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1. Inltrodution

Under most circumstances, a visual contour is percei~ cd whlcni there is at rcliitikely abrupt chainge in the

irradiance received from adjacent areas of the visual field, due. flbr examnple, to a difference in brightness, local

surface orientation, or color [see, for example, the analytic Studies of' intensity profiles in I lon 1977. Marr

1976a, Biuford 1981]. Thiere are conditions, however, in which at relatively abrupt hcightness gradient may be

perceived in areas of the visual Field where the physical stimulation is in fact roughly homogeneous. Schuiatn

1) 904) is usually credited w4ith discovering such illusory contours, or "subjccti~e contours- as thcy \kerc named

by Osgood 11953). 'I'lie study of subjective contours was popularized by Kanis/it 119551. who presentcd many

novel and comiielling illustrations. Ov'er the past twenty-five years they have been the subject of what Rock

and Anson [19791 hake termned at "flurry of research".

In spite of the high level of'attention that has been devoted to subjectike contours, there is no comnprehen-

sive single theory of their formation nor of' the lperceptuil purpose that they serve. Among the more popular

contenders as at theory are (i) Gestalt-like accounts of figural completion IKanisia 1955, 1974, 1976. Osgood

19531. (ii) various lateral inhibition accounts of enhanced brightness contrast that pay particular regard to the

apparent brfighitness of subjective contours [llrigner and Gallagher 1974, E:rishy and Clatworthy 1975. Dlay

and Jory 1978. 1980, Jury and Dlay 1979, Kennedy and ILee 19761, (iii) interpretations of subjective corntours

as stacked planies ICoren 1972. Coren and Th~eodor 19751, which in all the authors' examples ime parallel to

the frontal plane, with occltusion signalled by interposition , and (iv-) at search for at cognitive interpretation

l~regory 1972, Rock and Anson 1979]. Some authors show a commendable spirit of coimpromise and contend

that there is no single theory. rather the perception of subjective Contours is ine\ ilitbl\ inulti-vai iie 11 lalpern

19811.I
With the cxception of' Coreu\s stacked plane Intcrpretation, stihjectike cont mirs ire iiitiill\1 coinsidel ed

at partl (11, two-d imnsional lipi lie li'icept ii l. ' 1)C\ iie in terp icted .1, itle IIA o- dIi ctlli is tna h uiiidiii g con tnr

of I flvlfii 1 ilk. cotilpeiip Ihcowic im upliciih a.'Inins!u difllo'ili 'Itoiot' (1i liwo'iTI I'iud sql 'I io n. I1he

rk'1 iitoilii11 1 11MV0 1Ci fIi pchcpinii (11'~c ' ii0Cte (011011, ini I l~t lt I't cp I II the till.nic~~ii I-f



natural world is either not considered or is left unclear. In this article we develop an alternative account of

subjective contours that derives from the developing computational theory of vision [see Marr 1982, Grimson

198 la, Ullman 1979c, Brady 1982 for overviews) and that places subjective contours squarely as i part of

the perception of natural three-dimensional surfaces. In particular, as we discuss in more dctail below. we

propose that subjective contours mark discontinuities in surfaces ir terpolatcd from cues in at) iniage Isimilar to

the pr posa! made by Marr, 19821. We do this by placing the cormputation of subjective contours 'Aithiiu the

context of the computation of subjective surfaces by interpolation from scattered cues in images.

The processes of perception evolhed to construct three-dimensional interpretations of the physical world

from two-dimensional images. Although people have devcloped impressive capabilities for interpreting car-

toons. text, and other "unnatural" images, figure perception draws heavily tupon the resources of natural

perception. So far as early visual processing is concerned (where by early proces,:ng we include such per-

ceptual abilities as edge finding, stereo, shape from texture, shape from shading, and shape fi-o motion).

information in the image is used to compute surface shapes with little or noi regard to semanti, ,r other

"higher-level" attributes. That is. the cues derived from the image are assigned three-dimensional attributes

without regard to the semantic structure of the final perception. Our interprctation of photographs and line

drawings such as those shown in figure 1 attest to the "'misapplication" of the processes of natural perception

to two-dimensional figures. We have to be reminded that the drawings in figure 1 are ill fact two-dit nensional,

so stiongly biased is our perceptual system toward three-dimensional interpretations. To be sure. there are

fLlres such as tho,,e shown ill figure 2 that are not interpreted in terms of three-dimensional sift-aei: bt ihat

in no .o. i implies that there is an entirely separate apparlas or figure pcr'eptin. or th.il Ae d. snlt ,IC/C

upon threc-dimelnsional interpretations Ahere~er posible. Indeed. an t alteratike st.1tetlwilt ot ic cild tol

IlII' 2 i, I t iiltistiatcs d gelle Iit Cses of sll-lce pIcVCeptiOl. ill \ lCh the t1Iec d1,11111 11i0.1 1 ,i l11 c"

di wl i , iioc lit i.llcl io il iin.e plaele. Ihts Iliterpiletitlo k at the h ll. lt kof c 1 i .1 olil.t of I lk H '

tlh il. Iu t lst I'-,II'ki.1 "ifll\ , icc " l ,i i ic ii '.',l phI iiuC1 Ciuoill.
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Figure 1. Two-dimensional figures given three-dimensional interprcuwtions. (a) Two intersecting
planes. (b) A cylinder.

To form a three-dinensional interpretation, it is necessary to deploy information not gi~en explicitly in

the image. For exaniple, although a wide variety of radically differing surfaces could gi'c rise to the line

drawings illustrated in figure 1. the surface sho~n in figure la is perceihed as plhnar, %hilc that in filture lb is

cylindrical. The discovery and utiliiation of prior assumptions thaft plovide the idditional constraint needed

to achieve this perception is a key part of the conput itional theory of vision. Importantl), such constraints

can be of %idc gcnerality. For example. Ilinford 119811 has cataloged i number of constraints of the form "if

two lines meet in an imnage at a coner, then the corresponding space ciries nice in space." Other constraints

inclutde constra ints on stereo %isim Ij NIarr and Poggo, 1971)), constrtints on the mcipelttio n of occluding

con lll s I\larr. 197-7, constlaints on strlce intelp P tionl jG rinv1in I' I bl. Lo.,tlt,, ai , on n1oti it itelrpleta-

lion IlJln,in. 1979., c]. constraints ol interprelation ofs sirftce conto ic 'c ,n. l9:lci. and Katiikl's I[ll]

t ~ ~ ~ ~ l~tl',1)t, II! S~lkt'\ .,$ iiitll ilt i.ll~lt'mr,..ll

i4
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Figure 2. Two-dimensional figures given tvo-dimensiona interpretations.

The computational theory of vision, pioneered by Nlarr 11976a, 1976b, 19T. 19821 is outlinec in scCtion

3. It first asks of a module of the visual system what is its purpose, or equivalentl., what inforaiati(n it makes

explicit. ro date, considerable effort has been devoted in the field of computational vision to understnding

stereo IMarr and Poggio 1979. Grimson 1981c M,.hc% and F-rishy 1981. Nturacc 19801. motic, n Uilniaun

1979a. 1.onguet-fliggins and Prazdny. 1981. Horn and Schunck. 19811, shape From shading Iltiorn 1975. 1977,

19811. shape from texture iKcnder 1980, Steoens 191bj and shape from contour jStc%ens l 9Slc. Wtkin 19,1].

All of thesc modules make explicit inflonnation about the layout of visible surfaces. We propose tha, s.iditcivc

crinimmar , i.w. fom th priov'evve of nmaura surfaice percelpion, and in parmuhiur itl ol efjccic CUDotff .,a r4

WC introdtlck. it recent tlwory of-sill1.t c il rpolation i t ln son )l 98 ), lld .1od I lorn l9SI. in t, tioll

3. Ini t i rl.i tit it l'orf',J i p[l.i li t, li st liItl st, he 1 , em l to h. ,, ;\ C16. I i 0 1i ll i 1 tiu dl

1,, 1 if l iti i- !.C,- k tindllt . , t l , ih l . '(, ! C'. 11,.I< I h( II I) d+~ l't.11\ % J , I I,' h11\,' Ill 1" ':q ~ , I



[tic subsequent completion oif tie bounding contour that gives rise to subjective contours .An interpolation

process is then applied to construct a surface that is consistent with %allies hypothesized for certain points in

the imiage. In general, mnany surfaces are consistent with a given set of boundary values and so additional

constraint is required. Two constraints are proposed by tile theory. First, Grimson 1 1981b] observes that "no

information is information": since rapid changes in surface topography usually give rise to visible edges and

visible edges pro% ide bounidary v-aluies to the interpolation process, the absence of boundiry values mecans that

the underlying surfaCe topography does not change too rapidly between discontinuities. '['its idea is made

precise in the theory using the calIclus Of variations to find the surface that is consistent %ith the given data

and mninirnlies anl appropriate performnance index. Second. there is a technica requiremient onl the application

of the calculus of variations that turns out to have an agreeable perceptual interpretation: the surface is

interpolated using a rotationally symimetric operator that mninimiieS the quadratic Nariation of tie surface. The

computation by which this is effected can be imnplemiented by a local parallel network of rclati~cl simple

comptuting elements [G rimson 198 lal.

Notice that the interpolation process may not be totally constrained. [he complutation of surface dis-

continuities precedes surface interpolation, which in turn precedes the computation of depth. T'he interpola-

tion process determines the tilt and slant at all points onl visible surfaces. T'he result may lie underdeter-

mined, as in the Maclh illusion. Ib'e computation of depth follows the interpolation process. It too may

lie untde rconst rainted. [he Necker reversal is a familiar example of this phenomenon. The possibility for

undercomtraint in both depthl and surface orientation finesses the argumis of' Kennedy 11970a. page 1101

and Rock and Anson 11971), page 6'661, both oif whorn assumne that depth is comiputed directly and withiout

amlbiguity.

(iv en that mnany diffecrence cuies can giveC surface iniformat ion and thait th is infl imaiin is iteipo i.ted

to foin umm n explicit three-diniesionial Nurface interpretation, this sil 1 hait it should be pohsihle tow

de~monstmiatc stilijectie smrt11CON. %%ithl INNO'~iAld S1t'ih~c iie ontours at thie discoiititices. dtio it) ci (if thle

p)oNSible stituieC Cues. We (it' this in sctlioni I Somic priuir e~ideuce for this, cani hc tiuid ii i Colin l19711.
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in section 3 we outline the computational theory of vision. paying particular regard to surface interpolation,

which underlies the computation of subjective surtaces. In section 4 we make an initial attempt to construct a

catalog of three-dimensional constraints that arc hypothesized from certain image fragments, na|mely isolated

points, line endings, and more complex figures. Finally, in section 5 we consider the relationship betwecn edge

detection and subjective contours, since variations on enhanced brightness have been offered as evidence in

support of an early processing theory of subjective conturs.

2. The three-dimensionlity of suljectise contours

The previous section sketched our approach to figure perception. If a figure has a three-di,nensional

interpretation, our perceptual system is strongly biased toward constructing it. We contend that a figure

has a three-dimensional interpretation if and only if there exists a subjective contour with a sim~lar three-

dimensional interpretation. Figure 1 shows a set of line drawings whose preferred interpretatiott is threc-

dimensional. In each case there is a perceived internal discontinuity in surface orientation, a %isible edge.

According to our theory of surface interpolation, such discontinuities have to be made explicit, alheit in the

form of additional subjective contours. Certain line drawings are interpreted as curved surfaces even though

they hase no internal edges.

We intend to demonstrate first the variety of shapes that a subjectike surface, and therefore a subjective

contour, can take. We will then show how a wide variety (if surface cues can driNe the constru,:tion of a

subjective surface and its associated subjecti e contours.

loor such line drawings protide our first examples of subjective surfaces. Figure 3 shows i ,tibjecti\e

Sia if. ce that is ti alkl. perceived as a portion of cylinder. Notice Lllat the subjecti e co nt nurs lie or p riic i pal

lines o1' cttir.atkre. It is in f.ct \cry dillictlt to draw a figure that is interpreted ,as . portion ol a ( .lindricil

',lie in "llit h lie liies di.i w i do not coIslond to h1uils ofcluIrttre. I:iUItU .l is ,, ",ubj .1jIte \clil 1thC

sNIl 11111',101 \11ttl01.Lh the IISulII lait't-t" ill this fiup re sieiw hall ti' aIct th1,t i .i N ii i lat,. p ct.dluias.

it-, 1Iit r'- h'i i. ih,' t.,1 th.1 i i1.1-, 1[ 't l ii'. Ih 1lll'C .5 -,hw ,, I s, jeti\ h k c (h' utl .11d t' .'iIld'.ill cv.-111 1,

44
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Figure 3. A portion of a subjective cylindrical surface. Notice that the subjective contours lie on
principal lines of curvature.

Figure 5. A stbjective donut. As in figure 3, the lines that trigger the three-dimensional
interpretation appear to lie along principal lines of curvature.

discussed by Kennedy 11976a, figure 14. page 120]. As in figure 3, the liues that trigger tie three-dimensional

interprelttion appear to lie along principal lines of curvature. I ogether with figure 6. which sho~s a subjective

soap buhle, it demonstrates subjecti'ce surfiaces that arc doubly curcd. ligurcs 3 to 6 show that subijective

surlIccs cd be neither planar. parallel to the image pl~iic, nor sinelk cur'\cd. htil in taict can c rrcpt id to

an) type olcltplx %III .



Figure 4. A subjective version of the s&W illusion. As with most subjective onjtours, the etre~'t
can he made more compelling by increasig the contrast. and siewing from a disLince to narro%
the visual angle.

Figutre 7. A souhjective fhi iip f' i rind f10n 111 hccs I l111ic-s. S ol c lc,, hasc hvtcn ii in
to etiable the per-ceptual sysicni to o IMnti ri he suhjcctise disvkonnimit% in sill tace oiltto



Figore 6. A suihiecte soap film. Together with figure 5 this demonstrates that suhjecte surfaces
do not need to be planar, parallel to the image plane, or c en singly curmed.

-- _O 8(dio

Ii fiir 8. A suject i ve .sit rcase hat hilds tipsan the ige in lit, tin 7 ad tht M a~ illhmmion
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Figure 10. When the right image is viewed with the right eye and the left image with the left
eye. a planar white triangular sUrface is seen floating above the background. The triangular surfa, e
is seen as tilled about the ncdian passing throught the bottom right vertex. Reproduced from
Blomfield 11973, figure 2, page 256).

lhe next two examples require internal lines and illustrate tie dictum "no infoi tion is information"

discussed aboe. Figure 7 shows a subjcctive hinge bctween two surfaces. Ihe discontinuity in surface orienta-

tion has been marked with enough local cues to pIoduce an additional subjectivc boundary. Figure 8 huilds

upon figure 7 and the MaclI illusion to produce a subjccti\ e staircase.

While most examples of subjective surfaces in the literature of subjectie contours are planes parallel to

the frontal plane, there are some examples of subjcctie surfaces that are not parallel to the image plane. For

example. Kennedy 11976h, figure 1H. pagc 451 shows t stripe on a subjective c\ lwder (see figure 9). Figure

III is ieproduced from Blomficld 11973, figure 2. page 256] and shows a stcreo pair that fuses to .idld i tilte'd

surface. Figure I I is the subjecti ,e Necker cube due to Braidlev and Petty [1977, figure 1. page 2541. Froin the

,t.iillpoint of the theory advanced here. figure I I is intcresting for two reasons.

I iiNst. the siijectkie surf.ce, that hirm the \crtit al Sid', tol'the Net ker cibe *r, tilled rclti c t lic inmt'c

pl)i e. ' iLi-CO l t Ut[ipI illtt"IMl ,Ics Ieli pi tint m .c hc it th1.1 Il!cm1 ' Ifl(d li , 11,III 'u ot iI i '',,Ichd

Iliit 11 ', ,i\ t h e aItl( t ,.I II iih i 1,11111 d. \t "21t' I i',, ic .itn: 1 ,111k' N Ill)L, I t i IV
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Figure 9. A subjeciive stripe lying on a cylindrical surface. Reproduced from Kennedy 11976b.
figure 11, page 451.

In the previous section %e noted that according to tile computational theory of vision, the purpose of

scveral modules of the %isual systemn is to make surface layout explicit. Specifically, stereo, motion. texturC

discontinuities, and cues ror inlerposition (see for cxample Ilinford f198 l)) pro ide evidence for sif flce layout.

and can do so even in figures. In the rest of this section, %%e show that each of these cues caniu be the driiving

force behind the constniction of a subjective strface.

Figure 12 shows line drm, ings that are interpreted as the superposition of one figure on top of another.

Iigunre I 2a illustrtes %;hat "e hae been calling tile degenerate case, in which tihe sUhfigules are parallel to

the ilnape plane. Fgurc 121) illustrttes that this is not a iiecessary, condition. Figure ]3a is the subjectise

\ lshnill o' figlie 1I2a, oiginall d kctovered by I'arks II 9X 1)a. Figtr'e 131 extoids IV'arks' delmolnst ra ition and is

Owl' ,jitiXC ,'e %cl-,io ii fii'iiic I)1. I )cnolrm1tiat1,ioi of slt,ulkcd ,uhjcclike sut lli( cs pa r.il to tlhe ilt,e plAne

arv, i.\i, eli,.1 ',,,4'11(')7. .,nid iv figmre 14. %%hich is repiimtid I fiom liadl' mid IDtmmai' 119'75. figuie 3J
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Figure 11. The subjective Necker cube iniented b. Bradley and Petry [1977. figure 1. page 2541.

Figure 15 is due to Kanis/a 11974, figure 3.1, page 1091 atid show4s a subjective surface that is parallel to the

image plane and is framed by a tilted surface. In the same vein, figure 15b sho's a ring surrounding tile top of

a planar triangle. More significantly. figure 15c is based on an example of Kanisza and shows a tilted ¢ubective

surface that is framed by one that is parallel to the image plane.

Subjecti~e surfaces that result from sterco fIsioni arc particularly interesting from the sumdpoint (,f the

tlleory being developed here. Stereo h s ben much studied Ifor examiple. Wheatstone 1983. 1952: 1 lchlnhollt

1925. Jules/ 19711 and has received considerable attention in the computational %vision literature [for example.

M,irr and Poggio 1979. Grimson 1981c. Moravec 1980, Ma.hew and FriWhy 1981. Baker and Ilinford 19811.

Stereo comptIes ie ang ulr disparity of inatched edge fecature points of two images and (up to scldti) this

!:ioes lhe relatie depth at natched f t eti.r points,. 1o obltlin af complci ,tirf.ic repc' oeoi.ition. %%e .all intl-

pol-it Ilk.%,ecull these kno%%.l dt'11lh pollits (It ! luI. the . rJpl , to tII KC il t oll ho0 lmne.d .k o c kO,

d ( l'I d in tihe tolw't Al the tilltpit I ,lecol). Iv-0 'm'. ill!' t lrie ot rt ' c rich 1wnl ,'- ltl i l h e'. 1,
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a

b

C

Figure 12. A line drawing interpr-ted as overlapping subfigures. (a) The subfigures are parallel
to the image plane. (h) Neither subfigure is parallel to the image plane. (c) One subfigure is
interpreted as parallel to the image plane, the other is not.

would expect to find pairs of images. neither of which gixe rise to monocular subjective contours but in which

subjective surfaces and bounding contours are found when the irnages are fuscd stereoscopically. This has

been confirmed on several occasions in a variety of ways. perhaps the most striking of which has been the work

of (ulick and I awson [1976. see also I.awson and Gulick. 1967, llomfield 1973. Gregory and I larris 1974,

Julcsz and Frisby 19751. Julesi 119711 and iulesi and Frisby 119751 present a numbcr of examples of subjectike

contours that result from stereo fusion using random dot stereograms and anaglyphs.

Gregory 1972a, page 521 reports an experiment in which the subligures of a subjectine contour exaunple

due to Kanisza 119551 are presented separately to each eye using a technique de eloped by Witd',ok 118091.

Subjective contours mte seen fillowing stereo fusing of the images. (iegorx 1197b] mcsured apparen t dis-

pan'it. %all a lii'ht prlw, and ( rtgory ,nd I lari IIs 97.1 sho1Cd th11 IlIC.-lll' li.p'.ui, of.d astudbliCe Ntrco

,utl tc'. t(orfc poll(iIII' wo cr.t ,tacd sritihc tion, Io uC..Lc , i,41(1 ill it the pwl't, • .'l 111iil\ ol Ih1 ",nll' Cll\ e
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4' a

Figure 13. (a) A subjective surface version of figure 12a, invented by Parks 11980. figure 3. pge
2401. (b) A subjtvLive veision of figure 12b.

surface does. As we mentioned earlier. Blomifield 119731 demonstrated a tilted SulbjCCtiQ ,urti'.ICNhcn there

is no monocular evidence for tilt. Finally, Stcvens Jl9X1l rcports a patient with iistial agnosia who could

not sec subjective contours when thecy were presented monocularly, but who could see thein whenI they were

presented stereoscopically.

T[be lailiar cue of'shape from shadling Illorm 1977, 19811 is difficult to demonstrate for subjccti~ c sitr-

llices sine at key attribute of subjective surfaces is the relatiiie paucity Of 11imfonnationl gko r, elitli the

imiage to enable them to be constructed by the perceptual system. It is necessairy to uiitliim more indirect kinlds

of infiw macion. such as shadow boundaries to generate stibject iie suirfaces. Coren 11972, figure 3. p~mgc 3(ill

presents at set of subjectively enthossed letters that stand out from the page in intenise sidec lylhtin g. I* igitie

16 shims a ,hado% tin tie sail illusion. kIost obsm ~'ei find that it miakes tie sihjeti .1m pic~elilcd Ill

61,111L. .'Ililofe 4111CoIietIng. li~mii 17 dltmwine .1 fmiiiilia pointf int)i th ie 1(\[ of ~IIbi t Ill 1 . ' I I::n

I eb Itu hmtic dIl i -lt interpreted either .11 1' I miu11C1nloli'l pie (ot (1t 1 011k d 111L,11 Ito I
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ens

Figure 14. The si.-pointd star configuratiin discussed b Bradley ,md Dumais [1975. figure 3,
page 5831.

cone. Vigurc 171 shows that the interpretation is disambiguated hy apparent shading that makes the surface

curvatuire explicit. In this .ase tie apparent shado% line "fortinatcl" lies along a line of curvature on the

cone.

Few subjective Surface, that ire pioduced hk motion are rep rwd. Motion is computed at several succes-

sive stage, by the isual system (see for example M.ii-i and timina [I 9801. llmn [11979a.cI). Smith and Over

[19791 show that mi tion Ltt "¢feets can he pioduwcd as readil. b) exposure to subjtcti e contours as by con-

tours defined by irrdiance dic'&,tiltMCS. I he coii0piattMIon in qustion seeniS to be at the lewel (tl Ullnan's

corcspon, fence of primal ,ketch n ken,. R.,mach.mdr.m. Rlo. mnd Vid.asigar 119731 also deminstlate ap-

parent mlion with imbjetisc (ntonm!l at the sane k ewl of processing. Parks I19(lb presents an example

of momiol puicepiol mnol\ in sihjectic co.,ols th,t Seems to be at tie lcxel of sllface perception. When

black disk, ire nlno.d to .in hio. sibcIcs pe'rc¢i6c a tollnUnoll piece of 'mi".t.g1ded l\ , sihj.e'tix e

plnl) stilice.
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a

C

Figure 15. (a) A subjective surfiace that is parallel to the image plane aid is flamed hy a tilted
plane. Reproduced from Kanisza [1976, figure 33, page 109). (b) A citculr plane surroundinj a
subJective surface parallel to the image plane. (c) A tilted subjective surface that is framed b) a
planar surface parallel to the image plane. (Compare Kanisza [1974. figure 32. page 1091.)

Texture gradients have also been widely investigated as a cue to surface layout, strting wth Gibson

119501. Corcn 11972, figure 7, page 3641 prcsents an example of a subjective contour fbirmed b: a texture

gradient. Kennedy [1976a, figures 6 and 7 pages 1121 (see figure 18) gives two examples of subje:ti\c inter-

sections of" ilted planar surfaces (figure 18). "lie tilt of the surfaces depicted in Kemcd\'s figures is not Con-

pletely constrained. The figure illustrates the familiar conex-concave ic~ersal. The image of the di' .,onttntti,

is constrained however.

In the previous examples we havc constructd sobjecte stirfaces %\ith suhjective conltour, is th cir

hmindaries and internal edges Irt ili nlte Macli illt ioto, the cmln\ cx-(oca c c "i h ',in in fikillr i . and the

Necker cubhe. li t sttpeests th~tt it ti6,01t he pk1';' ile to (cle se 'tthIk ct'IC ()t teleNuo-.L *itIip'':A

11: ti lt 11 l10.-ill'hl I,. h, ,1 o. ,1,h , 1' I l IX 1th l ',-d lllV 11 1 1-k 11,". h ill ,I I t 1 d , 11,-I
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Figure 16. A subjective vefmion of the sail illusion, made more compelling by the addition of
"shadow" inforniation.

ab

F~igure 17. (it) A mtl 'jkc. filtLm ic t hat can lie m~ci' ictd cthci . p1 nx pi, shi mpe in thiree
clnmcn~sions as a om 09~ A~.pparent shad~ing tli..inihiimes thme thi~ h% ite ClmUI Otf
Ili con mi ulla II te e\ 1 mt.t
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Figure 18. A sujective intersectio of two planar surfaces whore peiccivtcd tilt dcitles from
the texture gradient. The intersection is subject to conves,-cncave amrbigutay. Rprodriccd fron
Kennedy [1976a, figure 6. page 112].

make global three-dimensional sense (Pcnrose arid Penrose 1958, Draper 1981. Iluffinan 1971]. Cci-ci 1972,

figure 4, page 362] is aware of impossible figures, and presents a figure that appears to he I- do* \&riting.

but which is not globally consistent with regard to the position of thc light source. The subjecti\c contour

that results is reported to be unstable. Similarly. Kanisza [1974. figure 34, page 1091 prescnLs a liguic that

appears to consist of a planar triangle intersecting a planar subjective ui angle that is parallel t)i the ihag'"

plane. Althotigh this makes sense locally. it does not globall). Figure 19 is constructed using the tet huiqe of

llradle, and Petry 11977, figure 1] and shows the impossible notched cube discused by )raper 119801.

In strinmarY, it ippeal, that inIlPICIplig SuhjCl'tive COlotirs a.s the boundami,'s 'i moe oi lcss',,, sna d1,llt

l . .I C t t il ~l C\Il I lill. (it,' ' l i\ 0 ,' plil' ,he [ 011dnl l, , tl e '141\k:

,, ,W lf. Li' ',t ltf'r~ lt't q~t ,l'.tl Ilf Sl i. j llIll is o. ' i( l .y
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Figure 19. A subjective contour )rming an -impossible figure", the notched cube of Draper
(198()].

3. Outline of a comuputational theory of early Iision.

Hlaving demionstrated a clear relationship betweeni subjective contours and their intcrplrel.tiotn as three-

dimensional contours, we now turn to the consideration ot a framcework in which to explain this connection.

T'he comIputational theory of vision, pioneered by Marr 11976a, 1976b, 1979, 198 21. considers the goal of the

early and intermediate hman visual system to be the constniction of several representations, each of % hich

muakes different visual inflbrmation explicit. The primal sketch makes explicit information aboult the changes

in image urradiance. obtained by locating the zero-crossings in the conmolution of the imiage Nkith a set of

V 2
(, filtemS. where V~ is the L aplacian, and G is it Gaussian distribution. [he 21~-D) svkech iakes explicit

inlonmatiuin about the shap-s and relctIke properties ofl'surfaces and thecir di ,trihumtion rclim e ito the \cmeer

A numie oftiient isimil modutles coliuplt- iiloriatuino ut the01 II 2 11 1) .keCi 1*1011 theC 1111111,1l kk I'Mfo

QV~ItII1 .. Iict. umotioni. te' hue. '11141 ,tit IcC Contoir'. V, 'sell1 :1,, l11(.1i - III IA v "i lmm 11Ing1i.0di :%plIL i( in1
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the 2 -1) sketch, contours of surface discontinuities. either in depth or in surface IIrientation, arc also made

explicit. We have proposed that subjective contours arise from the process of natural surface perception at the

level of th e 2 -1) sketch, and in particular, that subjective contours mark these surface discontinuitics (similar

to the proposal of Marr [19821).

Because all of the %isual modules mentioned above use some form of the primal sketch as input, they

compute explicit surface information only at a subset of the points in an inlage, corresponding to a subset

of the zero-crossings. This implies that some form of surface interpolation must take place. to account for

the perception of complete surfaces. A recent theory of surface interpolation JiGrimson, 19Slb. lrad and

Ilorn. 1981] has proposed that tie visual system computes a complete surface representation by coi.,structmg a

surface which is consistent with surface values hypothesized for certain points in tie image, for exai iple. depth

%alues computed by the stereo system along the zero-crossing contours.

Since in principle any one of an infinite class of' surfaces could fit through the known s-:ttt Ured stoeI

data, some additional constraint is needed to determine the correct interpolated suLfacC. 61-h0m1 Identitcd

tile saf we cvnsislcnc 'iiislralI. informally known is no news is good nei's (or ti) it0(imh0raI 1 ItillmJill:c .0).

which states: The ,bsence f fzero-crossings constrains thl, possible surices

This can be seen informally by the following argument. Suppose one had a closed circular r-merossing

contour, along which the depth was constant, and that there were no further ,ero-crssings init'or to Itic

circle. One possible interpolating surface would be a flat disk. a second would he a icmi-splicr. \ tlud

,Mild be the highly conoluted surface Irned bh a radial sine function. Note. hom e' er. thui in the 1.ter

since the StulrfaLC orientation is undergoing a rapid periodic \ariation. inder llost Iur,.'ing li'iittl. t~w ih,' ,

ii 1adialiCCs , ill also undergo a peio~thc \,iriatiil. Blnt it" this is tinLe. then there sh uld he .,dit',

iei - iis'ine,.. corre,,pondilig lo those \av rations. Since therc are tot, this surface is not itt t tlodIh, I., 1

I it k ki /ro cr-s,,m in a I e oll thof i~na,!e imnplikes that thec i,, Io 1i.lic.1 1 n, :' i t ,t1C 11,;

i t i 'I ll . ,
.



More formally, the surface consistency constraint can be rephrased using the calculus of uariations to

state that the required surface is one that is consistent with the given data and minimizes an appropriate func-

tional. Simply requiring that the functional measure surface consistency is not sufficient to guarantee a unique

"best" surface fitting the known data. The addition of some minor constraints on the fonn of the functional,

that it be a scini-inner product over a seni-lilbert space, is sufficient to guarantee a unique solution surfhce,

up to possibly an element of the null space of the functional. Ifa final requirement of a rotationally symmetric

operator for minimizing the functional is added, it can be shown that there is an infinite family of possible

fiunctionals. 'his family forms a Nector space [Brady and Horn, 19811. spanned by the quadratic variation:

f fi:: + 2ff,, + f dxdy

and the square Laplacian:

(f- -I-

Finally, by considering th size and structure of the null space [Grimson. 1981b], or by considering the

constraints supplied by the calculus of variations (Brady and Horn, 19811, it can be shown that the optimal

functional is the quadratic variation. In other words, the surface perception problem is solved by finding the

surface that fits through the known data, and minimizes the functional of quadratic variation elsewhere. A

straightfoi ward parallel, local-support algorithm can be devised for computing this surface [Grimson. 1981a].

Thus. the surface consistency constraint can be combined with a number of other simple constraints to

obtain an .algorithm for the interpolatcd surface which is most consistent Nkith the prinal sketch descriptions of

the image [Grimson, 198 ]a. 1981 hi. '[he tnain point is that the algorithn finds the "most conscrati% e- surface

which fits the known data, into dticing inflections or discontinuities in the sm fa cc o ly v hen furL ed to h) the

data (c.f. the notion of "f,ir surf iLes" in car design [lorrest. 19721). I f there i\ 110 Cxlklit C% idCOce fl ,m sharp

chance in shIpe. such as all iill.et io( ll in) the Sititi(I'. Illell iofw k i, erptipolfell. n i t othl h.1d. the r, fle

of imjecti% C cotIllt-is ill fl,, contelt n' .\k htIcomos clcar. S ilivct'i v coItoIm
, ,

i ,e li, cd in the inter, 1- lited
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surface representation along contours at which the interpolated surface undergoes a sharp change in shape,

thus interpolating contours of discontinuity between scattered cues in the image.

The cnicial point of the surface consistency constraint is that an extended and continuouIs surface is to

be constructed from a small set of cues. There is a potential continuum of choices of finite sets ef cues that

could be made explicit: but not all of them lead to the perception of the surface. "1he surface consistency

constraint and the interpolative view of surface perception of which it is a part, says that we canj safely leave

%ast amounts of information out and still get the surface. We need to make explicit at least portions of certain

discontinuities: of tangent to the bounding contour, of surface slope, indeed anN thing that could leid to a zero

crossing in the processing of an image of the surface b, the visual system. Clearly, the entire dkcontituit

need not be made explicit, else the entire subjective contour would have to be mande explicit at this le'el.

I'tle important tactor is that if no portion of a discontinuity is made explicit, the visual sstcm corsej-v.iuely

assumes "no news is good news" and that nothing is changing.

To be sure, this set of cues is necessary but not necessarily sufficient. For a giken set of cues, ; \zariet\ of

surfaces can be interpolated. If there are many such, the subjective surface is at most flintly percei ed. A. tie

sufice interpolation becomes more constrained, perhaps b adding more constraints, the stbjCctic s rEce

is seen more persistently and more clearly. The perception of surtfces from natural images derircs tro u t

number of different types of cues, and the interpolation process has to be capable accepting suchi dill'e-Ct

sorts. Critically the cues are interpreted in three dimensions not two.

As an example of this process, we illustrate in figure 20 a random dot stcreogram . tod the iivtr -iiLcd

st'rfice that minimizes the functional of quadratic variation. 'lie sharp discontinuities in depth. OCcurrg

bet ccn the different planes of the stercogramn are clearly evident.

I kill., sceral different algorithms for finding su~bjcCtivC contours sluggest then Jl, c,: (I) 1t[c]politc

in two dmensions to complete a lite drawing. then interpret the line diain-., a,, the imaivk (,f a t dice-

diiiien iei,i "t-Cice. I1he l.attei step could piocced I)-. first in(etrpechim | the lime" , tlc (Ifit-i i. i t iLn1'1 '

c ., t., 1...,' I.il ,, ,o n I eul. ln I I'Xlj). (2) litempiet t -1e ho 1.iI ui' dlr. tl\ In iAce d& l~ ei ,1 ' .

Aa



Figure 20. A r-andomn dot stercogrnrn of a series of layered planes. and i interpolated surface
%Alitich mini mizes t h qua i at ic n:rat of (t he surface. Reprodwcd I io m ( infsofl 11981 al.

to (lie cotlour- d rawi ng. then o i terpollite die surfice between the g i \ ci oi mis. (3) Procced from localL ties

to %lik'tid models of F.iiliar ibjccts. amid Use ti s k 110A ledge 1o gulide theC filtu Il' o 'If the sIthjectik Csurt"ace.

Ouir irguments ahm~e that mihjeti\ C olotuls fill at natuiral rol x, dsimiuiite of tree-dimensional

sii lCice intormation %utild teitl to stw!-eCt that inter-poL;itioiu o link, (li-J" imc- i10 mo dtimltiots v, not coin-

piiiatm1oul1 \Sound. 1 to t0i0. t111 i~tC (of stt 1 e1tLMC C0111t1001N ill ICICO \0011 i .11t. 110 hi1,i1,1t '.h1
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in the monocular images yet are vividly present in binocular ision (see for example figure 20 and IGulick

and Lawson, 19"6, Lawson and Gulick, 1967]), argues against completing contours in the image before in-

terpreting them in the surface representation. On the other hand, tie ability to construct complete surface

representations, including explicit surface discontinuities, of unknowa objects or objects seen for the first time

argues against using local cues to choose detailed models of familiar objects and then using this i~iformition

to guide the interpolation process. Thus, in the contex, of our co,mputational argumenLs, ie most likelN algo-

rithm is one in which local cues are directly interpreted in three dimensions, providing a "contour" draA ing of

surface discontinuities. within which the surface is interpolated. Note that %hile it may, be possible to design

an algorithm for constructing subjective contours that operates on two-dimensional image constru( Is, ,uch an

algorithm must have as its underlying basis, a three-dimensional theory.

4. Some image cues and their interpretation

In section I we argued that if a figure has a three-dimensional interpretation, our perceptu I sNstcm is

strongly biased toward constructing it. In particular, tie processes that eol~ed for natural three-dimensional

earl, %ision are "misapplied" to two-dimensional figures. By suggesting that the perception of natural surfaces

ik at the heart of understanding the purpose of subjective surfaces and contours, such as those ilListratcd In

section 2. we Implicate all of the ideas discussed in section 3, including edge detection, stereo, structure from

motion. shape from tcxture, and so on. Section 3 outlined a computational approach to earls and interinediate

%iij and described a theory of surface perception. By our account, the creation of subjectie s-irfaces and

suhjccti'.e contours proceeds in three stages: (I) a set of cues are isolated in the primal sketch computed from

f1 ligure': (2) the cues are interpreted in three space: (3) a surface is constructed that is most conerviti% e " ih

r..,p'L i1h) InIMlng the constraints impocsd by step (2).

It .h 1,t.1t thC perlceIthi m l of",nhjl . i\ e 1111,IL fi ,llnm U l Iiot to no '- l II III n lid. IS1.1lidill, thek:l i .tiltn

I, I', i , m,ll h ." I [lhie pit,.L c, 1I 11.hl . It' ti o Mll . it 'l ho 1 lo he I .l A o d l 11M h'!" %I I

A &
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surfaces. In particular, we need to understand the way in which the elements of the primal sketch arc inter-

preted iii three dimensions, and tie constraint that they impose on the possibly ,¢ubjecti c surfaces of Mich

they are a part. 'lThis is no small task! It includes, for example, the tradition of \%oik aimed at uinderstanding

line draings as three dimensional scenes [Clowes 1971. Barrow and Tencbaum 1981, Blinford 1981. I)riper

1980, 1981, Iutfrnan 1971, Mackworth 1973, Waltz 1975, Sugihara 1978, 1981, Kanade 19811. An interesting

possibilit for future research is the use of subjective contours as a means of furthering our und - rstanding of

the interpretation of line drawings as three-dimensional surfaces.

In this section we briefly discuss the entities that Marr [1976a] proposes are written into the primal sketch,

and are interpreted in the manner outlined by Binford 11981). The following subsections discuss dots (or small

blobs), zero-crossing contours (for example, the bounding contours of figures), and line endings. These entities

have been discussed in several papers in the subjecti% e contour literature.

In general, several surfaces can be irlerpolated through a given set of constraints. As further constraint

is added, sonic candidate surfaces are ruled out. It seems that the more tightly the surface is constrained, the

greater its apparent clarity. Notice that the apparent brightness may ,ot increase, even if the apparent clarity

does. We return to this point in the next section. Two further points are in order. First, the interpolation

scheme that underlies our account of surface perception is capable of accepting a variety of cues. This should

he contrasted with the schemes devised by UlIman 119761 and tlorn 11981]. Second, the interpolation algo-

rithm does not require the surface to meet the given constraints exactly. It incorporates a "penalty" scheme

that allow some constraints to be met approximately. This allows local deviations from constraints to achieve

the best global surface, Grimson [198 lal gives details.

DoIs

A do, or small blob in tie prinmal sketch marks a point in three-dimensional ipace. Althomgh its position

in the image is detei mined, the depth from the % iewer is not (Gibson 119791 reters to such a cot mrined point

;as 1%;1 (t1i1 ra). hi vIlicr.l1. a dot nim, he in, on. or neal a e(jtti\ e nofltmiir, cot.;',ponding to a ilhro'c-place
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Figure 21. Dots may be in, on. or near. a subjective contour.

point that is on the boundary of, contained in. or outside of, a subjective surface (see Figure 21). A dot that

is interpreted as contained in a subjective surlace appears as a mark that has different reflcctan,:ce from its

surrounds, like an ink blob (see below also). Points that are interpreted as lying outside a subjective surface aie

not accorded significance.

As we discussed above, if a dot is on or near a subjective contour, the contour is constraited to pass

through it, and the subjective surface is seen more clearly (figure 22). Vertices and the ends of spjace curves

also play a significant role in three-space interpretations of line drawings. Line endings are discussed later.

By Grimson's "no news is good news" dictum, our perceptual system expects such points to be inadc explicit.

Figures 23 and 24 show the effect of adding points that mark vertices. Figure 24 is particularly iltrcsting ,is

the dots disambiguate the shape of the subjective surface, which is shown without the dots in figure 24a and

appears as a circle or a square. The circle versus square interpretation is also affected by the vistal ingle from

,Ahich the figure is viewed.

iBloli5

Mobs stub ,as that shown in figure 25 appear as closed /cro-crossing tOnIU iS ill the plimal ,,kcli. ikL .tic

iterlictcd a, ,urIlicc p.i1ches, r :is ulhict t silliletes Jla'r ')17. BrIl, 1)79 . lic ch.iiwe in micosii.\ itk io\

... 1 I h , C11 he(.nI' i 11o01 As It sItep sCL- li II i'\a ioplv' l 197ii I let, kI it', ko1 It oiw l , id I 1 i,, 11 1 o
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fh 9.

Figure 22. Dols can provide extra constraint on a subjective surface, leading to increased clarity
of the subjective contour.

Figure 23. The addition of dots to mark the vertices of a subjective figure can grealtly enhance
its clarity.

natural sc nes, such intensity changes t pically correspond to boinditg contours or to rellectamce botdaries.

This suggosts that it is possiblc to gcncrate subjecivc surfliccs in whkh some blobs arc interpreted as suit 'lices

Kcltded ))y ihe subjectivc srfEce and some are interpreted as refleclance palches. I x,1joplCs of this ;ort have

;ippeoicd in the litcrawtur, fior example. Kanisva 11974, figurc 14. papge 109 (,,cc ligure 26).

k. r
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Figure 24. The addition of dots to mark the vertices of a subjective figure can rule out other
possible figures by requiring the contour to pass through the dots.

b

C

Figure 25. A blob is inerpreted as a surfacc palch or as the bounding silhtiwcttc of an obh. ti.
(a) A bloh that is not iniciprecd three-dineimi uudl. (h) A hlob thlt ik ici cietCd Wl, ii IiltCd
thiev-dlmensinel sur ace. () A blob thai is i priictd is the sillhotctte (t a thice dmiiun'iloal
ohject- i hi Marr 11977]).

QUM
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Figure 26. A "pinto" subjective triangle in which some blobs are interpreted as occluded by the
subjeclive sur'ice and others are interpreted as patches of surface color.

Recall that dots constrain the position of a subjective surface. Those parts of a blob that are interpreted as

lying along the subjective contour impose additional constraint on its direction in the image. More precisely.

the) constrain the image of te tangent to the space curse thdat fonns thc subjectine contour. In general. the

foreshortening is not determined. In fact. our definition of a dot is a closed zero-crossing contour which is

too small to hae an accurate tangent direction computed for it. [The additional constraint afforded by a blob

produces Llear suhjccti e contours in cases where there is none when the blobs are replaced by dots (see figure

27).

Ihe ntensitv change associated with the blob is as important as the geometric shape of the blob. Figure

28 shows that bept" hlobs are ,ot effective fir gen erating subjective surfaces. The intensity change across

the hount:ar lines ofan "empty" blob is not step-like I~afT 1976a. It night be objected that the concentric

dik, uet in mmim leinmotr,itions of suhjecti\c contouts are not solid blobs, but are "empt.'" in some seise.

I )is,ssio ofihpi, loint is dctrred until the next section.

I hcr ,. h v, cl hoic to a lo h ai a .p hlu.JS ill ten1it. l li' ge.llltr'i1LA.l ,sliec of the bho

1,1d the 41 .'Cl , ln ll" ( i llll kl b, 1h1 \t ,II ', 401
tei1 IA\ Jn crUi.l ol.. I he c illptltlo ll ticilr\ oi \'. m ol,
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* " a

b

Figure 27. (a) The four dots are grouped to form a parallelogram, but (here is no strong threv-
dimensionad percept. (b) Replacing the dots by blobs produces a tilted subjective surface. (c) If
two of the blobs are replaced by dots, the subjective surface is not seen clearly.

Figure 28. |Fipty blobs are not cffeclive al gnociating subJective surficem.

11ldet I-d [l II I mIIe't4CI 0ti ldITIl retiLrnitiinl. ),I,, nIo wt dsicd it aIdKcqm.IIc 'C ''It iti I4Il ,I h IIj|uI
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a

b

C_7C

Figure 29. The blob in (b) is typically described as a blob like that shown in (a) with a piece
cut ouL

Consider figure 29. For this article, the crucial point is that figure 29b appears to be "incomplete". to be a ver-

sion of figure 29a from which a piece has been cut. Kanisza 119741 has argued that it is precisely descriptions of

this sort that underlie the perception of subjective contours. An initial conjecture is that tangent discontiniuities

that produce concavities in otherwise smooth contours typically give rise to descriptions that entail missing

parts. The qualifying phrase "otherwise smooth" recognizes that there are shapes such as figure 30 in %hich

tangent dicontinuities do not always signal incisions. Figure 31 shows that smooth blobs (of which the circles

favored b Kanisza are merely a special case) are more effective for generating subjective surfaces than those

in which there are several tangent discontinuities. Several authors have pointed out that extremely angular

blobs are ineffective at generating subjective contours (Coren [1972. figure 8c. page 3651. Kanisia [1974. figures

5, 6, page 901. Brigner and Gallagher [1974, figure 2, page 1049]. Rock and Ansor 11979, figure 3. page 6671).

Angulrity is neither a necessary nor sufficient condition, however.

Lines

I 'ns in .111 itillL, e fie rise to connectel coitours of /eto-crossings in the primal skctch. Iin htrd has

is, ,l~id th folh,, lng list: (a) %kircs. pice ctlcs ihat tlie not 11uaced to ",if 'ACV. (b) hMItdnllg .,iLI,,
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Figure .30. Tangent discontinuities do not alwaiys lead to descriptions that refer to pieces being
cut out. The shape shown here is often described as a rectangle with a piece stuck on its side.

& J

Figure 31. Smooth blobs with tangent discontinuitics are more effective than angular blobs tor
generating subjective surfaces.

contour. c -ires that are attached to one flanking surface and signal a depth hotindar). (c) con ect ('dgcS .

cl II'." thlt ,trc cnnctCd 10 the two surlices that IlInk the' C.e, (d) cor 's that form ti homi d,ii (f" a

iirftie iukiny. id (c) ciies tht mark iwt homidar mf ,h;ido,. In ci,,e (C). the 11llccl Cd 'c Il.i\

citlo tonl\- ' or coIca'l with ieclcl to the \ itwer.

4
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Figure 32. A subjectise contour with a protruding wire.

To each three-space interpretation of a line there is a subjective contour havitng that interpretation. In sec-

tion 2 we presented examples of subjective surfaces that included bounding contours (the usual case), shadow

boundaries (figures 16 and 17), and connect edges whose com exity or concav ity was occasionally ambiguous

(figures 7, 8, 11, and 18). [he only interpretation that was not demonstrated in section 2 was ats a wire. 'Ihat

deficit is repaired in figure 32.

As was the case with blobs in the previous subsection, the process by which an individual line in the

image is interpreted is not completely understood. The best account to date is the tradition of work aimied

at understanding line drawings of polyhedra, together with the more recent work of Barrow and T1enenbaum

[19811. Ilitford 119811, and Stevens 11981c1. For exatrple, wie typically interpret a straight line ats af straight

space curvc, and a curved line as a cur, cd space curve. We prefer co interpret curves lying in a surface ats lines

of curvatu'e (figures 3. 5. and 17) [see, for example. Stev.ens NI)8I. It is diflicult to indicate non-icro torsion

of a space curse by an isolated (curved) line, so strong is our prefeience for plania, intcrprctitimns. A closed

Contior lyrng to~lswithinl if 11iLNCi contour is t~ picAl% intvifprcied as a IClcti uIICndar1L (' Ce fivure

33).
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Figure 33. Closed contours enclosed by a subjective contour are typicidly interpreted as reflectance
boundanes. (Reproduced from Kanisza [1974, figure 36, page 109]).

Etch interpretation of a line imposes constaint on the surface interpolation process. A straight Jlne either

lies in a subjective surface or is normal to the surface. Figure 34a shows a subjecti' e tilted plane At lies

that appear to be normal to it, whereas in figure 34b the wires appear to be lie in the plane. KanIde 198

has considered the conditions under which three straight lines in an image can be the images of ectors in

three orthogonal directions in space. It turns out that the more nearly two of the image lines art, parallel.

the more likely the two vectors are to interpreted as coplanar. This observation tnderlies Kenned%"\ 119701,)

"perpendicularity hypothesis", which Parks [1980a showed to be inadequate. Interestingly. the counter-

examples presented by Parks involve lines that are collinear in the inage and are perceived as a single space

curve occluded by the subjective surface. The importance of line orientation is also shown b au exampnle

ol Rock and Anson 11979, figure 71). page 6741. [hey repoit that the introductio i of the stripes "'c wly

eliminated the perception of an illusory contour-. The striped lexture in lock ind Anson's figurt is earli

collintr with one of the sides of the subjective triangle. Figure 35 shows that tie subjcti c L144 l" e, 'dill

pcicei cd when it is not nearly collinear vilh the orientation oft he texture.

A line ending may he ne.ir a suhjecti\ e coniour, in whiLh case the line is i. pit alhl interli etcd ,i,, KiJ tll

, t1 C l t to. cO s(V irt.ic. ., ,tlnLt tW the SubjCt I Nifc filit e, it rIioitnt to it. A lin.' ho mc ,i cii oi. '
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a b

Figure.34. (a) A filled subjective planar surface with wires that are perceived as normal to it.
0b) The samei subjctrive surface with wires perceived as lying in it.

Figure 315. A subjective contour despite strong background texture.

diat (if a subjective contour conistrains the subjective contour to tic along it. and hene constrains its tangent in

much thc ;,imc~ a> s a blOb sce figure 36).

In smnrnmar , .0.thotigh the inhcrprations are imperf'ectly tlndoi~tood. Nve attribute %igificance it) tile

relati onihip henk e the orientation of a linc and the uinderlying subjet live su rlice. I o weximpic. fit'ure 37 is
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Figure 36. The lines constrain the subjective contour to lie along it.

due to Parks [1980, figure 2, page 3621. The subjective surface in figure 37a is clear and the lines are nterpreted

as occluded by it. The subjective surface in figure 37b is less clear. There is no compelling interpret tiut n of tile

relationship between the lines and the underlying surface.

5. The role of apparent brightness

It will not have escaped the attention of readers who are familiar with the literature of subjecti\ e contotirn

that this article has been conspicuous in that it ignores what is for many researchers the most important.

perhaps the determining, characteristic of subjective contours. We refer to the apparently enhanced brightncss

of the region enclosed by many subjective contours relative to the region outside tie subjcctine contoij.

Blroadly. there have been two explanations of this phenomenon, and they have largely determined the respec-

tive author" approaches to subjective contours as a whole. Some authors, notably Coren [119721 h i\c ,miucd

that the apparent brightness of tie subjecti~e surice is a consequence of the three-dimensional iit.:rpreltion

of1 subjective contotus as stratified planes parallel to the imiagc plane. lhe subjecte lipure is prcepoiall,

neirer the iecer. and hy some \ersion of' coiIstai, sc. lii.g therel'fre app,; hi i.iiher. Othr - ithois,. 101

-111, ,I ril,' and ('/lv o1111% 11)751. 4m-' , idl (i:dl lmcr f119751 K rmcifd mid I co, I') ( I,o t ,,?, I ) i%

" .-- 41 I
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b

a

Figure 37. The clear subjective contour in (a) derives from the perceived relationship between the
lines and the subjective surface, despite the fact that the lines in (b) are more nearly orthogonal
to the subjective contour. (Reproduced from Parks [1980. figure 2, page 3621.)

[1979], Day and Jory [1978, 1980] prefer an explanation based on some version of lateral inhibition. Both

positions have weak points. Coren and Theodor 119751, for example, point out that there are corners in one of

thcir images that ought to give rise to an enhanced brightness effect, according to arguments based on lateral

inhibition. Parks [1980b] shows how confounded the effects of brightness and depth are.

In the previous sections we have argued that the processes of natural perception, misapplied to two-

dimensioral figures, are at the heart of understanding subjective contours. We sketched the computational

theory of visual perception pioneered by Marr, paying particular regard to two representations, the primal

sketch and die 21-l) sketch. We noted that the 2 J -1) sketch make , explicit infirtr.ation about visible surfaces,

including surface discontinuities, that is computed, whenever possible. from ster(o, motion, perspcctic, tex-

ture, occlusion, and so on. 'I hese prnesses, in turn. operate on the in firmation made explicit in the pi itnal

sketch h% th e arlier operations of etlge finding and grotuping [Marr 1976,l. To 41 tie. the complete sit cli|re
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* ,

Figure . .8. Examples of the convolution of common triggering element with V2G filter at a
varnety of scales. The values demonstrate enhanced bnightness. assimilation, and dissimilation. (i)
The result of processing one of Kanisza's figures with a fine filter. (b) The result of pi-occssirg
the sime Kanisza figure with a coarse: filter.

of!the primafl sketch, and complete understanding (of the processes of edgc finding and grouping are not avail-

able. but a solid start has been made, particularly in the zero-crossing theory of Marr and H ildrcth 11980. also

I Ilildrcth. 1980]. The theory proposes that lateral inhibition consists of convolving an image with operators that

are the I aplacian of a Gaussian distribution, operators that closely approximate the differenice oif Gaiissians

NLIgstcd by Wilson and Bergen 119791 (see also Richter and Ullman 119801.)

11) our account, not all edges are created equal in the real world, and it is the job of earls pioxcsifg to

iwko% cr descriptions of contrast. orientation, finely %eparated lines, blobs, and local texitures. Ihlese procscs

nei,ih disco~er differeiices in the two-dimensionial trit'gering conditionis discuissed abs i~ and h% othet

.1iiir1ors. I Iiire 3H shows the residit oif convolving it number of common tngv% riny, eleincoit .11 Ic! (1

'. O." I Ilk- ic-mti are prelininary'. aid will he Owe sibject oif aI luttire report. but thc% cLit i n di, ac" M
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of the enhanced brightness effects suggested in the literature, such as iri,.y and Clatworthy's claim treat line

endings )ield larger enhanced brightness effects than the sides of lines, Jory and Day's distinction between

assimilation and dissimilation effects, and Smith and Over's finding that subjective contours produce tilt and

motion aler-cffects.

We argued above that the figural completion problem studied by Kanisza formed an inipoitant part of

the perception of subjective surfaces, but that it pertained to a stage of processing that is earlier than the

computation of visible surfaces. Similarly, edge detection, with its concomitant brightness effects plays an

important part in computing the primal sketch. This is, however, also an earlier stage of processing than the

determination of visible surfaces. By our account, both enhanced brightness effects that stein from lateral

inhibition and the brightness that results from constancy scaling have a part to play in the perception of

subjective surfaces.

7. Conclusion

It was proposed that subjective contours are an artifact of the perception of natural three-dimensional

surfaces. A recent theory of surface interpolation implies that "subjective surfaces" are constructed in the

visual system by interpolation between three-dimensional values arising from interpretation of a variety of

surface cies. We showed that subjective surfaces can take any form, including singly and doubly curved

surfaces. is well as the commonly discussed fronto-parallel planes. In addition, it is necessary in the context

ef computational vision to make explicit the discontinuities, both in depth and in surface orientation, in tie

surfaces constructed b) interpolation. It was proposed that subjective contours form the boundaries of the

subjectie surfaces due to these discontinuities. Several novel subjective surfaces and subjective contours were

dcmonstrated to support this position. Ihe role played by figure completion mid enhanced brightness contrast

in the determination of suhjeclive surfac.'s was discussed.

k-
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