elastic modulus 21.3 x 103 ksI
n Strain rate exponent 0.7
Dy Limiting value of strain rate 10“’ sec
29 Limiting value of hardness 915.0 KSI
21 Maximum value of hardness 1015.0 KSI
2, Minimum value of hardness 600.0 KSI
» Hardening rate exponent 2.57 ks1~1
A Hardening recovery coefficient 1.9 x 1073 gec~1
r Hardening recovery exponent 2.66




III. EXPERIMENTAL RESPCNSE OF IN-100 AT 1350°F

In a technical report by Stouffer (6), the results of twenty
3 mechanlcal tests performed on IN-100 are tabulated and graphically
displayed. Eight of these tests were tensile in which the control
variable was strain rate and the observed variable was stress.
Eleven of the tests were designated creep, in which the control

variable was stress and the observed variable was strain rate. The stable ‘

values of stress and strain rate from these experiments were plotted.
The results show a linear response (see Figure 4). If a best line fit !
18 made to the data, the slope of the creep response is smaller than j
the tensile. Thus, if one wants to differentiate between creep and |
viscoplasticity, the break point (yield point) is the point in which
the slope changes, and for the subsequent figures it has been chosen to 3
be 125 KSI, The idea of differentiation between plasticity ard creep
fits the formulatlon of the coupled Malvern-Norton flow law combination.
Therefore, the Norton law is matched to the lower sloped creep data
tests, while the coupled Malvern-Norton combination is matched to the
higher sloped tensile tests.

CCUPLED LINEAR MALVERN RESPCNSE. Filgure 5 shows the calculated

response of the coupled linear Malvern-iiorton flow law. The experi-

mental strain rates below 10'5 sec! designate creep strains and have
{ : been calculated using the uniaxial form of Norton's secondary creep

. law as shown in Eq 3.1

:.' o B

i é = b/(-'CO-’) (3.1)
17
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f ] For the calculated response, fixed material constants of th

equals 8.7953 x 10~28/ks110°37 Lo and B equals 10.3747 were used
(determination of these constants are discussed in Appendix A).
L Subatituting the above parameters and stress values ranging from 61 to 125 KSI,
the calculated response of Equation 3.1 is determined. This power law
function, observed in Figure 6 shows good correlation to the best line
s fit of experimental data in the creep strain region.

The experimental tensile tests at high stable strain rates
(1072 sec™! or greater) are matched with the viscoplastic response of

the coupled linear Malvern equation expressed in multiaxial form as

P Ge 3 S B_ <.
..J[-e -l]—-—w-w’ =Y = Sy
) F : 2 e C(C)Z-G_é_ (3.2)

For the calculated response, the uniaxial form of Eq 3.3 is used

. ) _
eixp[g;}-:] v () e

where G_'.' =125 KSI is the perfectly plastic yield stress value, and
U}: =.,33 sec™! was chosen to match the expected average problem
dependent strain rate for the fracture mechanics problem which is
discussed in section V. Using the above parameters and stress values
ranging from 60 to 180 KSI, the calculated response of Eq 3.3 can be
determined. Figure 7 shows that this coupled response matches only one

experimental strain rate accurately, while variations above or below ;

e v T« e gy =G ewTe—ane SOOI« RN AT -
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the "matched point" will be in error. Therefore, the coupled linear
Malvern expression, in this highly problem dependent form, is not
useful in predicting any variations in plastic strain rates.

The following sections will introduce different forms of the
Malvern expression containing material parameters which constitute
material dependency rather than problem dependency.

MALVERN 'S COUPLED POWER RESPONSE. The next version of the Malvern-

Norton combination is the power law form, expressed uniaxially as

'p O_- n B . —

€ =Xp[ — -:J+ Te (07) if >0 G
7

The parameterslxbi-0.3236 sec™! and 71 =2.2746 have been determined

from the experimental data as discussed in Appendix B. The values of

]2 , ﬁ and (T' have been previously determined and thus, Equation

3.4 becomes a function of the stress level. Inserting values of stress, %
corresponding values of plastic strain rates are determined and then
plotted in Figure 8. The coupled Malvern power response at the levels

of 10-5 sec or greater match only two experimental strain rates accurately.
Thus, Malvern's power law, although in material dependent form, is

limited in predicting the total range of experimental strain rates.

MALVERN 'S CCUFLED EXPONENTIAL RESPONSE. The next constitutive |

equation is in exponential form and represented uniaxially as

€ =% {exp(o_'_;_q__')-l +’0’c(0')ﬁ if >0 (3.5
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b The determination of Up and Q aye shown in Appendix B, while the

‘ values of the parameters . , B and G have deen previously

introduced. Taking Jp =4.3289 x 1076 sec™! and @ =5.9716 and
substituting these values into Eq 3.5, the calculated response can be
easily determined by substituting stress values ranging from 61 KSI-180 KSI.
The results of these calculations are shown in Figure 9, indicating that
the exponential form matches the high experimental strain rates

very accurately.

F MALVERN'S UNCCUPLED EXPONENTIAL RESPOKSE. The uncoupled exponential

constitutive equation does not include Norton's law for secondary creep

and is expressed uniaxially as

P . = _
€% iexp (c%_o_‘) B _-5? i TG0 (3.6)

The parameters Tp and Q are material constants which capture the

material'’s strain rate sensitivity over the entire range of plastic
strain rates. Thus, the value of & =61 KSI was set at the lowest
stirain rate measured experimentally, so that all rates above this level
may constitute viscoplastic strain rates. The calculated response, shown
in Figure 10, is determined by substituting D’p =9,5382 x 10710 gec-1

and Q =7.0767 (see Appendix B for their determination) and stress
values ranging from 61 KSI-180 KSI. It is interesting to note that the
expressions used in Eq 3.6 give very close results with the experimental,
since one tries to develop the Tp and Q to depict a total range of
stress greater than g =61 KSI. Equation 3.5 also states the exponential
Malvern function, incorporating b,P and Q parameters which ad just the

25
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model's strain rate sensitivity Af stress 1s greater than (I =125 KSI.
Thus, by using the exponential form, one can arbitrarily set the 6’
value and corresponding D’P and & expressions to match the range of
experimental strain rates of interest.

Upon the examination of the various versions of the Malvgrn model,
it has been determined that the exponential constitutive Malvern
equation predicts experimental strain rates with the most accuracy.
Malvern's power form, although material dependent, predicts only two
experimental strain rates, while the linear Malvern predicts only one

strain rate and is highly problem dependent.
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IV. THE YIELD STRESS FUNCTION AND FINITE ELEMENT APPLICATIONS

The strain hardening yield stress function is an equation which
is used in all versions of the Malvern overstress flow law. This
function represents the material's nonlinear behavior based on
uniaxial tensile tests. For example, three of Stouffer's (6) eight
strain rate controlled tests on IN-100 are shown in Figure 11. The
general shape of these curves is quite uniform throughout the range of
strain rates (providing no stress recovery is occurring). Thus, it is
assumed that a universal strain hardening yleld stress function may be
chosen to represent the entire range of the material's nonlinear behavior.
To develop this expression, a multilinear fit is performed to ocne exper-
imental tensile curve. For numerical purposes, the equation is developed
as a function of plastic strain and used within the finite element code
for time integration of the Malvern flow law (integration performed by

Euler linear extrapolation).

The strain hardening yield stress function can be expressed in

general form as

— —_ /7 P
(7'(€:) = U, + H €e (%.1)

— /
- where U 1is the initial value of yield stress, H is the plastic

slope of the stress-strain curve and é%: is the effective plastic strain.
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This function is used within the Malvern flow law to express an
overstress ratlo, %;% . The magnitude of this ratio determines the
incremental strain rate produced With time. For example, the time
integration of the Malvern flow law is as follows (the superscript, n,

refers to the iteration number)

o if 0 < T (el) and T 50"
.P "
%eaj ) | - F e
WP[ 3—_{_“—'-'];_5%‘ f 0 :.,f €) (6.2)
F(er) 2 q e

Both plastic straining and strain hardening will occur if the plastic
effective stress value exceeds the initial Von-Mises yleld criteria, and
if each increment cf this stress femains greater than the previous incre-
ment. Therefore, the above expression of the flow law traces the expanding
yleld surface with time.

Next, a plastic strain increment is calculated based on a given time

increment

|

m
~-
o

py" . P n
L. o 8 dt
de‘J j (4.3)

)




Furthermore, this plastic strain increment is summed with the previous

increment to find the current effective plastic strain which is then

used to determine the current value of 6—(€¢')‘by
-— P — / P
0 (€e ) =0, + H €& (&.4)

Figure 12 shows multilinear curves developed for each variation of the
Malvern model. The top curve was the original curve developed by
Hinnerichs for the linear Malvern model. The bottom two curves were
developed to best fit IN-100's experimental tensile response data
rresented in a technical report by Stouffer (6).

UNTAXTAL RESPCNSE USING A FINITE ELEMENT MODEL

The uniaxial nonlinear response of IN-100 was checked using the

finite element model as shown in Figure 13

>

— P Load at Nede

AN
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> P

P

FIGURE 13. FINITE ELEMENT MODEL USED FOR UNIAXIAL RESPONSE
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These elements were subjected to various load levels to determine
how the nonlinear stress-strain response of the coupled Malvern-Norton
compared to that of the Bodner-Partom. Figure 14 shows the nonlinear
unlaxial finite element response of the Bodner-Partom flow law versus
the exponential Malvern using an applied stress of 164.4 KSI. The expo-
nential Malvern using the muitilinear strain hardening yleld stress function
satches the Bodner stress-straln response well.

For the Malvern flow law, the curved inelastlic response is highly
dependent on the universal strain hardening yield stress function.
This function was developed by performing a multilinear fit to actual
experimental stress-strain curve data as discussed in the theory
section.

THE FINITE ELEMENT METHCD APPLIED TO ELASTIC-PLASTIC STRUCTURES

In an isotropic material in which the yield point (uniaxially)
has been exceeded, strain hardening will occur and, therefore, elastic
analysis is invalid. V¥hen modeling elastic-plastic material with finite
elements, a numerical iteration process must be used to account for tne
material's changing stiffness within the plastic region. Either the element's
stiffness coefficlents can be updated or a technique known as the resid-
ual overstress force method (18), can be used. This method uses an incre-
mental inelastic strain from a viscoplastic flow law to generate a resi-
dual load vector. This vector is then added to the externally applied
load vector (and multiplied by the inverse of the elastic stiffness matrix)

to form total nodal displacements within an element.

el g * -+ (Y TR DA e o
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The residual load vector created by plasticity is a pseudo-force,
since it is not part of the extermally applied force. Thus, in
computing the current stress level within an element, the plastic
strain gererated must be removed so that the actural stress within
the structure will not exceed the externally applied stress.

The residual force method is numerically solved using the Euler
integration technique in which time is incremented directly while
load, strain, and stress are incremented indirectly. This method does
not modify the elastic stiffness coefficients of the finite element
model.

To show how this method is incremented within the computer code,
the linear Malvexrn overstress law 1s used to determine a plastlc

strain rate and is computed as follows

-x[ Oe _ 132
PLGE: 12 0Oe (t.5)

Next, the current simulation time is determined

oot e dt (4.6)

Taking the element's plastic strain rate and multiplying by the time

increment, the element's plastic strain increment is

ide..j :5 LJjc:H: .
zde;}‘ | & defdey” (b.8)
%

then




Gl fel iy,

Thus, the current effective plastic strain can then be used to determine

a new value for the strain hardening yield stress function. The pre-
vious plastic straln is summed with the current plastic increment to

obtain the total plastic strain

P PO LI poL
zeg‘ _} = Eeij } + gdégg (4.10)

The plastic load vector (residual load vector) can be calculated

iQ}H: S L BJT [ D] géi;}id vol (4.11)

voL

The current externally applied load vector is calculated

Py - g p3at s [PYT e

Now, using the elastic stiffness matrix, the nodal displacements of the
elexent are

03[k (£P3+8QYT)

The total current strain value can be exrpressed by

ZQUKL = [ B] Eu}i (1)




Finally, the current total stress value within the element is expressed by,

Zﬁjziz [D] (EEU})‘.- Zécj?i (8.15)

Note that the plastic strain within the element is removed, since the
termn introduced by the pseudo-force would generate a combined internal
stress exceeding the applied external stress. This method is repeated
for every element and the interaction process continues until the point
at which stress and strain within the element satisfies equilibrium with
the externally applied loads.

The uniaxial initial straln iteration scheme 1is graphically

displayed in Figure 15.
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V. HYBRID EXPERIMENTAL NUMERICAL PROCEDURE AND THE FINITE ELEMENT MODEL

| To predict crack growth within the finite element model, a method
known as the Hybrid Experimental Numerical procedure is used (18).
This method compares experimental crack opening displacements with
nodal displacements generated by the finite element program containing
one of the rate-sensitive flow laws. For example, the finite element
model is loaded with an applied stress level. If the stress field
intensity is high enough at the crack tip, then one of the rate sensitive
models will generate plastic straining within a plastic zone region.
The inelastic straining will generate near field displacements which
are measured with time and compared with the experimental. Thus, if the
finite element's nodal displacement rate 1s greater than the experimen-
tal, the node at the crack tip will remain restrained (thus, plasticity
retards crack growth). Conversely, if the nodal displacement rate is
less than the experimental, the node at the crack tip will be released
to insure compatibility with the experimental crack opening displacement
rate. A detailed discussion of how the nodal release method is employed
in the program is reported by Hinnerichs (5). The experimental crack
opening displacement curves have been reported by Sharpe (8) and shown
in Figures 16 and 17. Thus, the Hybrid Experimental Numerical (HEN)
procedure will trace experimental displacement rates rather than crack
growth rates. This displacement rate method 1is ideally suited for
crack growth studies where the amount of crack growth is very small and,
therefore, becomes almost impossible to measure experimentally

(380 microns/.01484 inches).
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E SPECIMEN MODEL FOR CRACK GROWTH. The material specimen used in

f the experimental tests 1s displayed in Figure 18. Due to this specimen's
; symmetry, only one quarter of the center crack plate was modeled. The

' finite element mesh used in modeling the test specimen is shown in

Figure 19. This model consists of 355 constant strain triangles with

211 nodal points.

Convergence studies, conducted by Hinnerichs, compared model com-
pliance with an empirical solution by Eftis and Liebowitz (20). Results
indicated that the mesh had excellent convergence qualities and, therefore,
the same mesh and element scheme is used in thls research.

The element reduction scheme consisted of reducing element size in
half until IN-100's material grain size is reached (grain size approximately
7.8125 x 10'4 inches). Figure 20 shows the refined grain size elements
near the crack tip. This uniform mesh was used to insure uniform stress-~
strain variations as the crack grows through the material. Furthermore,
grain sized elements were chosen since elastic finite element convergence
studies have shown that as the rate of crack tip element size decreaces,
accuracy increases. Hence, a majority of the elements (218) within the
finite element model can be seen in this near field crack tip region,

It may be argued, from the micromechanic's point of view, that as one
approaches the grain size of the material, the element's behavior can
no longer be considered isotropic. But, since the finite elements are

an extention of the continuum, then one can justify the use of these

small elements. The number of elements used ir front of the crack tip

was based upon expected experimental crack growth.
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¥I. RESULTS AND DISCUSSICN

In comparing variations of material models, (Malvern's and Bodner's

flow laws) differences in constitutive development must be kept in mind.
Bodner's response is independent of an initial yleld point and thus,
plastic flow is initiated from the beginning of load application. Cn

the other hand, Malvern's flow law is based on the Von-Mises yield

surface and thus, plasticity does not start until the material's elastic
response exceeds this surface. The computer code required that an initial
yield point be specified to start plastic action with the Eodner model.
Therefore, variations of the initlal yield point were tried to note the
effect upon Bodner's response. Using a high K value and ylelds of 45 KSI

and 130 KSI respectively, the Bodner model shows very little change in

total plastic work tetween the two initial yield values (see Figure 21).
With such a minimal change, it was considered valid to use a starting
point of 130 KSI for plastic flow. This value 1is used in all calculated
responses o0f the Bodner model unless otherwise stated.
In all the comparisons made in this section, a center crack plate
A . is used with an initial crack length of .1367 inches. The total load
. of the plate was applied within 5 seconds; this was the same procedure
used in the experimental testins,
; ; Different plastic zone sizes were produced by loading the finite
. element model to different force levels. Table 5.1 exhibits two
. different cases that were run using the various strain-rate sensitive

models to predict plastic flow during crack growth,

u6
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COMPARISONS USING TOTAL PLASTIC WCRK

The total plastic work within the plastic zone is computed by

(where i is the iteration increment and N is the number of finite elements)

Wo e 3 55,3 §ETdt (o cacmn)

- P
where Si.' is the deviatoric stress vector, €, 1s the plastic strain
J Y

(5.1)

rate determined by one of the rate-~sensitive flow laws and dt is the
current increment in time. This work is summed up for each element in
3 | the plastlc zone which ylelds the total plastic work performed during
inelastic deformation. As crack propagation occurs, elements behind the
crack tip no longer accumulate plastic work because their stress levels

are being reduced below that which causes permanent deformation. Thus,

the total plastic work accumulated is a measure of the amount of plastic
flow produced by the rate-sensitive models.

MODEL CCMPARISONS AT LOW K LEVEL., The first comparison is made

using the linear version of the Malvern flow law (K of 25 XSI Vin)

e oy [ ]z S
g ELJ = Op o‘.'—(é;) 2 0'5 (5.2)

This model's strain-rate sensitivity was set using Z{ P =,33 sec-l, which
\ matches a high strain rate value of .833 x 10'2 sec"i, to insure this

problem dependent model would predict the average strain rate occurring

within the plastic zone (the (_I:.(éep ) with its initial yield stress of

130 KSI has been previously discussed). The standard load rate is applied
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t0 the finite element model and strain-rate sensitive model is allowed
to generate plastic flow, retarding crack growth.

Figure 22 shows the linear Malvern response during crack growth.
During the first 30 minutes of crack propagation, this model generates
slightly more plastic work than Bodner's. This indicates that for higher
stress levels, the Malvern model is more rate sensitive (1.e. é. versus
stress). After approximately 30 minutes of crack growth, the differences
in accumulated plastic work between these models become negligible.

The next comparison is made with the material dependent coupled
Malvern-Norton exponential flow law. This model's initial yield stress
value was set at 95 KSI, while its zﬁ: and €. values are the material's
constants, as determined previously. Figure 22 shows that this model
captures slightly more plastic work than elther the linear Malvern or
Bodner flow laws. This is due to the lower yleld stress value, where
2 larger number of elements may produce plastic straining and generate
rore plastic work.

In summary, the total plastic work accumulated among all three plastlic
flow models is almost identical throughout the entire range of computer
simulation time. This occurs since the variations (strain rate and stress)
within the plastic zone are so small that each material's response to
these variations becomes insignificant. It can also be noted from Figure
22 that the rate of total plastic work accumulated is constant (i.e. slope

of Wp versus time).
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MODEL COMPARISCNS AT HIGH K LEVEL. The next test involved an applied

load of 16060 1lbs., producing a K value of 36.8 KSI in . The magnitude

{ of the effective stress within the finite elements near the crack tip
immediately after total stress application ranged from 160 to 170 KSI.

Thus, the plastic zone size is larger than in the low K test, with a greater
variation of plastic strain rates and stress in this zone. Figure 23

shows that the coupled exponential Malvern-Norton model accumulates more
plastic work than either the linear Malvern or Bodner models. This is

based on the fact that this model was formulated with an initial yield

! stress value of 95 KSI, (see theory section for discussion) generating j

plastic flow when this stress value is exceeded. On the other hand, the
problem dependent linear Malvern matches only one experimental strain
rate (i.e. .833 x 10'2 sec‘l) and is set with an initial yield of 130 KSI.

Hence, the linear Malvern cannot accumulate the same amount of plastic

work as the exponential form, but its averaging technique shows good cor-
relation with the Bodner-Partom model.
Figure 24 shows the response of the uncoupled exponential Malvern

y ! (Norton is not included) versus the Bodner-Partom. In this case, the

i

initlal yield stress for both models is set at 45 KSI. The uncoupled

2

exponential Malvern continues to accumulate more plastic work than the

Bodner-Partom. This indicates that the Malvern model, in exponential

form, 1s more rate-sensitive (slope of predicted é, versus stress curve)

to stress variations than either the Bodner or linear Malvern.
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CRACK LENGTH AND RATE CCMPARISONS. During the finite element

L simulation runs, load is applied within 5 seconds, but no crack growth
is allowed. Hence, in the vicinity of the crack tip, a large stress
field develops in which a rate-sensitive model initlates plastic flow,
The amount of plastic flow generated is highly dependent on the model's

plastic strain sensitivity at various load levels. These sensitivities

(slope of the € versus stress curve) and each model's ability to capture
ranges of plastic strain variations effect the crack growth behavior of ;
each model.

Results shown in Figure 25 for the low K value, indicate that all
three models are predicting approximately the same crack growth rate and
final crack length. This is due to the small plastic zone size where
variations in stress and strain rates are small, thus, the viscoplastic
flow captured by each model is almost insignificant.

Figure 26 depicts the model variations when the high K level is

used with the same initial crack length. The differences in each model's

rate-sensitivity become apparent, since the plastic zone size and vari-
ations in plastic strain rate and stress are much larger. The problem
dependent linear Malvern model exhibits the greatest amount of crack

growth per unit of time. This result indicates that the problem dependent

T

model, which predicts only one strain rate accurately, is not capturing

as much plastic strain as either the Bodner or coupled exponential Malvern

! model.

The coupled exponential Malvern-Norton model shows the least amount

' of crack growth per unit time when compared to the other flow law models.
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This indicates that the coupled exponential expression is generating more
plastic strain near the crack tip which retards the amount of crack
growth, Therefore, the exponential Malvern is more sensitive to strain
rate variations for a glven stress level than elther the Bodner or linear
Malvern. This fact becomes clear upon examination of the stress contours
and profiles for the near crack tip region.

Figure 27 shows the crack growth results using the uncoupled expo-
nential Malvern (Norton's Secondary Creep Law is not included) versus
the Bodner-Fartom law. The uncoupled exponential form behaves much like
the coupled exponential form in predicting plastic flow near the crack
tip, since the crack growth rates and final crack length are almost
identical. This should be expected because both the uncoupled and coupled
exponential Malvern expressions were formulated with almost identical
strain rate sensitivities (i.e. slope € versus stress curve). The only
difference is that the <oupled exponential was matched to strain rates
above 10'-5 sec'l, while the uncoupled exponential was matched to a range
of strain rates above 19~9 sec-1 (this was discussed in a previous section).

A summary of the final crack lengths (af) predicted by the various
rate-sensitive models is tabulated in Table (5.2).

COMPARISONS COF EFFZCTIVE STHESS CONTCURS AND PRCFILES. The effective

atress contours were generated by use of an interactive graphics package
MOVIE. BYU, that has been installed on the Materials Lab Prime 550
computer. The vector &nd scalar functions generated by Hinnerich's
program were modified so that its format is compatible with MCOVIE'S.

This graphics package has the ability to magnify a small region so that
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TABLE 5.2
- SUMMARY OF CRACK GROWTH RESULTS
MODEL LOAD (1bs.) | a,(in.) | a.(in.) TIME (min.)
Linear Malvern 10896 0.1367 0.14795 55
Coupled Exp. Malvern 10896 0.1367 0.14748 55
Bodner-Partom 10896 0.1367 0.14748 55
Linear Malvern 16060 0.1367 0.14889 10
Coupled Exp. Malvern 16060 0.1367 0.14778 10
Uncoupled Exp. Malvexrn 16060 0.1367 0.14686 10
Bodner-Partom 16060 0. 1367 0.14795 10
60
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scalar or vector functions can be graphically displayed.

Figures 28, 29, and 30 show the effective stress‘contours of each
rate-sensitive model generated by MOVIE immedlately before the first %
node 1s released. The contours near the crack tip are very close
together, indicating a sharp rise in the stress level. In comparing
these contours, the contours of the coupled exponential Malvern indicate
both a higher level and concentration of stress near the crack tip than
either the Bodner or linear Malvern models. The linear Malvern model

shows the least concentration of effective stress near the crack tip.

This indicates that the linear Malvern captures the least amount of
plastic strain, while the exponential Malvern captures the most plastic
strain.

Filgure 31 shows the effective stress levels plotted graphically
versus horizontal distance from the crack tip. This plot confirms
that the exponential Malvern generates a higher level of stress concen-
tration at the crack tip, while the linear Malvern shows the least
concentration.

Figures 32 and 33 exhibit the effective stress contours before the
5th node is released. Here, the magnitudes of the effective stress have
been reduced from their initial load-up levels by crack propagation.
When compared with Bodner's contours, the coupled exponential Malvern
indicates a higher level of stress concentration near the crack tip.

The exponential Malvern generates slightly more viscoplastic action (plastic

strain) than Bodner's for high stress levels.
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THE LINEAR MALVERN FLOW LAW.

FIGURE 28 .

oot o9 oz oo
) I T VO W - |

(Se0uo0w)  3jog




€036 ot GOm9E"T

) S

| Coxor 6 Somh 1 f

POGOTATT T 8 GOIES T € —

LG0T L S0Ar9° 1 2 X —7
S0%g2°1 9 (TR 14

i SSTULS *ON HOOLNOD (vsd)SSMIS *ON HOLNOD :

o0 o or o
j S S )

Ao..-..v..‘v 3 vag

L e T S —

FIGURE 29. EFFECTIVE STRESS CCNTOURS NEAR CRACK TIP AT HIGH K LEVEL,

USING THE COUPLED EXPCNENTIAL MALVERN FLOW LAW,

63




e v ottt

s

B ————— -

. £03°66 ot o€ *

L so%o'T 6 mwmw%.w m

! ﬂOdmﬁ.n A Womﬁw.ﬂ VA

1 S0mBZ 1 9 G03g9° T I
ﬁwmﬂwwmﬁ.w *ON HNOLNOD (vsd)SSTEIS -ON ¥nNoiio

oot 09 0z o

(suorrw) 303G

FIGURE 30. EFFECTIVE STRESS CONTCURS NEAR CRACK TIP AT HIGH K LEVEL,

THE BODNER-PARTOM FLOW LAW.

USING




o P L&

- _;.;”; » :i‘w e”*‘-

o

EFFECTIVE SrRESS (xsT)

140 ~
130 ~
\
120 A LEGEND SPAN \
COUFLED EXPCYENTIAL MALVERX ¥ o)
X BCDNER-PARTCM \
O LINEAR MALVERY
HO
100 ‘ } ¢ ‘ ! + >
15 20 25 30

DisSTANCE (x 20. Mlcmn;)

FICURE 31. EFFECTIVE STRESS VERSUS HORIZCNTAL DISTANCE MEASURED FROM
CRACK TIP BEFORE 1St NODE RELEASE , AT HIGH K LEVEL.

65




~€£030°56 o1 gomee 1 S
$0300°1 [ §0aL2 T 4
$0390°T 8 SomE"T €
mom:; L mo%m.ﬁ 4

0991} 9 QREH"T )4
(vsd)SSTULS *ON ¥NOINOD (vsd)sSMIS *ON ¥NOLNOD

or 0

(Swe-iw ) 303G

o1

3
9
4
2
:
2
2
k4
:
2
E
g
g
5
:
:
o
g
g
=,

<
:
:
2
3
:
&
2
:
:
:
:
8

66




i
i (o]
i 3
i 7
#0305 *6 ot SoE6T T S m
#0786 °6 6 SOz 1 f
G0ES0°T 8 S0d62 "1 £
{ G0360'T A SoIHE"T 2 .
3 S0A9T 1 9 S0A6E"T 1 =
“ (vod)SSHMIS *ON UNOLNOD (v8d)SSTTS *BN WM0LNOD e m
1 b of
: [/ ] o
M 8 5
m = £
! [ M
§ =]
5 3
2
= o~ -
W o &
8 5
» £ 9 ,
w [75] m
i e B
w E o
m E 5
i s B
A
B
~ 8
[
i 1
M 001 0y or o
| S ST W W W}
, (svonrw) 3jeag
"gﬁﬂ! iﬁ!% o i —r—




Figure 34 represents effective stress levels plotted graphically

versus horizontal distance from the crack tip. The coupled exponential
shows slightly higher magnitudes of stress level near the crack tip than

the Bodner, but the exponential does depict similar characteristics as

the Bodner for the problem studied.
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VII. CONCLUSIONS

1. In the analysis of crack growth with various rate-sensitive
models, variations in crack growth due to the response of these models
are negligible when small crack lengths and stress intensities are used
(less than .32% variation in final crack length between models).

However, as the stress intensity factor is increased, for the same
crack length, variations in each of the model's rate sensitivity
become apparent. For the high load level, the exponential forms
(both coupled and uncoupled Malvern), consistently generated more
plastic strain than the other flow laws. This effect was noticed by
observing plastic work, effective stress, and the final crack lengths.

On the other hand, variations in crack growth caused by these differences
were less than one percent when comparing each model's crack lengths.

2. The linear Malvern flow law was found to be highly problem
dependent. Thus, it is not practiczl for use in problems where either
the stress level or strain rate is unknown.

3. The Bodner-Partom constitutive model should be used as a standard
for other model comparisons, since this model's response 1s independent
of the material's yleld stress. Previous crack growth predictions using
the Bodner model (research at AFIT by Terry Hinnerichs) demonstrated that

this model generates plastic action that predicts crack growth accurately.

The disadvantage lies in the determination of nine material parameters.

e i e




These parameters are coupled to each other so constitutive formulation

is difficult without a thorough understanding of the model's interactions.

k. Contrary to the Bodner model, the two material parameters required
for the exponential Malvern flow law are easily determined from experi-
mental strain-rate versus stress data. The exponential response compares
well with the Bodner in capturing similar amounts of plastic flow.

5. The uncoupled and coupled exponential Malvern expressions proved
that the yleld stress value can be arbitrarily set. Thus, these models
begin to resemble the response of the Bodner-Partom which is independent

of a yleld stress.

When using the exponential flow laws within the finite element model,
the yleld stress value must be set high enough to insure that at least
some elements around the perimeter of the model behave elastically.

If this is not insured, then the entire model will undergo plastic
fallure.

6. The results obtained using the exponential form of the Malvern
flow law are encouraging. But, further research should be performed
using larger initial crack lengths and stress intensity factors. In
these cases, further experimentation needs to be performed to insure

the flow law is modeling the material's response accurately at these

higher levels of stress intensities.
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APFENDIX A

DETERMINATI® CF_NCRTON'S CREEP PARAMETERS

Norton's secondary creep equation in uniaxially form is

B
é = ¥ (a)

which can be rewritten by taking the natural logarithm of each side !

(A 1.1)

LnéC=Ln7)/¢+ﬁLn(U') (A 1.2) ]

Next, chooding an upper and lower strain rate and corresponding stress
level from the experimental data, we can write two equations and two

unknowns as follows

"

Ln(5.0%107¢) = Ln¥e + B |n (125.0) (a1.9)

Ln)’c+ﬂ Ln (55.0) (A 1.4)

Ln(1oxi07?)
. 3olving these two equations simultaneously we then obtain the values
| B = 103747

fe - 87953x10°%°
KST '°31 _sec

Note the units in the denominator, the 10.37468 is required since the
stress velue is ralse o theB power, see equation A 1.1

These units in pSl are

B=10.37417
o %.5796 X 10 ~>8

psI 10.377 _“sec




APPENDIX B

DETERMINATION CF THE COUPLED MALVERN MATERIAL PARAMETERS.

The exponential law of the Malvern model can be expressed uniaxially by

P, D/PECXP(CT_;;:_O'_‘)_IK (B 2.1)

If one divides the above equation by 2r;>and then takes the natural

logarithm of both sides, the equation takes the form

.P =
Lng__:(of_;_q__
s be o j) (B 2.2)

The above form looks very much like the equation for a straight line,
where the Zﬁ; parameter can be thought of as the intercept and the &~

as the slope.
Since the coupled exnonential Malvern is fitted to the higher sloped

(viscoplastic strain rates) experimental curve, we then choose upper

and lover strain rates on this curve.

- Stress (ksI) Strain Rale (sec”’)
| 180 50x10%
' 125 50x107¢

Substitutinz the above values into equationB2.2 we can determine the
- Ln(10%) = (52)
(73

therebore, a = 5.97)6
75




PR

?,.v?' :

~ 23

Now the Up value can be determined directly, since the @ 1is fixed.
Hence, by choosing an ép and a corresponding overstress value, the UP
can be determined.

Thus, one can observe how the < value can effect the strain-rate

sensitivity of the material since it expresses the slope of the strain

rate versus stress curve.
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but the determination of the nine material parameters involved in the
flow law presents some difficulties. Therefore, it has been proposed
that a much simplified version of a strain-rate sensitive model be
employed to capture viscoplastic action.

Hence, this thesis involves the study of various mathematical forms
of the Malvern overstress constitutive equation. Each of these models
employed a finite element computer program to predict crack growth.

The computer program incorporates the constant strain triangles. The
residual force method was utilized to handle variations in material
stiffness due to plastic deformations and creep. In addition, a Hybrid
Experimental-Numerical (HEN) procedure was used to trace crack opening
displacements near the crack tip. This HEN procedure insures the model
is following the experimental displacement rates accurately. Thus, the
crack growth predictions are a by-product of both the rate-sensitive
model and near field displacement rates.

The various mathematical representations of the Malvern model were
compared to the Bodner-Partom response, Comparisons were made utilizing
total plastic work generated, crack growth rates, and effective stress
contours and stress profiles.
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