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ABSTRACT

Two designs of mini-hat pressure gages (G-X
and J-1) were stress analyzed with three dimen-
sional photoelasticity and a graphics-oriented,
axisymetric finite element method. The results 4
were compared with the exact theoretical solution
of a pressurized cone. Both methods showed
stresses higher than the theoretical solution in
the central portion of the cone, and lower than
the theoretical solution at the ends of the
conical section. The J-1 gage showed a more
linear distribution of stress, in the conical
section, than did the G-X gage.

INTRODUCTION

The Ballistic Research Laborator 'L) at the Aberdeen
Proving Ground, Maryland, has develop. id is now using, a
conical shaped pressure gage for measuring .ie gas pressure in
large caliber gun barrels. Because of its small size and conical
cross section the gage is referred to as a mini-hat gage. Two
gage designs, designated G-X and J-1, are shown in Fig. 1. The
design of the conical cross section is based on the BRL theoret-
ical solution for the elastic stresses in a hollow cone under
external pressure. The gage exhibits a linear response up to
150,000 psi. As a design goal BRL would like to increase this
range to 200,000 psi. In support of this effort, the Naval
Research Laboratory (NRL) conducted an integrated experimental/
numerical stress analysis of the two mini-hat gage designs.

Manuscript submitted January 11, 1982.
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Figure I - Asembted G-X (Zeft) and J-1 (.tight) mini-hat gages.

The G-X and J-I configurations were studied using three-
dimensional photoelasticity and finite-element numerical
analysis. Past experience indicates that this integrated
approach provides a higher degree of confidence in the results
than does either procedure used independently [11. This is a
final report of the NRL studies.

EXPERIMENTAL ANALYSIS

Over-sized models of both gage designs (6.25 times actual
size), and the support rings and seals were cast and machined
from an epoxy photoelastic material. A cylindrical housing and
two plug designs were also cast from the epoxy. The housing and
plugs represent the parts surrounding the mini-hat gage. Scaled
up 0-rings were made from rubber stock. The G-X and J-I models
assembled for loading are shown in Fig. 2.

The epoxy used is a new formulation developed jointly by a
stress analyst in industry and NRL 121. It has machinability
characteristics superior to, and can be cast in a much shorter
time than, previously used materials. It has a cast surface that
when necessary can be used for analysis without machining, in
contrast to most previous photoelastic materials (3].

2



Figu.%e 2 -G-X a~nd J-1 modeZts Ltz azsemb~ed 6otr p~'eute Zoading.

Prior to actually casting the models an aluminum master of
the models, with approximately one millimeter added to all the
surfaces, was machined. The master was used as a core to cast a
silicone rubber mold. The aluminum master, silicone mold and a
f inished J-1 model are shown in Fig. 3. The epoxy formulation
was mixed, poured in the mold and given a preliminary cure, all
following a carefully controlled procedure (full details are
available in reference 2).

Following the preliminary curing, both the G-X and J-1
models were machined to final shape from the rough castings. A
special form tool was used to machine the inner surfaces of the
conical section. The cylinder support rings and plugs were also
machined to final dimensions at this stage.

The two machined models were tested separately. Each was
placed, in turn, in the cylinder, the 0-ring added and the plug
with its 0-ring added to complete the pressure seal. Each plug
contained a small hole and a surrounding stem to inlet the pres-
sure. Each plug was contained in the cylinder, and against the
model, with a simple external frame composed of end plates and
threaded rods.
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Figure 3 - Aluminum master o6 G-X (Zeft), inner and outer parts
o6 silicone mold (centet) and J-1 modee after machining.

The whole assembly (model, 0-ring, plug, cylinder and
frame), most of which is shown in Fig. 4, was placed in a tem-
perature controlled oven. A hose led from the plug stem to pres-
surizing equipment outside the oven. Also in the oven was a disk
of the same epoxy loaded on its edge with a concentrated force of
diametral compression. The stress field of the diametrically
loaded disk is known from theory and serves to calibrate the
photoelastic response of the material.

The oven temperature was controlled by a cam type pro-
grammer. The assembly was heated to the critical temperature of
the epoxy (2850F) overnight and remained at that temperature for
several hours. This heating cycle completed the curing of the
photoelastic material, and simultaneously brought it to the next
step in the process; the loading. At the critical temperature
the epoxy becomes rubbery (elastic modulus approximately 2200
psi). Low to moderate loads can be used to apply deformation to
the epoxy which then can be cooled slowly to freeze-in, or lock-
in, the deformation and the corresponding photoelastic re-
sponse. Slow cooling is essential to avoid thermal deformations
which would alter those desired deformations due to the pressure
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Fi9Lute 4 - Outek cylindet, J-1 model, backup %ingA, O-%ing, support
ting and ptug (this ptug was used in G-X model test).

load. A regulated pressure load of 25 psi was applied to the
system at the critical temperature. The temperature was
uniformly reduced to 200*F overnight, at which point the epoxy
was again hard, and the deformation locked-in. The assembly was
cooled to ambient temperature, the pressure vented and the model
removed from the assembly. A meridian slice was cut from each
model. Fifteen hoop slices were taken from the G-X model, and
sixteen from the J-1 model. The slices were cut, for the most
part, with a 0.050" thick circular milling cutter. Most of the
slices were between 0.100" and 0.120" thick. The slices and the
remaining parts of the G-X model as well as a calibration disk
are shown in Fig. 5.

All slices and calibration disks were photographed in both
dark-field and light-field arrangements of a diffused, sodium-
light, 12" diameter, polariscope.

Fig. 6 are dark- and light-field isochromatic patterns of
the meridian slices from the two models. Fig. 7 are dark- and
light-field isochromatics of the hoop slices in the upper conical
section from both models.
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Figua'e Photoeatkc modeZ o6 the G-X mini-hat gag9e atett beiZng
s.Uccd 6c,', aicdtysis. The pho-toe.Zctt4c catibtaton
dLik iLs shown in -the Lppet eit.

Figwte 6 - ath, and Cigh~t 6ie.td sochtoma.tic pateitnn6 o6 the
mcot~d~ap s~Cces cu-t d-tom ithe G-X and J-1 modet.e~
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Figure 7- Dak and light dietd isochtomatic pattetn o6 the
hoop sZices cut 6rom the upper conical sections o6
the G-X and J-1 models.

The relation of isochromatic fringes to stresses in the
model is defined by the stress-optic equation as

nf01 0 2 =T(1)

t

where
a1 and 02 are the principal stresses in the plane in which

the fringe is being viewed
n is the fringe order at the point on which o and 02 act
t is the optical thickness of the slice, at the same point,

in the viewing direction
f is the material fringe value (the photoelastic constant).

On free boundaries (boundaries with no applied force or
pressure) the relation reduces to

nf 
(2)t t

where
w t is the tangential stress on the boundary in the plane in

which the fringe is viewed.

Material fringe values were obtained for each test, using
the known theoretical solution for the stresses at the center of
the calbriation specimen in diametral compression. The f-values
were 2.15 psi-in/fringe for the G-X model material and 2.12 psi-
in/fringe for the J-1 model material.
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In most analyses, including this one, the integral fringe
orders in the dark field photographs and the half-order fringes
in the light field photographs are easily established in a number
of ways. Fractional fringe values down to about one-hundredth of
a fringe order can then be determined at given points.

Fringe orders along the inner 1Z.3* conical surface on both
the meridian slice and the hoop slices were estimated to 0.01
fringe. The hoop and radial stresses were thus determined using
Eqs. (1) and (2) , and normalized in terms of the applied 25 psi
pressure. The normalized radial and hoop stresses for the G-X
and J-1 models are reported in Figs. 8 and 9, respectively. The
exact theoretical solution for the stresses in a pressured cone
is shown for comparison.

The radial stresses were obtained directly from Eq. (2).
The hoop stresses required a somewhat more involved analysis, and
some comments may be in order. The hoop slices were cut perpen-
dicular to the axis of the gage, first to simplify cutting and
also to maintain the radial symmetry of the fringe patterns.
Those slices with tapers on the edge, when viewed normal to their
surface, had two difficulties: first they produced a shadov at
the edge, and second, they introduced a non-zero stress normal to
the edge, thus reverting from Eq. (2) back to Eq. (1). Host of
these slices were photographed two ways; normal to their surface
(as shown in Fig. 7) and with the viewing direction tangential to
the tapered edge. Because the second type of photograph gave
elliptical fringes, it was decided to analyze the first type
(with circular fringe shapes) using Eq. (1). This required that
the two difficulties mentioned above be taken care of. To
circumvent the edge shadow, the radial position of integral and
half order fringes was estimated and these values plotted and the
curve extrapolated to the center of the shadow to estimate the
fringe order at the boundary. Because the fringes were of circu-
lar shape this could be done over a wide arc up to an angle of
almost 1800 as seen in Fig. 7. In practice the centerline of
each photoelastic fringe was matched to a circle and the radius
taken.

Because the angles were 12.30 and 15.7* the second diffi-
culty introduced only a small variation. Consider CAand a B in
Fig. 10. The stress on the inner boundary in the meridian plane
varies between zero and the radial stress value. At 12 .3 0 -1
theoretically on the inner bending is about 2. 5% of the hoop
stress a At 15.7* it is about 3.5% of the hoop stress. The
stress dif'erence determined from the hoop slices and Eq. (1) was
adjusted by these percentages to obtain a best estimate of the
hoop stresses.

Fig. 10 shows the distribution of the stress difference in
the G-X model along lines perpendicular to the model axis at
various heights, in the conical section. This result was taken
from the same curves mentioned above, that were used to extrapo-
late to the boundaries. Eq. (1) was used to obtain the stress
difference. The comparable theoretical stress difference was
taken fro the exa t solution for stresses in a pressurized cone.
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EXPERIMENdTAL. RESULTS

-EXACT THEORETICAL
SOLUTION FOR PRESSURIZED
CONE

HOOPSTRSS -- -- -- FINITE ELEMENT SOLUTION
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NUMEKICAL ANALYSIS

The primary objective of the numerical analysis was t o
determine and graphically display the principal stress distribu-
tions in the conical sections of the G-X and J-1 gage configura-
tions. Secondary objectives were correlation of numerical and
experimental results and verification of experimental boundary
conditions as a representation of prototype loading. The inte-
grated nature of the combined experimental /numerical approach
allowed optimal use of both methods. An initial numerical solu-
tion was used in determining the intensity of loading for the
experimental model. Subsequently, experimental stress patterns
were used to refine the local distribution of loads f or the
numerical model.

SIMULATION SYSTEM

The parametric finite element analysis was performed using
an NRL developed interactive, graphics -oriented package called
TOTAL (Two-dimensional Orthotropic Timesharing Analysis Library)
[4]. This library consists of a set of modular programs linked
by a broadly structured disk-file data base. Each of the thirty-
plus programs implements a specific task in the modeling!
solution/interpretation procedure, and creates data files to be
used as needed by other programs further along the simulation
path. All of the programs are auto-prompting and to a con-
siderble extent auto-instructional, with all the intricacies of
data file manipulation hidden from the user. Many of the pro-
grams embody extensive interactive graphics capabilities, some of
which are unique to the TOTAL system.

The use of modular programs is intended to encourage numer-
ical experimentation (or parametric analysis). For example,
complete or partial changes in files containing boundary condi-
tions, material properties or geometric information can be
quickly made by programs made to perform specific modification
tasks. The problem can then be resolved without reentering those
quantities which did not change. Similarly, compatible result
files can be linearly combined to study the effect of superposed
solutions. These features were utilized extensively in this
study.

MODELING AND SOLUTIONS

Since the two configurations were identical except for the
removal of some material in the J-1 case, it was possible to base
both geometry models on a basic J-1 mesh (Fig. Ila) with 457
nodes and 796 elements. The G-X configuration (Fig. l1c) was
then modeled by linking on a small region (Fig. hib) to form a
mesh with 499 nodes and 876 elements. These geometries were used
for all studies, both axisymmetric and two dimensional (plane
stress/strain).
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Figure 11 - NumeZicat modeZ meshe,6.

For both configurations the primary loading consisted of a
uniform hydrostatic pressure applied to the outer surface of the
gage up to the point of O-ring seal B. (This loading is equiva-
lent to that used in the experimenal study). In addition, var-
ious loads in the vicinity of and caused by the O-ring itself
were also applied. Choice of the intensity and distribution of
these local loads varied with different solution objectives
(e.g., prototype or photoelastic model simulation), and is des-
cribed in greater detail in Appendix A. Rowever, a reference
prototype loading was chosen consisting of an extension of the
hydrostatic pressure from the sealing point B to the maximum
outer radial point C in both configurations, and all results
described below use this reference loading. For all solutions,
points along edge DE were constrained in the axial direction but
free in the radial direction, and points along the axis edge FA
were free in the axial direction.

Two basic material property cases were used, a prototype
condition (E-30000000 psi, Poisson's ratio-.3) and a photoelastic
model condition (E-2200 psi, Poisson's ratio-.35-.495).

12
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The results summarized below are based on one axisymmetric
solution for each configuration using prototype material and
loading conditions. However, the full study consisted of dozens
of solutions, both axisymmetric and two dimensional. From these
solutions over a hundred graphical displays were generated and
evaluated to study such variables as the sensitivity of the
numerical model to various parameters and the correlation of
numerical and photoelastic results. Various combinations of the
basic loading with local loads near the 0-ring were tried to
improve correlation with experimenal results, and to determine
whether differences in stress distribution in the two
configurations were due to geometry or seal-related loading
changes. Sensitivity of the numerical modeling of the photo-
elastic experiment to values of Poisson's ratio approaching 0.5
(the value of the photoelastic material) were studied. Also, the
validity of two dimensional (plane stress/strain) analysis of the
problem was investigated.

GRAPHICAL NUMERICAL RESULTS

The primary results of the numerical analysis are presented
in graphical form in Figs. 12 through 16 for both the G-X and J-1
configurations due to the reference prototype loading. In Figs.
12 and 13, plots are given of non-zero (hoop and radial) prin-
cipal stress distributions on the inner surface of the two gage
geometries. It is evident that there is a more uniform distribu-
tion of boundary stresses (and strains) over a longer segment of
the interior conical surface in the J-I configuration.

Hoop StreS4 Radial Stess Hoop Strte Radia( Stres

SCALE
SCALE

Appeied App&LedP te s su t e P e 5 u % '

0123 0 1 1 34

Figurte12-Intzrior Suxface stxesses Fig urLe13- 1kt rtolx Suli ace s ttesses

6oA conicat region oS G-X. 6o conicae tegion o6 J- .
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The next two Figs. (14 and 15) show contour plots of prin-
cipal stresses in the two configurations, with indication of
values and locations of maximum stress concentration factors
relative to the applied pressure. The essentially parallel
nature of the stress contours in the conical region agrees
generally with the theoretical solution, with the J-1 configura-
tion exhibiting a more extended region of such behavior.
However, relative stress concentrations in the two geometries do
not appear to predict any superiority of the J-1 over the G-X
with respect to linear behavior as a gage.

Finally, exaggerated overlayed displacement plots for the
two geometries are given in Fig. 16. It is seen that in the
conical region the inner surface of the J-1 configuration shows
less curvature under load that the G-X, probably due to the re-
moval of some rotation-restraining material from the base.

G-X J-7

FigtAe 16 - The dedormed cross sections, magniZed 500 times,

overlayed on the undefored cross section4.
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DISCUSSION

The experimental and numerical results are in reasonable
agreement with the theoretical solution of the stresses in a
pressurized cone. The primary variations occur at the ends of
the cone. At the small end, the cone is truncated with an
approximately -pherical cap, and the hoop and radial stresses,
perforce merge. At the large end, the cone is truncated by a
cylinder. The changes on the outer surface are more pronounced
than the on the inner surface and tend to reduce the compressive
hoop stresses in the G-X design, while the compressive hoop
stresses in the J-1 design remain more uniform. This difference
in the hoop stres-, between the two models is apparently due to
the reduced stiffness of the J-1 meridian cross section compared
to the G-X cross section, and the extended region of
pressurization in the J-I design. From the criterion of uniform
stress, in the conial section, it would appear that the J-i is
superior to the G-X.

1

I
I
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APPENDIX A

EFFECT OF THE O-RING SEAL LOADING. The high pressures seen
by the prototype geometries, combined with the differences in
stiffness of the steel and rubber, result in a nonlinear deforma-
tion of the circular cross-section of the 0-ring into an approxi-
mately rectagular shape, with resulting uniform (hydrostatic)
pressure along all bounding faces. This effectively extends the
uniform pressure loading from the initial sealing point B to the
outer radial point C (Fig. 11), thereby producing the loading
chosen as the reference prototype loading.

In the photoelastic model of the J-1 gage, the approximately
equal stiffness and nonlinear behavior of the 0-ring and the
adjoining material are such that the small pressure required to
generate a reasonable number of photoelastic fringes results in a
contact loading that differs from the prototype. Highly local-
ized radial side thrusts can develop in the sealing region due to
two mechanisms. The first is a radial squeezing action caused by
insertion of a slightly oversized ring, independent of the
applied pressure. The second mechanism, constraint of the
lateral expansion of the 0-ring cross-section as pressure is
applied, can produce a side thrust whose value and distribution
vary with increasing applied pressure. The existence and loca-
tion of photoelastically generated fringes in the region of 0-
ring contact appeared consistent with the presence in the experi-
ment of local radial loads due to the insertion mechanism only.

The added effect of an extra, experimentally-generated
radial load was modeled numerically • Increasing increments of
local radial forces, applied at a point indicated by the
experimental results, were added to the basic uniform pressure.
For each increment, plots of the resulting principal stresses on
the interior surface were visually compared with equivalent
experimental curves. This procedure resulted in improved numer-
ical/experimental correlation of the overall stress distrbution,
but there was very little change in the primary-interest conical
region.

It was concluded that some local discrepancies between the
numerical and experimental results were attributable to the pre-
sence in the experiment of an extra 0-ring loading which would
not 1e present under in-service conditions, but that this extra
load would have little effect on the distribution of experimental
stresses in the concial region of the J-1 gage configuration.
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