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ABSTRACT

IN-100, a nickel based powdered alloy, is presetly used in turbine

disks within the F-10 turbofan engine. It has been found that time

dependent inelastic strains can be developed within this material at the

high temperature environment of the turbine engine. Previous work per-

formed by Terry D. Hinnerichs involved developing a computer program that

would predict crack growth with viscoplastic flow. A large portion of

his work used a strain-rate sensitive model known as the Bodner-Partom

flow law. Crack growth predictions using this flow law were very encour-

aging, but the determination of the nine material parameters involved

in the flow law presents some difficulties. Therefore, it has been

proposed that a much simplified version of a strain-rate sensitive model

be employed to capture viscoplastic action.

Hence, this thesis involves the study of various mathematical forms

of the Malvern over-itress constitutive equation. Each of these models

employed a finite element computer program to predict crack growth.

The computer program incorporates the constant strain triangles. The

residual force method was utilized to handle variations in material

stiffness due to plastic deformations and creep. In addition, a Hybrid

Experimental-Numerical (HEN) procedure was used to trace crack opening

displacements near the crack tip. This HEN procedure insures the model

is following the experimental displacement rates accurately. Thus, the

crack growth predictions are a by-product of both the rate-sensitive model

and near field displacement rates.

The various mathematical representations of the Malvern model were

compared to the Bodner-Partom response. Comparisons were made utilizing

total plastic work generated, crack growth rates, and effective stress

contours and stress profiles._/
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I. INTRODUCTION

BACKGROUND

Currently, the United States Air Force is very much interested in

obtaining maximum service life from jet engine components. In par-

ticular, jet engine disks are being retired from service based on

the failure of one in a population of 1000 turbine disks (I).

Failure in these disks is considered to be a crack length of 0.03

inches. It has been determined that the remaining 999 disks have

considerable residual life (approximately 80% of these retired disks

have at least 10 life times remaining). Thus, a new Air Force

program called Retirement-For-Cause (1, 2, 3, 4) is being initiated

so that the remaining safe life of these disks can be utilized.

The Retirement-For-Cause program would retire a disk component from

Its service life when a quantifiable crack limit has been verified

through a crack inspection technique. Thus, present research in this

area has focused upon crack growth prediction models. So, once a

crack initiation site has been identified, the crack growth prediction

model would be used to predict when the crack would reach critical

size and the disk Retired-For-Cause.

In the analysis of turbine disks, their operational environment is

worth noting. Various engine missions may include throttle cycling.

This cycling may be due to various mission requirements such as

take-off, climb, various air maneuvers, ferry, and landing. These

operational aspects effect crack growth parameters such as stress and

strain levels, stress intensity, and component temperature. Yet,
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there are also missions in which throttle cycling is limited, therefore,

engine operational parameters are constant for long periods of time

called "dwell times". In this case, crack growth parameters become

functions of both stress and strain levels at constant temperatures.

Under these conditions, cracks in engine components under high loading

cause the material to yield, forming a region of plastic deformation in

which the stress-strain behavior of the material is nonlinear.

In addition to local yielding at the crack tip, high temperatures

cause the material to strain without an increase in the stress level

and, consequently, time dependency becomes important (this phenomenon

is known as creep). These physical considerations (plastic deformation

and creep with time) have been incorporated by Terry D. Hinnerichs (5)

in modeling crack growth behavior of IN-iO0, a new nickel based powder

alloy presently used in F-1O0 turbine disks. He developed a constant

strain finite element computer program in order to model the physical

behavior of the material. Inelastic behavior near the crack tip was

modeled using either the Bodner-Partom or the coupled Malvern-Norton

flow laws. These rate-sensitive models each differ in their constitutive

development. For example, the Malvern model employs the concept of

a reference stress-strain isotropic hardening function. Thus, elastic

and plastic deformations are separated through the use of the Von-Mises

yield criterion. The Malvern model has the advantage of a limited set

of material parameters which are quite easy to determine.

A more sophisticated model, the Bodner-Partom, is based on

2



dislocation dynamics. In its formulation, the elastic and plastic defor-

mations are not separated by a yield criterion. Therefore, this consti-

tutive model is independent of the material's yield stress. The main

disadvantage of the Bodner model is in its reliance upon many material

constants which must be determined beforehand, and often this is not an

easy task, due to coupling of the parameters.

PURPOSE

The major purpose of this thesis is to compare the Bodner-Partom

flow law model with variations of the coupled Malvern overstress and

Norton's Creep laws. The comparisons between the models are directed

toward physical and mathematical representations of the effect on crack

growth, plastic zone size, plastic stress and strain distributions, and

differences in plastic work due to inelastic behavior at the crack tip.

These comparisons can be used in determining if a simplified flow law,

under certain restrictions, models the materials' inelastic behavior

with crack growth as accurately as the sophisticated Bodner-Partom

model. Thus, if one can model the plastic flow with a simplified model

in which the material parameters are few and easily determined, then one

has developed a useful engineering tool that can be readily used for

determining plastic flow effects on crack growth. For example, the

Bodner-Partom model in its present form requires, as mentioned previously,

the evaluation of nine material parameters. These parameters have been

evaluated for IN-i00 at 1350'F based upon an experimental data set of

eleven creep tests and nine tensile tests. The results of this work

are published by Stouffer (6) and have been utilized by Hinnerichs,
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II
within his finite element computer code, to model crack growth. Although

the results using the Bodner expression to model crack growth are very

encouraging, determination of Bodner's nine material parameters are

difficult, and require a thorough understanding of the model's develop-

ment. Therefore, it has been proposed that a simplified flow law with

two material constants, such as the coupled Malvern/Norton, could provide

the necessary plastic flow required to accurately model the plastic

zone at the crack tip.

Hinnerichs (5) compared effective stress and strain at the crack

tip using both the Bodner-Partom and the linear Malvern-Norton models.

Results showed good correlations between the two models, even though

the linear Malvern model had a limited range in predicting the plastic

strain-rate. Consequently, the focus of this thesis will be toward the

development of variations of the coupled Malvern-Norton model to capture

the full variation of plastic strain rates over a range of stress levels.

These rate-sensitive models will then be incorporated into the computer

program developed by Hinnerichs. Also, the finite element program will

be used to model crack growth based on the new variations of the coupled

Malvern-Norton model and compare crack growth behavior to the response

using the Bodner-Partom model.

GENERAL APPROACH

A two-dimensional (constant strain triangle) finite element

, program developed by Terry D. Hinnerichs at AFIT will be used to study

the effects of various viscoplastic flow laws on crack growth.



Initially, different forms of the Malvern overstress flow law

will be studied. These forms will include linear, power, and expo-

nential mathematical expressions of the constitutive laws. Com-

parisons of these different forms will be made with each other and

to experimental tensile tests for IN-100.

The Malvern law will then be superimposed upon the secondary creep

Norton flow law to express a unified flow law. This unified flow law

approach has been proposed by Zienkiewicz and Cormeau (7), and will

be used with the linear, power, and exponential forms of the Malvern

equation (these forms will be called the coupled forms).

In addition to these coupled forms, a form using only the exponen-

tial form of the Malvern equation will be used to fit the range of

plastic strain rates (this form will be called the uncoupled form).

This new modification couples the viscoplastic and creep strains together

without the superposition technique, as mentioned above.

Once good correlations among stress, strain, and strain rate

behavior of these models have been made, then each of these strain-

rate sensitive models will be incorporated into the finite element anal-

ysis of crack growth.

The crack growth model consists of a center cracked plate specimen

in which constant strain triangles are used to model the plate. Element

size has been reduced near the crack tip with element refinements in

the order of a grain size for IN-IO0.

Crack-opening displacements from experimental data obtained by

W. Sharpe (8) has been utilized within the computer code so that crack

MN 5



opening displacements (COD) will accurately model the actual experi-

mental displacement versus time relations. For example, if the C.O.D.

in the Sharpe data curve exceeds the finite element calculated displace-

ment, then a node at the crack tip is released so that the correct

C.O.D. versus time can be matched. Thus, predicted crack length versus

time becomes a by-product of C.O.D.

In the analysis of crack growth using the center crack plate, two

different applied load levels have been incorporated. One load l3vel

of 10896 lbs. with a stress intensity factor, K, of 25 KSIVr' , and

another load level of 16060 lbs. with a K of 36.8 KSIVIn are considered.

Each load case uses both the Bodner-Partom and coupled Malvern-Norton

equations to model the effects of time dependent plasticity on crack

growth.

ASSUMPTIONS

Basic assumptions used in the formulation of strain-rate sensitive

constitutive models are as followss

1. The total strain within a material may be decomposed into elastic

and plastic components. This assumption is computationally con-

venient since the finite element code formulates an elastic stiff-

ness matrix directly, while effects of plasticity can be incremen-

ted separately by a rate-sensitive model via the residual force

method (see theory section). This eliminates the need to modify

the elastic stiffness matrix.

2. Plastic incompressibility is assumed such that hydrostatic

(spherical) stress has no effect on the yield behavior of the

6



material.

3. The formulation of both Malvern's and Bodner's flow laws implies

that plastic strain rates are linearly related to stress rates.

4. The material's behavior is considered isotropic up to the

elastic limit. After exceeding the yield point, two different

hardening rules are enforced depending on the constitutive flow

law used. The Malvern-Norton combination assumes isotropic

hardening. Thus, the yield surface expands uniformly with respect

to the hydrostatic stress line. On the other hand, the Bodner-

Partom Model uses a kinematic hardening function which can vary

the material's hardness through the use of a recovery term. If the

recovery term is not included, the Bodner's law follows the iso-

tropic L dening rule (9).

5. Malvern's constitutive model assumes the existence of an

initial yield surface. This surface is traced through time by the

model and defines the point at which plasticity occurs. On the

contrary, Bodner's flow law was developed independent of a yield

surface and, thus, traces plastic strain from the start of load

application.

P7
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II. VISCOPLASTICITY AND CREEP THEORY

A rheological model for the Malvern-Norton stress-strain relation-

ship may be represented by the total strain behavior of a material as

shown in Figure 1

0 €

FIGURE 1.

The total strain is composed of both elastic (represented by the spring)

and inelastic strains (slides and dashpots). The inelastic strain is

made up of the time dependent viscoplastic strain as well as the creep

strain. The viscoplastic strain occurs only when the yield point of

the material is exceeded and is considered nonrecoverable. Thus, the

slides can move in only one direction. Another time dependent strain

called creep strain (represented by the second dashpot), is an inelastic

strain that continuously forms throughout time and is independent of

the initial yield stress.

Thus, the total strain using tensor notation is

reaAL Vfas3-,' p|e.i
G Q + 

(2.1)

where c + E e , is the total. plastic response

including both viscoplasticity and creep strains (10,11,12).

These strains can be expressed in rate dependent form as

To.eL EIsc PIsC
+ i hr dt6 (2.2)
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Therefore, the total strain rate is composed of both the elastic

strain rate, which is related to stress by the derivative of Hooks's

law, and the plastic strain rate.

The plastic strain rate is related to stress by the Prandtl-

Reuse equation. This equation assumes, as mentioned previously, that

an increment of plastic strain is proportional to the instantaneous

deviatoric stress. The deviatoric stress represents the radius of the

Von-Mises yield cylinder in 3-D stress space. The Von-Mises yield

surface, represented in three-dimensional stress space, is shown in

Figure 2

IG

, / FIGURE 2. VON-MISES YIELD SURP'ACE



where, from Figure 2, S is the deviatoric stress vector, O-j is the

total stress vector, and r[q (O7,r is the hydrostatic stress vector which

lies on the line where a-, 22 C33z0 (13).

The Von-Mises yield criteria implies that if a state of stress lies

on the yield surface, then plastic flow occurs. If, however, the state

of stress decreases and lies within the cylinder, elastic strains occur.

The Von-Mises yield surface extends to infinity parallel to the cylindrical

axis shown in Figure 2. During plastic straining, this surface expands

normal to itself, and thus, isotropic hardening is enforced within

the plastic zone.

The Prandtl-Reuss Equation takes the form

•P

7k S -J (2.3)

where Sj represents the radius of the yield cylinder in 3-D stress

space. The A parameter is a material behavior value expressing the

material's plastic flow response. This plastic flow response can be

represented by several well-known flow laws, one of which is the Malvern

*Linear Overstress law (15). This law accounts for viscoplasticity

during an incremental change in the stress level (overstress) and is

represented constitutively by

6 LJ ~3 Si(2.4)

10
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The parameter Yp is the fluidity constant which can be varied

to match the material's strain-rate sensitivity. The effective

stress, Oe , is a stress invariant which measures the incremental

change of the yield surface due to an overstress. The deviatoric

stress, SQ , represents a point at which plasticity is measured.

The strain hardening yield stress function, , is a function

of the effective plastic strain and is used as a universal stress-

strain curve that governs the material's uniaxial inelastic behavior

during loading. This function takes the form (assuming a linear strain

hardening over a given uniaxial stress-strain segment)

.(2.5)
= + H

where 07 is the material's initial yield stress, H represents the
P

slope of the uniaxial stress-strain curve and 6 is the effective

plastic strain (14).

The strain hardening yield stress function is valid only when

used with monotonically increasing loads. This equation is based on

the Von-Mises yield criterion modeling isotropic hardening and does

not account for the Baushinger effects that occur during load reversal.

The flow law that is coupled to the Malvern is the Norton law for

secondary creep. This law accounts for long term creep strains that

occur with time. The creep response for all practical purposes can

be considered negligible, since crack growth studies considered

herein were at high levels of strain rates for relatively short

periods of time, but this phenomenon will be included for completeness.

11
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Norton's Creep law (11) is expressed in multiaxial form as

2. u- (2.6)

where and are material constants to be determined from uniaxial

creep test results. See Appendix A for determination of these values.

The coupling of Malvern's overstress law with Norton's secondary

creep law has been proposed by Zienkiewicz and Cormeau (4). The

coupled form would represent a unified flow law where both visco-

plastic and creep strains are superimposed to form a total plastic

strain.

The interest of the next section is to to examine some of the param-

eters presented previously and discuss their individual characteristics.

CONSTITUTIVE MALVERN MODEL EEVELOPMENT

The simplest form of the Malvern law has been shown in Equation

(2.4). It has one material parameter, 1 , which models plastic strain-

rate sensitivity. Thus, a value for Yp must be chosen to fit the strain-

rate required for the analysis. Hence, for the simpliest form or so-

called linear model, determination of 1P is highly problem dependent.

For example, in the case of plastic flow near a crack tip or geometrical

discontinuity, both magnitudes of strain-rate and stress levels are high.

Also, as one traverses across the plastic zone ahead of the discontinuity,

stress and strain rate levels vary. Thus, if one is attempting to capture

these variations within the plastic zone, using a one parameter function

such as the Malvern equation, an averaging technique must be used. Also,

the value of (P is chosen high enough so that the linear model will

12



predict the proper plastic flow at both high and low stress intensity

factor levels.

To eliminate the problem dependency that the linear Malvern

model presents in predicting a range of strain rates, other versions of

the Malvern constitutive equations are introduced.

MALVERN'S POWER LAW. The power version can be expressed in

multiaxial form as

-'lj = 3 L (2.7)

where is a function discussed in a subsequent section, but for

completeness, the reader can think of it as the plastic stress-strain

curve. The parameters fp and 7 are introduced to establish

material dependency rather than problem dependency. These two material

constants are determined by taking the natural logarithm of each side

of the above equation, then selecting two experimental strain rates

and their corresponding stress levels. This establishes two equations

which can be used to find dp and * The power form of the Malvern

law predicts only two experimental strain rates accurately. These

results will be graphically shown in the experimental response section.

EXPONENTIAL MALVERN. Another form of the Malvern flow law uses an

exponential mathematical expression. This form of the governing

constitutive equation has been used in the analysis of propagation of

plastic waves of uniaxial stress in long rods and bars (16) and

13



expressed as

________ - - (2.8)

The parameters p and 0 characterize the shape and, therefore, rate

sensitivity of the strain-rate versus stress curve, and the calculations

for their determination can be found in Appendix B. The term ((7j- C'C))

is called the overstress, where, in the uniaxial case, the effective stress,

j, reduces to an applied stress and the strain hardening yield stress

value, TCGe) characterizes the viscoplastic nonlinear response of the

material's uniaxially stress-strain curve (see Figure 3).

Yields4.s - [- - - fre

lp

Y~~~lr s S S .. . .

FIGURE 3. UNIAXIAL STRESS-STRAIN CURVE SHOWING OVERSTRESS
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The exponential form has been found to match experimental strain rates

over a range of corresponding stress levels (see section III for these

results). Hence, as noted in the experimental section, the exponential

form of the Malvern law is the most accurate of all versions in predicting

actual material behavior.

BOtIER-PARTOM CONSTITUTIVE MC'EL

The Bodner-Partom constitutive equation expressed in uniaxial form

to
= 2 2n

- D e o&p~LL 2  (2.9)

where 7 represents the macroscopic measure of hardness; 1 is a

constant controlling the strain-rate sensitivity; and Do expresses the

limiting value of strain rate. A detailed discussion of these constitutive

model parameters is presented in a technical report by Stouffer (6,17).

Hinnerichs (5) explains the details of how Bodner's flow law is numerically

integrated in the finite element program used herein. It should be

noted that this material model is capable of handling unloading or

cyclic loading with a more physically correct description than Malvern's

model.

Table 2.1 shows a list of the current coefficients developed by

Stouffer (6) for IN-100 at 1350 F. These nine constants, although not

all shown in Eq (2. i0), are used in the total response of the Bodner-

Partom flow law to calculate plasticity within the finite element program.

13



TABLE 2.1

COEFFICIENTS FOR IN-100 AT 1350 F

Material Description Value
Parsameter

E Elastic modulus 21.3 x j03 KsI

n Strain rate exponent 0.7

DoLimiting value of strain rate 104~ sec

ZOLimiting value of hardness 915.0 KSI

zIMaximum value of hardness 1015.0 KSI

Z2Minimum value of hardness 600.0 KSI

aHardening rate exponent 2.57 KSIV1

AHardening recovery coefficient 1.9 x 10-3 sec-1

r Hardening recovery exponent 2.66

16



I I
III. EXPERIMENTAL RESPONSE OF IN-IO0 AT 1350*F

In a technical report by Stouffer (6), the results of twenty

mechanical tests performed on IN-100 are tabulated and graphically

displayed. Eight of these tests were tensile in which the control

variable was strain rate and the observed variable was stress.

Eleven of the tests were designated creep, in which the control

variable was stress and the observed variable was strain rate. The stable

values of stress and strain rate from these experiments were plotted.

The results show a linear response (see Figure 4). If a best line fit

is made to the data, the slope of the creep response is smaller than

the tensile. Thus, if one wants to differentiate between creep and

viscoplasticity, the break point (yield point) is the point in which

the slope changes, and for the subsequent figures it has been chosen to

be 125 KSI. The idea of differentiation between plasticity and creep

fits the formulation of the coupled Malvern-Norton flow law combination.

Therefore, the Norton law is matched to the lower sloped creep data

tests, while the coupled Nalvern-Norton combination is matched to the

higher sloped tensile tests.

COUPLED LINEAR MALVERN RESPONSE. Figure 5 shows the calculated

response of the coupled linear Malvern-Norton flow law. The experi-

mental strain rates below 10-5 sec -1 designate creep strains and have

been calculated using the uniaxial form of Norton's secondary creep

law as shown in Eq 3.1

(.
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For the calculated response, fixed material constants of Lc

equals 8.7953 x 10-2 8/KSI 10 "3747 sec and fi equals 10.3747 were used

(determination of these constants are discussed in Appendix A).

Substituting the above parameters and stress values ranging fro& 61 to 125 KSI,

the calculated response of Equation 3.1 is determined. This power law

function, observed in Figure 6 shows good correlation to the best line

fit of experimental data in the creep strain region.

The experimental tensile tests at high stable strain rates

(10 - 5 sec 1 or greater) are matched with the viscoplastic response of

the coupled linear Malvern equation expressed in multiaxial form as

SJ2 0 e GE (3.2)

For the calculated response, the uniaxial form of Eq 3.3 is used

where j -125 KSI is the perfectly plastic yield stress value, and

z-p .33 sec-1 was chosen to match the expected average problem

dependent strain rate for the fracture mechanics problem which is

discussed in section V. Using the above parameters and stress values

ranging from 60 to 180 KSI, the calculated response of Eq 3.3 can be

determined. Figure 7 shows that this coupled response matches only one

experimental strain rate accurately, while variations above or below
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the "matched point" will be in error. Therefore, the coupled linear

Malvern expression, in this highly problem dependent form, is not

useful in predicting any variations in plastic strain rates.

The following sections will introduce different forms of the

Malvern expression containing material parameters which constitute

material dependency rather than problem dependency.

MALVERN'S COUPLED POWER RESPONSE. The next version of the Malvern-

Norton combination is the power law form, expressed uniaxially as

e K OP IJ+~ (UV) ;1 (3.4L-

The parameters Yp -0.3236 sec - 1 and N -2.2746 have been determined

from the experimental data as discussed in Appendix B. The values of

, A and Q have been previously determined and thus, Equation

3.4 becomes a function of the stress level. Inserting values of stress,

corresponding values of plastic strain rates are determined and then

plotted in Figure 8. The coupled Malvern power response at the levels

of 10-5 sec or greater match only two experimental strain rates accurately.

Thus, Malvern's power law, although in material dependent form, is

limited in predicting the total range of experimental strain rates.

MVALERN'S CCUPLED EXPONENTIAL RESPONSE. The next constitutive

equation is in exponential form and represented uniaxially as

-r. e,. T- -I- +. -- (3.,)
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The determination of 4 and . are shown in Appendix B, while the

values of the parameters 6 Y, A and l have been previously

introduced. Taking r -4.3289 x 10- 6 sec - and 0- -5.9716 and

substituting these values into Eq 3.5, the calculated response can be

easily determined by substituting stress values ranging from 61 KSI-180 KSI.

The results of these calculations are shown in Figure 9, indicating that

the exponential form matches the high experimental strain rates

very accurately.

MALVERN'S UNCCUPLED EXPONENTIAL RESPONSE. The uncoupled exponential

constitutive equation does not include Norton's law for secondary creep

and is expressed uniaxially as

e- P' ~x (If ) L7 04-- (3 .6)

The parameters Y and 0- are material constants which capture the

material's strain rate sensitivity over the entire range of plastic

strain rates. Thus, the value of 0 -61 KSI was set at the lowest

strain rate measured experimentally, so that all rates above this level

may constitute viscoplastic strain rates. The calculated response, shown

in Figure 10, is determined by substituting ?p -9.5382 x 10-10 sec-1

and OL -7.0767 (see Appendix B for their determination) and stress

values ranging from 61 KSI-180 YSI. It is interesting to note that the

expressions used in Eq 3.6 give very close results with the experimental,

since one tries to develop the p and 0- to depict a total range of

stress greater than -61 KSI. Equation 3.5 also states the exponential

Malvern function, incorporating r and Q_ parameters which adjust the
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model's strain rate sensitivity if stress is greater than 0 -125 KSI.

Thus, by using the exponential form, one can arbitrarily set the E

value and corresponding jp and A- expressions to match the range of

experimental strain rates of interest.

Upon the examination of the various versions of the Malvern model,

it has been determined that the exponential constitutive Malvern

equation predicts experimental strain rates with the most accuracy.

Malvern's power form, although material dependent, predicts only two

experimental strain rates, while the linear Malvern predicts only one

strain rate and is highly problem dependent.
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IV. THE YIELD STRESS FUNCTION AND FINITE ELEMENT APPLICATIONS

The strain hardening yield stress function is an equation which

is used in all versions of the Malvern overstress flow law. This

function represents the material's nonlinear behavior based on

uniaxial tensile tests. For example, three of Stouffer's (6) eight

strain rate controlled tests on IN-100 are shown in Figure 1i. The

general shape of these curves is quite uniform throughout the range of

strain rates (providing no stress recovery is occurring). Thus, it is

assumed that a universal strain hardening yield stress function may be

chosen to represent the entire range of the material's nonlinear behavior.

To develop this expression, a multilinear fit is performed to one exper-

imental tensile curve. For numerical purposes, the equation is developed

as a function of plastic strain and used within the finite element code

for time integration of the Malvern flow law (integration performed by

Euler linear extrapolation).

The strain hardening yield stress function can be expressed in

general form as

I/
where U is the initial value of yield stress, N is the plastic

slope of the stress-strain curve and P is the effective plastic strain.re
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This function is used within the Malvern flow law to express an
e

overstress ratio, -- . The magnitude of this ratio determines the

incremental strain rate produced with time. For example, the time

integration of the Malvern flow law is as follows (the superscript, n,

refers to the iteration number)

0 i[ r < 07 (Ee)' Q- e "e

n

E 
P h-I( J) ~ ~ ~ S e_ i]ss_ '  C ) '  (4.2)

efe P2 Ch'

Both plastic straining and strain hardening will occur if the plastic

effective stress value exceeds the initial Von-Mises yield criteria, and

if each increment of this stress remains greater than the previous incre-

ment. Therefore, the above expression of the flow law traces the expanding

yield surface with time.

Next, a plastic strain increment is calculated based on a given time

increment

dt n : (4.3)
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Furthermore, this plastic strain increment is summed with the previous

increment to find the current effective plastic strain which is then

used to determine the current value of (E;)by

Figure 12 shows multilinear curves developed for each variation of the

Malvern model. The top curve was the original curve developed by

Hinnerichs for the linear Malvern model. The bottom two curves were

developed to best fit IN-100's experimental tensile response data

presented in a technical report by Stouffer (6).

UNIAXIAL RESPONSE USING A FINITE ELEMET MODEL

The uniaxial nonlinear response of IN-100 was checked using the

finite element model as shown in Figure 13

>~ P Lao4 et ode

N4e nuwmbk-
S$T

P

CST Elements

FIGURE 13. FINITE ELEMENT MODEL USED FOR UNIAXIAL RESPONSE
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These elements were subjected to various load levels to determine

how the nonlinear stress-strain response of the coupled Malvern-Norton

compared to that of the Bodner-Partom. Figure 14 shows the nonlinear

unlaxial finite element response of the Bodner-Partom flow law versus

the exponential Malvern using an applied stress of 164.4 KSI. The expo-

nential Malvern using the multilinear strain hardening yield stress function

matches the Bodner stress-strain response well.

For the Malvern flow law, the curved inelastic response is highly

dependent on the universal strain hardening yield stress function.

This function was developed by performing a ultilinear fit to actual

experimental stress-strain curve data as discussed in the theory

section.

THE FINITE ELEMENT METHOD APPLIED TO ELASTIC-PLASTIC STRUCTURES

In an isotropic material in which the yield point (uniaxially)

has been exceeded, strain hardening will occur and, therefore, elastic

analysis is invalid. When modeling elastic-plastic material with finite

elements, a numerical iteration process must be used to account for the

material's changing stiffness within the plastic region. Either the element's

stiffness coefficients can be updated or a technique known as the resid-

ual overstress force method (18), can be used. This method uses an incre-

mental inelastic strain from a viscoplastic flow law to generate a resi-

dual load vector. This vector is then added to the externally applied

load vector (and multiplied by the inverse of the elastic stiffness matrix)

to form total nodal displacements within an element.

I
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The residual load vector created by plasticity is a pseudo-force,

since it is not part of the externally applied force. Thus, in

computing the current stress level within an element, the plastic

strain generated must be removed so that the actural stress within

the structure will not exceed the externally applied stress.

The residual force method is numerically solved using the Euler

integration technique in which time is incremented directly while

load, strain, and stress are incremented indirectly. This method does

not modify the elastic stiffness coefficients of the finite element

nodel.

To show how this method is incremented within the computer code,

the linear Malvern overstress law is used to determine a plastic

strain rate and is computed as follows

EL op YP ~ P' r P7 (4.5)

Next, the current simulation time is determined

L-I L

t - t d (4.6)

Taking the element's plastic strain rate and multiplying by the time

increment, the element's plastic strain increment is

LP (4.7)

then

jii
r •6



and

e (4i.9)

Thus, the current effective plastic strain can then be used to determine

a new value for the strain hardening yield stress function. The pre-

vious plastic strain is summed with the current plastic increment to

obtain the total plastic strain
p P - ip L

e~ 6ijI = 1 LI i d 1 i (4i.10)

The plastic load vector (residual load vector) can be calculated

1f31 E LD]J ij VOL (.1

VOL

The current externally applied load vector is calculated

P3  + L4.i;)

Now, using the elastic stiffness matrix, the nodal displacements of the
element are

Lu = [KF (.Ipl + Q)
The total current strain value can be expressed by

BJEu(14.14.)

37

*~



Finally, the current total stress value within the element is expressed by,

D] (4.15)

Note that the plastic strain within the element is removed, since the

tern introduced by the pseudo-force would generate a combined internal

stress exceeding the applied external stress. This method is repeated

for every element and the interaction process continues until the point

at which stress and strain within the element satisfies equilibrium with

the externally applied loads.

The uniaxial initial strain iteration scheme is graphically

displayed in Figure 15.
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V. HYBRID EXPERMN4TAL NUMERICAL PROCEDURE AND THE FINITE ELEMENT MODEL

To predict crack growth within the finite element model, a method

known as the Hybrid Experimental Numerical procedure is used (18).

This method compares experimental crack opening displacements with

nodal displacements generated by the finite element program containing

one of the rate-sensitive flow laws. For example, the finite element

model is loaded with an applied stress level. If the stress field

intensity is high enough at the crack tip, then one of the rate sensitive

models will generate plastic straining within a plastic zone region.

The inelastic straining will generate near field displacements which

are measured with time and compared with the experimental. Thus, if the

finite element's nodal displacement rate is greater than the experimen-

tal, the node at the crack tip will remain restrained (thus, plasticity

retards crack growth). Conversely, if the nodal displacement rate is

less than the experimental, the node at the crack tip will be released

to insure compatibility with the experimental crack opening displacement

rate. A detailed discussion of how the nodal release method is employed

in the program is reported by Hinnerichs (5). The experimental crack

opening displacement curves have been reported by Sharpe (8) and shown

in Figures 16 and 17. Thus, the Hybrid Experimental Numerical (HEN)

procedure will trace experimental displacement rates rather than crack

growth rates. This displacement rate method is ideally suited for

crack growth studies where the amount of crack growth is very small and,

therefore, becomes almost impossible to measure experimentally

(380 nicrons/.0184 inches).
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SPECIMEN MODEL FOR CRACK GROWTH. The material specimen used in

the experimental tests is displayed in Figure 18. Due to this specimen's

symmetry, only one quarter of the center crack plate was modeled. The

finite element mesh used in modeling the test specimen is shown in

Figure 19. This model consists of 355 constant strain triangles with

211 nodal points.

Convergence studies, conducted by Hinnerichs, compared model com-

pliance with an empirical solution by Eftis and Liebowitz (20). Results

indicated that the mesh had excellent convergence qualities and, therefore,

the same mesh and element scheme is used in this research.

The element reduction scheme consisted of reducing element size in

half until IN-100's material grain size is reached (grain size approximately

7.8125 x 10-4 inches). Figure 2Q shows the refined grain size elements

near the crack tip. This uniform mesh was used to insure uniform stress-

strain variations as the crack grows through the material. Furthermore,

grain sized elements were chosen since elastic finite element convergence

studies have shown that as the rate of crack tip element size decreases,

accuracy increases. Hence, a majority of the elements (218) within the

finite element model can be seen in this near field crack tip region.

It may be argued, from the micromechanic's point of view, that as one

approaches the grain size of the material, the element's behavior can

no longer be considered isotropic. But, since the finite elements are

an extention of the continuum, then one can justify the use of these

small elements. The number of elements used in front of the crack tip

was based upon expected experimental crack growth.
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VI. RESULTS A1ND DISCUSSION

In comparing variations of material models, (i, alvern's and Bodner's

flow laws) differences in constitutive development must be kept in mind.

Bodner's response is independent of an initial yield point and thus,

plastic flow is initiated from the beginning of load application. On

the other hand, Malvern's flow law is based on the Von-Mises yield

surface and thus, plasticity does not start until the material's elastic

response exceeds this surface. The computer code required that an initial

yield point be specified to start plastic action with the Bodner model.

Therefore, variations of the initial yield point were tried to note the

effect upon Bodner's response. Using a high K value and yields of 45 KSI

and 130 KSI respectively, the Bodner model shows very little change in

total plastic work between the two initial yield values (see Figure 21).

With such a minimal change, it was considered valid to use a starting

point of 130 KSI for plastic flow. This value is used in all calculated

responses of the Bodner model unless otherwise stated.

In all the comparisons made in this section, a center crack plate

is used with an initial crack length of .1367 inches. The total load

of the plate was applied within 5 seconds; this was the same procedure

used in the experimental testinr.

Different plastic zone sizes were produced by loading the finite

element model to different force levels. Table 5.1 exhibits two

different cases that were run using the various strain-rate sensitive

models to predict plastic flow during crack growth.
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COMPARISONS USING TOTAL PLASTIC WORK

The total plastic work within the plastic zone is computed by

(where i is the iteration increment and N is the number of finite elements)

LL

W L Z- P5j C j c t (VOL. O ELEMEN) (1)

where Sij is the deviatoric stress vector, Lj is the plastic strain

rate determined by one of the rate-sensitive flow laws and dt is the

current increment in time. This work is summed up for each element in

the plastic zone which yields the total plastic work performed during

inelastic deformation. As crack propagation occurs, elements behind the

crack tip no longer accumulate plastic work because their stress levels

are being reduced below that which causes permanent deformation. Thus,

the total plastic work accumulated is a measure of the amount of plastic

flow produced by the rate-sensitive models.

MODEL COMPARISONS AT LOW K LEVEL. The first comparison is made

using the linear version of the Malvern flow law (K of 25 KSI Vi)

P' L Pe. ~ (5.2)

This model's strain-rate sensitivity was set using p =.33 sec 1, which

matches a high strain rate value of .833 x 10-2 sec-1, to insure this

problem dependent model would predict the average strain rate occurring

within the plastic zone (the 1(T(p) with its initial yield stress of

130 KSI has been previously discussed). The standard load rate is applied
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to the finite element model and strain-rate sensitive model is allowed

to generate plastic flow, retarding crack growth.

Figure 22 shows the linear Malvern response during crack growth.

During the first 30 minutes of crack propagation, this model generates

slightly more plastic work than Bodner's. This indicates that for higher

stress levels, the Malvern model is more rate sensitive (i.e. 6 versus

stress). After approximately 30 minutes of crack growth, the differences

in accumulated plastic work between these models become negligible.

The next comparison is made with the material dependent coupled

Malvern-Norton exponential flow law. This model's initial yield stress

value was set at 95 KSI, while its r and CL values are the material's

constants, as determined previously. Figure 22 shows that this model

captures slightly more plastic work than either the linear Malvern or

Bodner flow laws. This is due to the lower yield stress value, where

a larger number of elements may produce plastic straining and generate

more plastic work.

In summary, the total plastic work accumulated among all three plastic

flow models is almost identical throughout the entire range of computer

simulation time. This occurs since the variations (strain rate and stress)

within the plastic zone are so small that each material's response to

these variations becomes insignificant. It can also be noted from Figure

22 that the rate of total plastic work accumulated is constant (i.e. slope

of Wp versus time).
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MOIEL COMPARISONS AT HIGH K LEVEL. The next test involved an applied

load of 16060 lbs., producing a K value of 36.8 KSI in . The magnitude

of the effective stress within the finite elements near the crack tip

iwuediately after total stress application ranged from 160 to 170 XSI.

Thus, the plastic zone size is larger than in the low K test, with a greater

variation of plastic strain rates and stress in this zone. Figure 23

shows that the coupled exponential Malvern-Norton model accumulates more

plastic work than either the linear Malvern or Bodner models. This is

based on the fact that this model was formulated with an initial yield

stress value of 95 KSI, (see theory section for discussion) generating

plastic flow when this stress value is exceeded. On the other hand, the

problem dependent linear Malvern matches only one experimental strain

rate (i.e. .833 x 10- 2 sec-1 ) and is set with an initial yield of 130 KSI.

Hence, the linear Malvern cannot accumulate the same amount of plastic

work as the exponential form, but its averaging technique shows good cor-

relation with the Bodner-Partom model.

Figure 24 shows the response of the uncoupled exponential Malvern

(Norton is not included) versus the Bodner-Partom. In this case, the

initial yield stress for both models is set at 45 KSI. The uncoupled

exponential Malvern continues to accumulate more plastic work than the

Bodner-Partom. This indicates that the Malvern model, in exponential

form, is more rate-sensitive (slope of predicted versus stress curve)

to stress variations than either the Bodner or linear Malvern.
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CRACK LENGTH AND RATE CCMPARISONS. During the finite element

simulation runs, load is applied within 5 seconds, but no crack growth

is allowed. Hence, in the vicinity of the crack tip, a large stress

field develops in which a rate-sensitive model initiates plastic flow.

The amount of plastic flow generated is highly dependent on the model's

plastic strain sensitivity at various load levels. These sensitivities

(slope of the 6 versus stress curve) and each model's ability to capture

ranges of plastic strain variations effect the crack growth behavior of

each model.

Results shown in Figure 25 for the low K value, indicate that all

three models are predicting approximately the same crack growth rate and

final crack length. This is due to the small plastic zone size where

variations in stress and strain rates are small, thus, the viscoplastic

flow captured by each model is almost insignificant.

Figure 26 depicts the model variations when the high K level is

used with the same initial crack length. The differences in each model's

rate-sensitivity become apparent, since the plastic zone size and vari-

ations in plastic strain rate and stress are much larger. The problem

dependent linear Malvern model exhibits the greatest amount of crack

growth per unit of time. This result indicates that the problem dependent

model, which predicts only one strain rate accurately, is not capturing

as much plastic strain as either the Bodner or coupled exponential Malvern

model.

The coupled exponential Malvern-Norton model shows the least amount

of crack growth per unit time when compared to the other flow law models.
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This indicates that the coupled exponential expression is generating more

plastic strain near the crack tip which retards the amount of crack

growth. Therefore, the exponential Falvern is more sensitive to strain

rate variations for a given stress level than either the Bodner or linear

Malvern. This fact becomes clear upon examination of the stress contours

and profiles for the near crack tip region.

Figure 27 shows the crack growth results using the uncoupled expo-

nential Malvern (Norton's Secondary Creep Law is not included) versus

the Bodner-Partom law. The uncoupled exponential form behaves much like

the coupled exponential form in predicting plastic flow near the crack

tip, since the crack growth rates and final crack length are almost

identical. This should be expected because both the uncoupled and coupled

exponential Malvern expressions were formulated with almost identical

strain rate sensitivities (i.e. slope C versus stress curve). The only

difference is that the coupled exponential was matched to strain rates

above 10- sec - 1 , while the uncoupled exponential was matched to a range

of strain rates above ii0"9 sec -t (this was discussed in a previous section).

A summary of the final crack lengths (af) predicted by the various

rate-sensitive models is tabulated in Table (5.2).

COMPARISONS OF EFFECTIVE STRESS CONTOURS AND PROFILES. The effective

stress contours were generated by use of an interactive graphics package

MOVIE. BYU, that has been installed on the Materials Lab Prime 550

computer. The vector and scalar functions generated by Hinnerich's

program were modified so that its format is compatible with MOVIE'S.

This graphics package has the ability to magnify a small region so that
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TABLE 5.2

SUMNIARY OF CRACK GROWTH RESULTS

MODEL LOAD (lbs.) ao(in.) af(in.) TIME (,in.)

Linear Malvern 10896 0.1367 0. 14795 55

Coupled Exp. Malvern 10896 0.1367 0.14748 55

Bodner-Partom 10896 0.1367 0.14748 55

Linear Malvern 16060 0.1367 0.14889 10

Coupled Exp. Malvern 16060 0.1367 0. 14778 10

Uncoupled Exp. Malvern 16060 0.1367 0.14686 10

Bodner-Partom 16060 0.1367 0. 14795 10
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scalar or vector functions can be graphically displayed.

Figures 28, 29, and 30 show the effective stress contours of each

rate-sensitive model generated by MOVIE immediately before the first

node is released. The contours near the crack tip are very close

together, indicating a sharp rise in the stress level. In comparing

these contours, the contours of the coupled exponential Malvern indicate

both a higher level and concentration of stress near the crack tip than

either the Bodner or linear Malvern models. The linear Malvern model

shows the least concentration of effective stress near the crack tip.

This indicates that the linear Malvern captures the least amount of

plastic strain, while the exponential Malvern captures the most plastic

strain.

Figure 31 shows the effective stress levels plotted graphically

versus horizontal distance from the crack tip. This plot confirms

that the exponential Malvern generates a higher level of stress concen-

tration at the crack tip, while the linear Malvern shows the least

concentration.

Figures 32 and 33 exhibit the effective stress contours before the

5th node is released. Here, the magnitudes of the effective stress have

been reduced from their initial load-up levels by crack propagation.

When compared with Bodner's contours, the coupled exponential Malvern

indicates a higher level of stress concentration near the crack tip.

The exponential Malvern generates slightly more viscoplastic action (plastic

strain) than Bodner's for high stress levels.
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Figure 34 represents effective stress levels plotted graphically

versus horizontal distance from the crack tip. The coupled exponential

shows slightly higher magnitudes of stress level near the crack tip than

the Bodner, but the exponential does depict similar characteristics as

the Bodner for the problem studied.
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VII. CONCLUSIONS

1. In the analysis of crack growth with various rate-sensitive

models, variations in crack growth due to the response of these models

are negligible when small crack lengths and stress intensities are used

(less than .32% variation in final crack length between models).

However, as the stress intensity factor is increased, for the same

crack length, variations in each of the model's rate sensitivity

become apparent. For the high load level, the exponential forms

(both coupled and uncoupled Malvern), consistently generated more

plastic strain than the other flow laws. This effect was noticed by

observing plastic work, effective stress, and the final crack lengths.

On the other hand, variations in crack growth caused by these differences

were less than one percent when comparing each model's crack lengths.

2. The linear Malvern flow law was found to be highly problem

dependent. Thus, it is not practical for use in problems where either

the stress level or strain rate is unknown.

3. The Bodner-Partom constitutive model should be used as a standard

for other model comparisons, since this model's response is independent

of the material's yield stress. Previous crack growth predictions using

the Bodner model (research at AFIT by Terry Hinnerichs) demonstrated that

this model generates plastic action that predicts crack growth accurately.

The disadvantage lies in the determination of nine material parameters.
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These parameters are coupled to each other so constitutive formulation

is difficult without a thorough understanding of the model's interactions.

4. Contrary to the Bodner model, the two material parameters required

for the exponential Malvern flow law are easily determined from experi-

mental strain-rate versus stress data. The exponential response compares

well with the Bodner in capturing similar amounts of plastic flow.

5. The uncoupled and coupled exponential Malvern expressions proved

that the yield stress value can be arbitrarily set. Thus, these models

begin to resemble the response of the Bodner-Partom which is independent

of a yield stress.

When using the exponential flow laws within the finite element model,

the yield stress value must be set high enough to insure that at least

some elements around the perimeter of the model behave elastically.

If this is not insured, then the entire model will undergo plastic

failure.

6. The results obtained using the exponential form of the Malvern

flow law are encouraging. But, further research should be performed

using larger initial crack lengths and stress intensity factors. In

these cases, further experimentation needs to be performed to insure

the flow law is modeling the material's response accurately at these

higher levels of stress intensities.

71



BIBLIOGRAPHY

1. Harris, J.A., Sims, D.L., Annis, C.G. Jr., "Concept Definition:
Retirement For Cause of FIO Rotor Components", AFWAL-TR-80-4118,
Wright Patterson Air Force Base, 1980.

2. Cargill, J.S., Malpani, J.K., Cheng, Y.W., "Part Is FI00 1ST-STAGE
TURBINE DISK (IN 100), AFFL-TR-79-4173, PART 1, Wright Patterson
Air Force Base, 1979.

3. Duggan T.V., "Philosophy of Safe Life Design", Tech. Report No. F
352, Portsmouth Polytechnic, Portsmouth, England, 1980.

4. Wallace, R.M., Annis, C.G. Jr., and Sims D.L., "Application of

Fracture Mechanics at Elevated Temperatures", AFl'-TR-76-176,
Part II, Wright Patterson Air Force Base, 1977.

5. Hinnerichs, T.D., "Viscoplastic and Creep Crack Growth Analysis By
the Finite Element Method". PhD Dissertation, Air Force Institute
of Technology, Wright Patterson Air Force Base, 1980.

6. Stouffer, D.C., "A Constitutive Representation For I14 100", AFWAL-
TR-81-4039, Wright Patterson Air Force Base, 1981.

7. Zienkiewicz, O.C. and Cormeau, I.C., "Visco-Plasticity-Plasticity
and Creep In Elastic Solids- A Unified Numerical Solution Approach",
International Journal for !'urerical r'ethods In Enrineering, Vol. 8,
821-845, 1974.

8. Sharpe, W.N. Jr., and Martin, D.R., "Optical Measurement of In-Plane

Strain/Displacement Near Crack Tips at High Temperature", Sixth
Int'l Congress on Experimental 3tress Analysis, Munich, 1978.

9. Bodner, S.R. and Partom, Y., "Constitutive Equations for Elastic-

Viscoplastic Strain Hardening Materials", Journal Applied Yechanics
Trans. ASME, 42, 385-389, 1975.

10. Zienkiewicz, O.C. The Finite Element Method, 3rd Edition, McGraw-
Hill (UK) Limited, 1977.

11. Hult, J.A.H., Creep In Engineering Structures, Blaisdell Publishing

Co., Waltham, Mass., 1965.

12. Mendelson, A., "Plasticity Theory and Application", Collier-Macmillan
Limited, London, England, 1968.

13. Dieter, C.E., Mechanical Metallurgy, (Secong Edition), McGraw-Hill,
1976.

1 i4. Malvern, L.E., Introduction to the Mechanics of a Continuous Medium,

Prentice-Hall, Inc., Englewood Cliffs, N.J., 1969.

72

A..
- - 4'I-



15. M'alvern, L.E., "The Propagation of Longitudinal Waves of Plastic
Deformation in a Bar of Material Exhipiting a Strain-Rate Effect",
J. Appl. Fech., 18, 203-208, 1951.

16. Nicholas, T., "On The Determination of Constitutive Equations From
Plastic Wave Propagation Phenomena", AFML-TR-73-73, Wright Patterson
Alr Force Base, 1973.

17. Bodner, S.R., "Representation of Time Dependent Mechanical Behavior
of Rene 95 by Constitutive Equations", AFML-TR-79-4116, Wright
Patterson Air Force Base, 1979.

18. Armen, H., "Assumptions, Models and Computational Methods for Plas-
ticity", Computers and Structures, Vol. 10, 161-174, 1978.

19. Donath R.C., "Crack Growth Behavior of AlloyIN 100 Under Sustained
Load At 732 C (1350 F). AFWAL-TR-80-4131, Wright Patterson Air
Force Base, 1981.

20. Eftis, J. and Liebowitz, H., Int'l Jonrn. of Fract. Mech., Vol. 8,
No. 4, December, 1972.

73



APPENDIX A

IETER INATI CF NORTON' S CREEP PARAYE-TERS

Norton's secondary creep equation in uniaxially form is

C 
(A 1.1)

which can be rewritten by taking the natural logarithm of each side

Ln Z c L=rn r t3 L+ (fF) (A.2)

Next, choosing an upper and lower strain rate and corresponding stress

level from the experimental data, we can write two equations and two

unknowns as follows

Lm(s.ox~o) = Lh, c ,8 Ln (125.0) (A 1.3)

Lnrc,-f/3 Ln (550. ) (A 1.4)

Bolving these two equations simultaneously we then obtain the values

,e= 10.37H7

c = 8.7153 X J -

S ,Kis1 7 _ Sec

Note the units in the denominator, the 10.37468 is required since the

stress value is raise o theB power, see equation A 1.1

These units in pSi are

B3= 10.37L4 -

psi ,o.7 _ Sec

~~?4
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APPENDIX B

TERMINATIO?; CF THE COUPLED MALVERN MATERIAL PARAMETERS.

The exponential law of the Malvern model can be expressed uniaxially by

OP -6p exp(~~ ~). (B 2.1)

If one divides the above equation by zp and then takes the natural

logarithm of both sides, the equation takes the form

P
Ln- (B 2.2)

The above form looks very much like the equation for a straight line,

where the 0p parameter can be thought of as the intercept and the

as the slope.

Since the coupled exponential Malvern is fitted to the higher sloped

(viscoplastic strain rates) experimental curve, we then choose upper

and lower strain rates on this curve.

S4--ess (t-.s) S--,Qi,, Ra~e (sec-')

I 8o 5.0 X10 2

125 5.0 XI -'

Substituting the above values into equationB2.Z we can determine the

value 5-5~) (~
a-= 5".9716
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Now the 6P value can be determined directly, since the Q. is fixed.

Hence, by choosing an E and a corresponding overstresa value, the Op

can be determined.

Thus, one can observe how the a value can effect the strain-rate

sensitivity of the material since it expresses the slope of the strain

rate versus stress curve.
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