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i I ~TRODUCTION

Adaptive arrays based on the LMS algorithm [1] can, in principle,

receive desired signals from any arrival angle. However, the output

signai-to-interference-plus-noise ratio (SINR) obtained from the array,

as the desired and interference signal arrival angles and polarizations

vary, depends critically on the element patterns and spacings used in

Lt array [21.

I The purpose of this report is to discuss a procedure that

may be used to choose element patterns and spacings in an adaptive array.

The method described is appropriate when the desired signal arrival

angle will not be known in advance, so the array must provide coverage

Iover some sector of space.
The method is the following. One starts with an array consisting

of an initial set of elements, chosen by some means. One evaluates

I the performance of this array, to find particular signal arrival angles

and polarizations where the SINR is poor. One then augments the array,

I by adding extra elements one at a time, to improve the SINR for thes.,

angles and polarizations.

I

I
1
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This technique will work properly as long as the new elements

added to the array do not affect the patterns of the original elements.

That is, the mutual coupling between the new elements and the original

elements must be small.

Such a method can be used because, if the original element patterns

do not change, the SINR obtained from an adaptive array cannot decrease

when additional elements are added. The SINR is a nondecreasing function

of the number of elements, for all signal arrival angles and polari-

zations. Thus, once a set of elements has been found that yields ade-

quite performance over part of a desired sector of space, one does not

have to worry that adding new elements will reduce the performance in

this region. The new elements can be chosen to improve the SINR in

S other regions where the original array did not perform well.

The fact that the SINR obtained from an adaptive array cannot

decrease when more elements are added is easy to see on physical grounds.

It is known that LMS weights in an array yield the maximum SINR that

may be obtained from a given set of elements for any given set of signals.

(Widrow, et al [1] have shown that LMS weights yield minimum mean-square

error signal, and Baird and Zahm [31 have shown that minimum mean-square

F0 " I
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I Ierror weights are equivalent to maximum SINR weights.*) Suppose we

have an N-i element array, to which we add another element to obtain

an N element array. Assume a given set of signals is incident on the

array. Then the SINR with the N element arrdy must be at least as large
l as that with the N-1 element array, because the N element array can

always achieve the SINR of the N-i element array by setting the weight

I on thenew element to zero. The validity of this statement depends,

of course, on the assumption that the patterns of the original N-1 elements

I did not change.

Since the SINR cannot decrease when a new element is added, it

Ican only increase. The amount of the increase, however, depends on

the pattern and location of the new element. In this report,

we determine what condition the new element should satisfy to maximize

(the SINR increase for the case where a desired signal and one interference

signal are incident on the array. We also give an example to illustrate

I the procedure.

I
I

*Baird and Zahm [3] prove this equivalence under the assumption the
signals are narrowband. We shall also make that assumption below.
However, in studying element pattern effects in adaptive arrays, thenarrowband assumption is automatically satisfied, because pattern effectsare most easily studied with CW signals anyway.

I
$I
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FORMULATION

Consider an N-i element adaptive array. Let the jth element of

the array be located at vector position with respect to the origin

of a spherical coordinate system r,O, . Consider first the desired

signal. Suppose the desired signal has polarization state Pd* and

propagates into the array from angle Od,€d. Let kd be a unit vector
parallel to the direction of propagation of the signal. This signal

will produce a voltage ' j(t) on the jth array element:

5(t) = sd + f(0)fj( d dPd)'  (1)

where' d(t) is the desired signal waveform (measured at the coordinate

origin, and expressed in analytic form), c is the velocity of propa-

gation, and fj(0d,@dPd) is the pattern response of the jth element

to a signal from angle 0dQd with polarization Pd" We may write 'd(t)

in the form

X i(w "d*)SP~) =Ud(t)ej ( 0Ot+ 2d

: , (2)

where Ud(t) is the complex envelope, w0 the carrier frequency, and

s d(t). We assume is a uniformly distributed

random variable on (0,21).

*We shall not need a complete description of signal polarization here,
but we may think of Pd as the point on the Poincare sphere [41 repre-
senting the desired signal polarization.
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The N-i element signals.x(t) may be written as components of an

N-1 dimensional desired signal vector Xd (l(t), 2(t), - x T)d= rltI 2tl --, XrN_ 1(t))

(T denotes the transpose). Under the condition that the signals are

sufficiently narrowband, or equivalently, that the dimensions of the

I array are small enough, we have

I d + -) ud(t) (3)

I for every element of the array. In this case the desired signal vector

may be written

SXd = Ud(t) eJ(wotd) Ud (4)

I where Ud is the vector

fJ('l d ldejt

f (ed'¢d'Pd)ej.d

I f2(OdtdPd) e  d 2

Ud°' . (5)

I "idN-iIf "fN_ 1(0dtdPd)e

and tdj d(tis the phase of rS + ajcd) at the jth element, measured

with respect to the phase of 'Pd(t) at the coordinate origin:

1d .2 k (6)

I
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Next consider the interference signal. Assume this signal propa-

gates into the array from angle 6i',i with polarization P.. The inter-

ference signal vector will then be

j(w t+4,.)()

Xi = ui(t) e 0 Ui  (7)

with

ji

fN-l(ei,ti,Pi) e 
iN-1

and

ti , (9)

where the notation is analogous to that for the desired signal. ui(t)

is the complex envelope and *i the carrier phase of the interference,

and ki is a unit vector pointing in the direction of propagation. We

have again assumed a narrowband signal, so

for every element j. Also, we assume *i is uniformly distributed on

(0,21) and independent of d"
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Finally, suppose that the signal from each array element contains

a zero-mean thermal noise voltage j(t) of power a2 and that these

noise voltages are statistically independent of each other:

E Q*(tYn(t)} = 2  
(11)

where E{.} denotes the expectation and 6 m is the Kronecker delta.

Also, we assume thej n(t) are independent of d and

Under these conditions, it has been shown [21 that the output

signal-to-interference-plus-noise ratio (SINR) from an adaptive array

may be written

2

SINR(N-l) d d1d U T* (12)

where * denotes complex conjugate, and d and E, are the input desired

and interference signal-to-noise ratios, defined by

;d: E (d(t)l , 13)C 11

and

I~i l - tii(t)J?1 (14)

In Equation (12), we use the notation SINR(N-l) to indicate that this

is the SINR for N-1 elements.U I
I
1
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Now suppose another element is added to the array, so there are

N elements. (We assume no chanqx2 in the original N-i element patterns.)

The SINR with N elements will have the same form as Equation (12), except

that the vectors Ud and Ui will have N components instead of N-i. To

distinguish between the N-i eltnent array and the N element array, we

let Ud and Ui remain defined as in Equations (5) and (8), and define

new vectors N and UN for the N element array:dJ d

fl(Od,¢d,Pd) e I

dd

f2(Od,@d,Pd) ej 2

UN  , (15)

,d JdN

KfN(Od,sd,Pd) e

and

jmi

f2OiMPiPi) e2

N (16)

fN(Oi,@iPi) e

However, since the first N-1 components of UN and UN are just Ud and

N N NUi, we may write U d Ui as partitioned vectors. For U d we have

4

,. 6
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'Ud (Ud\\'

UN= - -+ =Vd + VdN, (17)

\dNI

where

Vd : - , (18)

Vd (19)

(0 denotes an N-1 dimensional vector of zeros) and

UdN = fN(ed,@d,Pd)e (20)

It will also be convenient to write UdN in terms of its magnitude and

phase,

jind

UdN Pde (21)

Note that nd may differ from fd fN(ed, d,Pd) contains a phase shift.dN

Ll
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Similarly, for U N we have

Ni+VN (22)

where

V. (23)

Vi= .. ) , (24)

and

Ui A f N(eiti,pi)e =ti Pie . (25)

Writing the SINR as in Equation (12), but with vectors UN and N instead

of U d and Up, and using the orthogonality relations

V TV~N V TViN V T V V vT V 0 (26)d A =d A = i A = i i

we find

SINR(N) T lUd + P2dd (27)

d ,*d dJ d +p P2
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where

n nd  -ni  
(28)

To simplify the algebra below, let us also define

A 11E + U iu.i (29)

and

Bejy = UTU i  (30)
d i

Then Equation (27) may be written

T + 2 eT*BeJY i 2

SINR(N) = cd dUd + P2 - 2 (31)

Let us first show that SINR(N) cannot be less than SINR(N-l),

regardless of Pd' Pi or n (i.e., regardless of the signal arrival angles

and polarizations and regardless of the pattern and location of the

N th element). Substituting Equations (29) and (30) into Equation (12),

we have

SINR(N-1) =d d d- A (32)

Defining

A= dl [SINR(N) - SINR(N-I)] , (33)

we find from Equations (31) and (32) that
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~d +PiA(A9P?) + B .2P) Iej n

A 2 (34)
A(A + p.)

The numerator of this expression may be rearranged into the form

(APd- BPi) 2 + 2ABPdPi [ - cos(y-1)] , (35)

which is clearly nonnegative because cos(y-n) < 1. Also, since the

denominator of A is positive by definition, we have A > 0 or

SINR(N) > SINR(N-l) as stated.

Now consider the problem of choosing the pattern and location

of the Nth element to maximize SINR(N). Since SINR(N) in Equation (31)

is unbounded as a function of Pd' let us suppose Pd is fixed and determine

the values of pi and n that maximize SINR(N). Maximum SINR(N) will

be obtained when the quantity

IBej Y + Pdpi eini 

(

2 
(36)

is minimized -- i.e., when BeJ and PdPiejn have opposite signs. Hence

we first choose

n = y -(37)

When r has this value,

SINR(N) = d Ud + P A+d- " (38)
S A+P1

Then the value of Pi giving maximum SINR(N) is

" " .. . ... . J 'l
l '

' I , . , .
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Pi (39)

With these values for n and pi, we find

SINR(N) = UdUdUd + Td U U] (40)

which we recognize as the maximum attainable SINR if the response of

the new element to the desired signal is Pd' This is the SINR that

would be obtained with N elements when no interference is present.

Recalling the definitions of Pd' Pi and n in Equations (21), (25)

and (28), we see that the pattern of the Nth element should be chosen

to satisfy the conditions

and JT T (41)

a fN( d, d,Pd)e f N( i, i, ,Pi)eJ i N= U U (42)

to obtain maximum SINR for a given set of signal parameters d
.~N8aP~ N giv(e inal~ paaet d, (42)

Pd' ', i and Pi. Note that both the phase of f(O,1,P) and the element

location can be varied to satisfy Equation (42).

Equations (41) and (42) do not, of course, define the pattern

of the new element completely. They merely specify a relationship be-

tween its amplitude and phase response for two signal directions and

polarizations. There is considerable flexibility left in the pattern

j of the new element even after Equations (41) and (42) are satisfied.

In a typical design problem, the original N-1 element array may yield

poor SINR for several sets of arrival angles and polarizations. One

I ,
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may be able to choose the pattern and location of the new element to

satisfy Equations (41) and (42) for more than one set of signals at

once. However, even if the new element has been optimized for only

one set of signals, it will usually improve the SINR for other signal

arrival angles and polarizations as well.

AN EXAMPLE

Now consider a simple example to illustrate the use of Equations

(41) and (42). Suppose we have an array of two dipoles located and

oriented as shown in Figure 1. To simplify the problem, let us consider

only linearly polarized signals whose electric field and direction of

arrival lie in the plane of the paper. Let the angle e be defined as

shown in Figure 1. Assume the patterns of the two dipoles are

fl(e) = cos(O-600 ) (43)

and

f 2(e) =cos(6+60° )  (44)

If we define the coordinate origin to be at the center of dipole 1,

then

@dl €ii= O.(45)

Also, the dipoles are two wavelengths apart, so we have

d = - 4lisined, (46)
2

and

(0 = - 4wsinO i .(47)
2Of47

- e :



-15-

Using these quantities in Ud and Ui, we may compute the SINR for any

given 0d and 0 i from Equation (12).

It is shown in Reference 2 (in particular, see Figure 9 and the

accompanying discussion) that this pair of dipoles has a grating null01 0problem when 0d=22.3° and 8i=39°. The lower curve in Figure 2 shows

the SINR as a function of 0i computed from Equation (12) when 0d=22 .3

(and for d=O dB and i=40 dB). The effect of the aratinq null may he

seen. Interference at 0=390 not only causes a null at 390, it causes

another null at 22.30 (the grating null). When the desired signal is

near the grating null, the SINR is low.

Suppose now we add another dipole to this array to improve the

0 0performance for the set of signals 0d=2 2.3 and 0 i=39. Let the new

dipole have its beam maximum at 0=0

f3(a) = cos(O-0o), (48)

and be located a distance d to the right of dipole 1 in Figure 1. The

problem is to determine the proper values of 00 and d. By computing

Ud and Ui for the original 2-dipole array in Figure 1, we find that

when 0 d=2 2.3 and 0i=390 UdUi=.760 (real). Hence, from Equation (41),

00 must be chosen so

If3(22"3°)f3(39
0 )1 = Icos(22.3-Oo)cos(39-Oo)I = 0.760. (49)

Solving this for 0° gives two possible values, 00=2.8 and 58.50

Since the SINR achieved with the new element included will be

Td UdUd + P (see Equation (40)), and since Pd = cos(22.30 -2.80 ) is

larger than Pd = cos(22.30 -58.50 ), we choose 00=2.80 to obtain the largest

improvement.

I
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Fi, re 1. A 2-dipole array.

3-DIPOLE ARRAY

(FIGURE 31

-10

2- DIPOLE ARRAY
20 (FIGURE I)

Figure 2. SINR vs. ei.
0d=22.3° , d0 dB, Ei=40 dB
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Next, Equation (42) may be used to find d. Since the phase angle

of f3(e) with 00=2.8
0 is zero at both 22.30 and 390, Equation (42)

reduces to

Trd sin(22.30 ) - sin(390) = -7 (50)

which yields d=2X. Adding the third dipole gives us the array shown

in Figure 3. Finally, computing the SINR for this 3-dipole array, again

with 0d=22 .3, we obtain the top curve in Figure 2. It may be seen how

the performance has been improved around 0i=39 °.
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Figure 3. The 3-dipole array.
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