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1. DATA TYPES, TRANSFORMATIOS AND CONCURRENCY

The purpose of this study is threefold: We seek transformations for dala structures. We want these
transformations to allow for concurrency. And we want to apply them to a nontrivial example,
viz. concurrent operations on dala bases. We do not talk here about notations for transformations
nor do we discuss their automatic application. And we avoid detailed semantical considerations
(which are replaced by references to the pertinent literature).

Program transformations shall capture frequently employed programming techniques be they
newly invented or taken from the literature - into a schemalic form that allows a fairly casy
application to concrcle problems. [t usually docs not make sense to aspire to rules that are
applicable to any program'. One rather has to concentrate on special classes of programs to achieve
reasonably powerful and flexible transformations {e.g. recursion removal, loop optimization, ete.).
For this reason we focus on the particular class of those data structures which arc defined by
recursive mode declaralions. The transformations presented include the derivation of traversal
operations and of poinler immplementations.

Concurrency is viewed here as an oplimization issue rather than as an inhcrent property of the
given problem. This view is certainly admissible when the concurrency comes into existence by
allowing sceveral processes to execute a known sequential task simultancously. In this case it is also
appropriate to work with the so-called multiprogramming assumption, 1.e. to semantically model
parallelism as sequential interleaving of 2tomic actions.

Data base operations such as insertion, removal and search meet the above requirements. These
operations are well-known in sequential applications and they arc now to be translerred into
concurrent environments. For the implementation of data bases one frequently uses tree structures,
for example the B-trees suggested in [4]. To shorten the writing-down we will restrict ourselves to
the special case of 2-3-trees (cf. [1]).

The paper has two major parts. Scclion 3 lists a numnber of transformations for recursive data
structures. These transformations cssentially capture standard programming techniques within the
formalism of abstract data types and also make an atlempt to cope with concurrency and protection
problems. The use of abstract data lypes leads Lo a valuable accuracy of the specificatio.ns. But
one has to pay a price, viz. an increased tength of code. (This makes the generation of abstract
data types by transformations even more desirable.) Even if we restrict our altention Lo the class
of recursive type declarations there remains a vast abundance of conccivable transformations. The
choice made in this paper is primarily motivated by the intended sample development. But, vice
versa, the design of the algorithm is also influenced by observations about the available rules -
an interesting feedback between transformations ard decision making on the programmer’s side.

Scction 4 contains a development of the oper: sert and remove for 2-3-Lrees, allowing for
concurrency. The algorithm differs somewhat from - one given in [4] and ils improved version
in {t1]. This difference may be roughly described ns follows: B-Lrees as well as their special case
2-3-trees have bwo characlerisite propertics. viz. the special tree structure, which is responsible
for the correctness of all operations, and the balancing (all paths have the same length), which is
responsible for the efficieney. The operalions iasert and remove at least temporarily violate these
propertics. In [4] the decision was Lo violate the particular tree structure and to keep the balancing
intact. We feel, however, that the correctness issue deserves precedence and therefore keep the

'Well, compilers are an exception.
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tree structure intact while tolerating a temporary disturbance of the balancing. As a consequence,
locks are only needed for a very few nodes at a time and reading as well as writing operations may
almost unrestrictedly coexist i the same (sub)trees.

There is one severe problem: Transformations ought to be “correct”. But any notion of correctness
is vain without a precise seiantical definition of the language under consideration. Qur topics here
are abstract data types and concurrency, both issues that are currently attacked (with varying
success) in an abundance of articles. 1t clearly is far beyond the scope of this paper to discuss two
such heavy problems incidentally. We will therefore nolens volens rely on a more intuitive idea
of the correctness of transformations. The focus of our attention will be the technical feasibility
and the usability of the rules, assuming that they are semantically justified. (It will only be in the
appendix that we try to at least sketch the underlying semantic modelling.)

2. THE BASIC PROBLEM

The problem domain we have chosen allows a clear partitioning into two subtasks: The operations
to be performed on the given data structure are specified completely independently from any con-
currency cousiderations. The parallelism comes in by simply allowing several sequential processes
to operate on the common dala structure simultancously. The situation is therefore characterized
by the fact that the the processes communicate for no other reason but protection against mutual
interferences.

2.1. THE DATA TYPE DICTIONARY

In a very abstract form, data bases may be thought of as sets on which the basic operations “insert
an clement”, “find an element” and “remove an clement” can be performed. These operations are
formally specificd by the following abstract data type DICTIONARY (as it is termed in (1]). The
notation will be explained below.

type DICTIONARY (type ELEM) declares set,insert,remove,member :

hased on: ELEM, BOOL

Y

e e

sorts: set
opns: empty : elem — set
insert : set X elem — set
remove : set X elem — set
member : set X elem — bool __
axioms: Vsets, elemx,y: [ Acecasiun sor
member (empty,y) = false NI T f_
member (insert (s, x),y) = true it x-y | Do o
- -~ member (s, y) otherwise L' .. o
remove(insert(s, x),y) = remove(s,y) if x=y e ) PR
= insert(remove(s,y),x)  otherwise R ‘611“‘
P 3 v - e )
required: Velemx: p Drateit iy .
s #» empty  for remove(s,x) | Avadioritity Codes

.

end of type a Dist  Spectal

vatl end/or
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The notation used here is a syntactically sugared mixture of those found in [7) and [13]: The
parametrization takes into account that sets can be defined for any type of elements. As suggested
by the keyword declares® a number of identifiers are provided to the environment; all functions not
listed here are “hidden”. (Thus the operation empty is hidden. Actually, without this operation
it is impossible to generate an initial set for further use. But we assume that there is some
mechanism such as the ADA package initialization, which is of no concern to us here. We deal
only with processes that arc allowed to use the remaining operations on an existing set.} The type
is based on two other Lypes, viz. the parameter ELEM and BOOL, and it introduces a new sort
of objects, called sets. The list of operation symbols together with their functionalities completes
the “syntactic interface”.

The axioms, a set of universally quantified conditional equations, specify the behavior of the
operations and objecls defined by the type. The requirements play a particular role: It is understood
that all other equations only hold if none of the requirements is violated (“implicit condition”). In
the literature one finds essentially two ways of handling partially defined functions such as remove.
One is to introduce special error-clements. In this setting we would write

Vsets, elem x : remove(s,x) = error  if = empty.

Alternatively, one may work with partial algebras, which leads to notations such as
Vsets, elem x : undefined(remove(s,x)) if s =empty,

or cquivalenlly
Vsets, elemx:s = empty if defined(remove(s,x]).

For somne of the applications in this paper the last form will be the most convenient one for
expressing the restriction of the domain of a function. To stress this particular usage we employ
the special notation?

Vsets, elem x:s # empty for remove(s,x).

From our practical point of view we need not care about the two (theoretically quite different)
possible interpretations ol partially defined functions.

In later examples we will use some further constructs. The expression enrich...by instead of
based on... mcans that we only add new operations to the type, but that these operations do
not gencrate further objects. As pointed out by Burstall and Goguen {cf. [7]) this allows the use
of, say, existential quantifiers in enrichments. I'inally, the expression A @ B builds the “disjoint
union” of the types A and B excepl that common subtypes are not duplicated.

According to the principles described in {13] or [5] any model of Lhis data type is acceptable as
an implementation. Though never making explicit use of it we will orient, our whole development
towards the so-called “terminal model”. Withoul going into any theoretical details this model
may be roughly characterized by the lollowing definition of the equality of its objects. The only
way Lo distinguish two sets “from the outside” is by checking their elements using the operation
member. This means that two sets s and s’ are “indistinguishable” or “visibly equivalent” if
for all x the equality member(s,x) ~ member(s’, x) holds. When applying this criterium to tree
implementations we have to consider two trees as being equivalent il they have the same leaves
(even though they may exhibit completely different internal structures).

*Specification languages exhibit a tendency towards colloquialism.
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2.2. CONCURRENCY

The second major aspect ol our task is concurrency: There are several processes performing the
above operations on the given set simultancously. For the protection of these processes against
mutual interferences when accessing the commen set s we employ a locking mechanism.  The
operation r-lock (s) sets a read-lock on the variable s and the operation w-lock (s) sets a wiite-lock.

Our progratn consists of n processes execuling set operations of the kind

I ... JPu:z ... r-lock(s); b:= member(s,x); r-unlock(s); ...
coro Pr ... w-lock(s); s :=insert(s,x); w-unlock(s); ... | ... |

In the above specification of the concurrent processes and their interaction the operations insert,
removeand member arc taken Lo be “atomie”. This is, of course, unrealistic and therefore the
goal of the subscequent program development, will be Lo increase the degree of concurrency by
implementing these operations in terms of more elementary ones.

3. TECHUNIQUES, ToOLS AND TRANSFORMATIONS

The underlying idea of program transformation is to capture repeatedly occurring programming
techniques in schematie rules such that it becomes fairly easy to apply these techniques to conerete
problems. For elassical language constructs (recursive funclions, loops, assignments cle.) pairs of
program schemata have already proved good (el e.g [6]), but in conncetion with data struclures
and their operations the task becomes more complex. We will try here to attack the issue within
the framework of abstracl data types.

Systems such as CLEAR or OBJ (el {7], [8]) provide valuable tools for modularizing a development
process and for describing relalionships between various types. (In addition they are based on
a sound mathematical theory.) Ilowever, the systems of types are still “static”, i.e. fixed upon
writing-down. A slepwise program development process also needs a dynamie component, i.e. tools
for altering given type systems. Transformations are such a dynamice tool. We are nol. attempting
to cast the transformations presented in this chaptler into a formal notation. The paper should

rather be scen as a test whether the development of such a formalism seems worthwhile.

We try here to identify those transformalions that are needed to achieve a particular goal, viz.
tree operations that can do without exhaustive search. Therefore we develop specialized abstract
data types thal contain just the properties we need. These properties are found by analysing
algorithms known [rom the literature and by separating their essential characterisities from minor
particularitics.




3.1. RECURSIVE TYPE DECLARATIONS

There is a particular class of abstract data types that are both easily understood and frequently
occurring in applications. In fact, duc to their simplicity these types are usually written in the
shorter notation of recursive mode declarations. A classical example are binary trees:

type tree = leaf(elem item) | cons(tree sonl,tree son2)

This can be viewed as a shorthand notation for a type TREE that introduces in addition to the
operations leaf, item, cons, sonl and son2 with their obvious axioms also the test functions

.is leaf and .1is cons (cf.[3]).

Because of its shortness we will from now on work with this example, but it should be understood
that the techniques apply to any type that is defined by such a reeursive declaration involving
dircct product and direct sum. In this sense the subsequent scetions should be scen as presenting
rules that apply to arbilrary recursively defined data types.

A note of caution: If a tree contains two identical subtrecs the specification allows implementations
according to either of the following figures:

AN

So one has to be careful when applying arguments that intuitively refer to the left model. The
subsequent considerations work for both cases, but in general it is recommendable 1o usc trees
without multiple subtrees.

) \

We are aiming at a particular class of algorithms, namely Lhose that traverse trees clliciently
without the nced for exhaustive scarches such as depth-first or breadth-first scarch. Therefore
we assume that there exists a predicate P thal determines for any given tree whether the search
should continue in the left or in the right son. (This special case is the onc we are interested in
and for which we therefore formulate a transformation.) To express this speeial goal we introduce
an cnrichment of the type TREE that reflects the property that P is true for exaclly one son if it
is true for the father.

type PTREE declares P:
enrich TREE by
opns: P: tree — bool

required: Vtreet,:
P(son1(t)) V P(son2(t))) = true if tiscons AP(t) = true
P(son1(t)) A P(son2(t))) = false  if tiscons A P(t) = true

end of type
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The generation of this type could be done automatically by some of the later transformations. But
the presentation is more straightforward if we do it right here, for this indicates that the whole
development relies on the existence of such a P.

3.2. SUBTREES AND SUBSTITUTION

Basic notions [or trees are the predicate “is subtree of” and the operation “within t substitute s by
u”. For casier readability we will use the infix notations s =<t for the subtree relation and t[s ¢= u]
for the substitution operation. Both can be defined by a simple data type extension. {Note that
substitute replaces all occurrences of s within t and that the restriction for the substitution is
induced by the type PTREE.)

type TREE' declares . <., .[.=.]:

enrich PTREE by

opns: L=< tree X tree —  bool
.[.&.]: tree x tree x tree — tree

axioms: Vtrees,t u:

s <t = true if s=t
= true if tiscons A (s <sonl(t)vs <son2(t))
= false otherwise
tfs =u] =u if t=s
= cons( sonl(t){s & u], son2(t)(s & u]) if t#sAtiscons
=t otherwise

required: Vitreet,u:
P(t) & P(u) for tft ¢« u]

end of type

Now assume that we have operations that transform trees into trees. As a running example we
will use the addilion of a leaf.

type TREE1 declares add :

enrich PTREE by
opns: add : tree x elem — tree
axioms: Vtrees, elemy:
add(s,y) = s if item(s) =y
= cons(s,leaf(y))  otherwise
required: Vtrees, elemy:
sisleaf  for add(s,y)

end of type

et p e e e e
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The leaf to which the operation add shall be applied is in general contained in some enclosing
tree. Therefore we need an extension Add that applies add to a suitable subtree of a large given
trce. The problem here lies in the word “suitable”: Since the restrictions above do not determine
an admissible subtree uniquely we have to make a choice. Making choices means to introduce
nondecterminism. Within the classical framework of abstract data types the only way of doing
this is by way of disjunctions and existential quantifiers. (I‘or more details see appendix A.) The
following type therefore speciflies that the addition should take place at any subtrce s of t which
is a leal. (Note: If s occurs several times in t the new leaf is added several times; but in our
aforementioned equivalence relation this does not matter.)

type EXTENDED TREE declares Add:

enrich TREEY @ TREEi1 by

opns: Add : tree Xelem — tree

axioms: Vtreet, elemy, Jtrees:
s Xt Asisleal A Add(t,y) = t[s & add(s,y)]

end of type

This type illustrates a typical aspect of transformation systems. Certain rules are designed in
a relatively complicated fashion to ensure correctness in any case. But they will only cffect
improvements when applied to programs exhibiting special properties. In our case this means that
the above transformation is best applied in those cases where the restrictions of the type TREE1
determine the subtrce uniquely.

Transformation: The transformation has the form MAKE-EXTENDED-TREE(TREE,TREE1),
where TREE refers to (some enrichment of) a recursive type and TREE1 specifics the special
operations such as add. The result is a type of the kind EXTENDED TREE.

The transformation is indeed mechanically performable, since all parts of the cquations are syntac-
tically derivable from the given types. In particular, the condilion in the type EXTENDED TREE
is just the requirement for the operation add, i.e. the subslitution is applied at some permissible
point.

If we make corresponding enrichments for deletion and membership test (see scction 1) this type
provides an implementation for the type DICTIONARY. To show this onc needs an cquivalence
relation on trees (cf. [5]). The appropriate one here is: Two trees t; and ty are equivalent if they
have the same set of leaves. (The internal structure of the trees as well as the multitude of leaves
are neglected.) Using this relation we could prove that all axioms of the type DICTIONARY are
fullilled by the implementation. As a matter of fact, the resulting model is the terminal one, since
the equivalence coincides with the visible cquivalence of DICTIONARY.

This will be the only point in a program development along the lines deseribed here, where one
needs proofs on a meta-level (employing equivalence relations, homotnorphisms and the like). From
then on the development can make use of the transformations to be presented below.




3.3. TREE TRAVERSAL

Though being very convenient for specification purposes — e.g. for the proof that the type
EXTENDED TREE is an implementation of the type DICTIONARY  the above notion of “subtree”

does not indicate how the subtree may be localized in an efficient way. To get a more operational
specification that describes “tree traversal” we introduce the idea of a “current node” into our types.
(We will use the terms “current node” and “current (sub)tree” synonymously.) Conceptually this
may be specified by a pair of two trees one of which is a subtree of the other.

The predicate P introduced in the type PTREE of scction 3.1 is now used to direct the search
through the tree. For this reason the subsequent Lype is based on PTREE.

type TRAVERSABLE TREE declares ttree,reset,down,up,current :

enrich PTREE by

sorts: ttree

opns: init : tree — ttree
reset : ttree — ttree
down : ttree — ttree
up : ttree — ttree
root : ttree — tree
current : ttree — tree

axioms: Vttreett, trees:
root(init(s)) =3
root(reset(tt)] = root(tt)
root(down(tt)) - root(tt)
root(up (tt)) = root(tt)
current(reset(tt)) = root(tt)
current(down (tt)) = son;(current(tt)) if P(son;(current(tt))) = true
up(down (tt)) =tt

required: Vttreett:
current(tt) < root(tt)
P(current(tt)) = true

current(tt) = root(tt) for up(tt)
-(current(tt)isleaf)  for down(tt)

end of type

Note that the operations init and root are hidden, i.c. any process working with the Lype can only
use the operalions reset cte. (As in the Lype DICTIONARY we assume some kind of initialization
mechanism.) The operation up is only specilied as being the inverse of down. Note also that the
first two requirements hold by construction. But they will become important in a later extension.

As a straightforward extension we now add the operation “subslitute” in such a way that it is
automatically applied to the current subtree.

type TRAVERSABLE TREE' declares subst :

enrich TRAVERSABLE TREE @ TREEY by

opns: subst : ttree X tree — ttrece
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axioms: Vttreett, trees:

root(subst(tt,s)) = root(tt)[current(tt) < s]
current(subst(tt,s)) = s

required: Vttree tt, trees:
P(s) = true  for subst(tt,s)

end of type

The requirement is enforced by the type TRAVERSABLE TREE: The predicate P has to be
invariantly true for the current subtree.

Transformation: In the transformation MAKE-TRAVERSABLE-TREE(TREE,P) the paramc.er
TREE again refers to (some enrichment of) a recursively defined type and P is the predicate
for direcling the search. The result of the transformation is the lype TRAVERSABLE TREET
(including the type PTREE, which may be automatically generated here).

Note that the only references to the underlying recursive type are the use of son; and the predicate
isleaf in the specification of down. Therefore the transformation is indeced mechanically exceutable.

3.4. IMPLEMENTING SUBSTITUION BY TREE TRAVERSAL

The type EXTENDED TREE uscs a complex substitution operation that applies to all subtrees
having a certain property. The purpose of tree traversal is to localize such subtrees, i.e. to make
them into current trees. If no further information exisls this traversal has to follow a depth-first
search or a breadth-lirst scarch strategy. We will, however, formulate a transformation for the
case where the subtree can be uniquely determined using the predicate P mentioned in section 3.3.

In section 3.2 we have enriched the basic type TREE by spccial operations such as add. As
an intermediate step we do the same enrichment for traversable trees, now applying the opera-
tion to the current subtree. Ilence, th~ new operation shall have the property add’(tt,y) =
subst(tt,add(current(tt),y}), which according to the definition of the original add lcads to the
specification

type TRAVERSABLE TREE1 declares add:
enrich TRAVERSABLE TREE by
opns: add : ttree X elem — ttree

axioms: Vttreett, elemy:

add(tt,y) = tt if item (current(tt)) =y
= subst(tt, cons(current(tt), leaf(y))) otherwise

required: Vttreett, elemy:
current(tt)isleaf  for add(tt,y)

end of type

The following type combines the above substitution with the tree traversal that finds a suitable
subtree. (Note that the predicate P is part of the definition of down.)

The use of the same identifier does no harm since the environment always distinguishes them.

10
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type EXTENDED TRAVERSABLE TREE declares Add :

enrich  TRAVERSABLE TREEl by

opns: Add : ttree X elem — ttree

axioms: Vttreett, elemy:

Add(tt,y) = Add(down (tt),y) if —( current(tt)is leaf )
Add(tt,y) = add(tt,y) if current(tt)is leaf

end of type

It is clear how in a procedural version of the program the function Add would beconie a simple loop.
The important question is, however, under which conditions the above operation Add implements
the one in section 3.2 {(where implementation means that it yields one of the results contained
in the nondeterministic choice). In other words, when does the predicate P lead to a subtree s
compatible with the restrictions for add in the type TREEL?

Let R(s) stand for the restriction, in our case R(s) =“sis leaf”. Then the applicability condition
for the transformation is

Vt: (P(soni(t)) ATs:s %tA R(s))) = (3 s:s <son(t) A R(s))

or in prenex form
Vt,s: 3s': (s <t AR(s) AP(son,(t))) = (s’ =< son(t) A R(s"))

This means that if there exists an admissible sublree at all then there must be one on the chosen
path. PFor the parlicular predicate s is leaf of our example this is trivially true for arbitrary
predicates P.

Transformation: MAKE-EXTENDED-TRAVERSABLE-TREE(PTREE,TREE1) uscs (some enrich-
ment of) the basie recursive type TREE together with the predicate P and the special operation
add defined in TREE1 Lo produce the lype EXTENDED TRAVERSABLE TREE (including the type
TRAVERSABLE TREEL), provided thal the above applicability condition is met.

Again the transformation only uses syntactic information available from the two given types to
construct the new one. Hence it can be realized mechanically (except for the checking ol the
applicability condition.)

There are, of course, variants of this transformation. In particular, the scarch for an admissible
subtree need not start at the root (using the operation reset) but may begin at the current subtree,
since after the exccution of one operalion it is frequently known that the subsequent one will be
applicable in the immediate vieinity (cf. appendix A).

The state we have reached by now is as follows:

Under the assumption that the earlier (nondeterministic) type EXTENDED TREE indeed imple-
ments the original type DICTIONARY the above type EXTENDED TRAVERSABLE TREE is an
implementation, too. (insert(s,x) corrcsponds to Add(reset(s),x) ). All the uscr has to do to
generate this type is to give the initial recursive declaration of trees, the predicate P and the
special operation add. The rest is achieved by the transformations.

i1




—_—

3.5. IMPLEMENTING TREES BY POINTER STRUCTURES

A standard technique for implementing trees is to use pointer structures in some kind of “store”
- be it disk storage, the central memory or an array. Since we want to stay within the framework
of abstract data types we have to mimic this concept of a store by specifying a mapping that
associates names (“indices”, “addresses”, “references”) to values. The situation is very inuch the
same as for “rccursion removal” in classical transformation systems. One docs not go all the way
to loops but only changes the kind of recursion from, say, nested recursion te tail recursion. The
direct correspondence between the latter and loops is taken for granted. Thus one can stay within
the framework of applicative formulations and still approaches an operationally motivated goal.

As a further advantage of an abstract view of a store we need not distinguish between developments i‘
aiming at pointers (as is possible in, say, PASCAL or ALGOLBS8) or at arrays (as is necesssary in
FORTRAN) or at external storage devices.

type STORE (type INDEX, type CONTENTS) declares mapping,access,alter ,newindex : i
based on: INDEX,CONTENTS
1 i
sorts: mapping ;
opns: initialize : — mapping ‘
access : mapping X index — content : ‘

alter : mapping X index X content — mapping ,‘

newindex : mapping — index |

i

axioms: Vmapping m, indexi,j, content x : !

access(alter(m,i, x),i) = x

Vmapping m: Jindexi:

!

1

i

i

access(alter(m,i,x),j) = access(m,j)  if ] i
newindex(m) =i |
i

required: Vmapping m, indexi:

m = initialize for access(m,i) ;
i % newindex(m)  for access(m,i) j
end of type 1

Note that the operation newindex is incompletely specified (it should be viewed as an enrichment); |
all we require is that it is a totally defined operation and that the index differs from all those
occurring in the given object m. Furthermore, the type STORE is parameterized since we may use
it for various kinds of indiccs and contents.

It is clear that this type corresponds Lo classical notions in programming languages such as ALGOL
or PASCAL. Without going into details we will bricfly sketch here what the correspondences look
like in the style of, say, PASCAL (cf. [10}).

(a) If the type mapping is to be interpreted as a file we get the following correspondences (where
the notation of (10} is extended to the casc of dircct access files):
The type declaration reads: type mapping = file of content;
Further correspondences are:  access(f,i) & got(f,i)
f:= alter(f,i,x) & put(f,i,x)
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(b) If the interpretation is made in terms of pointers, the correspondence looks slightly confusing
since the object mapping m becomes anonymous (i.c. is not listed explicitly).
There is no type delaration for mapping.

Declaration of index: type index -- tcontent;
Further correspondences:  vari: index := newindex(m) ¢ vari: Tcontent;
access(m, i) e it
m := alter(m, i, x) & it=x

(¢) Finally, there is an interpretation in terms of (unbounded) arrays:
Declaration of mapping: type mapping = array of content; ;
Further correspondences:  access(a, i) & ali !

a:= alter(a,i,x) = afi]:=x

Because of its notational beauty we will stick to this last interpretation for the rest of this paper.

The type STORE can be used to specify an implementation of trees. Since the deseription of the
formal treatment is quite lengthy we have moved it to the appendix. lere we will only give the
basic idea: In poinler implementations the objecls themselves are replaced by references to them.
(In ALGOLG68 this is the only way of wriling down something like a recursive type declaralion.)
This leads to the two type declarations (where index stands for the refercnces).

type tree’ = leaf(elem item) | cons(index sonl,index son2)
type tree = (mapping A, indexr)

where mapping is defined by the instantiation STORE(index, tree’) of the above type scheme.

As is well-known, an implementation of e¢.g. cons(a,b) means to build the disjoint union of two
mappings and analogously sonl(a) means to extracl a submapping. Butl we are not interested in
this full gencrality. We rather seck a transformation that implements a class of important special
cases clficiently. Consider the example

t' - t[s & u)

with s = cons(cons(a,b), ¢) and u =cons(cons(a,leaf(x)), cons(b,c))

llere the new tree u is buill up from subtrees of the orignal tree s and primitives such as leaf(x).
Jonsequently the mapping representing the new overall tree ¢/ will only slightly differ from the
one representing t. Let m be the mapping representing the old Lree t in the example above and let
m’ be the new mapping representing t'. Then m’ is given by the expression (where the auxiliary
identifiers shall not only increase readability but also indicate in whick order the computations
will take place in a procedural implementation). Note that all the identifiers s, a, ete. row stand
for indices.

n; = newindex(m)

m, - alter(m,ny,cons(b,c)) .
ny = newindex(m,) i
my - alter(my, ny, leaf(x))

my— alter(my, son1(m(s)), cons(a, ny))

m’ = alter(mg3,r, cons(sonl(m(s)),n))

The appendix shows that the transition from the expression substitute(...) lo an expression
alter(...) indecd can be done in a Tully meehanical and formal way. The resulting transforma-
tion simply captlures a standard, yel burdensome and ercor-prone implementation Lechnique in a
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schematic form which then can be safely applied. And the above example is a convincing argument
for the desirability of such a mechanical transition.

Transformation: The transformation POINTER-IMPLEMENTATION(TREE1) yiclds a new type
where the special operations such as add of the type TREE! are specified in terms of alter(...),
provided they meet the requirements sketched above.

The mechanical nature of this transformation will be demonstrated in the appendix.

3.6. POINTER IMPLEMENTATIONS OF TRAVERSABLE TREES

It is trivial to combine the last two transformations. In the case of a traversable trec we get the
declaration (tree’ remaining the same)

type tree = (mapping A, indexr,index ¢)

The opcrations reset, up and down only change the index ¢ but leave the mapping invariant. The
operation subst alters the mapping but leaves the index ¢ untouched.

Transformations: TRAVERSABLE-POINTER-IMPLEMENTATION(TREE, TREE1,P) generates a
type that provides operations such as up, down, Add elc. and specifies them in terms of the
operations access, alter etc. of the type STORE.

The mechanization of this transformation is trivial once one knows how to do the transforma-
tion POINTER-IMPLEMENTATION. This means that our automatic program devclopment has
proceeded considerably further: Again assuming that the type EXTENDED TREE implements the
type DICTIONARY we have now arrived at a pointer implementation of the type DICITONARY.
And still the usecr only had to provide the tree declaration and the operations add, delete, etc.

3.7. TREE TRAVERSAL FOR SEVERAL PROCESSES

As soon as we work in a concurrent environment there arises the need for several “current
subtrees”, which is, of course, a straightforward generalization of the type TRAVERSABLE TREE.
Conceptually this leads to an (n + 1)-tuple of trees, where n trees are subtrees of the n + 1st one.
The only complication will be that we have to keep the subtree relations between various current
trees intact. The auxiliary type name denotes a set of names for the processes working on the
tree (without less of generality we may again take the integral numbers here). The predicates P.
are as in section 3.3, the meaning of the underlining will be explained in the next section.

type MULTIPLE TREE declares mtree,reset,down,up,current :

based on: PTREE

sorts: mtree

opns: init : tree — mtree
reset : name X mtree — mtree
down : name X mtree — mtree
up : name X mtree — mtree
root : mtree — tree
current : name X mtree — tree
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axioms: Vtrees, mtree tt, namen,u:

root (init(s)) -5

root(reset ,(tt)) = root (tt)

root(down ,(tt)) = root(tt)

current ,(reset ,(tt)) = root(tt)

current .(reset ,(tt)) = current .(t) if ##p

current ,(down ,(tt)) = son(current ,(tt)) if P.(son(current ,(tt))) = true
current (down ,(tt)) = current ,(tt)) if n#p

up (down ,(tt)) =tt

up_(down ,(tt)) = down ,(up _(tt)) if n#p

required: Vmtreett, name 7, trees:
current ,(tt) < root(tt)
Pr(current .(tt)) = true
current .{tt) » root(tt) for up_(tt)
—(current ,(tt) is leaf) for down ,(tt)

end of type

The same exlension as for simple traversable trees adds an operation “substitute” thal replaces
one of the current subtrees. However, the requirement that all other current trees remain subtrees
adds some further restrictions.

type MULTIPLE TREE'Y declares subst :

enrich  MULTIPLE TREE @ TREEY by
opns: subst : name X mtree X tree — mtree

axioms: Vmtreett, trees, name y, 7 :
root(subst ,(tt, s)) root(tt)[current ,(tt) < s]
current ,(subst ,(tt,s)) = s
current (subst ,(tt,s)) = current .(tt)[current ,(tt) <= s] if p# =

]

required: Vmtree tt, trees, name g, % :
Pu(s) = true for subst,(tt,s)
current .(tt) < current ,(tt) = current.(tt) <s for subst,(tt,s)

end of type

The third equation and the restriction are both enforced by the requircment that invariantly
current . (tt) =< root(tt). Note that the restriction allows the substitution of a subtree that is
current for Lwo processes. (The symbol < means “is subtree but not cqual”.)

As in section 3.4 we now get operations add, and Add ,:

type MULTIPLE TREELL declares add:

enrich MULTIPLE TREE by

opns: add : name X mtree X elem - mtree
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axioms: Vmtreett, elemy, name y:

add ,(tt,y) = tt if item(current,(tt)) ~y
= subst ,(tt, cons(current ,(tt), leaf(y))) otherwise

required: Vmtree tt, elemy, name 4 :
current ,(tt) is leaf for add,(tt,y)

end of type

type EXTENDED MULTIPLE TREE declares Add :

enrich MULTIPLE TREEl by

opns: Add : name X mtree X elem — mtree

axioms: V mtree tt, elemy, name u:

Add ,(tt,y) = Add,(down ,(tt),y) if —(current,(tt)is leaf)
Add ,(tt,y) = add ,(tt, y) if current,(tt)is leaf

end of type

The pointer implementation, too, is a straightforward extension of the principles used in scction
3.5 and 3.6. Now we get

typetree = (mapping A, indexr,indexcy,...,¢,)

where the operations reset,, up, and down, only change the index ¢, while subst, alters the
mapping A.

The type MULTIPLE TREE (respectively its implementation) specifies the overall behavior of the
concurrent processes including their shared and private variables. In Lhis sense the axioms and
requirements correspond to the “always”-operator O of temporal logic. In the next scelion we
have to discuss the relationship between this type and concurrent prograwms. In particular, it must
be decided how the interleaving of sequences of operations takes place, for so far every process
completes its operalion, say Add,, before another one starts a new operation, say Delete .

3.8. CONCURRENCY AND PROTECTION

We deal here with a particular class of concurrency problems: Synchronization is only needed to
keep processes from interfering with each other while accessing a common variable. Therefore
it is justified that we base our approach on the so-called multiprogramming-assumption, where
parallelisin is modelled by sequential interleaving. “TThe essential point here is that the operations
are assumed to be atomic. Whenever an implementation  be it hardware or software  realizes
such a “conceptually atomic” operation by a sequence of more clementary operations, there must
be a mechanism that treats this sequenee as an indivisible unit. In the literature various such
mechanisms are known (semaphores, locks, conditional critical regions, cte.) We will use here the
one that has been tailored 1o the use in large structered objects, viz. locks. In Lheir simplest
form, locks act, like semaphores that are associated to the shared variables of processes. Lot v be
such a variable, Then lock (v) blocks that variable (no two processes may hold locks on a variable
simultancously) and unlock (v) frees it. This mechanism gains considerable expressive power by
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introducing different kinds of locks, for example read- and write-locks. The compatibility relation
between these locks is usually specified by graphs such as

where a solid are states that two diffcrent processes may hold the respective locks on the variable
simultancously, and a dotied arc means that a process may convert its lock from one kind to
the other. Such behaviors are easily described by abstract data types. But there are additional
problems that are more intrinsic and quite lengthy; therefore we have moved this discussion to the
appendix and treat the subjeet here in a more traditional way.

The goal of our development is best described by an example indicating the initial and the final
state of our intended development. (The names p may be omitted in these protocols since they
are impliciuy given by the respective processes.)

Example 1: We are given processes that issuc operations of the type DICTIONARY.
I ... 1Pu.: ... w-lock(s); s:=insert(s,x); w-unlock(s) ... | ... |

In the final program this shall become {(where according to the pointer implementation of section
3.6 the index ¢ denotes the current subtree of the process under consideration and an array notation
is used)

I ... {Puz ... rlock(s|c]);
until s|c|is leaf
do ¢ :=c; ¢ :-- down(s(c[); r-unfock(s[c’]}; r-fock (s[c]) od;
w-fock (s[c]); s[c] := add(s[c], x); w-unlock (s[c])

(fond of example)

The purpose of the transformation to be found is therefore twofold: When the recursive fune-
tion insert is implemented by a loop, the locking shall not continue throughout the iteralion.
Furthermore, notl the whole object bul only the currently accessed part is to be locked. In the
sequel we will deal with both problems in turn.

Reeall the equivalence relation of section 3.1, where Lwo trees arce cquivalent if they have the same
set, of leaves. Under this equivalence relalion the operations reset, up and down are the identity
and therefore can be taken out of the critical region. We delay the details to the appendix and

assume for the time being that certain operations - - marked here by underlining allow the
following (informal) transformations
(T1) lock (t); t := down(t)

{l&

I

10V

r-lock (t); t: (t); r-unlock (t); lock(t)

This means that a down-operation that immediatcly follows a locking allows an interruption of the
locking after its exccution. The analogous rule holds for an unlocking alter the down-operation.
But nole that such an interruption is not permitted in the middle of a critical region. In addition
we need technieal rules such as distributivity over conditionals that have to be extended from
classieal programming constructs to locks:
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(T2) lock (t); if p(t) then A else Bfi

Il
¢

r-lock (t); if p(t) then lock(t); A else lock(t); B fi

In both transformations lock stands for cither read-locks or write-locks.

These rules together with the meanwhile classical fold /unfold techniques of Burstall and Darlington
suflice to restrict the locking to the actually nccessary periods of time: We start from the sequence
of operations that stems [rom implementing insert by Add

w-lock (t); t := Add(t, x); w-unlock(t)
and make it into a the procedure
proc Add® = (mtree t, elem x)mtree :  w-lock(t); t := Add(t, x); w-uniock(t)

Unfolding of the recursive definition of Add given in the type EXTENDED TRAVERSABLE TREE
yiclds after a few minor simplilications

proc Add* = (mtree t, elem x)mtree :
w-lock (t);
if ~(tis leaf) then t := down(t); t := Add(t, x); w-unlock (t)
else t:= add(t,x); w-unlock(t) fi

Application of the above transformations and some simplifications yield the version

proc Add® = (mtree t, elem x)mtree :

r-lock (t);
if ~(tis leaf) then t := down(t); r-unlock(t); w-lock(t); t := Add(t, x); w-unlock (t)
else w-lock(t); t:= add(t,x); w-uniock(t) fi
Now we have an instance of the original definition of Add*, which allows folding and thus produces 4

a version that dircetly corresponds to a loop:

proc Add"® = (mtree t, elem x)mtree :
r-lock (t);
if +(tis leaf) then t := down (t); r-unlock{t); Add*(t,x)
else w-lock(t); t := add(t,x); w-unlock(t) fi

The sccond problem to be addressed here is that of locking only the actually accessed nodes
instead of the whole tree. Aller Lhe application of the transformation of scctions 3.5, 3.6 we have
a colleetion of individual objects in the place of the monolithic single tree. (We will use the array
notation here.) The following transformation describes the transition from the locking of the whole
array to the locking of single entries:

(T3) lock (a); ali] := e; unlock (a)

il
B3

fock (afi]); afi] := e; unlock(ali])
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If several clements are aceessed in the critical region they have to be locked simultancously. (As is
well known such a simultancous locking can be implemented sequentially by establishing an order
relation between the single elements. In our case “father before son” would be an obvious choice.)
This simultaneous locking even can distinguish read- and write-locks. Of course, an application of
this transformation is only reasonable if the number of clements accessed in the critical region is
limited.

There remains one issue. The abstract data type MULTIPLE TREE requires that a substitution
must not take place if certain subtrees are the current trees of other processes. In a sequential
environment violation of such a requirement causes the program exccution to abort. In a concurrent
cnvironment we would rather sce the process wait until some other process has resolved the
violation. (If no other process is kind enough to do this we have infinite waiting®.) The simple
solution is a re-interpretation of the undefinedness expressed in the restrictions of our data types.
We will adopt this solution here for the sake of brevily although it has severe drawbacks from a
practical point of view: A process repcaledly locks and unlocks the variable in question just to sce
whether the violation still exists. In this way, it continuously interferes with the other processes.
Furthermore, testing of the violation means that it has to know what the current subtrees of the
other processes are. Both problems are typical candidates for a solution by locks. Thercefore we
might introduce two new kinds of locks, one standing for “I am here” and the other standing for
“I am the only one here”. The former is compatible with both read- and write-locks, the latter
with no lock. Although this leads to the most practical solution we will not pursue the subject
here further.

3.9. SUMMING UP THE TRANSFORMATIONS

What have we gained by the lengthy considerations of this chapter?

Assume that the aforementioned tools and transformations indeed are al our disposal {(maybe even
aided by a mechanical system). IT we now have to develop a program that applies some Tairly
complex operations to a certain tree structure i.e. to a recursive data stucture then all we
have to do is specily Lthe individual tree transformations (for example, how a new leal' may be added,
how restructerings can be done ete.) Since this specification is not burdened by implementation
details, it very clearly reveals thie underlying algorithmic ideas.

Once this step is done, the rest of the implementation can be done almost automatically by applying
our transformation rules. The result is a program thal does the desired operations in a pointer
implementation and possibly even in a concurrent environment.

The rest of Lhis paper will present an application, viz. the development of concurrent operations
¥

on 2-3-trees. According to the aforementioned principles it will suflice to describe the various

individual operations as basic tree operations.

*Compare the ongoing dispute in the arca of programming language semantics whether it is admissible to identify
abortion and nonterminalion.
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4. AN APPLICATION: IMPLEMENTING SETS BY 2-3-TREES

How do the aforementioned techniques apply in a concrete program development? TFirst of all,
recall that it suflices to cast one’s ideas about the algorithm into basic tree transformnations. The
rest of the development is done using the rules of the previous chapter. Therefore we will develop
here a sequence of more and more refined versions of trees together with suitable enrichments until
all our intentions arc met. These intentions are essentially those given in the literature on 2-3-trees
and B-trees and they will be explained in due course. This leads Lo a nicely structured development
process where we cope wilh one issue at a time.

4.1. BASIC 2-3-TREES

The average performance of the tree operations is best when the trees are “balanced’, i.e. when
all paths have the same length. Obviously addition as well as deletion violate this property unless
a restructering of the tree takes place. The costs of these restruclerings can be kept low —- in the
order log N if 2-3-trees (or more generally B-trees) are used. In a 2-3-tree every node (except
for the leaves) has cither two or three sons. The type 2-3-TREE is therefore defined by

type tree = leaf(elem item) |
cons 2(tree sonl,tree son2) |
cons J(tree sonl,tree son2,tree son3)

(We will often use the notlation . is cons as an abbreviation for . iscons2V . is cons3.) In data
base applications one usually works with the more general B-trees (cf. [4]), where every node has
between m and 2m ~ 1 sons. Clearly 2-3-Lrees are just the special case m = 2. For simplifying the
presentation we will restricl ourselves to this special case.

4.2, ORDERED TREES

A first dccision that considerably increases the efficiency of the intended implementation is to
use only “ordered trees”. The straightforward specificatlion of this requircment would be to use
functions min and max that yicld the smallest and largest leal of the tree. But the values of these
functions may change on deletion or addition. Therefore it is better to work with upper and lower
bounds. This leads to the following redefinition of the basic 2-3-Lrees into

type tree — leaf(elem low, elem item , elem high) |
cons 2(tree sonl, tree son2) |
cons 3(tree sonl, tree son2, tree son3)

Using these bounds the ordering requircment is casily specified. (By +1 we denote the successor of
an clement of the type elem, which is from now on assumed Lo be lincarly ordered.)
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type ORDERED 2-3-TREE declares Iwb,upb :

enrich 2-3-TREE by

opns: upb: tree — elem
iwb: tree — elem

axioms: Vtreet:

Iwb(t) = low(t) if tisleaf
= Iwb(soni(t)) if tiscons
upb(t) = high(t) if tisleaf

= upb(son2(t)) if tiscons2
= upb(son3(t)) if tiscons3
required: Vtreet:
upb(son1(t)) + 1 = Iwb(son2(t))
upb(son2(t)) + 1 = Iwb(son3(t)) if tiscons3

end of type

Note that this is a specification and does not preseribe any particular implementation. The optimal
solution, where the information about the bounds is distributed all over the tree (ef. {t]), is still
included here.

The ordering also provides us with a predicate P as required in section 3.15: For an arbitrary value
y - actually the one to be searched in the tree — the predicate Py(t) is lwb(t) <y < upb(t). Due
to the definitions of lwb and upb this is true for exactly one of the sons if it is true for the lather.
Thus we introduce the Lype

type PTREE declares P:

enrich ORDERED 2-3-TREE by
opns: P: tree — bool

axioms: Vtreet, elemy:
Py(t) = true if Iwb(t) <y < upb(t)
= false otherwise
required: Vtreet:
EP(sonl (L) v P(son2(t,))% - true if tis cons A P(t) = true
P(son1(t)) A P(son2(t))) = false if tis cons A P(t) = true

end of type

The requirements are fulfilled by definition.

%As a matter of fact, this requirement motivates the introduction of an ordering.
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4.2. ADDITION AND DELETION OF LEAVES

The basic operations necded for implementing sets in terms of trces are addition and deletion of
leaves. This can be done according to the following figures.

Example 2: Consider the addition of the value 2 to the trees given below; this leads to the
following tree transformations

l/r\3 l/i\ 3

Case 1: addition of the value 2

| SN
AN

-, .
1 3 4 1 4 2/ \3 h 4

Case 2: addition of the value 2

i (End of example)

Example 3: Assume that we want to dclete the value 2 from the tree given below.

1 / i\ 3 l/r\3

Case 3: removal of the value 2

The problem with this solution is that the node r disappears when it has only two sons one of
which is to be dcleted. This is unplcasant when it comes to concurrency, since such problems
are candidates for deadlock situations. To shorten the presentation we :dopt another solution
and introduce the notion of an empty tree (a leaf without an item). This means that we add the
variant empty (elem low, elem high) to the recursive type declaration above and extend the type
ORDERED 2-3-TREE accordingly. By sis terminal we abbreviate (sis leaf v sis empty). Thus we
F gel the transformation (where no nodes need to be climinated for Lhe time being).

| /\ /\
L 1 2 1 <

Case 4: deletion of the value 2

(Isnd of example)
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' The specification of these operations according to the above figures is casy. To shorten the writing-
down we neglect the optimal solutions of cases 1 and 3 and treat all situations according Lo cases
2 and 4.
! type TREE1 declares add,delete :
3 enrich PTREE by
opns: add : tree X elem — tree
delete : tree X elem — tree
axioms: Velemx,y, |, h:
add(leaf(l,x,h),y) = cons2(leaf(l,x,x),leaf(x + 1,y, h)) if x<y
] = leaf(l, x, h) if x=y
; = cons2(leaf(l,y,y), leaf(y + 1,x, h)) if x>y
[ add(empty(l,h),y) = leaf(l,y,h)
] delete(leaf (I, x, h),y) = teaf(l,x,h) if x#y
1 = empty(l,h) if x=y
1 delete(empty (I, h),y) = empty (!, h)
s required: Vtrees, elemy:
3 sisterminal Alwb(s) <y < upb(s) for add(s,y)
] sisterminal Alwb(s) <y < upb(s) for delete(s,y)
F end of type
The transformations of section 3.2 now produce a type EXTENDED TREE or a type EXTENDED
R TRAVERSABLE TREE, which are both implementations of the type DICTIONARY. Note that as a
1 byproduct of the ordering the subtree where the addition and deletion take place is uniquely deter-
3 mined, thus making the potential nondeterminism in the transformation of section 3.2 harmless.
A Also, the extension to multiple trees is casy since no substitution erases a subtree.
3

5. REPAIRING DEGENERATE TREES

- e e e e v s ST ot =

The operators defined above produce trees that may be degencerate in cither of two ways: There :
may be emply subtrees as the result of a deletion; these subtrees should be crased. And there may
be search paths through the tree thal are considerably longer than other paths; bul for a better

overall performance of the tree operations all paths should have the same length. The purpose of _
working with 2-3-trecs instead of ordinary binary trees is to allow the re-balancing of degenerate '
trees without too much overhead. !

The principal idea of the repairing ean - by abusing a terminology of artificial intelligence  be
sketehed as foilows: The operations add and delete scareh the leal in question and then apply the
necessary changes. These changes may cause a disturbance of the balancing. Whenever such a
degeneration exists “a demon is triggered” thal tries Lo repair the tree. The actions of this demon
may lead to further disturbances which are treated in Lurn until the tree is in perfeet shape again,
This principle leaves a aumber of choices: The “demon” may be one or more processes that are part
of the datn strucuture itself such that the requesting processes are not even aware of something
going on in the data base after they have finished their task. But one also may charge the process
responsible for the degeneration with the task of the demon by foreing it to do all necessary repairs
before leaving the data base. In both eases there is a further decision possible, viz. the decision
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whether the treatment of one degeneration may produce at most one or several new disturbances.
These issues will be treated in detail later on.

5.1. BALANCED TREES

To express the balancing requirement we need an operation that determines the “height” of a tree,
i.e. its distance from the leaves. However, in the case of unbalanced trees such an operation is not
well-defined. To overcome this deficiency we associate to each (sub)tree a “disturbance” that is
>+1 if the tree is too high in comparison with its environment and €£-1if il is too short; otherwise
the disturbance is 0. Then we can replace our previous notion of height by a “virtual height”,
which is corrected by the disturbances. This calls for another modification of the original type
2-3-TREE:

type tree = empty (int dist, elem low, elem high) |
leaf (int dist, elem low, elem item, elem high) |
cons 2(int dist, tree sonl, tree son2) |
cons 3(int dist, tree sonl, tree son2, tree son3)

The balancing requirement now can be formulated by the type

type BALANCED 2-3.-TREE declares height :

enrich 2-3-TREE by
opns: height : tree — iInt
axioms: Vtreet:
height(t) = —dist(t) if tisterminal
= height{son1(t)) + 1 — dist(t) if tiscons
required: Vtreet:
height(son1(t)) = height(son2(t)) if tiscons
height(son2(t)) = height(son3(t)) if tiscons3

end of type

The height gives for any path p from the root to a leal the value “number of edges on p”—“sum of
all disturbances along p”. For ecasier readibility we will from now on use the notation cons 25(r, s)
instead of cons2(6, r,s) (analogously for leaf and cons3).

The change in the definition of 2-3-trees requires an according modification of Lthe operations add
and delete:

type 2-3-TREE! declares add,delete :

enrich PTREE @ BALANCED 2-3-TREE by “
opns: add : trce X ¢Jem —  tree ‘
delete : tree X elem — tree
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axioms: Velemx,y, | h, int«:

add(leaf®(l,x,h),y) = cons2>t'(leaf®(l,x, x), leaf%(x + 1,y, h)) if x<y
= leaf *(l, x, h) if x=y
= cons 22 t!(teaf %1, y, y), leaf®(y + 1, x,h)) if x>y

add{empty*(l,h),y) =leaf(l,y,h)

delete(leaf ®(l,x,h),y) = leaf(},x,h) if x#y
= empty *(I, h) if x=y

delete(empty *(, h),y) = empty *(I, h)
required: Vtrees, elemy:

sis terminal A lwb(s)

<y < upb(s) for add(s,y)
sis terminal A lwb({s) <y

<
< upb(s) for delete(s,y)

end of type

By the same construclion as before this becomes an implementation of DICTIONARY. Note that
height(add(s,y)) = height(s) and height(delete(s,y)) = height(s).

5.2. LOCAL REBALANCING

The following figures shall give a first intuitive idea of the operations that are used lo repair
degencrate trees. The notation r(,) indicates the disturbance of r.

Example 4: Empty subtrees have to be eliminated. The only problematic case arises when there is
only one brother. The resulting shortening of the trec has to be compensated by the disturbances.
(Note that a may be empty as well.)

r (») QA (p+a—1)

a («) 0

Case 1: Eliminating emply subtrees

(Iind of example)

For the rest of this section we will be concerned with repairing disturbed balances. For simplicity
we assume in the illustrations below that the node b (o both a and b) has a disturbance +1 while
the other ones have disturbances 0.

Example 5: Assume thal the node b in h: foiiowing trees s unbalanced, i.e. has a true height
that is (by 1) grealer than that of its bro.hers.

r
\ /
b (+1) J

A /

Case 2: rebalancing in ease of two sons and one brother
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b (+n b'/ \b
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Case 3: rcbalancing in case of three sons and one brother i

r F (+1) s
l PN !
b (+n b’

VAN NN

Case 4: rebalancing in casc of two brothers

r F (+1)
I )y :
a’(+1) b (+1 a b ‘
N /N I
d e f g h c

d \e f g h
Case 5: rcbalancing in case of two high subtrees

F (+1)

/// I | a/ L\ T~

S RN AN A A

Case 6: rcbalancing in casc of two high subtrecs

Note: Case 5 essentiallly also applics if b has only two sons (a having cither two or three sons). Of
course, Lhere also are various symetrical situations where the roles of brothers are exchanged. ;

llow do more complex situations of disturbances influence these piclures? Let us consider one
representative example in full detail, using the algebraic tools provided by the data type technique. ‘
The intuitive idea reflected in ligure 4 leads to the general cquation (with the indeterminates *
a,...,o):

foid = cons3?( a® , cons3P(c7,d% &%), %)

fnew = cons2?'( cons37 (a®’, c7',d¥'), cons 27’ (e, 1¢'))
To determine the new disturbances we use the lollowing design criteria:

o [t immst be possible to substitute Lhe new tree for Lhe old one in any given environment. Therefore
we have Lo require height(raew) = height(ryq).
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e The node which is the focus of attention  in our case b has to be completely repaired. This
means ' = 0.

e The transition should affect as few nodes . pessible. T'his means in particular thal we do not
want 1o alter the disturbanees of ¢, d and e. Therefore we require 4 = 7, 8 = 6, ! — « (provided
that this does not fead to an inconsistency).

The caleulations center around the axioms and restrictions of the type BALANCED 2-3-TREE. The
disturbance o' of the node b’ is determined by the decision 8/ = 0 and by the two restrictions

height{cons 37(...)) = height(cons 27'(...)) A height(e®) - height(e®) = height(d?) = height (d*’)
I~ height(d®) + 1 — 3’ = height(e* )+ 1 - ¢’
- o =p =0.

Analogously, the equations height(d?) = height(d®') and 8’ = 0 allow us Lo determine p':

height(r,q) = height(rpew) )

I— height(d®) + 1 - B+ 1-p = height(d¥)+ 1 -8 +1-p' = height(d®)+2-p
, P fij
= o =p+B

It remains to consider o and ¢. Using the last result p' = p + 3 this becomes:

height(ryq) == height(rpew)
l— height{a®) + | — p — height(a® )+ 1~ @ + 1 — g/ = height(a®)+2~p—-j
- a' =a-p+1 and analogously d=¢-B+ 1L

When doing the same computations for the other cases it turns out that the last equation (o' =
a — B+ 1) always holds for the “lower” brothers. The father r always gets a new disturbance of the
kind p' = p + 8, except for case 2 where it is p' = p+ 8~ 1. (As a rule of thumb use the fact that
for every path in the pictures the value “sum of all disturbances minus number of edges™ must be
the same in both trees.)

Before we cast Lthe above results into an abstract data type we should address a few issues here,

- o Assume that we start from an initial tree of the form Ieaf‘o(. ..}. This tree has height 0. Since
all our operations are designed such that they leave the height invariant and since this height is
(for any path p from the root to a leaf) equal to
“number of edges of p”—“sum of disturbances along p”
it is impossible te set all disturbances to 0 Therefore a “truly balanced” tree contains at most
one nonzero disturbance, viz. the one at the root, and this disturbanee states the length of all
paths. (The identifier “height” has thus lost its mnemonic meaning for the root.)

o Working with both positive and negative disturbances minimizes the number of nodes to be
changed. But we could cqually well use only positive disturbances: Consider a node r with
disturbance —8 < 0. If we subtract, § from the father and add 8 to all brothers the disturbance
of r becomes 0. This doesn’t ehange anything in the cases 2 6.

o The sum of all disturbances of the tree decreases in cases 2 6 with two exceplions, namely
cases 3 and 4 when g = 1. In this case the sum remains invariant but the disturbance moves
closer Lo the root. Therefore the rebalancing will eventually terminate (provided that no further
additions or delctions take place).

o Iiach of the repair operations keeps the set of leaves of the tree invariant and thercefore is the
identity in our underlying equivalence relation.
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5.3. AN ABSTRACT DATA TYPE FOR REBALANCING

According to the figures of the previous scction a subtree with root r is degenerated if at least
one of ils sons is empty or carrics a nonzero disturbance. (Note that disturbances of the root of
the whole tree are neglected.) To cope with the explosion of case distinctions we introduce a few
notations and definitions. In the figures above there were three levels of nodes: the father r, the
son b {or the sons a and b) with the highest disturbance, and finally the grandsons and the sons
with smaller disturbances. The tuple (tq,...,t,) shall denote the nodes on the lowest level from
left to right. For r = cons 3(a, b, ¢) this can be formalized as follows (analogously for cons?2):

(t1,-.rtn) = (T(a), T(b), T(c))

wherc for any son s° of r

(), il s is empty;
! T(s%) = { so—mazdist+l if 0 < maxdist;
i (son1(s), son2(s),son3(s)), if ¢ = maxdist.
! dist = max(dist(a), dist(b),dist(c)) +1, i dist(a) = dist(b) = dist(c)
i maxdist = max(dist(a), dist(b), dist(c)), otherwise

Note that all t; have the same height. (The above formulac are just the generalization of the
sample calculation carried out in the previous section.) Also, the strange definition of maxdist
allows us to include the case where all disturbances are cqual in a uniform way (the disturbance is
just moved to the father).

The form of the transformed trec now only depends on the number n of elements in the tuple, e.g.

t=(t;,t2,t3) = Fpew - cons3"'(t|,t2,t3) where p/ = p + maxdist — 1

Using these shorthand notations we can specily the operation rebalancing by the following type:

type 2-3-TREE2 declares rebalance :

enrich PTREE @® BALANCED2-3-TREE by
opns: rebalance : tree — tree
axioms: Vtreea,b,c, inta,p, v:

let (ty,...,t,) and m = maxdist be defined as above in

rebalance(r?) = empty”~'(lwb(r), upb(r)) if n-=
-2 if n=1
= cons2Pt™ (¢, ¢5) if n=2
= cons 3P+ ™ (b, g, t3) if n=3
= cons 2° "™ (cons 29(t, t2), cons 2%(t3, t4)) if n-
= cons 2™ (cons 30(ty, ty, t3), cons 20(ty, ts)) if n=5
= cons 2°*+™(cons 39(ty, ta, t3), cons 3°(t4, ts, tg)) if n=86
= cons 37T ™(cons 30(ty, tg, t3), cons 20(ty, t5), cons2%(tg, t7)) if n =7

required: Vtreet:
dist(son,(t)) » 0 V son,(t)isempty  for rebalance(t)

end of type
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The peculiar forms of the first three cases take into account that empty subtrees may occur side
by side with disturbances. Note that the operation rebalance is the identity under our equivalence
relation for trees.

The transformation of section 3.2 now produces the nondeterministic specification

type EXTENDED TREE2 declares Rebalance :

opns: Rebalance: tree -— tree

axioms: Vtreet, Jtrees:
Rebalance(t) ~ t|s < rebalance(s)] A s <t A (dist(soni(s)) # 0 V son,(s) is empty)
if 3Jtrees: s <t A (dist(son,(s)) # 0V son(s)is empty)
=t otherwise

end of type

This type is nondeterministic: The restrictions do not determine which degeneration is treated if
there exist several ones in the given tree.

5.4. DEMONS vs. INDIVIDUAL RESPONSIBILITY

We somechow have to implement the nondeterministic operation Rebalance of the previous section.
The goal can be deseribed using the terminology of a “demon”. When there is some degeneration
in the trec a “demon is triggered” which miraculously repairs it. If this repair causes another
degencration the demon is triggered anew, cte.

Onc solution is to have (onc or several) special processes that act as demons. To keep them from
doing exhaustive searches we have to provide these processes with a list of (potlentially) degenerated
nodes. Since the operations add and delete also affect this list it is a shared variable (which we
could model by associating it to the tree).

Another solution is Lo charge the process causing the degeneration with its repair. In this case the
following property is particularly pleasant: Assume that we restrict all disturbances to the three
values ~1, 0, +1. Then we get from the propertly (e.g. in case 4) >« Lhe three possibilities («, 3) =
(0, +1), {a, B) = (~1,0), (a, B) = (—1, +1). In the first and sccond case we get the new disturbances
af ~ ¢ =0, in the third one @’ = ¢ = -1 = ¢ = a. The disturbance of r becomes cither p' = p (in
case 2) or p' = p+ L. The latter case enforces the additional restriction p <0 for the applicability of
the operation rebalance. Analogously, in the cases n= 0,1,2 we have to avoid disturbances <--1.
This may require that we shift a negative disturbance up to the father r before we climinate an
emply tree. Also, to avoid deadlocks some of the cases 2 - 6 need a splitting into subcases. The
pleasant cffect of Lhis setling is that the number of nonzero disturbanees never inereases through
a rebalancing. Furthermore, an addition or deletion cffeets at most one disturbance. Henee, the
number of nonzero disturbances is never greater than the number of processes. {(Of course, the
root. of the overall tree has to be treated individually, sinee here the disturbances accumulate.)

Applying the sequence of transformations deseribed in seetion 3 we arrive at a type “multiple 2-3-
tree” specilying the operations rebalance ,(t) which repair the current tree p. Since we can localize
the degenerated tree from our knowledge of its lower and upper bound we could even generate the
necessary tree teaversal with our transformations. BBut Lhis is not reasonable, lor the scarch would
start al the root every Lime anew. Yel, we know that the only new degeneralion possibly arising
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from the repair is localized at the father. In appendix A we briefly discuss suitable variants of the
transformations for introducing tree traversal. In our application we get

axiom Vttreet:
F(t)- F(up(subst(t,rebalance(current(t)))) if R(soncurrent(t)))
=t otherwise

where R(s) = dist(s) = 0V s is empty

Finally, to show deadlock-freedom we have to consider the possible violations of those restrictions
that refer to olther processes. Such restrictions only occur in the operation subst of the type
MULTIPLE TREE'. Thercfore we have to examine all cases of the operation rebalance with
respect to these requirements of subst. The only critical nodes arc the “higher” sons ol r (see
the figures 2 6), they must not be the current trees of other processes. For downward processes

Add and Delete there is no problem: they are not restricted in any way and thus will
eventually move on. An upward process — repair - - does not conflict with r cither and therefore
will eventually move up to r (where an arbitrary number of processes are permitted). In other
words, the type EXTENDED MULTIPLE TREE has the invariant property that that there is at
least one p for which no requirement is violated.

6. CONCLUSION

This paper exemplifies the typical approach that is taken for the derivalion of new transformation
rules. One considers the solution of a special problem and analyzes it earefully. The goal of this
analysis is to extract the essential aspects of the solution, filtering out all unimportant details,
The sccond step is to put this extracted knowledge into a generalized schematic form that is
mechanically applicable. The final step has been omitted here, viz. Lhe design of a convenient and
precise formalism into which the technical details can be cast.

Such a schematie and formalized developinent has an important side-cffect: Though somelimes
looking quite intrinsic and complex the various applicability conditions of the transformations as
well as certain enrichments of types indicate what is actually needed to perform a safe development.
These prools are necessary Lo guaraniee correetness -- in whatever technique or notation they are
carried out. Iiven if there remains a lot of work to be done on the user’s side, the transformations
tell him at least which problems he has to attack.

The future research on this subject has to address two points (and probably in that order): First,
il is necessary Lo study other special type transformations. VFor example, how do the rules in this
paper work for systems of mutually recursive type declarations? What arc the possibilities if we
allow infinile objects in the style of Dana Scott? Consider the system of cquations

u - cons(v,w), v = cons(w,u}, w =cons(u,v).

The fixpoint of these equalions describes the doubly linked list

N Ve Ny VT

The transformations for pointer implementations apply here in a straightforward manner. inally,
how do other Lypes thal are nol recursive declarations fit inlo the approach? Note for instance that
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the type DICTIONARY is “almost” recursively describable and so are sequences, queues, stacks,
ete.

The second issue is to back the transformations more rigorously from a semantical point of view.
The most severe problem arises here in connection with parallelism. In particular the possible
conncetions between abstract data types and concurrency need further exploration. Types such
1 as MULTIPLE TREE allow a specilication of the overall behavior of the ensemble of processes ac-

cording to the multiprogramming assumption. In this respect the universally quantified equations

and restrictions show a close relationship to the [3-operator of temporal logic and the existential

quantiliers correspond to the eventuality operator ©O. When these connections are better under-
i‘ ' stood, one can search for more general transformations leading from such global specifications to
the individual protocols of the processes under consideration.

Acknowledgement | am grateful Lo Zohar Manna for providing the pleasant environmecait in which
{ this research was carried out. D’ierre Wolper was a stimulating partner in numerous discussions on
the subject.
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APPENDIX

This appendix addresses a few points that were too lengthy for being included into the main part
of the paper. Again the discussion will not be overly formal.

APPENDIX A: NONDETERMINISM IN ABSTRACT DATA TYPES

Nondeterminism as it is used in some of today’s more advanced programming languages is charac-
terized by its completely “erratic” nature. This means in the first place that onc cannot predict
the result of a computation. But in addition it may cven happen that two executions of the same
expression under the same circumstances yicld different results. Within the classical framework of
abstract data types we can only mizror the former aspect, the latter requires an extension to rela-
tional theorics. (Though being aware of this gap we will still speak of nondeterminism here. After
all, we only want to apply abstract data types and do not model the semantics of programming
languages.) This limitation even has its advantages: In our restricted nondeterminisin we are still
allowed to use an equation such as x = e to substitute x by the expression e without probleins.

The general case of the transformation in section 3.2 is characterized as follows: We are given an
operalion f together with a restriction R of its domain and we want to substitute some admissible
subtree s of a given tree t by f(s). Let us call this substitution F(t). Since we must not apply F
unless there actually exists a subtree s with R(s), the axiom reads

Vireet: (3 trees:s <tA R(s)) = (3 trees:s <t AR(s) A F(t) = t|s & f(s)])

According to our use of restrictions we can split this up into an axiom and a restriction:
axiom Vtreet: Jtrees:s <t AR(s) A F(t) = t[s & f(s)]
required Vtreet:Jtrees:s <t AR(s) for F(t)

In the add-example of section 3.2 the requirement is R(s) = sisleaf. Since there always exists a
subtree s of t fulfilling Lhis requiremet Lhe restriction can be omitted.

As a second example consider the definition
delete(leaf(y),y) = empty  with the restriction s = leaf(y) for delete(s,y)

[lere the restriction determines the applicalion point uniquely and therefore we get the simplified

version
axiom Vtreet, elemy : Delete(t,y) = t{leaf(y) = empty]

required Vtreet, elemy :leaf(y) <t for Delete(t,y)

Remark: This example shows that it will be usefut to have the transformation in two flavors. Tn one
which we have used here - the new operation F is undetined if there does not exist a suitable
subtree, in the other form F is made into the identity in that case.

There is a second major instance of nondeterinism: Certain operations that are applicable at several
points in the structure shall be exccuted “as often as possible” but in arbitrary order (Lhe “demon”
of scetion 5). The order of applications may decisively influence the result, in particular when the
operations may generate new application points. In this case we modify the previous rule such
that £ is applied repeatedly. The axiom then reads
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axiom Vtreet: Jtrees:
s <t AR(s)AF(t) = F(t]s <= f(s)] if 3trees: s <t AR(s)
F(t) = ¢ otherwise

Note that F now is, of course, the identity when there is no application point.

The rebalancing example in section 5 shows the need for a generalized variant of this rule. There
a process should not treat all degenerations but only those that were reachable for it, i.c. those on
the path from the current node back to the root. This leads to a modilication of the translormation
rule: Assume that the restriction R of Lhe operation f is of the form

required V t: R(son(t)) for f(t)

Assume further that f may establish the truth of R on its result, i.e. R(son(t)) may cause R(f(t)).

Then we simply have to move upwards. In this case F is defined by
axiom Vttreet:

F(t)= F(up(subst(t,f(current(t)))) if R(son.(current(t)))
=t otherwise

APPENDIX B: MORE ON POINTER IMPLEMENTATIONS

This part of the appendix describes the technical derivation of the pointer implementation of
section 3.5 in greater detail and also gives a brief accont on the underlying model that justifies
the transformation. The transformation probably is intuitively clear to anyone who has cver done
programining with pointer structures. But if we want to do better than referring to the reader’s
intuition we have to go into some elementary mathematics.

A finite mapping can be represented by a finite set of pairs, If we use pairs of the form (i, x) with
i € index and x € contents we have a (lerminal) model of the type STORE. Trees are special
graphs, which in turn can be represented by mappings. In this sctling the operation cons(a,b) is
implemented by

AWBUY {(n(,(ra,rs))}

where the mappings A and B represent the trees a and b, W is the “disjoint union” of mappings (all
indices of B are consistently renamed), ra, rg are the roots of A and B and ny is a “new” index.
Sonscquently, the function substitute(A, B, C) yiclds a new mapping A’ that is derived from A by
replacing the submapping B by C (obeying the possibly required renaming of indices).

An cfficiency measure suggests itself. Assume that A’ is as similar to A as possible (i.c. the indices
arc accordingly renamed). Then the differences D = A— (ANA’') and D' = A’ — (AN A’) tell us how
many pairs in A are altered or added to achieve A’ In the following constructions the sizes of D
and D’ depend direetly on the length of the given expressions (and not on the sizes of A, B and C).
Therefore the cost is constant. Consider the example of section 3.5:

A’ - substitute(A, S, V)
where S- cons(cons(A, B), C)
=~ AWBUWCY{{n,({ra,ra))} ¥ {(ng,(ny,rc))}
U - cons(cons(A, L), cons(B, C))
~AyLYBUYWCW{(ny(ra,re)} W {{n),{rn,rc))} W {{no, (n1,n2))}
L {(n4,1eaf(x))}
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The only clements not in AN A’ are

{{n1,{ra,r8))}, {(no, (n1,rc)}}
{{ns, Ieaf(x))}! {{ng, (rAr rL))}r {(nlr (rs, rC))}r {(no, (nl! 72))}

Consequenlly, it sulfices to exchange the right-hand sides of ng and n; and to add the pairs for ng
and nj3.

How is this mechanized in a purely syatactic fashion? The lollowing algorithm derives the necessary
information by inspecting the given expression. Since the tree s to be substituted frequently is not
given in the cons(...) form we reformulate the above expression:

t' - substitute(t, s, cons( cons(son1(son1(s)), leaf(x)) , cons(son2(son1 (s)), son2(s)) )

By using auxiliary identifiers Lhis reads

io—s Jo = cons(jy, ja)
i1 = sonl(ig) -- sonl(s) j1 = cons(iy, j2)
iz = son2(ip) = son2(s) j2 = teaf(x)

i3 = sonl(i)) = son1(soni1(s)) iz = cons(iy, iz)

= son2(i;) = son2(sonl(s))

-

The above detailization follows the rules: Every subterm of the kind son,(...) gels its own identifier
(corresponding Lo its index in the original mapping). Every cons(...) and leaf(...) gets an index,
too. All identifiers ix of the left-hand side that do not occur on the right-hand side  in our case
ip and i, can be replaced by the corresponding ji. All j,, not covered in this way stand for new
indices  in our case jp and j3. Translaling this into a sequence of alter-cxpressions of the type
STORE leads to the program of section 3.5. ‘The mechanical nature of this derivation is obvious.
The applicability condilion is that the expression for the new tree u can be expressed in terms of
the old tree s and leaf-operations.

There are optimizations pessible. For example, if son2(son1(s)) would not occur in the expression
for the new tree but several leaves are added then the above algorithin assigns new indices (i.e.
storage locations) Lo many of the leaves without noticing that all indices belonging to the subtree
son2(sonl(s})) are available. To minimize garbage collection more claborate variants are therelore
needed.

Note that all operations in the paper - addition, delction, rebalancing - mecet the above require-
ments.

3

a——— - — -

> PPN L e i il vt et 2




T e

P - PN Y

APPENDIX C: ABSTRACT DATA TYPES AND LOCKING

In section 3 we have adopted a purely lormalistic view of transformations for locks. Now we will
be more precise and also study to what degree abstract data types can be used and where the
problems arise.

To begin with, the multiprogramming-assumptior. ¢ _lains parallelism in terms of sequential inter-
leaving: If there are two processes Py and P2 issuing sequences of “atomic” operations o — oy -0,
7 =T+ Ty then the semantics of their concurrent operation is explained by the set of all possible
mergings of the sequences o and 7. This set is called shuffle in {12].

Remark: Actually, the two processes gencrally influence cach other. Therefore one has to model
their individual behaviors by some kind of formal trees and the shuflle has to be generalized such
that it merges trees into sequences.

Now assuine that we started from 2 program where the operations o and 7 were taken to be atomie.
The shuflle of this program therefore is the set

{o1, 70}

If 0 and 7 arc then broken up into sequences of more elementary operations we must guarantee
that the shuflie of the new program is equivalent to the set

{g‘- . .o’le...Tm , Tl- . .Tmal. . -o’k}'

On the other hand, the size of the shuflle indicates the degree of concurrency. One safe way of
increasing that size is enabled if the operation 7 is exchangeable with o, i.e. o7 = 7y0. Then we
get the equivalent shuflle

{gl- OETL Ty TIOL"*OkT2 Ty y Ti* " Tn01°* .g’k}

Analogously for 7,,, 01, 0k and then for 74, cte. In other words, we have to identify within the
sequence o the largest subsequence that does not allow the above interchanging. This leads to

O =0y -g‘-_l[g‘-. . 'aj]aj+l' Ok
where the sequence in parantheses is a critical region that has to be viewed as being atomic.

The above interchanging is in particular enabled for those operalions gy that are the identity in
the given semantic interpretation. In the sequel we will treat this in the conlext of abstract data
lypes. (For shortening the writing-down we will restrict ourselves to one kind of locks.)

type LOCK (type M) declares lock,unlock :

enrich M by

opns: lock : name Xm — m
unlock : nameXm — m
focked : nameXm — bool
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axioms: Vmx, name y,7:
locked ,(lock ,(x)) = true
locked ,(lock »(x)) = focked ,(x) if p=n
locked ,(unlock ,(x)) = false
locked ,(unlock (x)) = locked ,(x) if prm

locked ,(f(x)) = locked ,(x) for all operations f of M
locked ,(c) = false for all constants ¢ of M
f(lock ,(x)) = f(x) for all operations f of M
f(unlock ,(x)) = f(x) for all operations f of M

required: Ymx, name u,7:

—locked ,(x) for lock x(x) if n##p
end of type

This type specifies the essentials of locks. But it has its problems: A minor one is that the last four
axtoms are generic. They just express the facts that the basic operations of the type M do nol alter
locks and that, vice versa, locks act like the identity on all operations. This is exactly what we
need for the sequences occurring in the shullle. But the severe problem is that these last equations
also can be used Lo eliminate any lock from any program  before the shullle is built. Thus we are
confronted with the situation that we need cquations to specily Lhe meaning of certain operations
but that we never must apply these equations Lo a program. In other words, types not only need
hidden functions but also hidden axioms.

If we accept the above extension of the type mechanisim we have a valuable tool that makes the
“underlining” of section 3.8 more accurate. For particularly chosen functions such as up and down
we may add the equations

down (lock (t)) - lock (unlock (down (lock (t))))
unlock (down (t)) - unlock (down (lock (unlock (t}}))

Now we ean do the same development that we have done for the procedure Add® in seetion 3.8,
but in the applicative style of abstract data types. The operation Add’ with the initial definition

Add’(t,x) -- unlock (Add (lock(t), x))
then gets the derived specification

Add’(t,x)- Add'(unlock (down (lock(t})), x) if lock (t) is cons
— unlock {add(lock (t), x)) otherwise

The advantage of this more formal treatment is thal we can stale more precisely where read- and
write-locks will oceur, for example

down(w-lock(t)) = w-lock(r-unlock (down (r-lock (t))))
rebalance(w-lock (t))= w-lock (w-unlock (rebalance (w-lock (t))))

The intrinsic probinm remains, of course, to determine which operations allow the addition of such
equations. For the operations such as up and down Lhis is done as a byproduct of the ecarlier
transformation rules, For other operations such as rebalance the user has io provide a proof c.g.
that the operation is the identity in a suitably chosen equivalenee relation. In addition, it must
be elarilied whether a read- or a wrile-loek is needed. The remaining details then are of a purely
mechanie nature such that we could leave them to a transformation rule INTRODUCE-LOCKS.
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