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Abstract

The effect of excess or catastrophic claims
is well recognized in insurance. For example,

in experience rating it is customary to truncate
the data to minimize the effect of such outliers;

Gisler has recently proposed a credibility formula
using such data trimming. This paper develops a
model of the excess claims process and finds the
exact Bayesian forecast. The resulting forecast
form is approximately a data trim, thus justifying
the simpler, heuristic approach.
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1. Introduction
The effect of excess or catastrophic claims is well

recognized in insurance. Typically, one wishes not only to

analyze them in detail to determine and, if possible,

correct their causes, but also to modify the data so as to

minimize their effect upon normal operating procedures of

the firm.
For example, in experience rating, data a = (xlx2,O.xn)

collected from a policyholder's experience in years 1,2,...n

is used to modify his premium for year n+l. If y = n+l
is the random variable denoting next year's total paid

claims, the fair premium will be Just the regression of y

on the data j, or ( In credibility theory, it is

assumed that this forecast is linear in the data, giving
the well-known formula:

(1.1) (= (IVn)m + Zn(F xt )

Here m is the "manual" (fair, no-data) premiv-," and

Zn = n/(n+N) is the credibility factor with time constant

N determined empirically or from a Bayesian model (see,

e.g., Norberg(1979) for further details).

The effect of an excess claim upon experience rating

is obvious from (1.1). What one would like to do is to

detect and remove this claim from the data, and spread

all or a portion of the excess amount over all the policy-

holders, perhaps by charging it against a special reserve.

However, in many situations it is not possible or economical

to use qualitative information about the claim to decide

if it is of ordinary or excess type, and one must use a

numerical procedure to "cleanse" the data before using (1.1).

Based upon heuristio methods used in industry, A. Gisler

(1980) proposed to replace (1.1) by:
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(1.2) f a + b(-l mn(xt.))

where the parameters (a,b,M) are adjusted so as to

minimize the mean-squared error in the forecast; the

result could be called a data-trimmed credibility formula.

2. A Bayesian Model for Outliers

We now develop a model which describes how excess

claims arise, and then find the exact Bayesian prediction

formula. By comparing this with Gisler's form (1.2), we
will be able to provide additional motivation for the

trimming procedure.

First of all, we assume that an ordinary claim

random variable, o, has a known density, po(x 0 ),

depending upon an unknown parameter 9 which characterizes

the different policyholders and their exposure characteristics.

The first two moments of this random variable are:

(2.1) mo (0) - E( 0j) ; v( 0 )  V( 0) .

In the usual experience rating model, we are given several

independent observations of the 30 type from a policy

with fixed, but unknown, e, and we wish to estimate the

mean of the next observation from the same policy. Th,

is equivalent to estimating m,(e), given a prior densi-.:

on e, and the data& . If it is known that all data is

of ordinary type, then in many cases the credibility forecast

(1.1) is exact, or a good approximation.

Now, however, suppose that it is occasionally possible

that we observe instead an 3gggcai random variable,

x with density Pe (x) not depending upon * (although

this can be easily generalized, if desired). This excess
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claim is considered to be the result of some extraordinary

cause, so that the density pe will have large mean and

variance compared with every density pc" We also assume

that there is no qualitative way in which one can identify

an excess claim as such; thus, the densities should have

overlapping ranges, otherwise, there would be no difficulty

in separating excess claims based upon their magnitude.

We continue to let x = (xlx 2 ,...x n ) represent the
observational data, assumed independent, given e. But

the observation random variable, xt, (trnl2,...n)t is

now sometimes an ordinary, sometimes an excess random

variable, and we assume that there is a known contamination

probabilitIT, that independently selects if an ordinary f
claim in replaced by an excess claim. In other words, we
assume that the individual observations follow the mixed

density:

(2.2) p(xtie) , (l-xr)Po(xtle) +.rpo(xt) 

so that the likelihood of j, *

n
(2.-3) p(AIo) = Irp(xtIo)

t.-l

consists of 2n terms. Since I is small, however, only the
first few terms will generally be significant (e.g., there

are usually only no, one, or a few excess claims in any

small sample).

As in other experience rating models, we assume that

we are given a prior density, p(e), on the unknown parameter,

so that Bayes' law then gives a posterior-to-data density

for the unknown parameter of:

p( ji.) p(e)
(2.4) p(.49) -Pj

*Prom this point on, we are using the usual Bayesian
triok of using P.) for several different densities, and
letting the variables "speak for themselves".
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where p(s) is the integral of the numerator over e. Now,

however, we must remember that we are not interested in
predicting just the next observation, but rather in

predicting the next observation, given that it is of ordinary

I+=; this random variable, call it 'g has a density p (YolO)
* if were known. It follows then that, given the data 1,

we can form the Bayesian Dredigtive denslty of Y from (2.4)
0

as follows:

(2.5) 11) (Y f( 7 I*) p(oll) do

The exact Bayesian mean predictor of yo is then just the

first moment:

(2.6) E 1o ) - (x) fmo(o) pCeoa) d.

To better undeztand how this formula depends upon the data,

we need to develop further the likelihood (2.3).

3. Single Observation Caae
First, suppose that only n-l observation has been

made. Then (2.3) has only two terms, and the exact forecast

is:

*.I (3.1) f(xl) - [() p-(x.) ol) p(o) do

+ff Pe0(z 1)fm.o) p (o) doi

where

(3.2) p(z1 ) - (1-1)p o(z1 ) + TPeCXl) ; po(xl) -fpo(xll)p(e)d.

The second integral in (3.1) is just the a priori expected



value of o (the manual premium):

0

(3-3) mo emo 00j) . e;0
which would be the "forecast" if no data were available,

The first integral in (3.1) is more interesting, as

it in related to the Bayesian prediction in which it is known
that the observation is of ordinary tvDe. In contrast to

f(x1 ) , which is the prediction from an arbitrary observation

following (2.2), we can define fo(xl) as the ordinary

observation Prediction, gotten from (2.6) by setting irmO:

., P(xii* ) p(o)
(3.4) 6(iolz_ ordinary) - fo(z_) = () doe ly- d

This could, of course, follow the linear credibility law (1.1).

Pinally, we rewrite the exact forecast as:

(3.5) f(xl) -pFx.l jl 1-)Po(l)fo(l) +rTPe(xl)mo]

which can be rewritten in two revealing forms: the first,

(3.6) f(z)M fg(x) + O(xl)mo

with

po (X )
(3.7) kyz,1) p -X

as an "odds-likelihood-ratio"; the second in a credibility

format:

(3.8) f(xl) - [1-z(xz)]m o + Z(z 1)fo(z) ,
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with a new data-dependent credibility factor:

(3-9) -~ =10x~ (1-7r) p.(XI)

(1-1) p0 (xlrPe(xl)

Z(xI ) is essentially the a posteriori probability that the

observation x1 is ordinary.

In the usual situation, the averaged ordinary density

Po(xL) and the excess density pe(xl) might appear as in

Figure 1, giving then the weighting functions O(xl) or

Z(x1 ) shown in Figure 2.

4. Comparison with Trimmini in the Credibilit7 Case

As discussed in the first Section, it is often the

case that f () is linear in the data x, i.e. it follows
0

(1.1), with m replaced by ao, and the ordinary (non-data-
dependent) credibility factors Zn replaced by:

( 4 .1 ) Z o n n + o N o  -
5 L .

Thus, in the one-dimensional case, fo(xl) in (3.8) would

be replaced by:

(4.2) fo(xi ) -mo + Zo(x.-M)

This means that the exact Bayesian forecast would have

the interesting shape shown in Figure 3,.
This shape shows us that, if xI is small, we believe

it is of ordinary type, and we should experience rate

according to the linear law (4.2). But as x, increases

beyond m0 into the region where the odds-likelihood-ratio

becomes significant, we begin to hedge our bets on the

fact that we have an ordinary observation, and to reduce

the dependence of the forecast on x1 . Finally, for x1
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very large, an excess observation is highly credible, and

we settle for the "no-information" manual rating, m0 .
We see that the resulting forecast is quite similar

to that obtained by ordinary credibility theory, but

trimming the data and replacing xI by min(xl,M) as in (1.2).

Although sharp trimming will not have the "bump" shown in

Figure 3, the effect will be small because the three

parameters (a,b,M) in (1.2) can be adjusted to minimize

the mean-squared error, thus giving a straight-line portion

to the forecast which in slightly different than (4.2).

Another point in favor of the trimming is that it

might be difficult to implement the exact predictive form

in Figure 3 in a real experience-rating scheme; it would
be difficult to explain a plan in which a policy with a

larger claim might have a smaller next year's premium

5. A Numerical Example

Figure 4 shows a numerical example in which normal

densities were chosen for the average ordinary and excess

densities; the means and standard deviations were:

%oa jiLO10; r =5 1 0; '=2

A contamination probability 'T = 0.1 and a credibility
factor Zol M0.5 were used, so

f o (xl) - 10 + 0.5(xl-lO)

The resulting exact forecast f(x1 ) is plotted in Figure

4, together with the optimal trimmed forecast~which is
approximtelyf(ml) -10 + 0441 l[min(xl,14.7) - 103

Note that in the use of Gisler's results, one must
subtractq/te from his forecast, an he does not have an

explicit model for the generation of excess claims, and

is predicting a future observation of either type.
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Figure 4. Exact Bayesian and Trimmed Data Forecasts for Example.

6. General Case

From the preceeding, it should be clear that the

optimal predictor for an arbitrary number of observations n

consists of 2n terms from (2.2)(2.3), corresponding to all

the different ways in which the data l=(XltX2.**.Xn) can be

partitioned into ordinary or excess categories. The formulae

are greatly simplified in the general case if we use set-

theoretic notation.

Let ?L= (1,2,...nl, 9 be any subset of n (including n

and the empty set 0), TM t- f, and J - utIo . Use also 9k
as a subscript to denote an arbitrary subset of observables,

so that, for example, xS - fx 13je. Then the probability

that this subset is all ordinary is:

(6.1) po() * pq p.(Xio) p(o) do ,

09i

a i H , l l I I I I I I1 1 I I+I . .
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whereas the probability that it is all excess is:

(6.2) p*(x ) pe(xj)

For consistency in the following equations, set po(x0) =

pe(x 0 ) = 1.
Next, we define fo(xi) to be the Bayesian forecast

0, -

of an ordinary random variable, yov using only the data xj ,

assumed to be all of ordinary type. This might be the

J-term generalization of (4.2), e.g., (2.1) with m replaced

b7 MO , Zn replaced by Z oj, and of course using only the

data x# . For consistency, the no-data forecast is

fo (x0 ) = Mo.

Then, examination of the expansion of (2.3) shows

that the forecast consists of the weighted sum of 2n

forecasts:

(6. 3) f () = ( Z(-) fo(X)

where the data-dependent credibility factors are:

(6.4) ZJ(a) = I (1-,") JYrrn ' po(]g) pe(zI)

and K is adjusted so that the factors sum to unity.

The sum in (6,3) is over all 2n subsets of ?l talthough,

as previously stated, it is unlikely that more than a few

excess claims would be present with IIT small. This suggests

the following computational strategy: arrange the data

in decreasing magnitude, XI X2S...?Xn, take " successively

to be 0, [11, {,1,21, ...etc.,and compute the corresponding

credibility factors Z* * At some point these factors will

become quite small, and the remaining terms in (6.3) can be

neglected. One can, if desired, bound the neglected terms,



7. Continuinr Research

The results presented here are part of a continuing
research effort, Joint with H. Bthlmann and A. Gisler.

Current effort is devoted to multi-dimensional computations,

and comparison of trimmed-data forecasts with the exact

Bayesian prediction. Preliminary results indicate that

the Gisler approximation continues to be quite good in the

multi-dimensional case. These and other results will be

be presented in an expanded version of this paper later

this year.
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