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Excess Claims and Data Trimming in the Context of Credibility
Rating Procedures

by Hans Bihlmann, Alois Gisler, William S. Jewell”

1. Motivation

- In Ratemaking and in Experience Rating one is often confronted
with the dilemma of whether or not to fully charge very large
claims to the claims load of small risk groups or of individual
risks. Practitioners typically use an a posteriori argument in
this situation: "If such large claims should be fully charged
then the rates obtained would become 'ridiculous', hence it
should not be done.” The present paper aims at explaining this
practical attitude from first principles.

Credibility Theory in its standard form makes the first step in
the good dirsction. It explains to us that all claims should not
be fully charged (but only with the constant fraction of the cre-
dibility weight). In many applications, however, it is still felt
that the fraction of this charge shcould depend on the size of a
claim. This leads very naturally to the idea of combining credi-
bility procedures and data trimming.

Of course, such an idea needs to be tested. The first argument

in favour of it was given by Gisler [l] who showed that in many
cases the mean quadratic loss of the credibility estimator is
substantially reduced if one introduces trimming of claims data.
This paper goes aeven further. It formalizes the standard way of
thinking about large claims and then shows that "optimal forecas-
ting” of rates (using Bayes estimation techniques) and forecas-
ting by "credibility technigues combined with data trimming" lead -
to almost identical results.
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2. The Basic Model

Throughout the paper we work with the most simple model in the
credibility context

X = (Xy/ Xpseeer Xp) is the random vector representing the
experience of a given risk in the years
1' 2,.-0’ n

= The quality of the risk is characterized by an unknown parame-
ter value 8, which wae consider as a realisation of a random
variable € with distribution function U(9)

= Given the parameter value 8 , {X;, X,,...,X,} are i.i.4. with
density function £4(x) (mean u(8), variance ¢%(9)]

To these standard assumption in credibility theory we add now

some more structure regarding the distribution of the size of a
claim. The main idea is introduced by the assumption that the
claims sizes are drawn from two different urns (distributions).
Mostly, i.e. with probability 1l-n, we observe an ordinary claim
with density Po(xls) {mean u°(6), variance c;(e)] and occasio-
nally, i.e. with probability =, we observe an excess claim (catas~
trophic claim) with density pe(x,) [mean u (3), variance gele)] .

po(x/e) p.(x/e)
ordinary excess
claim amounts claim amounesr
occurrence len "

We have assumed that the mixing probabilities are independent of

9 and from now on we shall also svaw.ve that the density of the
excess claims is independent of 3¢ parameter, hence formali-
z2ing the idea that large catastrophic :laims have no bearing on
the gquality of the risk.

In mathematical shorthand all the considerations just made regar-
ding additional structure are summed up by stating that the density
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£e(x) has the following fomm

D £5(x) = (1-mp, (x,5) + 7Py (x)

3. The Basic Problem

As always in the credibility context our aim is to estimate

u(9) based on the observations of X = (X3, X5r0000Xp)
pure premium for experience of the
the given risk given risk in the

years 1,2,...,n
One knows that the best estimator for this problem is
P(X] = E[u(a)/z£ ]

Using the special structure of formula 1) we obtain

2) PLX] = mug + (1=m) E(u,(8) 4 ]

;.V___a

g(X)
If we use standard credibility techniques we estimate by

n
3) £(x] = a+b} X, with optimal choice of a,b
i=l

And if in addition we introduce trimming of the data we estimate by

n
4) £(Xx] = a+b Zl.(x"M) with optimal choice of a,b,M
i=

Using 4) we are committing the following error against optimal
estimation

PUSTEVIDPR S




ettt b e el e n o mia ame e e e o 4 e

' 2 n 2
? 6) inf E [P[_)_g]- f[&]} = inf E {wue +(1-m)g(X) -a=~-b | (xiAM)}
&.b'M "b'M 1-1

Ty _~-a a 2
= (1-m)% inf E —"-9—4-9(5)- L2 3 (xAM)
a,b,M len l=w i=]l

]
e n 2
: = (1-m)? inf E {9(5) - a'- b’ 2 (XiAM)}

k. a,5,M 121
The following two problems are therefore equivalent
"' a

A) Estimate P(X] (tetal premium) by a+b Z (xiAM) with optimal a,b,M

i=]
= n
. B) Estimate g(X) (ordisary premium) by a'+ b'} (X,AM) with optimal af,b’,M
i=l
. For the optimal choices of the parameters (denoted by ~) we have
y 7) @ = (l-m) &' + Thg
b= (1-m) b’

3 - n -

In the following we want to illustrate that a'+ B ) (X,A¥) is a

i=l
good approximation of g(X) = E [uo(e)/x] (Problem B) above)
! We actually shall compare

. f+b g (xf\ﬁ) with g(x) for any observation x of X

4. The Exact Form of g(x)

Writing out the conditional expectation E [ M o(a) /X=x we obtain
==

~




n
u, (6) 1:]_{(1-«)90(::1/6) + "Pe("i’} du(s)

!

(

‘ n

| M {(l-ﬂpo(x,./e) + "Pe"‘i’} du(e)
|

t

8) g(x) =

Putting I = {1,2,...n} and Se<l we rewrite

1:j .
o 9) " [(1-1r)p (X4 ,,)+Tp_(x )} - (].--17)s M3 . P.(x ) 7_ p_(x,)
" i=1 °t/eT T et szr tes © /¥ ie5 et
*i: where the sum on the right side must be taken over all subsets
‘éﬁ SeI (including § and I) with s = |S]|
k- and n = |I]
f We also use the abbreviations

Po (x.) -fw Po(xy ) dU(8)

°’s 1es /8
2 P (x) = [ 7 p.(x,) 4U(8) = 7 p_(x,)
- e"s tes ¢ 1 tes ¢ %
£ n=s p_(xc)p,(xz)
% T o “S'Te'"S

Lo(xg) = (1") P, (X,) [Pctxe,) - 1]

oI

; _Z;o(e)igs pb(x;/e) 4au(e)
‘ E, [“o(“/x] - 1€S "o
. S po(xs)

‘ Then introducing 9) into 8) and carrying out the integration
: we find for the numerator of g(x)

$ _n-s
sgzu nt e p.(xi)fuo m:.;s' Py (Xy,,) AU(G)

or

(1-m% 7% b (x_)p_(x3) E [u (9) ]
SEI 0'"8'Fe'"8’ o o /xs
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b? and for the denominator of g(x)

szz (1-m® 1% p, (x5)py (x3)
<.

Dividing both numerator and denominator by (1-m" Py (xI) we final-
ly arrive at

z, [uote)/§]+ I L (xg)E, [“°‘°’/xs]

ScI
S#I
10) | g(x) =
1+] L (xg)
S<I .
S$I 4.’
i
Remarks: %

i) Observe that g(x) is a weighted average of forecasts based
on all subsamples xg of the total sample Xy v the fore-
casts being calculated under the assumption that the subsample
contains only claims of the ordinary type.

11) Aas i%; is usually rather small the weight of L(xs) is ra-
ther quick decreasing with decreasing number of observations
in Xg 3 for a fixed number of observations the weight L(xs)
is rather big if both po(xs) and p.(xg) are big i.e. if
Xg and xz are very likely to come from the ordinary and

S
the excess urn respectively.

111) Dividing by go(xx) is obviously only allowed if all the ob-
served claims are possibly of ordinary type. The weight func-
tion L(xs) is then only positive if p.(xg) is positive ‘
i.e. 1f the subset xg is possibly of excess type. Thus the !
formula does what we would have done by intuition as well, it

excludes predictions based on claims which can be surely re-

cognized as excess claims.
1
. .’




S. More insight from the single observation case

At this point it is worthwhile to consider the special case where
the whole sample of observations contains only one cbservation,
i.e.

X = (xl)

Por simplicity we omit the index 1 and write x for the single ob-
servation. We have then

E, [“o(a)ixll L[ﬁlgi‘gﬂ;}

11) gix) =

[ ]
with :'(xﬁ] ® IT ™

The right hand side is a multiple of the likelihood ratio. If the
latter is monotonically increasing (which is typically the case
in applicaticns) 30 is also the weight given to the constant es-
timator E uo(e)]- m, . Assume in addition that E,fu (8)

is of linear form; then our estimator g(x) is a mixture of the
two cases (corresponding to the two pictures)

g g

! b

E, ["o (9)/"] = ax+b

7'////4 -5 X - x

the weight being shifted from the estimator on the left to the
estimator on the right as x increases. The resulting estimator
is almost of the form a+b min(x,M) . Hence credibility with trim-
ming is almost exact! This fact will be illustrated by a numerical
example in section 6. In fact our numerical example will show that

this fact also carries over to higher dimensions.

e e aearay,

[




6. A Numerical Example

6.1) For explicit calculations we are assuming that for ordinary
glaims
pc(x/e) is a normal density with mean 3§

variance v

8 is normally distributed with mean m,

variance w
We then have
P.(x.) -Jf.w p.(x 1du(8) which turns out to be a multi-
°s 1es O /8

dimensional normal density with
mean vector

and covariance matrix
WEY Wee oW

W WhV...
I=|: :
; ...wv
hence
1
Pl -5 § a, . (x,-m)(x,~m)
12) p,(xg) AL 2,55 13T T T

S
(21) /2 jes

with A = Z-l

Proof that p,(xc) has density 12:

a) Given 3 any linear combination } c;x, is normal with mean

] ¢,6 and variance ] c:v . 1ss Integrated cut with

§§§p¢ct to the normaiesstructure function of 3 we obtain
a normal distribution with mean ] c,m, and variance
)3 ci)’w + ) c;v . But a sampld®S x_ whose linear combi-

(]
gions are ifi normally distributed is multidimensional

normal.




~ b) Let ] = (oij)

| ies ¥
. jes
::__3 °ij = CQv(xi.xj) = E[Cov(xi.xj)/e] + Va E[xi/e.] - E xj | é
_3 q.e.d. ?
’ i
¥ It should be noted that 3
§
= 13) det § = v® + nv™ v (subtract first row from all
i other rows and then develop
. along the first column) ‘
"""‘ Alsc observe the explicit form of
2 I "=aA= ay , namely
b ies

jes N alg
| L v use (I+a|g) ta I -
14) aij -3 513 - m) l+a8|

4 ‘ From elementary calculations in credibility theory we
finally also know that

3 - sw v
F, 15) zo[a/ xs] = X5 Tesw T Uy Vesw

6.2) For the excaess claims the probability law is specified by
assuming that L

P.(x) is a normal density with mean e

variance a:
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7. Numerical Calculations of g(x)

For our calculations we have chosen

n, = 10 by = 50
v = 12.5'} g =5 Ie = 20
w = 12.5 0

l-tr = Q.9 T = 0.1

and we obtain

a) for n=1 (single observation case)

x g(x)
9. 7.5091
. [ X
70 a‘”b’
8. 9.0033
9. 9.5017
10. 10.0000
. 10.0979

12. 10.99%91
13. 11.L910
1%, 11.98%0

Ze 12,4733
6. 12.9602
1r. 13,4388
18. 13.8919
19. 1b.3107
2. 16,6876
a. ib,gov
2. 5.

3. 15,8
N, 18,371

3. 13,1968
26. 12.8521
. 11.5063
20, 10.826%

9. 10.5133
3. 10.19%2
1n. 10.08T0
n. 10.0370
33. 10.0152

N, 10,0039
3. 10,0022
*%. 10.0008
. 10.0003
». 10.0002

9. 10.0000
. 10.0000
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for the following tables

note: c3,c4,c5 are chosen as "parameters"”
1 n 12 13 1h

(five observations)
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1) (C3,C4.Cq) = (10,10,10)
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8. Optimal Trimming

Gisler has shown (1] that for given M the optimal choice of

the approximation

]

nd hence to P(x]

uee) [a

n

N\

u@) =a+b § (x

1&5) to

i=1

can be calculated as follows

3
~ <
o o
%
M’ -
i 3
L
Sl L
> >
m o]
(8
L] [}
-
a o
:
3
b3
+
()
£
-4
[
2
b
]
.0
[ ond
L]
-y

b3 = Var [xll\.M]

E(x)

+ nb E{XAM] =

17

Wwith this optimal choice we then have

b'b; 1s maximum.

Hence the trimming point M is optimal if
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In our basic model (cf. section 2) we £ind

19) b, = (1-m® Cov [u‘;(e), uo(e)] where

M

Mo (8) = B[XaM /g o ordinary]
M () = B[ X/q ¥ ordinary )

bz - (l-w)z var [u?(e)]
by = (1-n)a[a;“(e)] + nof‘+ (1-m)2 Vaz[u’o‘(e)] + :
i
+n(l-m) zr/u (8) - u") !
(\° ®) |

2M
with 9 (8) = Var[kaule'x o:dina:y]

M
°: = var[XAM/X excess]
M
e = E [x“ulx excess]

Using explicitely the normal distribution as assumed both for or-
dinary and excess claims in section 6 we obtain from scme rather
tediocus integrations:

Let ¢(.) denote the standardized normal distribution function
and o(,) the standardized normal density function, then

2 M"mo
20) bl m (l=®) W | =————— o.s /v +
% °

by, = (1-m) *Cov [urm . uzau]

where the covariance is obtained by numerical integration.

vw
Notation: (U,,0,) is N(g ’ Z) with ] = w v:w)

- Bl

vk 02 i
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M-m, / M-m
A = (l-m) [(m;wé) ¢( 5 )- ao(m-m) wk a°>]

0

0
v M=-u
+n [(u:-rc:) ] ( o.e‘) - ce(n+ue) ¢< aee)}

et ieaeme (522) - v (20)|

T

e [ () (2]
oo foom () (52

+ M

n -
9. Numerical Calculations of & +b [ (x,AM)
i=1

Using the same parameter values as in section 7 we obtain the forecasts
based on optimal trimming. "r‘o compare with g(x) it is worthwhile
to calculate also &'+ B' [ (x,AM)
with i=1

ol

i-wu‘ -

i'. ——— b.-

l - l-nm



ion case)

-]lS5=
le_observation

azl_(singl

a) Results for

M = 14.68

Truncation point
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* e 9 o

~ ~ 0 © o0
o~
o
[oa)
-
.
&

e~
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« o ¢

NN ™m

[ R K K

P=0.4412 (xAM)+9.5817

formula:
x
5
6
7
8

fﬂWMI‘F‘tﬂiii

9.50
9.99

13.55
13.99

0~ 0
TN
. L ] L]
ooA
A
"o~
*om
¢ ¢
o]
M
~ o
-
b
ARy

11.95
12.29
12.29
12.29
12.29
12.29
12.29

15.76
16.06
16.06
16.06
16.06
16.06
16.06

b) Results for n=2

M= 19.52

truncation point
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(-7 3
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a -
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~ O

O W

B 1 2 a 2 3 2
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7 8 9
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Final Remarks

6

in this paper excess) claims. With this intuitive background in
our minds we have in our explicit calculations been looking at
viously the normal distribution being symmetric one could also ob-
serve "outliers” to ordinary claims towards the lower side hence
as an approximation to the real world, and it is our feeling that
In any case truncation at the upper end of the distribution is in-
troducing an additional parameter into the credibility formulae

the approximation is particularly bad at the lower tail of the

distribution.

and we hope to have demonstrated in this paper that the labour

our assumption of normally distributed claims should only he seen
caused by the new parameter can be worthwhile indeed.

leading to a truncation at the lower end as well. But of course

Experience Rating in the presence of catastrophic (or as called
deviations from ordinary claims towards the higher side only. Ob-

The Data Trimmed Credibility Formulae seem gquite appropriate for

ii) (c3oc4vcs) - (10;10;25)

10.
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i; For the interested reader we are attaching the explicit calcula-
f tions leading to formulae 19) and 20).
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A: Calculations leading to formula 19)

f‘ bl = E[CQv[xrAM, x2/e]] +* COV[E[XIAM/SJ, E[xz/e]]

 ‘f COv[xrAM, lee] = 0, because Xy¢X, are conditionally independent.

i
k| Hence

N e T )Y Tt V)

bl - Cov{(l-ﬂ)u§(6)+wu§ ’ (l-w)uo(e) +wu.] s Or

% Iél = (1-m)? COv[uﬁ(G). uo(e)]

TN

and analogously (with szM instead of xz)

b, = (1-m* var W) 1] .

Let be Y = 1, where A denotes the event {X is ordinary}. Then

var(xaM,,] = E{V“[XA“/G.Y]] * V‘r[E[XAM/BvY]]

- - - M M - M .M, 2
- (1 w)o° (8) + ma "+ w(l w)(uo(e) Ve )

Hence

b, = Var{xaM]

3
] - z[v;:[xan/e]] + v;r[(l-w)u?(e) + uf] , or

by = (1=m) E(oZ®(0)] + wodM « n(1=m) EL(u](8)-uY) *1e(1-m) var W¥(e) ]
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B: Calculations leading to formula 20)

i) Preparations
In the following we put r=/%", s=/& and a°-/v+w'-4r!+ s,
Furthermore we denote by ¢(x) the standardized normal dis-
tribution function and by o(x) the standardized normal den-

sity function.

By convolution we get
1 /ﬂ),(u_-s)dx .t (M_-.u)
s® \ s T

%

s

T, (x2) (M-_es) -1 ( by
f rs ° ( s Jo\T /&5 ¢ 9,
Noting that ¢'(x) = =x ¢(x) integration by parts gives

[ e (52) o (%) e = - £ o (552) 0 (22)

and thus

T xo (552) 0 (252) ax = wae () 22, (22)

Because of o (52!) o !;"s) e (%:E) ® (x—;i)
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Integration by parts gives

x _7' xxeew) o (552) 0 o (M) ax - ”I o (52) 0 (%) &
L () ()

E | and thus using the above formulae

_I x30 £;ﬁ)@(-bs:,—x-)dx = s(u‘-!-s’)@("ff)-(qo) (2r u+(M+u)sz)o(’f:°")

1i) actual calculations

l %o(x—;'e-)dx+u- Prix 2 M)

M
“o(e)

= =Ty (g_;_e_) + 8 Pri(x s ”/e] + M Pr(X 2 "/e]

Me)_ro M=8

M+ (8=M)® =T -

‘ uo(e) =

Applying the formulae derived in 1) we get by straightforward
calculations

' ‘ 8-m
- sor] = [ e -i-‘c( . )ae

Mem M-m
= M- (M-m°)0(~3—2)-a°o < 5 °)
] [ I

M= M
E(8-u5(8) ] = Mu + (atem- mo”( af°) = Pg%o® ('5?)

Hence
i}
cov{u (8),1 (0)] = E[0- uo(e)l - my E[u (8)] = s?0{ ——

]




S .

and
M'mo
by = (1-v) % we -;:— .

As  Cov{XyM, xz"“/xl,xz ordinary

]

= COV[UIAM' UzAM]
~ E(Cov(0)aM, UpaM o1] + Cov(E[UjAM 1, E(UaM ]]

= Var[u{:(G)l , we conclude from l19)

b,= (1-m) 2 COv[UIAu, uzau] .

To obtain a closed formula for b3, ohserve
j!' x(x~-u) %- o(x=u}jdx = = x09 (’—‘-}E) ]M +0 j’ © (E;l‘) dx
o - o

= « oMo (’-‘T;-E) + 0% (—M;—‘i)
_z x? % o(x=-p'dx = = g(M+u) o (’-‘%E)-o- (u2+0?) 0 (ﬁg}l)
According to 1) the density function of X is

£(x) = f(l-w)po(x/e) du(s) + wpe(x) - (l-w)po(x) + TPg(X)

with (see 6.1 and 6.2)

X-m
Polx) = -9 ('?TJE>

-] -]
x=U
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Hence

M-mo\ M—mb\
E{ (XaM) 2] = (1-m) {(mz + 02)0 \ 5, ’*- ao(M+mb)w 5 )

(]
y + 7 { /M-u >- [+ (M-g.ue)@ (M.ue>
i § /M-m M-ug\
! + M2 {-(1-1\') ¢ ‘\-q—o‘l> - M( ) I

= A

ii The same calculations as at the beginning of ii) leading to

) the formula for ug(e) are repeated to obtain E[XaM] , of
course with different parameter values, From this calculation
we obtain

M- M-mg\ |

E{XAM] = M + (l-7) {(mo-MM< a%) -0 o( m° }
o

]

N M=y M=-u
- + T {(ue-MH‘(Ue)-aw( e/
: e e

9 = B

e A3

We can now, finally, write

b, = Var{XaM] = A - B2







