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I. INTRODUCTION

It has only recently been realized in engineering circles, largely due

to the outstanding pioneering work of Gopinath and Sondhi £5, 63, that the

solution of the inverse problem for the classical lossless nonuniform line

possesses a simple and natural time-domain setting. This simplicity is

directly attributable to the fact that the expression of causality in time is

incomparably less complicated than its expression in terms of frequency

behavior.

Nevertheless, the problem of diagnostics for dispersive passive,

lossless, smooth 1-dimensional tapers remains open despite the fact that

its discrete counterpart has already been solved [2, 3)! In this part I of a

projected 2-part study we demonstrate that the results obtained in Ref. 3

yield the deep continuous-discrete inversion formula (47) which provides

a solid network foundation for our entire approach. In fact, when coupled

with the weak convergence principle described in Section V, it immediately

leads to an effective integral equation for the logarithmic taper P(x) of the

telegrapher's line (theorem 2) in terms of the input impulse response.

We should like to stress that our conceptualization of a smooth taper

is based squarely on physical considerations and the role of dispersion is

given a quantitative characterization.

It is also expected that the final solution will involve a pair of coupled

Fredholm integral equations of the second kind. Thus, the inverse problem,

in its full generality, appears to possess the essential- property of well-

posedness. Moreover., the corresponding numerical algorithms are of the

Levinson type and the theory of orthogonal polynomials on the unit circle

can be exploited to advantage.

As regards notation, most of it is self-explanatory. However, we

point out that for a matrix A, X, A' A*(-=A) and det A denote its complex

conjugate, transpose, adjoint and determinant, respectively. As usual,

column-vectors are written as a, b or as x=(x ,x ,...,x n ) if it is

desirable to exhibit its components, and On I n, 0m, n stand for the

n-dimensional zero vector, the nxn identity matrix and the mxn zero

matrix, respectively. We also write A>0n to indicate that the hermitean
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matrix A= A is nonnegative-definite. Lastly, if A(p) is any real meromorphic

matrix function of p, it is convenient for typographical reasons to let

A*(p) - A (-p)

Clearly, if p=jw, w real, A*(jw)=A%(3w).

Since this is a research report our demands on the reader's knowledge

vary widely. Nevertheless, a solid exposure to the positive-real concept

and its applications to insertion-loss design [I] should suffice for the most

part.

I

• [



II. THE MODEL

From an engineering point of view it appears reasonable to con-

ceptualize a continuous 1-dimensional electrical taper (Fig. la) as the

"physical" limit of a discrete cascade of generic type shown in Fig. lb.

If the taper is also internally passive and lossless and operates in a single-

mode environment, it is then natural to impose the following constraints.

C1 ) Every one of the n LLN's is a lumped passive, lossless 2-port.

C.) The n+l lines are all ideal TEM and possess the same 1-way

delay T>O but arbitrary positive characteristic impedances R0 ,R 1 , ... ,R n.

In our opinion, the presence of the initial line (of characteristic impedance

R0) is indispensable and serves to provide the necessary single-mode

transition between the actual input and the actual start of the taper. (In any
% case, only experiment can decide for or against this assumption.)

C ) The total 1-way delay
3 T = (n+l)7 (1)

remains constant as n -oc.

Let zm(p) denote the impedance seen looking into the input side of

LLN m with its output closed on Rm (Fig. 2a). By definition,

Zm(p)+R
sin(m) z Z(p)+R ,- , m=l-*n ,(2)

is the corresponding normalized "junction" reflection coefficient. Given

that the load termination is passive but unknown, the purpose of internal

diagnostics for the discrete cascade is to determine as much ag possible

about these coefficients by means of measurements carried out exclusively

from the input side of the structure.

Now if the notion of a physical limit is meaningful, LLN m and the

line of characteristic impedance Rm contiguous on its right must constitute

an accurate representation of the properties of a section of continuous taper
2situated between x=m and x= (mn+1) T, at least in the limit of small T. We

1 p= a+jw is the complex-frequency variable.

2 The analogy with the discrete model requires that x should equal the
time in secs. for an electromagnetic pulse injected at x=0 to reach the
cross-section identified by the abscissa x.
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are therefore led to introduce the following interpretive assumptions.

A1 ) There exists a positive and continuously differentiable function

R(x) which plays the role of a "local" characteristic impedance for the

continuous taper.

A 2 ) Let z(x, p;T) denote the impedance seen looking into a section

of continuous taper lying between x and x+T which at x+T is closed on the

resistance R(x+T) (Fig. Zb). Then, there exists a function 11(x,p) which

is continuously differentiable in x for every fixed p in Rep> 0, and real
-and rational in p for every fixed x such that3

Z (xP;T) = 1+ZT1(x,p)+o(xp; ) , (3)

O<x< T

A 3 ) For m -x> 0, x fixed, and for p fixed in Rep>0,

zx, pT) -Ilx)
= s (p) + o(x, p;T) . (4)

As an immediate consequence of the above three assumptions it is

easily shown that as M T -- x > 0, x fixed,

s (P)

limit - P(x) + I(x, p) (5)
TJ

where

P(x) = . ) (6)

is the so-called logarithmic taper. The two functions P(x) and (x, p) de-

4 limit the generic taper profile while formula (5) supplies the means for their

calculation through the discrete approximation.

Our first objective is to derive an expression for s m(p) in terms of

input data. Since interaction with the load must be avoided it is natural

to seek to develop a procedure based on time-domain pulse -reflectometry.

limit O(X, p= 0, uniforml)- in x.
rO
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IMl. DIAGNOSTICS FOR THE DISCRETE CASCADE

Let the discrete cascade be excited through the input current driver

i(t) = 6(t) and let h(n)(t) denote the corresponding input voltage impulse

response v(t) under initially quiescent conditions.

Evidently, because the round-trip travel time for each line is 2r secs.,

h(n) (t) is independent of the load for all t in the interval 0< t< Z(n+1) . In

addition, in this same time interval h(n)(t) admits a decomposition into a

sum of "reflected" waves of the form,

n
h t = 6(t) + ( Zh7(t-7mT) (7)

O m-1

whose properties are summarized in theorem 1.

Theorem 1 (Appendix). Let

hm(t) c(jw) = go e jWthm(t) (t (8)

m = -n

and let

1 cl,(p) c 2*(p) . . . cm,(p)

Am( p ) =det c (p) c (p) 1 * * c 2  (p) , (9)

, cm(P) cm (p) c (p) 1mm- m-2 ••

m 0-3n

Then,

1) every Laplace transform c n(p) is a real rational function of p

mm
r analytic in Rep>0, p= 00 included. (Thus, hm(t) vanishes for t< 0O, m= 1- n.)

2) With the possible exception of a finite number of wis at most,

am(jw)>O , m=O-*n , (10)

-5-



W real.

3) Let

s~mtp,= s~zr)tp I(M),(p) l,

denote the scattering matrix of LLN m normalized to R.l on the left and

R m on the right, let d i(p) = det S (m)(p) and let Amt (P) denote the minor of
o4

A In(p) that results by suppressing its first row and last column. Then,

di = (m (p) (p)
2 1,s s 2 , P
m'12 m

dp -.= d -lp (12)in( l p )

Am(P)i.2-(p)

in r=O

I -s (p) si(p) =,m T p  (14)

m=l-+n; d0 ()= I(p) =l . (15)

To help the reader develop an appreciation for the key diagnostic

formula (13), we shall use it to solve a problem of considerable interest

in its own right.

Problem 1. Determine the dielectric constants of a cascade of n+l

nonmagnetic ideal TEM lossless layers of the same I-way delay T by means

of input-side time-domain reflectometry.

Solution. Clearly, layer m acts as a TEM line of characteristic

impedance

R -37 ohms , (16)
'..4

where em > 0 is its relative dielectric permittivity, m = 0 - n. Further, all

LLNI'. in Fig. * collapse into a pair of perfectly conducting wires so that

2 )(p) and s'2 2 (p) cannot both be identically zero since S(m)(p) is
regular paraunitary,
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S(m) (P) R [M M-1 m M1] (171slI) m'+Rml • Zrrmr Rm.I'Rm  J

andd (p) =-, m = l-1n. Consequently, the cmis are real constants and
()n

t = 6 (t) + Z2c &(t-Zm-) . (18)

0 m=i

Of course, R 0 is obtained as the strength of the initial voltage impulse which

appears at the input interminals.

Hence, in this all-transmission line case, zm(p) = RmR

= m Rn-i
sm R + R (M9

m n-I

and 

1+s
R =R m m=1-*n (ZO)

m m-I 1-s mm

According to (18), h(n)(t) is the sum of an initial impulse of strength5
R 0 and n successive reflected impulses of strengths ZROcm separated by
ZT secs. Thus, all cm s can be measured and (13) yields the explicit answer,

s =(- 1) y m m= 1-n, (21)
m ~m-1

where

1 c c 2  c

c 1 c 1 c

AM det c c I . • m 2  (Z)

* c .m - * .

c m cm-1 C "-2

and A is the minor formed by striking out its first row and last column.

Formulas (20) and (21) constitute the desired solution.

5 For t> 0 the input is open-circuited and this accounts for the doubling.

-7-
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Before proceeding to the continuous taper it is necessary to clarify

two conceptual points of great importance.

Point 1. First, we must show that the coefficients cm(p), m= 1-+n, are

actually determined uniquely by the segment of h (n)(t) over O<t<Z(n+l)T. To

this end, observe from (7) that

h(n)() 2h1(t-2 )  2T <t< 4T (23)

and h (t) is therefore known for 0< t< 2 . Since hl(t) is expressible as the

sum of an impulse at t = 0 and a finite number of polynomials in t multiplied

by exponentials, its values over 2T<t< 4T fix it completely for all t>0 by

analytic continuation.

Similarly, for 4T < t < 6cT,

h (n)(t
2h (t-4T) hLi(l- Zh (t-ZT) (?4)

which means that hz(t) is also known for 0< t< 2 . Hence, by the above

reasoning, it too is defined uniquely for all t>0, etcetera.

Point 2. Second, although the coefficients Cm(P) , m = l-*n, are unique

constructs from the given data h(n)(t), 0 <t< Z(n+l)T, the application of

formula (13) also requires knowledge of the n-I functions dI(p), d 2 (p) , • * 0,dn-I(P).

In a great number of interesting situations it is possible to ascertain the dts

in terms of R and the c's with the aid of the following simple rule.0
Rule (Appendix). Suppose that each LLN is all-pass free on its output

6
side and D.C. transparent. Let the strict Hurwitz polynomial CLk(p) be con-

structed with all the zeros of A k l(p)/Ak(p) in Re p<0, multiplicities in-

cluded. Then,
k k MklP )11 d'r lp) = 1) k . , (25)

r=O r (kc (p)

'k=0 n-1; a0(p) =1 .

For example, if k=l, the polynomial L1 (p) is constructed with the closed

left-half-plane zeros of

6LLN m is D.C. transparent if s(m)( 0 ) is given by (17).

-8-
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l-c 1 p~c 1(p)(26)

and

(p)
d 1 1P ,etc. (27)

Fortunately, physical tapers are usually constructed with material

that cannot produce zeros of transmi.ssion in Rep> 0 and their all-pass free

character is intrinsic.



IV. DIAGNOSTICS FOR THE CONTINUOUS TAPER

* -We lay down the premise that the normalized scattering matrixS(m)(p) of a

section of continuous taper lying between x = mT and x = (M+ 1)T approximates

the identity transformation as T-* 0. That is, for every fixed p in Rep> 0,

2imit S(m) () = 0 (28)

Hence, to first order in T and for Rep> 0,

ASm)(p) = 12 -TZ(xp) (29)

where

SA= (30)

1+0

and

zll(x, p) zlz(x,p)

Z(xp) = (31)L z 2 1(x,p) Zzz(x. p)

is a real rational matrix in p for every fixed x in 0< x< T. 7

Since the taper is passive,

1 -S( )*p)S(m(p) = T (Z(x, p) + Z(x, p))> 0
2  (32)

for all p in Re p> 0. It follows that

Z(x, p) + Z (x, p) > 02 (33)

0<x < T; Rep>0

Again, because the taper is also lossless,

1 .- s r)(p)S m)(p) = T(Z(x.p) + Z*(x, P)) a 07 (34)

and Z(x, p) is forced to be skew- parahermitean in p:

7The 2x2 matrix Z(x, p) supplies the taper's per-unit length description.

-10-
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Z (x, p) + Z*(x, P) 02 (35)

O<x<T; allp

In short, for the class of passive lossless continuous tapers under considera-

tion, the per-unit Zx2 descriptor Z(x, p) is a real rational Foster matrix in
p for every fixed x. In particular, z1 1 (x, P) and z2 2 (xP) are reactances and

zl2 (x,p) - - Z*(x,p) . (36)

From Eqs. (29) and (31),

S(m) [ ( -),) l -Z(Z(X7 ]
l -TZ 1 1(x, p) -Tz 1 2 (x, P)

Hence, a comparison with (11) yields the first-order identifications,

sm(p) = "Tz 2 1(x,P) , (38)

s )(p) =1 = I 'z (X, p) = expf-zz2 2 (X,P)], (39)

?) - ( x, p) = - S(Xp A (40)

.2)( 1z1 (x * (p) (41)

and

S1 ()szi*(p)din(P) 1 () =-exp[-ZT (x,p)] (42)
S 1* (P)

where
8

zI (x , P) + Zz2(X, P)1 1 ((p), p) ~p
(x. p) 1 2 (43)

Clearly, g(x, p) is a real rational reactance function of p for every
fixed x. Moreover, as is readily appreciated from (42),

If the taper is reciprocal, 2(m) ()

and (x,p)=z (xp).

-11-
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T (X,W) d(Xp) (44)
9 p=jw

represents the average to-and-fro group delay per second of taper at location

x due to dispersion.

We can now recognize with the aid of (42) that for T'O and x=m fixed,

11 d r(p):-)rl exp[Z r (r-,p) ]+O() (45)
r0 r=O

1(~) M-1.exp[Z f xt(y.p)dy] + O(T) .(46)

0

1'
Consequently, since sm(p)/T" Z 21(xp). Eqs. (15). (13) and (46) yield the

fundamental continuous -disc r ete inversion formula,

iP(x) + )(x, p)l=_z2 ,(x P) =exp[ 2 f x (y, pldyl. limit (.I)M -,l  AmI(P)x " ,o (p)'

x=m fixed; O<x<T . (47)

In general, zzi(x,p) determines only the sum P(x)+ri(x,p) and not P(x)

and ?I(x, p) individually. However, if the taper is D.C. transparent so that

it reduces to a pair of perfectly conducting wires at w=O, then n(x, 0) = 9(x. 0)= 0

and

P(x) =-z(x,.O) . (48)

Thus,

n(x, p) = zzl(x, o) - zZ1(x p) (49)

and the taper profile is completely specified by z l(xp).

9 Let t(x,jw) =je(x, w), u real. Then, from the positive-slope property

of reactances,
g(x, W 0, (49a)

all w.

-12-



To exploit the basic inversion formula (47), it is at least necessary

to exhibit a first-order relationship between the general coefficient Crm (P)

and the segraent of the impulse response h(t) of the continuous taper over

the time interval 0< t< ZT. From the affirmative answer to the question

posed in point I it is reasonable to infer that such an identification exists

and it is expected that the principle developed in the next section win play

an important role.

fi3

-13-



V. THE WEAK CONVERGENCE PRINCIPLE

The structure of h(n) (t)/R 0 the normalized impulse response of the

n-th order discrete-cascade approximation to the continuous taper, is shown

in Eq. (7). From this expression it appears intuitively evident that the

normalized impulse response h(t)/R 0 of the continuous taper must have the

form

h 6(t)+Zu(t) , (50)

0

where u(t) is continuous for t> 0 and assumes the true initial value u(O) = 0.10

Let i 1 (t) and i 2 (t) be any two smooth input current drivers and let

v vn(t) and v 2 (t), v 2n)(t) denote the respective zero-state input voltage
th

responses at the terminals of the continuous taper and its discrete n- order

* approximation. We make the consistent physical assumption that the energy

supplied to the approximation up to any time t converges as n 0 to that

supplied to the continuous taper up to time t. Symbolically,
•t t

limit f v (n)(y)ik(y)dy f Vk(y)ik(y)dy , (51)
n- o0 o o

0< t< ZT ; k = 1,2

Since the taper and the discrete cascade are linear networks, the

current i (t) + i 2 (t) produces the respective input voltages v (t) + v2 (t) and

v )(t)+vn)(t). Thus, (51) also implies that

limit f (vn)+vn)i ft(vI +v2)(il+i2)dy (52)
n- 4 o o 1 0

I
and by subtraction we obtain

limit f t(v n)i +vn)i dy= ft (v i +v i , (53)(Vli z 2 ld751
n -+ao o 1o

-- 0<Ct< ZT
Choose i(t) = 6(t). Then, by definition, v(n)t) = h (n)t) and v (t) h)t)

i1I Iv (tI n 1 ()=ht
so that (53) yields

10In general, u(0+) 0.

11.iI()adi
i1 (t) and i 2 (t) are infinitely differentiable for t>O and all their

derivatives vanish for t 0.
-14-



(n) 0)liift(n) fty~ ,yd (54)
n-+ao o 0!

O< t< ZT

Hence, for ever, choice of smooth driver i(t),

n t t
limit Z f hm(y-Zm )i(y)dy= f u(y)i(y)dy, 0<t< ?T ( (55)
n-*oo m_-0 0

and

limit v (n)() =v(0) . (56)
,n-000

In words, the impulse response of the discrete cascade converges weakly

(in the sum of functional analysis in Hilbert space) to the impulse response

of the continuous taper:

h(n)(t)- h(t) , 0< t< ZT . (57)

We are now in a position to derive a time-domain integral equation

which solves the inverse problem for the dispersionless taper ( 0). This

taper is usually described by the telegrapher's equation.

-15-
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VI. INVERSION OF THE CLASSICAL TELEGRAPH EQUATION

By definition, the taper is without dispersion if

T (x,w) = de(x, W)= d gx 09 dwp 1 =j W=

in w for every fixed x; i.e., if g(x, p) is a constant in p. However, since

(x, p) is a reactance this constant must equal zero whence,

z 1 1(X, p)+ z2 2 (x,p) 0 . (59)

It now follows easily from the Foster character of Z(x, p) that

zi (x, P) = Zza(X, P) -o (60)

and that z2 1 (x,p) = a frequency-independent constant. But then, if the taper

is also D. C. transparent, rI(x, 0) = 0 and we conclude from (48) that this

constant equals -P(x). To summarize, for a D.C. transparent dispersionless

taper,

P(x) = limit (-l1) m -1 m.'p~T. (1
TJ0 rA .M-1(p) ,~1. 11

Thus, in the -absence of dispersion the taper profile is delineated solely

by its logarithmic taper

1 d nR(x) (62)P(x) f d" ,ix

and the discrete approximation is nothing more than a cascade of n+l ideal

TEM lines of the same 1-way delay T.

Consequently, invoking the results in Problem 1, we find that

h m(t) cm6(t) (63)

where all the coefficients cm are real constants, m = I -n. Concomitantly,

iAm and A- are independent of p and for every n >0,

h 6(t) + 6 Zcm6(t-ZmT) , (64)

0 m=I

O<t< 2(n+l)"

-16-

- -*%



Select any fixed t in O<t< 2T and choose the integer k so that

2k < t< 2(k+1)r (65)

where

T=T (66)
nT

According to (55), for any smooth i(t),

k t

limit E c i(2nr) =f u(y)i(y)dy (67)
n-00o m= 1 0

But from the definition of a Riemann integral,

t k
ftu(y)i(y)dy = limit E 2ru(2mT)i(2m1) (68)

0 n m=

and a comparison with (67) immediately leads to the first-order connection

formula,

c -2u(2m T) , m =I-+n . (69)m

As expected, as T -* 0, h(n)(t) provides an increasingly accurate sampled-

data veision of h(t).

Theorem 2. Let

h = b(t) + 2u(t) (70)
0

constitute a (normalized) record of the impulse response of a dispersionless

D.C. transparent continuous taper over the time interval 0< t< ZT. For

fixed x, 0< x< T, let +(t) denote the solution of the integral equation

2x
• (t)+f u(It-y)4i(y)dy=6(t) (71)

0< t< 2x

Then,

P(x)=-2+(2x), 0<x<T . (72)

-17-



Proof, (Largely heuristic). Let

()=6(t) + (t) (73)

Clearly, (t) = y(t), t> 0, and

ZxqP(t) + f u({t-y{) (y)dy =-u(t) (74)

0

0<t<Zx

This conventional distribution-free Fredholn integral equation of the second

kind is the precise equivalent of (71).

With T given by (66) and the integer m chosen so that MrT< x< (m+1)T,

we set cp(Zk7) = Xk , k = 0-om, and evaluate the integral as a Riemann sum at

the points t =0, 2T, .. , 2rn with the aid of (69). The result is the linear
• 12

system,

1 c 1  c . c x1+ -

c 2  c1  1 .... x 0 (75)

c c c 1 x 0
cm cm-1 Cm-ZJ x J L0J

(Observe that the derivation of (75) has made use of the initial value constraint,

u(O) 0.)

It now follows easily from Cramer's rule that

A 1
T= 7Xo+1 (76)

m

and

•_)r n 2xm  (77)

Thus,

This algebraic procedure works in a general L 2 -setting £4].
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ZX (.)nI m (8
ZnX +1 (78

0 r-

and

-21imitx= -Zcp(Zx) = -2$(Zx) = limit(-l)m . .m' = P(x) , (79)

Q.E.D.

Comment 1. The determination of P(x) for 0< x< "A has been reduced
to the solution of a 1-parameter family of Fredholm integral equations of the
second kind (with parameter x). Moreover, because of the symmetric positive-
definite character of the coefficient matrix in (75) and the sampled-data charac-

ter of the cm ma, equation (79) can be made the basis of a stable digital algo-

rithm of the Levinson type which operates in real time. In this setting it is
of course natural and (advisable) to exploit the theory of orthogonal poly-

nomials on the unit circle.

As an illustrative example, consider the exponentia. line whose Laplace

transform description is given by

dV x. p = -pR(x)I(x, p) , (80)

dx -pR'(x)V(x, p) (81)

where
13

Zax
R(x)=R 0e , 0<x< T (8Z)

As usual, R 0 and a are real constants, the former being positive, and

v(x,t) 0V(x.p) , (83)

i(x,t) *I(x,p) . (84)

Thus,

I d~nR(x) (5P(X)= r, (85)

13Note that x is in secs, since the local velocity of propgation has al-
ready been normalized to unity.
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a constant.

To calculate the corresponding input voltage impulse response

v(O, t) = h(t), we first eliminate I to obtain the second-order differential

equation for V, 2
J dV dV -

d 2a -p 2 V=O (86)
*Z*~ dx (6

dx

Hence,

(a-6)x (a+6)x (7
V(x, p) = Ae +Be (87)

where A(p) and 13(p) are independent of y and

6 (P) =jp+a .(88)

(We choose that branch of the square-root for which 6(p)> 0 for p> 0. This

guarantees that 6(p) is positive-real in Rep> 0.)

If the line is semi-infinite, B(p) = 014 and we find that for Rep> 0

V(x, p) = Ae (a 6 )x , (89)

I(x, p) = p e(a 6)X (90)

and

Zin(P)-- 0 = K

Vp + -a

Thus, since h(t) Z in (p), (91) yields

R , Rep>0 , (92)

and carrying out the inversion we obtain the explicit result

ht- = 6(t) + Zu(t) ,(93) [

0

14 The exponential e(a+)x - o as x-+w since a+6(p) has positive real-
part in the right-half p-plane.

-20-
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where1 5  atJ

U~t J(ydy- I(aat94

0

,1+J (at) .1= a +z T at (95)

r= 1

O< t< 2T

Note that the analytic form of the impulse response is quite complicated,

even for this very simple nonuniform line.

Another excellent and challenging example is the trigonometric line

for which

R(x)0R_/cos x Ox< T . (96)

Clearly,

P(x) = tan x (97)

and the behavior close to x= Tr/2 is most severe.

The relevant Diff. Eq. for V(x, p) is easily found to be

dxVdVdV- p2 o9)--2tan x. -pV=O(8

and its solution is given by

V(x,p)=(A(p)cosh p -ly+B(p)sinhiV y-1)/cosx, Rep> 0 . (99)

It is now a straightforward matter to derive the relatively simple expression

h~o = 6(t)+1 1 (t), t> 0 (100)
0

where Il(t) is the modified Bessel function of order one. Clearly,

u(t) = l(t)/2 o (1)

is5JAY ) is the r t h order Bessel function of the first kInd.
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(The agreement between the exact solutions (85) and (97) and those obtained

by the use of (72) has been encouraging but a further refinement of the soft-

ware is still needed.)

In Part 2 of this report we hope to be able to describe the complete

solution for the dispersive case. Our research up to this point appears to

indicate that the unkniown per-unit length group-delay function g(x, p) intro-

duces an additional integral equation. The final formulation will probably

involve a 1 -parameter family of two coupled Fredholm integral equations of

the second kind.

%I

II

t
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APPENDIX 1

Let the reactance 2-port N" delimited between the dotted lines in Fig. lb

be described by its 2x2 scattering matrix S(p) normalized to R 0 on the left

and R n on te right. It can be shown by straightforward analysis [3] that

there exist two real 2-variable polynomials

n

h(p,z) = zrh(p) (1.1)
r=0

and
n

g(pz g (p) (1.2)

r-0

in p and z and a real polynomial f(p) O in the single variable p such that 1 6

s(p) = W(p,e -pT) = W(p, ) 2  (1.3)

where

W(p. Z) = efPf(p) e e"pf(p) 3(1.4)
e-nPTf*(p-zn 

(pz )nh . Z

The matrix W(p, ",) is 2-variable bounded-real (b. r.). gip, z) is Z-

variable Hurwitz and g 0 (p) is Hurwitz; i. e., if we let

D +(1) = ((p,z):Rep> 0, 1 (1.5)

it is true that

1 2-W (p, z) W(p, z) >oz (1.6)

and

g(p, z) 0 (1.7)

for all pairs (p,z)CD (1) and

gO(p) 0 , Rep>0 . (1.8)

The use of z as a symbol for impedance and as a complex variable
should cause no confusion.
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In addition, h(p, z), g(p, z) and f(p), viewed as polynomials in two abstract

variable p and z, are tied together by the Feldtkeller relation

g(p, z)g*(p, z) - h(p, z)h*(p, z) = f(p)f*(p) = v(p) 0 . (1.9)

Our immediate aim is to exploit the evident intimate connection between

the Z-variable input reflection coefficient

- 1S (PZ)-z) (1.10)

and the backend input reflection coefficient

Znh (p, z)S22(P'z) =-" g(p,z)- (1.11)

This we accomplish by means of the following piece of physical insight.

Let ZI(p, z) and Z 2(p, z) denote the 2-variable driving-point impedances

seen looking into the front and back ends of N' with the opposite ports closed

on1 Rn and R 0 , respectively. Since z is ultimately to be identified with eZpT

which approaches zero as T -* co for all fixed p in Re p> 0, it is obvious that

Z 2 (p, 0) is nothing more than the backend input impedance of N' with all lines

infinitely long. However, since the input impedance of an infinitely long line

equals its characteristic impedance, this means tht Z 2 (p, 0) is the impedance

seen looking into the backend of LU4 n with its inpu port closed on Rn-I

Thus, in the notation of (11),

Z 2 (P O)"Rn (n) (
szzP,° Z0(p, 0)+Rn 22 (p) .(1. Z)

Consequently, using (1. 1), (1.2), and (I. 11) we obtain,

hn*(P) I) +Zhn +.. + zn h0(p)

g0 (p)+zgI(p)+...+zn gnip)

and

s(p, 0) n)() - h*(p) (1.14)

a key result.

By definition,
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- R  -R (1.15)

and a direct calculation yields

Z I +ZI gg -hh* v V
ZR0 (g -h) (g = -h)* -h -h ee

wher e

n n
rr re(p, z) g(p z) -h(p, z)= E - e Z ra

r=0 r=0

Clearly, ZI(p,0)=R O so that

0 =S (p ,0) =0

H e n c e , 
O 

gT P )

h o (p) O . (1. 18)

From (1. 9),

gn(p)go(p) -hn(p~ho(p)= (1.19)

and (1. 18) forces

gn(p) 0 0 (1.20)

since g0 (p) $ 0. Thus,

e0 (p) = gO(p) - ho(p) = go(p) (1.21)

en(p) = gn(p) - hn(p) = -hn(p) (1.22)

and we conclude from (1. 14) that

en,(p)
8 2 2 (p) = e0(p)1.3

Since ZI(p, z)/R 0 is 2-variable p.r. it admits an expansion

Z 1 (p z) o0
= 1+2 Z zrcr(P) (1.24)

0 r=1
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which converges for all z in z I< I for every fixed p in Re p> 0 and for all

but a finite number of p's on the jw-axis. These assertions are easily

validated by making use of the Schur criterion for functions with positive

real-part in IzI< 1. Namely, for every r>l,

Zc I(p) 1

Z), ZC (p) 2c (p) 1; ~z(r) (p) =(•5

SL ZC r(p) 2c r-1(p) 2cI(p) 1

is a rational p.r. matrix [2.

According to (1. 16),
ooo

+I Z z Z-rcr()~ +en )  (p)
+ zrcr(P) + z cr(P))(eO(P)+zel(P)+•".. .* ee(pZ)
r=1 r=1

(1.26)

and by equating coefficients of z r on both sides, r= 0-) n, we derive the

linear matrix equation,

c I* (p) . . . Cn,(P) I

c (p) 1 . . . Cn.l(p) 0
eI(p) = . (1.27)

*~~ 00 (p)0 0

Cn(p) cn. (p) . . . I0

where

eO(P)

e n(p)
. A
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From Cramer's rule,
I a n I(P)

eO(p) = 1 n (1.29)
NO1

and

eAn(p) (1.30)

Thus, invoking (1. 23),

(n) en*(p) n een*(P) &n"(P)
s02 2 ( P) = ( - . e0 (p) • n~Yp (1.31)

Now if we go back to Eq. (12) and substitute (1.31) we find the expression

e0 (p) A n(P)
-I d5 = d . • a. (p)  (1.32)

for the junction reflection coefficient of LLN n.

In view of (1. 29), e0 (P) must be determined from the equation

e (~eo(p)= VP An_-I(P
e0 (p~e(p)= v(p. (P)  (1.33)

Since e0 (p) = g 0 (p) is Hurwitz, it coincides with the Wiener factor of the
right-hand side of (1. 33). In general, therefore, e 0 (p) depends not only on
the coefficients c1 (P), c2 (P), •.., cn(p) but also on that part of v(p) not
cancelled by the even (nonnegative) rational function Anil(P)/An(P).

To examine the matter more closely, let

'AnI(Pp)%(p)n*(P) (1.34)

where an (p) and 0n(p) are two relatively prime Hurwitz polynomials. Evidently,

Onon* divides v because the product e 0 e 0 is polynomial. More strongly [3],
if all LLN's are all-pass free on their output sides, v(p) = On(P)n*(p) and

e0 (p) =cLn(p) ; (1.35)
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i.e., the Hurwitz polynomial e 0 (p) is formed with all the zeros of the quotient

An-I(p)/An(p) in Re p<0.

Although we omit the proof, it is easily shown by induction [33 that

without restriction,

e0(P) n0 " I n " d- Il(p) (1.36>)

This granted, (1. 32) then yields

&,(p) n-I
Sn(P). = - (p) * r d r I(p ) " 11.37)

r1I r

Of course, the above derivation applies for all m= I- n and we recover the

diagnostic formula (13) of theorem 1.

-28-
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Rm"'O, maO-n (a)
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