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Abstract

" We present a systematic procedure for the direct calculation of the free
energy and its first and second derivatives for the Ising model in one to
three dimensions with a wide class of symmetry properties. This renormalization
group method is based on the modified Kadanoff's variational method (MKUM).
This method is not only general but also very accurate numerically both near
and far from the critical point. Further it includes correction to scaling
effects not present in the standard linearized renormalization group treatment.
This work describes the techniques and presents some illustrative results for
the square lattice and body-centered cubic Tattice with nearest neighbor inter-

actions. A full treatment of our results will be given elsewhere.
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1. Introduction
In recent years, the position space renormalfzation group (PSRG) method
and its application to phase transitions of various spin models has been
widely studied. One important example is Kadanoff's lower bound renormaliza-
tion group transformation (LBRGT) [1]. | ;
In Kadanoff's LBRGT, one has variational parameters in the renormaliza-
tion group transformation (RGT) equation relating transformed and original
unit cell potentials. The optimum variational parameters must be chosen in
order to get the best lower bound free energy from the transformed Hamiltonian.
Several different methods with different degrees of complexity [2,3,4] have

been proposed to determine these variational parameters. One such method is

the Modified Kadanoff's Variational Method (MKVM) [3]. !

In the MKVM, the varijational parameter p is determined by minimizing the
single cell free energy. This leads to an analytic nonlinear equation for p.

In previous papers [3,5], it was found that the MKVM is very accurate for two-
valued spin models without external magnetic field in one or two dimensions. It
has also been applied to the three dimensional Ising model on a BCC lattice
where the derivatives of free energy were calculated by numerical differentia-
tion of the free energy [6].

In this paper, we formulate a systematic procedure to directly calculate
the free energy and jts first and second derivatives with respect to temperature
and external magn:tic fields for a wide class of Ising models based on the MKVM.
In this way, we avoid the numerical errors arising from numerical differentia-
tion and thus have more accurate derivatives of the free energy for further

analysis.
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In the application of RG theory to phase transitions, one usually formu-

lates the RGT equations for the coupling constants, then solves them for the
fixed point solution(s) and finally expands the RGT equations around the fixed
points to find the linearized RGT equation and its eigenvalues and hence critical
exponents. Instead of that, we apply the RGT to the Hamiltonian of the given
system and calculate the free energy and its first and second derivatives directly.
From the behavior of the variational parameters and coupling constants (which
tend to larger or smaller values), we can determine the critical point of the
given system, which has more direct physical significance than the fixed points.
By analyzing the values of the first and second derivatives of the free energy
near the critical point, we can determine critical exponents, critical émb]itudes
and other critical parameters including their less divergent corrections which:aee
of considerable current interest [7,8]. This analysis will be presented elsewhere.

Since the quantities of direct interest here are feee energies and their
derivatives, instead of the fixed point and linearized RGT, it is not necessary
to carry out the ca]cu1at%on in coupling constant space. In fact, to write a
single computer program applicable to many systems with different symmetry
properties, it is more convenient to carry out the calculation in cell potential
space. This is related to coupling constant space by a linear transformation.

The present paper is organized as follows: In Section II, we derive
formulas for free energies and their first and second derivatives with respect
to temperature and external magnetic field. These formulas are written in cell
putential space instead of coupling constant space. In Section III, we con-
sider some typical systems with various symmetry properties in 1 to 3 space
dimensions. We show that we may use very simple criteria to classify all
possible spin configurations on a unit cell into different degeneracy groups,

each of which corresponds to an independent cell potential. The systems con-

sidered are listed in Table I.




We illustrate our formalism in section IV by calculating the free
energy and its first and second derivatives with respect to temperature and
external magnetic field for Ising models on two dimensional square and
three dimensional BCC lattices. Our results are compared with exact [9,10]
and series expansion values [11,12] and are shown in Fig. 1 and 2. In

section V, we give a brief discussion of possible extensions our method. .
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11. General Formalism

Let us consider N Ising spins CF (=41) on a general d dimensional

lattice, which interact with each other via a Hamiltonian of the form [1]:

BH (6,6, (a)"-z- (Op) > (1
where £ is a sum over d dlmens1ona1 hypercube unit cells of the lattice.
R”
Op- = {o],-—-oz} with Z=2d are spins at the corners of the unit cell R” and

v (°R‘) is the interaction potential of the spins Og-~ within the unit cell R”.
After a Kadanoff's LBRGT, the transformed Hamiltonian for N° Iéing spins

1P (=+1) on lattice with double lattice spacing has the same form as Eq. ),
i.e.:

,BH,(ﬂl,}'iz)“‘ })H' )=~ Z‘U; (Me) s (2)
there N” is the number of spins on théznew lattice (N"=N/2), Vg~ (uR) is the
interéction potential for the Ising spin “R={“]"'f”£80" a hypercube unit cell i
R with doubled the original lattice spacing., and vp- is related to UR(UR,) by
the RGT equation (hereafter we will drop the subscripts on v ,(c .) and uR(uR):

exp(viw]= Z e)a‘;[zma)ﬂazp & - U(d, p):} (3)
with u (o, p) given by: Gy

S
Wie, py=dnte e gy (4)
and p is a parameter. It follows from Eq. (3) and (4) that

~1 N

where S]:

i=1
v”(p) and v(o) have the same symmetry properties with respect to the point

group transformation of spins within the hypercube unit cell. Thus v and

v” can be expressed in terms of the same invariant functions of Ising spins

on the hypercube unit ce11

V(g)= Z‘_K\ﬁ((a) , (5a)
V‘*““gfcka};‘m s

(5b)




where gd=(0)=go(u)=1. The other g, are defined and discussed in Appendix A.

Let K=(K°,K],—--K£) and E'=(K;,K;.---K;) denote vectors of the coupling
constants. Then Eq. (3) may be considered as a transformation of the coupling
constants: ;;, -~
k‘:‘F(k)P) . : (6)
For Z Ising spins on a hypercube unit cell, there are 22 possible spin
configurations and thus 2% possible hypercube cell potential v”(p). However,

many v”(u) are equail due to the symmetries of the spins on a unit cell. In

fact, the number of independent v”{u) is the same as the number of independent

coupling constants in Eq. (5), ie 2+1. Let U~ denote the vector of these

independent cell potentials (u],vz,-—-uz*]). Then v” is related to
K’=(K6,({,-—-K£) by the linear transformation of the (2+1) x (2+1) matrix T:
boael ooar ! Y~ U Vd (7}
(v Vo, L(‘H)“’[ko)‘\l; k()T p)
or briefly denoted as:
-—) —
Vo= KT (8)
T can be calculated from Eq. (5).
We also have the inverse transformation
-3 >
P (9)
K'=v"7

where 77V T=1I.

Now the free energy calculated from H’(u],--uN,) js always a lower bound
for free energy calculated from H(o1,02,--cN) and we must vary p to obtain
the optimum lower bound free energy. In the MKVM, the variational parameter
p is determined by minimizing the single cell free energy. This leads to

the nonlinear equation: /
A '

. Xp :

T pv'wo] co (10)

A'ALJ-"Uy

.
U%ﬂ;xp[m (u)]




which is solved at each {terative step to determine P. From Eq. (3), (4)

and (10), it is easy to_fhow that Eq. (10) mgy be rewritten as:

12 PLexP(zv ) FOLLip) (11)
T+t -
With F(S,.,.p) given by %‘ Diexp(zvo F(s,i; p)
F(Si,i3 P)= (2eoshp)®/2eosh(PSi, 1) (12)

Khere S]’i is I oj evaluated at the i th degeneracy group. Di and vi are

the number of elements and cell potential for the i th degeneracy group respec-
tively.

To begin with, we use vp- (op- ) of Eq. (1) as vu(o) in the right hend side
of Eq. (3) with p given by Eq. (11) and calculate the cell potential v”(u)
from Eq. (3). This cbnstitutes the first step of the RG transformation. We
then use v™(u) thus obtained as input in the same procedure to calculate the
transformed potenfia] v"(1). This RG transformation is iterated further so
that a series of cell potentials v’{u), v"(u),---u(a) (u) (and hence coupling
constants K~, K",-—-K(a) and the corresponding variational parameters
p’,p",---p(a))are obtained. In this step by step RG transformation K, (o)
for i>| and p(a) tend to diminish to zero with increasing o when the system
is above the critiéal temperature and tend to grow when the system is below
the critical temperature. Thus, after a large number, say o, of RG transforma-

tions, E times the free energy per spin for the original lattice may be

approximated by:

t}@&) ._r-'}%z ( Kﬁf’%— 6 ) ) (132)
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for T < Tc (or B > Bc). where—go

To calculate the internal energy and spontaneous magnetization of the

is the spin configuration at T=o.

system, we must take the first derivative of f(®) with respect to B and
h(=8B) respectively. Let q denote either 8 or h. By the chain rule, it is

easy to see from Eq. (13) that

) m 2R
70 gk gkm“ . k() R Y 9 .4? ; (14)
£5 6% (Fe 11..\-4 fpe) 7
where
— T
C?'—" cl,0,- O) > ) (15a)
forT>T and ﬁ R T
_» 3“0-0) gle') i ‘3(?(6-0)> > (15b)
for‘T<Tc.

1t will become clear later that in order to deal with systems with
different symnetry properties in a unified way, it is convenient to carry
out the calculation in the cell potential space u(a)(u) instead of the coupling

constant space k(®) . From Eq (8) and (9), we have

gk(m) /Y, o7 (m) , (16a)
=T =g

”zm—l) 'l?(""‘) >
_Ej‘z_“_ I v 7 (16b)
b E% ¥
Thus Eq. {14) may be rewritten as:
~> - - (g
S gie sve o Ge™ gy % i, an
8‘(5 8% &ve &3 (R0 81?(""” Z* ’
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In Appendix B, we derive very simple general formulas for T ¢ that allow us to

“avoid explicitly calculating the matrix T.

It should be noted that for q=h in Eq. (14), X™ for m=1,---,a must

include all odd spin coupling constants even if we evaluate the row vector

sk° _ ogim) . . .
h and matrix ST at points where the odd spin coupling constants vanish
¥ +

A

These points are equivalent to the points in the cell potential space with

U (G-I ,,~..6z) = v ('01""01)' Thus to evaluate the spontaneous magnetization

)

in cell potential space, we must consider u(c], 02,:..02) and v (-o], =0y -0,

as independent cell potentials.
To calculate the specific heat and susceptibility of the system, we must
take the second derivative of f(a) with respect to £ and h. From Eq. (17),

it follows that:

Y
52 S S ST SR Sl
£42 i (ue ﬁm) S
- (L)
PSS SRS S A i
S ST 6 - £ v )
'* - . - " )
8%5 g_{v(l) . e 8 fU( ) L ‘% —U(d)
+ &% ) § v ¢ T 5-% 8%(»—!\ B.{?(d—t)
.!. -~ -
-
+g§}e L gy L g vl

E_'Q” )83'3'5
By the chain rule £ 5{‘3"—: for m=|
, 8% &1 (m-1) 4

given by:

€ im
++«eX jis further

é—%_ 8‘]—}("(")

}ZI-JLT—{g, ('|8}j

(19
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Thus to calculat and , we must
u c e 6‘% | -?;ﬁ;i
Y (m)
g0 e S § S
evaluate —8-?; 5?;" » T’l?.“:‘_’ and g{f—E’*)SU.("‘")
t 1 9

for 1, j, k = 1, ---, 2+1. It is straightforward to calculate the first two
quantities from the initial cell potential of Eq. {1). From Eq. (3), we have

= o Zexp(z v o+ Pz:pm a6 e}, (20)
where (p],--u ) is one of the spin configuration bLlong1ng to the J th
degeneracy group and u(o,p) is given by Eq. (4). The variational parameter

p of Eq. (20) is essentia]]y determined by the initial cell potentials
u(m']).

)
This fact must be taken into account in the calculation of'—g—zta

Thus we have

{’U’ ) N 6—’\?(”‘) _ 'B’UL"‘) . .a P
{lcm—;)—(W))L) (’a’\f("—”)f”"( 3(’ ) bU("ﬁn) ’ (21)
Where
QY v = Zlepfz ™ )+PZ Keop-ults, p)] (22)
(n~l)
o & 2 €$F[2 v ¢ Fz_ L'kﬁk u (s, p)]
'("") in- a
oV, exp[zl}( )+r7 UG- 1A GF)J(E, TS . (23)
2 r Z.QX[?LZ )(o’)+ p.kz,uk@-um,p)]
and i
- (h\“) _é__ 'F,(S'l [N} )
2P . _ZhipZUr )T d , (29
a,-bﬂl'\'l) it (1)
y f.’ Dy expl Z Uy )TF(S.I,N
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where F(S;,.;p) is given by Eq. (12). In Eq. (22), §~ 1s a sum over all con-

figurations of o corresponding to the cel: potential ui(m'])(o). Eq. (24)

is derived from Eq. (11) and the notation is the same as that of Eq. (11).
From Eq. (21), it follows that

(m (~ | ™)
g = ( 2 V; ) BU;‘ P

@é’k*‘)g “—:‘”‘-I) - -() U(h'ﬂa ,Uéh-!) )P 'arUk('n")aP B'Uém-‘)
VN TP (2%

* TP S p e
m) (»)

v‘, 2P 4 a v, 2 2°P 2P

a Pz -anU"") P DP avv(“"‘) a’u("")

It is straightforward to derive equations for the partial derivatives on the

right hand side of Eq. (25). They are very involved so we do not report them
here. It is obvious that Eq. (25) is symmetric witp resbect to the indices

K and i. We have used this fact to check our expressions for the right hand
side of Eq. (25).

This completes our formulation of the equations for the direct calculation

of the first and second derivatives of the free energy.

(25)
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11I1. Symmetry Properties

In order to carry out the configuration sum L” in Eq. (22) and also the
U(T-l) on the

equations for the partial derivatives with respect to u(z']),
right side of Eq. (25), we must establish the correspondence between spin
configurations (o], --oz) and the independent cell potentials ui(o], —-oz).
That is, we must classify the 2° possible spin configurations into different
groups, such that all configurations of the same group have the same cell
potential ui(o],---oz), where i runs from 1 to 2+41. This correspondence ‘
depends on the space dimension and symmetry properties of the system. Howéver,
we can establish very simple general criteria for the purpose of such con-
figuration c1assific$tion.

In Appendix A, we list invariant functions for certain systems in one
to three dimensions. We also list the relations between invariants of a
given system. From such relations, it is easy to ;ee that all invariants for
a given system may be expressed in terms of certain basic invariants. These
are also given Table 1. Thus by Eq. (5), any cell potential u(c],---oz)
can be expressed as a function of these basic invariants. So we may use
these basic invariants as criteria to classify the spin configurations.
The generation of all possible configurations and their classification into
different groups based on their basic invariants may be carried out simply
by computer. This scheme is briefly described in Appendix B.

In Table I, we also Tist the values of 2+1 and possible applications of the

considered models.
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Table 1. Basic Invariants and possible applications for the considered models.

Note that the definition of 94 (see Appendix A) may differ from case to case.

f Model Dimension
S‘H" ]

} 52 2
' § S3 2
i‘

?", 54 2

{w

iy

I 85 2
i 56 3

:

5; 58 3
, Sq 3

Basic Invariants L+
9] 3
92 5
9] ’ 92 6
g]' gz’ g3 7
9] ’ 92 9
9, 9
919 92’ 93 22

g]’ gz’ 931 gq’ 95 34

g]’ 92, 939 94, 95 46

apph‘cationa

Isotropic SQ lattice with nn
interaction only.

Isotropic SQ lattice with nn,
nnn and 4 spin interactions.

Anisotropic SQ lattice with nn,
nnn, and 4 spin interactions.

Triangular lattice with nn
and nnn interactions.

Isotropic BCC lattice with
nn interaction only.

Isotropic SC lattice with all
possible even spin interactions
within the primitive unit cell.

Anisotropic SC (tetragonal)
lattice. Crossover from d=2
to d=3.

Isotropic FCC lattice will all
possible even spin interactions
within the primitive unit cell.

a. nn = nearest neighbor, nnn = next nearest neighbor.
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IV. An Example: Permulation Symmetry

In this section, we apply the formalism developed in the previous sections
to an Ising model with {sotropic nearest neighbor interactions on 1 dimensional,
2 dimensional square, and 3 dimensional body-centered cubic lattices. The

Hamiltonian in these cases may be written as:

AH=-KZ 66~ hIo = IV, (26)
{

K- <hny

" (Ua'—'—'k(c((l*”‘o/z)'i"—g(cﬂ'f“'olz)'l-"\(c , (260)
where R is a unit cell with one spin o_ in the center, Z spins o;,---0, at

the corners and the factor B(='%T) has already been included in K and h.

Performing a decimation calculation which sums over the central spin in each

S . cell, we obtain an effective Hamiltonian for the remaining spins. The result-

A ing cell potential is

¢ (, —",b- v . N (27)
Ve o =7 (0t tdp )t dn2esh(ht kga-+ap)

Eq. (27) has permutation symmetry with respect to Oys Ops =-0, and thus accord- g
ing to Appendix A can be classified as §1, S2, or S6 for d equals 1, 2 or 3
respectively. MWe can use gy=0q +-- t0, as the basic invariant to classify

the 2° possible configurations of O1s ==0, into different degeneracy groups,

each of which corresponds to the same cell potential. We then use Voff.R of

Eq. (7) as 30 in Sec. 2 to calculate the free energy per spin and its first
and second derivatives with respect to k and h. Ve must divide all these 1
quantities by a factor 2 because Eq. (27) was obtained after a decimation

calculation. The results for d=1 agree extremely well with the exact results
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\ obtained by transfer matrix method [9]. These results also provide a check

on our computer program.

A few results for d=2 and 3 are shown in Fig. 1 and Fig. 2 respectively.
Fig. 1b and Fig. 1c should be compared with Fig. 6 and 7 in Kadanoff et al.'s
paper [1]. Their results were obtained by numerical differentiaﬁion for the free
energy and thus involve more numerical error than the‘present work.

In future work, we will present the results of this method applied to
several models with different symmetry properties. Preliminary analysis
indicates that we obtain very accurate values both close to and far from the
transition temperature, as is clear from Fig. 1 and 2. The application of
this method near the transition temperature is of particular interest since
it allows an evaluation of correction to scaling effects due to nonlinear

terms and all the (linearized renormalization group) eigenvalues.




P

'
;
i
¥
d
]
4
i
1
i
i
L]
!
!

-16-

V. Discussion

From the previous sectidns, it is clear that to caicu]ate the free energy
and its derivatives for given model. It is sufficient to use the basic invariants
of such model and not necessary to use the relations among all invariants, i.e.
the even numbered equations of Appendix A.. For a given‘%ystem, to obtain the
former is much easier than the latter. However, if we desire to calculate the
flpw of the coupling constants (k], k2. "kz) in parameter space as the step by
step RG transformation is carried out, we may use the even numbered equations
of Appendix A to calculate the (2+1) x (2471) matrix T and hence T"l of Eq. (8)
and (9) respectively.

The method used in this paper may be easily extended and applied to systems
with symmetry properties different from those listed in Table I. 1In particular,
we may combine the ideas of this paper and our previous paper [14] to calculate

derivatives of free energy for antiferromagnetic systems.
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1 Figure Captions

Fig. 1. Derivatives of the free energy for the Ising Model on the SQ Tattice. {
4 (a)_g% as function of K. (b) -%;; as function of K. (c) M8 as
j functiorzr of K, where M = -g—::—. (d) Tn)(,as a function of k, where
3 X= ez,
4 3 The solid curves in Fig. la, 1b and Ic represent Onsager [9] or Yang's
;% [10] exact solution. The solid curve in Fig. 1d is obtained from high ]
;; temperature [12] and low temperature M11] serious expansion for K<0.4407 j
;, and K>0.4407 respectively.
|
¥ Fig. 2. Derivatives.of the free energy for the Ising model on the BCC lattice.
‘i (a)' —%%-as function of K. (b) -%;; as function of K. (c) M as
Eﬁ . function of k, where M = -%%. (d) In X as a function of k, where

2 .
)L= -k%g%. The solid curves are obtained from high temperature [12]

or low temperature [11] series expansion for K<0.1574 respectively.

;i\ Fig. Al. Location of Ising spin gy O, ON one dimensional unit cell.

[

Fig. A2. Location of Ising spins s Ops» T35 0y ON the two dimensional unit cell.
3 and b are the primitive transiation vectors and a is the angle between

1 them.

Fig. A3. Location of Ising spins d1» O9s -=-0g On the three dimensional unit cell.

3, B, and ¢ are the primitive translation vector and «, 8, y are the

angles between them.




"APPENDIX A

Symmetry Properties and Invariant Functions for Ising Spins on Hypercube Unit Cell.

;| : ~ The location of the z (=2d) Ising spins on 'a hypercube unit cell are shown
in Fig. Al, Fig. A2 and Fig. A3 for d=1, 2 and 3 respectively. We shall use

K-. to denote the two-spin coupling constant between o, and which appears

,‘} _ ) 1J i %
E ~ on the right hand side of Eq. (5).
18 Now we consider the following possible systems and write down the invariant

functions on the right hand side of Eq. (5) for them.

S1  d=1
g] = c]+02.
ff% 9, = 9105 (A1)
& They satisfy the relation:
. 9,0 = 9,%/2 -1 . (A2)

S2  d=2 u(o],--o4) has permutation symmetry.
91 7 oytogtogtoys
9p T 0y0p%003%0304%0401%0y03%0,0s
93 = 979203+0,0394+039491+049195,
94 = 99293%- (A3)
They satisfy the relations

9, = 9,% /2 -2,

93 = [g]gz - 39]3 /39

p 94 = [9193 '292] /4- (AQ)
2 S3  d=2 U(o],-~04) has rotation, reflection and inversion
symmetries. K]2=K23=K34=K4], K]3=K24

“ but Ky, # Ky5 For the unit cell of Fig. A2,[ 3l = [B] ,
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= oytoptogtay,

wQ
—t
1

(=]
N
1

= a]o3+0204.

83 = 0195%9203%0394%04%¢

9 ="1"2"3’”"'2"3"4*"3"‘4"1”"4"’1"2’

95 = °1°2°3%" : . (AS)
They satisfy the relations '

95 = 9%/, - 9, -2,

95 = 919 - 9

g, /2 1. I (A6)

[V}
o
]

d=2 v(a1,--o4) has reflection and inversion symmetries.
Ki27K3q> Ka3=Kqp» Ki#p3- .
Ki3°K,q- For the unit cell of Fig. A2, 3 #'B , a=90°
9y = oytoptogtoys
9p = 9993%9,%>
93 = 0102+c304,

.9 * 9% + 0203' ,

b5 = 9199 + 9293% + 93%°1 + %4%1%,

A7
010,030, (A7)

They satisfy the relations:
gzz - -0 -
4 g]%/Z 9,-93 2,

95=9]92"]

" ggmef1 (A8)
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S5 d=2 u(o].--oa) has inversion symmetry.

A R Ry 2N

g 512=K23iK34=K41’ K13 # K24. for the unit cell of Fig. A2,
Pt |a] = |b], a = 600,
3
‘.‘-% g]=cl+a3,
= B 9,=0,+0,,
937979, ,
94792%:

957070*0p03%0394 %049y

967019293%9193%,

9779192%419293%, _

987919293% . ‘ (R9)

They satisfy the relations:
93791251,

947922721,

95=9192’

96792932

9939, (A10)




S6

S7

d=3 u(o].--os) has permutation symmetry.
Let g‘i denote the sum of all possible products of i different
. for i=1,..8 are the basic invariants of the permutation group.

i
It is easy to show that g'i‘-satisfy for relation:

o's. ¢

9 =0]+oz+‘-—-+08 , ' (A11)
g'i'l']:[g]g'i - (8-i41) gi_]] /('i;‘ﬂ), ' . (A12)
for i=1,...7. Thus each g may be expressed in terms of 9-

d=3 u(o],—-os) of Eq. (5) has symmetry properties of the

simple cubic unit cell, i.e. 0h point group.

9770y toptagt--tog,

g,=040,t-=- (12 terms),
9970404t~ (4 terms),
94=0y05*--~ (12 terms),
9570405030, %=~ (6 terms),
gg=070900g+="~ (24 terms),
© 977040,0504%- =~ (8 terms),
gg=070,0407+=== (24 .terms),
9g=070,0,0g+-~~ (6 terms),
gm‘—'o]c3osoe+--- (2 terms),

911=°i°2°3°4°5°6+“'(]2 terms),
g]2=010203o40507+-~-(12 terms),
g9 ]3=°]02°3°507°8+"_(4 terms),

9147°19293%°59697%8 (1 term),

g]5=o]ozo3+--- (24 terms),
g]6:010297+--— (24 terms), ]

918 %2 3% %=~ (24 terms),
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~ Y - —n‘-' ..

99=070,030;9g*--~ (24 terms),

9907919399+~~~ (8 terms),
0,17010,930,4050¢0 7+~ (8 terms), (A13)
Where, in order to save space, only one typical term for each invariant is

written. It is easy to show that the gi‘of Eq. (A13) are rélated to each other
by the equations:

94= 9]2/2:92-93,

/

9g= 9395-295»

959293294,

99°93%/2-2,

95%9,%/2-6-294-95-9g,

97%(d,9,-49,-695-29¢)/3,

9147910221

7929

[ .

912793914

913794914

916799379,
915°(919,73917916)/25
917°(9194739179157916)/3
91870199150

9197049 (A14)

9207914%7,

92179149
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S8 d=3 u(o]. Typo --08) of Eq (5) has symmetry propesties of the tetragonal
unit cell. For the unit cell of Fig. A3, |3] = |B| # [E], « = 8 =y = 90°.
970y *0p+03%0, 0gtagt 054 0g,
92=°]°2+°2°3+°3°4+°4°]+°5°6+°6°7+°7°8+°8°1,
'g3=°1°5+62°6+°3a7+°408,
3 9,=°197"%2°8"93%6*9%,
o | 95707037029 7959;%9%,
9679191 92% 92971 93% 93587949 791 9% %,
9779192939 *95%%7%%
N 9879192965 7273%7% 7394877791945 %,
89=919293%* -~ (8 terms)
9107192%8"--- (16 terms)
91179192%3% .-~ (8 terms)
. 9127919293% <= (16 terms)
- 91379192%%7 " --- (8 terms)
- N479192°7%% -~ (4 terms) : -
91579195939779296% %,
9169193%8*%294°5%7,
9177919293°%49% .-- (8 terms),

9187919293%% 7 ..~ (4 terms),
9197%1%2°3%5%7% -~ (4 terms),
920°9192°394%%7* .= (4 terms),

92179192%9%%%* .. (8 terms),
g 922791929394%5967%%,,

923791993 .- (8 terms),
92470199 _. (16 terms),
925791°2%7% .- (16 terms),

926 c1c503% - - (8 terms), ‘o
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’gi 92779193%*-.-.- (8 terms),

’ 92879192°3°.%5% -~ (8 terms),
| 92979192°3°5%" -~ (16 terms),
] : 93079193%%%" -~ (16 terms),
; ‘ 93179192%3%%7 7. .- (8 terms),
3 93279192°3%%*--- (8 terms), |
1 9337°19293%%% 77—~ (8 terms), (A15)

Where in order to save space, only one typical term for some invariants is

$- written. Invariants of Eq. (A15) satisfy the relations:

96= 912/2“92'93'94'95

a 9= 94957293
b 9107949292
.u . gi]=9395'294

3 912792937295

d 913793947295

916" (952+ 962—4-9}3-295-942~922-932)/6
97=(922+4g]5-962)/4

915795 /2-29;-9;
0g"95°/2-2-9; ¢
91479,7/22-0;5

995°97°/2-1

9795595 15 for i=17,---21,

9,379, (29,-93-9,+29.-9.-2)/6

95472953-97(9,+9,5-29.+29,)/2,

95572953791 (9,-96429-29,)/2,
926729239 (9,96+285-2)/ 2,

97953797 (9,-96)/2,




i ‘ -25-
gi"gZZqi‘-S for i = 28, 29, --=32,
93379229 e

i S9 d=3 u(o].--ca) has the symmetry properties of the primitive unit cell for

the FCC lattice. The Tongest diagonal is in the oy, &7 direction. For the

unit cell of Fig. A3, |3] = |B| = |&], @ = 8 = v = 60°.

R _ 9y=0, %0, ]

’ 85705%04*05*03*0g g,

5 9370904%0405+0,05+030,+0,05+0c0g

P ; 94791(93*%*8) *07 (92794*95),

| | 957020g%9395%9, %,

969197,

N : 97701 (0pto4*0g)+o; (o3tog+ag) s

| 98702030206 +0506*050g%0,08+939% ,
999192939%% = (6 terms),

f; 9107919%% == (12 terms),

91179192997 . _. (6 terms),

912792°3%%8" -~ (6 terms),

9137%192%3% .-~ (6 terms),

914791929°57939697%, ‘

9157919293977 . (6 terms),
91679293%%" - - (6 terms),
917792%3%7%" .- (12 terms),
. 918791929798"9194% 791959397, 4

919793949506 92939505% 07049408,

9207%1°3%°8"7295°7,
921079,030,9505+___ (6 terms),

9227°1%2°34% 8" --- (6 terms),




3
ey

92379192939 %7%*_ ... (3 terms)
924792939395%,
9570192939499 . (6 terms)

9267919293%3%%7* .- (6 terms)
9277919293959 7%

92879192%* - - (6 terms),
92979293%"--- (6 terms),
9307%192%" - -- (12 terms), }
93170197 (0504 *0g¥03+0g+0g)
932707929%% .- (6 terms),
933792%%" - -- . (12 terms),
934791%3%" - -- (6 terms),
9357039695*7294%%5;
93659719,0939,%9%___ (6 terms)
937°010,030,07%___ (6 terms)
9387919293%%" - -- (12 terms),
93979293%%%" - (6 terms),
940791939%% - - (6 terms),
9417°1939%%%*__. (12 terms),
94279719293% 8" - (6 terms),

94379192649597%9193%¢%%7,

9447979293%39596%g009394°599;%,

9457919293%9495%°7 .- (6 terms), (A17)
Where in order to save space, only one typical term for some invariants is

written. Invariants of Eq(A15) satisfy the relations:

G

2
96~N /2-1
g7=9]92'g4

2
98=92 /2'3'93‘95

910" 9495797
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911793%

91279395729
91379498/2°9;
994=(9397-295-943-9;)/3
91579%%

918795%,

9o (957-3)/2,

916793 /23959199
g,77(g;+9g) (9g%9¢)-2(93%9,)-915791¢>
99=979g/2-94-917/2>
950" (9394-204-9,7-99)/3:
920%920%/2-1,

gi=927g'l*'18 for i=21,22, ...26,

9307919%,

93179,9>

93279195

933=9,95"95>
9347(9594-39,-930"93,)/2
928791937934

92979298729279337%8
935=(9593-295-954-933)/35

9,79, §j.g for i =36, 37, ...45.

(A18)
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APPENDIX B
Details of the Calculation

In this Appendix, we outline some techniques used in our computer
program to obtain the numerical results. Our computer program can be applied
to all systems listed in Appendix A with sﬁace dimension and symmetry properties
as input parameters. The important programming techniques are as follows:
1. Generation of all possible spin configurations. Let z denote the number
of spins on a hypercube unit cell of the d dimensional lattice and NCF denote
the number of all possible configuration of such z spins o],--az} then
Z=2d, NCF;Z{. Let I be an integer running from o to NCF-1. We express I
as a z digit binary number and let 1 correspond to spin up (+1) and O
correspond spin down (-1), then each integer from 0 to NCF-1 correspond
to one spin cofiguration where integer 0 corresponds to all spin down
configuration and NCF-1 correspond to all spin up configuration which is
the ground state of the ferromagnetic system. Thus, with d as input parameter,
we can generate all possible spin configurations.
2. Classification of spin configurations. From Table Al, it is clear that
for space dimension d>2 there are some systems with different symmetry
properties. Thus, for each spin configuration generated in the manner
described above, we calculate the values of the basic invariants based
on the parameter "sym" and then classify these spin configurations into
different degeneracy groups such that the configurations in the same
group have the same values for all basic invariants (and hence cell
potential) and in different groups have at least one different value. We
label the degeneracy group in such a way that the ground state configuration,

which is all spin up configuration for ferromagnetic system, belongs to the

final group. For each group, we also store the degeneracy Di (ie the number
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of configurations in the group) and the configurations belonging to

2. this group. We will use D to denote the vector whose elements are
| ? degeneracy, ie 3=(D],DZ,---D£+]).
:_i‘ 3. Calculation of the column vector T"'C. ‘
? ; In this section, we will derive formulas for the vector'T'1t which
f:i appears at the end of Eq. (17) and (18). From Eq. (5b), it is easy
.{g to show that '
& Ko(“);ﬁ?]:?“ oo (B1)
33 Thus, Eq (13) may be rewritten as:
it el@)e e 4] o (@doining)  (B22)
"V€ for T>T_ and

i

(o) a ( (o)
f -“']/Z (l+~l+]n2)
for T<T_, where u(“)z+1 is the ground state cell potential. We now
take the first derivative of Eq (B2) with respect to q. By the chain

rule, it is easy to show that:

‘i

|

1

[}

|
- (a) L(a)
| g - & &1 ... slm 55 Ve, (83)
+I S —hi - te -«)i -
- | where 9 s 6o R & R
-
a €y=(DqsDys---D, 1 )2D - s

for T>Tc and
tO=<0 » 0y ----- » 0 ]) (Bab’

for T<T.. Comparing Eq (17) and (B3), it is obvious that T']C of

Eq (17) is jsut fo of Eq {B3) and (B4).
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