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SUMMARY OF RESEARCH RESULTS

To avold repetition, the attached at

initial proposal is the end

as & part of this Final Report., The basic equations are Eqs.(47),(40),

and (46) of the proposal,

2(1-n) da/dz R RIZTEE 2¢
= 2—-— -— ——— ——— ———
(1+ym) (2+(y-1)m) A.q +H +u, /2 (1 )
m(l+ym Y m Ei 493ty Yoy +ym
(47)
where e={1/A)dA/dz .
ar;/dz = R;/u .
i i (40)
2(y~-1) 2
and ¢ =yp/p= ~---(§'Xiqi+ﬂl+n1 /2) .
2+(y-1)m 1
(46)

The crucial point is that the right hand side of eq.(47) has to be zero at
the sonic point where the Mach number squared, M2=m=1. This condition,

in conjunction with Eq.(40) will determine the value of m right behind the
jnitiating shock at 2z=0. Wo call this m(z=0)=m1=(n1/c1)2.

studied for

The above equations have been

rcalistic reaction rates

and for different expansion lossos. The work of Tsugel, Weckenz. and

others, summsrized by Fickett end Davisa, has becen purely numerical,
They Lavo wsed o zhooting scott~d to find my, whi¢h enters the
calculation as a %xind of eigenvalve. They found that there are two

e mwa

v im
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detonation velocities, Onc increases ard the other one decrcases as the
expansion loss increases. At a «critical loss the two roots coincidoe.

Beyond this the two roots vonish indicating that there is no steady deto-

nation solution. This is detonation failure.

In this work to understand detonation failure gualitatively, I began
by studying the phase plane of Eqs.(40) and (47). The phase pleane is
extraordinarily complex. The phase orbit begins st the point 2=A=0 where
m=my and, with m; to be determined in such a way that the orbit
reaches the m=1 line with a finite slope dm/dA. This can occur only at
the intersections of the curves dm/dA=0 and m=l. The curve dm/dA=0 is
not very complicated qualitatively, even in the cases where one takes
realistic temperature dependent reaction rates. The problem is that the
curve contains my as a parameter. For different valunes in the physical
range (y-1)/2y<{m,{1, the curves look radically different; even the
namber of critical points changes as one varies m,. By this method it
was mnot clear how to go beyond the results in Ref.3 and categorize the

behavior of my (and therefore D) as a function of the loss parameter

¢. The approach discussed below bore much more fruit.

It turns out that Eq.(47) can be integrated very simply., The
integrated equation evaluated at the somic point z=z ., m=1,l=xs,

and c=c , yields an exac. cquation f{or my .,

. , ) !
‘mmwumwwwm%MmeﬁﬂmmWMm%M

|
ol me "

(14ymy)? 2
————iee = (2+(7-1)+2(7"1)§ Ajq;/eq47)A
AP AT RS
(1+‘Y)ln1 1
(1f)
7 2e
. where A= exp~Jz--—- dz .
0(314ym)
3
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_ Ko get the form of Eq.(1f), Eq.(46) evaluated at z=0 has been used. The

quantities behind the shock arc related to those in front by the usual

Hugoniot relations L=

2 + (y-1)m,
mlxul D et ———————
2ymg - (y-1)

and

2 (21m0—(y~1))(2 +(7~1)m0)
€1 % =

(y+1)2mo

in accordance with Eq.(15), Here m0=M02 is the Mach number
squared in the unreacted explosive in front of the shock and ¢

is the spesed of sound there. The detonation velocity D is given by
Dz=moc02. Fhen we substitute for my and ¢y in Bq.{(1f)

in terms of mg and cgr we obtain

. (2+(y~1)mo+2(1~1)§1kisqi/c02)A

(2£)

It may seem strange that Eq.(2f) has the same form as Eq.(1f), This should
not sarprise us, however, Dbecause the conservation equations are
intesrated across the shock front via the Hugoniot relations for mo>1.
whereas we simply put m,=my for m041. The featuros of Eq.{(2f) can

be understood qualitatively. The value of mg is found from the inter-
sections of the graphs of tho left and right sides of Eq.(2i) versus
mg, keeping in sight the m, dependence of A(c,mo). For the

case e=0, A, =1, A(O.m0)=1. we obtain Fig.1, The two roots

my. snd mg, are found, my_  represents & no-shock Chapman—Jouguet




deflagreion. m;  is the Chepman-Jouguet detonation solution. As &
increases, A(e,mo) decreases. In the proposal the dependence of A

on m, was ignored, Then, as ¢ increases, the straight line for e=0

is simply brought down with a reduced slopc until the two roots meet at
some value m(l and then disappear below Mach one. The comments in the
proposal regarding Tsuge's results were not really valid, then, because ke
considered temperature dopendent reaction rates in his numerical
calcolations. The temperature dependence changes things because it has an
important effect on the my; dependence of A(e,m;). This effect

can be understood approximately by studying A(e,mo) for a simple

case.

Let us take e = constant so it can be brought out of the integral.
This is the case considered by Weckenz(actually. one has to solve for
the eoxpansion as a free boundary problem of great complexity). The term
1 +ym in A is a smooth, well behaved function of z. It increcases
pretty much linearly from its value 1 + ymy at 2=0 to its value
1 + v at 2=z  as can be seen by cxaminirg the results in page 51 of
Roef.3, This linear behavior is in marked coutrast to the 2 dependence of
u, ¢, p, T, A, and other relevant guantities, which exhibit a character—
istic step-like behavior. DPutting m=1 in the integral for A will not

affect the problem very much. JTn fact, putting m=1 minimizes the loss

effect of A. Thereforc we will just take

2¢2

A = exp- (-~ ) .
1 +y (31)
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The strong m, dependence of A, due to the temperature dependent

reaction rate, is hidden in Z . To show this lect us take
a/dz = k (1 - 02 exp(-T,/T) ,

where k is a constant, for Eq.(40). This is not an entirely realistic

reaction rate because k should be = function of T and m. The T dependence

with the strcngest effect on the solution is contained in the exponential,

however. Wo write T as

T = (M /R)p/p = (M /RV/y
or
2(y-1)q(r+h)
T= (M‘/R)
2 + (y-1)m
where M' is the molecular weight uf the gas, R is the universal gas
constant, and
2
2 CO (2 + (7"1)“10)
b= ( Hl + 0y {2)/q = .
qfy-1)
In the cases where c02<(q we can have h<{(1l if u, is near one as

in a woak detonation, If ng is large, however, h is close to 12-1

(y=3 is a good value). Since 0{A(l and m1§m$1, the strong detona--

tion behavior is well ropresented cven if we negluct the spatial varia-

tion in T. Therefore we tske




Lk

Ll

il

Akt Shin L L DA U o

1™ TR AT N

Ll

W \ i

4(y-1)q(1+h)

T = (M,/R)

wheres the minimum value vy-1/2y has been used for m in the denomipa-
tor. This overestimate for T makes the reaction rate as large as it can bde

thereby minimizing the loss effect due to A, The reaction equation is

andz = o1 - 02
(41)
with

£ = k exp-(b/(1+h))
The above expression can be handled easily and has the virtue that it
preserves tus m, dependence via h. Integrating Eq.(4f) with the bound-
ary conditions A=0 at z=0, and A=A  at z=z_, we get

1-A, = 1/(1+tzs)

Going back to Eq.(47), we impose the condition that the right hand side is

zero at l=ls, z=z, m=1,

t(l—ks)2 2e

A_+h 1+y
(58)

Solving for L, wo get
2(1+h)
x-l—-—— —————————————

’ 1+ [1racaen (emye/ze M2

(6f)
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and then

' 1, = A /r(1-2) .
(1)

PR AN

The expression above allows A <0 when h>r(1+y)/2e, This is not

allowed eand it indicates where Eq.(5f) cannot be satisfied. When Eqs.(6f)

and (Tf) are substituted into Eqs.(2f) and (3f) one should not take
seriously the pogtions where A <0. A plot of Eq.(2f) 1is given in

é Fig.2 for e=0.005 . 1In Fig.2 the right hand side has been made zero
wherever ls(O. The two roots m0_=2.74 and m0+=10.3 are found.

For this example we have taken the parameters of Ref.3, page 46 (except
for b which is taken smaller). With these valuss the solutions are well

into the double detonation range. A patural d:mensionless loss perameter

8§ is defined by

s=(e/x) 12,

A numerical pxocédnre was used to find the roots,being careful about
the 1,(0 problem. The results are presented in the Table below. 7The
speed of sound in the unreacted materiasl is taken to be co=1367 m/sec.
as in Ref.3. The roots at 8=0 in the Table arc the ideal UJ deflagration
and detonation rcots. For 6§ less than about 00,0025 there are still a
deflagration and s detopmation root. A littlc above that value ths defla-
gration root goe¢es above Mach one to boc~me a slow detonation root. The
fust dotonation root decrcases whilec the slow dotonation root increascs
with 8. Nesr the value §=.00715S the two dectonation speeds become
eqoal and then disappear, For 6=,0072, thecre are no roots. Detonation

failure has taken place. The variation of the slow root is very fast for

small values of 5. This is probably the reason why Tsuge could not

ik
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o . follow tho slow root in lis numcrical celculations. The values in the

R A T

Table are plotted in Fig.3. The curve is very similar to those obtained in

the numerical calculations discussed in Ref.3, Clearly, as the dizmeter

loss parameter b is reduced, the slow detonation root goes to Mach one

as conjectured by 'l‘sugo1

[
POVFRWREE

The above results nre based on an approximation that overestimatces the

reaction rate by overestimating T. This givdos a lower bound for A,

i

Furthexr work is necded to find an upper bound for it and thus bound it

from both sides.
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0.0

0.000001

0.00001

0.00005

0.0001

0.0002

0.0003

0.0004

0.0005

0.0008

0.001

0.002

0,0025

0.0030

0.0035

0.0040

0.0044

0.005

0.006

0.007

0.0071

0.00715

0.72

0.047

0.052

0.067

0.14

0.25

0.30

0.34

0.46

0.86

0.99

1.35

1.71

2.3

3.60

5.10

5.40

5.88

no root

TABLE X

m0+

21.47
21.31
20.90
20.30
19.86
19.20
18.70
18.30
18.0

17.0

16 .52
14.50
13.70
12.97
12.3

11.6

11.1

10.3

10

Delow(n/s)
294.78
311.72
353.84
434 .44
502,27
599.00
676 .63
742 .47
797.09
927.14
1004 .54
1268.44
1360.15
1588.31
1787.58
1952.47
2077.,66
2262.79
2593.70
3087,12
3176 .62
3314.80

no root

Dfast(m/s)
6334.10
6310.45
6249 .45
6159.10
6091.98
5§890.00
5911.39
5847.82
5799.69
5636.29
5556.14
5205.38
5059.75
4923.10
4794 .25
4655 .83
4554.39
43567.20
4055.18
3550.82
3485.18
3351.24

no root
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‘Research Program. That research dealt with understanding the behavior of nonideal

DESCRIPTION OF PROPOSED RESEARCH

_.Introduction

This proposa] for a minigrant is a follow-up to the research the §
P.I. performed at the AFATL at Eglin AFB under the 1979 USAF-SCEEE Summer Faculty

L o d e

explosives via their mathematical models. The results of that research are summa- ;
rized in the Final Report entitied Detonation Physics of Nonideal Explosives With , 3
Analytical Results for Detonation Fajlure Diameter. & copy of that report is at- ;

;ached as the Appendix to this proposal.

The major causes of nonideal behavior discussed in the Appendix are:
(1) endothermic and reversible chemical reactions, (ii) heat and 3iaral expansion
losses, and (iii) transverse structure of the front. The first two causes receive

some treatment in the Appendix. In the following sections a continuation of the
research is proposed.

Detonation Failure:

The study of cause (ii) in the Appendix led to the development
of an analytical method that predicts detonation failure diameters and the exist-
ence of a "slow datonation” solution of the steady state equations. A number of
questions remain to je clarified. First, the P.I, believes that the above solution,
which had been found by other authors using numerical schemes, and which really
corresponds to a no-shock Chapman-Jcuguet deflagration, is an unstable solution un-
der most conditions. In order to demonstrate this i is here proposed to do a sta-
bility analysis. The methods developed here will L useful in the work outlined in
the next section. Second, the results in the Appendix rest on an iteration scheme
whose properties were not fully obtained quantitatively. This was because the
equation for the reaction progress variable cannot be integrated in closed form.
Under this grant it is proposed to integrate numerically Eqs.(48) and (61) of the
Appendix through several iterations to examine the convergence of the iterates
toward the solution that is described qualitatively in the Appendix. Since the
main features of the solution arc alrcady understood, there is good guidance for the
success of the numerical methods. The completion of the above plan of work would
be a gond start to a truly 2 or 3 dimensiunal treatment of the lateral expansion
and the behavior of the gases behind the sonic locus.
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" “Transverse Structure of the Front:
4

, The importance of cause (iii) of nonideal
behavior is well established. A good description of recent advances is contained
in the bock by Fickett and Davis®. The development of the Transverse structure

i< due to the nenlinear grouwth ¢

i,

instabiltities in the V-dimensioral solulion.
It is here proposed to use the techniques of nonlinear perturbation and bi-
furcation theory to extend the work of Erpenbeck cited in Ref. 6, on the

formation of transverse front structures.

Connection with Experiment:

Prior tc my departure from the HERD laboratory at
Eglin AFB, Major James W. Holt, Jr., USAF, Chief of the Explosives Branch
at the AFATL, expressed an interest in doing experiments to verify this theory.
1 will reestablish contact with him to try to arrange this.

Facilities Available:

The numericel calculations will be done on the University
of Miami's UNIVAC 1100/81 computer. The budget of the Department of Physics
allows the P.1. to have access to large amounts of computer time without
charge to this mini-grant.
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taining to this proposal.
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Indirect Costs
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Thoe main cevses of nuntdaa) tichavior fn explosives ara examined, An ¢labora-
tton of thu ZHD moda) fur V-dinoneional stoady detonations 15 presented as a
raforenca fram from which to examing tho effects of ryversihla chemical
roactiony endothyrmic reactions, otc, Mathamstical models for 2-dinensfonal
dotonations are studicd and a prelininsry analytical maothod of solution 1g
prosontod, Tha mothod provides analytical aspressions for the detonation
failure dlamcter fn terms of tho parameters of tho detonation. Tha results
obletned help Lo clarity previous results obtatned by other authors uuing
nutigrice) methuds,  Sugyustions for further roscarch arg glven,
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T 1. INTRODUCTION

"H“-ﬂiﬁ‘ " The most powerful high explosive formulations are usually composed of
f TNT, HMX, RDX and a few other ccmpounds. These substances are relatively

~—-expensive and their availability in large quantities is not assured. To
head-off a possible shortage of high explosive materials, attempts are being
made by the USAF and olhers to increase the variety of compounds that can be
used as high explosive components. Due to its wide availability, ammonium
nitrate is one of the most important compounds being incorporated into new
high explosive formulations. It is often found that these new formulations
do not perform as well as one would expect from their heats of reaction and
other thermodynamic data. This deficient performance has led to the use of
the term nonideal explosives.

There is no hard definition of nonideal explosives. The situation is
similar to that for ideal vs. nonideal gases. A nonideal gas is one whose
equation of state differs significantly from the ideal gas law PV=NKT. No
real gas is ideal if one looks hard enough, but under the usual conditions
of low pressure and high temperature, however, most gases behave very closely
to ideal gases. In the case of explosives, ideal behavior is pretty well
represented by the Chapman-Jouguet (CJ) theory of detonations. In many cases,
where one deals with explosives with fast reaction rates and large diameter

i it M\MMMMMLLMmmw\\w‘w&m\mﬂm‘.m

charges, {here is good agreement betwecen the CJ theory and experiment. In
many of the new explosive formulations being developed, however, one finds
nonideal behavior. In these noiideal explosives the detonation velocity and
pressure are found to be significantly lower than predicted by the CJ theory.
This disagreement between theoory and experiment has prompted the need for
further developments in detonation theory.

The Chapman! - Jouguci? theory was developed ncar the turn of the century.
There are many gocd expositicns of it such as by Courant and Friedrichs? and
by Taylor and Tankin“., " The CJ thcory considers the rcaction zone to be a dis-
continuity in 3 reacting gas, very similar to the usual theory of gas-dynamic
shocks. The fluid-flow equations for ccncervation of mass, momentum and

e, w5 i sl 0 B

encrgy arc integrated across a l-dimensional plane detonation discontinuity.
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) The above is completed with the hypothesis that immediately behind the dis-
continuity the chemical recactions are completed, and the fluid velocity rel-
ative to the discontinuity is sonic. The CJ theory will not be discussed in

sl

detail here because more advanced developments are presented below. To com-
pare this theory with experiment one needs the equation of state and the
energy equation of the explosive. Thase equations are not well known for

10
pn e =
o .

solid explosives. This is typical of the present state of the field, where

a lot of important information i$ just not known. The situation for gases is
much better than it is for solids, and satisfactory comparisons between theory
and experiment can be made.

The next major step forward in the understanding of detonations took
place during World War Il with the development of the Zeldovick-Von Neumann®-
Doering (.ND) theory of detonations. A thorough discussion of this theory
as well as many theoretical and experimental aspects of detonations can be
found in the recently published book by Fickett and Davis®. Von Neumann's
rigorous treatment of a )-dimensional steady detonation wave firms up and
clarifies the CJ theory. His discussion of a pathological reaction also
introduces a way in which nonideal behavior can occur. His model of a
detonation wave is that it consists of a mechanical shock wave that initiates
the chemical reaction, followed by a deflagration zone (pressure drops away
from shock) where the chemical energy is released.

Present theories for steady detonation waves are extensions cf the IND
theory. They include general types of chemical reactions and deviations
from 1-dimensional motion. These effects are the main causes of nonideal
behavior and will be considered below. This work is organized as follows.
Sec Il states the rescarch objectives. Sec. T1I presents a discussion of a
fairly general theory of steady detonations. 1In Sec. IV the theory is

. specialized to l-dimensional dctonations to highlight the nonidecal effects

L due to various types of chemical reactions. In Sec V the effects of diver-
gent flow are explored. These effects are quite complicated to calculate
because the flow is no longer 1-dimensional. This section contains the
original results on detonation failure obtained in this rescarch effort.

Sec. VI contains the conclusions and reccmmendations. ]
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II. OBJECTIVES OF THE RESEARCH EFFORT

(1) To survey the present state ol detonation theory with a view to
obtain a ¢lear understanding of the causes of nonideal behavior
in explosives.

12) To develop analytical mecthods for obtaining solutions to some of
the problems of interest. Specifically, an approximation method
is studied that can lead to analytical expressions for calculating
the detonation failure diameter of detonating charges.

I11. GENERAL DISCUSSIOR

As the front of a detonation wave passes a point, it leaves behind a gas

moving with some velocity. The set of points where the speed of the moving
gases relative to the front equals the local speed of sound s called

the sonic locus. The strength of th: detonatfon wave depends on the amount
of chemical energy that is released between the leading shock front and the
sonic locus. Any chemical energy relcased beyond the sonic locus 1s lost for
the purpose of producing a strong detonation wave although it may still do
useful work against confining media. As will be seen below, the CJ theory
predicts that in many cases the sonic locus coincides with the point where
the chemical reaction is completed so the entire energy released is applied
to the detonation vave. Any deviation from this will amount to nonidcal
behavior. In order to understand the problem onc should start with a fafrly
general model. A gouod framework is given in the papers of Kirkwood and Wood’
and Wood and Kirkwood®. An even more general starting point is found 1n
Chapters 4 and § of Pef. 6, The mathematical modul uwses the Euler cquations
for a compressible, nondissipative, reactive medium, undergoing adfabatic
motion into which a stcady detonation wave is propagsting. Let tho medium
be o cylinder of indefinite Tength but finfle radfus. We fntroduce o system
of cylindrical cocrdinrates vith Z-axis along the charge axts,  The reglon
Z< 0will cover the unreacted explosive.,  The shock front 15 at Z=0 at t«0
and propagates toward 7 <0, The region 7 >0 cuvers the zone of resction,
The varfables arc taken to be independent of the azfmuthal angle around the
Z=axis,
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The equations are:

S s ee L
7 g+ P o= ’ @
S 4 §}¥_ = 0 . (3)
E - -s;‘- © , (4)
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Here p 15 the mase density; u and w are the mass velocity components 1n

the 2 and r directions respectively: p s the fluld pressure: £ is the

{nternal energy per unit mass; and the Ay are a sot of resction progress

varfables for the § chemical reactions taking place with the reaction rates :

Ry« An oquation of state £ = £ (p »,A ) 19 assumed known. A form often

used 13 :
ECp s ) r gl - Z' Y (o)

vhore tho qq are the heats par unit moss releasced in the reactions, The
dot (.) notatfon means that the conncctive derfvative fs taken

e = 0 T W .2 o
- ;‘ v DT‘. t\ (7)

F

We vd 1) Just constder a sleady detonatfon wave Yocated at 70, The unreacted
flufd rushes A from the Teft vith o detonation speed 0 (to be determined),
Wo o1%0 spectalize the equatfons Lo the 7 axis where re0 and «#0, Tho

result fs
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The Von Neuinann model is to assume that for 72 < 0 the flow quantities
are constant with values o, pos D=uo. A1=0. At Z=0 there 1s a mechanical
shock with Jumps to oy, Py Y, but still A1=O. For 750 the reactions develop
accompanied by changes in p, p, and u, The Mach numbers
: D ]
M" 'C—" ’ (]3) E
> Where €, fs the sound speed in front of the siock, and ]
- M= B v (14) i
€y
Where ¢y 15 the sound spped right behind the shock, are related by i
T, ) 1A
M, = 3:..’.‘_.‘,:_9_,'_?.‘; o (15)
2Ny - (Y-1)
fn accordance with the usual shock relations g
IS T4 R R 19 :,
po ‘2l
AL
and S Lo .7
S fa 2y (x-1) Mg
1
(9)
e = s e e _ o B . —5;




as found in Landau and Lifshitz?. A solution of the shock conditions with

- <> po discontinuity, so Py = P,
Eq (8) - (11) can be integrated w1th the boundary conditions at 2=0" and 2=0"

s P =P and M;= M , 15 also allowed,

.«t"
r H [} N -
§(eM=5 , PeD: Py U=,
$(07)=f, , polsp., u@)=D . (18)
to yield gob = S, = fu+2f. DX (19)
2
€. I" = (ulib.: gutth 2501, ,» (20)
and Ho'r.‘a.D.)': H.+ %-u‘l: H+ -‘iul » (21)
where H is the enthalpy per unit mass,
H= E+ Pl . (22)
W
.y and L, - .S%D gg = 4 s (23)
- 3
‘ - W A2
- A w <2 <
and -L3’ ST':. Sag o¢ ’ (24)
in the notation of Chapter 5 of Ref. 6. The integrals I, and i3 represent
losses due to the radially divergent flow. In one dimensio.zl flow they
would be zero. Cernculli's equation along the axis, Eq. (21), is not affected
by the radial flow. The important equation
AU - ?:"TRL— 2%y
—_ - , (25
02 \.. (kl C)- ( J)
. can be obtained from Cgs.(8)-(12). The o; are given by 3
» o . (.ﬂil) . (26) :
L S’CL PR E)S’,"\j 3
o with E
¢t = K (\1 - :’C/I'S') - (.‘D_'l’. X - (27)
£ oy oy /%
(10)
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The above equations can describe the steady flow region.tq. (25) has a
singularity at U=C, the sonic locus. Beyvend this point the flow has to
match the boundary conditions at Z large. Generally the flow beyond the
sonic locus is some sort of time dependent rarefaction wave. Fig. 1 is a
diagram of the situatign.

sonic
Tocus
I
|
unreacted Pol Py Hain l Rarefaction
explosive Reaction Zone | Wave
Po| M
[}
D~ '
|
!

>

Fig. 1. Main regions of a detonation wave seen in the
frame of the shock front.

The equations in this section allow for a fairly realistic and mathe-
matically very complicated model. In Sec. IV we specialize the equations
to the much simple l-dimensional flow where w=0. In Sec. V we consider

some aspects of 2-dimensional flows.

(M)

UL ) SO S

1

bl 1 o b

b b



IV.  1-DIMENSIONAL THEORY

At

i Putting w=0 and 3/3r=0 in the equations of Sec. IIIl we obtain a
1-dimensional theory. The results of this section are standard and are
presented tc fix the notation and nomenclature that is needed in Sec.V.
Eliminating u from Eq. (19; and (20)one obtains

b-o = D ( fo. ~ ‘/S’) .(28)

In a p vs. 1/p plot, the graph of Eq. (28) is a straight line called the
Rayleigh line. Eliminating u and D from Eq. (21) one obtains

B(P s 2 ) =€ (e, 5,0 = S (pepa( Yy, - Yy )» (29

which is a family (a2s one varies Ai) of curves, in a p vs. 1/p plot, known
as Hugoniot curves. As we move in Z behind the front,the Ay are related
because from Eq. (12) we have

le>‘l d 2 a')\
-_— = = .= @ 73
R\ Ra Rj ) (30)

Thus in effect a single A parametrizes the Hugoniot family. So far D is not
determined so the slope of the Rayleigh line (-pgD2 } is unknown. Yet the
intersection of the Rayleigh line with the Hugoniot curves will determine
the solution. The answer is obtained by noting that Eq. (25) gives a
singularity for~au/5z at the sonic locus unless we have

3
7 &R =0 . (31)

(ve are in 1-dimension, so w=0). Eq. {21) must be imposed at the sonic locus
to avoid the singularity for the recasons given in Chapter 5 of Ref. 6.
Eq. (31) determines the value of the A; and thus picks a particular

Hugoniot curve, at the sonic locus. Hoting that U=C at the sonic locus, and

using Lq. (19), we have that the slope of the Rayleigh linc is

|
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Tl et —f: ‘\Z = - g QL . (32)
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We also have that the slope of the Hugoniot curves is
s | L]
1 h CA\E o .
X /ﬂu L\%y - 2 (%, /y)]

. (33)

Combining Eqs. (27), (32), and (33), we get for the slope of the Hugoniot
curves

o
F
~

3\,’—] = - ?ICL . (
b(‘/s’) by

Thus, the slope of the Rayleigh line is the same 2¢ the slope of the Hugoniot
curve (which is determined by £q. (31) ) at the sonic locus. For the case

vhere there is only cne reaction Eq. (31) becomes R=0 or A=1 at the sonic

locus. This means that the one reaction is complezrd at the sonic locus.

This justifies the CJ hypothesis which determines tne Rayleigh line (and thus D)
by putting it tangent to the completed reaction Hugoniot. For the equation

of state of Eq. (5), the above mathod yields that D satisfies

Us b 1
D —Z‘DC:I"\‘\F()\_%_(_%—;:D]*'C::O . (35)
<. A

Eq. (35) has the two roots

)
Dy oo oMoy Cf%\ + ’,\’L-.(f") + {\ OO } . (36)




The two roots give two Rayleigh lines called R+ and R-, R+ represents a CJ

. - detonation while D- represents a CJ deflagration. These are depicted in
MV_J' Fig. 2. For the CJ- solution the solution goes smoothly along R- from to
f the values at CJ- attaincd at the sonic locus. MNo shock takes place for
this deflagration solution. For the detonation, the Von Neumann model is
that the solution goes along the no reaction Hugoniot from 0 to N,
p=:pyand p=p . (with p, and o determined from Eqs. (15 ) and (j7) using
Eq (36) for Mo) and then down from N to CJ+ along R+, A detonation solution going

o directly from
c A H .
] r R~ vie rceackien H\ucn{c)t
\,v J

\ -\ = | H\ c,n'\c‘k
Pf" N 3

b }3“‘>--gf/‘231

Ve, ) Yy G\SKR-

- ? '/_‘l'

i Fig. 2. The p- 1/ o plane. CJ+ gives the pressure at the sonic locusfor a
2 detonation.Cd- gives the pressure for a deflagraxion

same final state CJ+ at the sonic locus and the same D. The no shock solu-
tion does not usually occur because of problems with 1initiating the reaction.
The Von Meumann model in fact seys that the 0+-CJ+ detonation is actually a
mechanical shock to p; followed by a deflagration from N to CJ+. Due to the ]

E ‘ 0 to CJ+ along R+ with no shock is also allowed. Both solutions have the

00, B ) Bt S il

vay that the equations integrate through a shock, the point CJ+ is the some
with or without a Von Hecumann spike.

The €CJ hypothesis is that the sonic locus is determined by tangercy of

L el

the Rayleigh Tine to the compleled reaction Hugoniot. If there are several

frreversible  exolhermic reactions this hyncthesis is correct [for i
V-dimensional, steady flows). 11 some of the reacticns are reversible, however, :
; or if some of the vymay be negative as in wole decrement reactions , then

£q. (1) does not imply that the reactions are cempleted at the sonic locus.




;_ Thus some of the chaimical cnergy is relcased beyond 1. This late energy is
"*Sbnﬁ5hot effective in the delonation and nonideal behavior {5 found., The analysis i%
i of precisely what happens involves a study of the phase plane of Eq. (25). =
 Many complicated results arc poueible depending on the details of thuui and %%
the Ri' A fairly thorough discussion of the possibilitices can be found 1n E%

4

chapter 5 of Ref. 6, and in Vood and Salsburg® .

This brief discussion of steady, 1-dimensfonal detonations doey not
cover the entire subject. In this rescarch effort we have made no con-
tribution to this part of the field. There are good analytical methods,
that supplemented by computer calculations, can predict the nonideal per-
formance of steady, 1-dimensional detonations. An {nput to these methods,
however, must contain a rcalistic deccription of the reaction kinctics. This
is presently not known for most gascous explosives, let alone solid ones. In
the case of solid explosives, beyond the lack of {nformation corcerning the
cquation of state and the reaction kinctics, there are 3lso the problems
assocfated with inhomogencous mixtures. Here the effects due to grain bLurning
and diffusfon of reactants are not fully worked out.
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V. DIVERGENT FLOW AND DETONATION TAILURE

vt e b, DN

When w s not negligible, Egs. (g)-(12) nced to be complemented by @

way to compute %% as a function of Z. This dupends on the shapo of the

exploding charge and on the prupertics of the confining media, In gencral, :

i,

I to compute w one must solve a difficult free boundary preblom with mutching

il M L il

at the boundary to account for the propertics of the different medfa,  Cven

11 w were known, however, thoere are sti1) some interesting ditficultices in
fntegrating Egs. (£)-(12).  These equations chould predict the observed

G AL T A

phenomenon of detonation faflure when the diamcter of the exploding cylinder
15 omall, Me will cast those equatfons fn the form for flow fn a nozzle by
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vhere A 15 the arca of the nozzle.  The cquatfons Lecome
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du G ,"Tz : (39)
2 T u,
R '
= 5 ko, (40)
and 5\_1(;4.%3 =0 (41)

cyustiony with reelistic rate terms and
Some of this work

Severa) authors heve token the above
applied computer methods to obtain o varfety of results,

1% summorfzed in Chapter 5 of Ref. G. Wocken" takes

L AN . ¢ g constant (42)
Aode

with one Arrhanfus resction to discuss the structure of the reaction zone,
He 1% not successful in obtaining detonolfon foilure at some critical ¢ because
of computational difficultics. Touge et al.}? take

dn v [Py - (43)
v 9, (ub\m)n 5

slab at 2= Q,q fis

S

vihero 9y fe the value of the thickness v of an explosive
given in Ly, (1C) ,

A= . Pe o, ad ks S, (an
. " o
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where P oo is the density of the confining medium. Eq. (43) 15 obtained by
treating the lateral expansion as a blunt body aboul which the confining
fnert flows. Tsuge et al. take a very detailed description of the reaction
kinetics for H, + %_oz»nzo and solve the problem numerically. Their cem-

parisons with experiment for exploding slabs are fairly good. Their nureri-
cal calculations lead to plots as shown in Fig. 3. For 99<0, there is no
detonation solution, so detunation failure is found in this model. For o>,
they obtain two solution branches. The upper branch is like the usual
t-dimensional detonation Mo+ of Eq. (36). They did not explore the lower
branch fully because of computational difficulties. They speculate that as
o the lower branch has M0*1. It will be shown here that this is
incorrect. The 1imit of the lower branch as o) @ is actually Mo+ Mo-

as in Eq. (36).

M A
V\c& 2

~
A
o= e o e -~ o~

l/G-‘
Fig. 3. Rough plot of Mo vs. 1/0 in Tsuge et al.l2

Rather than attacking this problem numerically from the beginning we will
try to develop the solution analyticaily as far as possible. Ve use the
equation of state given in Eq. (0. Then the o, defined in Eq. €6 ) (not
to be confused with the o and oy above which were lengths) arc given by

oy o= (v-D 4¢ . (45)
T
vhere ~- 2
(2= ¥p = ale-) [ I s i wi] L (a)

§ 24 (v-)MN

(\17)
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. We rewrite Eq. (39) as

2((-7’7\\_’ cm_ (C\ Z:-"\“‘i': _ 2 _\_A_R_ ,
(Y mY [z (v-dm] Az Z);%,; A Y A R L A d2
a v
_u
where M= M= B . (47)

Eq. (47) is to be solved so that dm/dz remains finite at m=1. A necessary

condition for this is that the right hand side of Eq. (47) be zero when
m=1. Also at Z=0, A=0 and m=m, with m, to be determined.  These are

unusual boundary conditions to impose on a Tirst order ordinary differential
equation. Eq. (47) does not -atisfy the usual Lipschitz condition needed for
the existence of a solution with a desired value of m at a specific Z . But
the unusual boundary conditions are sufficiently “rree" that a solution wili
exist. We do not fix the Z where m=1 occurs, the sonic point Z, but we let
the equation tell us soO as to keep dm/dz finite. Then we find the value
my - Since the problem presented by Eq. (47) is not a standard one it is
unclear that a Picard iteration method will converge for it. He have found
useful results with this method, so we will use it with the awareness that
it may need modification due to convergence difficulties. The nth iteration
of m, m" will be found from

il ol Wi bl - L mmw:.m-..wm.\mmmwmwwwmﬂmwwwww
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vhere n = 2,3,....

with the right hand side of Lq. (4€) cqual to zecro when m" =1, Ve also
need to use £q. (10). The first iterate m' is found by putting the dA/dz
terin equal to zero. The cquation for m! can be integrated to get

3
i

=
3
k|
3
E
4
2
;




i;’r [y ' ‘ A\l ) . 72}
£ e, ) _ ] i
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C (i) Taeoeom] e [y a0 3
= 2(%-%) - i é
where YY\: -m'(z=0) , (50)

|
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and where we have used Eq. (46) evaluated at Z-0 , with = c(z=0).

Imposing the right hand side condition for the m equation we get
i\.zr)\«“‘tc =0 at m=1 . (5)
Az N

If all the q; are positive, and the R]. are as given in Eq. (5), we need :

that for the first iteration.at the sonic point LS ,

M=t 5 NEYsU | (s2)

For the simple R, this implies Z)} == . We go to Eq. (49) and
put A; =1 when m! =1 to find m . The result is that m]  obeys

the equation

(1) (vem)) = {2+ (x’\‘,m\] + 20¥-1) ‘2¥L . (53)
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Manipulating this equation yields
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(54)
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e EQL (54) is almost the same as Eq. (35). The difference is that in Eq. (35)
" - we have <o and 0= Moco whereas ¢, appears in Eq. (54). If we consider the

I
! “case with no shock, then €y = Cy» m% = "‘é R and we have the same result as

R " "fn Eq. (35). The solutions obtained would refer to a no-shock detonation that
o goes along 0-CJ+ and a no-shock deflagration that qoes along 0-CJ-. The
‘ second of these is meaningful, but not the first. 1f we consider the case with

o a shock we put
- ¢ =yp _ she [2ymi-(n-0][2s (x-m |
I T (55)

AR U

§e (v+) ma

into Eq. (54) to get, after using Eq. (15),

("= ame [0 LT ree

=
2
?
5
E |
=
32
=
=
=
E
2

This is exactly the same as Eq. (35), just as it should be because the R+

" Jine in Fig. 2 is the same whether we consider a shock solution along
0-N-CJ, , or a no shock one along 0-CJ, . Tne two solutfons of Eq. (56) are
interpreted as a Von Neumann detonation along 0-N-CJ, » and an
unphysical shocked deflagration along 0-5-CJ~ . Out of the four solutions
obtained we only desire the shocked detonation o-n-cJ+,and the no-shock

deflagration 0-CJ- . Their detonation wvelocities are given by the roots
!

et Lt ]l ol e

0, = ¢My,and D_=cM of Eq, B5). Using Eq. (15) we get the m}, ]
that goes with M .,  while the m! that goes with M _ is b
m{_ =M - Knowing mh and m{__ vic go to :

Eq. (39) and we get ml and ! as functions of xi(z). Finally from
Eq. (%0 we can integrate to get Al(z) . This first iterate reproduces
the resulte of Sec. IV because dA/dzyvas neglected.  But we begin to sce

bt i, g

the source of the two roots in the work of Tsuge et al,!'? Vhen we compute

ERN the rext iteration the results of the expansion will come in. But as the
diameter goes to = the expansion becomes negligible and the results reduce
Do to Ml and ml o To compute M  we go to Eq. (A8 y4ih ns?,

Ve integrate it with the boundary condition

(20)
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The result 1s

determings Z: in terms of

have that
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s - aym' :
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(58)
E
m} {s dotermined by fmposing  the bounded dmfdz condition to the right
hand s{de of Lq. (48) with n=2. At the sonic point z: we have
A
TR dal g,
Z)q“ H"‘(u'.)/‘ { < 2; tvym A P
) ';

Eq. (40) was used to obtain [q. (59). The lattor aquation says that Ay ! 1 st
the sonic point 0 tho reactiuns are not completed,
will be roloased lete Yeading to nonfdeal hahavior,

' @ 4o gy|.(g§"=(.f;’;+t_°f . (c0)

g0 that cin byq. (9) 5 known tn toyme of

(57)
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Somq of the energy
In principle Eq. (59) o]
This can be soen us follows., We

i el

m: and ¢, ,Also from Lo, (40)
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}gi-dA/dz is explicitly known as a function of Z ). Therefore gne can

. ' by the gquadratic formula as

In Eq. (61) m2 4s known in terms of 12 from Eq.(58) - (We assume that

integrate EqQ. {61) to get 1%  as a function of Z and m2

When this function 22z, m% ) is substituted into Eq. (59) one
can find Z§ as a function of m% as claimed. Now we go back to
Eq.(58) and demand that

ML) =, N (D)= N2, m) =N L (62)

and get : ' St
. % AR d2
Cioy ) L h a2
't Vo= 24 (- \)m + 2 (¥ Z‘)‘ f{ ,Qizﬁ.(Y—!\m\] HYV N Al
(t4x) W (c) i
(63)
In Eq. (63) ZI and Ag are functions of m? . So Eq. (63) is an
equation for m% . The last terms is the expansion dependent term. Let
}2

dn 2 . (64)
WE

D |-

S
A& = 2
3 t+¥m'

Here e represents an inverse diameter that goes to zero as the diameter goes
to =+ Also 4(e) »0 as e »~0 or as the expansion is negligible.

Eq. (63) s rewritten as

(m':’-)"-[]-«—(k'ﬂl)A] -2 7)'\.2'[\ + %Z-l\{s‘;l“ A | R =D - (65)

This equation reduces to Eq. (54) as a» 0 and Ag + 1 as e + 0.
Thus there is a clear connection betwcen the two branches to be obtained from
Eq. (65) and thel-dimensional results. The two roots of Eq. (65) are obtained

W\z‘ [\+ (-0 'Z')\\s.};-A(w)] \/[p, (¥ Z)‘sd‘_a(ur) [\4 Aly- :)]]
v T . (C) A

Lis at-0] | (66)

(22)
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~For small e these two roots give the mi and m! of before i
i¥zwhich were connected with the ml, and mi. of Eq.(35). As ]
' ‘"e and A grow beyond a critical value the two roots become complex, so
' there is  no real solution and detonation failure takes place. To

simplify things let us ignore the variation of Ag with ¢ . 1

‘Then a plot of the roots versus A appears as in Fig. 4. This is qualitatively

the same as the curve: M

Moyt
! t
!
|
|
\
Mo. !
IA )
] C
] A~ ‘/,;\(qme'ter }
Fig. 4. Plot of M_ vs. 1/diameter. 1

obtained numerically by Tsuge et al.fFor A <A, (for the diameter greater

. than some critical value) there are two branches. The upper branch is
connected 5 Ao to the 1-dimensional shocked detonation 0-N-CJ,  of Fig. 2.
The lower branch is connected as 420 to the 1-dimensional no-shock
deflagration 0-CJ_ .Now one sees the error in the work Tsuge et al. They
could compute things like Zg and Ag numerically but with so much
difficulty that the results were hard to interpret.

The qualitative featurecs of the solution are now clear. To get quanti-
tative results one needs to integrate Eq. (61). This would have to be done
numerically. It is clear that successive steps in the iteration are not
very different from the steps to calculate m2 . No theoretical problems
with convergence should arise although this should be checked numerically
in some specific examples. We propose to do this in future work. The
critical value & at which detonation failure occurs is given by

ve (AN A2 (e o 2 e - (el 14 . (67)
It would be interesting to explore ways in which this behavior could

be checked with experiment. It should be noted that this thcory

predicts that the speed of deflagrations increases as the diameter decrcases.

At some critical diameter the detonation and deflagration velocities are the

same and for smaller diameters there is no solution.

(23)




VI

CONCLUSIONS AND RECOMMENDATIONS

The causes of nonideal behavior can be summarized in three categorxes

(i)

(i)

(iid)

Incomp]ete]y effective use of the chemical energy for the
detonation wave due to the nature of the chemical reactions.

If there are reversible or endothermic reactions, the effects ar
especially important. For steady 1-dimensional fleows the
physical theory is prepared to handle the problem. The knowledg
of the burning rates of the relevant chemical reactions, however

needs to be improved.

Loss -of strength due to the lateral expansion of the explosive.

Here the state of the physical theory is not so good. In Sec. V

we presented a calculation for detonation failure. The radial
flow was not calculated but was assumed known. The analytical
solution presented should be checked with numerical calculations
A further step would be to compare these results with experiment
The author would like to be able to pursue these further
developments. ‘

Loss of strength due to transverse structure of the front and
non-steady phenomena in the detonation. These effects are

~interesting per se and their effects on nonideal behavior are

judged to be important®. These wave instability problems were
not addressed in this research effort because the author felt
he needed a good understanding of the simpler aspects of;nOni-_'
deal behavior before addressing them. There is much room for
research into these effects using the techniques of nonlinear:
stability analysis and bifurcation theory.
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