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1. SUMMARY, ASSUMPTIONS AND CONCLUSIONS.

1.1 A preliminary survey

The present report is concerned with random processes, the

power spectra of which consist of two distinct peaks. 1In marine
engineering such processes are found in ships and slender off-
shore structures who exhibit a resonant random vibration in

addition to the semi-static forces excerted by the passing waves.

With reference to ships the resonant stress is termed springing
and corresponds to the two node mode of vibration. The semi-
static response is termed bending and corresponds to the more
familiar hogging and sagging stresses.

The main objective of the work is to investigate how the extreme
stress in both a short and a long time interval is influenced by

the mixing ratio of bending and springing.

In the short term case, i.e. under stationary conditions, the
stress peaks are supposed to follow a Rice Probability distribution,
which is common for signals of arbitrary spectral shape. The
distribution parameters, i.e. the RMS and the spectral width in
this case are simple, algebraic functions of the individual RMS
and periods for springing and bending.

Once the Rice distribution of peaks is adopted, the short term
extreme stress is also known, bLoth in terms of the characteristic
value and the probability distribution. As the exact extreme
value expressions are fairly unsurveyable there are a number of
approximate formulae which give more direct insight into un-

certainty, effect of period estimate etc.

The long term case is heavily based on certain propertics of

the generalized gamma functions.




1.2

It has been pointed out that there is a logical relationship
between the Rice and the general gamma distributions. (Section 3.3)
By short term gamma distributed peaks and long term gamma
distributed RMS, a method has been pointed ocut to establish

a long term gamma distribution of stress peaks. Once this

is established, the long term extreme may be evaluated.

At the present stage, the short term stationary condition

case is fairly complete. The long term case is less complete
from a theoretical point of view, but the evaluation methods
pointed out should give reasonably correct results when applied
to practical problems. For this purpose a table of the functions
required are included in Appendix A.

Although not a part of the original project, some evaluations

of fatiqgue life has been included, partly for the sake of
completeness, and partly because it is felt that additional
vibration components may be more important for deterioration

processes than for direct overloading.

Some empirical material from a measuring project on a tanker
has been included in Aprendix B. ' This material has been pre-
sented in a fashion which conforms with the theoretical work.
An evaluation of the measured data against the theoretical
results has, however, not been undertaken. Previous documen-

tation of the measurements are found in /14/.




1.2 Basic assumptjons.

The work and conclusions in this report are based on the

following assumptions:

A When considered separately the springing and bending stress
components are gaussian, narrow-banded random processes.
This implies that the average zero-up-crossing period is
equal to the average peak period, and that the amplitudes
are Rayleigh distributed.

B The bending and springing stress components are statistically
independent under stationary conditions. This implies that
the resulting stress process is a gaussian broad-banded
process with Rice distributed maxima.

@]

The RMS-values of the springin¢g and bending stress com-

ponents are statistically independent in the long run.

D There is a high degree of independence between the total

RMS-value and the variables connected with the average

periods, such as the spectral width parameter.

E The contributions to crack propagation velocity or fatigue
rate from bending and springing are to be added together
linearly.

Assumption A 1s supported by Fig.l1,2.1.

Assumption B has not been extensively testes within the present

project or in previous related projects. In case there is a

positive correlation between the instantaneouse bending and spring-

ing stresses, the present theories will underestimate the total
stress extremes.

Assumption C is supported by Table 1.2.1.

Assumption D is supported by Table 1.2.2.

Assumption E is to some degree discussed in the text in Chapter 8.
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1ALL CONCITIONS,

424 CCRRELATICN BETwEEN BENLING
ANG SPRIMGING STRESS LEVEL

In TME PRESENT SECTION THE CORRFLATION BETWEEN TWE SPRINGING STRESS
AnD THE BENCING STRESS LEVEL sILL BE MORE CLOSELY InvESYIQATED,

CONCERN STENS FROM TwE FACT THAT SPRINGING STRESS LEVEL UNDER GIVEN
ENVIRONMENTAL CONDITIONS IS DIFFICLLT TO PREQICT, weilf PRECICTION
OF QEN"ING STRESS CAN BE PERFORMED w]TH REASONABLE ACCURACY BY &
NLHBER OF uETHQDS,

THEREFORE,, [F THERE [5 4 CERTAIN CORRELATION BETWEEM THESE VARIABLES,
THE SPRINGING ST?ESS IN A GIVEN CONCITION CAN BE PRECICTEC ON THE
8AS]S OF TWE BENDING STRESS PRECICYION,

THE INVESTIGATION 1S BASED ON 1119 OBSERVAYIONS,

SOME MAIN CATA OF ThE OBSERVATIONS ARE LISTED IN THE FOLLOWING TABLE

AVERAGE BEMDING ROOT-E VALUE 18,60 KP/CHOQ
SYANDARD DEVIAYION OF BENDING ROCT-E VALLE 33,41 xP/CMe0Q
CARGESY vALUE OF THE BENDING ROOT=E VALUE 217,00 KP/CHee?
_ORRESPONDING VALUE OF SPRINGING ROOT-E vaLLE 44,00 KP/CHeey
SHMALLESY vALUE OF THE BENDING ROOT=F vALLE 2,00 XP/CHee)
CTORRESPONDING vALUE OF SPRINGING ROOT=E vALLE 1,00 xP/Cwoe
AVERAGE SPRINGING ROOT-E vALLE 13,49 nP/CHsep
STANOARD DEVIATION OF SPHINGING ROCT=-E VAWLE 13,22 XP/CHee2
LARGEST VALUE OF TWE SPRINGING RONT=E VALLE 97.00 KP/CHe82
CORRE SPONDING vALUE OF BENDING ROOT-E YALUE 48,00 KP/CMEe2
SMALLEST vALUE OF THME SPRINGING ROCT-E VAWE x.ao KP/CHuo e
CORRE SPOND ING VALUE OF BENDING ROOT-E YALUE 7.00 KP/Cues?
POSSIBLE LINEAR REGRESSION OLRVES ARE 1

X ® 22,9A8 ¢ 1,181 ¢ ¥

Y o® b,e85 o 102 & x
WHERE X [§ THE BENDING ROQT-E vALLE IN KP/CMes2
ANO Y [S THE SPRINGING ROOT-€ vA(LE IN KR/Choe?
TME COEFFICIENT OF CORRELATICN 1§ ,4%59
IF v 1S KNCUWNy THE UNCERTAINTY IN X 1S REDLCED FROF {TNE

STXRDARD DEVIATION IN TWME TASLE ABCVE) 10 ‘iL-QL 8y WSING THE FlRSY
FEGRESSION RELATION,

SIMILARLY: JF X 1S XNOWNs THE UNCERTAINTY IN Y 1S PECUCED FRO™ .22
TO 13.7% BY USING THE SECONC RELATION,

AN INTUITIVE [MPRESSION OF THE CORRELATION 1S ALSO OBYAINED WY
INSPECTION OF THE SCATTER DIAGRAN ON THE NEST PAGE.

SCATTER DTAGRaM (ALL CONPTTINNG)

THIS DISGRAM SHOBS THE SIMULTANEQ!S NISTRIBUTION OF ORSFRVATIONS AND
THE PARAMETERS OF THE CLASS~WISF AND MADGINAL DISTRIRUTIONS !

X1 BENDTNG RONT=E VaLUL Yt SPRINGING R00T=f VALUE
IN Np/Cnoel IN KP/Cmee?
cLass } i TeTaL ‘
¢INPOINT X1 10.50 30,0n S0,00 70,00 90,06 170,06 130,70 150,00 170,00 196,00 210,08
e Vid11c
VALUE 8,70 12,27 17.52 22.16 25.88 26,25 27.73 28,00 29,17 33,00 S5%,00] 14,28
7.00 10.05 14,68 16,73 18,37 13.64 18.1a 15,88 13,82 23,1% 10,00] 13.2)

Y: n

S.o0} 268,390 22,39 250 203 95 2n 10 3 i 1 1 1 ¢ s8s
15,90 41,22 10.50 s n 69 20 [ « s 3 H 1 o 274
25.0n| S4,23] &r. 3y 13 RL] 1. 18 b ] L] 0 s L3 1 [ 122
IS.n00) A1.01| VT2 . i6 2¢ 4 L} k] ] 4 2 [ ° (1)
as.anl 73,631 42,38 0 ? 10 L] S 3 [ [ ? n 1 b o
55,00 | #3,75) s2.7a 2 \ . 1 3 1 1 1 1 1 [ 18
65,00 (100,91 €7 a0 ¢ i 2 3 1 " i H ¢ 1 } t
T5.00 | 40,60 17 An a ~ 1 1 a n L] [] o [ o ?
FLIS ‘ Je0 R n n 0 0 s 0 [} 0 n 0 ] [

]

9% _nn | 60 _00 .nn " ) " 1 ) [ o I3 0 o 0 [ 1
T T T

Tora (39,820 3 v 15 arr 262 74 i 24 I 13 12 ] 2 [ine

Table 1.2.1. Correlation between bending and springing stress

level in the long run. From /14/.
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Table 1.2.2.

(ALL COMDITIONS)

AR.6 CORRELATION BEIWEEN Twt RICE DISTRIBUTION
PARAMETERS OF tmE 10TAL STRESS

AR o

Tf AMPLITUDES OR Tet LOCAL MAKIMA OF THE TOTAL STRESS ARE SUPPOSED

TO FOLLOW A RICE PROMABILITY FUNCTION.

THIS DISTHIBUTION FUNCTION MAS TWO PARAMETERS! THE ROQT<€ VALUE
OLFINED 45 SQRT(2)oTrg RMS-VALUEs AND THE SPECTRAL wiDTw EPSILON
OEFINED AS SQRT (] ~ (PLAK PERIOO/ZERO CHOSSING PERIOD)®®2),

17T wiiL 8¢ OF INTEREDY 7O SEL IF THESE PARAMETERS ANt STATISTICALLY

INDEPENOENT OR IF THMERE 1S SONE CORRELATION,

17T wiLL ALSO Bt OF INTEWEST TO xNOW 'WE CHARACTERISTIC VALUES OF
THE SPECTRAL WIOTHe wECAUSE THE APPLICATION OF THE RAVLELGH

PISTRIBUTION COMMONLY USED. 1S OMLY vaLIO FOR SMALL YALUES OF THe

SPECTRAL wlDTH (LESS THAN EPSILON » 0.75 ),
THE INVESTIGATION IS GASED ON 1119 OBSERVATIONS.

SOME MAIN DATA OF THt OUSERVATIONS ARE LISTED IN THE FOLLOWING TABLE

AVERAGE STRESS SPECTNAL wWIDINW $,0518835-01 OIMENSIONLESS
STANOARD DEVIATION Of STIRESS SPECTRAL wiDTM 9,8300058-02 DIMENSJOMLESS
LARGEST VALUE OF Tt STRESS SPECTRAL wiDTw OJMENSION ESS
CORRESPONDING VALUE OF TOTAL STRESS ROOT~E vALUE Kp/CNee2
SMALLEST vaLVE OF TiE STRESS SPECTRAL wlDTw OSMENSJONLESS
CORRESPONDING YALUE OF TOTAL STRESS ROOT-€ VALUE 5.7000000:0]) kP/Cee2
AVERAGE TOTAL STRESS ROOT-€ VALUE 4,7203968+0| KP/CHee?

STANOARD OEVIATION OF TOlAL STRESS NOOT-£ VALUE 4.2040409¢01 Kp/Ciee2
LARGESY VALUE OF THE TOTAL STREDS ROOT-E VALUE 2.2300000+02 KP/CHee2

CORRESPONC ING YALUE OF STRESS SPECTRAL wlDTw DIMENS JOMLESS
SMALLEST VALUE ¥ THe TOTAL STRESS ROOT-E VALUE KP/Cnee
~  GCORRESPONDING YALUE OF STRESS SPECTRAL ¥IDTH OIMENSJOM ESS

AN INTULTIVE IMPRESSION OF 1ME CORRELATION [S ALSO OBTAINED BY
INSPECTION OF ThE SCATTER OIAGRAN ON THE MEAT PAGE.

SCATTER DIAGRAN 1ALL COMD]TIONS)

THIS OIAGRAM SHOWS THME SIMULTANEOUS OISTRIBUTION OF OBSENVATIONS AMND
THE PARANETERS OF THE CLASS-WISE AND MARGIMAL OISTRIBUTIONS

At STRESS SPECTRAL wiDTw Y1 TOTAL STRESS ROOT-€ VALUE
iN DIMENSIONLESS IN KP/Cnea2

CLASS To AL
-uonxn:v X 35 A5 55 ] TS5 85 95

VALUE TTARGART Y1 50,00 52,50 43,33 48.49 92,86 55,74 38.68] 47,352

OEVIATION V¢ 00 25,37 19.84 22.60 25.90 36.87 3l.e7| 33.57
s 1 §3 At l’

10.00 92 .07 0 [ 2 3 2 20 116 151
30.00 .87 .10 0 3 L) 21 L] 151 198 27
$0.00 +85 31 1 b ] ? 12 o1 118 o 276
70,00 .83 .30 0 1 3 1 28 60 3% 138
90.00 +83 .10 ° [ ) [} 7 23 12 “9
110.00 -84 «09 0 1 [ ° . 22 L] n
13¢.00 .87 0 [ ¢ 0 ¢ [ v 2 11
150.00 08 .05 (] [} L] [ 1 io e 13
170,00 .90 0% ° [} 0 [ [ 8 r 1%
190.00 88 +09 0 o 0 [ i [ 2 3
210,00 90 0% (] [ 0 0 o 2 2 L
230.00 8% 00 o 9 L ¢ [ i [ 1
TOoTAL .80 10 1 [} 21 53 130 L} H (34 1119

Correlation between stress level

width parameter ¢. From /14/.

and the spectral




1.3 Conclusions.

If the attitude of a ship navigator is adopted,the problem can
be stated as follows:

You know the springing and bending periods of the vessel. The
first one is a farily constant one, while the bending period

is roughly equal to the encountering wave period. You also

know the RMS-value of the total stress which may be monitored in
real time by the simplest type of a hull surveillance stress
monitor. What you do not know is how the observed stress is
shared between bending and springing. How important is it, for
a safe operation of the vessel, to discern between bending and

springing stress in this situation ?

The present work indicates the following main conclusions:

A To evaluate the largest stress frax in a rough weather
situation, there is no sense in discerning between spring-
ing and bending. The extreme load Smax may in any case be

evaluated as

Smax = 1.4 X RMS Xy1ln N (1.3.1)

where RMS is the value read from the monitor, and N is a rough
mean value between the springing and bending number of cycles
in the time period considered. The uncertainty introduced by
rough estimate of N is completely exhausted by the natural,
statistical dispersion of the largest stress, and both these
sources of uncertainty are nearly exhausted by only a moderate

measureing error of RMS. (Chapter 6 and 7).

B The relative uncertainty in the estimated largest value (1.3.1)
due to natural dispersion under stationary conditions (that is
relative dispersion of extreme value distribution, the correct
values of RMS and N being exactly known) is with good approxi-
mation

sSmax 1 (1.3.2)
Smax - 2 1n N




On the other hand the relative uncertainty in the extreme
stress (1.3.1) due to uncertain monitoring of RMS is directly

equal to the relative uncertainty in RMS itself.

C The fatigue rate increases when the springing share exceceds a
certain limit. There is also an upper limit for the fatigue
increase due to springing, and this limit is given by the bend-
ing-to-springing period ratio which may be of order 3-6. Thus,
i1f the ship design has proved sensitive to fatigue damages,
either by fatigue calculations at the design stage or by ob-
servation of cracks during the service stage, heavy springing
should be avoided. (Chapter 8).

If the attitude of a ship designer is adopted, the problems will

be somewhat different and may be stated as follows:

Bending and springing responses are regarded as two different
phenomena. We have a number of hydrodynamic theories, methods
and computer programs which may predict the bending stresses in
the short and long term by a given service profile. We also have
{(presumably) theories, methods and computer programs for treating
springing stresses in the same way.

The ship should, however, be designed to resist the resulting
stresses, and the question is: How should bending and spring-

ing be combinded to give the resulting stress when those two

components are known separately ?

The following conclusions may be of practical use:

D When the largest stress and the largest springing stress
are separately known, a guiding estimate of the resulting

maximum stress is

C 2
Smaxz][émax (bendinq)2 + Smax (springing) (1.3.3)

The relation is assumed to hold in the short term as well

as in the long term case. (Section 4.4)




When the lona term distribution of bending RMS and spring-
ing RMS are known (in terms of Weibull plots Fig.9.1.1)
there exists an additive class of distributions which
immediately  indicates the long term distribution of the re-
sulting RMS more or less roughly. In addition the long term
distribution of the springing or bending share (springing
resp. bending RMS relative to total RMS) is indicated.
(Section 9.1).

The spectral width & entering the Rice distribution for
local maxima is not a basic variable, but is uniquely
determined by the springing-to-total RMS ratio (springing
share x) and the bending-to-springing period ratio (T).

(Section 2.3).

The limiting case of £=1 can never be obtained in the present
situation, while the opposite limit e€=0 is approached in both
the pure springing and the pure bending case.

This indicates that a number of approximate formulae derived

for ¢=0 may be of rather general application. (Section 3.1).

The Rice-distribution for positive maxima under stationary
conditions may with good approximation be replaced by a
generalized gamma distribution. The resemblance is exact

in the limiting cases of ¢=0 and e€=1. (Section 3.3).

Several analytical probability distribution, exact and
approximate, are available for the extreme stress under
stationary conditions by known zero crossing period.
(Chapter 5).

Probability distribution for the extreme stress by unknown
period is derived in analytical form, but this distribution
does not deviate significantly from the distribution with
period fixed at the mean value between bending and springing.
(Chapter 6).

For given long term probability distribution of RMS, an
analytical procedure is suggested which attaches a generalized
gamma function to the long term distribution of stress peaks.
(Chapter 10).




2. GENERAL PROPERTIES OF A TWO-COMPONENT STRESS SPECTRUM

o~
.
—

Basic variables

The resultant stress presently considered consists of two
distinguished spectral components which will be termed the
bending stress due to quasistatic wave action, and the springing
stress due to resonans vibration. Regarded separately, each
stress component is narrow-banded, and a short term stationary

stress state is completely characterized by the four variables:

og Root Mean Square (RMS) of the bending stress
Ty Average period of the bending stress

Jg RMS of the springing stress

Ty Average period of the springing stress

If the power spectral density of the total stress is termed S (w),
a function of the circular frequency «, the spectral moment of

order n can in general be written:

= “n _ ,2n.n_ 2 2m.n_ 2
M, = {w S{w)dw = (TE) og~ + (Tg) aq (2.1.1)

Based on the spectral moments of order 0, 2 and 4 the following

three parameters of the total stress may be defined:
~ RMS-value o (or variance 02)
= 2 2
o = VMg = Vog" + og (2.1.2)

- Average zero-crossing period T,

ag [0
T, = 2m/ r B” + 05 > (2.1.3)
O'B /TB + Og /T 4

-~ Average peak period Tp

M On?2 /Tyl 0c2 Tal
T, = 2n/~% —L/B /iBY + Yg§“/tg

(2.1.4)

2 4 2 4
OB /TB + Us /TS




From these basic variables one may derive a number of related
parameters which do not convey new information, but which have

significance for physical or historical reasons:

- The ratio . betwecen peak- and zero-crossing period

T op2Tp2 4 0g2 Tg2
=P B/B * 8/ =A% =2 -

Tz vabgz/TBA + OSZ/TSA)(OB2 +”052)

(2.1.5)
- The spectral width ¢
e =/l - a? = 2/a00 =&Y (2.1.6)
- The fraction of positive maxima a
a = %(1 + 1 - 52) = 5(1 + a) (2.1.7)

The spectral width ¢ has been the prevailing shape parameter of
the Rice distribution in the literature /1/, /2/. Some authors
have preferred the period ratiowa , for example /3/, /4/. The
related parameter a is essential by considering the distribution
of positive peaks only, see /5/, and appears as the shape para-

meter in the generalized gamma distribution approximated to the

Rice distribution, see Section 3.3.
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2.2. Dimcnsionless Representation

It 1s convenient to perform the derivations within a dimension-

less system of variables.

As time unit is chosen the springing period Tg which is the most
stable of the time variables introduced. Periods measured with

Tg as unit will be denoted t with a corresponding subscript.

As stress unit in the short term case will be chosen the total
RMS value, o. This is the quantity which is for instance most
easy to monitor in service. Stress variables measured with ¢ as

unit will be denoted x with a corresponding subscript.

U written without subscript denotes the dimensionless bending

period.

X written without subscript denotes the dimensionless springing
¢
RMS. !

Hence the variables previously defined may be re-written as follows:

- RMS of bending stress X, bending share

o
XB:f_Bz_._'é___=/1-xsz=/1—x2 (2.2.1)

YoB +;;2

- Period of bending stress g

T
1g = 1T = T% (2.2.2) .
- RMS of springing stress X, springing share ﬁ
3 ¢
Xg = X = =2 = —— S5 (2.2.3)

3 /057 + 0;2
- Average zero-<-rossing period 1y

Tz 1 T

(2.2.4)

Ts X2+ x8771 AU+ x20% -1
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- Ratio between peak-~ and zero-crossing period

0 = =
7 Uxg? + x2l

1 Xnl X212 2, 2 _
_P _ AB” + _ 1+ X2(14 1) _ 2a - 1 (2.2.6)
Y1 + X% (1 - 1)

- Spectral width ¢

L 2, 4 2, 4

T e x2? - 1)]2] %::[xz(l - x%) (2 - 1?‘
1 + X" (1" - 1) 1 + X% (v - 1)

(2.2.7)

- Fraction of positive maxima a
2

2 '
1l + )(2(T71 = l)] = % [1 + 1 - 52] = k[1 + a]
N+ x (t7 - 1)

a=5%1[1+

(2.2.8)




2.3 Considerations of the Spectral Width

As observed from equation (2.2.7), the spectral width parameter
¢ 1s completely determined by the springing RMS-to-total RMS
ratio x, and the bending-to-springing period ratioT.

The equation is

2 %2 - xH (% - 12
coo= 5> 5 (2.3.1)
1 + X°(1° - 1y (1° + 1)
From this we may conclude:
- ¢ =0 for x = 0. This occurs when 0g = 0 and the stress is
pure bending.
-+ =0 for (1 - x%) = 0g?/v® = 0. That is: there is no bending,

and the stress is pure springing.

-+« =0 for v = Tg/Tg = 1. That is: the spectral peaks due to
springing and bending coincide, and there is in reality only
one peak in the stress spectrum.

- Differentiation with respect to X keeping 1t constant reveals
that ¢ has its maximum value when

2

1-X° _ . _ T
X = 1 that is os = Tq (2.3.2)

The spectral width is then given by

12 -1 Tg? - Tg? _ 2
€max = —3 = = s =1 - =— (2.3.3)
“+1 TB° + Ts TC + 1
or by
=1-2x° =1 - 2(0,/0)2 (2.3.4)
€ max s s
- £ =1 is obtained only when 1t » = and X » 0, that is T

s 7 Ty
and 0g >> dg

The spectral width £ is shown as a function of the springing share

X = os/o for selected values of the relative bending period 1 = Tg/T

in Fig. 2.3.1.

e
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PEAK -TO-ZERO CROSSING PERIOD RATIO as\h-e!

— - — 1.0
0 1 2 3 4 S5 & 71 8 & b

SPRINGING SHARE , Gg/0 = x

Fig. 2.3.1. Spectral width & as a function of the springing
share X = -g/0 for selected values of the bending-to-springing

period ratio 1 = TB/TS.

This figure shows in more detail how the spectral width becomes
zero when the stress is either pure bending, og/c = 0, or pure
springing, og/0 = 1.0. And also how the spectral width disappears
when the springing and bending periods approaches each other at

T = 1.

The maximum values of the spectral width are located on the

dashed line which is the parabola described by (2.3.4).

The value ¢« = 1 is an ideal case which is never realized in practice.
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2.4 Consideration of Periods

In a given time interval t, the number of local maxima is Np

r
N =Lt - £ 1+x2 (14-1) _ £t 1+x2 (14-1)
Pt Ts V [1+4x%(12-1) 112 T 2(12-1)

(2.4.1) 3
1+x :
The peak period Tp is given in (2.1.4). ,
The dimensionless representation is given in (2.2.5). '
The term t/Tg on the right side is the number of springing cycles
in the time t considered. The square root expression is therefore
the ratic between local maxima and number of springing cycles

experienced within an arbitrary time interval, and is graphed in
Fig. 2.4.1.

It is observed that the peak period very rapidly becomes eqgual

to the springing period, more rapidly the longer the bending
period 1is.

"% TeEnDING PERIOD
o |RATIO, T=Ty/Ts
8
74

1ex?(tt-1)

NUMBER OF PEAKS / SPRINGING CYCLES

4 T OVOLERT Yy

.34

245

A

0 L T L T 1 T ¥ T

0 1V 2 3 4 5 6 1 8 9 10
SPRINGING SHARE, O0g/GC sx

Fig. 2.4.1 Number of local maxima within a time interval, as

oation of sroringing cycles.
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Similarly, in a given interval t, the number of zero crossings

N, 1s
B S § L S 2. 2_
N, = T, = Ta 1 l+x<(1°-1) = 5 l+xc(1°-1) (2.4.2)
T, 1s the zero crossing period given in (2.1.3), dimensionless
in (2.2.4). As t/Tg is the number of springing periods within

t, the sguare root term is the ratio between zero crossing periods
and springing pe.iods in any arbitrary time interval. The ratio
is graphed in Fig. 2.4.2.

Fig. 2.4.1 and Fig. 2.4.2 show how, depending on the circumstances,
the peak as well as the zero-crossing period will always be situ-

ated somewhere between the bending and springing periods.

10

BENDING PERIOD
| RATIO, t= Ty

1.25

YE BR

NUMBER OF ZERO CROSSINGS/SPRINGING CYCLES

¥ L4 Li L

T T T
0 A .2 3 & .5 .6 ) 8 9 10

SPRINGING SHARE, G /0 = x

Fig. 2.4.2 Number of zero crossing periods within a time inter-

val as a fraction of springing periods.
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The fraction of positive maxima 1s agiven by the parameter a

in (2.01.7) and (2.2.8). Hencc the number of positive maxima,

denoted Np+' in the time t is

5 Np+N
Ny Y= ang = (/1N = B (2.4.3)

that is, the mean value between the number of peaks and zero-up-

crossings. The average period between positive peaks, denoted
+ . ;
Tp is hence ;
!
T v = 2 = 2TPTZ = EE (2.4.4)
P l/Tp+l/TZ Tp+Tz a U

Correspondingly the fraction of negative maxima is (l-a), which

gives a number of negative maxima denoted Np~ of

Ny—-N
N_= = (1-a)N_ = 5[1-/1-e?]N_ = 22 (2.4.5)
P P P 2 '
The average period between the negative maxima, denoted Tp_, is
- 2 2T, Tp
T~ = st = .4.
p T I/To1/T, | TpTp (2.4.6)

These expressions will be of importance later.

The fraction of positive maxima is uniquely determined by the
bending~-to-springing period ratio 1 and the springing share x
as it appears from equation (2.2.8).

The dependence is graphed in Fig. 2.4.3.

Fraction of positive maxima is essential in the probability dis-

tribution of positive maxima, Section 3.2 and 4.5 and also for

the approximation with generalized gamma distributions, Section
3.3 and 4.6.
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Fig. 4.2.3 Fraction of positive maxima as a function of the

period ratio t and the springing share x. (Equation (3.8)).




. DISTRIBUTLON OF MANIMA UNDER STATIONARY CONDITIONS

We constder a time interval during which the sea conditions and

the ship speed and course do not change significantly. In the

real tife this will only be the case in short term intervals cof

a couple of hours duration. However, consideration of such statio-
nary intervals of, say, 20 years duration is also of interest

because some lona term trends may be cualitatively indicated.

Looxed secparately, the bending and springing stresses are assumed
to be gaussian random processes with RMS values og and og respec-
tively. That is: 1If the bending stress component is filtered out
and samnled, the sample values over a sufficiently long period
will conform with a normal probability law with standard deviation
Jp. Similarly sampled data from the springing stress component
will conform with a normal probability law with standard deviation
'g. If the two spectral components are statistically independent,
sampled data of the complete stress signal conform with a normal

distribution with standard deviation g, equal to the RMS-value.

Looked separately, the bending and springing stresses are also
assumed to be narrow-banded. That means, among other things,
that they appear as a sequence of slowly modulated amplitudes
which conform with a Rayleigh probability distribution with para-
meter »2-p for the bending stress and /2o0g for the springing stress
component. The distribution of amplitudes coincides with the
sampled value distribution of the envelope of the respective com-
sonents. In the narrow banded case the stress peaks, or local
maxima, coincide with the amplitudes, and represent a sampling of
the stress envelope with a sampling period, equal to the period
of the respective stress components. Since there is one zero-up
crossing and one positive peak in each cycle, there is little or
no difference between the zero crossing period and the peak for

a narrow~banded stress component.

When the stress components are superposed upon each other, the )
concepts of "envelope" and "amplitude" loose the significance. :
What is still significant is the scquconce of peaxs, or local
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maxima. This makes little conceptual difficulties for the extreme
stress prediction, since the extreme stress within a certain time
interval is ecasily definable as the largest local maximum value.

In fatique, nowever, the complications become considerable because
the amplitude-concept is lost. By counting cycles for fatigue

life prediction, nowever, one can evidently not identify the stress
cycles with the peaks.

Alternative pvarameters to the RMS-value ¢ are:

- The "ROOT-E" value YE = y2u which is the Rayleigh distribution
Parameter for single amplitudes.

- The significant height, or double amplitude, Hs=4o which is
preferred in the analogy of wave motion.




o
3.3
3.1 Exact distribution of local maxima
For a broad-band stress history, which also covers the present
two-component case, the peaks or local maxima conform with a
Rice probability law /1/ /2/ which has two parameters:
- the RMS-value o
- the spectral width € (or any related parameter a or a).
Denote the sequence of N stress peaks
51 S2 S3 ..... Sy- (3.1.1)
Normalize the stress peaks with respect to the RMS-value ¢ and
define the sequence of dimensionless peaks
!
21 22 23 ..., 7N, Zm = Sp/o (3.1.2)
The probability density function of the stress peaks is
2 2
Z /. 2 Z
= “5e2  +/l-e2 ¢ (Lrel a
g(Z) _72_71 8252 +v1~-¢ d)( c )Ze2 (3.1.3)
$( ) is the normal probability integral
X £ 2
I
o (x) = 75;-1 e 2 dt (3.1.4)
Special cases of (3.1.3) are:
g2 i
c = 0 g(z) =7 e 2</2 (Rayleigh) (3.1.5)
) )
£ << 1 << 2 g(z) = 1-52 Z e ze/2 (3.1.6)
e = 1 g(z) = 1 e_Zz/2 (Normal) (3.1.7)
/20 T
Z =0 g(0) = ¢/V2n (3.1.8)
)
A,




The probability of exceedance is

T2 2
Quz) = L=g(z/e) + S1m 2 g (g eTE /2 ‘ (3.1.9)
with the special cases:
-22/2
=0 Q(Z) = e (3.1.10)
52
I Q(z) = /1-e2 727/2 (3.1.11)
L= 1 0(2) = 1-4(2) (3.1.12)
Z =0 0(0) = 3(1+/1-¢%) = a (3.1.13)

The cumulative probability function P(Z) appears immediately
from the exceedance probability through

P(2) = 1 - Q(Z) (3.1.14)

The moments of the distribution are:

Mean value: uy = 7 = %% /1-¢2 (3.1.15)
, . - s_oyv 2 _ _¢r_ - 2
Variance uy = (2 Z)< =1 (7 1) (1-¢“) (3.1.16)

3rd central moment:ujy = (Z-Z)3 =/% (n—3)(l—£2)3/2

(3.1.17)
Hence follow the dimensionless coefficients:
. ) . ~ % 2 m 1

Coefficient of variation X = ujy*/py = /? 1-7 + 5 (3.1.18)

l-¢

y o 1-¢2 3/2

Coefficient of skewness B = uz/uz? = /i(n—3) { 5 }

1-(n/2-1) (1-¢°)

(3.1.19)

A graph of the exceedance probability is given in Fig. 3.1.1.
The limiting cases of ¢ = 0 and ¢ = 1 are plotted together with

¢ = 0.5, 0.9 and 0.95. With the extreme value prediction in mind,
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the high-peak-low-probability region is of most interest. Hence,
looking to the region about Z = 4, Q = 10'4, it is observed that

Q is reduced by roughly one decade when € goes from 0 to 1 under
constant u. Half a decade, however, is occupied by the transition
from ¢ = 0 to € = 0.95.

Keeping the probability level constant, it is observed that the
argument Z is reduced by about 0.6, or 15%, when € goes from 0

to 1. An amount of 0.3, or 7%, however, is occupied by the trans-
ition from 0 to 0.95.

These observations indicate that the special cases of low ¢ and

large stress, equations (3.1.6) and (3.1.11), may be valid for

fairly large e-values.
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Fig. 3.1.1 Graph of the probability of exceedance of the Rice
probability distribution.
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3.2 Distribution of positive maxima

For >0 there is a certain fraction of negative maxima and
an equal fraction of positive minima, which is given by (3.1.13).

The number of positive maxima is given in (2.4.3), and is

Nt = Q(0)N. = aN. = Np+Nz _ V14x?(14-1)+1[1+x2(12-1))
P P P 2 21/1+x2 (12-1)

A
Ts
(3.2.1)

The probability distribution of the positive maxima is found by

truncating the ordinary Rice distribution at Z = 0. This gives
the probability density function, corresponding to (8.3)
z2 22
T3, N-e?2 N-e? T
+ - 9lz) _ 1 ¢ 2 -€ -
g (2) = 0(0) 775 a3 © 287+ 3 ¢ (———12)Ze (3.2.2)
where
a = 5[1+/1-¢2] = Q(0) | (3.2.3)

The probability of exceedance, corresponding to (8.9) is

Q(z
Qo

~—

ot(z) =

>y —7 .2
Jl-c ¢('/1€8 2)e”2°/2 (3.2.4)

15
= g[l $(z2/€) ] + 3

~—

with the narrow band approximation corresponding to (3.1.9)

f_ 2 .2
e << 1 << Z: ot (z) = L8 o7E/2 (3.2.5)
The exceedance probability is graphed in Fig. 3.2.1.
The cumulative probability function is given by
+ _ _ At _ P(z) - P(0)
P (2) =1 Q (Z) I {3.2.6)

Extreme values have been studied in terms of the truncated dis-
tribution by Ochi /5/.

The truncated distribution will be applied later in the approxi-
mat 1un with generalized gamma distribution, Section 3.3, and in

divcussion of extreme value, Section 4.5.
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3.3 Approximation with generalized gamma distribution

The generalized gamma distribution has the density function

h
ah-1 e-(Z/A)

(3.3.1)

where a, h and A are parameters. This distribution covers a lot

of well-known distributions as special cases, see Table 3.3.1.

With reference to Article 9 it is observed that the limiting case
of the truncated Rice distribution with € = 0, that is the Rayleigh

distribution, is equal to the generalized gamma distribution
with

a =
h = 2 (3.3.2) !
= V2
Similarly, the broad band limiting case € = 1, that is the
a h A Distribution function
1/2 2 V20 One sided normal distribution
1/2 2 o Error function
a 1 2 Elementary gamma distribution
n/2 1 2 Xz—distribution with n degrees of freedom r
1 2 Y20 Rayleigh distribution 1
3/2 2 V20 Maxwell distribution
1 1 A Exponential distribution
1 h>0 A Two parameter Weibull distribution
1 h<0 A Fréchet distribution
_ _ Approximate normal distribution with
1 §>>1 X expectation x and standard deviation o
1 Yoo A §-distribution. Constant x = A

Table 3.3.1 Special cases of the generalized gamma distribution.
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one sided normal distribution, coincides with the generalized

gamma distribution with parameters

a = 1/2
= 2 (3.3.3)
A = /2

It is hence reasonable to assume that the intermediate family
of truncated Rice distributions with arbitrary € can be approxi-

mated with generalized gamma distributions with parameters

a = 5(1-/1+62]
h = 2 (3.3.4)
= /2

This can also be shown to be the case.
The distribution of positive maxima has hence approximately the
probability density function

2
+ _ 2 Z ,2a-1 -2¢/2
g (2) = Ty (75) e (3.3.5)
and the exceedance probability function
+ _ 2
Q (z) = T(a; 2°/2)/T(a) (3.3.6)

where the complete and incomplete gamma functions are defined by

rea;x) = /27t e tae ,  rea) = rea;o0) (3.3.7)

X

Graph of the exceedance probability is given in Fig. 3.3.1.

Further information about the generalized gamma distribution is

given in /6/ or /7/ among others.
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4. CHARACTERISTIC EXTREME VALUE

4.1 Elementary considerations

Consider a time interval t under stationary conditions with a
given RMS value ¢ of the complete stress signal. One then has
the simple and well known estimate for the extreme value

Sec = 0v2 1ln N (4.1.1)
which is obtained by putting the exceedance value Q equal to 1/N.
This formula is correct only when € = 0, and from the consider-
ations in Section 2.3 this takes place in the two limiting cases

when the springing share x = og/0c = 0 and 1.

In the case x = 0, the stress is a pure bending process, and the
number of cycles is

Ng = (4.1.2)

In the opposite case x = 1, the stress is a pure springing pro-
cess, and the number of cycles is

Ng = TS =Z - 1= Ng°T (t = Tp/Ts) (4.1.3)

Thus, when the stress goes from pure bending to pure springing
with the same RMS, the extreme value increases with a factor

Sc (pure springing) _ ln - /{ L in T
S. (pure bending) B 1n Ng

(4.1.4)

Results are given in Table 4.1.1 in terms of percentage increase

in extreme value when stress goes from pure bending to pure
springing. One has reason to believe that this is a maximum in-
crease, and that the increase in a mixture of bending and springing
lies somewhere between.




One may conclude from these results that, when the total stress

RMS is given,

the presence of springing can at most elevate the

extreme stress with about 10-15% in the short time case.

the long term case the table indicate an increase of order 5%.

T Number cf bending periods in the time interval, Ng
102 103 104 10° 106 107 108

217.26% 4.90% 3.69% 2.97% 2.48% 2.13% 1.86%
3111.3 7.66 5.80 4.66 3.90 3.35 2.94

4114.1 9.58 7.26 5.85 4.90 4.21 3.69

5[16.2 11.0 8.39 6.76 5.66 4.87 4.28

6 118.0 12.2 9.29 7.50 6.29 5.41 4.75

7119.3 13.2 10.1 8.12 6.81 5.86 5.15

8 120.5 14.1 10.7 8.66 7.26 6.26 5.49

Table 4.1.1

goes from pure bending to pure springing under constant RMS.

Percentage increase in extreme value when the stress
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4.2 Characteristic extreme at arbitrary springing share

One considers a time interval t which contains a sequence of
Np stress peaks in the total stress history. A characteristic
value for the extreme, or maximum stress peak 1s obtained by

putting Q{(z) = l/Np in equation (3.1.11). This gives:
Sc = o/é In/1-:2 Np = O/% 1ln (TP/TZ)(t/Tp) = g/2 In N, (4.2..

where N, is the number of zero crossings in the same time inter-

val.

Equation (4.2.1) is valid for small and moderate values of ¢ only.
But since € is zero in both the limiting cases: springing is all
or none, and since £ can never become = 1.0, it is reasonable to

pelieve (4.2.1) to be generally applicable in the present problem.

Equation (4.2.1) will then replace equation (4.l.1) which was only
valid for ¢ = 0. Thus introducing the number of zero crossings
from (2.1.2) into (11.1), one may derive the ratic between the
maximum stress at arbitrary springing share and the maximum stress

in the pure bending case:

S¢ (arbitrary springing) _ 1+ ln[l+x2(r2-l)] (4.2..
Sc (pure bending) : 1n Ng s
This is a generalization of (4.1.4), the latter giving the limi-

ting case of x = 1 only.

Some results are shown in Fig. 4.2.1, for some selected values

of the bending-to~springing period ratio 1 and the timre intervals
given in terms of bending cycles. This figure shows the transi-
tion of the extreme stress amplitude by increasing springing share
up to the pure springing case. And with reference to the Table 4.1.
it may be concluded that the extreme stress increases roughly

linearly with the springing share.
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Fig. 4.2.1 Percentage increase in characteristic extreme stress

amplitude as a function of the springing share x, by changing
bending period (t) and time interval (Ng) .
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4.3 Extreme positive maximum

So far the total distribution of both positive and negative
maxima has been considered by using the complete Rice distri-
bution described in Section 3.1.

One should also consider the short term extreme value predicted
by the positive maxima only. This can be derived from the trun-

cated Rice distribution described in Section 3.2.

In a time interval t there is a number of

Np+ = aN, (4.3.1)

positive peaks, as derived in (2.4.3).

A characteristic value for the extreme stress peak is obtained

by putting the probability of exceedance in (3.2.5) equal to l/Np+.
This gives

2 2

+ _ Y1l-¢ -Ze¢ /2 _ 1
Q' (z,) = e = &5 (4.3.2)
P
which gives
2c = /2ln/l-e?2 Ny = /ZIN N, (4.3.3)

the same as in (4.2.1)

That is: The truncated Rice distribution predicts the same
extreme stress under stationary conditions as the complete Rice
distribution.

The characteristic extreme value predicted by the generalized
gamma distribution may be studied very roughly by considering the
equivalent of (4.3.2) introducing an asymptotic expression for
Q(Z) :

= —= (4.3.4)
P

Ly2ai/2 P el

L ) 1
F'(a) V2 aN




Putting 1/l (a) = a and taking the predominate term of the natural

logarithm on each side, one obtains the leading term

2. = /21n a%y, (4.3.5)

which is equivalent to (4.2.1).

For small values of & we have
a2 = 111 + /A-¢21% = 51(1-%e?) + N-c2] ~ J/1-¢2 (4.3.6)

When introduced in (4.3.5) this gives back the previous character-
istic extreme (4.2.1), which also appears from Fig. 4.2.1
For ¢ = 1, on the other side, (4.2.1) breaks together and gives
non-sense results while (4.3.5) gives

2 = V2 ln(Np 4) (4.3.7)

The corresponding expression for € = 1 derived directly from

the one-sided normal distribution is

2, = /2 1n N/ /i (4.3.8)

which gives about 1.5% higher values, but this equation is

still an approximation. Equation (4.3.8) is discussed in /2/.
An expression for the characteristic extreme value which is more
complete than (4.3.5), but still an approximation for € # 0 is
obtained by taking one term more into consideration in the loga-
rithm of (4.3.4). This gives

VA = /2 {lnasz + 5/i—e2 ln(lnasz)}% (4.3.9)

but this formula is probably of little practical interest in

the present context.




4.7

FUNCTION OF €

SPECTRAL WIDTH, €

Fig. 4.2.1 Graph of the alternative functions of ¢ for deter-

mination of the effective number of maxima which enters the ex-

treme stress formulae (4.2.1) and (4.3.5), that is

Zc = /2 1n/1-¢2N,, alternatively = /2 1na2N,.
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4.4 Relation to individual maxima

In a given time t the complete signal executes N, = t/TZ zero-

up-crossing cycles, and the characteristic extreme stress is

s, = /202 (Int - 1nT,) (4.4.1)
as stated in equation (4.2.1).

In the same time interval the bending stress component executes
Ng = t/Tg cycles and has an individual characteristic extreme

value

Seg = 2052 (Int - 1nTg) (4.4.2)

Sinilarly the springing component executes Ng = t/Ts cycles and

has its individual characteristic extreme value

SCS = /2052(lnt - lnTB) (4.4.3)
Hence since 02 = OB2 + osz according to {(2.1.2), the individual
extremes for bending and springing may be introduced in (4.4.1)
and give
2 lnt - 1nT 2 1nt - 1InT
= = - -7 nt = -n.2
Sc = /sca Int - InTg * Scs Int = InTg (1.4.4)

That is, the total stress extreme is a weighted quadratic sum
of the individual extremes. Since we always have

Te < Ty < T (4.4.5)
S Z B

the springing contribution has slightly greater weight than the
bending contribution.

For sufficiently long times t the weighting factors approach unity,
and (4.4.4) becomes

_ p) 2
SC - D/SCB + SCS (4.4.6)

This relation gives in most cases a good indication of the impor-

tance of springing as far as extreme value is concerned.




STATISTICAL EXTREME VALUE DISTRIBUTION

In the present chapter the statistical probability distribution
of the short term extreme value will be discussed. The exact
probability function is pointed out together with a number of
possible approximations. Each distribution function is given
an identifier which is referred to in a comparison which is
undertaken at the end of the chapter.

5.1 Exact represen:ation (No. la)

Consider a time interval t which contains a sequence of Np stress
peaks which are randomly distributed according to a Rice distri-

bution function. The largest stress peak Z = S/0 has probability
distribution defined exactly by the following formulae:

Cumulative probability Pg:
J1-¢2  -z%/, N
P.(z) = [1-Q(2)1Vp = [¢(z/e)+/;-e2 ¢(-—1€i-z)e z'72y P (5.1.1)

Probability density function

ge(2) = dPe(2)/dz = N, [1-0(2) 1"P 3 g(2) (5.1.2)

where Q(Z) and g(Z) are given by the equations (3.1.9) and (3.1.3)
respectively.

The spectral width ¢ is given by (2.2.7) and the number of local
maxima Np is given by (2.4.1).

The expectation value is with some approximation

E(Z) = J21n/1-¢2 N, +

C
—*—-,_m ’
P /21n¢l-52 Np

which is somewhat higher than the characteristic maximum (4.3.3)

c = 0.5772 {5.1.3)

Fig. 5.1.1 shows how the probability density changes with the
springing share x = og/0. The bending period has been put equal
to 5 times the springing period, that is v = 5, and a time inter-

val of 5000 springing cycles or 1000 bending cycles is considered,




that is of order 2.5 hours. Corresponding spectral width,
number of peaks and extreme values appear in Table 5.1.1. It
is observed that the difference between characteristic and ex-

pectation extreme is insignificant.

Springing | Berding Spectral Number of | Characteristic | Expectation
share, x period, 1 | width, € peaks, Np maximm, 2C value E(Z)
0 5 0.0 1000 3.717 3.872
0.333 5 0.8993 4380 3.888 4.036
0.666 5 0.7148 4885 4.034 4,177
1.0 5 0.0 5000 4,127 4.267

Table 5.1.1 Change in spectral width, peak number and maximum
values with the springing share. The cases correspond to the

distributions in Fig. 5.1.1.

MAXIMUM STRESS DISTRIBUTION

BENDING -TO SPRINGING PERIOD RATIO : T =5
1 NUMBER OF SPRINGING CYCLES: Ng= 5000

g, (z)
in
|

DENSITY
o
I

] SPRINGING
SHARE , x : 0

PROBABILITY

30 35 4.0 45 S0 $.S

OIMENSIONLESS MAXIMUM STRESS PEAK, 1

Fig. 5.1.1 Exact probability density function for short time

maximum stress.




5.3

5.2 Narrow band approximation (No. 2)

The general expressions for the cumulative probability and the
probability density were given in (5.1.1) and (5.1.2) in the

last article. 1Introducing Q(Z) from equations (3.1.9) and (3.1.3)
respectively, gave the correct distribution functions. One may,
however, introduce the low-t€-high-Z approximations (3.1.11l) and
(3.1.6) instead. This gives the cumulative probability function
of the maximum peak

—g2
Pe(2) = [1-/1-e2 727721 Np (5.2.1)
and the probability density

' g2 Np-1 2
9 (2) = Npli-/1-¢2 72 /27 P T hoe? ze727/2 (5.2.2)

where € and N, are to be evaluated as before, that is by (2.2.7)

P
and (2.4.1) respectively.

It appears from the discussion in Section 5.7 that this approxi-
mation is very close to the exact distribution in the present

context, but it breaks of course together for € approching 1.




5.4

5.3 Approximation with double exponential distribution (No. 3a)

The cumulative probability function of the short term extreme

stress was with very good approximation given by (5.2.1), that is
| ) —22/2 Np
P+ (Z2) = [1-/1-¢“ e ] (5.3.1)

The characteristic value of the extreme value was given in (4.2.1)

This may be written as an expression for /1—62, viz. Zc2/2
2
Ji-e2 = oZc /Z/Np (5.3.2)

This may be introduced in (5.3.1) and gives then

C(g2ap 2 Np
2 2
-(22-2,%) /2 o _=2%/2

~ e € ° = ¢ Nze (5.3.3)

according to the definition of e.

The probability density function is

-(22-2.%) /2
e_(zz_ZCZ)/z e_e ( C )/

ge(2) =12 (5.3.4)
Np and € do not appear as individual parameters, but rather
through the combination
1-e2 Np = Ng = %; A+ x2(12-1) (5.3.5)
in the characteristic value
Z = v2 In Ng (5.3.6)

The goodness of this approximation is discussed in Section 5.7,

and is found to agree very closely with the exact distribution.
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5.5

5.4 Approximation with square normal distribution (No. 4a,b)

The double exponential approximation for the short term extreme
stress, derived in Section 5.3 may be somewhat modified by con-

sidering the variable

y = (22-2c%)/2  or 22 = 2y + 2.2 (5.4.1)

The probability density function of y is, from (5.3.9),

- —a Y - - —y2
Y., "€ - e Y. o 1+y-v4/2 +...

I
(0]

gy (y)

e-y2/2+... ~ L —y2/2

57 € (5.4.2)

=1

e

That is, y is approximately normal distributed with expectation .
0 and variance 1. Hence the square of the extreme stress 22 is

approximately normal with expectation ZC2 and variance 2.

Hence the probability density of Z is approximately

2. 2.2
g(z) = o=z e (277%c7) /8 (5.4.3)

with the cumulative probability function

z22-2.°
Pp(2) = ¢ (—53%) (5.4.4)

where ¢ is the ordinary normal probability integral.
One may argue that one should apply the expectation value (5.1.3),
that is

0.5772

Z. = 2 1n N, + 2in N,

c (0.5772....is Euler's constant)

(5.4.5)

rather than the characteristic extreme value (4.2.1) in this con-
nection.
As appears from Section 5.7, the distribution has no skewness, but

the variance seems reasonably correct.




5.6

It should be mentioned that according to the last section the
more exact distribution of the variable y in (5.4.1) is the

elementary double exponential distribution with density

- - Y
glu) = e Y o€

which has the following main parameters, exactly determined:

Mean value y = Y¥(1) = 0.57721 (Eulers const.)
2. central moment E(y-y)? Y'(l) = 1.64493

¥'' (1) = 2.40411

3. central moment E(y—§)3

The ¥, ¥', ¥''.... functions are the successive derivatives of 1nT.




I Application of distribution for positive maxima (No. 1lb)

The probability distribution of the positive maxima was treated in

Scection 3.2. It was also shown in Section 4.2, equations (4.3.1) to
.4.3.3) that this distribution gives the same characteristic extreme
vialue as the complete Rice distribution, provided that the number of
peaks is correct. The probability distribution of the extreme stress

1s then also expected to be closely the same.

The basic equation for the cumulative probability function of the

extreme, corresponding to (5.1.1) is

+ + .
pl(z) = (1 - o'y Np, ©Q (B givenby (3.2.40 5 5,
Np given by (3.2.1)

The probability density function is, similar to (5.1.2}),

+
gt (t) = N; t1-0" () 1%t Y z), g7 (2) given by (3.2.2)

(5.5.2) L

The distribution is very slightly different from (5.1.2)

For this extreme value probability distribution, namely (5.5.1),
we may find the small~€ -large-Z-approximation by application

of Q+(Z) from (3.2.5), just as it was done for the complete dis-
tribution in Section 5.2. This gives the cumulative probability
distribution

aN

M ] 3N (5.5.3)

2 2
_ _ V1= -24/2
Pt(Z) = [1 - e

which is not exactly the same as (5.3.1), but indeed very close.

One may, however, proceed further and find the double exponential

approximation to (5.5.3), as it was done in Section 5.3. For

this purpose one expresses the characteristic extreme from (4.3.2}

on the form

S S, (5.5.4)

1
a aN

o]
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5.6
and introduces this into (5.5.3) This gives
_(p2_, 2 —(92_7 2
pt(z) = 1ok e (7% )/2) aNp  _ =(22-2:%) /2
aNp e -
(5.5.5

which is identical with (5.3.3).

That is: The extreme value distribution of positive maxima
coincides with the complete extreme value distribution on the

double exponential distribution level of approximation.
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5.0 Approximation with generalized gamma distribution (No.

ur

In Section 3.3 it was shown that the truncated Rice distribution
for the positive maxima may be replaced by a generalized gamma
distribution with reasonable accuracy. Hence a probability dis-
tribution function for the short term extreme value may be estab-
lished by the basic formulae (5.5.1) and (5.5.2) with application
of the required functions from Section 3.3.

This gives the cumulative probability function:

aNp

Pl (z) = [1 - I'(a;22/2)/T(a)] (5.6.1)

and the probability density function

- _ 52
gf(2) = aNy (1 - Taiz?/2)/r(@) 13 L2 (G 2att 272
(5.6.2)
\
with the parameters a and aNp defined in (2.2.8) and (2.4.1)-
(2.4.3) respectively. That is
2,.2_
a = %[-]_.q._.}:.x_.L:t__.L)_] {(5.0.3)
L Y1+x2 (1%~1)

and

2, 4.
aN, = Nj = 5[N; + N1 = ng| AEXICTSD) L 4220, ]

L 1+x2(T2-l)
(5.6.4)

The distribution function has very much the same shape, while

the most probable extreme is slightly lower.

One may also reconsider the double exponential distribution dis-

cussed in Section 5.3, with the characteristic extreme as

V2 lnaZNp derived in (4.3.5). This gives a distribution of correct

shape, but with slightly too high mean value.
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5.7 Discussion of alternatives

Previous in this article different representations of the prob-
ability distribution of the short term extreme stress peak have

been derived. These are:

No.la) The exact probability function based on the complete
Rice distribution of the total ensemble of local maxima.

' Derived in Section 5.1.

No.2 Narrow band approximation of the short term exceedance
probability introduced into No.l.

|
! Derived in Section 5.2.
i

No.3a) Double exponential distribution derived from No.2 using

! the characteristic extreme of the Rice distribution.

Derived in Section 5.3.

No.4a) Square normal distribution derived from No.3a) using
the characteristic extreme value as a parameter.

H Derived in Section 5.4 using equation (5.4.5).

No.4b) Square normal distribution derived as in No.4a), but
using the expectation value of the extreme as a parameter.

Derived in Section 5.4 using equation (5.4.5).

No.1lb) Exact probability function based on the truncated Rice
distribution for positive maxima.

Derived and discussed in Section 5.5.

No.>5 Truncated Rice distribution in No.lb) replaced by the
generalized gamma distribution approximation.

Derived in Section 5.6.

No.3b) Double exponential distribution using the characteristic

extreme of the generalized gamma distribution.

Derived in Section 5.6.




5.11

The different formulae have been compared by considering o parti-
cular case selected in the region where approximations are most

likely to fatl, viz. in the large -short time region.

The case with the following parameters has been chosen:

Springing share X = 1/3
Bending/springing period ratio T = 5
Numb~r of springing cycles Ng = 5000
Hence: L
Bending share /I;x2 = (.9428
Spectral width € * = (0.8993
Peak-to zero crossing period ratio o = 0.4373
Fraction of positive maxima a = 0,71867
Number of bending cycles Ng = 1000
Number of zero crossings (a2Np = 2262.2) N, = 1915.5
Total number of peaks N = 4380
Number of positive neaks Ni = 3147.8
Characteristic extreme from Rice distribution 2. = 3.8879
Expectation cxtreme from Rice distribution E(Z.) = 4.0363
Characteristic extreme from gamma distribution 2. = 3.9304
Alternative value from gamma distribution E(Zo) = 4.0425

Graphs of the different distributions are shown in Fig. 5.7.1.
A table of the same distributions are given in Table 5.7.1.
A table with a gualitative indication of the fitness of the ap-

proximate distributions is given in Table 5.7.2.




REPRESENTATIONS OF SHORT TERM EXTREME
STRESS OISTRIBUTION. (x=1/3, t1=5, Ng=5000)

DISTRIBUTIONS :

NOS. 1a), 2, 3a), 1b)
~: ==-w NO. ia}

~=~ == NO. 4b)

o
1

j N T

PROBABILITY DENSITY g (z)

DIMENSIONLESS MAXIMUM STRESS PEAK, Zuax Suax’0

Fig. 5.7.1 Graphs of different representation of the probability
density function of the short term extreme in a selected case,

(x = 1/3, v =5, Ng = 5000). See also Fig. 12.1.
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5.14
Probable Standard Skewness
DISTRIBUTION largest value deviation
la) | Exact. Complete Basis for Basis for Basis  for
Rice distribution comparison comparison comparison
2 Narrow band ap- - + +
proximation
3a) | Double exponential - ++ i+
Rice extreme
4a) | Square normal, . + Skewness is
characterist. extr too small
4b) } Square normal ex- 3.5% high + Skewness is
pectation extreme too small '
lb) | Exact. Truncated - + t
Rice distribution
) General gamma 2% low — +
distribution
3b) | bouble exponential 1% high - +
gamma extreme ,
++ very close agreement
+ reasonably close agreement
Table 5.7.2 Tentative evaluation of the three first moments of the
extreme value distribution representations. The evaluation has been
performed by inspection of Fig. 5.7.1. The case is realistic but
unfavourable. Discrepancies are generally lower.
;
A
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5.8 Dispersion of the extreme value distribution

Fractiles of the short term extreme value distribution can
conveniently be evaluated from the double exponential distri-

bution representation, equation (5.3.3)

2
N -24/2
P:eNze (5.8.1)
Solving for 2 gives immediately the P-fractile Zp
- L 1 1y - 1
2, = /-2 In(f; In ) = /2 /lnNg - 1n(ln 3) (5.8.2)

That is: There is 100-P% chance that the extreme value shall

be less or equal to Zp.

The characteristic value Z, correspond to the 36.8% fractile (1l/e).

As a measure for dispersion we may choose the 68% confidence inter- '
val (corresponding to the I one standard deviation in the normal

distribution). The interval is determined by:

- Lower limit, 16% fractile

Z2g.16 = Y2 /InN, - 0.606 (5.8.3)

- Upper limit, 84% fractile

Zg.84 = V2 VYInN, + 1.75 (5.8.4)

s —stgee

Taking half of the 68% confidence interval as an estimate for

the standard deviation of the extreme value §z, we find

62 = %5 {/1nNZ + 1.75 - /InN, - 0.606 } (5.34.5)

The relative deviation, $§%2/Z,, is shown in percent in Fig. 5.8.1
and is seen to have characteristic values of order 5-10%.
This is in the same order of magnitude as the increase experienced

when the stress goes from pure bending to pure springing (Fig. 4.2.1)
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UNCERTAINTY IN THE SHORT TERM
EXTREME. (FIXED PARAMETERS).

HALF OF 68% CONFIDENCE INTERVAL

INVERSE EXTREME VALUE

STANDARD DEVIATION OF EXTREME

5 ~—
- ~‘~~~
0 2 3 4 s s L) s
10 10 10 10 10 10 10

NUMBER OF ZERO-CROSSING CYCLES, N,

Fig. 5.8.1 Standard deviation of the extreme value represented
by one half of the 68% confidence interval (heavy line) and by
1/Z~ {dotted line). The deviation cover only the natural dis-

persion present when all parametefs are known and fixed.

A more handy but less stringent expression for the dispersion
cf the extreme value can be derived from Section 12.4. In this

section it was shown that the variable
y = (Z2 - ZC2)/2 (5.8-6)

is approximately normal distributed with expectation 0 and standard
deviation 1. Since Z is rather close to Z., (13.6) gives

Yy = 5(2 - 2)(2 + 20) ™ %(Z - 2.)2Z2, = (2 -~ 2.)/(1/25) (5.8.7)
which shows that 2 is roughly normal with standard deviation
62 = 1/2, (5.8.8)

The relative standard deviation, l/Zcz, is plotted in Fig. 5.8.1.
It is found to correspond closely to 1/2 of the 60% confidence

interval.
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6. EXTREME VALUE DISTRIBUTION BY UNKNOWN SPECTRAL WIDTH

So far we have only considered stationary cases where the spring-
ing share x and the bending period ratio 1t are assumed to be known.
When x and 1 are known, one also knows the spectral width ¢ and

the related parameters o and a which in turn determine the number
of zero crossings N, (in terms of springing cycles), and N, is

the only term in the basic extreme value expression which is
dependent of the springing-to-bending relationships. See equa-
tions (4.2.1), (4.3.3), (5.1.3), (4.3.5), (4.3.9) among others.

Further about the number of zZero crossing cycles, we know that
it will always lie somewhere between the number of bending cycles

Ng and the number of springing cycles Ng, thus

Ng €« Nz ¢ N or

A~

s%z s 1 (6.1.1)
S

This was discussed in Section 2.4.

Thus, in a stationary condition, if one knows the total stress
RMS value ¢, the springing and bending periods, Ng and 1, but is

completely ignorant about the mixing ratio of springing and ben-

ding, the number of zero crossing cycles N, can only be determined
by a probability distribution. The probability distribution which
conveys minimum information and which introduces largest uncertainty
in the predicted extreme value is the uniform distribution between

Ng and Ng. That is: N, has the probability density function

h(N) = g Ng € N < Ng (6.1.2)

which has the mean value

N = %(Ng+Ng) (6.1.3)
and the standard deviation

5
o [LNg-ng® 1 2
N = 13 oo - 7(Ng + Np) (6.1.4)




txpressed by the bending period ratio T, the standard deviation

relative to the mean value is

%

o 3 .
| e Bt 1 (6.1.5)
’ N (1=-1) (t+1)

A plot is given in Fig.6.1.1.

A
504 RELATIVE UNCERTAINTY
IN NUMBERS OF
CYCLES

40

30

20 -
RELATIVE UNCERTAINTY IN

CHARACTERISTIC EXTREME !

L T LS T ’

0 1 2 3 4 S 6 7 8

BENDING PERIOD RATIO, T

Fig. 6.1.1 Relative uncertainty in number of zero-crossing

cycles in the case of a uniform probability distribution between
Ng and Ng. The dotted line is the corresponding uncertainty in
the characteristic extreme value.

In the case studied in Section 12.7 a time interval was considered
which covered Ng = 5000 springing cycles and Ng = 1000 bending
cycles, that is = 5, If one is ignorant about the number of
zero crossings in this case, the uniform distribution (6.1.2)

prescribes a mean number of (3000 b 1154) cycles. The uncertainty

is 38.5%.
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With this probability distribution of Ny, the characteristic
extreme value

2. = /2 In N, (6.1.6)

also becomes a random variable with a probability density function

2
_ 1 1., 22%/2
k(Z) = No-ip 2 Z e o /2INNg < 2 < /2InNg (6.1.7)

The relative uncertainty in the characteristic extreme caused

by the uncertainty in number of cycles is approximately

(@]
]
/4
|

1
TnN (6.1.8)

Nll
g
143
Nu'_‘
=g

the relative uncertainty in N being given by (6.1.5). Since

N in the short term case is of order N = 1000 we have (21nN)
being roughly 15. The relative uncertainty in the characteristic
extreme is thus of order 1/15 of the relative uncertainty in the
number of periods, which is below 5% in most practical cases.

In the numerical example it is about 2.5%. This means in the
practice that the extreme value distribution under uniformly
distributed number of cycles is expected to deviate insignifi-
cantly from the extreme value distribution obtained with the
number of cycles fixed at the mean value (6.1.3).

To derive the actual probability distribution of the short term
extreme value by unknown number of cycles, the double exponential
approximation (5.3.3) is most convenient. The cumulative prob-
ability distribution by given Ny is

-72
_ N e z</2
Pe(Z; Ng = N) = e (6.1.9)

Weighted by the probability distribution (6.1.2) for the number
of cycles N, one obtains

1 NS—Ne_ZZ/2
P, (2) = o—— [ e dn
NB 2 2
1 2272 [ -nge 2772 _Nge™%7/2
- e (6.1.10)
Ns-Ng

mtaiiin
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which is the cumulative probability distribution of the short
term extreme when number of zero crossings is unknown. The

corresponding probability density is

2

2 -27/2 2
A 2¢/2, ~-Nge _ 2¢/2, -Nge
Ng-Ng {(NB+e )e (Ng+e Ye

gy (2) = (6.1.11

This distribution is graphed in Fig. 6.1.2 for the case studied
in Fig. 5.7.1.

Fig. 6.1.2 also shows the probability distribution of the extreme
value when the number of zero crossings is fixed at the mean value
of N, = 3000. The peak values of the two distributions indicate
that the standard deviation of the extreme increase by a factor
1.47/1.36 = 1.081, that is 8.1%, py the loss of information about

the number of zero crossing cycles.

MAXIMUM STRESS DISTRIBUTION
UNKNOWN NUMBER OF CYCLES

= = = NUMBER OF CYCLES = 3000 (MEAN VALUE)

- 1.47
—1.36

gy (2)

PROBABILITY DENSITY,

DIMENSIONLESS EXTREME PEAK , S /G

Zuax * MAX

Fig. 6.1.2 Probability function of the extreme by unknown,

uniformly distributed number of cycles.
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7.1

7. UNCERTAINTIES IN SHORT TERM EXTREME VALUE PREDICTIONS

It appears from (4.2.1) and (5.4.1) that the extreme response

under stationary conditions can be written

v‘f;wlnNZ +y (7.1.1)

y is a normalized random variable which is responsible for the

natural dispersion of the extreme value, approximately normal

distributed with expectation value y = 0 and standard deviation

§y = 1. More exactly y is double exponential distributed with

¥ = 0.5772 and Oy = 1,2825,

N, is the number of zero crossings, in the most unfavourable ]

case uniformly distributed between Np and Ng. Expectation value
N is the arithmetic mean, and standard deviation Sy which may
amount to the order of Ng (6.1.4%)

¢ is the RMS of the complete response subjected to a normal error
distribution with expectation o and standard deviation 4.
Depending on the situation,o may be monitored in real time with

a relative uncertainty of order 5-10%, or it may appear from

wave load response calculations and has then a still higher un-
certainty.

Uncertainties in y, Ny and o makes the actual extreme peak S5 un-

certain with expectation

S

ind standard deviation g given by
g, 2

The second term under the square root stems from (6.1.8) and
the last term from (5.8.8).

mllma

V20/1nR = 62 (7.1.2)

,t—'

[\ ]

=z
‘§

+ (%5)2 2 = J/21nN (7.1.3)
z

[SM )
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7.2

Considering the case studied in section 5.7 and Fig. 6.1.2,

and assuming 193% uncertainty in the RMS value u, we have

Z = 4.0
N = 3000 (7.1.4)
g = 1154
which give
8 = f0.102 + 0.0240% + 0.0625% = J0.22 + 0.067% = 0.12
5
(7.1.5)

It is hence seen that the uncertainty caused by unknown number
of cycles is nearly exhausted by the natural dispersion y. And

both these error sources are nearly exhausted by the uncertainty
in the RMS.

It is also observed that when uncertainty in RMS is disregarded,

the relative uncertainty in the extreme stress becomes

8 g
s 1 /1 y (N2 L T TS i (14 0.075) = 0.067

]

(7.1.6)

which confirms the conclusion drawn from Fig. 6.1.2: By loss
of information about the number of cycles, the uncertainty in
extreme value increases with 7.5% (~ 8.1%), viz. by increasing
from 0.0625 to 0.067.




8. FATIGUE CRACK AND PROPAGATION

8.1 Elementary considerations

It i1s convenient to consider fatigue in terms of crack propa-
gation velocity. Consider a crack of present linear extension
a. Under the influence of a pure stationary bending stress, the
crack proceeds with a mean velocity vp

(8.1.1)
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Under a pure stationary springing stress, the crack proceeds

with a mean velocity vg

Vs T gN | 7o (8.1.2)

Now da/dN which occurs in both (8.1.1) and (8.1.2) is the mean
crack increase per cycle, and provided that the stress RMS is

the same in both cases, then da/dN are also the same in both cases.

Thus we obtain under very general conditions, that when the stress
goes from pure bending to pure springing under fixed RMS, cracks
accelerates with a factor

vs - IB - (8.1.3)

and correspondingly, the fatigue life time is reduced by a factor
1/1.
As 1is of order 3-4-5, one may conclude that fatigue may be rather

sensitive to the presence of springing.




d.2 Fat igue under combined bending and springing

Proceeding with development of cracks as a model for fatigue

and deteriorating processes it can be shown that distinctly
separated spectral stress peaks do not interact. This is only

an assumption, but it may be supported by results obtained with
the rvainflow cycle counting method which is presently regarded

as the most reliable cycle counting method for crack propagation
as well as Miner calculations.

The propagation speed v of a crack is thus the sum of the bending
term vg and the springing term vg. The linear extension a of a

one-dimensional crack has then the velocity

_ da _ _
V=3 VBt Vs T 3N + ==

S dN Tg dN T (8.2.1)

S
According to Paris et.al. /8/ the increment da/dN per cycle is
related to the stress intensity AK through

da _ cak)™ (C and m are constants) (8.2.2)
The stress intensity has a linear relationship to the nominal,

local stress amplitude S through
AK = Vna gla)s (8.2.3)

where g(a) is a geometry factor. When the sequence of amplitudes
S is not constant in magnitude, but fluctuating according to a
Rayleigh distribution with parameter /20, the average contribution

from each cycle is

@ = cr/ama g(a) )™ rem/2)0™ = cto (8.2.4)
¢' 1= & new constant which changes only slowly with the crack

depth, but which is instantaneously the same for springing and

bending.

Introduced in (8.2.1) we then find the crack velocity




— ap™ ogh
v = C[V/Z7a g(a) ™ I‘(l+m/2)[—TB— + _S—} (8.2.5)
T
B S
where ogp and og are the RMS of bending and springing only.
Introducing the total RMS, o, gives
m
v = C[VZma g(a) 1™ 1(14m/2) 2= [(./1-x2)m + rx’“} (8.2.6)
B

Here the last bracket is a factor which tells how more faster
the cracking process goes on when the stress changes gradually
from pure bending to pure springing through x. The fatique life
is reduced by the same factor. By definition; this factor is
closely related to a spectral correction factor, denoted 2,
appearing in the literature /9/. For the present case we have

thus in particular
Vo= (ex)™ o XM (8.2.7)

which is graphed in Fig. 8.2.1 for different values of m and .
The normal value of m is 3-4, but values up to 8 appear in diff-
erent codes /10/. (It should be noted that m in the crack propa-
gation approach is equal to the slope parameter of the Wohler

curves usually entering into the Miner fatigue calculations).

1t is observed from Fig. 8.2.1 that the fatigue decreses slightly
for a small component of springing when the total RMS is given.
This is in accordance with common evidence, since fatigue is
known to decrease by less regular cycle forms. For larger
springing share, the fatigue rate increases rapidly up to the
factor 1 predicted in Section 8.1 due to the increased number of
cycles. In case the squared soringing share x° in the long run
is Beta distributed (see section 9.2) with parameters (r,s), and
T is considered constant, the long term average of the spectral

correction factor due to svringing is

— 1 )
' 7 B (r,s) [B(r,5+m/2) + TB(I’"’m/z,S)] (8.2.8)
There is one inconsistency in (8.2.7): The spectral correction

factor * should approach 1 for 1=1, that is wnen the two spectral

components coincide to one. This is only the cagse for m=2.
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Fig. 8-2~1-Spectral correction factor for fatigue by fixed ¢

and Tg-




8.3 Comparison with regression formula

An empirical formula for the spectral correction factor X is
suggested in /9/ and has the form

Alm,e) = a({m) + [l—a(m)](l-e)b(m) (8.3.1)

By regression analysis of counting tests on simulated random

records, the functions were determined to

0.926 - 0.033 m
b(m) = -2.323 + 1.587 m

a(m) (8.3.2)

Due to definition of periods, (8.3.1) is not quite the same as

(8.3.1), but a relationship may be established by

A= %%A = J1+x2 (12-1) {a(m)+[l—a(m)][1-c(x,r)]b(m)} (8.3.3) ’
1l - x2
c(x,t) = x{1-1) - — 1 (8.3.4)
l+x2(T -1)

¢ 1s quoted from (2.2.7).

Tha fatigue correction factor derived from this equation is
graphed in Fig. 8.3.1, and should be comparable with Fig. 8.2.1.
The fatigue rate is, however, seen to increase much more steadily

with the springing share than predicted previously.

The stress spectra on which (8.3.1) and (8.3.2) are based are
of different nature than the two-peak spectrum underlying (8.2.7),

and it is not immediately clear which procedure that gives the

most correct results.
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Fig. 8-}-1-Spectral correction factor derived from Wirsching's

formula (8.3.3).
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9.1

9 LONG TERM DISTRIBUTION OF RMS

9.1 Distributions in a special case

In one particular case the long term probability distributions
of the total RMS and the springing share can be exactly derived
from the long term bending and springing RMS~distributions.

This occurs when the bending RMS op follows a general gamma dis-
tribution (3.3.1) on the particular form

2
_ . .2 9B, 2m-1 - (0gh/B)
f(OB) = f(m, 2, B; og) = T B (E-) e B (9.1.1)
and the springing RMS og follows the almost similar distribution
f(og) = £(n, 2, B; og) (9.1.2)

In tnis case the total RMS ¢ defined through (2.1.2)

o2 = 032 + 082 (9.1.3) !

has the related distribution function

2
- . - 2 91, 2(m+n)-1 - (0/B)
flo) = f(m+n, 2, B; g) = ) (B ) e

{(9.1.4)
That is, in this particular case the shape parameters m and n
for the bending and springing are additive such that the corres-
ponding parameter for the total RMS is (m + n). ’

Some selected members of this class of distributions are shown
in Fig. 9.1.1, normalized to scale parameter B = 1. This plot
may in some situations be used qualitatively to judge the impor-
tance of vibration components.

For example, if a Weibull plot of the bending and springing RMS

are relatively positioned roughly as the curves for m = 1.0 and

m = 0.25 respectively, then the total RMS is positioned roughly

as the m = 1.25 curve. That is the presence of springing increases
the extreme stress level with order 3-4%.
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9.3

The statistical moments of the distribution (9.1.1) are

= 2y _ ol I'(m+i/2) -
Ml = E(0°) =B —1.,(“—1)——- (9.1.5)

That is, the parameters m and B can be expressed by moments
through
M22
m = 5 {(9.1.6)
Mg - Mz

BT = Mz/m (9.1.7)

In the particular case treated here, the squared springing share

2 = (cs/o)2 is Beta-distributed with parameters m and n. The

probability density function of x is then

X

_ 2T (m+n) x2n-l(l_x2)m-l

PX) = Tyt

(9.1.8)

The probability density of the bending share is obtained by
interchange of m and n.




9.2 Distribution in general cases

The simple relationship between the individual and the resulting
distribution of RMS (9.1.1)-(9.1.4) does not hold in general.
Neither does the exact Beta-distribution hold for the squared
springing- or bending share.

One may, however,

fit the same distributions to the empirical

data by methods defined in the sequel:

Variables defined in the interval (0 - ) :

This yields in particular springing, bending
Statistical distribution may be approximated

gamma distribution with parameters (b, g, B)

and total RMS.
with the generalized

with density

, - g
£(z) = TT%Tﬁ* (%)bg 1 = (2/B) (9.2.1)

The parameters b, k and B may be estimated by the method of mom-
ents as defined in /6/ through the following steps:

- The measured values are

21 22 Z23ccieinnnn Zy {(9.2.2)
- Evaluate estimators for the logarithmic mean value, variance
and skewness:
1 N
R=<% ¥ 1n7Z, (9.2.3)
N . 1
i=1
N
V=g o (nzy - R)Z (9.2.4)
i=1
N
_ g™3/2 1 s 3 ]
T = S N=1) (N=2) E (InZ; R) (9.2.5)

1

i




9.5

- Determine the value of the shape parameter b from the formula
- ¥ ) /Y ()2 = 1y
The table in Appendix A may be used.

- Determine the slope parametef k by

+ + for T < O
g = =/Y' (b)Y /V (9.2.6)

-~ for T > 0

~ Determine the scale parameter B through
B = exp (R - ¥(b)/qg) (9.2.7)

Available computer programs are described in /11/ and /12/. It
should be stressed, nowever, that the empirical estimates (9.2.3)-
(9.2.5) should, if possible, be calculated directly from the ob-
served values in the sequence (9.2.2). Grouping of data into
classes, which is more or less explicitely assumed in the programs
has proved to introduce unnecessary inaccuracies, in particular

in the determination of the skewness parameter b.

Variables defined in the interval (0,1)

Variables defined in (0,1) are among others:

- The spectral width ¢

- The peak~-to~zero crossing period - io «a
- The springing share x

- The bending share xp

- The fraction of positive maxima, redefined as (2a-1)

The squared values of the variables are also defined in (0,1).
The statistical distributions of such variables may be approximated
by the Beta-distribution with the density

- _[(m+n) n
F'(m) T (n)

g(2) 2Pt (1-7)™"2 (9.2.8)
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3.6

The two parameters m and n may be determined by the mean value

and standard deviation as follows:

- Determine the value Z and the variance V through

= _ 1 ™ .
Z—*ﬁZul (9.2.9)
. - 7)2 '

vV = =T Z(Zi Z) (9.2.10)

- Determine the parameters n and m through:
n= (z-22 - ozz)Z/V (9.2.11)

m= n(l-Z)/Z (9.2.12)

Preferably the squared variables 52, x% etc. should be matched !
to the Beta-distribution, because then the distributions of a2 =

1 - ¢2 and sz =1 - x? are simultaneously determined. The pro-

bability distribution of the variable themselves, i1.e. € or x are

then given by the function (9.1.8).
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10. LONG TERM DISTRIBUTION OF POSITIVE MAXIMA

Pty

{ 10.1 Proposed procedure

Suggest that the distribution of local maxima under stationary
conditions can be described by a general gamma distribution with
parameters (a, h, A). By section 3.3 this distribution should
approximate the truncated Rice distribution, giving in particular

a = fraction of positive maxima in interval (0.5, 1)
h =2 © (10.1.1) ;
A= V20

The scale parameter A is distributed in the long run according

to & general gamma function with parameters (b, g, B).

Neglecting period fluctuations for the moment, the long term

distribution ¢of local maxima is

£,(S) = ff(a, a, A; S) £ (b, g, B; A) dA (10.1.2)

0
This distribution can be approximated by a general gamma distri-~-
bution with parameters (d, k, D) by a method which gives correct

logarithmic moments up to the third order.

Transforming (10.1.2} to 1nS, one may find the moment generating
functions of the distributions on each side of the equality sign.

Equating the moment generating functions gives

_ us, _ .u TI'{d+u/k) _ _u T'(a+u/h)T(b+u/qg)
$(u) = E{e ) =D Ty - B T(a) T (D) (10.1.3)




10.2

Hence the cumulant generating function is

O(u) = 1n ¢ (u) (10.1.4)

From this function the cumulants)(n of general order r can

be derived by

du {10.1.5)

Comparing the first three cumulants of (10.1.3) gives the

three equations for determination of the gamma parameters

d,k and A.
¥~l = 1nD + ¥(d)/k = 1nB + ¥(a)/h + ¥(b)/g (10.1.6)
X, = vh@nd = vlay/m? + v (pb) /g2 (10.1.7) |
R, =vt@ad = vtam? s vtmsze® 0.1l |
Hence the skewness coefficient oh each side is

X3 v1laay  _ vilaymd 4 viley /g

Ry3/2 1 4,372 [\yl(a)/hz s wl(b)/gi]3/2 (10.1.9)

The ri¢ht side is known, and the middle term is only a
function of d. Hence d can be evaluated by the table in
Appendix A..

Once 4 is known, k may be evaluated from the second
cumulant identity (10.1.7)

1 V1,2
K =[ ¥ (d) (10.1.10)

vl(a)/n2+ vl (p) /g2




10.3

and finally from the first cumulant (10.1.6) one finds
D=2B exp{W(a)/h + ¥(bl/g - W(d)/k} (10.1.11)

In the present particular case of Rice~distributed short term
maxima we have h = 2.

If the long term distribution of the RMS value ¢ rather than
of a=Y20 is known, B should be set equal to 2 x the scale

parameter of the long term distribution of o.




10.2 Rayleigh short term - Weibull RMS 10.4

Jo get an idea about the validity of the procedure proposed
in the last section, one may consider the particular case of
narrow banded stresses (Rayleigh distributior) where the

A = VY2 RMS is Weibull distributed in the 1 1g run.

In this case we have

a =1
h = 2
b =1
¥{1) = 0.57721

yl(1y= 1.64493
)= 2.40411

|
When the Weibull parameters k and B of the long term distribution
of V2 RMS are known, the gamma parameters d,k and D of the
amplitude distribution may be determined from (10.1.9)-(10.1.11}). '
Some corresponding values are given in Table 10.2.1.
g d k (D/B)
0.0 0.65 0 0.749
0.5 1.16 0.436 0.516
1.0 1.50 |0.674 0.399
1.5 1.79 |0.806 | 0.361 ]
2.0 1.89 0.918 0.384
| 2.5 1.83 1.034 0.442
3.0 1.72 1.147 0.508
3.5 i1.60 1.254 0.575
4.0 1.50 1.349 0.631
4.5 1.42 1.429 0.678
) 5.0 1.35 1.503 0.720
' 5.5 1.30 |1.561 0.752
i 6.0 1.26 1.610 0.778

amplitudes by Rayleigh distributed short amplitudes and Weibull
distributed VE RMS.

|
i Table 10.2.1. Parameters of long term distribution of
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Corresponding values can also be determined from Fig.10.2.1.

LONG TERM GENERAL GAMMA DISTRIBUTION
PARAMETERS FOR AMPLITUDES

- RAYLEIGH SHORT TERM AMPLITUDES ,
q - WEIBULL LONG TERM V2 RMS.

0-¢ T T T | g L
2 3

4 S 6
WEIBULL PARAMETER g

Fig.lo.2.1l. Graph of gamma parameters for long term stress
amplitudes (d,K,D) by Rayleigh short term amplitudes (1,2,“30)
and Weibull long term {20, that is (1,q9,B).
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Comparison may be made by a procedure reported by Nordenstrgm
/13/ where the objective was to fit a Weibull distribution to

(10.1.2) which should give good accuracy for large stresses.

Some corresponding values for d,k and D obtained by the two
methods are listed in Table 10.2.2.

Nordenstrgm's values Present method
g d k D/B d k D/B
1.0 .428 .560 1.16 .436 .516
.722 .611 1.50 .674 .399
1.086 .6390 1.89 .918 .384
1.444 .782 1.50 1.349 .631
1.614 .834 1.26 1.610 .778
00 1.0 |2.0 1.0 1.0 2.0 ”Jl.o

|

Table 10.2.2. Some corresponding amplitude distribution

parameters obtained by different methods.

Weibull plots of the distribution obtained for g=1.0 and 6.0
are shown in Fig.10.2.2. The corresponding distributions are
seen to coincide for large stresses where Nordenstrgms values
are most correct. This investigation gives some confidence

to the present procedure, at least for low spectral width.




Cumulative probablility distribution
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Comparison between the present method and data from

g4 1is the slope parameter for the Weibull




11. CONCLUDING REMARKS.

The validity of the way of establishing the long term stress
distribution outlined in chapter 10 should be more thoroughly

studied, in particular for wide band stresses.

The long term parameters (d,k,D) for half-normal short term
stress distribution and Weibull long term D-distribution are
given in Table 11.1 and Fig.11l.1 analogous to the representation
in Section 10.2. However, alternative data for comparison are

not imediately available.

When the long term statistical distribution of loeal maxima

ts established in terms of the probability distribution

P(d,k,D;S) the characteristic long term extreme can be established
as the (l-Np*) fractile, This may always be solved numerically,

for instance by /11/ which solves this by Wegstein iteration.

One may also evaluate a characteristic extreme value by the

asymptotic expression

1/k
- d + _ _d +
SC—D{ln(F(—d)Np + (d l/k)ln[ln(r(d)Np )]} (11.1.1)
The probability distribution of the extreme value is given as
Nt
P(z) = P(d,k,D;s) P (11.1.2)
analogous to (5.1.1), and may be discussed along much the

same lines as in the stationary case Chapter 5.

The influence of the changes in period should be investigated.




1k.2
g d k A/B
.0 1.00 0 .374
.1 1.02 .0982 | .299
.2 1.08 .186 .237
.3 1.18 .258 .185
.4 1.32 .311 .142
.5 1.49 .347 .1092
.6 1.68 .374 .0874
.7 1.90 .387 .0655
.8 2.13 .396 .0511
.9 2.36 | .401 .0408
1.0 2.58 . 405 .0337
1.5 3.35 .421 .0209
2.0 3.53 .446 .0231
2.5 3.46 .473 .0297
3.0 3.35 .495 .0369
3.5 3.24 .514 . .0442
4.0 3.15 .528 .0507
4.5 3.08 .540 .0563
5.0 3.03 .548 .0607
5.5 2.98 .556 .0651
6.0 2.95 .561 .0681
Table 11.1 Parameters of long term distribution of positive

maxima by broad band signal (e£=1) and Weibull distributed

Y2 rms.




11.3

PARAMETERS OF LONG TIME DISTRIBUTION
OF POSITIVE MAXIMA.
- ONE SIDE NORMAL SHORT TERM MAXIMA
DISTRIBUTION
- WEIBULL LONG TERM OISTRIBUTION OF
7 V2 RMS
6 -
S .
Ul
3
2
U 1 D
‘ -B"x 10
o-¢ T T =T T T T
0 1 2 3 s 5 6

WEIBULL PARAMETER 9

Fig. 11.1 Graph of gamma parameters for long term stress
amplitudes (d,k,b) by one-~sided normal short term distribution
(5,2,“50 with parameters (1,g,B).
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APPENDIX A

TABLE OF POLY-GAMMA AND RELATED FUNCTIONS.

Following quantities are tabelled:

X ‘ - argument of functions
GAMMA - I (x)

PS - b (x)

PSl - V' (x)

PS2 - " (x)

PS/VPS1 - V(x)/ Y v (x)

VPS - Yo' (x)

tj:"(x)/lj;'(x)3/2

PS2/PS1xx3/2
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-l.4%61 =~.2470
-1.415%1 =~,2372
~1+3851 =42274
-1.3560 =-.2177
~1.3277 -42079
-1.3003 =-.1981
=1.2737 -.1843
-1.,2477% ~J1785
-1.2228 ’.1687
~1,198% ~.1589
~1.174* =-.1471
-1.19%1  -.13%42
-1.12%4 ~-,1294
-1,1077 -.1196
~1.0P66 -.1098
~1.06%) =.0999
-1.0460 -.0701
~1.026% =~.0003
-1.0076 =-.07CH

-sGEAY ~ 06045

-, 7712 ~.050

-e4537 -.N410

-804 '00’111

-,3200 =-.0213

~L.unt -.N11lw

E EERSEARCNR IR

a !

A.4

UPS1 PS2/PS1ee3/2

1.2325 ~1.1399
«2733 ~1,133%7
1.26047 ~1,12R1
1.255’. ~1e122%
1.2465 ~1.1167

1'2379 '101114
1'2204 "1.10"—)J
1.2212 -1.10046
1.2130 -1,0992
1-2050 -1 0900

11972 -1.084%
1.1395 -1.0797
141813 -1.0745%
1.1749 ~1.0696
1.1672 ~1.0646

1. 1600 "1-0597
1.152" '11054?)
1.1460 ~1.050¢0
1-13‘71 “100453
11324 ~1.0406

1.1258 ~1.0359
1.1193 ~1.0313
1.1123 ~1.,0267
1,1065 ~1.0223
11003 -1.017R8

1.0942 -1.0134
1.0882 -1.00°91
1. 0?‘23 "1.00*“
1.0764 ~1.0005

1-0707 ‘09963
1. 0650 ~,9921
1.0594 ~-.9880
1.0539 -9 3
1.0485 -49799
140432 =-.9758
1.,0579 -.971¢9
1-0327 -.“6“-0
1.0276 -49641
1,0229 -.9602
1.0175 =-+9564%
10 0126 -.QSQT
1.0N77  -.944
1.003%N - 184G ¢
.‘)')H') _.q'“
PRLERER TN P B R
PR . \aa
. HN

o e et .
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A5
X TAMMA PGS LM S St D3 rypal VPS1 PS2/PS1»¢3/72
1.50 A2 « 3505 s T340 -.AD9Y «0377 ¢ 66T -4,9170
1.51 «3-6€ «Nan o 136, -y 7147 0476 e3626 -e9136
1.52 70 <0590 A T -.9015 L0574 .I5484  -,9103
1-')3 o3 7‘1 UF a2 . ’10';\ - T4 0 .0672 0°542 '.‘,’070
1.54 «RIDD «0732 .« 1027 -,7751 «0771 +9501 ~-,9037
1.95 «8 329 «03022 « 2751 -~ 7625 « 0869 eJ461 -.9004
1.96 JHPNY «J) 11 331 -« 7501 «036T ¢J3421 ~.8B972
1.57 05 «1008 + 11301 “.7371 <1066 «9381 -.A940
1.52 M1 4 «10 <7 « 1127 ~e 7263 1164 «9342 -,8907
1.59 «BY24 «1174 « 2655 -e714% «1262 «9303 -,8877
1.60 .8"35 01260 o £HES ~« 7036 01360 .9265 '08‘146
1.61 B 47 «1344 «* 515 -~ 6726 214959 +9227 ~o.8215
leh2 eBH5 " »1431 08 48¢ ~« 69170 e 1957 « 190 -,878S
1-63 .Qr72 .151‘3 [} ’\37'1 ~e 6714 .165'5 oq153 -.‘\75‘3
1.64 8936 «157% «5312 ~.6611 <1753 «3117 =-4RT7295
1.65 «2001 +1681 « 32485 -y69511 <1854 +9081 -.8695
1.66 «9017 +1763 e141 ~+6413 «1943 «9049 -~.8666
1.67 «7033 e 1145 «111% -«6317 +2047 «9010 -.8637
1.69 00050 11" 26 01055 ‘06223 -2146 .‘W75 '0860&
1.69 «90 68 «2006 « 7933 ~«6131 « 2244 «8980 -.8579
1.70 « S0 R6 « 2049 « 7932 -+ 60081 «2342 «8906 ~.8551
1,71 «?106 « 2164 «T312 -.5953 <2440 «887T3 =~48523
1:72 0:1‘126 022q~5 o7 *1‘5 ‘05367 -2537 08839 -.BQQS
1.73 147 «2321 « 7TGH ~e5732 « 2639 «8806 =-«8467
l1.74 «2168 «2398 « 7691 -«5700 «2733 «8778 ~.8440
1.75 «2121 «2475 e 7641 ~«5619 «2831 «8741 <~.A%13
1.7o «“214 «2551 « 7580 ~.95540 «2329 «B7037 ~.8386
1.77 «5213° 2626 « 7530 ~-«5462 « 3027 «8678 -« 8359
1.78 « 9262 +2701 «TaT6 -+.5336 « 3124 «8645 =-,8332
1.79 9288 2776 « 7422 -«5312 23222 «8615 -.,8306
1.80 -q31‘0 02(‘50 073’0 ‘0523° .3320 08585 '08280
1.51 «S341 e 2" 23 « 7310 -.5167 « 3417 « 8554 ~-.8254
1.2 ¢ 93K « 2% 16 » 7264 -«507%7 +3515 +2524 ~-,822%
1.43 AN « 3059 e 1215 ~.502A8 «3613 ¢ #8495 ~,9%8203
134 +9426 «3141 «T166 ~e%961 «3710 «8465 -,.8178
1.85 «93456 «3212 «T117 ~s 4835 + 38 g2 «8436 -«B153
14136 «Jan7 +32 13 . 70548 ~.4P30 * 3904 «1407 =.812°
1.47 «u512 e 3353 + 7020 ~. 4767 24002 «8379 -.810%
loqp ‘(’551 03“23 c‘;\.)?:l ~« 4704 541 00 ‘8350 '03080
1.839 W54 e 3433 o« H926 ~+ 4643 <2197 «8322 -.8056
1.0 «261° *3562 * 6330 ~. 4503 «4294% «829% -a8032
1¢"'1 .“F')? .1)‘.30 o h 134 ~.4‘324 .434‘. 19267 -.800%
1.72 T A . 3690 « 5701 ~. 4557 . 22 0 « 8240 -,7384
11’13 .?72“ -5703 ¢ 78% "04410 «45R0 .1“213 ~e 7q61
1.9% « 9761 ¢ 3733 «b701 -, 43954 «86P3 «8lH6 ~e 793R
1.95 NN A «3-00 e 6637 -.4300 Y] «H8160 <~.T915
1.74 « .37 «37R7 shHlh ~-.8245 ant? «£133 -.7092
1.97 N 77 40 373 eH375 “e41 133 alT4 «HB107 ~,78B6°
1,94 «9-17 B0 «e 6531 ~. 4142 .5071 +HOB2 ~e 7347
1.99 «925n «%4163 «5470 ~.4051 e 9168 8096 =-,7825
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1.0000
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110737
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5270
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«5543
«5513
¢5934
«eHAH4

+54725
«e5317
05361
+ 5340
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«H239
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e 30 07
—13150

~ 3209
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’USSGT
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~«3389
~«3352
‘03314
".:’)27‘
~+3242

~.3206
-.3171
‘13137
-+3103
-43070

‘.3037
-« 300%
‘02q74
e 2‘3‘52
'02912

e 2“81
-s2752
=.2R22
-.27Q3
-.2765

~e2737
~«2799
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~«2629
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'n2577
- 42992
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~«2807
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05265
.36l
25875
«2559%

«5651

«H74 13
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9141
o0 317
+6134

«6230
«6326
«H425
«GH19
e 66195

«6711
«6307
« 69073
« 6999
« 709%

«T171
«T2R7
« 7382
« 7478
« 7574

« 7669
«TT69
+ 1860
e 7956
«R051
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« 8242
«1337
8432
«R527

«8622
«HT17
«RR12
JATNT
29002

« 2097
«171
e 1206
s 1391
» 7479

VPS1 PS2/PS1ee372

e3031
«H009
7141
« 7356
e 7332

e T01
e 73R4
e 7460
$TA3JT
«7A13

7790
TT67
7744
o T722
« 7700

«7677
« 7655
7534
« 7612
« 79591

« 7569
« 7544
7527
«T506
«7486

+ 7465
« 7445
« 7425
+ 7405
« 1385

«7366
« 7346
« 17327
«7303
e 7289

« 7270
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«7232
« 7214
« 7196

«7177
7157
« 7141
«712%
« 7106

« 7088
«T0T71
« 7054
« 7037
27019
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~e7IRD2
'077ﬂ0
~a 7752
".7737
~«TT16

"'o76°~
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~e 1652
"17631
~e7611
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-+ 7570
-« 7550
-c7530
-07510

~e 7490
'07470
~eT7451
~e 7432
~e 7813

~e 7393
‘-7375
~e 1395
~a 7337
~a 1319

~« 7300
~+ 7282
~e 71264
'-72‘5
-.722&

- 7210
‘07105
e 7175
~e 7158
~eT140

~«7123
~e 7106
-e70RQ
‘.7072
-« 71056

-« 7039
~« 7023
’.7005
-~ 46990
~. 6774

~a6E5P
~e6742
°~6°26
~+ 6710
-+ 6R94

»



A7
X BAMME 20 LIS | 42 PS5 /VPS1 VP31 PS2/PS1++3/2

2.50 1.32-:3 «TN32 e 404 “e2362 1,0041 «700% -.6979
2651 1330t 105 PEOREN ~-.23%41 1.0136 6JBL -, 6P63
2eH2 le34- 3 712D 4 1957 =.2317 1.,0230  .6967 -.,644"
2.93 1e35°0 7177 «4 334 ~e227%6 1,0324 e652 =-,6R33
2+.54 le367V « 7226 «41311 “e 2275 1.081% «6936 -.6811%
2.9 1.3777 « 1214 8Ty ~+2254 11,0512 «6720 -,6803
2456 1,3+ 7~ o 13522 2 4 1606 ~«2233 1.0606 e6303 -,678¢
2e17 1,3 «1 o 1367 4744 -.2213 1.0700 «648T -.6T73
294 1.40 4 « T8 16 «4 722 ~e2132 1,0793 06371 -,675%
257 1.4170 « 71464 «4 700 ~«2173 1.0887 6855 -,6743
2.60 1.,42356 «7510 «86T4 -.2153 11,0981 «6840 -,6729
2461 1.4%04 « 19597 <867 ~e2134 1.1074% «6824 -.,6T14
2.62 1,451% 7604 « #4635 ~«2114 1.1168 «6303 -.6700
2643 1.4625 s 76510 +8614 ~e2076 1,1262 ¢e6793 -466H8%
2.64 1.4734% « 7696 «8573 ~«2077 11,1355 e6T778 -,6671
250 lattuigy « 1737 ¢ 4502 ~«2040 1.,1542 « 6747 =-.6643
2.07 1.5025 e 7+ 33 « 8532 -«2022 1.1635 «6T32 =-,6627
268 1.5%2049 o TH TS » 4912 -.2009% 1.1728 «6717 -.6615
2679 15325 7923 «4432 -«1987 1.1822 «6702 -46601
270 1le5447 «eTH 68 4472 -e1970 11,1915 «6687 -.6587 f
2eT1 1.5571 « 1012 « 4453 -+1953 1,2008 e66T3 -~ea6574
2472 1.567%0 e 307 « 4433 -~a1936 1,2101 «6658 -4,6560
273 1.5%24 +3101 .« 4414 ~e¢1920 1.2194 «6644 -.6547
2.74 1.5353 «8145 4395 -.1903 11,2287 6629 ~46533
2.75 l.60R4 «8189 « 4376 -« 1887 1.2380 «6615 =,6520
2.76 l.6215 o233 « 4357 -« 1871 1.,2472 6601 =~.6507
2.77 1le6361 276 « 433 -.1855 1.2565 «e6OB7 ~46493
2.73 lo64n7 «8319 +4320 -«1840 1.2658 e6573 -+6480
2479 16625 « 8363 t~301 -9 1824 12751 «69559 ~e6467
2.80 1.6765 « 3405 «4233 -«1809 1.2843 e6545 ~,64%5% '
2.41 1.6-07 «R44¢ o4 2h5 -e1779% 1.2936 «6531 -.64481
2.2 1.7051 «3471 4247 -«177° 1.3028 «6517 -.6428
2443 17196 « 34533 e 4230 ~e1765 13121 «6504 =-.64%16
2.84 1.7344 «8575 «4212 -.1750 1.3213 26490 -.6403
285 17494 « 617 «8195 ~e1736 1.3305 «BATT -.6390
246 1.7640R R659 4177 ~e1722 1.3394 6863 -.6378
217 le779¢ « 3701 «%160 ~«1709 1.3450 «6450 -.6365 ;
2.84 1.75% e 1742 «4143 -.1694  1.3582 6437 -.6353 :
289 18113 8744 «4120 -~«1681 1.3674% «6424 -,.6341
2.0 18274 « 8825 e4110 -.1667 1.3766 6411 <~46328
2.731 l.R434 s ¥ 86 «%0 3 -+16594 1,3850 «6398 -,6316
2.2 147600 « €07 4077 1641 1.3950 «h3RS -,6304
2.3 1.8767 o783 « 4 0A0 -el621% 1.40*2 «6372 -e6292
2.4 1.87346 e A RA 4044 ~«1615 1.41 34 «6359 ~462R0
2499 l1.910° ¢02% «402: ~e1602 11,4226 «6347 -.6268
Qa6 1.9291 ¢ DR e4012 -e1530 1.4317 «6334% ~e6256
2.7 124,57 e 3109 «37 %, =2 1577 1.4409 e6321 ~.624% .
Je48 1.73¢ «11 47 «3310 ~e1565 1.45%01 e6307 =,6233
2499 109"17 «J188 e 3765 ‘01553 1.45‘)2 .62“7 '.6221




A.8

X SAMPE g 0 Pt [AaR9¢4 PS/VP Sl VP31 PS2/PS1es3/2
3.00 2,000 o V220 PG B -,1981 1.46°8 L6238 -,B620%
3.01 201 % «i7hT R ERL R A M 1.47175 e62T2 -e6193
3.02 12,0374 . 107 .31 -.1510  1.4a407 L6260 -.6186
3.00% 2, 0959 e 2340 BRIRIVE ~.1705 1.8105° e62841 =46175
3.04 3.,0757 « 33795 e 3V -.147°5 1.5047 . 6236 -.6164%
3405 2.,075% « 1423 e INTH -.1433 1.5141 6228 =-46152
3.06 2.115% « 8452 e 3 -.1412 19232 5212 -.6181
3.07 2,129 . 01 R ~.1461 1.5323 <6200 ~.06130
340% PO WA . IH37 « 3130 -¢1450 1.95%414 5184 -.611°
3.0° 241766 » 1877 e 3715 -.1437 1.5505 ,6177 ~-.610%
3410 2.1976 « 615 « 3301 -.1429 1.9996 «6165 =-460°97
J.11 Je21nd . 1673 o 5747 —.161%  1.9637 6154 ~-+6086
3.12 1.2405 o161 o STT3 ~e1804% 1.577% 6142 -.6075
3015 ,02523 1172‘1 0375\‘ "-13q7 l.’i."»é"’ .6131 ’0606Q
J.14 2.2345 « 3766 #3745 ~ 1387 1.5959 e611Y =-.6053
3615 2430649 « 804 ¢ 3731 -,1377 1.60050 <6103 -.6083
3.16 2.3291 . ral «3TLT ~.1367 1.6141 <6097 -.5032
3417 2,302+ o WTS . 3703 ~.13%57 1.6231 6086 <-.6021
Jadm 2.37062 .19 « 3970 -.1347  1.6322 6075 -.6011
AYD R 2,339 3952 23677 ce1333 1.6413 e6063 =e6000
3,20 2.4240 + 9488 e 3663 -.1328 1.6503 6052 -~+5990
3.721 AT L XSS 1.0029 3590 ~.1319  1.6593 <6042 =e95379
3.22 2.4730 1.0061 « 3637 -.1309 1.66%4 «6031 -+596°
3.23 N.4701 1.0098 . 3624 -.1300 1l.6774% 6020 ~4595°
3.24 205235 1.013% «3611 -.1291 1.67%6% .6009 <-.5938
325 2.54732 1.0170 ¢ 3534 ~e 1282 16955 .5993 -+5939
5426 2.,9754 1.,0206 e 3549 -.1273 1.7045 .54 -45327
5.27 2.,601° 1.024”2 +3573 -.1264 1.713% «ST1TT -«5318
5.28 246276 1.,0277 +«33560 ~.1255 1.7229 «5367 -5908
3.29 2.659¢ 1.,0313 « 3547 -«1246 147313 «5956 =-»5898
3.30 7.6F 34 1.0348 » 3535 ~e1238 1.7405 <5946 -.5888
3.51 2.T114 1.037% 23023 -,12231 1.7489% 5335 -~.587%
3432 2,7337 1.061" «3510 -.1221 1.752% .5925 ~-.586¢
333 2.,7609 1,0454 34 ~.12172 l.7al4 .5915  -.5254
3.34 2.7-76 1.0847 34136 -.1204 1.7764% .5908 -+5849
335 2.8272 1,0523 « 3474 -~e1196 17854 <5894 -.5839
336 2.,F5T71 1,98551 3460 -,.11499 1.7743 <5804 -a5827
3.37 2,0 TH 1.05%3 « 5450 -.1180 1.49033 <5374 =.5820
3.3 1,713 17627 5857 -.1177 1.8123 5964 =510
3.39 2.2475 1.06061 « 35427 -.1164 1.8212 5854 =+95R0D
3,40 2.,9°12 1.0676 o 5815 -, 1156 18301 58448 =-.57°1
5.41 540133 1.0730 « 5404 -.1147 144371 ,5434 <-e5792
3472 340897 1,0764 . 33172 -.1141 1.8a430 L5828 =a9T72
.85 30072 1.07%% a1 - 1133 1.%67° ,5%15  -e5763
5.44 3,1124 1.0 31 « 3370 ~.112%  1.7699 L5805 ~«5754
3.45 501463 14065 e 3397 ~e111 Y 1.0740 o575  =<574A%
3.46 51 07 1.0+ 33487 ~.1111 1.3837 .57R6 =.5735
Sea -Sogl"jf'.\ 1.7 32 0;5«3»5'1 "ollr]3 1234926 «9770 -.5726
3.4% ju2310 10765 #3320 -,1076 1.9015 .5767 =5717
3,47 °2° 67 1.0-98 «3314 -.1097  1.7104 <5757 =+570¢ 1




A.9
X GAMMA P P P2 PSIYPS1  VPS1 PS2/PS1e#3/2
3450 3.3233 1.1032 « 3504 -.1082 149193 .5748 -.5699
3.51 3.3503  1.1065 W 3273 -.1075 1.9232 L,5738  -,5690
3.52 3,3:77 1.10-7 . 3242 -.1063 149371 5729 -.5681
3,53 3.4357 1.1130 . 3271 ~.1061 1.9460  ,5720 -.5672
354 3.4742  1.1163 . 3061 21054 1.954R 5710 =-.5663
3455 3.5132 1.1195 . 3250 ~e1088 1.9637 <5701 -.5654
3.56 3.532° 1.122= . 3240 ~4e1041 1.9726 45692 -.5685
3.57 3.5°30 141260 . 3230 -.1034 1.9314 .5683 -.5636
3454 34633+ 1,122 . 3217 -.1029 149303 <5678 =~.562% '
3.53 3.6751 141325 e 3202 21021 1.9991 +5665 -.561°9
3460 3.7170  1.1357 ¢ 3199 ~+1015 2.,0080 «5656 =45610
3.61 3.79°5  1,1329 3180 -,1009 2.,0168 +5647 -.5602
3462 3.6026 1.1420 . 3170 -.1002 2.0256 5638 -.5593
3.63 3.P464 141452 W316 1 -e0996 24,0345 5629 =45585
3-64 3.8907 101484 -3151 ~.0990 200‘33 05620 '05576
3465 3,9357 141515 ¢ 3149 -e0934 2.0521 5611 -=4,5568
3.66 3.9214  1.1%47 L3133 -e0972 2.0609% <5603 -.555°9
3.67 4.0277 1.157% « 3129 “e0972 2.0697 55984 =-,5551
3.68 2.0787 1.160° «3120 -.0966 2.0785 +5585 -,5543
3469 4.1223  1.1640 «3110 00960 240873  «5577 -=o.5534
3.70 84,1706 1.1672 «3100 -.0954 2.0961 5568 -.5526
3071 34.2197 1.1702 *3091 ~e094%9 2,1049 +5560 -4551%
3.72 3,264 1.1733 «3081 -.0942 2.1137 «5551 -.5507
3.73 24,3135 1.176% «3072 —.0937 2.1225% +5583 -,.5501
3.74 4.3710  1.1795 «3063 e0931 241313 <5534 -.5493
3.75 4.4230 1,125 «3053 00925 2.1400 <5526 -.54RS5
3.76 4,4757 leli 56 « 3044 -.0920 2,1888 <5517 -~.5a77
3.77 84,5291 1.1686 «3035 -.0614 24,1576 <5509 -.58%69
3.78 4.5033 1410917 «3026 e 0909 2,1663 5501 -.5461
3.79 8.63R3  1.1%547 3017 -e0904 2,1751 <5493 -~.5853
3.80 3.6942 . 1.1°77 .3008 -.0898 2.1838 5484 -.5445
3.81 4.7504  1,2007 « 2399 -.0893 2.1926 +5476 ~¢5437
3,82 4.80°2  1,2037 $270 -.0888 2,2013 .5468 -.542°
3.83 B.F665  1.2067 2941 -, 0882 2,2100 <5460 -~.5822
3.84 4.9257 1.209 ¢2972 ~e08T77 2.2188 <5452 -.5414
3.85 8.9857 1.2126 « 2964 ~0B72 2.2275 <5884 ~.5406
3.96 5,0856 1.2156 « 2955 ~ 0667 242362 <5836 ~.5398
3.87 501034 142145 «2945 ~. 0862 2.2889  .5828 =-,5391
3.8% 561711 142215 02134 «. 0857 2.2536 «5820 -.5383
3.89 5.2347 1.2244 «2929 c, 0852 2.2623 <5812 -.5375
3.90 5.2933  1.2273 2921 ~, 0847 2.2710 <5408 =-.5368
3.91 53642  1.2302 R ) ~. 0942 2,277 45396 ~.5360
3.42 504313 142332 o204 -.083~ 2.2898  .5383 -,5353
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APPENDIX B
EMPIRICAL DATA FROM FIELD MEASUREMENTS

Statistical lony term distributions from full scale measurements
on T/T Essc Bonn /1l4/.

Main data of ship B.3

Deviation in the square sum of RMS-values (2.1.2)

evaluated in terms of |1 ~1f5g+-ué/u} B.4
Distributions of RMS-values SR and og B.5

Distributions of logarithmic RMS-values 1ng, lnoB

and lnos. B.8

Distributions of springing share xs(2,2,3),

bending share xB(2,2,l) and the squared functions B.1l1
Springing and bending periods,TS and TB’ average
zero-crossing period TZ(2.1.3), Tp (2.2.5) B.14

Bending, zero-crossing and peak period made
dimensionless with respect to the springing
period 1(2.2.2), TZ(2.2.4) and Tp(2,2,5) B.18

Peak-to-zero-crossing period ratio u(2.2.6},

spectral width ¢ (2.2.7) and the squared functions B.21

Fraction of positive maxima 5 (2.2.8), veriod of

positive maxima T; (2.4.4) and TD B.24

Peak period division ratio (TB—TS)/(TB-TS) and

zero crossing period division ratio (TZ-TS)/(TB—TS)

touched in chapter 6. B.27




Normalized extreme values [p.S(Smax/o)2 - lnN], (5.3.4),
tor springing, bending and total stress B.29

spectral correction factor for fatigue X , (8.2.7)
for m=3 and m=4. B.32




Particulars:

Drafts:

Length overall
Length on summer LWL
Length between perpendiculars

Breadth moulded
Depth moulded

Tropical freshwater
Freshwater

Tropical

Summe r

Winter

Weights:

Tonnage

Light weight

Light weight V.C.G. Above Base
Light weight LCG FWD of AP
Load displacement summer

tropical

International:

Gross

Net

Section mod

modulus
Top midship section modulus
Bottom midship section modulus

Midship sccond moment of steel
Arca

347.800 M
337.861 "

329.200 "
51.800 "
25.600 "

20.913 "
20.498 *
20.458 "
20.043 "
19.628 "

36.063 T
14.30
150.33 *
232.758
299.493

x

1 3

126.192,23
99.621,46

76.23 M3
77.27 MJ

9R2.38 M,

Main data for A.G. WESER yard No. 1388
T.T. "ESSO BONN"
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ARITHREYLC WEAN VALUE, M\ trrereeas
STANDARD DEVIATION, $ v e s s e e
CORFFICLENT OF VARIATION, R1/5 . . . PR
COEFFICIEMT OF SKEMNESS, K3/See3 . , , ,
COMPILLIGNT OF EXCESS, X4/3e0e¢d4 . . . , ., ,
SECOBD CUMTRAL MORENT, €2 .+ o o ¢ o o o o o
TMIRR CENYRAL ROREMT, C3 ., "0 e
FOURTE CERTRAL MORENY, C4 s ¢ e a0 s +28)
'M‘! CUMLANIT ¢ KA (Ch- !'CZ"!) e e 0 e 1.498+0¢
WORERG ADOUT 2880, B2 . . ¢ <« s o o o 1.477003
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COBFFICIEAT &7 VARIATION, l'l‘

COEFIICIENT OF SKEVNMESS, KI/Seel
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e

SECAND CENTRAL PONENY, C2 .
THIED CEMTRAL WMORENTY, Y . .
POURTE CENTRAL PORENT, C4 .
POETH TURULANT, X4o(L4-YoC2e

.21

SECONN MORENT ABOUT 2880, A2 . . .
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POURTH MORENT ABOUY Igm
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AAXIAUN yarlig » o
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s e 8 e 337
e e v e 24763401
“ e s e e 2.244001
“ s e 0w e 1.232400
c e 0o 0w 2.164+00
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s e 0 e 3.036902
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o e e 4 e o 1.643404
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N OF SARPLE VALUES . « o « o o ss?
ARITARETIC WEAR VALUE, ®1 . . . , 1.188001
STANDARD PEVIATION, 8 . . . . . , 1.069401
COEFFICIENY OF VARIATION, Mt/ , , 1.111400
COEFFICIENY OF SKEWNESS, K3/Sea) 1.937¢00
CORFPICIENY OF ENCESS, Rié/Sees , , 1,631004
SECONY CANYRAL MONENT, €2 . v 4 o o « o @ o 1.14440)
nun CEMTRAL MORENTy €3 o o o o o o o ¢ o « 1.880+03
TR 7364404
rwﬂu CUPULANT , KA (C4=-39C2002) , o o o o & 3441004
SECON) MORENT ADDUT ZEAS, 2 . o o o o o o l-“m
THIOD RORENT ADOUT ZER0, RY . . 4 v ¢ ¢ . o o 7.6¢

fOURTN RORENT ADOUT IERe, M4

RInIMUR SALUE ¢ ¢« o o o o o o
AARIRUR WALUE ¢ o o ¢ o o s &
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STATISYIcAL PARAMETERS )
BUNBER OF SARPLE VALUES & .+ o o « o o v o o & 473 i
ARITARETIC REAN VALUE, M1 . et s s e 3.367¢01 :
SYANBARD DEVIATION: $ o . ¢ v s o o v o 4 & 2.437001
COEFRICIENT OF WARLAYION, R1/S o , o , , , o 1.643+00
COLIPICIENT OF SKEWNESS, K3/See3 , . , ., , , 2.021+00
COEFFICIENT OF EXCESS, Ki/Seed o , & o o , . 4.688000
SECOND CENTRAL POMENT, €2 o o « o o o 5 o & 3.941002
THIRS CENTRAL MONENT, €3 . o % o , o o o 4 2.927404
FOURTM CEMYRAL MORENT, C4 ¢ o ¢ ¢ o o o & & LaT734408
FOURTH CURULARY, K4w(Ca=3eC2082) . & , o 4 1.025.08
SECOND MONENT ABOUY ZERO, R , . .. 1.843+03
THIRD NOREMT ABOUY 80, W3 , , .. 137803
FOURTH MOWMERT ADOUT JERO, R4 . . .. 1.207407
RINIMUR VALUE « o o ¢ + o o o « s 2 o o o o o 7.777.00
RMAKIMUR YALUE « + ¢ o o o 5 v o s o s o o o o 1.517002
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: COEFFICIENT OF SKEWNESS, K3/3ee3 . . o ¢ 4 & 1.937¢00 CORPEBEIENT OF SEEWNELS, X3/Svel , . . ., , 1.88
COLFFICIENT OF ENCESS, RA/S0d o v o o o o o 40200000 CORFFICIERT OF EXCESS, K&/Secd o . . . . . , 31.047¢00
SECOND CENTRAL ROMENT, €2 . B 5.132401
TECOND CONTRAL WOMEAT, (2 .+ . & o v o o v o $o216e02 THISE CONYRAL WOMENY, €3 . . L v s s +.702¢82
THIRG CENTRAL MOMEMT: €3 o v o s o o s s o o 3.083484 FOURTH CARTRAL MOWENT, C4 1. TS6ede
FOURTH CENTRAL MOMENY, ¢4 EREEEEEE 2.805°08 EIETH CURRANY ".(h_!' z;-;)' DRI '-"““
FOURTH CUMULANY, K&=(CA-J0C2%02) & . o ¢ & & 1.44806 ’ ¢ P .
S ECOMS WOWENT ABOUT IERO, W2 v 1,579+03 ﬂl‘-ﬂl' 1 ml A::';' l:;h.;z [ |.1:g:=a
THING MORENY ABOUT 2ERG, W3 , [ 1.17400% el L 1800, et e e e 2. H
FOURTH WONENT ABOUT IERO, M4 PR 1.099+07 PENRYN MOREWY ABOUT IERO, M, ., ., ., , 6. 200004
ALMIMUB YALUE o & ¢ ¢ o ¢ o o s o o s o5 04 1.414400
WNINIPUR YALUE . & ., , o o o o » . . 1.414400
-:umnw!-.-------:-:::-- 1.334002 MAXIMUR VALUE & o ¢ ¢ o 2 0 0 5 s o s 2 a o« $.24200Y
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UN{RMS) FOR TOTAL STRESS
ALL LOADING CONDITITNS
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! STATISTIcAL PaRANETENS

WUMBER OF SABPLE YALUES o« ¢ o o o o o o o o & 1030
ARITRETIC MEAN VALUE, MY < o v o o o o o & 3.203000
S TAROARD BEVIATION, § c vt e e ne 7.402-01
COLFPICIENY OF VARIATION, amrs Lt e e e v 4.213+00
CORPABCIRAT OF SKEWMESS, K3/§wel . ., , , , . -$.380=04

CORPPIEOENT QF EXCESS, MA/ge*4 . o . 4 o s . 9.491-01

SELOND CENTAAL MORENT, €2 . . . 37790
THERO CENTRAL MORENT, C3 . . . . -2.363-01
FOURTN CENTRAL ROMENT, C4 . .. 1325400
FONBTE CUMMLANT, Koo (C4-3¢C2¢e2) . , . . 3.236-01
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AR YALUE o &+ & ¢ o o ¢ o ¢ 5 o 4 2 0 0 o 4.3581-01
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THING CENTRAL ROMENT, €3 . ¢ 4 o o s o a o o =~3.763=01
FOURTM CENTRAL MOPENT, €4 o o o o o o o & & 1.428000
FOURTY CHBMLANT, K4=CCa-39C29¢2) . ¢ & o o & 4.438-01
SELEND WENENT ABOUT ZERO, M2 . « o » o o o o 1.072001
mﬁ AROUY ZRRO, A3 , . 4 o ¢ o s 4 o 3.764°01
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STANBARD DEVIATION, 3 . o o v s o o o o o o 0.740-01 STARBARS DEVIATION, $ , e b e 4 e e 9.791-01
COEFFICIENT OF VARJAYION, A1/S & o o o o o o 3.424400 COEFPICIENTY OF vaARIATION, M/s e« o s v e s s 2.098+00
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NURDER CF SARPLE VALUES & » . o o o o v o o (34
ARITNRETIC REAM vALUE, Y e e s s b v e e . 1.744200
$ TANGARD BEVIATION, D N S S S 3,206-0Y
CORFFECIENT OF VARIAYION, RY/S . . « . .« , . 2.117+00
COEPPICIENT OF SKEWNESS, K3/SeeS . , ., . . . 1. 909=01
COEFPICIEMT OF EXCESS, Xé&/Seed . o o o o o , ~8.382-01
SECOND CEMYRAL ROMENY, (2 DR S 4. 799=01
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FOURTH CCRMAL NOAT WY, C§ .
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STAVISTICAL PARARCTRS

WURGER OF SANPLE VALUES o v o o o « o v o o o 1838
ARTTIWRYIC MEAN YALVEs M1« ¢ o o e o s o o 1.819-81
STANDAND DCVIATIONS § « o ¢ o » @ o v o o ¢ 2121040,
COEPY ICICRY OF VARIATION) M/S o o = v o o = V68101
CREPF LCIENT OF OUEMNESSs KB/Seed o , . e840
COMFFICIZNY OF ENCESS, NO/od v+ v o . te050e
SECOND CIuWRAL MOMINT, C2 . v ¢ o o 0 o o o 4, 434-82
THIRD CENTRM MORENTs €3 o ¢ ¢ ¢ o o e o o o 1a090-02
FOURTH CENTRAL MOMENY, €8 o ¢ s o« o o o o o 4.611-0)
FERRTH CUMBANT) K4u(CA-DoCRoeP) o s g 3 » @ 3u$H03
SECONO RONENT ABOUT 2EiM0) M o o o o o o o o To T44-82
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