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SUMMARY

Using the transverse conductivity data for various idealized
fiber-matrix systems developed by Han and Cosner [1] in Phase I of
this grant study as the basis for Jjudging validity, this Phase II
study modifies and adapts several simplified analytical models --- ones
which allow comparatively direct interpretation of the effects of key
material properties --- such that they predict the transverse conduc-
tivity of uni- and bidirectional filamentary composites with reasonably
good accuracy.

Both the two-dimensional Rayleigh solution and one-dimensional
conduction analysis are used to form the functional framework of the
models., In these models, the primary variables are organized in a
rather simple, direct manner and are grouped in ways which enhance
generalization of the results. Modifications of the models are
introduced to produce working relationships which replicate the
accurate Han-Cosner data (for a variety of fiber patterns) to within
several per cent -- ususlly less., For the first time, therefore,
because of the availability of extensive transverse conductivity
data (the Phase I results), it is possible to rather comprehensively
assess the ability of both the Rayleigh solution and one-dimensional
conduction methods to predict the conductivity of filamentary composites,

The two-phase, two-dimensional Rayleigh solution shows remarkable
capacity to be adapted to the accurate prediction of transverse conduc-
tivities, especially when modified on the basis of relative packing
density. Modified Rayleigh equations for unidirectional fibers are
also found to be applicable to models for bidirecticnal fiber systems.

Though one-dimensional conduction analysis has been used exten-
sively over the years to estimate conduction in multi-phase materials
and though it has been applied a mumber of times to composites,
information allowing assessment of its ability to predict transverse
conductivities has been ~-- with two limited exceptions --- rather
sparse, The Phase I results of this grant study allowed comprehensive

xiii
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testing of the validity of this approach., The one-dimensional models
are found to be quite good. They provide a reasocnable basis to
estimate the conductivity of rather complex geametrical patterns,
Again, the relative fiber packing density is found to be helpful in
extending their usefulness. Though not more accurate than a modified
Rayleigh equation, adjusted models based on one-dimensiocnal conduction
have an advantage in that there is greater potential for application
when developing models for special fiber patterns, packing geometries
and sectional configurations. This approach is also shown to work
well for bidirectional fiber systems,

The overall results of this study suggest that models for most
any idealized fiber-matrix assemblage could be organized functionally
by adaptation of models for unidirectional fiber systems, and that
these models should be capable of estimating transverse conductivities
to within approximately ten per cent for conventional composites

! and to within roughly twenty per cent for a wide variety of tow
‘ (reinforcement) configurations,
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NOMENCLATURE

Maximum width of tow element (perpendicular to direction
of transverse conductivity); also a term in the parameter

(Et - a)/(it +a)

Length of tow element (perpendicular to plane of width
and depth dimensions)

Maximm depth of tow element (parallel to direction of
transverse conductivity)

Aspect ratio of bidirectional fiber system (ratio of
width or length to depth)

Width spacing of tow element (center-to-center distance)
Length spacing of tow-element (center-to-center distance)

Depth spacing of tow element (center-to-center distance);
also an angle adjustment factor

Diameter

Adjustment Factor

Integer value

Bulk transverse conductivity

Bulk transverse conductivity ratio k/km
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t-1g

[3]

t-1g

Bulk longitudinal conductivity

Bulk longitudinal conductivity ratio ky g/km
Matrix conductivity (assumed to be isotropic)
Conductivity of series matrix-tow path

Tow (reinforcing element) conductivity in transverse
direction

Tow conductivity ratio (transverse) kt/km

Tow conductivity in longitudinal direction

Tow conductivity ratio kt-lg/km in longitudinal direction
Diagonal spacing ratio D/L

Diagonal spacing of tow element (center-to-center
distance); also length spacing ratio of tow a'/c’

Tow transverse conductivity parameter (1':t -1)/ (Et + 1)
Tow transverse conductivity parameter [1 - (it)'l]

Number of types or parameter in general or tow
transverse conductivity parameter (Et - 1)/ (kt + 2)

Tow conductivity parameter (Et - 1)

Conduction heat rate

Width aspect ratio of tow a/A
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Length aspect ratio of tow a'/A
Transverse aspect ratio of tow array c¢/C

Longitudinal aspect ratio of array c'/C
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Depth spacing ratio of tow A/C
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SECTION I ¥
Introduction

This study is Phase II of the grant project "Heat Conduction in
Composite Materials" sponsored by the U,S, Air Force Office of
Scientific Research, Its dependent relationship to the completed
Phase I of this grant s®:‘y 's explained subsequently in this Section.

Objective of mase___;f-':;fz FGidy

Tﬁis study (Phsae . seeks to determine the ability of simplified
analytical models tu grwilct (to an accuracy of several per cent) the
transverse conductivity e¢f uni- and bidirectional fiber-matrix assemblages.

The use of sirgplified models to estimate the conductivities of
multi-phase materials is, in no way, new., Many publications over the
past roughly one hundred years dealing with the conductivity (and
similar properties) of heterogeneous media have employed this approach,
And, especially throughout the past two decades, this approach has been
used to estimate bulk conductivities of a variety of types of filamentary
composite materials, e.g. (3], [11], [12], (18], (23], [24].

The emphasis in this study centers on assessment of the ability of
several particular models to predict bulk conductivities of unidirectional
filamentary camposites, to adapt and refine the usefulness of these
methods through adjustments (and alteration), and, in instances, to
develop models, Value is placed on working relationships which allow
isolation of the first-order effects in a relatively uncomplicated
manner, while retaining their ability' to estimate conductivity to an
accuracy of several per cent, With few exceptions, this study centers
on the adaptation and elaboration of brior contributions in an effort
to provide useful, direct means for assessing the influences of key
design variables on the bulk conductivity of camposite materials,

B T T e

SArete oo



- Need for Simplified, Approximate Models

Analytical models for predicting the bulk transverse conductivity
of camposite materials --- which models are camparatively simple and
direct in use, yet essentially valid in concept and accuracy --- are
important for a variety of reasonms,

In the preliminary design of systems employing camposite materials
and where heat conduction is a matter of importance, analytical models
which highlight the functional interrelation of the principal design 1
variables in comparatively direct ways, which stem fram a reasonably
sound physical model and which rely on secondary parameters (adjustment
factors) to provide acceptable levels of precision -~-- usually are
valuable as working relationships (design equations). Such relation-
ships expedite the investigative, preliminary design process by allow-
ing the concept designer to observe directly first-order effects on

g the conductivity of camposite materials as the conditions of the design

investigation are varied. The criticality of various design regions
can be assessed more readily, Time and other expenses involved in
evaluating conduction processes can be reduced.

Analytical models, if valid in concept, organize the variables
involved in a complex conduction process and show their orders of
importance. Models can indicate approximate groupings of variables to
generalize data, assist in estimating conductivities beyond the range
of available information, and allow design of experiments which enhance
the range of applicebility of the test results, They simplify inter-
polation and extropalation of any set of conductivity data, Models allow
specific estimates of the influences ot various factors, e.g. fiber
weave, fiber shape, packing configuration, and so forth. Models
enable the designer to became better able to select designs which yield
the type of conducting material desired ---- be it need for the
camposite to serve as a conductor, a semi-conductor or an insulator,

In short, comparatively simple, approximate models which estimate
i bulk transverse conductivities of camposites at reasonable levels of
é accuracy facilitate both the understanding of the key variables

LT, B ey s SR e ey . RS T R 0y e
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L ! involved and the preliminary design process,

f ‘ Key Dependency Upon Phase I Results i
‘. This study draws heavily upon a mumber of important prior results

on conduction in heterogeneous materials --- those which relate, for
example, to model concepts, to classical solutions, analog methods,
mmerical methods, bounds, effects of fiber geometry, and so forth.
Prior contributions used extensively in this Phase II study are the
classical two-dimensional Rayleigh solution, one-dimensional conduction
analyses and those few literature sources providing accirate values of
the bulk conductivity along with the corresponding component properties
and gecmetrical propexrties of the fiber-matrix system. It is in the
latter category that Phase I of this grant study serves almost

, exclusively as the source of accurate conductivity information,

P In Phase I, Han and Cosner [1] determined (by numerical analysis)
accurate values of the transverse conductivity for idealized models of

{ filamentary camposites having various types of unidirectional and

| bidirectional fiber packing geometries. For the first time, therefore,
extensive data on conductivity --- for various idealized fiber-matrix
assemblages and for a comprehensive range of values on both the fiber
volume fraction and the fiber-to-matrix conductivity ratio --- became
available, The analytical methods and both the scope and accuracy

of the results highlight their studies.

Without both the qualitative c¢onsistency and gquantitative breadth
of the Phase I results, the Phase II study --- the subject of this
report --- would have been far more limited, especially with
respect to conclusions about the ability of simplified models
to predict transverse conductivities at reasonable levels of accuracy.
: Prior to the completion of the Han-Cosner studies, the literature !
E - . contained few conductivity data providing also the needed {

i corresponding specifics about packing geometry, fiber shape, fiber
i content and camponent properties. Thus, without the Phase I
results, both the Phase II testing of the validity of simplified
models and the Phase II determination of the adjustments and
alterations to the models necessary to render accurate results
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would not have been possible,

Perspective on the Transverse Conductivity of Filamentary Camposites

Usually, the bulk transverse conductivity of a wide variety of
combinations of reinforcing material and matrix material (as
used in composites) falls in the general numerical range of 1/5 to 5
times the matrix conductivity. The variables influencing the transverse
conductivity are many; their influences can be appreciable, For
example, typical effects of the packing density and packing config-
uration on the transverse conductivity of filamentary tow (fiber
reinforcing elements) embedded in a continuous matrix are illustrated
in Figure I-1, Here, for a tow (fiber) conductivity six (6) times
that of the matrix conductivity (i.e. glass or ceramic fibers s for
example, in a resinous matrix), the bulk transverse conductivity is
seen to be fairly sensitive to the packing density and packing array angle of
the fibers. The range on possible values of transverse conductivity is
always bounded (discussed later in this Section), with the upper bound
being the bulk conductivity when the matrix and tow components are in
parallel paths and the lower bound being the conductivity when the
same two camponents are in a series path,

The tow-t)>-matrix conductivity ratio kt/km for the many types of
camposites (also reviewed later in this Section) has an extensive
numerical range., Its impact on the bulk transverse conductivity is
illustrated in Figure I-2. Large departures of the tow conductivity
from that of the matrix magnify the influences of the geometrical
features of the tow-matrix system (packing density, packing config-
uration, fiber shape) on the transverse conductivity.

Principal Variables and Idealizations

The principal variables affecting the transverse conductivity of
filamentary composites are the volume fraction of the tow (the packing
density), the void volume fraction, the conductivity of the tow in a
particular direction, the conductivity of the matrix in a particular

direction, the tow cross-sectional configuration and its packing
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orientation, the transverse array, the tow weave, heterogeneities in
the camponent materials, interfacial resistances, organizational
structure of a layer and a ply, and the mumber of types of both tow
material and matrix material.

e s ——

For the most part, this study (Phase II) considers conventional
composites having a single type of reinforcing element (tow) embedded
in a continuous matrix, The following ideslizations are applied to

the tow-matrix system. The tow is filamentary, continuous and
unidirectional (the latter always, except for two bidirectional
assemblages), homogeneous and orthotropic (or isotropic) --- organic,
metallic or ceramic, The matrix is homogeneous and isotropic ---
organic, metallic or ceramic, There are no imperfections such as
voids, interfacial resistances and delaminations. The thickness of
each layer (or ply) is large in camparison to the thickness of a

single tow element,

Tow and Matrix Conductivities

Representative values of the tow and matrix conductivities -t
normal temperatures and as summarized fram an extensive reviegs °f the
literature) are shown in Figure I-3. The inermal conductivity of the

tow (reinforcing element) ranges fram roughly 0.0l to 100 B/h*f°R
(approximately 0.02 to 200 W/m«K). The lowest levels for tow materials
are in the conductivity region of insulators, the mid-level values in
the range of semi-conductors and the highest levels in range of conduc-
tors, Matrix materials have conductivities ranging from approximately
0.1 to 100 B/h.f.R. Thus, the tow-to-matrix conductivity ratio
(Et = 1:/km) for a two-phase system --- which parameter along with the
volume fraction of the tow v, are the premier factors in the determina-
tion of transverse conductivity --- has a potential range for these
particular materials of spproximately 107" to 103, The usual combina-
tions of tow and matrix materials reduce the range on Et to roughly
1072 o 10°,

For resin matrices, typical values of the conductivity ratio it

7
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range from 1/5 for aramid tow elements to well over 500 for graphite
‘ tow (Figure I-3).

Ceramic elements in a resin binder have values of

the conductivity ratio Et generally in the range from 4-5 to 40-50,
For metal matrices, the conductivity ratio Et ranges from approximately

0.02 to 10,

The conductivity ratio l':t is a central factor in the prediction

of transverse conductivities. Always, the bulk transverse conductivity

has a value between the conductivities of the tow and matrix components,
and, the extent to which the bulk transverse conductivity of a
composite departs from the matrix conductivity is determined in large

measure by the conductivity ratio of the components Et.

The conductivity ratio of the components Et expresses itself
in the bulk conductivity relationships in three principal forms:
(1) (ky-1), (i1) (k.-1)/E and (ii1) (E,-1)/(E,+1). Form (i) is
associated with longitudinal conductivity relationship, i.e, when the

tow and matrix components are in parallel; (Et-l) is an index to

the extent to which the tow could shift the bulk longitudinal
conductivity away from that of the matrix, Forms (ii) and (iii) express

themselves when the tow and matrix components are in series, They

index the extent to which the resistance of a tow-matrix series path

is altered when a porticn of the matrix is replaced with tow, As seen

from the range of conductivities (Figure I-3), actual values of form (i)

can range from approximately -1 to well over 500, form (ii) from
roughly ~-50 to unity and form (iii) from about -1 to +1,

Bounds on Transverse Conductivity

Over the years, in the study of electrostatic, electramagnetic,

mechanical and thermal properties of heterogeneous media, considerable

attention has been given to definition of the maximum possible

mmerical range on the value of a property, once the value of that

same property and its concentration are specified for each component
in the multi-phase medium, In particular, many of these studies
identify upper and lower bounds for the transverse conductivity of a

filamentary composite material in terms of the volume fractions and
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conductivities of both the binder (matrix) and the reinforcing component
(tow). Given the latter constraints (vt, v » k, and km), the range
of possible values of transverse conductivity --- for all fiber shapes
and for all fiber packing configurations --- is set by these bounds,

This subject of bounds on conductivity in camposite materials has
been researched extensively at advanced levels of analysis [2]. In all
instances, it is shown that the spread between the bound levels for
filament-reinforced materials can be appreciable --- that geometrical
factors are especially important, except when the volumetric level of the
reinforcing component (vt) is low. Thus, these studies (coupled with
several studies reported in the literature which show specific
influences of fiber shape and packing geametry), no doubt, contributed
to highlighting the need for exact assessment of the transverse conduc-
tivity of various specific fiber packing arrays (such as completed by
Hen and Cosner [1] in Phase I of this grant project).

As is well known and set forth in the literature many times,
the absolute upper and absolute lower bounds on the conductivity of
a two-phase medium occur when the two components are organized to form
a unidirectional laminate (layers of tow and matrix), Then, the
longitudinal conductivity defines the absolute upper bounds (tow and
matrix in parallel) and the transverse conductivity defines the absolute
lower bounds (tow and 'natrix in series), These specific bounds (in terms
of the ratio of the transverse conductivity k to the matrix conductivity
ks i.e, k = k/km) are

(B) =1 + (k, , ~1) v, (1-1)

t-1g

and

(B)" = (1ov, + v /B, 170 = (L, v)™t (1-2)

where Et is the ratio of the tow conductivity kt in the particular
direction to the matrix conductivity km. The spread as defined by
these bounds is appreciable, For example, with it-lg = Et-tr = 10 and
= 0.5, k' and k ~are 5.5 and 1.8, respectively.

Hashin (3] has shown that for cylinders unidirectionally embedded
in a matrix and randomly distributed, the upper and lower bounds on the
transverse conductivity are constrained only by the cylinder volume

Vi
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fraction v and the cylinder and matrix conductivities, These bounds

(in rearranged form) are
(E)+ = it(l - Etv')/(it + v') vhere v! = Vt/(Z-Vt) (1-3)
(R)" = (1 + nrvt)/(l - mvt) where m = (Et‘l)/(f‘t*l) (z-4)

They provide an indication of the maximum spread in the transverse
conductivity of filamentary composites (given v, and Et) which could
result from all possible choices of both the cross-sectional configuration
of the fibers and the geometrical pattern with which the fibers are
embedded in the matrix. This spread also can be appreciable for fila-
mentary composites. A tow-volume fraction v, of 2/3 and a transverse

t
tow-to-matrix conductivity ratio k, of 50 are not umusual. For this

condition, equations (I-3) and (I-lt:) show that the transverse conductivity
could range from roughly 5 to roughly 25 times the matrix conductivity,
depending upon the geometrical patterns of the fiber shape and its array.
With Et = 10 and v, = 0.5, for which the parallel and series path levels
(the absolute bounds) are 5.5 and 1.8, the Hashin bounds are 4.2 and 2.4,
Nomura and Chou [4] have shown somewhat tighter bounds on a random
transverse distribution of continuous, unidirectional fibers. Rearranging

and adapting their relationships to the variable forms used in this study,

B = [ +E1dv, 12 - B/ gy (1-5)
(B = Ry + B/ [ (Byvy(R-1)2% + &y
For Et = 10 and v, = 0.5, the Nomura-Chou bounds are 3.7 and 2.7.

Several studies on bounds include effects of geometry and, thereby,

shrink the bound spread., Beran and Silnutzer (6] applied the Beran and
Miller methods [5] to specific filementary composites (where geometrical
parameters are included in addition to primary parameters Ve and it).
Elsayed and McCoy [7] extended the latter study to include a greater
mmber of geometrical factors., (Hale (8] presents an excellent summary
of these studies). The closure in the Hashin bounds produced by the
Beran-Silnutzer method is typically 20 to 35 per cent for circular fibers.
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The Elsayed-McCoy methods appear to shrink the Beran-Silnutzer spread
by another roughly 25 to 50 per cent. Thus, though the contraction can
. be significant, the residual spread usually remains appreciable,
' Further, the range in choice of the geometrical parameters used by the
\ latter two methods is sufficient to result in uncertainty on the extent
to which the Hashin bounds are contracted for particular fibver matrix
systems.

Donea [9] applied varistional principles to Hashin's methods to
develop specific bounds for the transverse conductivity of filamentary
composites when the fibers are circular in c¢ross-section and when they
are embedded (i) in a square array, (ii) in an hexagonal array and
(1ii) in a random array. These bounds (re-expressed here in terms of
the maximum possible volume fraction) are

(g)* = Vo k + (l—vm) (1-7)

1 (k)™ = 12/[vmx + (l-vmax)l'c] (1-8)

i’r“ | where
£=(1+ m(vt/vm) /(L - m(vt/vmax)} (1-9) \
m = (l-it —l)/(ﬁt +1)

The maximum volume fraction v, . for the square array is n/L; for
the hexagonal array, it is 11/2(3)]'/2 = 0.907. The Donea bounds for the
random array are the same as the Hashin bounds, equations (I-3) and
(1-4).

The Donea bound spread is greatest for the random array and least
for the hexagonal array, since it can be shown that for a given tow
volume ratio Vs the minimum distance between fibers will be greatest
for the hexagonal array, some less for the square array and can be
least for a random array,

12
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The bounds on the transverse conductivity for square fibers in a
rectangular array has been shown by klrod [9] to be (re-expressed
into the parameter forms used in this study)

(B) =1-s+s (L-M5)™" (1-10)

L1-s+S(1+ Ps)'l].:L

(I-11)

Where (with reference to Figure B-1) s and S are the width spacing
ratio (a/c) and depth spacing ratio (A/C), respectively, and M and P
are tow conductivity parameters, M = l-Et'l and P = Et -1,

Spreads in both the Hashin bounds and the Nomura-Chou bounds for
a random transverse array, in the Donea bounds for the square and
hexagonal arrays and in the Elrod bounds for square fibers in a
square array are jllustrated in Figure I-4 for unidirectional fiber
systems having a fiber volume content Ve = 2/3. With circular fibers
and a fiber conductivity 4O times the matrix conductivity (Et = 40)
and v, = 2/3, the ratio of the upper to lower bounds is roughly 1.3,
2.3, 3.4 and 4.0 for the Donea bounds for the hexagonal array, for the
Donea bounds for the square array, the Nomura-Chou bounds for the
random array and the Hashin bounds for the random array, respectively.
Thus, clearly, there is potential for the transverse conductivity of
composite materials to be influenced appreciably by the geometrical
features of the tow-matrix system, i.e. the sectional shape of the
reinforcing elements, their orientation and their packing configuraticn,

Representative ILevels of Longitudinal Bulk Conductivity

Although this study focuses on the transverse bulk conductivity
of composites, the longitudinal bulk conductivity (tow and matrix
components in parallel conduction paths) enters the study when
considering both the anisotropy of composites and bidirectional fiber
patterns,

For the idealized unidirectional, tow-matrix systems considered in
this study (no imperfections --- as described earlier in this Section),
the longitudinal bulk conductivity L.L g is defined by application of the

13
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conduction equation to the tow and matrix components in parsllel.
This yields the familiar equation klg =
expressed on a relative basis as

vmkm + vtkt-lg s Which here is

l?18 =1+ (Et_lg-l)vt (1-12)

where klg = &.Lg/km’ kt-lg = kt—lg/km and v, is the volume fraction of
the tow component,

Representative values of the longitudinal relative conductivity

Elg (evaluated by equation I-12 using tow conductivity ranges taken
from Figure I-3) are shown in Figure I-5 for a number of tow-matrix
combinations. For the tow volume ratio Ve in the general range of 1/3
to 2/3 (i.e. the reinforcement volume being from one half to twice
the volume of the matrix), the longitudinal conductivity of aramid tow
in a resin base is approximately 1/2 to 3/4 of the matrix conductivity.
In contrast, for graphite fibers in a resin matrix, the longitudinal
conductivity can be well over 100 times that of the matrix. The tow,
depending upon the type and amount, could shift the bulk conductivity,
for example, from that of a near-insulator to that of a semi-conductor
or even to that of a conductor.

The ratio of the longitudinal conduction in the reinforcing
elements to the corresponding conduction in the matrix is ktvt/kmvm =
Et(vt/vm). For mid-range levels of tow content and for graphite or
metal or ceramic tow in a resinous matrix (for which Et could range
from roughly 10 to 700), the longitudinal conduction occurs almost
entirely within the reinforcing elements. However, for inorganic tow
elements embedded in metal matrices, the tow longitudinal conduction
might be only one tenth to twice that in the matrix. Aramid tow
embedded in a resin base at mid-range levels of tow content results

in the tow longitudinal conduction being in the range of one tenth
to two fifths of that in the matrix.
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SECTION II

Use of Modified Rayleigh Equations to
Estimate the Transverse Conductivity of
Unidirectional, Filamentary Composite Materials

As the various transverse conductivity studies progressed
throughout both Phase I and Phase II of this research effort, it became
apparent that the Rayleigh solution for a two-phase, two-dimensional
system is quite capable of describing first-order effects of both the
tow volume fraction v, and the tow conductivity ratio k,_ on the

t t
transverse conductivity of filamentary composites, Further, it became

increasingly clear that the Rayleigh equation provides a comparatively
simple, direct means to estimate the transverse conductivity of a
unidirectional, filamentary composite material, that this relationship
isolates the principal variables in an uncomplicated manner, and that
this basic expression has excellent potential for adjustment and
modification to improve its accuracy and to extend its applicability
to a variety of fiber-matrix assemblages.

In this Section II, the Rayleigh equation for a two-phase, two-
dimensional system is both adjusted and modified to improve its accuracy
and to expand its usefulness, AdJjustment factors are introduced which
improve its ability to replicate the accurate Han-Cosner data (1].
Further, the concept of relative packing density is applied to this
relationship to extend its application to different fiber arrays.

In short, the Rayleigh equation has been found especially capable
both of serving as the framework to functionally organize the key
variasbles and in submitting tp modifications and adjustments which
yield comparatively direct, accurate relationships for the description of
the transverse conductivity of both uni- and bi-directional camposites,

17

gk - .




. The Rayleiﬂx Equation

i In 1392, Rayleigh [10] derived an expression for the transverse

r ' conductivity of a two-phase, two dimensional system consisting of long,
solid cylinders of uniform diameter (isotropic and homogeneous) uni-
directionally embedded at a "dilute" level (low volume fraction v) in
a continuous, isotropic, hamogeneous matrix, This well-known
expression as applied to the transverse conductivity k of a unidirec-
tional tow(t)-matrix(m) system is

i / - - \ -
(k - km) (k + km) vt(kt km//(kt + km) (1IT-1)

Jr, in a form more directly useful when upplied to a filamentary

] camposite, the ratio of the Lulk transverse conductivity k to the

b matrix conductivity k is

zr k=(1+ mvt)/(l - mvt) (1-2)
' where
n = (kt - l)/(ﬁt + 1)
kt = kt/ km
kt = conductivity k of the tow (fiber) in the transverse direction
km = conductivity k of the isotropic matrix

k= k/km, the transverse relative conductivity, where x is the
bulk transverse conductivity of the tow-matrix system

v, = tow volume reatio, the fraction of the system's volume
occupied by fibers

This same basic equation has been developed in various ways (e.g.

Hashin [3], Kerner [11], Halpin and Tsai [12] fram Hermans [13] and

Hill [14], Behrens [15]). For circular fibers, the Halpin-Tsai equation
(12] and the Rayleigh equation are equivalent., The modified versions

3 of the Halpin-Tsai equation by Neilsen (16] and by Chow [17] have been

3 examined,

d In the following parts of this Section, the Rayleigh equation (II-2)
- is modified and adapted semiempirically to the accurate data [1].
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Adaptation to The Square Array

a, Accurate Values of the Bulk Transverse Conductivity.

The in-line transverse conductivities of a filamentary composite
having unidirectional, circular fibers embedded in a matrix in a square
array, Figure II-1, have been investigated a number of times over the
years using classical analysis, analogs, models and exact mmerical
methods (e.g. [10], [12], [18], [19].

The Han-Cosner transverse (in-line) conductivities for fibers in
this array [1 ] (and as obtained by exact numerical methods) provide,
by far, the most extensive and accurate set of analytical data, Hence,
their results are used as the basis for modifying and improving the
accuracy of the Rayleigh equation for the square array. The
Han-Cosner data for uniform diameter filaments (transversely isotropic
and homogeneous) embedded in a square array within an isotropic,
hamogeneous matrix (no voids and no interfacial resistances) are

supmarized in Table II-1l.

(&)

TOW
{Filament)

MATRIX

&

V"

Figure II-l., Illustrating a Filamentary Composite having Unidirectional ,
Circular Fibers in A Square Array.
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Table II-1., Han-Cosner Values of the Bulk Transverse (In-Line)

| Relative Conductivity (k = k/km) for A Tow-Matrix System Having Circular

Filaments (Uniform Diameter) Unidirectionally Embedded in A Square
Array. Hamogeneous Tow, Transversely Isotropic. Homogeneous Matrix,
Isotropic. No Voids. No Interfacial Resistances. [1]. (See Footnote).

Tow-to-Matrix - Tow Volume Ratio vt
Conductivity Ratio kt
0.10 0.20 0.30 0.40 0.50
0.10 0.8487 0.7187 0.6053 0.5049 0.4140
0.20 0.8750 0.7647 0,660k 0.5778 0.4968
0.40 0.9178  0.8k21  0.7721 0,7070 0.6460
0.60 0.9512  0.9048 0.860k 0.8181 0.7775
1.00 1,0000  1,0000  1,0000 1.0000 1.0000
2.00 1.0690  1.1k29  1,2223 1.3080 1.4010
4,00 1.1277  1.2728 1.4395 1,6339 1.8657
6.00 1.1538  1.333%  1,5463 1.8045 2.1283
10,00 1.1782  1.3915 1.6520 1.9806 2.4155
20.00 1,1990  1.k421 1.7472 2.1k59 2.7011
40,00 1.2102  1.4701  1.8011 2.242¢ 2.8763
50.00 l.21k2 1.4k799  1,8202 @ 2.2773  2.9408
100,00 1.207%  1.,4880  1.8359 2,3061 2.9948
200,00 1.2198  1.hokl  1.8479 2.3283 3.0368
| 400,00 1.2210 1.k972 1.8540 2.33%96 3.C583
000,00 1.2214 1.4982 1.8561 2,343k 3.0656
1000,00 1.2217  1.,4991  1.8577 2,346k 5.0714
2000.00 1,2220  1.4997  1.8590 2.3u487 3.0758
0.60 0.65 0.70 0,72 0.7k G.75

0.10 0.3292 0.2879 0.,2k62 0,2290 0,2113 0-2021
0.20 o.uziz 0.38%  0.3483  0,3337 0.3190  O.3L15
0,40 0.5885  0.5607  0.5335  o0.,5227  0.519  0.506c
0.60 0.7386 0.7196 0.7009 0.6935 0.68¢2 0.6826
1,00 1.,0000 1.0000 1.0000 1.0000 1.0000 +.0060
2.00 1.502¢8 1.5576 1,615k  1,639%  1l.66k1 1.6767
4,00 2.1510  2.3224%  2,5207  2,6097  2.7055 2.75¢3
6.00 2.5561  2.8318  3.1729  3.3350  3.5171 3.6172
10.00 3.0372  3.4732 Lol  k.36h1 h.72ek L9373
20.00 3.5618 4.2231  5.,2125  5.7774  6.5166  ©0.9857
40,00 3.9093  4.7525 6. 6.9514  8.1362 8.9491
60,00 L.ok2e  4.9629  6.4919  7.he79  8.8919  9.9046
100,00 4.1567  5.1465  6,8350  7.944kg  9.6151  10.84k0

200.00 y.2h70  5.2942  7,1191  8.34h79 10.2470  11.6850
40000 %.2938  5.3716  7.2708  8.566k 10.5970  12.1610
600,00 4,3097 5.3979  7.3230  8,6419 10.7190  12.3290
1000.00  L4.3e2h  S.M19L  7.3653 8,703k 10.8190  12.4660
2000 .00 4,3321  5.4352 7.3973 8.7501 10.8960  12.5720

Note: Values of the transverse conductivity determined by Han and
Cosner appear in [1] in graphical form only. The data tabulated in this
Table II-1 (and in Tables II-4, II-6, II-7, IV-1 and IV-2 of this report)

were prepared during this study using computer programs developed earlier
by Han and Cosner, but not contained in [1].
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The tow-volume ratio vy for these data covers the range 0 - 0.75
(vt-max = NI/4). The range on the tow conductivity ratio it (kt/km) is
0.10 to 2000, They conducted an error-spread study of the results
and concluded that, for this particular model and its idealjizations,
the results are accurate to approximately C.02 per cent for Ve < 0.6,
to approximately 0,1 per cent at v, = 0.7, to about 0.5 per cent at
0.725, to within 0,8 per cent at v, = 0.74 and 1,5 per cent at

0.75.

2t prer 0

R i L o)

The Han-Cosner data for Et< 1 were determined only over the more
limited range on Et from 0.10 to unity. However, in this study, it has
been found that the Rayleigh equation has a reciprocity characterisitc.
(If for a given tow volume ratio vy, one substitutes into equation
(I-2) the reciprocal of the tow conductivity ratio, the form of
the Rayleigh solution is such that it defines the reciprocal of
the bulk conductivity.) To a high level of accuracy, the Han-Cosner
data (Table II-1) exhibit this same reciprocity feature. For example,
with v, = 0.7 and k,_ = 10, Table IJ-1 shows a bulk transverse (in-line)

t t
conductivity E = k/k_ = 4.061, and E "' = 02462, with v, = 0.7, tut

>aip. ¥

k4 l'ct = 0.10, from Table II-1, the transverse (in-line) conductivity is

:

shown to be 0.2462, Thus, though it is not possible to test the
reciprocity of the Han-Cosner data beyond the range 0.1 < it < 1, the
application of this method to data in Table II-1 for k £ up to 2000 very
likely will yield quite accurate results over an equivalent reciprocal
range on Et'
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b. Modification of the Rayleigh Equation.

The Rayleigh equation (II-2) indicates the transverse relative
conductivity k to be a function only of the variable group mv,
(nereafter referred to as the Rayleigh parameter). The validity of
the Rayleigh equation for the square array is illustrated in Figure II-2,
where it is compared against a portion of the accurate Han-Cosner data
(Table II-1). Clearly, the Rayleigh solution has "first-order"
qualitative soundness. The Rayleigh parameter serves in a major way to
correlate the data from Table II-1. Its form is essentially correct.
Quantitatively, it is quite accurate for the conditions it was
developed, i.e, "dilute" concentrations of the discontinuous
phase --- which correspond to low values of the tow volume ratio Ve
However, it is quite inaccurate at high values of the Rayleigh
parameter mv,. (The maximum possible value of the Rayleigh parasmeter
for the square array is M/4, since Mooy —1 at large values of Et.)
And, since filamentary camposites have actual values of the Rayleigh
parameter up to the vicinity of 3/14», it is readily evident equation
(II-2) could be appreciably in error if used to predict an in-line
transverse conductivity of a densely-packed fiber-matrix system for
which the fiber conductivity departs significantly fram that of the
matrix, The trend on the extent to which the Rayleigh equation (1I-2)
differs from the numerical solutions (Table II-1) is shown in
Table II-2.
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Figure II-2, Illustrating the Validity in Principle of the
Rayleigh Equation for Unidirectional Fibers Embedded in A

Square Array.
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L, Table II-2. Deviation between the Han-Cosner Data (Table II-1)

‘ and the Rayleigh Equation (II-1) for the In-Line Transverse Conductivity
of a Tow-Matrix System Consisting of Circular, Parallel Fibers Embedded
in A Square Array, (kﬂ-c - kRa)/kRa. is shown as A Percentage.

Tow-Volume )
Ratio Ve Tow Conductivity Ratio kt
-t 1 10 1000
0.3 - - -
0.5 -1 - 1 3
0.6 -4 - 4 8
0.7 -10 - 10 31
0.75 -18 - 8 79

Thus, though the Rayleigh equation (II-1l) is seen to be qualitatively
correct (Figure II-2), modification is needed to improve its accuracy.
The form of the modification which will be applied is shown by the
following parallel reasoning., For spheres embedded in a cubical array,
Rayleigh [10] showed that at low concentrations, the conductivity is
] given by

k=(1+2nv)/(1 - nv) where n = (Et-l)/(it+2)

For larger volume fractions of spherical bodies, Rayleigh introduced
a second-order correction term which revised the previous expression
U to the form
%! i=(1+2nv-Tl)/(l-nv-Tl)

'. where

3 T, = constant le/3 (Et-l)/(l':t + L4/3)

P Meridith and Tobias [20] modified this latter expression to further

improve its validity at higher volume fractions., Their equation
i for spheres in a contimuous matrix is of the form

k=[1+o2nv(1- Tz)]/[l - av(l + T3)]

v .
— A
»
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T, = 0.20u52(E )V/3 + L0665 21 (B, )vT/3
'1‘3 = 0,409 f(Et)vl"/3 + 0.906 f'(Et)v7/3

f(]'st) = (it + 2)/(it + L4/3)
£ (k) = (kg -1)/(K, + 4/3)
Examination of the camparative magnitudes of the terms T, and T, show

2 3
that, to a good approximation, the Meridith-Tobias equation can be

reduced to the form

k=[1+2nv(1 - 2)]/[1 - 0ov(1+£)]

where f is assigned the functional form
£ = v (e + gv)

with e and g being functions of Et' By applying this reasoning to the
two-dimensional case, it is to be expected, therefore, that second-order
modifications of the Rayleigh equation for unidirectional cylinders
should be essentially of similar functional form.

If the form of the modification of the Rayleigh equation is
taken to be equation (II-2) with an adjustment factor F, i.e. if
one lets
k=(Q+rw)/(1- Fav,) (I1-3)

then, from the previous examination of the term £, it follows that the
adjustment factor F should be related to £ by

(F-l)/F=ﬁnvt='=F-l
Thus, this parallel reasoning suggests the term F has the form
: v Y K K
F-12mv [elF(kt) + le'(kt)vt]
Therefore, starting with the modified form of the Rayleigh equation
(II-3), using the Han-Cosner accurate data (Table II-1) to establish

accurate values of F = F(Et, vt) for the square array, and being guided
by the previocusly indicated functional form for the adjustment
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factor F, nine semi-empirical equations (to describe F) were developed
and studied for accuracy. The two equations for the adjustment factor
F judged to be most useful --- in descending order of accuracy --- are:

F, =1+ 0.311+vt"‘[1 + IL2th(l/2)(5vt-l)(2vt-l)2][f(1'ct)) (IT-4)

f(it) = [Et(it - 5/2) + 3/2)/[1.:,,6(17:t + 5/2) - 3/2] for Rt > 1

i

F,. =1+ 0.535v,cs (K, - &)/(K, +8) for & _>1 (II-5)

i1

a.=2.25for]§t>‘2,a=5/3forit£2,aél-(tforl<1'<t<2

For Eﬁ<1, these samelequations apply, except Ehat Et in F1 and Fii is to
be introduced as Et- . (The actual value of kt is to be used in the
term m = (Et - l)/(fct + 1) in the Rayleigh parameter mvt.)

The ability of equation (II-3) and its companion equation (II-4) or
(II-5) to replicate the accurate Han-Cosner data for the square array
(Table II-1) generally is within one half of one per cent. Based on
equation (II-4) for Fi’ equation (II-3) yields values of the in-line
transverse conductivity for a square array within + 0.2 per cent for all
values of the tow conductivity ratio Et in Table II-1 and for values of
the tow volume ratio v, < 0.72. At Ve = 0.74 and Et < 100, the accuracy
of this method is about * 0.5 per cent, With v, in the range 0.7% - 0.75
and high value of Et, differences of one to two per cent exist between
the Han-Cosner data and the modified Rayleigh equation (II-3) based on
F,. The adjustment factor Fii’ equation (II-5),used with equation (II-3)

describe the accurate data to + 0.l per cent except at high Et with

V.

e > 0.7 (where differences up 0 several per cent can exist),

In sumary, for the approximate overall range on the tow conduc-
tivity ratio Et for filamentary composites, 1/50 < Et < 750, and for fiber
content levels A é 0.72, the modified Rayleigh equation replicates the
jin-line transverse conductivities for a square azrray (Table II-1) to
+ 0.2 per cent based on the Fi,equation (II-L4), and to + 0.5 per cent
using the Fii,equation (1I-5).

A camparison of the results obtained by use of the modified
Rayleigh equation (based on Fii) is iilustrated in Figure II-3.
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ASYMPTOTIC SOLUTION, EQUATION (IL-7)
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DATA, TABLE II-|

o
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EQUATION (IZ~3)

v, =0.50

RAYLEIGH EQUATION (II-2)

| [ )
| 10 ’ 100 _looo
TOW CONDUCTIVITY RATIO k,

' Figure II-3. Illustrating the Comparative Accuracy of the

Rayleigh and the Modified Rayleigh Equations for Fibers Bmbedded
in a Square Array.
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For very high (and very low) values of the tow conductivity ratio
Et, the Rayleigh equation (II-2) yields the asymptotic solutions

k

(1 + vt)/(l - v;) for Et >>1 (1T-6)

=1
|

= (1 - vt)/(l + vt) for k, < <1
The modified Rayleigh equation (II-3) for very high (and very low)
values of Et is

(1 + th)/(l - th) for Rt >>1 (II-7)

= (1 - th)/(l + Fv,) for Et <<1

k

-l
[

The accuracy of these asymptotic solutions is summarized in Table II-3,
The ratio of the transverse conductivity (for Et > > 1) as defined

both by the Rayleigh equation (II-2) and the modified Rayleigh equation
(II-3) (for both adjustment factors F; and F,,) is compared with the
corresponding transverse conductivity defined by the Han-Cosner
accurate data (the latter when extropolated to an infinite value of Et).
For the tow volume fraction v < 0.72, the maximum error for the
unadjusted Rayleigh equation is 30 per cent, for the modified Rayleigh
equation using Fi about 0.2 per cent and for the modified equation using
Fii about 0,5 per cent, Differences of several per cent exist with

v, in the range 0.74 - 0,75.

¢. Transverse-to-Longitudinal Conductivity of A Square Array

For the cambinations of tow and matrix materials used in
filamentary composite materials, the longitudinal conductivity could be
three orders of magnitude higher than the transverse conductivity. The.
material is, therefore, highly anisotropic.

Since the longitudinal conduction occurs in two parallel,
continuous paths for the idealized model (no voids, no heterogeneities,
no interfacial resistances), the longitudinal conductivity is defined by

. .
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Els =1+ (Et_lg -1) A (17-8)

where

E1g = ¥yulk - longitudinal/Xpatrix

ke 1g = Erow( fiber)-longitudinal/ Knatrix

Ve = tow volume fraction

Tg.ble II-3. The Ratio of the Asymptotic Transverse Conductivity
(k, > > 1) Defined by the Modified Rayleigh Equations to the Correspond-
ing Accurate Value (Table II-1). Square Arrsy.

vy Rayleigh Modified Rayleigh Equation (II-3)
Equation (II-2) F. F..
i i
0.1 1.0 1.0 1.0
0.2 1.0 1.0 1.0
0.3 0.998 1.0 0.999
0.4 0.992 1.0 0.998
0.5 0.97k 1.0 0.996
0.6 0.921 0.999 0.998
0.65 0.865 1.001 1.002
0.70 0.763 1.003 1.001
0.72 0.698 1.001 0.993
0.7k 0.610 0.990 0.968
0.75 0.553 0.975 0.941
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’ In this study, the matrix is assumed to be isotropic., However, the tow
' sometimes needs to be treated orthotropically, since its longitudinal
and transverse conductivities can differ by a ratio of three

oW TR
R .
oy

or more.

The anisotropy of this particular tow-matrix system (as defined
by the ratio of the bulk transverse conductivity to its bulk longitud-
inal conductivity) can be obtained directly from the Han-Cosner data
for the square array (Table II-1) and equation (II-8). This ratio
k/kls is always less than unity (except in the unmusual situation where
the fiber conductivity transversely happens to exceed the fiber
conductivity longitudinally), since the tow-matrix system is discon-
timious in the transverse plane.

The general pattern on the ratio of the transverse conductivity to

, the longitudinal conductivity (both on a bulk basis) for the square
‘ array is shown in Figure II-4 for various values of the tow volume

' ratio vy and for the entire range of tow conductivity ratio Rt likely
; to be encountered in fiber composites, The anisotropy is not
: especially sensitive to tow volume ratio in the general range
B 0.2 < v, < 0.7 (Figure IT-4). The tow-to-matrix conductivity ratio k
is the influential parameter. With kt > > 1, the tow-matrix system
could have a bulk longitudinal conductivity two to three orders
of magnitude higher than its bulk transverse conductivity. Thus, since
a camposite material can have longitudinel conductivity levels
camparable to materials classified as "conductors", the corresponding
bulk transverse conductivity could be near the range of conductivities
classified as "insulators". For a tow-to-matrix conductivity ratio
Et < 1, the anisotropy is seen to be much less (than for Rt > 1), since
: now the higher-conductivity component (the matrix) is contimuous in both
‘;‘ directions,
> ) The modified Rayleigh equation (II-3) and the longitudinal
Y equation (II-8) are useful in estimating transverse-to-longitudinal
: conductivity ratios, For it < 1, a condition of minimum k/lg_l_g either

does not exist or involves tow volume levels of no practical concern,
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Figure II-4., The Anisotropy of A Filamentary Composite having
A Square Fiber Array --- As Defined by the Ratio of the Bulk

: Transverse Conductivity (Table IT-1) and the Longitudinal

Lt Conductivity (Equation II-8).
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> L1» this conductivity ratio k/klg has minimm values
in the general range v, = 0.4-0,5 (which are relatively insensitive
to the tow volume ratio v.). The adjustment factor F, (or Fii) has values

between 1.0-1.02 for this volume ratio range. Hence, its variation in

However, for k

this region can be ignored,‘and the condition of minimum transverse-to-
longitudinal conductivity ratio is given by

Pavy = <L+ (Y20 - /(& 017 (11-5)

where m = (Et - l)/(l':t + 1) in the transverse direction. Or, for
isotropic tow, the minimum condition is defined by

Fav, = -1 + [212t/(1'<t + 1)]1/2 (II-10)

For the special case of isotropic tow with k,_ > > 1, Fmvt = (2)1/2_1 =

O 41, m = L and 7 = 1,01 (equation II-4), Therefore, v, = 0.41 for the
condition of minimum k/klg. It follows that at the minimum condition,
the transverse conductivity is k = (1 + Fmv_)/(1 - Fmv, ) =
1/2 1/2- . e v
(2)™</(2-(2)™ "] = 2.41. Also, for k 1g = 1+ {k

..l)vt =

" 1, k .
kgvy. Tous, (k/ky ), & 241/041k 2 5.9/k,. The actual values of
k/klg for kK, > > 1 are seen in Figure IT-% to agree with this result.

A semi-empirical relationship for the ratio of the transverse to
longitudinal conductivities lf./klg (as developed fram the Rayleigh and

longitudinal conduction equations) is

(/6 )y _y /) (By + ) (v) (L = v)/(L = vl 2 1 (11-11)

where kt-lg’ kt and k_ are tne longitudinsal conductivity of the tow,

the transverse conduc:ivity of the tow and the ratio of the transverse
tow conductivity to the matrix conductivity, respectively. Its
usefulness is in its separation of variables, thereby allowing direct
estimates of their influences on the conductivity ratio k/klg' For
the square array, Figure II-5 illustrates that equation (II-1ll) is

, > 2and 0.2< v, £0.7. Its

accuracy is + 10 per cent for k. > 3 and 0.3 < Ve < 0.6.

accurate to + 20 per cent for all k
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DERIVED FROM THE
ACCURATE DATA IN 1000
TABLE II~1 FOR A

SQUARE ARRAY
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TOW VOLUME RATIO v,

Figure II-5. Illustrating the Accuracy of Equation II-1l as A
Direct Means of Estimating Effects of Tow Conductivity and Tow
Volume Ratio on the Transverse-to-Longitudinal Conductivity
Ratio. Square Array.
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The Hexagonal Array

a. Hexagonael Packing Array Versus the Square Packing Array,

The staggered array having a fiber-diagonal angle of 30 or 60
degrees forms an hexagonal transverse array (Figure II-6).

MATRIX

FIBER

Figure IT-5. Illustrating the Hexagonal Packing Array.

A tow-matrix system having uniform-diameter, unidirectional filaments
packed in this array is isotropic transversely in the principal in-line
fiber directions, if both the tow and matrix are isotropic transversely.
However, for the same system bulk characteristics (equal tow volume
ratio ve and equal tow-to-matrix conductivity ratio Et) , the square
packing geometry yields a higher transverse conductivity. This
characteristic (first indicated by shear-modules studies of various
packing geometries, e.g, [21] [22])is likewise exhibited by the
conductivity data developed by Han and Cosner [1]. Though the difference
in the transverse conductivity between that for the square array and

the hexagonal array is small (under two per cent) when the tow-volume
ratio A < 1/2, the difference can become appreciable under high-density
packing (tow-volume ratios in the range 2/3 to 3/4)--- see Figure II-T.
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—  FILAMENT ARRAY
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— —— HEXAGONAL * RATIO v,

DATA FROM TABLES
- IL-1AND I-4 [I]
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10° 10! ’ 102 _ 103
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BULK TRANSVERSE CONDUCTIVITY RATIO k=k/kg,

Figure II-7. Illustrating the Hexagonal Fiber Packing Geametry
3 Yields A Lower Transverse Conductivity than a Square Array (for Equal
- . Tow Volume Ratios and Equal Tow Conductivity Ratios).




For example, if Et = 100 and v, = 0.7, the transverse conductivities _
for the square array and the hexagonal array are c.8 and 5.5 times i
the matrix conductivity, respectively (Figure II-7). “
The hexagonal arrey (versus the square array for equivalent tow-
volume ratios) has a lower fiber packing density. The in-line
center-to-center distance between fibers packed hexagonally is
20‘5/30'25 = 1,075 times the corresponding in-line distance in a
square array. The reciprocal of the csquare of this distance is an

index of the relative packing density, i.e, (3)1/ 2/2. (For maximum

packing density, the tow-volume ratios are v = =
1 /2 t-sq 1 /2 t-hex

1 (7/2)/(3) = 0,907; the ratio of the two being (3)™/</2.) Thus,

under the condition of high density packing, the thermal resistance of

E’ the matrix gap between fibers could be altered appreciably by change

from an hexagonal to a square packing array.

b. Transverse Conductivity Data

Calculated values of the transverse conductivity for the hexagonal
array have been determined by Han and Cosner [1]. They evaluated this
array for fiber angles of both 30 and 60 degrees, thereby generating
two sets of data for the hexagonal array. The two sets agree, except
for minor differences at the highest tow volume ratio (and then only by
roughly 1/k of one per cent). The Han-Cosner data for the hexagonal
array (Table II-4) cover the same range on the tow conductivity retio ’
it = kt/km from 0.1 to 2000, as for the square array (Table II-1). The
maximum tow volume ratio v, for the hexagonal array is 0.87, which,
relative to its limit of 0,907, is at the same approximate level as the
maximm tow volume ratio v, of 0,75 for the square array (limit of m/4).
.:. The transverse conductvivity for a tow conductivity ratio Et < 0.1
can be estimated from this same set of data (Table II-4) by the recip-
rocity procedure, For example, if Et = 0,01 and vy = 0.6, then for
k, = 100 and v, = 0.6, E = 3.88. Thus, k for k, = 0.01 would be
estimated to be 3.88™% = 0.258,
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Table IT-4., Hen-Cosner Transverse Relative Conductivities (k = x/k_)
for A Tow-Matrix System having Circular Filaments (Uniform n
Diameter) Unidirectionally Embedded in An Hexagonal Array. Homogeneous
Tow, Transversely Isotropic. Homogeneous Matrix, Isotropic. No Voids,
No Interfacial Resistances. [1]. See Footnote to Table II-1.

Tow-50-Matrix Tow Volume Ratio ve
Conductivity Ratio Et

0.10 0.20 0.30 0.4
2,10 0.8487 0.7188 0.6058 0.5068
0.20 0.8750 0,7647 0.6667 0.5789
0.4o 0.9178 0.8421 0.7721 0.7
0.60 0.9512 0.9048 0.8605 0.8182
1.00 1,0000 1.0600 1.0000 1,0000
. 2. 1.0690 1.1429 1.2222 1.30M7
4.00 1.1277 L2127 1.4390 1,6317
§ 6.00 1.1538 1.3333 1.5455 1.8002
10,00 1.1782 1.3913 1.6506 1.9733
20.00 1.1990 1.4419 1.7451 2,1348
40,00 1.202 1.4699 1.7987 2.2289 !
60.00 12142 L4797 1.8176 2.2626 ;
100,00 ian 14877 1.8332 2.2905 3
200,20 1.2158 1.4938 1.8451 2.3120
400,00 1.2210 1.4969 1.3511 2.3230
400,00 1.2214 1.4979 1.8531 2.3266
N 1000,00 1.2217 1.4988 1.8548 2.32%
4 2000,00 1.2220 1.4o0k 1.3560 2.3318
) 0.50 0.60 0.65 0.70
0.10 0.4190 0,30k 0.3039 0.2689
0.20 2.4998 0.4279 0.2943 2.3619
2,40 0.6470 0.5907 0.5639 0.5379
0.80 0.TTT8 0.7391 0.7203 0.7020
1.00 1,0000 1.0000 1.0000 1.0000
2,00 1.5001 1.5002 1.5536 1.5095
4,00 1.357T7 2,1272 2.2830 2.4563
5.C0 2,122 2.5047 2.7428 3,0184 !
10.00 2.3865 2.9376 3.2%06 3.7.90 |
20.00 2.6551 3.3900 3.8883 4,5253 ‘
40,00 2.1 3.67% 4.28L1 5.9849
60,00 2.8770 3.7875 L.4358 5.3051 \
100,00 2.9266 3.8795 4.5656 5.4962
200,00 2.9651 3.9516 Lk .5683 5.5491
400,00 2.9848 3.9888 k.7215 5.7289 |
600.00 2.991k 4.0013 L.7396 S.7561 |
1000,00 2.9967 4,014 b, 75k1 5.7780
2000.00 3.0007 4.0190 L.7650 5,745 [
0.75 0.80 0.85 0.87 |
i 0.10 0.2351 0.2020 0.2690 0.1553 \
0.20 0.3306 0.3002 0.2702 0.2581
0.0 0.5226 0.4880 0.4638 0.4543
0.60 0.6840 0.6663 Q.6490 0.6k21
1.00 1.0000 1.0000 1.0000 1.0000
2.00 1.6680 1.7295 1.7943 1.8213 ‘
4,00 2.6511 2,875 3.1289 3.2447
6.00 3. 3.7336 . L U562
10.00 k2539  b.9489 5.9122 6.4285 (
T 20.00 5.3762 6.5908 8.5382 9.7550
o 40,00 62065 7.9239 11,0310 13.2610
4 80.00 6.5457 8.5009 12,2320 15,0890
E 100,00 6.3458 3,084 13.40k0 16,9710 \
2 200,00 7.0903 9.4702 pURP L) 18.7310
- 400,00 7.293 9.708. 15.0310 19.7580
‘ 00,00 7.2634 9.7902 15.2370 20,1270
y ‘ 1000.00 7.2991  9.3%5  15.4060  20.4320
R { 2000,00 7.3261 9.9073 15.5350 20.6670
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¢. Adapting the Rayleigh Equation.

2 By the Rayleigh equation (II-2), the transverse conductivity is a
function of the Rayleigh parameter mv, , where m = (Et - l)/(Et + 1),
A portion of the Han-Cosner data for the hexagonal array (Teble II-4)
is displayed in Figure II-8 as a function of the Rayleigh parameter.
The trend for the hexagonal array agrees well with the Rayleigh
equation (II-2). The Rayleigh parameter serves to correlate the
conductivity data. The Rayleigh solution is nearly correct, both
qualitatively and quantitatively.

By the same type of reasoning as used for the square array, the

Rayleigh equation is modified to more nearly describe the accurate

[P VP

transverse conductivity for the hexagonal array. Thus, let

k

N where

(1 + F!nvt)/(l - F!nvt) (11-12) »

m

(kt 'l)/(it + l) 1
i and F is the adjustment factor.

Fram a study of six semi-empirical equations for the adjustment
factor F, the following two are recammended to best serve in adjusting

the Rayleigh solution. The more accurate version is ‘
'l 6 . , 2 - (II'13)
- Fy = 1+ 0.079v |1 + 1i(4/3)v, 1 (19.5)(v - 3/4) ](Et - a)/(k_ + a)

q‘. | where

-y - . - - -

s a = 2.25 for k. > 2, a=5/3fork *2andazk for 1<k <2

A .

The cambination of equations (II-12) and (II-13) replicates the Han-

- Cosner data for the hexagonal array (Table II-4) to + 0.1 per cent for

all Et and v, < 0.8, It is accurate to within 0.5 per cent for all
values of it epd v, in Table II-4, except when both Ve 3 0.85 and
k. > 100,

The second version for the adjustment factor is

Ry = 1+ (VI/9)(E, - )/(R, + a) (12-14)

where a has the same values as for equation (II-13).
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[ HAN-COSNER DATA [1] FOR
SQUARE ARRAY (TABLE II-I)

TOW VOLUME RATIO v,

[ L/Lwe‘ | 1 1

RAYLEIGH

EQUATION
(II-2)

0 0.4 0.2
RAYLEIGH PARAMETER my,

Figure II-8. Comperison of the Trend Line Defined by the
Accurate Values of the Transverse Conductivity for An Hexagonal
Array (Table II-4) with the Rayleigh Equation (II-2).
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This version Fii when used with equation (II-12) describes the accurate
data (Table II-4) to + 0.1 per cent through v, = 0.7, to within 3/4
per cent through vt=0.8 and to within roughly 2 per cent at the highest
v, = 0.87. For the usual ranges v, <3/l and Et 750 , either
version (F‘i or Fii) serves to describe the hexagonal data (Table II-U4)
reasonably well. '

Camparative results obtained in predicting the transverse
conductivity for the hexagonal array are illustrated in Figure II-9.
The basic Rayleigh equation is reasonably accurate for a tow-
volume ratio A less than approximately 2/3. At higher packing densities,
the unadjusted Rayleigh equation (II-2) can differ appreciably from
the accurate data (Figure II-9).

The anisotropy of this array (ratio of k transverse to k longitud-
inal) is essentially the same as for the square array,

Rectangular Array

a. Geometrical Characteristics.

With parallel circular fibers aligned in a rectangular array
(Figure II-10), the tow-matrix system is characterized principally by
the tow volume ratio Vs the tow-to-matrix conductivity ratio Et
(kt/km) and the fiber diagonal angle @ (or the array aspect ratio
R = ¢/C).

With reference to Figure II-10, neither the depth spacing ratio
S = D/C nor the width spacing ratio s=D/c car exceed unity. Thus,
for a fiber diagonal angle 6 <Ui5 degrees, the maximum possible tow-
volume ratio v, is defined by (s =1)

Vong = (WB)(0°/eC) = (I/4)/R = (T/4) tem o (13-15)

For 6 > us°, Vo ay OCCUrs vhen s= 1 and

(/%) R = (1/4)/ten 6 (1I-16)

Voax = (V/4)(0%/cC)




BULK TRANSVERSE DUCTIVITY RATIO k=k/kp
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w

HIGH k, ASYMPTOTIC SOLUTION

0,0 HEXAGONAL ARRAY
HAN- COSNER DATA [1]

- TABLE II-4
— -
HEXAGONAL ARRAY
MODIFIED HEXAGONAL ARRAY
_RAYLEIGH EQUATION RAYLEIGH EQUATION (II-2)

(IL-12)
SQUARE ARRAY

| |
0% 10! 102 - 103
TOW CONDUCTIVITY RATIO k,

Figure II-9. Illustrating Comparative Results Obtained by Use
of the Rayleigh Equations for the Hexagonal Array.
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ARRAY ASPECT RATIC
R=c/C=(tan 8)"

= TOW
(FILAMENT)

. ghaoch R

MATRIX

Figure II-10, Unidirectional Tow-Matrix System Having Constant-Diameter
Filaments Embedded in a Rectangular Array.
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These limitations are summarized in Table II-5 for the range on the fiber
k - diagonal angle 9 studied by Han and Cosner [1]. Since the tow-volume

' ratio Ve for fiber composites commonly exceeds 0,40, it is apparent from
examination of the maximum volume ratios in Table II-5 that aligned
regular arrays will usually have fiber diagonal angles in the

approximate range 35° - 55°,
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Table II-5. Geometrical Characteristics of the Rectangular Array Under
the Conditions of Maximum Packing (Maximum Tow Volume Ratio v, Y.
= D/Cy, s = D/c, R = ¢/C (Figure II-10).

Depth Spacing Ratio S

Width Spacing Ratio s

Tow Volume Ratio vhax

Array Aspect Ratio R

Width Spacing Ratio s
Depth Spacing Ratio S
Tow Volume Ratio Vinax
Array Aspect Ratio R

Fiber Diagonal Angle 6, Degrees

30

1
0.577
0.453

1.73

» 40

1 1
0.700 0.839
0.550 0.659
1.43 1.19

Fiber Diagonal Angle 6, Degrees

2 &0

1l 1
1.3 1.73
9,550 0.1453
0,700 0.577

ST e S et YL

2,14
0.336
0.k66
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The data developed by Han and Cosner for fiber angles of 30, 60 and 65
degrees (Table II-6) are therefore, likely to be most useful in the
study of conductivity paths for randamly distributed, parallel filaments,
The thickness (depth) of the matrix gap between the fibers plays
a key role in transverse conduction, When the depth (thickness) of
this gap is small (relative to the fiber spacing), the transverse
conductivity can depart appreciably from the conductivity of the matrix.
As the tow-volume ratio approaches its limit (maximm possible packing
density), the transverse conductivity shifts in major ways toward the
tow conductivity. The ratio of the thickness of the matrix material
between the fibers to the fiber spacing distance is (C-D)/C =
1- (vt/vnm)l/2 =1- (MY2 tor 6< U5°. For 0> Us°, the minimm
matrix gap occurs laterally and (¢ - D)/c = 1 - (‘-})1/2. Allowable
fiber diagonal angles as set by both in-line and lateral gap thicknesses
of zero, 10 and 20 per cent of the fiber spacing distancé are compared
in Figure II-1l1l with the maximm gap thicknesses used in the develop-
ment of the accurate transverse conductivity data for the rectangular
array. The lateral spacing distance (when evaluating transverse
conduction) is not especially critical. The minimum transverse
matrix gaps in the Han-Cosner study for fiber diagonal angles less
than 45 degrees are seen to be roughly 15 per cent of the fiber spacing
¢istance,

b, Transverse Conductivity Data,

The transverse conductivity of a tow-matrix system consisting of
paraliel, circular filaments embedded in a rectangular arrey
(Figure II-10) was investigated by Han and Cosner [1] for a range on
the tow-to-matrix conductivity ratio Et fram 0.1 to 2000, for a range
on the fiber diagonal angle 6 of 30 through 65 degrees and for a range
on the tow volume ratio Ve fram 0,1 to a value for each 6 approaching

the limiting Vnax® Their data for this array are presented in Table II-6.
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FIBER DIAGONAL ANGLE 8, DEGREES

90

75

60

45

30

For the Accurate Data in

Tables II-6:
G Minimum In-line Gap
<+ D Thickness Ratio
(C-D)/C
T )L Mini
c T 755 O Minimum Lateral Gap

/ . .
B Thickness Ratio
+H2HF (c-D)/e

max (Fibers touching
laterally)

20

8. (Fibers touching

0.l in direction of conduction)
15 AT
c-0 (5= 05-
C
0 1 L 1 I 1 Tkl . I
0.2 0.4 0.6 0.8

TOW VOLUME RATIO v,

Figure II-11, Illustrating the Interrelationship of Fiber
Diagonal Angle and the Minimum Matrix Gep for the Han-Cosner
Rectangular Array Data (Table IT-6).

B e e e B WY e e iR m




T

Ty

B

e Ty

Table II-6. Han-Cosner Values of the Bulk Transverse

(In-Line) Relative Conductivity (k = k/k_) for A Tow-Matrix System
Having Circular Filaments (Uniform Diame¥er) Unidirectionally
Embedded in A Rectangular Array. Homogeneous Tow, Transversely
Isotropic, Hamogeneous Matrix, Isotropic. No Voids, No Interfacial
Resistances. [1]. 3See Footnote to Table II-l.

i) 6 =30° v. =053, R = 1.73

nlax
Tow-to-Matrix Tow Volume Ratio v
Conductivity Ratio Et t
0.10 0.20 0.30 0.32
0.10 0.8575 0.7h74 0.6592 0.6435
0.20 0.8810 0.7851 0.7059 0.6916
0.40 0.9205 0.8516 0.791k4 0.7802
0.60 0.9522 0.9083 0.8680 0.8603
1.00 1.0000 1.0000 1..0000 1,0000
2,00 1.0710 1,1517 1.2450 1,2656
4,00 1.1347 1.3071 1.5391 1.5967
6.00 1.1641 1.3863 1.7100 1.7959
10,00 1.1922 1. 4664 1.9008 2,0243
20,00 1.2165 1.5402 2.0%47 2.2634
40,00 1.2299 1.5828 2.2156 2.4163
60.00 1.2346 1.5980 2,260k 2.4738
100,00 1.2385 1.6105 2.2982 2.5225
200,00 1.241k4 1.6201 2.3277 2.5607
400,00 1.2429 1.6250 2.3428 2.5804
600,00 1.2434 1.6266 2.3480 2.5871
1000,00 1.2438 1.6280 2.3521 2.592k4

2000,00 1.2441 1.6289 2.3552 2.596k4

st T o Ny W b s



, Table II-6. (Cont.)
11) @ = 35°, v, = 0.550, R = 1,43

Tow-to-Matrix Tow Volume Ratio v

Conductivity Ratio Et ¢
0.10 0.20 0.30 0.37 0.%0
0.10 0.85k1 0.7368 0.6397 0.5807 0.5571
0.20 0.8787 0.7775 0.6913 0.6380 0.6165
0.4o 0.919k4 0.8L480 0.7840 0.7431 0.7263
0.60 0.9518  0.9069 0.8651  0.8373  0.8258
1.00 1.0000  1,0000  1,0000  1,0000  1,0000
2,00 1.0702 1.1481 1,2352 1.3028 1.3337
4.00 1.,1318 1,292k  1.4k934  1.6685  1.755k4
, 6.00 1,1599  1.3633  1.6324  1.8823  2.0126
i 10.00 1,186+  1.4333 1.7788 2.,1222 2,313
20.00 1,2092  1,hk962  1.,9189  2.367Th  2.6285
40.00 1.2217  1.5319 2.0022  2.,5211  2.8339
) 60.00 1,2261  1.5445 2.0323 2.,5782  2,9116
{ 100.00 1,2296  1.5548 2.057Th  2.6264 2.9778
‘&‘ i 200.00 1.2323  1.5627  2.0768  2.6641  3.0298
Y 400,00 1.2337  1.5668  2.0867  2.6835  3.05€7
X 600,00 1.2341 1.5681 2,0900 2.6900 3.0658
N 1000,00 1.2345  1.5692  2.0926  2.6953  3.0731
3 2000,00 1.2348  1.5700  2.0947  2.6992  3.0786
L7
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Table II-o, (Cont.)

. e
iii) 9 =40, L

Tow-to-Matrix -
Conductivity Ratio kt

8888883&85

N
QOO FMVHOOOO
. [ . a o a

85
88

e
Q
O
(o}
o

n
S
o
8

400,00
600,00
1000,00
2000,00

’_l
8 £
§OSOOOSO\-&"'\)}—'OOOO

o)
(o]
O

:
833883883888880585

:
8

T4 N, By el T CPUPIPT s AR P I S NG ANT s o e iw T

0.659,

0.10

0.8513
0.8768
0.9186
0,9515
1.,0000
1,0695
1.1296
1.1566
1,1820
1,2036
1.2155
1.2196
1.2230
1.2255
1.2268
1.2272
1.2276
1.2278

0.50

0.4505
0.5240
0.6598
0.7831
1.0000
1.4209
1.9659
2.3065
2.7109
3.151.1.
3.4k25
3.5541
3.6496
3.7252
3.7643
3.7776
3.7883
3.7963

R = 1.19.

Tow Volume Ratio v

0.20

0.7275
0.7709
0.8449
0.9058
1.0000
1.1453
1.2817
1.3k68
14101
1.4659
1.4972
1.5082
1.5172
1.5241
1.5276
1.5288
1.5297
1.5304

0.59

0,38L0
0.4633
0.6120
0.7498
1.0000
1.5231
2.302k4
2.8691
3.6478
L .6692
5. 476k
5,8202
6.1318
6.3907
6.5294
6.5T71
6.6158
6.6452

t
0.30

0.6224
0,6787
0.7779
0.8627
1,0000
1.2282
1.k632
1.5834
1.7056
1.8185
1.8837
1.9070
1.9263
1.9421
109486
1.9514
1.9531
1.9546

0.4%0

0.5314
0.5972
0.7165
0.8218
1,0000
1.3195
1.6849
1.8887
2,1090
2.3257
2,4573
2.5055
2.5457
2.5770
2.5930
2.598k
2.6027
2.6059




Table II-&6. (Cont.)

) o us°, v

)
v) 6 =50, Vnax

Tow-to-Matrix

max

A 2t o 0
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Conductivity Ratio k

§85oFproopop
238388838585

88388888835k E

8}50\42"“)!-'00-0.0

o F
S5

100,00

S SRR T e e O AP T

= 0,735, R =

= 0.659,

0.10

0.8460
0.8732
0.9170
0.6509
1.0000
1.0684
1.1258
1.1512
1.1746
1.1945
1.2053
1.2090
1.2120
1,2143
1.215%
1,218

1.2162
1.2164

0.50

0.3689
0.k6k3
0.6306
0.7716
1.0000
1.3834
1.7881
2.0002
2.2196
2.k260
2.5471
2.5906
2,.6267
2,6545
2.6687
2,6735
2,6773
2.6802

kg

1 (See Table II-1)
R = 0.84

Tow Volume Ratio vt
0.20 0.30 0.40
0.7092 0.5863 0.4742
0.7581 0.6529 0.5557
0,8392 0.7659 0,6966
0.9037 0.8582 0.8142
1,0000 1.0000 1,0000
1.1405 1,2167 1.2975
1,2645  1.4183 1.,5911
1.3211  1.514%0 1.7368
1.3745 1.6066 1.8819
1.4206 1.6881 2,0135
1.4460 1.7337 2.0885
1.4548 1.7497 2.1150
1.4620 1.7627 2,1369
1.l+675 1.7727 2,1537
1.4702 1.7778 2.1622
1.k712 1.7795 2.1651
1.4729 1.7809 2,167k
1.4725 1,7819 2.1691
0.60 0.65
0.2636 0.2018
0.3750 0.3276
0.5668 0.5351
0.7302 0.7098
1.0000 1.0000
1.4756 1.52L4
2.0180 2,14g"
2,3221 2.513¢
2,6530 2.6 33
2.9808 3.3 .0
3.,1812 3.0007
5.2548 3.7051
3.3164 3.7881

3.3643 3.8530

3 3889 3.886%
3.3971 3.8976
3.4038 3.9066
3.4088 3.9134




Table II-6. (Cont,)

vi) 6 = 55°, Voax = 0:550, R = 0,70

Tow-to-Matrix

H
8858888850 nro000
888883888888883&E865

g
S

s
SS800FPRO000
88888833351k

[ 230 8 =¢
[N o]
e o o
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Conductivity Ratio Et

X

0.10

0.8k29
0.8710
0,9161
0.9506
1,0000
1.0678
1.1238
1,1483
1,1708
1.1897
1.1999
1.2035
1.2063
1.2085
1,209
1,2100
1.2103
1.2105

0.50

0.2999
0.4179
0.6104
0.76k3
1,0000
1.3660
1,7192
1.8926
2,06Lk4
2,2193
2,3073
2.3385
2.3642
2,3838
2.3938
2.3971
2.3998
2.4018

Tow Volume Ratio v

t
0.20 0.30
0.6977 0.5622
0.7502 0.6362
0.8357 0.7584
0.9025 0.8555
1.0000 1.0000
1.1380 1.2109
1.2557 1.3971
1.3083 1.4824
1.3573 1.5632
1.3990 1.6329
1.4217 1.6713
1.4296 1.6847
1.4360 1.6956
1.4409 1.7039
14434 1.7081
1Mo 1.7095
1.4448 1.7106
14453 1.7115
0.54
0.2354
0.3703
0.5807
0.7463
1.0000
1.3988
1.7923
1.9890
2,1861
2.3660
2.4692
205059
2.5362
2,559k
2.5712
2.5751
2.5783
2.5807

50

0.ko

0.4327
0.5269
0.6837
0.8095
1.0000
1.2866
1.5503
1.6749
1.7951
1.2009
1.9600
1,9807
1.9976
2.0106
2.0171
2,0193
2.0211
2,022k
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Table II-6. (Cont.)
vii) 6 = 60°, v = 0453, R = 0,577
Tow-to-Matrix Tow Volume Ratio v
Conductivity Ratio K, t'
0.10 0.20 0.30 0.40 0.4k

0.10 0.8388  0.6820  0.5270  0.3643  0.2866

0.20 0.8683 0.7396 0.6125 0.4824 0.4258

0.ko 0.9150 0.8312 0,748k  0.6654  0.6317
0.60 0.9502  0,9009  0.8520  0.8032  0,7837 _
1.00 1,0000 1,0000 1,0000  1,0000  1,0000 %

2.00 1.067L  1.1350  1.2041  1.,2746  1,3033

4,00 1.121k4 1.2457 1.3740 1.5086 1.5647
6.00 1,148  1,2939  1.4489  1.6137  1.6833 ,
10.00 1,1662  1.3381  1.5183  1.7122  1.7950 5

? 20.00 1,184  1.3752  1.5770  1.7966  1.8913

! 40.00 1.1937  1.3953  1.6088  1.8428 1,9k

60.00 1.1970  1,4022  1,6198  1.8588  1.9626

100,00 1.1997  1.,4078  1.6288  1.8719  1.9777
”E 200,00 1,2018  1.,4121  1.6356  1.8819  1.9891 !
. 400,00 1,2028 14143 1.6391  1.8869  1.9949 !
%1 600,00 1.2031  1.4150  1.6402  1.8886  1.9969 i

. 1000,00 1.203% 1,415  1.6411  1.8900 1,998k

v 2000.00 1.2036  1.4160  1.6418  1.8910  1.9996

{
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Table II-6. (Concluded),

viii) e = 65°, Voax = 0-366, R = 0.466.

Tow-to-Matrix - Tow Volume Ratio v,
Conductivity Ratio kt
0.10 0,20 0.30 0.34

0.10 0.8330 0.6578 0.4652 0.3726
0.20 0.86k4 0.7236 0.5732 0.5058
0.ko 0.913% 0.8247 0.7330 0.6947
0.60 0.9497 0.8987 0.8469 0.8259
1,00 1.0000 1.0000 1,0000 1,0000
2,00 1.0661 1.1313 1.1958 1.2215
4.00 1.1183 1.2335 1.3476 1.3937
6.00 1,1404 1.2767 1.4118 1.keoT
; 10.00 1.1604 1.3156 1.4698 1.5327
E 20.00 1.1771 1.3478 1.5179 1.5877
3 40,00 1.1859 1.3650 1.5436 1.6171
k 60.00 1.1890 1.3709  1.5525 1.6272
\ 100.00 1.1915 1.3757 1.5597 1.6354
N 200.00 1.1934 1.379% 1.5651 1.6417
LY 400,00 1.1043  1.3812  1.5678  1.6448
13 600,00 1.1946 1.3818 1.5688 1.6458
g 1000,00 1.1949 1.3823 1.5695 1.6467
2000,00 1.1951 1.3827 1.5700 1.6473

t
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The error-spread studies conducted by Han and Cosner show that, for

this model and its idealizations, the results are very accurate for

6 < 45° if tow volume ratio v, does not exceed roughly two-thirds of the
mexcimm possible tow volume ratio v . For 6 < 45° and v, ot the
maximm levels included in Table II-6, the error spread is approximately
one per cent. With 6 > 45° and the tow volume ratio at the maximum
levels included in Table II-6, the error spread does not exceed

roughly one fourth of one per cent,

The values of the transverse conductivity for this rectangular
array for Rt < 1 are again available only to Et = 0,1, Since Et for
camposites can be nearly one decade lower, in these instances, the
transverse conductivity can be estimated through use of the reciprocity
procedure, This procedure here, however, differs somewhat fram the

direct reciprocal procedure applicable to the square and hexagonal
arrays --- both of which are symmetrical with respect to the in-line

fiber directions. The reciprocity procedure for the rectangular array
requires the use both of the reciprocal of the tow conductivity ratio

k, and the complementary fiber angle., For example, if it is desired to

eZtimate the transverse conductivity for the conditions v, = 0.k,

6 = 35° and E‘c = 10-2, then one uses the data in Table II-6 to determine
that K = 1.998 for v, = 0.4, K, = 100 and 6 = 55°. Therefore,

E for 6 = 35°, K, = 107 and v, = 0.4 is about 1,998™% = 0.501.

¢. Modified Rayleigh Equation.

The diagonal angle at which the fibers are organized in this
rectangular array can have a significant influence on the transverse

- conductivity, especially if the diagonal angle is less than 45 degrees

and the tow conductivity departs appreciably from that of the matrix
(see Table II-6). The pattern of the effect of the fiber angle is
illustrated in Figure II-12,

The first-order effect of the fiber diagonal angle on the
transverse conductivity is felt through the change in the in-line gap
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Han-Cosner Data, Table II-6 [1].
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thickness, Hence, the Rayleigh parameter mv, should be influenced in
same manner by the way the change in the fiber angle alters the maximum
density to which the fibers can be packed. The ratio Vv = vt/vma.x
should, therefore, became an important parameter, especilally when the
fiber angle is less than 45 degrees,

Starting, therefore, from the Rayleigh equation (II-2), and
expecting the primary angular effect to relate to the relative packing
density v = vt/vm, we will assume the Rayleigh equation should be
modified as

l'ie = (1 + mvt/Ce)/(l - mvt/Ce)

where CB is an angle adjustment factor. To ensure this expression
yields the transverse comductivities for a square array, the adjustment
factor F (for the square array) is introduced and, accordingly,

Chso 1, Thus, modification of the Rayleigh equation assumes the form

R, = (cy+ qum’t)/(ce - qumvt) (11-17)
Further, since

ksq = (1 + qumvt)/(l - qumvt)

therefore,

qumvt = (ksq - J.)/(ksq + 1)

and it follows that, for the rectangular array
Cp = L&y + 1V/(Ey - DI/IE + 1)/(R, - 1)] (11-18)

Thus, the angle adjustment factor C g can be evaluated directly from the
accurate Han-Cosner data (Table II-6) using equation (II-18).

It is found that Ce is described approximately by the following
equations (for use in equation II-17).

Cp=1-1.25m (1-tans)(v /v )2, 6 < us° (IT-29)
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o= 1+ 1.05mv, (tan 6 - 1), 6> u5° (II-20)

The extent to which they describe the actual values of Cq
is illustrated in Figure II-13 for Et = 10,

The ability of this method, equations (II-17), (II-19) and (II-20),
to replicate the accurate Han-Cosner data for rectangular arrays
(Table II-6) is similar to that for the square array with v < 2/3. For
higher values of the relative volume Vv (as Ve approaches Vma.x) and for
o< 1&‘50, typically, the deviations from the accurate data are 2 to L
per cent, For 9 > l&5°, the deviation is within one per cent. Overall,
with the exceptions of values of the tow volume ratio at the higher
levels when the angle 1s at the lowest level included in Table II-6, the
method replicates the Han-Cosner data to within one per cent,

In summary, for givemn bulk characteristics of a tow-matrix system
(given levels of Ve and l'ct --- volume of tow relativ: to the volume of
the system and conductivity of tow relative to that for the matrix),
the accurate Han-Cosner data (in-line) for a rectangular array show that
the fiber packing geometry can alter the transverse conductivity in major
ways., This influence is illustrated in Figure II-1lk, where for Et = 100
the effects of the geametrical factors (fiber volume fraction and
packing angle) on transverse conductivity are shown. In this illustra-
tion, for Ve = 0.5, an angular change from 55° to 35° is seen to alter

the transverse conductivity by a ratio of roughly two to one,

Staggered Reguiar Array

The staggered regular array (Figure II-15) takes on the special
cases of the square array (6 = 45°) and the hexagonal array (8 = 30°
and 60°). As the fiber diagonal angle 6 is varied, this particular
array shows a transverse conductivity pattern typically as illustrated
in Figure II-16. At low array angles, the proximity of the in-line
fibers (even to the point of touching) produces large departure of the
bulk transverse conductivity fram that of the matrix.
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Figure II-14, Illustrating the Influence of Tow Volume Ratio
and Packing Angle on the Transverse Conductivity of A Tow-Matrix
System Consisting of Unidirectional Fibers Embedded in An
In-Line Rectangular Array. Based on Data in Table II-6 [1].
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Figure II-15. Staggered Regular Array.

When the in-line fivers touch (minimum fiber angle), the row ~f in-line
fibers establishes a direct conduction path. As this angle is increased
from its minimm, the matrix gap between the in-line fibers thickens
monotonically while the matrix gap between the fiber along a diagonal
line passes through a minimm, The separation of the in-line fibers
increases, but the fibers in adjacent rows move closer to each other
along the diagonal (for the same tow volume fraction), and both paths
(the diagonal and in-line) are then contributing to the overall bulk
conduction, At still larger fiber angles, both matrix gaps thicken and
the influence of the fibers on the bulk conductivity lessens,

a, Geometrical Factors

The in-line spacing ratio S = D/C (Figure II-15) for this array
is related to the fiber volume ratio Ve and the angle 6 by

v, = 2 (k) nz/cc = (I/2) s s
tan 6 = C/e = s/S (I1-21)
s/(v)2 = (2/n tan 0)Y/2

where s = D/c (Figure II-15). The corresponding diagonal spacing
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ratiof= D/L, where 2L = C/sin 6, is given by
£=2D sin 6/C =2 S sin 6

Or, using equation (II-21)
0/ )2 = (m/?

The ratio of the tow volume fraction to its maximum possible
level (v = v, /v ..) is an index to the relative packing density of the
fibers, For 8 < 30°, Voax = (n/2) tan 6 and, therefore (from equation

(sin 6 cos e)l/2 (II-22)

II-21)
: s/(MM2 =1
; I1-23
E 1/(HY2 2 2 sin e ( )
5 For 30° < 6 < 50°, Voax = (1/8)/(sin 6 cos 6) and
. s/(#) 2 = (251 )t
(1I-24)
y@HY2 o1
A, Withe > 60°, Voax = (/2)/ tan 6 and
ﬂ S/("f)l/‘2 = (tang)™*
ki (1I-25)

2 cos O

2/ M2

o

~

The general patterns on the in-line and the diagonal spacing

T
A

ratios, S and ¢, as influenced by the fiber diagonal angle are shown in
Figure II-17. The diagonal spacing ratio £(D/L, Figure II-17) for

equal relative packing demsity (comstant relative volume V) is seen to
dominate throughout the angle range 30-60 degrees. The in-line spacing
ratio S decreases appreciably between 30 and 60 degrees., Below 30 degrees,
the in-line spacing ratic is lé.rger, though both are seen to be

important, Above 60 degrees ; the dilagonal spacing ratio prevails.

Thus, from the patiterns on these geametrical factors, it is evident

that both the diagonal and the in-line series conduction paths

in addition to the contimuous matrix path, can be important, and that
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these factors when cambined with the transverse temperature gradient
are capable of producing the general pattern shown in Figure II-16

for the variation in the transverse conductivity with the fiber packing
angle.

b. Transverse Conductivity Data for the Staggered Array.

The transverse conductivity of a tow-matrix system consisting of
parallel, circular fibers embedded in a staggered regular array
(Figure II-15) was also studied by Han and Cosner [1] for a range on
the tow-to-matrix conductivity ratio Rt from 0,1 to 2000, for a range
on the fiber diagonal angle from 25 to 65 degrees and for a range on
the tow volume ratio vy fram 0.1 to values approaching the maximum
possible packing level for each fiber diagonal angle. Their camprehen-
sive data for the staggered srray are summarized in Table II-7.

The error-spread studies for this array were used to limit the
maximum values of the tow-volume ratio v, included in Table II-7;

t
the maximum values of v, correspond to an expected error spread of

one per cent., For the ts;econd highest level of the tow volume ratio v "
shown in Table II-7, the average error spread is only one-fourth to
one-third of one per cent,

The use of the reciprocity method to define values of the transverse
conductivity at Et
providing both the reciprocal of kt and the camplement of the fiber
diagonal angle 9 are used., For example, if the tow-to-matrix
conductivity ratio x. is 10'2, v, = 0.70 and 6 = 35°, then k = k/k
6.1+5'7"l = 0.1549, since (from Table II-7) k = 6,457 at Et = 100,

v, = 0,70 and 0 = 559,

< 0,10 appears to be applicable also to these data,
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Table II-7. Han-Cosner Values of the Bulk Transverse (In-Line)
Relative Conductivity (k = k/k_) for A Tow-Matrix System Consisting of
Circular Filaments (Uniform.Di%heter) Unidirectionally Embedded in A

Staggered Regular Array. Hamogeneous Tow, Transversely Isotropic,

Homogeneous Matrix, Isotiopic. No Voids., No Interfacial Resistances. [1].
See Footnote to Table II-1,

1) 9=2° v

Tow-to-Matrix  _
Conductivity Ratio kt

.10
.20
L0
.60
.00
.00
.00
.00
10,00
20,00
Lo,00
©0.00
100.%0
200,00
400,00
600,00
1000.00
2000.00

N FEFOVHHFOOOO

'_J
ST ENE
OO0O0FNHOOOO
*

200,

&

600,
1000,
2000,00

10
20
Lo
60

.00

.00
00

.00

.00

.00

.00

.00

.00
00

.00
00
00

= 0,732

0.10

0.8505
0.8762
0.9183
0,951k
1.0000
1.0693
1.1289
1.1557
1.1807
1.2021
1.2137
1.2178
1.2211
1.2236
1,2248
1.2253
1.2256
1.2259

0.50

0.4l27
0.5176
0.6561
0.7814
1.,0000
1.4132
1.9222
2.2245
2.5677
2,9229
3.1479
3.2320
3.3031
3.3588
3.3875
3.3971
3.4049
3.k108

Tow Volume Ratio v

0.20

0.72h47
0.7689
0.8440
0.9055
1.0000
1.1445
1.2786
1.3422
1.4036
1.4576
1.4877
1.4983
1.5069
1.5135
1.5169
1.5180
1.5189
1.5196

0.60

0.3698
0.ksok
0.6026
0. 7441
1,0000
1.5215
22477
2.7337
3.3458
4,0609
4 ,5650
L,7651
4.9396
5.0799
5.1533
5.1783
5.1985
5.2138

t
0.30

0,6173
0.6750
0.7761
0.8619
1.0000
1.2261
1.4546
1.5698
1,6856
1.7915
1.8522
1.8738
1.891%6
1.9053
1.9122
1.9146
1.9164
1.9179

0.65

0.3360
0.4191
0.5773
0.7260
1.0000
1.5803
2 4487
3.0772
3.9341
5,0441
5.9099
6.2756
6 .6054
6.8784
7.0241
7.0742
7.1148
7.1456

o.ko

0.5243
0.5918
0.7137
0.8207
1.0000
1.3153
1.6650
1.8547
2.0556
2.2488
2.3641
2.4%059
2.4407
2.4676
2.4814
2.4860
2.4897
2.4925

0.69

0.3101
0.3949
0.5575
0.7119
1.0000
1.6297
2.6341
3.4202
L.5928
6.3307
7.9064
8.6429
9.3488
9.9658

10,3080

10.4280

10.5260

10,6010




Table II-7. (Cont,)

o
307, v

ii) 8 nax

i

359, v

iii) ¢ nax

Tow-to-Matrix
Conductivity Ratio Et

.

.

8888888888888 8%88kE

ENE G &
8888E8Borvo000O

600.

5
3

2000,

N
88888885880 rprooo0
S88888888888883E8E

0,9069

0.8358

0.10

0.8481
0.8745
0.9176
0.9512
1.0000
1.0688
1.1272
1.1532
1.1773
1.1978
1,2090
1,2129
1.2160
1.2184
1.2196
1.2200
1.2203
1.2206

0.60

0.3252
0.4169
0.5853
0.7370
1.0000
1.4939
2.0987
2.4570
2.8632
3.283k4
3.5495
3.6490
3.7332
3.7991
3.8330
3.8445
3.8537
3.8606

(See Table II-U)

Tow Volume Ratio v

0.20

0.7165
0.7631
0.841k4
0.9045
1.0000
1.1k23
1.2706
1.3302
1.3870
1.k364
1.4637
1.4733
1.4811
1.4870
1.4900
1.4910
1.4919
1.4925

0.65

0.2862
0,381k4
0.5576
0.7179
1.,0000
1.5461
2.2488
2.6851
3.2000
3.7572
4,1240
4 2642
L.3840
4 4787
L.,5278
L ,5hhd
4.5577
4,5678

65

0.30

0.6012
0.6634
0.7706
0.8599
1.0000
1.2208
1.4337
1.5374
1.6392
1.7302
1,7816
1.7997
1.8146
1.8260
1.8317
1.8337
1.8352
1.8364

0.70

0.2483
0.3470
0.5307
0.6992
1.0000
1.6007
2.4166
2.9518
3.6160
4,379
4,9108
5,1203
5.3022
5.4480
5.5242
5.5501
5.5710
5.5868

t
0.40

0.4993
0.5735
0.7048
0.8172
1.,0000
1.3051
1.6211
1.7835
1.9489
2,1021
2.1909
2.2226
2.2488
2.2689
2.2792
2.2854
2.2875

0.75

0.2109
0.3133
0.5043
0,6808
10000
1.6580
2,6069
3.2725
L. 1561
5.2668
6.1103
64611
6.7T49
7.0327
7.1698
7.2168
7.2549
7.2837

0.50

0.ko81
0.4918
0.6432
0.7763
1.0000
1.3958
1.8394
2,0823
2.,3415
2.5927
2.7435
2,798k
2,841
2.8796
2.8977
2.9037
2.9086
2.9123

0.80

0.1725
0.,2796
0.4783
0.6626
1.0000
1.7182
2.8281
3.6773
4 9284
6.7758
8.4s48
9.2628
10.0340
10,7130
11,0930
11.2260
11.3360
11.4190
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Table II-7. (Cont.)

) 6 =4°% v

Tow-to-Matrix

max

Conductivty Ratio Et
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= 0.7975.

0.10

0.8482
0.87h46
0.9176
0.9512
1.0000
1.0689
1,1273
1.1533
1.1775
1.1980
1.2092
1.2131
1.2163
1.2187
1.2199
1.2203
1.2206
1.2209

0.60

0.3223
0.4154
0.5852
0.7371
1.0000
1.4965
2.1171
2.4937
2,9305
3.3942
3.6945
3.8083
3.9051
3.9813
7.0207
4 ,03%0
L4, olil7
4.0528

Tow Volume Ratio Ve

1.4939
0.65

0.2814
0.3788
0.5572
0.7180
1,0000
1.5497
2.2768
2,7442
3.3149
3.9586
4.3986
L,5704
L, 7188
4.8372
4.8989
L,9199
4.9368
4, 9495

66

0.30

0,6018
0,.6639
0.7709
0.8600
1.0000
1.2211
1.4350
1.5393
1.64k21
1.7341
1.7861
1.8044
1.8195
1.8311
1.8369
1.8389
1,840k
1.8416

0,70

0.2408
0.34%29
0.5297
0.6992
1.0000
1.6056
2.4595
3.0485
3.8191
L, 7685
5.7641
€.0213
6.,2312
6.3423
6.3803
6.4110
6.4343

0,40

0.4997
0.5739
0.7051
0.8174
1.0000
1.3058
1.6243
1.7889
1.9574
2.1141
2.2052
2.2378
2.2648
2.2855
2.2961
2.2996
2.3025
2.3046

0.75

0.1993
0.30€9
0.5027
0.6806
1.0000
1.66k7
2.6737
3.4365
L 5h27
6.1251
7.5080
8.1388
8.734k
9,2480
9.5304
9.6288
9.7091
0.7702

0.50
0.4075
0.k918
0.6434
0.776k4
1.0000
1.3971
1.8471
2.0966
2.3654
2.6287
2,7882
2,8466
2.8953
2.9331
2.9524
2.9589
2.9642
2.9681

0.77

0.1814
0.2922
0.4920
0.6733
1,0000
1.6893
2.7722
3.6310
L,9563
7.0599
9,151
10,2000
11.2530
12,2140
12,7660
12.9620
13,2240
13.2430
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Table II-7., (Cont.)

v) 6 =459, Vosx =

Tow-to-Matrix

Conductivity Ratio Et

.

88888333888888388k

$88888888 nrnrooos

1
2
6 -
10
2
0,60
0.10 0.3293
0.20 0O.hk212
0.4L0  0.5885
0.60 0.7386
1,00 11,0000
2,00 1,5028
4,00 2.1510
6,00 2.5561
10,00 3.0372
20,00  3.5617
40,00 3.9093
60.00 L,0h26
100.00  4,1566
200,00 L4.2470
bro,00  4.2938
600.00 4,3096
1000,00  L4,3224
2000,00  4,3320

S TR TR

0,785k,

0.10

0.8487
0.8750
0.9178
00,9512
1.0000
1.0690
1,277
1.1538
1.1782
1,1990
1.2102
1.2142
1,217k
1.2198
1,2210
1.2214
1.2217
1,2220

0.65

0.2880
0038)4’6
0,9608
0.7196
1.0000
1.5576
2,3224
2.8318
3.4731
L 2229
4 ,7523
“".9627
5.1463
5.2940
5.3713
5.3977
5.4189
5.4350

Tow Volume Ratio v

0.20

0.7187
O.7647
0.8421
0.9048
1.0000
1.1429
1.2728
1.333k
1.3915
1.4421
1.4701
1.4799
1.4880
14941
1.4972
1.4982
1.4991
1.4997

0.70

0.2465
0.3485
0.5335
0.7010
1.0000
1.6154
2.5206
3.1725
L .0uO5
5.2114
6.1104
6.4905
6.8334
7.1175
7.2692
7.3213
7.3636
7.3957

67

0.30

0.6053
0,666k
0.7721
0.8604
1.0000
1.2223
1.4395
1.5463
1.6520
1.7%72
1.8011
1.8202
1.8359
1.8479
1.8540
1.8561
1.8577
1.8590

0.72

0.2282
0.3333
0.5226
0.6935
1.0000
1.6395
2.6107
3.3374
L,3692
5.7877
6.9669
7.4858
7.9652
8.3703
8.5899
8.6659
8.7277
8.7747

%
0.ko

0.5049
0.5778
0.7070
0.8181
1.0000
1.3080
1.6339
1.8045
1.9806
2.1459
2.2h26
2.2773
2.3061
2.3283
2‘3396
2,343k

2,346k

2.3487
0.7h4

0.2095
0.3181
0.5117
0.6862
1.0000
1.6643
2.7076
3.5225
L ,7392
6.5450
8.1821
8.9468
9.6792

10.3190

10,6740

10.7980

10,8990

10,9770

0,50

0.41%0
0.4968
0,660
0.7775
1.0000
1.4010
1.8657
2.1283
2.4155
2,7011
2.8763
2.9408
2.9948
3.0368
3.0583
3.0656
3.0714
3.0758

0.75

0.2051
0.3127
0.5068
0.6826
1.0000
1.6765
2.7550
3.6140
4.9301
6.9714
8.9284
9.8812
10.8190
11.6580
12,1330
12,3000
12,4380
12,5430
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Table II-7 (Cont.)
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= 0.7975.

0.10

0.,8493
0.8754
0.9180
0.9513
1,0000
1.0691
1.1280
1,154
1.1790
1.1999
1.2113
1l.2152
1.2184
1.2209
1.2221
1.2225
1,2229
1,2231

0.60

0.3412
O.h299
0.5928
0.7402
1.0000
1.5080
2.1749
2.5968
3.1023
3.6581
4.,0289
L.1716
4.2939
2+.3%9
L W12
4 ,4583
L 4720
4 L4824

Tow Volume Ratio vt
0.20 0.30 0.40
0.7205 0.6090 0.5109
0,7659 0.6690 0.5821
0.8427 0.7733 0.7090
0.9050 0.8609 0.8189
1.,0000 1.0000 1.0000
1.1433 1,2234 1.3101
1.2745 1.4439 1.6427
1.3360 1.5531 1.8185
1.3950 1.6616 2,0012
1.4h66 1.7597 2.1737
1.k752 1.8155 2.2752
1.4852 1.8353 2.3117
1.493% 1.8516 2.3420
1.4997 1.8641 2,3654
1.5029 1.870k4 2.3773
1.5039 1.8725 2.3813
1.50L48 1.87h2 2.3845
1.5054 1.8755 2.3869
0.65 0.70 0.7h
0.3016 0.2617 0.2294 .
0.3947  0.3599 0.3321
0.5657 0.5392 0.518k4
0.7215 0.7032 0.5888
1.0000 1.0000 1.0000
1.5637 1.6224 1.6725
2.3509 2.5532 2.7457
2.8810 3.2281 3.5854
3.5528 4,1487 L . 8291
4,3432 5.3400 6.6376
4,9036 6.2672 8.2314
5.1270 6.6581 8.9603
5.3220 7.0101 9.6489
5.4791  7,3012 10.2430
5.5613 7.4565 10.5690
5.58%4 7.5099 10.6830
5.6120 7.5531 10.7760
5.6291 7.5859 10.8470

0.50

0.4228
0.5031
0.6491
0.7787
1.0000
1.40k4s5
1.8810
2.1536
2.4541
2.7556
2.9418
3.0105
3.0681
3.1130
3.1361
3.1438
3.1501
3.1548




)

Table II-7. (Cont.)

! vii) 6 = 55°, Voax = 0.8358.
{
; . Tow-to-Matrix Tow Volume Ratio vt
Conductivity Ratio Et
0.10 0.20 0.30 0.ko 0,50

0.10 0.8494 0.7210 0.,6101 0.5131 0.4271
0.20 0.8754 0.7663 0.6697 0.5836 C.5060
0.ko 0.9180 0.8428 0.7736 0,709 0.6503
0.60 0.9513 0.9050 0.8610 0.8191  0.7791
1.00 1.0000  1,0000  1,0000 1.0000 1.,0000
2.00 1.0691  1.1434  1.2237  1.3105 1.40k4g
4,00 1,1281 1.2749 1. L4t 1.6438 1.8811
6.00 1.1545 1.3366 1.5543 1.8199 2.,1526
10,00 1,1791  1.3958 1.6633 2.0029 2.4507
20.00 1.2001  1.4475 1.7618 2.1755 2.7485
: 40,00 1.2115 1.4763 1.8179 2.2769 2.9316
d 60,00 1.2155 1.4864 1.8378 2.3135 2.9990
. 100.00 1.2287  1.49k6  1.8541  2,3437  3.0555
200,00 l.2212  1,5009  1.8666 2,3671  3.0995
400,00 1.2224  1.5041  1.8730 2.3790 3.1221
! 600.00 1.2228  1,5052  1.8751  2.3830 3.1297
! 1000,00 1.2231 1.5060 1.8768 2.3862 3.1358
2000,00 1.2234  1,5067 1.8781  2.3886 3.140k4

0.60 0.65 0.70 0.75 0.77 ,

0.10 0.3493 0.3125 0.2765 0.2404 0.2258 ’
0.20 0.4351  0.4017 0.3691  0.3371  0.32u43
0.ko 0.5948 0.5683 0.5426 0,5175 0.5076
0.60 0.7409  0.722k  0.7042  0.6864  0.6794
1.00 1.,0000 1.0000  1.,0000 1,0000 1.0000
2.00 1.5081  1.5635 1.6217 1.6831 1.708k
L.00 2.1705 2.3412 2.5348 2.7576 2.8547
6.00 2.5846 2.8552 3.1781 3.5743 3.7558
10,00 3.0749  3.k939  L,0270  L4,7399  5.0921
20,00 3.6062 4, 2264 5.0761  6.3h2k 7.0368
Lo,00 3.9560  4,7335 5.8552  T7.6686  8.7517
60,00 L.0896 4,9327 6.1742 8.2500 9.5363
100,00 4,2038 5.1054  6.4568 8.7855 10,2780
200,00 Lo2oko  5.2436  6.6873  9.2369 10,9180
, 400,00 4.3407  5,3157  6.8090  9.4812  11.2690
‘ 600,00 4.3565 5.3402 6.8506 9.5656 11,3920
k 1000,.00 L.3692 5.3599 6.8843 9.6343 11,4920
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Table II-7. (Cont.)

—-— ° =
viil) 6 = 607, Voax = 0:9069
Tow-to-Matrix - Tow Volume Ratio Vt
Conductivity Ratio kt
0.10 0.20 0.30 0.4o 0.50

0.8487 0.7188  0.6058 0.5068  0.4190
0.8750 0.7647 0.6667 0.5789 0.4998
0.9178 0.8421 0.7721 0.7073 0.6470
0.9512 G.90uU8 0.8605 0.8182 0.7778
1.0000 1,0000  1,0000 1.0000 1.0000
1,0690  1,1429  1.2222 1.3077  l.koop
1.2277 1.2727 1.4390 1.6317 1.8577
1.1538  1.3333  1.5455 1.8002 2.1122
1.1782  1.3913 1.6506 1.9733  2.3865
1.1990 1.4419 1.7451 2.1348 2.6551
1,2102 14699  1.7987 2.,2289  2.8177
1.2142 14797  1.8176 2.2626 2.8770
1.2173 14877  1.8332 2,2905 2.9266
1.2198  1.4k938  1.8451 2.3120 2,9651
1.2210  1.,4969  1.8511 2.3230 2.9848
l1.2214 1,4979  1.8531 2,3266  2.9914
1,2217  1.,4988  1.8548 2.3296  2.9967
1.,2220 1,494  1.8560 2.3318  3,0007

888888888388333 Rk

H
8885858588 mmpo00e

\ 0.60 0165 0.70 0075 0.80 0.85

1
: 0,10 0,340k 0.3039 0.2689 0,2351 0.2020 0.1690
ﬁ : 0.20 0.4279  0.3%43  0,3619  0.3306 0.3002  0,2702
Y 0.40 0.5907  0.5639  0.5375  0.5126 0.4880  0.4638
% 0,60  0.739L  0.7203  0,7020  0.684%0  0,6663  0.6490
v 1,00 1,0000 1.0000 1,0000  1.0000 1,0000  1.0000
4 2,00 1.5002  1.5536  1.6095  1.6680 1.7295  1.7943
Y 4.00 2,1272 2.2830  2,4564  2.6511 2,8726  3.1295
5 6,00 2,5047  2.7428  3,0184  3.3429 3.7339  4.2221
% 10,00 2.9376 3.2906 3.7191 L.25M41 L,ougk  5.9152
ks 20,00 3.3901  3.8883  L4,5253  5.376k4 6.5917  8.5447
; 40,00 3.6790  4.2842  5,0850 6.2068 7.9252 11,0420
60,00 3.7875  4.AM4359  5.3052  6.5459 8.5023 12.24L0
100,00 3.8795  4.5656 5,962  6.8461 9.0300 13.4190
: 200,00 3.9516 44684  5.6492  7,0906 94720 1k k620
j 400,00 3,9888  4.7216  5.7290  7.2197 9.7100 15.0480

600,00 4,0013 4.7396 5.7561  7.2638 9.7921 15.2550
L.omk 47541 5.7780  7.2995 9.8588 15.42k0
4L,0191  4.7651  5.7946  7.3265 9,9094 15,5540
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ix) 6 = 65°, v

Tow-to-Matrix _
Conductivity Ratio k

3859888883888k k

888858 0 rnro000

2
88

2888838388888885RkE

e o o

HO\
88858 R E8En rmro000

Table II-7. (Concluded).

max

t

= 0.732“’0

Tow Volume Ratio v

0.20

0.7125
0.7603
0.8401

1.0000
1.1413
1.2671
1.3250
1.3799
1.k273
1.4535
1.k626
1.4700
1.4757
1.4786
1.4795
1.4803
1.4809

0.65

0.2546
0.3592
0.5472
0.7139
1,0000
1,5320
2.1760
2,5531
2,976k
3.4092
3.680%
3,781k
3.8665
3.9329
3.9671
3.9786
3.9879
3.9949

n

0.30

0.5932
0.,6577
0,7680
0.8589
1.0000
1.2185
1.4248
1.5236
1,6199
1.7051
1.7529
1.7697
1.7835
1.7940
1.79%%
1.8011
1.8026
1.8037

0.70

0.2083
0.3203
0.5186
0.6945
1.0000
1.5837
2.3216
2.7712
3.2924
3,8L441
4 .2001
L 3347
L 'h89
4,5238
4 5852
L ,6009
L ,6135
4.6231

»

t
0.40

0.4865
0.5643
0.7004
0.8156
1.0000
1.3006
1.6029
1.7548
1.9071
2.0k61
2.1258
2,1540
2,177k
2.,1953
2.2043
2.207h
2.2098
2.2117

0.72

0.1820
0.3012
0.5063
0.6866
1.0000
1.6049
2.3839
2.8669
3.4348
L ,0455
L, 4450
L 5971
L ,7268
4 ,8291
4,8820
4,8999
49143
L 9252

0.50

0.3895
0.4784
0.6367
0.7738
1.,0000
1.3884
1.8065
2.0282
2.2592
24777
2.6065
2.6529
2,691k
2.7211
2.7362
2,7413
2.7454
2,7485
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¢, Modified Rayleigh Equation.

The Rayleigh parameter mv, once again serves as a first-order
correlation parameter for the staggered regular array (Figure II-18),
However, the secondary effect of the fiber diagonal angle is seen to be
appreciable, so that modification of the Rayleigh equation is necessary

to produce a working equation having reasonzble levels of accuracy,
Of the various modification procedures explored, the following

method based on the relative packing density (which in one way is similar
to the Neilson modification [16] of the Halpin-Tsai equation (12] and in
another way similar to one of the two Donea bound equations (9] --- though
the mmerical results are quite different) is estimated to be the most
useful, Here, a relative Rayleigh parameter is used, along with an
adjustment factor for the fiber angle. The extent to which the transverse
conductivity of the staggered array is correlated by the Rayleigh
parameter modified to the relative volume (mv = mvt/vm) is shown in
Figure II-19 to be within approximately + 15 per cent., However, the
hexagonsal array (30°) and the square array (45°) are covered by

equations (II-3) and (II-12), respectively. Thus, with reference to
Figure II-19, and after extensive exploration, the best method is

Judged to be as follows. Let

E=k/k = (C+ Mv)/C - Fav) (I1-26)
where

F =14+ [(H)P/1E, - 8)/(E, +a)

m = (it - l)/(Et + 1)

v v'(:/vmax

a = 2,25 forit$2, a=5/3frk t2anda=FK for1lk <2
and where

8 = 1.242 for @ of 25,35 and 4O degrees

¢ = 1.183 for 6 of 50 and 55 degrees
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This method produces results within approximately + 5 per cent of the
accurate data (Table II-7). For mid-range levels of both the tow volume
ratio v, and the tow conductivity ratios Et’ its accuracy is
essentially + 2 per cent,

For a fiber diagonal angle of 650, the following method describes
the accurate data (Table II-7) to within one per cent,

K = k/km = (C + mwt)/(c - F‘mvt) (1II-27)
where

F=1+ (vt7/9)(1‘<t - a)/(f:t + a)

C=1.26 + 0,14 mv,

m =

= (kg - 1)/(k_ + 1)
and with a having values as for Equation (II-26).

The Rayleigh equation modified to use a Rayleigh parameter based
on the relative tow packing density (mv rether than mvt) and of the
simple form

E=(1+09mv)/(1- 0.9 nv) (1T-28)

defines, for a wide range of fiber diagonal angles in a staggered array,

the transverse conductivity to within + 20 per cent. For greater
accuracy (to within 5 per cent), equations (II-26) and (II-27) would be
used, except for the hexagonal and square arrays, For the latter two
arrays, equations (II-3) and (II-12) define the conductivities more
precisely.
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SECTION III

Use of One-Dimensional Conduction Models to Estimate the Transverse
Conductivity of Unidirectional, Filamentary Composite Materials

Simplifying the rather complex transverse conduction patterns in
multi-phase materials by assuming the bulk transverse conductivity in a
particular direction can be estimated from a one-dimensional conduction
analysis of a multi-phase series path is a procedure which has produced
useful results in a number of studies, e.g. (18], [23], [24].

The most praminent example of the application of one-dimensional
conduction analysis to a conventional camposite material is the paper
by Springer and Tsai [ 18] --- a widely referenced study which
demonstrates that the method produces qualitatively correct resalts at
reasonably good levels of accuracy.

In this Section III, one-dimensional conduction analysis is used
to define the conductivity of various tow-matrix series paths. These
results are then applied in parallel with matrix paths to define
approximate models for the transverse conductivities. Typically, these
unadjusted models are zccurate to + 25-35 per cent, They are then
adjusted and modified to replicate the accurate Han-Cosner data [1] to
within several per cent,.... usually within one per cent, Again, the
use of relative fiber packing density (the ratio of the actual fiber
volume to the maximum level possible) is found to be helpful in
adapting the models to the various packing configurations.

Sgua.re Arrg[

a. Approximate Model for Transverse Conductivity Based on Fibers
of Equivalent Uniform Thickness,

The bulk transverse conductiv.ty of a tow-matrix system consisting
of circular fibers embedded unidirectionally in a square array
(Figure III-1l) can be estimated from a simple, one-dimensional
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conduction analysis, With reference to the approximate analysis of

this tow-matrix system in Section B, the conduction is assumed to oceur in
two parallel paths --- the matrix path of approximate width (e-D)

(Figure III-1) having a conductivity k and the tow-matrix series path

of approximate width D having a conductivity km- £ Thus, assuming
unidirectional conduction parallel to the in-line fibers, the bulk
transverse conductivity in the direction S (parallel to C) is defined
roughly by

ke 2k (e-D) + ko oD

or, since for this square array ¢ = C

ES = ks/km 2l+s(k , o-1) (1IT-1)

where s is the width spacing ratio D/c, equal for the square array to

the depth spacing ratio S = D/C. The volume fraction occupied by the

fivers is v, = (1I/4)(0°/eC). Using the simplifying condition that the

fibers are square in section having an equivalent thickness D(]I/h)l/ 2,

then Ve =S S _, where s_ and S_ are the effective spacing ratios. For
e e e 1/2 e

a square array, Se = (Vt) .

k

m

MATRIX

FIBER

Figure III-1, Tow-Matrix System having Unidirectional Fibers Embedded
in A Square Array.
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The unidirectional conduction analysis of this tow-matrix series
path (Section B) shows that for in-line tow elements of uniform

- -1 -1
thickness, k. o = (1 - Ng)™™, where Ng = MS, with M= 1 - ko,
Thus, to & first approximation, for this in-line array, equation
(III-1) beccmes

- _ -1 -1
Eg - 1=sN(1-N)" =Mv, (1-01)

or

Y= (1- Ns)'l =K .o (III1-2)
where

Yo = (RS - 1)/ M v,
and

g = M8 = ()2

Equation (III-2), if rearranged, is the same as the Springer-Tsai
equation for square fibers embedded in a square array [18].

The validity of this approximate analysis is indicated to a limited
extent by the Zinsmeister-Purchit data [19], but comprehensively by
the Han-Cosner data [1],

Zinsmeister and Purohit tested the accuracy of the Springer-Tsai
equation for square fibers in a square array (based on one-dimensional
conduction analysis) against results obtained for an identical tow-
matrix system by finite-difference calculations. Their results agree
(Table III-I) to within roughly 10 per cent, except at the highest
volume fraction where excellent agreement exists. Overall, this
particular model, equation (III-2), is seen to do quite well, in that the
primary veriables are functionally related in a comparably simple manner
and the quantitative results are reasonably good,

Ay We ORI S EAMAE ok




Table III-1l. Camparison of Zinsmeister-Purohit Transverse
Conductivity Data for Square Fibers in A Square Array [19] with The
Approximate Equation (IIT-2) Based on One-Dimensional Analysis.

Fiber Volume Fiber-to-Matrix Conductivity Ratio it
Fraction Ve ' -2 1 5
‘ 10 10~ 10 10
0.1975 keq 0.5655 - 0.64L45 1.296 1.349
{ kej-dife  0.6493 0.7059 1.399 1.508
. (Ratio)  (0.871) (0.913) (0.927) (0.895)
] 0,445 0.34%29 0.k4282 2.002 2.297
3 0.3709 0.4525 2.160 2,588
; 0.924 0.9k46 0.927 0.888
i
o 0.79 0.1212 0.2099 L.554 7.51k4
3 0.1212 0.2107 4.627 7.771
: (1.000) (0.9%)  (0.984)  (0.967)
Y

) The Han-Cosner data for circular fibers embedded in a square
array provide a much better basis for assessing this simplified
model, in that their data cover greater ranges on the principal
r variables (tow-to-matrix conductivity ratio k_ and tow volume ratio v,)
and the tow in their study is a filament of circular section., The
. validity of this approximate model, Y = (1 - N)™', equation (IT™
when applied to circular fibers in a square array is illustrated ia
Figure III-2 for Et > 1. The model is qualitatively correct. Further,
it is seen that the quantitative validity can be rendered reasonably
good (within roughly 10 per cent, except low at tow volume ratios) by
the simple introduction of a constant adjustment factor.
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Ys= (k=1)/ Mgy,

3

w0

CIRCULAR
FIBER (k,) (1-16/15 Ng)™!

MATRIX (K, )

%mamf_qm.___.

O HAN-COSNER DATA FOR /
k, FROM | TO 2000 /
AND v, FROM 0-0.75 /

(TABLEIT -1, [1])

M coﬁ
o“'l { § i
0.2 0.4 0.6 0.8

Ng= Ms(vt)”z

Figure III-2, Illustrating the Conceptual Validity of
the One-Dimensional Model for Parallel, Circular Fibers
Embedded in A Square Array. kt > 1.,
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In short, the simplest form of one-dimensional conduction analysis
using fibers of equivalent uniform thickness produces qualitatively
valid results for parallel circular fibers embedded in a square array,

b. One-Dimensional Analysis of the Square Arrey Based on A Circular Fiber,

Springer and Tsai [18] also applied one-dimensional conduction
analysis to the circular fiber and showed the results to be superior
to the equivalent square fiber model. The series conductivity km-
for a circular fiber (Section B) is shown to be a function of
1l

t

N =MS,whe::e{\ds=l-ﬁt_s

S S
For a square array, v, = (II/’})SZ.
Since, for the two parallel conduction paths

Es =1l+s (Em_t_s-l)
and for a square array, s = S = (ll»vt/n)l/a, therefore
(R - V/(v)M? = (m¥2 (&, (1) (111-3)

b it-s = kt-S/km end S = D/C (Figure III-l).

and
(B -1)/(v)Y? = 2ng) = £(&, gov,) (T11-4)

where k . o is defined by equation (B-21) and (B-22) in Section B.

The quantitative validity of this model is shown in Figure III-3,
where the accurate Han-Cosner data [1] for circular fibers in a square
array (Table II-1) are used to evaluate the proportionality factor in
equation (III-3). The model is reasonably good, For example, since
values of the bulk conductivity for Et < 1 can be predicted from the
values for Et > 1, then, as a first approximation, one can simply use a
single value of the proportionality factor. On this basis, the ability
of the model to predict the transverse conductivity is essentially + 10
per cent overall and about + 5 per cent for the more usual range on
Ve of 0.3-0,7.

An alternative to the model described by equation (III-3) is
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1< |- t.s
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IN EVALUATION OF ORDINATE
% 0.3 k : FROM TABLE II-1[I]
. Ky-i.g: FROM SECTION B, PART4 FOR
R 08 A CIRCULAR FIBER
b 0.1 .
= ] I { ] ]
| " 10 100 10! 102 103

= TOW=TO-MATRIX CONDUCTIVITY RATIO k,

Figure III-3, Validity of One-Dimensional Conduction Analysis
for the Tow-Matrix System Consisting of Parallel, Circular
Fibers Embedded in A Square Array.
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obtained as follows. Since, to & first epproximation, & . = (1 - N)™,

therefore, equation (ITI-3) can be revised to k - 1 2 s [(1 - N)" 1] =
sN/(1-X) ¢ s SME_ ., or, therefore

Yo =Fk . o (O1-5)

In this model, the functional form of the generalized transverse
conductivity for tow having uniform thickness has been adapted to the
tow-matrix series conductivity of a circular fiber. Note that in
this model

Yg = (kg - 1)/ Mgvy = 2(N) = 2By oove) v cntar piver  (TFE-6)
The equations describing the series conductivity Em- & for a fiber,

equations (B-21) and (B-22) in Section B, are scmewhat cumbersome to
use, Various simplified forms of these expressions were examined.

And, taking into account both their accuracy and functional compatibility

with the models, the following expressions are judged to be good
substitutes for equations (B-21) and (B-22),

- \W

By goeir = 1+ (WB)(N)(L - bN) (IL1-7)
Et>1 :b=0,99,w = -080
it<1 :b=5/6,w=-0,98

Using this substitute, the model equation (III-1) now becomes

(kg- 1) = s (B, 21) = (W4)(sN)(2 - oN)"

or, since N = MS and v, = (m/4)(ss),

(Rg-1)/Mvy = Y5 o (L - m«s)w (I1I-8)




This, then, is an alternate model for the circular fiber having the
generalized conductivity in a functional form consistent with the
previous models, but more accessible in the interpretation

of the influence of primary varisbles on the transverse conductivity.

The agreement between this model, equation (III-8), and the
Han-Cosner data is shown in Figure III-4. By striking an average value
of F for Et > 1, the accuracy of the model is again essentially
+ 10 per cent overall and + 5 per cent within the more usuel range
tow-volume ratio Ve of 0.3-0.7.

Variable adjustments can be introduced in these models to improve
their accuracy. For the model Yo = F Em-t-s’ equation (III-5), where
k . o is defined by equations (B-21) and (8-22) in Section B, the
use of the following empirical relatiomship to describe the proportion-
ality factor F for a square array (circular fibers)

F=1+ 0.2].M2/(vt)l/2, Et >1 (III-9)

results in the Han-Cosner conductivity data (Table II-1) being replicated
to within one per cent for vy < 2/3 and to within from 2 to 7 per cent
for Vt in the range 0,7-0.75.

For the model described by equation (III-8), the following set of
empirical equations for the proportionality constant F reproduces the
Han-Cosner data for the square array (circular fiber) to within one
per cent for v, < 0.7 and to within 2 per cent at v, of 0.75.

For v, < 0.6: ’
F=1+0.3(1- vt)5/3 (2 - (3/k,)] for k. >3/2 (III-10)

F=lforl<it<3/2
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Figure IIT-4. Agreement of Revised One-Dimensional Model for a Circular

Fiber, Equation III-8, with the Han-Cosner: Data (Table II-1l), Square Array.
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For 0.6 < v, < 0.75:

F= [th=o.6’ Et] - (3/4)(v, - 0.6)(L - 10 E,") for £ > 10
(r1r-1)
F=I[F, _oggfk] for3/2<k <10
% t
F = lforl<Et<3/2

¢. Choice of Series Tow-Matrix Model,

Various series-path models in Section B were applied to
one-dimensional models to determine which fiber configurations produce
reasonably accurate results for the transverse conductivity of circular
fibers embedded in a square array. Series-path models studied were for
the fiber cross-sectioﬁal configurations of a square, circle, rectangle,
octagon, various wedge shapes, and the circle and square having adjusted
thickness and width dimensions. It was concluded that, for tow-matrix
systems using circular fibers, models of the greatest usefulness are
those based on circuler and square shapes, where, for the latter, the
cross~section area of the fiber should be the same as for the circular
section, For nom-circular fibers, the actual shape (or an approximation
thereof) should be used. Specifically, for a circular fiber, the
equivalent spacing ratios became (with reference to Figure III-1)

Sg = De/C and s = De/c, and vV, =S¢ Se» since D_ = D (r[/h)l/2. For
s square array, S, = (v,)Y% ana  N_ =M S, = M(v)Y/2 e results
also showed that unidirectional analysis based on the simplification
Em-t 2 (1 - N)’l, so that Y « E!n-t’ is a generally useful procedure,

d, Results for Circular Fibers in A Square Array Based on Tow Elements
of Equivalent Uniform Thickness.

Starting fram the conclusion that simplification without excessive
compromise is obtained by replacing the circular fiber in the tow-matrix
series path with a fidber of uniform thickness, it is then assumed
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th-t an important form for the generalized transverse conductivity
of a square array is an adaptation of the basic model, equation (III-2),

in the arrangement

_ 1/2,-1
Yy = F) (1- F MoV, ]

vwhere Fl and F2 are factors to adjust the effective fiber dimensions

1/2
and where NS is represented by M,svt .

(1I1-12)

If F), = F, = 1, then equation (III-12) becomes an approximate re-

lationship for a circular fiber in a square array.

¥g = [1- Msvtl/ 2-1 (£II-13)

Its accuracy is summarized in Table III-2.

Table III-2. Ratio keq/kH_c for Model Equation (IITI-13). Circular
Fiber in Square Array. k Values from Table II-1 [1].

Tow-Volume Tow-to-Matrix Conductivity Ratio k

Ratio vt ¢
2 10 100 1000
0.1 0.991 0.956 0.940 0.938
0.3 0.998 0.935 0,911 0.908
0.5 0.998 0.927 0.893 0.888
0.7 0.991 0.87k 0.737 0.7k
0.75 0.991 0,822 0.572 0.526

By the introduction of & constant thickness adjustment factor
F2 = 1.06, With Fl = l,

¥, = (1 -1.06 Msvtl/ 21 (III-14%)

Its accuracy is quite good at mid-range values of Vy (Table III-3),
and much improved over equation (III-13).
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Table ITI-3. Ratio k  /ky . for Medel Equation (III-1k).
Circular Fiber in Square Array. k-Values from Table II-1 [1].

Tow-Volume Tow-to-Matrix Conductivity Ratio k

t
Ratio v,c
2 10 100 1000
0.3 0.991 0.948 0.925 0.922
0.5 0.999 0.986 0.975 0.973
0.7 1.008 1.015 0.977 0,968
0.75 1,010 0.989 0.843 0.806

Gk

If the model equation (IIT-12) is used with F
! defined by
| ,4/3
l F =1+[1-(3/2E)] Iv - o.6| (III-15)

5 = 1.06 and with Fl

then the accuracy pattern (Table III-4) shows excellent results
for v, < 2/3.

, B Table IIT-4. Ratio keq/kH-C for Model Equation (III-12) with F, by

: Equation (ITI-15) and F, = 1,06, k-Values from Table II-1 (11. )
N
* Tow-Volume Tow-to-Matrix Conductivity Ratio k,
i Ratio v,
| 2 30 1000
i 0.1 0,997 0.995 0.990
4 | 0.3 1.0 1.006 0.999
= 0.5 1.002 1.009 1,003
0.7 1.013 1.035 1.007
i 0.75 1.018 1,042 0.860
[}
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Table ITI-5. Ratio keq/
(III-17). Accurate k-Values fram Table IT-1 [1].

Using Fl = F22 (which implies that the fiber depth and width

are both adjusted by equal amounts) end Ng= (4/m)%/2 M"tl/a’ then

Y= P (1-F Ny (IT1-16)

F=1+0M48M (1- ) (0.38 = v) (III-17)

the accuracy pattern is quite good (Table III-5), except for
2 0,75 with k_ $ 20,

t

-c for Model Equations (III-16) and

Tow-Volume - Tow-to-Matrix Conductivity Ratio kt
Ratio Ve
2 1o 1000
0.1 1.0 0,995 0.990
0.3 1,002 1.004 1.003
0.5 0.999 1,002 1.005
0.7 1,003 1.01% 0.997
0.75 1,006 1.012 0.900

A model for this square srray which, though somewhat more cumber-

some, forms a useful basis for the rectangular arrays (taken up next) is

Y =F [1- FzMsvtl/ 2L (III-18)




]
]

=1+ Mg (0.6 - v/ 1116 - v, (111-29)
(IIT-20)
, =1+ [1- (43 E)] {0.0592 + 2 (v, - 0.65)° Itvt/°-65i]

e
[

The square array accuracy pattern for this combination is essentially +
one half of one per cent for the entire range of Et values if vy 2 0.,7.
It reproduces the accurate data to within two per cent at the highest
2 of 0.75.

Rectangular Array .

The approximate analysis for in-line tow elements (Section A)
indicates that the transverse conductivity for a rectangular array
(Figure II-10) should be correlated to a first approximation by use of
the relative packing density (v = vt/vmax) and the functional

relationships
¥ = Fl1 - Ms(x‘r)l/al‘l for 6 < u45° (III-21)
Yg = FIL - Mg (921 for 0 > 15° (f11-22)

The Han-Cosner data for the rectangular array (Table II-6 ) are used
in Figures III-5 and III-6 to test the ability of these parameters to
unify the conductivity data.  For @ < 45°, the proportionality factor
in equation (III-21) is seen to be very nearly correlated by the
relative volume v and the tow-to-matrix conductivity ratio Et -== &%
suggested by the approximate analysis. For ¢ > 45°, again the
correlation is reasonably good, as the condi;ctivity parameter Y is
primarily a function of the relative volume v and secondarily of M.

If the proportionality factor F in questions (III-2l) and (III-22)
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HAN-COSNER DATA (TABLE II-6) FOR
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is descrived empirically by (for Et > 1)

F-1=0.04L /(ML -M7F) for o < bs° (1mI-23) |
F-1=0.55 (L-0.8 %)L - (3/2)E "1 for o > Us° (III-24)

then the accurate data for this array (Table II- 4 ) are replicated to

. within +3 per cent for all fiber angles 30° < 6 < 65°, v, < 0.7 and

{ for all values of the tow-to-matrix conductivity ratio l'ct. With

: vy 3 0.7, the departure is up to 3-6 per cent. The reciprocity

‘ procedures are to be used for Tit <1,

. The following alternate model for the rectangular array replicates
the accurate conductivity data to within two per cent for the entire

_' range of all variables in Table II- 6. However, excluding the regions
of both very high and very low packing density, the method agrees with

the Han-Cosner data (Table II- 6 ) to within one half .of one per cent.

\ For Et > 1:
i
‘ I, = Fy (1 - F (v, /tan 0)H/2y-1 (III-25)
"9 F, =1 +(M)1L1.6-th(o.6-v-t)exp (III-26)
N exp = 4/(3 tan 6) for 6 < 45° and 4/3 for o > 45°
. (11-27)
R Fp =1+ [1- (4)/(36,)100.0592 + 2Ilv,/0.65](v, - 0.65)°]

» For it < 1, the reciprocity procedures are to be used, with both the
reciprocal of kt and the complementary angle being used to define the

; reciprocal of the desired transverse conductivity. To illustrate,
suppose it is desired to predict the transverse conductivity of this

rectangular array for a tow volume ratio Ve = 0.40, a fiber diagonal

i angle of 35° and a tow-to-matrix conductivity ratio of 0,10, Therefore,
| using ﬁt =10, 0 = 55° and v, = 0.4, equation (III-26) defines
F, = 1.1053, equation (III-27) defines F, = 1.0513 and equation (III-25)

o
{ o
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gives Y = 2.2139. Thus, E=1+Mv,¥ =1+ (L - 1071)(0.4)(2.2139 =
1.7970 --- which is the predicted transverse conductivity at Et = 10,
6 = 55° and v, = 0.4, (The accurate value for this condition is shown
in Table II-6 to be 1.7951). Finally, then, the predicted value for
E, = 0.1, 8 = 35° and v, = 0.0 i3 1.7970"" = 0.5565. Table II-6 shows

t
the accurate value to be 0,5571.

In sumary, one-dimensional conduction analysis yields reasonably
good "first order"” values of the transverse conductivity for the
rectangular array. Its modification through the use of adjustment
factors yields results usually within two per cent of the accurate
conductivity values, Also, the generalizing parameters indicated by
the approximate conduction analysis in Section A are found to correlate
the accurate data quite well.

) Staggered Regular Array

‘ The geametrical characteristics of the staggered regular array
(Figure II-15) were reviewed in Section II., Here the objective is to
adap. an approximate model for the tow-matrix series path to this
staggered array. The basis of the adaptation is to link the model to

( the key conduction paths --- to the key depth specing ratios --- of the
% 2 array.

| Since, the in-line and diagonal depth spacing ratios (S andf)

have been shown to be a function of the relative packing density (the
relative volume ¥ = v,./v_ ) and the fiber angle 6 (Figure II-17), it is
to be expected, therefore, that transverse conductivities for this

- array can be correlated most generally through consideration of relative
T volume v, rather than the volume fraction Vie
The basis form of the model used for the rectangular arrsy is

tg = Fy[1 - F M (v, /tan 0)%/27-1

{
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When shifted to the relative volume Vv (for 6 < LS, Vo ex for this array
is (M/4)tan 9)

Yo = 01 - E (231291 (III-28)

Equation (III-28)is next adapted to the various fiber angles. The
relative volume for the staggered array (Section II) is

<
"

vt/(n/z) tan 6 for 8 < 30°

<
I

vt(8/II) cos 6 sin 6 for 30° <9< 60°

so that the expected correlation equations for the staggered array are

<
[}

s = Fl- F2M8(2)'l/2(vt/ta.n 0)/21"L for o < 30° (III-29)
(III-30)

1/2 for 30° <6< 60°

1/2]-1

Yo Fl1 - Fzms(z sin e)(vt/ta.n 6)
For 0 > 60°, it is expected that equation (III-30), rather than
equation (III-29), will best serve as the model since the lateral
proximity of the fibers (as v =1), unlike transverse proximity,does not
have much influence on the transverse conductivity.

a. Hexagonal Array,

For fiber diagonal angles of 30 and 60 degrees, the staggered
array is hexagonal and the conductivities for these two angles are
equal, The one-dimensional model indicates this also since the
diagonal spacing ratio £ and the depth (in-line) spacing ratio S
(Figure II-17) are equal for the hexagonal array. Thus, the key
series-path conductivities are equal,
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Equation (ITI-30) for 6 = 30° = 60° is

T = Fl[l - Fzms(s/h)l/ b (vt)l/ 2]'1 (6 = 30° = 60°) (ITI-31)

This equation when used for Et > 1 with
= y=1 6V = 2
F,=1+ (1 - (Skt) ] ‘0.094 + 0451 L-5-J[v - (5/6)] ] (IIT-32)

and with

F

L= 0.99 + (/3)[1 - (4/3)]1(2 - 932 (12-33)

where v = vt/0.907 for the hexagonal array, reproduces the accurate
Han-Cosner data (Table II-7 ) to within one per cent (Table III-6),
except at the highest values of both Et and v, . The reciprocal
procedure is to be used for Et < 1,

Table II1-6. Accuracy of Equation (III-31) for the Hexagonal Array
(Relative to the Transverse Conductivity Data in Table II-7 [1].

Tow-Volume Tow-to-Matrix Conductivity Ratio Et
Ratio Ve
2 10 1000
0.2 1,001 1,009 1,003
O.k4 1.001 1.005 0.994
0.6 0,998 0.998 0.990
0,80 0.996 0.998 0.996
0.85 0.996 0.998 0.942
97
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b. Other Fiber Angles.
Equations (III-31), (III-32) and (III-33) may be adapted to other
fiber angles (for it > 1) by letting

Y, = 7 l1 - B (1Y 2L (TII-34)
v = vt/vma.x (III-35)
Fy=1+[1- (5Et)'l] {a +b I L6V/51(¥ - (5/6)]2} (III-36)
FL = 0.99 + (2/3)[1 - (4/3E,)1Q - 932 (TI1-37)
where
Fiber Ang}e a a L vmax
f 25° 0.07 0.7324
‘ 30°(60°) 0.09% b 0.9069
: 35° 0.045 2 '~ 0.8358
f 40° 0.0k 2 0.7975
45° 0.059 2 0.785k4
50° 0.075 1 0.7975
, 55° 0.09 ) 0.8358
: 65° 0.1 0 1.05
F !

The reciprocity procedure is to be used for Et <1,
1 The staggered array with a fiber angle of 45 degrees is square
£ and identical to the rectangular array for 45 degrees, Thus, the
o transverse conductivities as defined by these equations should be
identical to those defined by equations (III-18), (ITI-19) and (III-20).
2 The latter set of equations is a bit more accurate, since here the
. 45 degree case is fitted to a single set of equations selected for the

3 1 entire range of fiber angles,




e ——

W ——

~vmp—es e

T e

Equations (ITI-34) through (IIT-37) have the following accuracy

patterns for 0,001 < k, < 2000,

Fiber Angle 9

Q

25

30°(60°)

35

40°

45°

50

55

65

t

Accuracy Pattern

Within one per cent for v, < 0.65

Within five per cent at Ve % 0,7

Within one per cent for v, < 0.8

Within five per cent at v, 2 0.85

Within one per cent for v, < 0.7

Within three per cent at vt& 0.75

Within one per cent for v, < 0.65

t

Within five per cent at v, = 0.7

Within one per

Within five per cent at

Within one per

Within two per

Within one per

Within two per

Within one per

cent for v, < 0.65

v, = 0.7

cent for v, < 0.65

cent at v, 2 0,70

cent for v, < 0.65

cent at v, 2 0.7

cent for v, < 0.7




¢. Unified Model for Staggered Array.

In principle, there are three primary conduction paths within the
staggered array: (i) The contimuous matrix path, (ii) an in-line
tow-matrix series path having an approximate series resistance of
(1 - Ns) relative to that of the matrix, and (iii) a tow-matrix series
path along the fiber diagonal having an approximate resistance of
(L-N l) relative to that of the matrix. If, to a first approximation,
we assume each of these paths feels the same transverse temperature
gradient, then (with s again representing the lateral spacing ratio
D/c, Figure II- 15)

k= (-8) iy v s (o g5 * Kygap)

or

k-1- s(Exn--t-s * E1:1--'!:-1"1)

Further, since to a first approximation

He

-1
kygs® (2 -Ng)

and

- -1
K-t 1- Nl)

where NS = MS and Nl = M{. Equations (II-21) and (II-22) define the
in-line and diagonal depth spacing ratios (S and /), so that (including
the factor of (H/’-L)l/ 2 to adjust from the fiber diameter to a fiber of
uniform thickness having the same A ) it follows

Ny = (/Y22 (v, /e 0)72 < x/(2)H/2

- (8/mM 2wy Y2() (v s1n 6 cos 0)2 = (2)7(sn 0)x

3
i
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f’, where
L

1/2

X=M (vt/ta.n 9)

Next, since
& vt=2ss=232/ta.n6
therefore
(E - 1)(2)1/2/(% tan 6)/2 = (1 - N) ™+ (L - Nl)_l -1

) And, if the depth and width adjustment factors are introduced (as in
' previous models), then

(k - l)(2)l/2/(vt tan 6)1/2 2 Pl - Fghg ™+ (1 - F[Nl)-l -1]

It was found that Fl' varies approximately in proportion

to the tow conductivity parameter M and that the spacing correction

factors Fg and F! can be represented approximately by (1 + 0,12 N2).

The resulting unified model for the transverse conducting k of a
staggered array is

(& - 1)(2)2/(x tan 0) = Fy[(1 - PN+ (1= FN)H - 1) (111-38)
For this model, the companion equations are

1/2

t X = M(vt/tan 8) (III-39)

M=1- Et‘l (III-40)

Ng = X/ (2)1/ 2 (IIT-41)




Nl = (2)1/2 (sin 6)(X) (IIT-42)
Fg = 1+0.12 N> (IIT-43)
Fo=1v0.12 le (III-44)
1-F =0.1(0.1 6% -1)(1 - v,) (IIT-45)

These equations are for the tow conductivity ratio Et:> 1, The
reciprocity procedure is to be used for kt < 1,

This unified model reproduces the accurate data (Table II-7) to
within + 8 per cent for Ve % 0,75, except for the lowest fiber angle of
25 degrees, The model underestimates the transverse conductivity by
15 per cent at 25 degrees and v, = 0.6, Et = 1000. The use of an
effective fiber angle of about 23 degrees (for 6 = 250) brings the

results within several per cent for v, < 0.65.

For midrange values of the tow volume ratio Ve and the fiber
diagonal angle 9, the unified model predicts transverse conductivities
within + 5 per cent of the accurate data for the entire range of tow

conductivity ratios.
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SECTION IV

Adaptation of the Conduction Models for
Unidirectional Fibers to A Bidirectional Packing Geometry

In this Section IV, certain of the approximate models for
unidirectional fiber packing (Sections II and III) are used to develop
conductivity models for a bidirectional fiber packing geometry '
(Figure IV-l). The geometrical packing pattern is alternating
orthogonal rows of circular filaments in a rectangular array,

The validity of these models can be assessed since Han and Cosner
[1] determined accurate conductivities for alternating orthogonal
laminae, with each layer containing a single row of identical isotropic,
circular filaments embedded in an isotropic matrix. Though the tow and
matrix materials in these studies are the same in each layer, the
resulting models could be adapted to both intra-~ and interhybrid layers
by introducing the constituent properties for each layer.

a, Accurate Data.

Han and Cosner [1] studied this type of packing geometry for the
special case of an equal transverse (in-line) spacing ratio within
each layer, i.e, (with reference to Figure IV-1) x = 2z, with uniform D,
They considered two values of the lateral fiber spacing ratio (D/y) in
their evaluation of the conductivities: (i) equal to the in-layer
(transverse) spacing, i.e. ¥ = X = 2z, & cubical array and (ii) twice
the in-layer spacing, y = 2x = 2z, a rectangular solid array having a
lateral aspect ratio of 2. The effective overall (bulk) conductivities
k, = k, and ky (Figure I/-1) were evaluated by methods of numerical
analysis [1]. Their results are summarized in Tables IV-1 ani IV-2,

The bulk conduction in the direction x(or z) is the ageregate of
the conduction through essentially three parallel paths: (a) longi-
tudinally through one half of the fibers, (b) open matrix space and
(e¢) the tow-matrix series path, i.e. transversely through one half of
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Figare IV-1l, A Bidirectional Packing Pattern Consisting of Alternating
Orthogonel Rows of Filamentary Tow Embedded in A Matrix.

R the fibers., In contrast, conduction in the direction y has only two

i primary paths: (i) the tow-matrix series path and (ii) the open matrix
space. Therefore, the conductivities kx = kz always will depart

from the matrix conductivity to a greater extent than the conductivity
1%, since the magnitude of the series-path conductivity km- " always
lies between the parallel-path conductivity and the matrix conductivity.
For example, with a tow volume ratio v, = 0.50, a tow-to-matrix
conductivity ratio E,c = 40 and x = y = z (cubical array), the data in

Table IV-1 show that k= kyz = Ey = 2.77.

b. Adaptation of Modified Rayleigh Equation {as Developed for
Unidirectional Fibers).

With reference to Figure IV-1 and directions x and z, one half
of each layer involves the contimaous parallel paths of fiber and matrix
having bulk longitudinal conductivity k = kt v, * km Vind and the
) other half has transverse fibers embedded in a matrix having a bulk
transverse conductivity defined appraximately by the modified Rayleigh
equation. Thus, the overall bulk conductivity k, (and kz) (of the
entire fiber system) would be the average of these two conductivities,
Allowing for same interaction between these two subsystems by

including an adjustment factor Fx’ then the basic model
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for the x -z bulk conductivity is

k, = iz = (1/2)(%4; +F Etr) (Iv-1)

with the weave being half longitudinal and half transverse.

For a cubical array (x = y = z, Table IV-1), the equivalent
transverse fiber spacing is 45 degrees and from Section II, the
transverse bulk conductivity by the modified Rayleigh equation is
defined by equations (II-3 ) and (II-5). The longitudinal bulk
conductivity is defined by I-ng =1+ (it'l)vt' Hence, these _
relationships and the accurate data (Table IV-1) allow test of this
model equation (IV-1l).

For a cubical array, the value of the adjustment factor Fx ranges
from 1.0 to 1.11 (for the range of data in Table IV-1). However, by
use of the model with F, = 1, equation (IV-l) replicates
the Han-Cosner data for kx and kz to within + 0.5 per cent,

When the same model is applied to the bidirectional packing
geametry having a lateral aspect ratio of 2 (Table IV-2), the
adjustment factor F in equation (Iv-1) ranges from 1.0 %o nearly 2.
However, if the modified Rayleigh equation (II-17) for a rectangular array
having a lateral aspect ratio of 2 is used (equation II-19 for
tan 8 = 1/2), then values of k, =k (using F = 1) are predicted to
within + 5 per cent of the accurate data (for the range of conditions
in Table IV-2).

By retaining the use of the square array for the modified Rayleigh
equation (II-3) (Just as for the cubical array) and by applying the
following empirical adjustment factor

F (10v,-1)[£(K,)1° (v-2)

X,AR=2 =l+1.1

Vg
where
f(Et) = (it - a)/(it + a)

a = 2,25 for Et> 2.25
a=5/3frk 22
a=ktforl<kt<2
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then this adjusted model agrees with the accurate data in Table IV-2
to within + 0.5 per cent,

For Et < 1, the value of k. in equation (IV-1) should be
evaluated using the reciprocity procedure,

For the conductivity in the direction transverse to all fibers,
i.e, ky, and for the cubical array, the effective fiber diagonal
angle is 45 degrees. Thus, the angle adjustment factor Ce for the
rectangular array equation (II-19) is unity. Further, letting the
adjustment factor F in equation (II-17) also be unity, then the
relationship reduces to the Rayleigh solution, and it defines values
of the transverse conductivity Ey (cubical array) to within one per
cent of the accurate data, except for the highest tow-volume ratio
v, = 0.7 (where the difference reaches 6 per cent at kt = 100).

For y = 2x = 2z, i.,e., an array having an aspect ratio of 2, the
effective fiber diagonal angle for the rectangular array (in the
direction y) is ta.n'lE, and by equation (II-20)

Cog=1+ 1,05 mv, (tan 8 - 1)

or

C

9-AR=2 " 1+ 1.05 mvt (1Iv-3)

Thus, using the modified Rayleigh equation (II-17) for a rectangular
array with F = 1, the transverse conductivity ls'.y is

k, = (cy +mv)/(Cy - mvy) (IV-4)

where C, is defined by equation (IV-3). This relationship reproduces
the accurate values of the conductivity Ey (Table IV-2) to + 0.5
per cent,

It can be reduced to the simple relationship Ey = 1+ v, (for
tan 6 = 2) and still provide an accuracy of one per cent.
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In summary, the modified Rayleigh equation for fibers packed uni-
directionally can be used to predict conductivities for bi-directional
packing geometries to an accuracy level of several per cent, The models

orgenize the principal variables to indicate, quite directly, their
influences on the conductivities of this orthotropic tow-matrix system.

¢. Adaptation of A One-Dimensional Model to the Bidirectional Weave,

Again with reference to Figure IV-1, the bulk conductivity
kx( and kz) for this half longitudinal - half transverse weave is defined by

e =k - (1/2) (klg+ka

X ) (Iv-1)

where Elg =1+ (ky -1)v,. For cubical array (x = y = z) (Table IV-1),
the in-line array for the lower-half of the layer has an effective

fiber diagonal angle of L5 degrees. Thus, the transverse conductivity
Etr in the model equation (IV-1) can be approximated by use of equations
(inI-lB), (III-19) and (III-20) --- a model for the square array based on
one-dimensional conduction analysis. Using this procedure and the
accurate data (Table IV-1), the adjustment factor F, in equation
(Iv-1) ranges fram 0.98 - 1,05. However, by letting F =1,
equation (IV-1) and equation (III-18) (for the square array)
provide a method which predicts bulk transverse conductivities
k, =k, within 0,5 per cent of the accurate data (Table IV-1).

For the bidirectional weave having a lateral aspect ratic of 2
(y = 2x = 22) (Table IV-2), the apparent fiber diagonal angle is
'ca.n'l 0.5 and the transverse conductivity for the lower-half of the
layer (based on one-dimensional conduction analysis) is defined by
equations (III-25), (ITI-26) and (III-27). With these relationships
(for tan 6 = 0.5) and letting F, = 1, the model, equation (IV-l),
reproduces the accurate values of Ex = Ez to within several tenth of
one per cent, except at the highest values of tow-to-matrix conductivity
ratio Et where the predicted values of k_ (at Et = 100) differ from

the accurate values (Table IV-2) by one per cent at v, = 0.3 and by

t
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two per cent at v, = 0.35.

A model for the conductivity l'(y (transversely to all fibers)
is defined by the application of the one-dimensional analysis from
Section B . With reference to Figure IV-1, let the following spacing

ratios be defined

s = D/x S = Dfy 4 =D/2 (Iv-5)

The tow-volume ratio Ve is related to these spacing ratios by
(again with reference to Figure IV-1)

v, = (M/M)(D°/2)(x + ¥)/xyz = (1/8)(S)(.4+ s)

The Han-Cosner data (Tables IV-l and IV-2) are for the special case of
X = z,,J= s, so that

v, = (1/4) s 8 (v-6)
Letting

tan 6 = y/x = s/S (Iv-7)
then

v, = (1/4)(s” tan o) (Iv-8)
or

Ng = N = MS = F M (vy/ten 0)Y/? (IV-9)

by the procedure adopted in Section III for rectangular arrays.

There are three parallel conduction paths in the transverse (y)
direction within the volume xyz: (i) the open matrix path,
(ii) the series path involving matrix and half a fiber thickness and
(111) the series path involving matrix and ome fiber thickness. The
relative conduction area of path (1) is (1 - s)2, of path (ii)
2s(1 ~ s) and of path (iii) s2, where s is the lateral spacing ratio
D/x = D/z. Thus, the bulk relative conductivity in the direction y by
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this type of approximate analysis is

iy = (1 - s)2(l) + 28(1 - s) iii +s° E:Lii (IVv-10)

From the one-dimensional model in Section III

- . -1

Ry 2 (1-N) (Iv-11)
Since

Ny = N54/2
therefore

- . -1

kj; 2 [1- (Wg/2)177 = 2/(2 - Ng) (Iv-12)

The combinatign of equations (Iv-9), (IV-10), (IV-11) and (IV-12)
yields as the[ approximate relationship for bulk conductivity across
all fibers (direction y)

(ky-l)/Mvt = [F/(2 - Ns)] (1 + k) (Iv-13)
. Here, kN is the transverse conductivity for unidirectionel filaments,
Ay i.e. as developed in Section III
3
o _ -1
; (ky - L)/Mv, = F; (1 - Ng) (IV-14)
S where Ny is defined by equation (IV-9).

. For the cubical array (x = y = z), the model described by

equation (IV-13) when combined with the accurate data for this array
¥, (Table IV-1) yields values of the adjustment factor F in equation (IV-13)
. ranging from 0,97 - 1,28, Thus, as it stands, i.e. without adjustment
a (F = 1), the one dimensional methods adapted from Section ITI to this
bidirectional weave produces ky conductivities accurate to + 6 per cent,

i
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However, letting the adjustment factor F in equation (IV-13) be
defined by

=y
]

L+m (0.7 - v,) IILT - v,] (Iv-15)

2
l

= (k, -1)/(k, + 1)

then the model predicts }'gy to within 2 per cent,

This seme model when applied to the second array (Table IV-2),
for which y = 2x, tan 9 = 2, results in values of the adjustment
factor F, equation (IV-13), in the range 1,05 - 1.40. Use of the i
empirical equation

F

"

L+ (5m/4) (0.5 - v) ILLl.5 - v d (Iv-16)

m

in equation (IV-13) produces results accurate to within + one per cent.
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SECTION V
Conclusions

For both unidirectional and bidirectional filamentary composite
materials not having voids and other major imperfections, numer: .
values of the transverse bulk conductivity can be predicted with
good accuracy using simplified analytical models. Further, these
simplified, approximate models organize the principal variables
in comparatively uncomplicated ways; usually, they allow relatively
straight forward examination of the influences of a variety of design
variables on the magnitudes of the directional conductivities.

When the fiber packing configuration is essentially hexagonal
or square or in other near-regular patterns and when the fiber
relative packing density is less than approximately nine tenths,
both the unadjusted Rayleigh equation and the unadjusted one-dimensional
conduction model are capable of predicting bulk transverse conductivity
of fiber composites to an accuracy within 15 to 20 per cent over a
very wide range of values for the tow-to-matrix conductivity ratio
(roughly 2000™1 to 2000).

Once the Rayleigh and one-dimensional conduction equations are
modified to include adjustment factors, the transverse bulk conductivity
is predictable to within several percent of the accurate values
developed by Han and Cosner (1]. For normal ranges on the principal
variables (fiber shape, fiber packing configuration, fiber volume
content, tow-to-matrix conductivity ratio), the models have been
adjusted to agree with the accurate Han-Cosner data [1] to within
one per cent.

The Han-Cosner data and the models have been found to contain
reciprocity features with respect to the tow-to-matrix conductivity
ratio, Complementary methods permit use of the transverse bulk
conductivity data for tow conductivities greater than the matrix
conductivity to predict bulk conductivities of fiber-matrix systems
having tow conductivities less than the matrix conductivity.

13




Simplified models for bidirectional fiber systems are found to b
predict directional bulk conductivities to within one per cent for

the usual ranges on design variables and to within several per cent

A b e d AENE SR

over a wide range of design conditions,

Simplified, approximate methods can be useful also when attempting
to organize generalizing variables for study and correlation of the
E_ conductivity data for unconventional composite materials.
' The Rayleigh and one-dimensional conduction equations are found
to be excellent analytical tools to model the principal conduction
paths within a wide variety of types of composite materials,
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SECTION A

Use of Approximate Analysis of A Two-Phase Camposite Material to
Identify the Major Factors Influencing Its Transverse Conductivity

The analysis of conduction in a two-phase system based on a
simplified, approximate model is useful to identify the major variables
involved, their appropriate groupings and their expected effects on
the conductivity. The approximate anslysis which follows is based on
the assumption of one-dimensional conduction in a two-phase composite
material, where the tow (the reinforcing material) consists of ortho-
tropic, homogeneous chunks or ribbons or sheets (rectangular solids)
both uniformly aligned and dispersed throughout an isotropic,
homogeneous matrix (Figure A-1). For the three-dimensional case, the
matrix is continuous in three directions and the tow (rectangular
. solid chunks) is assumed to be embedded in rectangular arrays. For
the tow as long, wniform ribbons (filaments), the tow is assumed
continmuous in one direction and embedded transversely in a rectangular
array,., For the one-dimensional case, the tow is embedded as parallel

§ ) sheets of uniform thickness in a matrix contimuous in one direction
E _ only. Voids, interfacial resistances and material heterogeneities
’% ; are ignored in all models,

- For conduction in a direction parallel to the spacing distance C
(Figure A-1), if the tow thickness A equals the spacing distance C,
then the tow is continuous in that direction and the conduction is
classified "longitudinal", as (in that direction) conduction ocecurs
through two parallel, continuous paths (one tow and one matrix), If
the tow in a particular direction is not continuous, e.g. A < C, the
¥ conduction is classified "transverse"” as it now involves a tow-matrix
series path in parallel with a matrix only path, When a' = ¢!
(Figure A-1), the tow is contimuous in that direction and the model
% is representative of ribbon-filament composite materials, with the
conduction being classified "longitudinal” in the continuous tow
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Figure A-1l, Illustrating the Model in This Approximate Analysis to
Indicate Principal Variables. Tow Embedded in Rectangular Array.

direction and "transverse" in both the directions ¢ and C. With both

a' = ¢' and a = ¢, the model represents a laminated composite material
. (alternating parallel layers of tow and matrix), with conduction being
: classified longitudinal in two directions (through parasllel paths of i
continuous tow and continuous matrix) and transverse in the third

direction C (a series tow-matrix path).

a8, Model Analysis, ‘
Let the tow depth-spacing ratio S (in the direction of the ‘

transverse conduction), the tow width-spacing ratio s (laterally to
the transverse conduction) and the length-spacing ratio L (normal to the
. s-S plane) be defined as in Figure A-1
Y s = a/c (a-1)
: s = afe (A-2)
, L=a'fe (a-3)
Further, let the array aspect ratios R and R', and the tow aspect
) ratios r and r' be defined as
s ! R =¢/C = (ten 6)™% (A-L)
- R's c'/C (A-5)
4 r =a/A (4-6)

r'=a'/A (A-7)
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They establish the relative dimensions of the tow and the arrays,
The volume fraction of the system occupied by tow Ve is
vy = 4‘_'/(Vt + V) = Aaa'/Ccc!

which by use of the three spacing ratios (A~l, A-2, A-3) becames

v, = SsL (A-8)

i.e. the tow-volume ratio A is the product of the three spacing ratios
(depth, width and length).

For chunks of tow dispersed throughout the matrix, each spacing
ratio is less than unity --- there is no "longitudinal" conduction
(no direction having continuous tow). Thus, without a continuous
direction (say along c'), the tow spacing ratio S or s (or both) will
be larger than otherwise, and for e given volume of tow, the transverse
conductivity will have the greatest departure from the matrix
conductivity. In contrast, for filaments (ribbons), the length spacing

ratio L =1, = sS, and the spacing ratio S (or s or both) for a

v
given tow voluxze ratio Ve is now less, since a portion of the tow
volume is used to provide continuous tow along c'. Consequently, the
matrix gap along C (or ¢ or both) is larger, and the transverse
conductivity (ies) for this two-dimensional tow-matrix system will be
closer to that of the matrix than for the tow dispersed as chunks
(having the same Vt)' If in a two-dimensional tow-x'z}a‘crix system

the transverse array is square, then S8 = s = (vt)l/", whereas for a
cubical array S = s = L = (vt)l/3. For example, with v, = 2/3,

8o dim = 0.82 and s3-dj.m = 0,87; the in-line matrix thickness between
pieces of tow is nearly half again as much for the two-dimensional
system having the same v, = 2/3, The transverse conductivity of the
two-dimensional system (versus a three-dimensional system) is shifted
toward the matrix level, but its longitudinal conductivity (in the
contimuous-tow direction) is shifted away from that of the matrix,
thereby making the system anisotropic. For a conventional laminate
(tow in sheets), s = L = 1 and v, = S. For this system (relative to
both the ribbon and chunk systems for a given vt) , the difference

between the transverse conductivity and the matrix conductivity is

119




rendered minimal, while the conductivity in either of the two
continuous directions shows maximum departure., Thus, this latter system
exhibits maximal anisotropy.

In summary, for both isotropic tow and matrix components and for
g2 & three-dimensional distribution of the
tow can yield maximum (or minimum) levels of the transverse conductiv-
ity, with the two-dimensional and one-dimensional distributions of tow
shifting the transverse conductivities more and more toward the
matrix conductivity while creating comparatively high (or low)
conductivities in the continuous direction(s) of the tow,

—w#»uﬁwl e

a given tow value fraction v

Considering the direction C, for example, the transverse conduc-
tion is defined approximately by the sum of the conduction through a
matrix path of width (¢ - a) (Figure A-1l) and that through a parallel
path of width (a) --- the latter being a tow-matrix series path (m-t).
Thus, for this approximate analysis

' G = s * L-t-s (4-9)
where

» qq = kg ¢ c' AT/C

|

’,“ { q, g * km(c e' - aa') (aT/C)

t‘ ;

Hence, fram these relationships, the effective transverse conductivity

. é 1]
X Ut-g * Kpg.g & &' AT/C
; ks (C direction) is defined by
1}

Ay

(kg - km)/(km_t_s -k)2sL=v/s (4-10)

For the tow-matrix series path, since

k| 2 2
' U-t-5 © s - L-s
and
AT = ATm +ATt
it follows that

; k. )7 =s/k

neteS g ¥ (L= S)/ky (a-11)
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or
-1 -1
Ko ts = Spets/Bp = (- 487 = Q- Ny (A-12)
where T
Mg =1 - (k/ke o) =1- R, 3 (A-13)
Ny =My S (A-1k)
kg = ke o/l (A-15)

Fram equation (A-10), it follows that the bulk (effective) transverse
conductivity of the camposite material is

- P -1 -1
(kgfi) 1= (v/8) [3 - %)), (0w
Or, with the transverse relative conductivity defined by

Es = ks/km (A-16)

it follows that for this model

- _ -1

(kg - VMg v, = ¥ = (1 - N) (a-17)
Thus, this approximate analysis indicates that a generalized relation-
ship for the bulk transverse conductivity in the direction (i) of a
two-phase composite material is of the form

¥, 2 (1-N)™ (4-18)

1)
with
Y = (1';i - l)/Mivt (A-19)

The term (1-N i) defines the thermal resistance of the tow-matrix
series path (relative to the resistance of the same length of path
having matrix material only). N; defines the fractional extent to
which the addition of tow alters the resistance of the path fram that
of the matrix alone.

For example, with cubes of tow (for which their conductivity is
10 times that of the matrix, i.e, Et = 1:‘,‘/1:m = 10 ~-- say glass or a
ceramic material embedded in a resinous matrix) uniformly dispersed at

a volume ratio v, = 0.6, S=8=L, S = (0.6)1/3 = 0.843 and Ng = Ns =
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Ny = M¢S = (1-0.1) (0.843) = 0.759, 1-N

= 0,241, Thus, the
resistance of the tow-matrix series path is roughly one fourth of that
for the matrix alone, The bulk transverse conductivity of this two-

S

phase material is (by equation A-17) Y = Ky ¢.g = (0.214»1)'1
[ks/km) - l]/MSvt’ or ks/km =1+ 4,15%x0,9x0.6=3.24,
For long filaments square in cross-section (with K, = 10) and uni-
formly dispersed transversely with v, = 0.6, with L= 1, then S = 5 =
(0.6)%/2 = 0.775, therefore Ng = M = 0.9 x 0.775 = 0.697 end
1- NS = 0,303. The resistance of this tow-matrix series path is 30
percent of the matrix alone and the bulk transverse conductivity
kg/k =1+ 0.9 x 0.6(0.303)™" = 2.78. If the seme amount end type of
tow is distributed in the same matrix as sheets to form a laminate,
then L=s=1, §=v, = 0.6, MgS = O.54 and 1 - Ng = 0.46. The
relative resistance of the tow matrix series path (vt = 0.6, Et = 10)

= 4.15 =

for this layered composite is O.46 --- nearly twice that for the same
tow uniformly distributed as cubical chunks, The transverse conduc-
£ivity of this layered material is ky/k = 1 + 0.9 x 0.6(0.46)1 = 2.17.
Parallel aramid fibers (square in cross-section) distributed
uniformly with v, = 0.6 in a resinous matrix would have, again,
S=s= (0.6)1/ 2. 0,775. However, the conductivity of the aramid tow
likely would be about one fifth of that for a resinous matrix, so that
Mg =1 - (1/0.2) = -4 and 1 Ny = 1-MS =1+ L x 0.775 = L4.10,
The resistance of this tow-matrix series path is roughly four times
that of its matrix alone. The bulk transverse conductivity would be
[(kg/ ) - LMy, = (L - Ng)™ = (%.20)"% = 0.24k, or ky/k = 0,414
-- twice the filament conductivity and two fifths that of the matrix.
Referring to equations (A-18) and (A-19), this approximate model
indicates two generalizing transverse conductivity variables: Yi =

[(ki/km) -l]/Mivt and N, = M,X,, where M, = 1- km/kt_i and X, = the

spacing ratio in the particular transverse direction (S or s or L).
Thus, these variable groupings ought to serve to a "first-order" level
of accuracy in correlating data obtained experimentally or by accurate
analytical means, Further, if these generalizing variables are
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accurate to a "first order"” level, then an adjustment factor(s) intro-
duced in same manner into the basic equation Y, = (1 - Ni)'l ought to |
provide a method to improve the accuracy of the model while retaining ]
its camparatively simple, basic form, And, the first-order effects of d
the key variables could, thereby, remain isolated in relatively

uncamplicated variable groups. Successﬁl modification of this basic
relationship with an adjustment factor(s) (the latter expressed also
in terms of the key variables) should provide a procedure useful as a

preliminary design tool.

This approximate model also indicates the importance of the
spacing ratio Xl (S or s or L) on the transverse conductivity. The
extent to which the tow (reinforcing elements) shift the transverse
conductivity away from that of the matrix can be quite sensitive to the
transverse spacing ratio, especially when the spacing ratio is near
5 unity and it = kt/km > > 1 (or when the spacing ratio is near zero with
- i,c <<1). Vhenk, >> k , Very thin layers of matrix between adjacent
tow elements (S 2 1) will drastically lower the conductivity of the
tow-matrix series path, Oppositely, when kt << km’ a thin layer of
tow will create a large reduction in the series conductivity, Any
k., thin layer of tow or matrix (spacing ratios near unity or near zero) !
B could radically alter the transverse conductivity of a two-phase
. | material (see Section B).

% Next, this approximete model is applied to three special cases:
| (1) Unidirectional sheet tow (the conventional laminate), (ii) unidirec-
R tional ribbons of tow in a rectangular arrsy and (iii) rectangulear

solid chunks of tow in rectangular arrays.

[}
|
! b, Unidirectional Sheet Tow (Conventional Leminate).
l With the width and length spacing ratios both unity (s = L = 1) and
! alternating parallel layers of tow and matrix, the volume fraction
of tow v, equals the depth spacing ratio S (equation A-8) and the
transverse conductivity kg (oy equations A-18 and A-19) is given by

Yg= (1- N = (1 - wgw)™ = [xge) - Llugy,
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or
-1 -
=k/k=(1-MSv) =(1-N)l (A-20)
Again, the genera.lizing variables are indicated to be 1': or Y, = r(us)
Applying Y, = (1 - N, ) to the longitudinal direction (for which
s=1L= l) yields
-1 -1

1= (1- ML) "= (1- M) (A-21)

or, for the longitudinal relative conductivity

ng = klg/km =1+ Mg vt/(l - M]g) =1+ vt[(kt_lgjkm)-ll (A-22)
This is a familiar conductivity expression for two continuous parallel
phases (oftentimes referred to as the "rule of mixtures")., If the tow
is anisotropic, then a second similar expression would apply to the
s-direction,

The anisotropy of this conventional laminate is indicated by
examination of the ratio of the transverse to the longitudinal
conductivity ktr/klg. Letting P = (kg le/km)-l and with
M= l-(km/kt_tr), then, from equations (A-20) and (A-22)

k.,,_r/k18 = (1 - Mvt)-l (1 + Pvt)'l (A-23)
This ratio is minimm (meximm anisotropy) for
av, = Mt opt (a-2k)
The minimm ratio k. 1_/
K, Sl = b MR/ + p)2 (a-25)
or
- 2
k, r/klg =4 Et_ tr(it_ & -1) (kt_lg -l)/(it_ trkt_lg -1) (A-26)
where
kotr/Kn 02 By g B Ryl (a-27)
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For the special case of isotropic tow, kt-tr = kt-lg’ Ve
(for min ktr/klg) = 1/2, and
f e 2 )
: (kB gy = 4 Be/(Ey + 1) (A-28)
- -2 3
i' ];?or the-;a.nge on kt fran 10" to 107, (ktr/klg)min 1s-0.039 g.t
‘ kt=10,unitya.tkt=la.ndbackdownto0.00hatkt=lo.

The individual conductivity levels for minimum ktr/klg and isotropic
& tow (Vt = 1/2) are

{ ilg =1+ (k -1)/2 = (k_ +1)/2 (A-29)

' and

3 Ko = %/ (R + 1) (a-30)
For k> > 1, Elg £ kt/2 and k. 2 2; the transverse conductivity

. asymptotically approaches twice the matrix conductivity. When Et << 1,
4 T rY 2 i
: klg 2 1/2 and itr 2 2k .

The volume ratio for minimum ku/klg is at or close to 1/2 for
i laminated composites, except for anisotropic tow having values of the
\ tow conductivity in the vieinity of the matrix conductivity.

5l

¢. Unidirectional Tow as Ribbons or Filaments,
o A filamentary composite, when campared with a laminate having an
. : _ equal tow volume ratio Ve end an equal tow-to-matrix conductivity
% '; ratio kt’ will have an equal longitudinal conductivity but a transverse

5 conductivity departing to a greater extent from the matrix conductivity.
-vé“ With the tow continuous in one direction only, a greater amount of tow
" is now distributed transversely (for the same tow volume) and the

, matrix gap between tow elements is less, The anisotropy of the fiber
composite is thus less than that for a layered composite since the
transverse conductivities are closer to the longitudinal conductivities.
Equation (A-12) for the approximate model shows that for the tow-matrix
series path

; Ky t-S-riber/ p-t-8-layer = (1 = ¥g)laver/ (1 - Ngdeipar
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Thus, if, for example, the fibers are square in cross section and embedded

in a square array, then (by equation A -8), S = (vt)l/aa.nd S =v,.

_ fiber layer t
With v, = 0.7 and k. /k = 50, then km-t-s-fiber/km-t-s-l&yer = 1.74 or
(by equation A -10), the ratio k = 4,81/3.18 = 1,51,

s-fiver/5s-1ayer
The model being used 1s adapted to a filamentary composite by assuming
the filaments (ribbons) are rectangular in cross-section and embedded
in a rectangular array., With the length spacing ratio L = 1, and by
use of equations (A-4), (A-6) and (A-8) (and with reference to Figure
A-1)
2 2 /=
v, =SS = (r/R) 8 = s°/R (A-3D)
where
R =R/r = (r tan 6)™% (A-32)
is the ratio of the array aspect ratio R (width-to-depth) to the
filament aspect ratio r (width-to-depth), Thus, the depth spacing ratio

S (a key factor in transverse conductivity) is defined by

5= (Rry) 2 (4-33)
and by equation (A-18)

Yy = (1 - Ns)'l = [1- Ms(ﬁvf)l/al’l (A-34)

The generalizing variables are still Yi and Ni' Hence, to a first-

order level of accuracy, the transverse conductivity of various types of

filamentary laminae or plies (having a single type of tow embedded in

a single type of matrix) should be correlated by the two variable

groups Yi and Ni'
For a rectangular array, the minimum array angle amin

the fibers touch in their in-line direction; the depth spacing ratio S

is at its maximm (S = 1),'and the width spacing ratio (for a given v

t
is minimal, With S = Sma.x = 1, then

occurs when

B R S e P



The maximm array angle em exists when the tow elements touch

laterally (s = 1). With s = Spax = 1, then
S = Spin =V
-ﬁ = vt (A'36)

-1 -1
tan 6 = tan 6 . =R, = (vtr)

"

For a filament aspect ratio r of unity, example values of the
limits on the array angle and the array aspect ratio R are as follows:

Tow Volume Ratio Ve
0.3 0.k 0.5 0.6 0.7

Square emin( deg) 17 22 27 31 35
Fiber Roax 3.3 2.5 2 1.7 1.k
Square ema.x( deg) 73 68 63 59 55
Fiber Rmin 0.3 0.4 0.5 0.6 0.7

Circular 6 nin
Fiber

21 27 32 37 L2
69 63 o7 23 43

(deg)
6m,ax( deg)

For the tow volume ratio Ve in the range 0.4 to 0,7, the array angles
are essentially limited to the approximate range 30 to 60 degrees, with
the corresponding range on the array aspect ratio R being approximately
1/2 to 2.

The approximate effect of the tow aspect ratio r (filament width
to depth) on the transverse conductivity is indicated by this model.
For the same tow volume ratio vy and array aspect ratio R, an . increase
in the tow aspect ratio r widens and thins the tow filaments while
thickening the matrix gap in the tow-matrix series path., Consequently,
the depth spacing ratio S is reduced and the transverse conductivity of
the tow-matrix series path is shifted toward the conductivity of the
matrix; k . o decreases when Et > 1 and increases with Et <l Ona
bulk basls, though there's a campensating effect in that the width of
the tow-matrix series path is larger (with a larger tow aspect ratio r),
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the effect of the change in the series conductivity exceeds the effects

of the changes in the width of the two parallel paths and the bulk
transverse conductivity ES also shifts toward the matrix conductivity.
Suppose v, = 0.6, Rt-s =5 and R = 1(6 = 45°), With a filament
aspect ratior = 3/2, R = R/r = 2/3 and § = (0.6/1.5)1/2 = 0.63. There-
fore B, o= (1-N)™ = 2,02 and K kg/k, = 1 + 0.8 x 0.6 x 2,02 =
1.97. Decreasing the filament aspect ratio r to 2/3 increases the

depth spacing ratio S to (fivt)l/2 = (1.5 x 0.6)1/2= 0.949; Em-t-s =

(1-0.8x0.949) = k15, kg = 1+ 0.8 x 0.6 x b.15 = 2,99, (The
shear analogy [12] [25] for fiber aspect ratios of 2/3 and 3/2
with v, = 0.6, Et =5 ylelds ES 2,00 and 3.01, respectively.)

The influence of the array angle 6 (or array aspect ratio R) on
the transverse conductivity is also indicated by the approximate model.
Since, by equation (A-31) and (A-32)

1/2 1/2

s = (v R) = (vt/r ten 6)

the transverse spacing ratio S is seen to be influenced approximately

inversely as (tan 6)1/2. For v, = 0.6, r = 1 (square filament) and

t
E‘c = kt-s/km = 10, the model estimates the following influence of the

fiber diagonal angle 6 (or array aspect ratio R) on the transverse
conductivity of a rectangular in-line array.

Array Angle 6 Depth Spacing ks/km

(Degrees) Ratio S 1-Ng
vy = 0.0 35 0.926 0.167 L. 2L
k =10 L5 0.775 0.303 2.78
=1 55 0.648 0.k17 2.30

This example illustrates the appreciable rise in transverse conductivity
which occurs as the fibers move closer and closer in the S direction,
i.e. 6 approaching 6 . (S = 1). For this example, once the fibers
touch, S =1, =31, s =v, =06, 1~ Ng=0.1, and ks/km = 6.k,

This is the maximum bulk conductivity in the S direction

since the reinforcing elements (with S = 1) form continuous paths,
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the layers (a series path through layers of tow and matrix).
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The variable grouping represented by R includes, in this !
approximate model, the cambined effects of the configursation variables,
Since, at least for aligned arrays, any packing geametry is likely to
show same relationship to a rectangular array, this approximate model
suggests that the aspect ratio parameter R incorporated with v, as ﬁvt
should be useful --- at least to a first order --- as a generalizing
variable to correlate transverse conductivities for various types of
filamentary camposite materials,
The actual extent to which the bulk transverse conductivity of the
composite material ks differs from the matrix conductivity km can be

defined approximately by the model equations (4-34)., Specifically

- _ 1/2

kg - 1= Myv /1 - M (Rv, )] (A-3h)
where, by equations (A-35) and (A-36), for the physical constraints on
fiber position, i.e, touching in the in-line direction, S = Smax = 1,

or touching laterally, S = S nin (s = 1), the parameter ﬁvt is restric-
ted to the range vi < ﬁvt < 1, This relationship (A-34) is used to
illustrate (in Figure A-2) the approximate influence of the fiber
diagonal angle 8 and the tow volume ratio vt on the transverse conduc-
tivity ratio ks/km of a filamentary composite having fibers (square in
cross-section) embedded in a rectangular array (with a tow conductivity
ratio Et-s = kt-S/km = 8). The upper limit occurs when the fibers
touch in the transverse direction (S = 1); the composite then becomes a
laminate and the S-direction conductivity is the conductivity through
parallel tow matrix paths (thereby classified longitudinal). The

lower limit on the transverse conductivity occurs when the fibers

touch laterally (s = 1); the filsmentary composite is then again a
laminate (as with S = 1), but now the S-direction conduction is across

For 6 < 45°, the maximm possible tow volume ratio v, occurs with
S = 1 and is (by equationa -35)

Voax £ 1=z tan s (8 < 459)

e e
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BULK TRANSVERSE CONDUCTIVITY RATIO k=k/k

RECTANGULAR ARRAY (SQUARE FIBERS)

45°

8 _ .E] DEPTH SPACING

RATIO S=i _7
40°

CONDUCTIVITY THROUGH
PARALLEL LAYERS INA
LAMINATED COMPOSITE

_ \\ /35°

ANGLE 8

252 /

A— WIDTH SPACING

RATIO s=|
50°

/G—CONDUCTIVITY TRANS-

VERSE TO LAYERS IN
550 A LAMINATED COMPO—-
SITE

65°

70°

k’t-S/km=8

L | 1 |
0.4 0.e 0.8 1.0
TOW VOLUME RATIO ‘A

Flgure A-2, Use of Approximate Model to Determine the Effect of

Fiber Diagonal Angle on the Transverse Conductivity of
Square Fibers in A Rectangular Array,
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The model equation (A-34k) for the transverse conductivity may be
rearranged, therefore, to

[(Rgf)-1/vy, =4, ¥/0L- (DY (6gls®  (a37)

where v = vt/vmax‘ The purpose of this revision is to illustrate, via
this approximate model, the usefulness of the relative tow volume v
(which is an index to the relative packing density of the fibers). By
use of v, equation (A-37) illustrates that one might expect a first-
order correlation of the conductivity ratio ks/km in terms of two
independent variables, Vv and k
(A-34), v, R and Et-s‘

The anisotropy of a filamentary camposite is also defined
approximately by the previous relationships, The longitudinal conduc-
tivity is

g rather than the three in equation

klg = klg/km =1+ (Rt:lg -1) Vt =1 + Plg Vt (A-38)

where P = it -1, For 6 < 459, Vg3 T tan 6, and by use of equations
(A-37) and (A-38), the ratio of the transverse conductivity kg to the

longitudinal conductivity becomes

. - (a-39)
ks/klg ={l + Ps[l - (v)l/2 + vt]l/ll + Ps[l - (v)l/z] (1 + Plgvt)’
(6 < 45°)
uw—‘_vrige; ;g;lr;,iP = E; -1, b ;;;7;1;13::’ vma;c =7r tan @ f‘orfs 459, 3 -
For 6 > 45°, Voax = R=(r ten e)‘l and by use of equation (A-34)
(ks/km) -1l= Msvt/[l - MgV (w‘r)l/a], (6 > 45°) (A-40)

end, therefore, equations (A-38) and (A-40) yield (for 6 > 45°)
ks/klg = {1+ Ps[l - vm(w'r)l/2+ vt]}/[l + Ps[l - vmu(x})l/z]]x (A-41)

x [1 + Plg vt]
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Dmplicit solutions to the condition of minimum ks/klg (meximum
anisotropy) are:

For 6 < U5° o e
{g + B2 - (V) l/2]]/{1 + B[1 - @)/2 [ 2 (‘_g/p (i /kl&) (A-1+2)
For 6 » 45° __(A-43)

[z + Byl2 - v (21} /[1 + Byl - vm@l/ S - ae i)

If K, . > > 1, then the condition of minimm ks/klg for 6 < Us® is

t-S
defined by
(tan 8)(#)32 < 211 - ()22 (a-4k)
For k, o << 1land 6 < U5, the condition of minimum kS/klg is
given by
2 (2 /7)) Y2 < 1+ (v /7)) ¥ ten 6 (A-k5)

For & > ’+5°, the ratio ks/klg is quite insensitive to the tow volume
ratio v, , so that equivelent, approximate solutions to equations ( A-lh)
and (A-45) are neither accurate nor needed.

The minimum ratio of the transverse-to-longitudinal conductivity
for this model is defined quite accurately for all angles and all tow
conductivity ratios by

(/i) g =L + (/3)(san 0)(Fy_g-1)/(E g + ] (a-b6)

(1 + (4/9)(tan 6)(P /) (K, o-1)]

The ratio of the two transverse conductivities, ks and ks s is
defined by the ratio of equations (A-39) and (A-41), where the angle
6, to be used in equation (A-41) is the complement of the angls 6
in equation (A-39).

Thus, for any angle 6 (A-47)
[l s l1-v (DY vt]l I 1vp - @Y2) l
k/k =
S/ S ll + Ps[l - (w'r)l/2+ vt] J l 1+ P (L-v (v)l/alj
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' For kt-s and kt-s ss1

kelkg = [1 = V(Y20 v 10 - (Y21 - @2 w1z ()
x 11 - v (92
and for f‘t-s and Rt-s <<1
ki = (1 - @Y1 v (HY2 (akg)

For the limiting case of Vv = 1 (maximum packing of the tow elements),
by equation (A-47)

k /kg = Et_s/(l + Py vl + P (1 - vy)] (A-50)

which for k. __ = kt-S (isotropic tow) reduces to the ratio of the
lower to upper bounds k™/k’ for the transverse conductivities
(Equations I-1 and I-2).

; d. Rectangular Solid Chunks of Tew Embedded in Rectangular Arrays.
For a three-dimensional distribution of tow in the form of solid

rectangular chunks, the departure of the transverse conductivity from
A the matrix conductivity will exceed the corresponding departure for
ik both the two-dimensional camposite (ribbons or filaments) and the

i one-dimensional composite (the laminate), since (in this configuration)

% there is no continuous tow direction, Hence, more tow is distributed
-' transversely in this three-dimensional array and the matrix gap- are
. thinner; the spacing ratio S or s (or both) can be greater,

From equations(A-l) through (A-8)

. 3 - v, (R/r)(R"/r) = vy RR (A-51)
where

‘ R =R/r, R'=R'"/r (a-52)
Thus,

Ns = Ms (Vt R R')l/3 (A-53)
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and by equation (A-18), the transverse conductivity in the direction
S is
_ - = =,11/3,-1
Yg = [(kg/i) -11/Mgv, = [1 - M (v, RR)™7] (A-5H)

Since, alternately, $3 = vtii'/ﬁ2 a.nd£3 = vtﬁ/ﬁ’z, equation (A-54)

defines also the transverse conductivity ratios ks/km and kf/km'

For the special case of rectangular solid chunks having
dimensions A, a and a' in proportion to the spacing dimensions C, ¢ and
c' (the corresponding tow and array dimensions in equal ratios), then
S=s=¢(R=1, R* = 1) and v, = 3. s3 =l3. This special case of
geametric similarity includes, of course, the special case of the tow
being distributed uniformly as cubes. With geometric similarity between

the tow and array configurations in all three directions,

v, = [/ ) -Lif, = (1 - My M3t (A-55)

Or, if the tow material (in addition to the matrix material) is
isotropic, then My = M_ = M, in equation (A-55) and the transverse
conductivities are equal (ks =k = kl).

The Rayleigh-Maxwell equation for the transverse conductivity of
spherical bodies dispersed throughout an isotropic, continmuous medium
is

kfk = (1 +2 vi(ﬁt-l)/(it+2)]/[l - v (k-1)/(k+2)] (A-56)

The transverse conductivity for rectangular chunks dispersed
symmetrically (R = R' = 1) as defined by the approximate solution
(A-55) 1is compared in Figure A-3 with the Rayleigh-Maxwell solution
(A-56) and with the corresponding two-dimensional solution (all for
isotropic tow with Et = kt/km = 8).

For the special case of very large tow conductivity relative to
the matrix conductivity (kt > > 1), the asymptotic solutions are
displayed in Figure A-U for symmetrical dispersion of the tow
(r =R'= 1), The parameter [ks/km) -11(1 - vt) is used to condense
the conductivity range. The Rayleigh solutions yield somewhat higher

conductivities than the approximate model. At v, =0.6 and Rt >> 1,
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8 APPROXIMATE MODEL ‘:“
RsR%|
~— — — RAYLEIGH-MAXWELL / "
- SOLUTION /
6 =
LAMINATE

(TOW AND MATRIX IN

PARALLEL PATHS -~ -
L UPPER BOUNDS)

LRECTANGULAR
SOLID CHUNKS

/

H

RECTANGULAR
/ FILAMENTS

LAMINATE
'(TOW AND MATRIX IN
A SERIES PATH - -

/ LOWER BOUNDS )

BULK CONDUCTIVITY RATIO k=k/k,,

1
o) 0.5 1.0

TOW VOLUME RATIO v,

Figure A-3, A Comparison of the Results by the Approximate Model with
the Rayleigh-Maxwell Solution,




3 SYMMETRICAL _
DISTRIBUTION R=R's|
> TOW AS
: = EQUATION A—5s—z_,/ v

L2
3 & Eoumomry
3 3 TOW AS
; o 27 RECTANGULAR
% ‘ =, FILAMENTS
by —— PARALLEL
3 | 42  LAYERS
0 0.5 1.0 (LAMINATE)

TOW VOLUME RATIO v,

Figure A -4, A Comparison oi’ the Asymptotic Solutions (k, > > 1) for the
Approximate Model with the Rayleigh-Maxwell Solutions fgr Spheres and
Cylinders.
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ks/km for a cube is 5,5 and 4.8 by the Rayleigh-Maxwell equation and
by equation (A-55), respectively., For square filaments and

v, = O.6(Et > >1), the Rayleigh equation (II-1) gives a value of 1.60
versus 1.46 by the two-dimensional model.
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SECTION B

Approximate Analysis of the Effects of Fiber Packing and
Fiber Cross-Sectional Configuration on the Conductivity
of A Tow-Matrix Series Path

Introduction

As explained and referenced in the Introduction, Section III,
estimating the bulk transverse conductivity of multi-phase materials
by one-dimensiopal conduction analysis is a procedure used in the
literature a nmumber of times. The most prominent example of its
application to conventional composite material is the paper by
Springer and Tsai [18].

In the analyses which follow, the conductivity of a tow-matrix
series path is studied with respect to the principle variabler of tow
packing density, tow-to-matrix conductivity rati~, tow cross-sectional
shape and tow orientation or aligmment. The conduci.vity of the
series path is analyzed assuming one-dimensional conduction, The
results are used in Section III to develop approximate models which
evaluate the bulk transverse conductivity of a filamentary composite
material,

The tow-matrix system is an idealized conventionel composite
material, The tow (reinforcement) is assumed to be embedded
unidirectionally in an isotropic, homogeneous matrix, The tow (as
ribbons or filaments) is assumed to be homogeneous, with its length
appreciably greater than its cross-sectional dimensions. The tow
conductivity might be orthotropic. There are no voids, no interfacial
resistances, no cracks, non-uniformities or delaminations,
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One-Dimensional Analysis of the Tow-Matrix Series Path

A tow-matrix series path in a conventional composite material would
be, for example (with reference to Figure B-1}, an x-direction path of
width (a) and of depth C (consisting of tow of depth A and matrix of
depth C-A), or a y-direction path of width A and length c.

)
p

MATRIX (m)

Figure B-1., Schematic of Fillamentary Composite Material, Consisting of
Continuous Parallel Tow of Arbitrary Cross-Section Embedded in a Matrix,

The thermal resistance of a tow-matrix series path of unit width and
of length C is
R=R +R =(2 x/kt) +(C-2 x)/km

so that the conductivity of the series path km_ " is

k /i o = (2x /o) (e /) + 1 - (2 x/C)
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Or, letting
1Em-t = km—t/ ky (B-1)
S =4/C (B-2)
X=2x /A (8-3)
Et = kt/km (B-4)
M=l -(Rt)‘l (B-5)
N=MS (B-6)

it follows that the conductivity of this tow-matrix series path of
unit width located laterally at coordinates (y,z) is defined by

- -1
o g,y = (1-M0) (B-7)

If, for example, the fiber thickness 2x at (y) equals 0,90 of the
fiber spacing distance C, then 2x/C = SX = 0,90 and the tow-matrix series
conductivity ratio im_ e =K t/km equals, by equation (B-7), 5.3 and
0.11 for a tow conductivity ratio Et = kt/km = 10 and 0.1,respectively.

The depth spacing ratio S = A/C represents the ratio of the
maximm fiber thickness to the fiber spacing distance. The correspond-
ing lateral spacing ratio is

s = a/c (B-8)

The tow volume ratio vt'; for the tow-matrix series path is defined as

the fraction of the path occupied by tow. With reference to
Figure B-1

V' o= (Area.t)/(Area.tm) =F, (ad)/(ac) = F,S (8-3)

where FA is the ratio of the actual cross-sectional area of the filament
to the rectangular area based on the maximm filament thickness and
maxirmm width, If the tow elements are embedded in a rectangular array,

the tow-volume ratio Ve for the entire system would be

v, = (FA aA)/eC = F,s8
U
Ve =5V
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Or, if the filaments are in a staggered array (Figure II-15), then

v, = ZFAaA/cC =2F, sS |

and '
- ]
Ve = .25vt

The bulk (effective overall) conductivity of tow tow-matrix series
path km-’c of width (a) is determined, in this approximate analysis, by
evaluation of the total conduction through the series path., Thus s since '

a/2 ']
qm-t i/ km-t’y (A T) dy/C = km-t (8. AT)/C

-a/2 .
it follows that

1
k¢ ='L Kty & (B-10)

Y= 2y/a (B-11)
Or, by equation(B-7), the generalized expression for the conductivity

of a tow-matrix series path is

- -1
ko ¢ = km-t/km = [ (- )™~ ay (B-12)

where Y and X are the normalized width and depth coordinates, respec-
tively, and X = f(Y) is set by the shape and packing configuration of
filaments,

1l. Rectangular Tow Elements.

For tow filements rectangular in cross-section, 2x = A, X = 1 and,
by equation (B-12)

B o=(1-®MT=@-mw?t (B-13)

The tow volume fraction for the series path

vi=FS=8 (B-1k4)

since FA = 1 for a tow element rectangular in cross-section,
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Repre<entative values of the transverse conductivity ratio for this
particula. cow-matrix series path and for several tow-matrix combinations
used in composites (Figure B-2) range from roughly 1/30 to 10 times the
matrix conductivity. These series path conductivities are also the
transverse conductivities of a laminated camposite.

2, Wedge-Type Filaments,

Filamentary tow elements having a sectional configuration approximated
by a truncated wedge (Figure B-3) have a normalized thickness X linearly
related to the normalized lateral coordinate Y,

X=1-t¢Y (B-15)

where the filament taper ratio t defines the proportionate extent to
which the area is tapered, i.e., t = 1 - (A'/A) (Figure B-3). The tow
volume ratio vé for this configuration in a series path is

v, = F,8 = 5(1 - t/2) (B-16)

From equations (B-12) and (B-15), for this type filament
L 1
Ept = f, (1-N(: - tY)]7" ay

E .= mt)t '[l—N(l—t)]/(l-N)} (B17)

or
m-t
For t = 0, the filament is of uniform thickness, vé = S, and equation

(B-17) reduces to equation (B-13). For t = 1, vy = S/2, the sectional
configuration of the filament is a full wedge and

E_, = -N" fn (1-N) (8-18)
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Figure B-2, Representative Conductivities for A Tow-Matrix Series Path
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Figure B-3, Wedge-Type Filamentary Tow.

Comparative values of the conductivity for the tow-matrix series
path for four wedge-type filament shapes are shown in Figure B-4, with
each filament having the same width a and the same maximum thickness A
(i.e. equivalent width and depth spacing ratios s and S), For a given

depth spacing ratic S and a given tow-to-matrix conductivity ratio Et’
the filament of uniform thickness creates the maximm conductivity
departure from that of the matrix, since the average thickness of the
matrix gap between the filaments is minimal, Contrariwise, if compared
on the basis of equal tow volume fraction, the filament having maximum
taper (t=l) creates the greatest departure of the conductivity from
that of the matrix (Figure B-5), since the greater in-line penetration
of tow reduces the effective thickness of the matrix, Fiber shape and
its aligment do influence this conductivity to a significant extent.
For the example, with it = 10 and v{ = 0.5 Em-t for t = 0 (uniform
thickness) is about 1.8 (equation B-13)., Whereas for t = 1 (full taper),

S = 2v] and Rm-t is roughly 2.6 (equations B-16 and B-18),
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3. Octagonal Fibers.

Equation (B-12) applied to an octagonal fiber yields

V_-’-l 1 . -1
m_t [ (1-Ng +‘/;_£11N (V2-y)]™" 4y (B-19)
ko = (VZ-1)(1-N,) + (N,)° L fn [ (2-(¥2'-1)N,1/(1-N,) ] (B-20
where for this type filament
v, = F,s8 = 0.8284 ss (B-21)

As shown in Figure B-l4, this type filament produces series conductivity
levels midway between those for a tow of uniform thickness (t=0) and
the hexagonal shape (t = 1/2).

4, Circular Fivers,

Ffor a fiber circular in cross-section

X+ ¥ =

and, therefore, equation (B-il) foi Ii > -1 be:omes

(2/‘] :L-l;2 )‘.‘.a.n"l E(l-f»N)/V l-N2 ] (B-22j

Nk o+ /2

and for N < -1

t’ N Em + /2 = (1\12-1)'1/2 m[(V N°-1 - N-l)/(V Nz-l + N + 1)](3-23)

-t

where N = MS, M = 1 + Rt:i', S = A/C and vy = (I/4)S., The transverse
conductivity for this tow-matrix series path is compared in Figure B-6
with the corresponding conductivities for octagonal and rectangular
fibers, For a given value of the parameter N (fixed by Et and vt'),
the series conductivity for the circular fiber departs less from the
matrix conductivity than for the octagonal and rectangular fibers,

The circular fiber creates less change in the resistance of the series

path,
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However, more realistically, if the comparison is made on the basis

of the same tow volume ratio vé for the series path, then the
conductivities for these three fiber shapes are much more nearly alike,
Suppose, for example, the rectangular and octagonal fibers have both
of their linear dimensions adjusted in proportional amounts to yield

the same value of v,'c as for the circular fiber., Then, by equations

(B-21) and (B-9) |

1/2 _ 1/2 B e

' (/) (scir) = (0.8284) Soct = Srec = Vg
Thus, the equivalent depth spacing ratio S for the rectangular fiber )
octagonal fiber and truncated-wedge fiber are:

| Spec-eq = 0-396 Sey (B-24)
Soct-eq = 0.974 Seir (B-25)
Swedge-eq (¢t =2/3) ° 1.085 Seir (B-26)

To illustrate, let the tow-to-matrix conductivity ratio
Et = kt/km = 50 and the depth spacing ratio S = 0,80 (the minimm
thickness of the matrix gap between fibers being 1/5 of the fiber
center-to-center distance) for each of these four fiber configurations.
For each fiber, N = 0,8 (1 - 50'1) = 0,784, and by equations (B-17),

(B-22), (B-20) and (B-13), the series path conductivities are:

Wedge (t = 2/3) Circular Octagonal  Rectangular

! s 0.8 0.8 0.8 0.8
N k 2.4 3.08 3.37 L.63

m-t

However, using the equivalent spacing ratio Seq (assuming a two-dimensional)
- -l .
adjustment, then N(,_,q = (1 =~50"7) seq and:
Wedge (t = 2[}2 Circular Octagonal Rectangular

| Seq 0.868 0.8 0. 76k 0.709

=1

2.91 3.08 3.14 3.27

m-t




Thus, on the basis of equal tow volume ratio, the effect of fiber shape
on the series conductivity is not pronounced.

The Parameter N

For a given fiber sectional shape and a given packing orientation,
the conductivity of tow and matrix elements in series is a function of
the paremeter N = MS where M = 1- Et'l and S is the ratio of the
maximum fiber thickmess to the fiber spacing distance --- the depth
spacing ratio in the direction of conduction, It indexes the change
in the conduction resistance when tow replaces a portion of the matrix,

With reference to Figure B-1, since

R = Rm + R’G
and since
R, « (C-2x) /%

R, « 2::/1:m

Rpeo nly & c/km

it follows that when tow replaces a portion of the matrix in a path of
length C, the fractional change in the matrix resistance is

ARMRY oy = L(@2x/k) + (C-2x)/i - C/ 1/(C/)
A R/RY on1y = ~(2x/C)(L - B =N

Thus, at a particular lateral position y, the parameter N indexes
resistance change,

The following several examples illustrate the approximate relative
change in the thermal resistance of a tow-matrix series path when
S = 0.8 for a circular fiber and S = 0,88x0.8 = 0,709 for a rectangular
fiber (v"; =E X 0.82 = 0.7092 = 0,503 for both series paths).
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* . . AR - 3
| Tow-Matrix System
Graphite- Glass- Kevlar- Boron- Aluming-
Epoxy Epoxy Epoxy Alumina Aluminum
Representative '
Tow-to-Matrix
Conductivity Ratio £, 2% 5 /5 1/10 1/25
Parameter N
(Circular) 0.796 0.64 -3.2 -7.2 -15.2
Parameter N
1 (Rectangular) 0.705 0.567 -2,84 -6.38 17.0
(Rt-m/ Rxn)
(Rectangular) 0.295 0.433 3.84 7.38 18.0
(Ry_n/Ry)
(Circular) 0.313 0.465 3.30 6.01 13.9
! (/%)
i {Circular) 3.2 2.2 0.30 0.17 0.072
(k /&)
. m-t' ¢
: (Cirewlery %06 oW Lo LT 1.8
1“ - e e e . U,
‘ A ; For ‘this mid-range volume fraction of tow (7; =70.5), the graphite- -
, epoxy system has a series path resistance of roughly one third the epoxy
4 ! alone, while glass fibers in epoxy reduce the series resistance to
{_ roughly one half of the epoxy alone, Kevler fibvers in epoxy, boron

L fibers in aluminum and alumina fibers in aluminum create series
L resistances appreciably above that of the matrix alone.
X As illustrated by these examples, the series conductivity is
always much closer to the lowest component conductivity. For example,
; with graphite epoxy and vé = 0,5, the series path km- & though three
5 times that of the matrix only, is less than two per cent of the tow
- conductivity. Contrariwise, for alumina/aluminum with v, = 0.5,

t
km— " is nearly twice the conductivity of the alumina fibers but only
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1/14 of the conductivity of the aluminum matrix......illustrating,
thereby, the dominating influence of the high-resistance component in
the series path.

Representative Values of the Series Conductivities

Representative values of the series conductivity km- for a

tow-matrix series element are sumarized in Figure B-7 fo: a range of
tow types, for both resin and metal matrices and for a range on the tow
volume fraction Vt':' The series conductivity of the tow-matrix element
ranges from roughly 1/5 to approximately 7 times the conductivity of a
resinous base and from about 1/50 to 4 times the conductivity of metal
bases.

The anisotropic features of this tow-matrix element are summarized
in Figure B-8. The ratio of the bulk transverse to the bulk longitudinal
conductivity for this tow-matrix element is shown for representative
ranges on tow volume fraction and tow-matrix material combinations.

The series conductivity km- % is much less than the parallel conductivity
for many tow-matrix systems, The ratio of the parallel-path to the
series path conductivity lies in the approximate ranges: O,0L - 0,1

for graphite/resin systems, 0.2 - 0.5 for ceramic/resin combinations,
0.3 - 0.6 for aramid/resin, 0,04 - 1.0 for metal/metal and 0.7 - 1.0

for graphite/met+l tow-matrix combinations,

Radical Influence of Thin Layers

A conventional composite material consisting of high-conductivity
fibers (graphite for example) closely packed in a low-conductivity
matrix (eposy for example) has, nevertheless, quite a low transverse
conductivity. Or, a hybrid composite having a thin layer of resin
matrix along side a metal-matrix composite can have a drastically reduced
transverse conductivity. The explanation lies in the radical effect
of a2 thin layer of low-conductivity material on the overall conductivity

of a tow-matrix series path.




A £ Sahcd,
N ¥

' APPROXIMATE RANGES FOR

-f ME TAL MATRICES

3 TOW VOLUME
i o :' CERAMIC TOW I- / RATIO v/

, C _4 METAL AND RAPHITE / |,_ 0.7

- Tow /

0.6

@, ; / o8
~-TOW CONOUCTIVITY —=_,/

% RATIO h, 0.3

Lk i At
!
—

£
~ |
N 00 b e e el e —
) =
, 3 = |
"4 -
i u_ - |
t -
{ £ |
i lx - 0.7 |
' _ 0.5
: N3 l GLASS CERAMIC GRAPHITE
' I AND
10-" TOW'semi-metaLs TOW

l<= RANGE FOR RESIN MATRICES

) o b

T TTTTT]

TOW (k,) MATRIX (kg )

|
ARAMID
- tow | K=t { f/
| TOW-MATRIX SERIES PATH
10-2 | ] Nl | |
o=z 0™ 10° 10" 102 103

TOW CONDUCTIVITY RATIO k,=k,/k

Figure B-7. Representative Values of the Conductivity for A Tow-Matrix
Series Path, Isotropic Tow,

154




REPRESENTATIVE RANGE FOR

l—  METAL MATRICES —]

10°
- 07
- 05
| 0.3
ol
0~ TOW VOLUME
2 = RATIO v{
x -
~ - 0.7
'E 0.5
x (Series Path) 0.3
qu (Parailel Path) O.1
I0=2 -
C : REPRESENTATIVE
n e— RANGE FOR RESIN MATRICES
10-2 [ohd I0° 10! 102 103

TOW CONDUCTIVITY RATIO k, =k, /k;

Figure B.8. Illustrating the Anisotropic Conductivity 'Cha.racteristics
of the Tow-Matrix Element. Ratio of the Series Tow-Matrix Conductivity
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The approximate analysis of the series path showed that the series
tow-matrix conductivity is proportional to (1-N) -1 (B-13).

= 2 -1
k-m-t =k ¢/ ky = (1-N)
Therefore
-2 -2
dkm_t/km = (1-N)"° aN = (1-N) “Mdas (B-27)
For a very thin layer of matrix, S 2 1 and

(12 M2 (1-M)2 = B, (K, -1) 2 th

Thus
k _ds ( B-28)

e /%
Suppose, for example, it 2 500 (representative of aluminum in contact

ot

with a thin layer of epoxy, or graphite with a thin layer of epoxy).
Therefore,
ok [k 2500458

If S is 0.9999, A S = :Lo‘l’ and A km_t/kt 2 0,05, A layer of epoxy with

aS = 10-“' along side the high conductivity material (S = 0.9999)
lowers the transverse conductivity km- % by 5 per cent., With S lowered
to 0,999, km_ & falls to two thirds that of the graphite or aluminum.

For a very thin layer of tow along side a matrix, § = O, and by
equation (B 27)

dk _,/k = MiS (B-29)

Consequently, a layer of alumina of thickness 10'3 times the thickness
of an aluminum layer would lower the transverse conductivity by 3 to 5
per cent (below that for alumimm), Or, an aramid material in epoxy
of thickness one per cent of the epoxy would produce a comperable

reduction,
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