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STATHEMENT OF UHE PROBLEM
The dyarenic equatlon of XKuler-Bernoulli bean subjected to a moving force E

can be o wr Uheen as the following cquation

Pl b AV = P (amu) (i1
Dot T
;
whets v o vix ) denotes the beanm deflection as o fction of the spatial

coordivites v aad the riae t. The letters B, P, oA, «, aad o denote elasti

’ »

modilas, second noeat of Lhe croasa=sectfonal area, and tine area Ltself | i

e,

v.ocnd e aterial density of the beaa, cespectivelys A Dirac delos
fanction i3 denoted by 1) x = %x(t) is the location of the force P. T denotes
5o Tiais e time of interest.  As usual, a prime (') denotes differentiation

with respect to x and a dot (), difterentiation with respect to t.

The boundary conditions are writtean as

":I:v".'\i),t) + ‘KJ:\,'(H,L\ = 1y
EIvi(n,t) = koy'(D,e) = 0
()
;."].\,-'v(_',t) - ka"\y(\g,t) = )
ELv'Ca,t) + kay'(a,t) = 9
where ki, 1 =1, 2, 3, ad 4% are the spriny constant which model the support
charawctoeristics, e faitial conditions are
N A L A
(3

v(x,t) = yi(x)
Equations (1) through (3) will be written in dimensionless form for the sake
of ceneralite and simplicitv, This i< accomplished by the introduction of

dimenstonless parateters.  ta the follswiag an arrow (*) will be read as

"replaces™:




y X t
y * - ’ X * - ’ |
3 £ T
ko’ ko %
ki + ===~ ko » =——
{ = ’ 2 e
k3$¢3 kgL
ky + ———- ky * ——-
3 = s 4 I
P’

y1 * vy y b=z

L

Sith these aew dimensionless parameters, Eqs. (1) throuzh (3) bocone

- - 0« x <] i
y'" o+ yly = PO(x-x) (1)
0 <t s}
]
y''(0,t) + kjy(0,t) = 0
y“(0,t) - kpy'(0,t) = 0
0t <1 (2")

y*r(l,t) - kyy(l,t) =0

y'(l,e) + kgy(l,t) = 0
and

y(x,0) = yo(x)

0<x <1 (3"
y(x,0) = yi(x)
where in Eq. (1'), we have
c
Y = - (541
T
which 1s dimensionless, with
y 1/2
pAR
c = (===-) (5h)
EI

which has the dimension of the physical time.
Hence then, we shall abtain solutions for the problem defined by FEgs.

(1') through (3') for various values of ki, it = 1, 2, 3, and 4.




AN EDUTVALENT VARTATIONAL PROBLEM

The neobloa of solviaeg the equatioa (1YY chroweh (3') i1 the previous

. ; . ‘ - . ; . i
s i o Sraeitormed o 0 cariati sl prehieone Onnsider :
{ = {ha' i
Jita
l e -— -
H B I A S LA BN IR B4 ¢ L
i \ j
1
- EEE I S U SR SR NI BRSO UM R N I
bl R B N S
1
i 1
ool - - \
, ) \ .
S AR UGy GG = v 0 vROG Y = v (R yR e, M) (5b")
)

Wwhere vECa ) s o called the adjoint function of y(x,t). 1t one takes the

First variation of 1 consideriiy »(x,t) to be fixed and cy* to be coapletelv
rhitragry, it is easyv to see that the difvereatial cquation (1Y) and boundar s

condition (2" will be recovered adnl the inicial condicion becomes
v = Rl vk, 0) = v (k)] o= 0

I C T PR 'S R (¥

In fq. (37, it is seen that if sne let kg > « in the limit, the initial

oandinion o ST owill ales be recocered, The use o large parameter suach
A M s Ciawt oas e pereil vy Camet o aes vl o the wethod of large spriaw

unnwtiwt.‘

Caler ovioag

Iya, 1. 1., "Visrations of a4 Rean Toads vy g Finite Element
Formal e Consiatear Cr Shatial el Tose Joardiaates)” The S51st Shock and

Vibratioa #alletin, Part 37 Amalviical Methods, Dvinamics, and Vehigfg-“‘-

Svstems, op. Li=13) (941,
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DUTUENE o SOLUETION FORMUTLATEON
To derive the finite olement natoix edqual fons, nne he i i
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whete 0 is tae nuober of disisions o x oaad L, T A tupical grid schenc

’

Ly showa in Floare b)), Squeation (Ab) can ow b wrirten as

N N . 1L L
T DYy T T e YR ) (dedn

B Ky
' RS IS RETRREE A S B ELAUY R RN SRR ARE & DRI
ey ! ' - ‘
S e L SR AR S R RATEPRY
SRR
. o -
_ . Clgew Y e ‘v’d
N 1
Rooamks g -
T A S S LD R S TRT RS B
i=1 X o
o] -

AN SATE P AT CIRIR Y (4

The o Jhaese Urws Don o vectar io W Introduced. et

Vit g o= ;3r(", Mg

VR = aTO YRy = v ) (0
5
1
v\‘
ol s s e RSy, & .‘




1

r e A

SO AT s vy .

raquation (8) thea bacones

. K L
&z’*l(ij) :l"' A - o--m By Y‘< i

A CE ARl AR

i;l N i,
| ' 3 kX
+ Y*L(Ki‘) By o+ —[-" l_f; [
i= : '
K ) e‘kr)
+ o evRIg T s Yo
i=1 <
K I, ) p K N Y
S S R U S U D I A G ST e O
i=t j=t -~ L =
K 2
+ L orxT gy == ()
i=1 ~ K-

where, as it . be seen readily, thac

3= [ [ a .y al , dudy
~ a o n
. A -
3 = J“] a0, malco,ndn By = . At Lo el

N : .
AL, aT(,dn , By = 0 a iioal (0

x
W
it}

4

- 0
]
Bg = f) aCs,DaT(g,0)ds,
~ { ~ -~

A -

Feigy = 0 7, aCamSerpemsddidn, Gey = al Dyt M

and 1 -
Hy = I a(6,Myy(1)(H)dr
6
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Taw e S0 can be asseabled d
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Hee e e focity o the .*,rw\-lli'\v.: taree

coasidered T this vporr . Thus 1 ohecoaes the tiae required for the

Pl Do o cad o the bhaoan Lo the

orner

nly coastaat velocity will he

eal,  As T ovaries froa @ to 9

force o

[}

velocity vovaries oo 2 to o oas s alvavs tiaite,  Since we have noraali e

UL othe sarrnetars Do lensth Wit respe

«oin oerical ecomputations,  Instoead,

anitv. The road value {1 lensth can bhe

At oot tae noratized Climeasionless)

e

the

-

beas's Teasth is considered &

1

tooy L0 s ot ecessary toose

APRN

1

recovered sl by a maltiplicati o

ones.  Then it vill be helpful ir

Vool

e CLag can he rodated to sone reference velocity tasaciated with the bean' -

chardcteristics. We shall select tie velocity of the first mode of vibr

(standits waves) of a cantilevered beam as this reference

llJu, Je e, "Vibrations ot a Bean ‘inder
Formulation Constisteat ia Spatial and Time Caordinates,” The 51st Shock

Vibration Bulletin, Part 3; Analyiical Methods, Dynanmics, zind. Vehicle

Systems, pp. lil-1 39 (1981).

Movim: Loads hy oa Fiaite Element

Aation

velocity and call

and




. -

vie Hence the noraalized velocity is detiaed &

- v ‘
v o= - i)
Now, we shai! roiate this v owitn the parsacters e o corboer i1 thias
teport. Lt s xnowr Taoaany texthooks on o sibras oo o0 0 centey sew
refereace 3ttt The o qattievered bean, the 1w Coooargbions has
csircular tregaency
vpo= LGRTo) re = b (1n)
whers ¢ ©s o0 1y (5b) . The carrespontin Lre . t.. wereod o are thea
respectively
1
Ty == = /e (In eveles per seconds)
Y
1
Ty = == =1.79 (in seconds) (16)
£y
Hence
28 3
vp = ~— = 2xfy = [.12 - (n
Ty N
And
- v L/T
Vs oem m mmmemeee = 0.895 - = 1,845 (18
V] 1.12 «/e

Jhere v = /T, as defined in Eq. (5h).

For the results compoted ia this report, ; is 30t o he ten., Yence v =
8.95 or v {s about aine times vy. At this load -«1.ciryv, tne dviaamic effect

of the moviag forcve on the beam vibration is quite evident as shown in Figures

1 through 5. This {s also approximately a typicil speed ar which a projectile

3Fryba, L. Vibration of Solids and Structures Under Movirs l.ouds, Noordhoff

Internatinnal, Gronlnygen, 1971, p. 91.

o
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moves Jdow a caunmon tube {see Fiooare oshiows e

—
.

o Lor exaaple, vt renes

Joetiection carves for g bean witn vixed=tied sannorts. Suarves anmbered f

T, LI, and 1V are at the moacot when Pois a0 oo, 2700 3740 and 4% of

S looaves 2 obhroartths D e Die o e ot e sapnart o tied
b tiweds Liap s sapoort sl fasedstree s vr e stree e i rvet e pespect i
Te stontd be aoted thar the toad Pois ansasae s 0 an e fran thee Tote
towar ot e cint. The boan motions Fraon o e i rts e e it e
Mooty thome af free={iced sanpoart o s b st gl d) for esiple,

Lo ot s s Dy wchirtior as wls b e e e,
LU, e e Test har carees Tor Lie Case o e paes! IMoerts resesh b

closel s to tise of tree=tfree sapports tnan the Yiked-free ones,
't 1w of the Taonringg constanats” io ¥as. (2" and (5h) are as
. - s N . L‘r
Potlowa, for il claid support the iy is takea to be 19075 for ao suppor

at all, it is assimed o zero. The value of kg (0 Eq. (5bh) is also assijned

“esilos preseanted above arce based on a srid scheme of 9x3 elenents. \
vonio gl rrid o wehene 1w shogn i Fiture A),  Numerical converrence of thews

daty whould he fairly good as discussed previously ia Reference 1.

Yy . T, Tiorations of Hoan ader Tovins Lhads hyoa Fiaite FElameat

1
Sorantat i donsisteat i Spatial and Tine Coorviiaates,” The Slst Shock am

Vibration Balietin, Part 3; Analvtical Methods, hynamic_s,~3T5‘§g@—f€‘__“

Systems, pp. 111-130 (1981).
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Figure 1. Beam deflections under 1 movine load for fixed-
fixed sapports (y = 10.0),
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Figure 2. Beam deflections under a moviny load for fixed-
simply . apported end conditicns ¢ ~ 14.9),
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Beam deflections under a moviny load for fixed-free
supports (y = 10,0).
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Figure 4, Beam deflections under a moving load for free-free
end conditions (y = 10.0).
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Figure 5. Beam deflections under a moving load for a free-
fixed supports (y = 10.0).
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