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PREFACE

This report comprises two self-contained papers

presented as Parts I and II. Part I, presented as the

Fifth Periodic Report in May 1981, will be published

shortly in Cold Regions Science and Technology. It is

an investigation of viscoelastic solid relations of

differential type which can be determined by constant

stress and constant strain-rate responses of ice.

Part II is an investigation of various classes of

viscoelastic integral operator relations to see if

improved and/or more tractable models of ice response can

be constructed. Illustrations and conclusions particular

to ice response are given. This paper will be submitted

to Mechanics of Materials. Alternative representations

to improve the correlation with ice data have been

constructed in the current period and will be described

in the next periodic report, February 1982. An associated

paper will be submitted to Cold Regions Science and Technology.
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Viscoelastic Solit1 iiit ions For The

Deformation Of ice

I U. Spring and L. W. Morland

' !School of Matheriltics 'Ind Physics

University of East An; ii[ , Norwich (W.K.)

Abstract

A frame indifferent differriiai operator law relating

1 stress, stress-rate, strain, aril !train-rate is constructed

to describe the qualitative fot,-L'res of both constant load

and constant displacement rate t'iro[)onse in uni-axial stress

1 experiments. No lower order df.,-ntial relation can describe

both responses, but the tw) res o, es are not sufficient to

determine the response coeffic:ie~nt.s )f the relation. The

jump relation is determined for , stress discontinuity applied

1 in a general configuration. A :siiple initially isotropic

* 1 model is proposed to investiqate, the effects of loading history

and the anisotropy induced in a oonfiguration following a

1 loading-unloading cycle. Both uni-axial stress and shear cycles

are treated, followed by uni-axial stress loading in different

1 directions. The respective deforniation histories are determined

1 'in the small strain-approximation, and demonstrate a significan

influence of the initial load cycle on response from the un-

I loaded configuration.

1
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I Introduction

Engineering applicatio-n '.* iinIy concerned with the

mechanical response of Io!ycryI I iiie ice to maintained

I stress up to strains of a few u.r -*:nt, which includes the

1 instantaneous elastic strain, priarv deceler-iting creep,

secondary or approximately stc.',v .'reep, and some part of

Ithe accelerating tertiary cr -. .i.iure I shows the typical

strain and strain-rate respon;.,:; to a constant uni-axial

compressive nominal stress (force per unit initial

Icross-section) at constant temperature where the longitudinal
engineering strain e is the contraction per unit initial

1 length. Constant o corresponds to constant axial load,

which is a common test situation (Mellor 1980). Similarly,

I constant e corresponds to constant end displacement rate,

1 a common alternative test confiluration, and the associated

stress response at constant te:imi;.erature is shown in Fig. 2

as a function of strain e -- ,t. :-ince the Young's modulus

and bulk modulus of icc are of ,oI r 10 1Nm- 2  (Sinha 1978a,

Michel 1978, Mellor 1980), a rodo.rate stress of 10 6Nm 2

I induces an elastic strain of ml initude 10 - 4 compared with

creep strains of magnitude lo cot-mon in application, but

1 elastic strains are retained in Ihe present theory. The

initial elastic strain is e /I. linear in stres,

where E0  is the Young's modulus at zero stress. The strain

1 jump induced by a stress jump applied at an arbitrary stress

level will be derived as a limit of smooth loading.
I In Fig. l(b), em(-), t (), are the stress dependent

m in

minimum strain-rate and time to minimum strain-rate, and



em (a) in Fig. 1 (a) is the corres,)onding strain at the first

inflexion point of the creep curve. The time t (a)
m

increases significantly as decreases, and, more generally,

so do the times to reach any -2 ) in nn the creep curve; that

is, the rate process decrease: i:, decreases. Thus

em(a) is an increasing functin .f , and we suppose also tha

the initial strain-rate 0 (2 increases with o. The

rate of decrease of length per n.,( current length, or

compression strain-rate with rkeS.ect to the current

*configuration, is given by

-I"
r = (1-e) e , e 1 , (i)I

and the limit e - 1 corresponds to the element length
shrinking to zero. In glaciolojy it is commonly assumed

that there is a long-time steady creep response r (Y), where

is the Cauchy stress, which is an increasing function and zero
at a = 0. With the later j , o, e relation it then follows
that.

e -0 O,=+ e a , - 0, r - 0 as t - , (2)

but this later part of the tcrtiiry response with strains

of order unity will not be reachd in many engineering

applications, particularly at low stress. Wqe will focus on the

* 1 small strain response shown by solid lines in Fig. 1 and

Fig. 2.

At constant strain-rate e, limited by e < 1, the

maximum stress is u (e), and the strain and time at maximum

stress are eM(e), tM(;), where e = et As the strain

increases beyond eM the stress , relaxes, but must

_A ....
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I subsequently increase i.. I .llor (l8()) suggests

I that both em and e, are ,!,i:ittely 0.1i over a wide

range of stress and strain-rat., r spcective1'v, dnd also that

there are indications ihat thie t:i .ximum stres:; C. (e) is

the constant stress ,' pi,),uce i minimum

strain-rate e = $;

I~ em[ M~e n = "a.i -.1 1 (3)

The non-monotonic ttiI-- response at constant

stress and non-monotor i,-;; *. ,cjOnSO at constant

strain-rate, shown in F ijs 1 ir 1 2, hav( b(., n modelled by a

4 viscoelastic different ial op,,r L. r r- ] at.ion -,r. fluid type

(Morland and Spring 198]). '"'10e "'uid relation is based on

I the strain-rate with respect to 'h,- t:urrent conifiguration and

the Cauchy stress (force per iinit urrent area). It is shown

that the minimal form to descril'e both types of response

requires strain-rate, strain-acceleration, stress, and

stress-rate. There is no derndc-ice on a reference

configuration, and every confi'uor-t ion is necessarily isotropic.

I Thus, the model can neither de:-;:ribe an initial anisotropy

which may arise in the ice for-,t ion, nor anisotropy of

1 later configurations induced by the loading history. Also

there is no elastic (jump) stiai:. w e en a stress jump is applied.

I The strain-acceleration ter i. iecessary for the non-viscous

response to constant t rO:;s, .mc thi stress-rate term is

necessary for the non-uni.form S: reF. response at constant

I strain-rate.

We now present an analo-.,u clifferentia operator law of

.9 1



I
solid type, with expli _t ori'..: 2., o, the ;u.rain from

a reference configurat in. ,. ; . es;m ;tress-rate

terms are necessary to te.sci r espons,, at constant

strain-rate, but str,.i i -i .;ri . tt vr 3.; re then

i sufficient to describe t: .e, n :1- :i f- ),-,: a;tra:in-rte response

to constant stress. srrss, the relation

becomes a first order dii frc-it . o.Iuation 1(r strain,

I analogous to that for str.in. t- ].in the fluid relation, and

N there is an appropriate nn-aii4 ,rri strain arid strain-rate

1 solution. The significant n,-, i :,rity of the response

of ice to stress even at :;.l i 1 . ins means that the

4 differential operator ro:.tti,, hijhly nn-linear. Linear

viscoelastic models prcpas , - v'., (1)70) :or low stress

applications offer wel L dcevi,'i. ":,thods of boundary-value

1 problem solution, but are aq.,1 rirop!riate approximation.

Sinha (178a, 1978b) ar_ ,old r..; -inha (198C) have presented

1 the results of constant o i .-:: , tress tests for short time,

small straiin, creep, and inferr,:-, an empirical relation for

the axial strain in terms of str- ,o and time explicitly. It

I is not shown, however, how this i-esaIt can be related to a

coordinate invariant -ensor law necessary for combined stress

1 loading, nor how the response to non-uniform stress history

is constructed in the absence of linear superposition.

While the forms of the mi- :i. responses determine

J the minimial set of terms recyir,.i in a differential relation,

they cannot determine the :hale 1)1 the tensor relation which

1 requires the response to tri-,.x iil ;'ress cr combined axial

and shear stress (Mor]lind P.711). :!ere are an infinity

Au.



j of tensor relations whic-h r,'. the s.±me uni-axial

response. In the absence ( I- k'-i stress results we adopt

a limited shape cf tensor i&,. , -i., with limited dependence

of response coefficients or- ;t: :r'A strdin, and examine

its implications for uni-,ix:ii' I, ::s. It is related to

j families of creep curves tcrI . nt corotant stress, and

families of stress curves f'- " nt c&,nstant strain-rates.

1 In addition, the response *., i'_: :-unloading cycles is

investigated, which demc-nstri.l. :.,At A con&-tIant reduced

stress response contains no iow 2Wrulin about response

coefficients, apart fr rvi 2 n' r't funtions at

o = 0 when ti:e stress :U: i un .Ic:.'de However,

measured reiucd stte-.A: rez.:-:: .. .ir-'" i d, :Onsistency

1 tests for the model.

We focus or a oor) c ,- 't-orici the reference

1 configuration, rnd t:::u 'r..nt i . [ euaticns

describing c:-xj-ned slr..,r i xt Clf,(S in constant

1 plane stress for the s:",u IArxlt .i on. Ni initial

1 uni-axial load-unload :follo.. . ":;e, , lowed by alternative

uni-axial loadIs in tWA tiirtions. This demonstrates

1 that if the initial load i ri, irom thoe unloaded

configuration, the respons, i!; :: crent, which is one feature

1 of the strain dependent.c., o..c;i :..if luid model. A distinct

j effect of the strain tenc:r, . lhe induced anisotropy,

or material asyixmetry, in !e .'. ,1,id -onfiqiuratinn,

I demonstrated by the di f fero;it r, .,,n;e ; to itentLical loads

applied in the two d irc .m; :Iear loid-nnload cycle

I is also analysed, whic: , ii t- 1 1 1 strain approximation,

is accompanied by ne,1j1i.i -i1 ;tra.ins (a feature of

!1



linear theory) , and . i u . i..',:,try in suLsequent

axial loading. Howevr, . i ,.::. that th,- shear strain

can remain constant or Jct'.1,x i.-,an ly in s.ubsequent

axial loading, dependini ,;i "i n-tens:,r dependence.

Differential tensor reIat .

To obtain non-un i -I t c., ;tint stress,

and non-uni fOrn st. .!i---' ,, in uni-axial

stress, a differential ;1 re, , . 1duce ir. both

cases to at least a 4 ir- , n1,i, *I.,ation for the

respective response vii ,i ' 1981) By

analogy with tek vi!;, :.. 1i ti t '. - relation

this implies that s tr,)i r.. , . .. ,: : tiors are

necessary, ind that/str. , -. ':'i:,, re necessary,

replacinI t he srrain-i t' ' . . ,. rmination

of a flui-I relat.ion w,.i. I m . t K, : i.

We ache: t thie usu.' i p;" ,i" c, Nination

I tLr D : .",(4)

where the s tra in-rate & . . , o t! ,.irrent.

configuration is the :;'di i '. K t,, , pit-a1 velocity

I gradient (and the rat,i! i i.Le .kew part) , and

F is the deformation ,i . . . Cauchv'-, ren st.rain

I tensors are

S. ' (5).1_

with principal lnvarimr.;

K = ~rl trC, }. - ~ ~ 2 - 2
1 t trC 2

, I(6)

I
i '
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and the principal strai:-til : ir.ts arc

trD - O, K2 (7)

Incompressibility implies 1-i! : tr,. deviator

S = I - 1tU r,' I (8)

is determined by the Jito.rm_- i .1 L.)i w', wcere 1 is the

j Cauchy stress. An associatedi c-indifferent deviatoric

stress-rate is

1S~(1) + S (D -- W), . (9)

where a superposed dot dt, t-:. , time derivative.

J The principal deviator1- .;t , K : .i.:ts ,ire

Ja = trS - I, ,7 -- ,t (10)

With the further ::ira ! if it i ,. th,l. t!,o tress and

stress-rate tensors entcr n ,,- !r it ion, in3 that

the strain and strain--rat(! ti,. ,.,ntt..r is ;O.;.,arate terms,

then the frame-indifferc, nt 3if,' i.OA relation described

above takes the form

Ss + -,[s(1) 2

[Ff (C)F r  - 1 r 2 -I I t 4I1I
Here f is an arbitrary syfnmet r i," e.n:-or function of symmetric

tensor argument, and th resp.;, c'fIcients i 12 areI
IL
1!



I
functions of the invari,it:. :,, -, , and their

j rates. Dependence on sie: :- : ;s-i: t is therefore

not generally linear, aiHA it -pencrn' on stress,

strain, and their ratc,. in , .roL.jh nvariant

products. We will pi:2: ',! ii iy ;is for i reference

configuration which ., in'i i . clnf inirjtion, and

j demonstrate tIhe anisot1'e i _2 n:- fr( ;'cinfiigurations

reached by different li- is :. "V}' ,;otrouic reduction

I of (11) is given by ,r:u irir. t:,: I doptv-ence to be an

isotropic functio.n of i .., ir, is , - for the

dependence on D L% f r -m VI."L.ence, unce

S + ,IS ]  j L Ii I

+ (12)
+ t'i[ ( I 7' :,, - tI

where the additional r <;. ,1 2::; ' 2 are

1 also funcLions of j.HV1 51.

While dpcrndenc. n o: § : , t.,:'<or -i absent if

Wl = G)2 = 0, dependcrnco 2... I......-. .t I enter through

dependence of 4,1 , ' . A' i n i? v.-riants K1 , X2 .

Furthermore, such d <,n*.,VA .uant, Ki, K2  only

is sufficient to induce -:l§:nic response from subsequent

configurations. Crni ,I :r • a i, I,,ference configuration

reached from the first- hy a Io'V-rrtaiin F' and let F

denote the deformation from t>- scnd reference configuratlo

Then

F F F B F3 B~ F 1
IC F. (13)

K tr"C , 1 ' } * Ii C B
K 1 tC B . 1 -

•1
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while the strain invariants fi .ii i'.- *second reference

configuration are

K = tr C , K.) (14)I
Thus, unless B = b 1 , :. .":an f configuration

is simply an isotropic ,] i, -. ;,re.,-gjn), Ki, K2

cannot be expressed in Kit '.. i: l7 KI , K2 alone,

but depend on the str:, t:- lie i,. That is,

response functions e' .. 1., exhibit

explicit dependence on the t , ." en.;r C from a second

j reference configuration in q-o:ei. ,j, n.ot just* on the

invariants Ki , K2 , so the sew nK: .on tiquration is not

isotropic when W = 02 - ). : -I anisotropy will be

Jdemonstrated by example.

Jump relations

It remains to complement t'. > fercntial relation (12)

by jump conditions whici , dIo -.,, t , s, ;rai n jump when a

stress jump is applied in r.': i'iurition during loading.

If the jump relation i!; t.:,,. 1 i:,,im t a c querice of smooth

J rapid changes governed by the oi-r,.,ential relation (12),

then the response coefficint "' I2' ' ' :2

I must remain bounded as stress-r.es and strain-rates become

infinite, which is a restriction on the dependence on J2 l J 3
and KI, K2, or 12' [3 " Further, since fD 2dt is unbounded

I as the time interval approaches zero, 2 must approach zero

sufficiently fast as stress and strain-rates become infinite,

I which implies that a non--zero ¢ 2 must depend on the invariant

I rates. Since uni-axial response does not seperate the t, and

02 terms, andsince we subsequently analyse models which

-



I exclude dependence of the response coefficients on the

invariant rates, we henceforth adopt the simplification

4 2 = - o . ( 1 5 )

I Suppose the deformation is changed instantaneously at

time t from F (t) to F by a stress change from S0 (t) to S.

Since such elastic strains are infinitesimal, and assuming

I there is no allied rigid rotation jump, we will adopt the

linear approximations

I W = 0, F + (1 + )... / (16)

POF, D = F D +
? 0 0.- -.

j where e is the infinitesimal strain from the starting

configuration with deformation F That is, c is the strain

j jump which will depend on the stress jump, the starting stress
S ,and starting deformation F Let

l S F
h (S, SA F ), hS,

DS - - -0 -.0

+ !L - S +- - 9as aS ~o 0 0 o  o

in the limit process, since S becomes infinite while S O , F0,

and the respective h derivatives are supposed bounded.

Integrating (12) over a vanishing time interval, and assuming

j the jump relation h holds continuously through the change,

gives

.1 S
S~0[dSij + SikgkP.dS~j - 2ijSpqgqr dSrp

S0 s (18)
f~ igik dSkj'

so

ASkAN~ ~I l. . .. . ...
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I where a, i evaluated in the infinite rate limit (if

I dependent on invariant rates) and at F = Fo, but retain their

dependence on S. Given S , F , the six integral relations (18)

I hold for arbitrary S and determine the six components

i(S So , Fo,), and hence h(S, So, Fo) by (17) and the

initial condition h(So 0 o , o = 0 "0 0

Now 11511-1represents an elastic modulus magnitude,

so that I ISIi!.I1Igli j j < 1, so consistent with the

, infinitesimal elastic strain approximation, (18) becomes

S

(4dS ij -li dS k 0 *(19)

A solution of (19) is illustrated for uni-axial stress

I loading.

j Uni-axial stress

For incompressible material the nominal stress a and

I Cauchy stress a are related by (Chadwick 1976)

= F o (20)

LI

i,

'I
I



- 13 -I
In uni-axial compressive stri,;; Li - •, other

1Gij= 0, with correspondiri i c lipal stretches

2 = 1 , 2I roMinal stress
11*2 33'

y = - C other l.

C ,(21)

Al so

- , - (22)

where e is the axi:,t.. co r.t . per unit Lnitial

length, and from (5) B ( ,,.t-. i =

B B -l , 13. "i , .s from (,,

22 33 i

2 -. 2
K 1 = ( -e) 2 ( + (1-e 2 (23)

or, if terms of order e ar : ilected,

K, = K 3(l+e-) (24)

The strain-rate D has corponents D - r

D22 = D3 3 = r , related to e y (1), and invariants

3 r 2  J
12 = 4 13 - - 4 (25)

The deviatoric stress has corvr',nts 2
~11

S 2 2 = S 3 = - , other , .tnd invariants

1 2 1 2- 2 3 2 32-3
= 3T = - -,7(1-e) c . (26

We will restrict the analysis to models in which the

response coefficients dez t~y , the stress; and strain

invariants J 2 ' J 3 , K,, K2 , and not on rates. In uni-axial



I
stress they become function.- ,- two vLriables and e

I and explicit notation for toie i,-,.ed depenJence is useful;

thus

= . '',c) , (~ ,e) , , , 2 ( ,e) (27)

Given dependence on the iv i i- ,letei- the reduced

functions, but the litter , . ,t i*i!ish dependence on

IJ and J 3 ' and on K, ai] . hdt is, t!.ere are an

infinity of response coefficit.:2 s:e>ts conpatile with the

I same uni-axial stress re~jcrise , . t,' remonse for two

independe-;t s tresses anc: two i:. indent str:.tLrts is required

to construct the generaII o,[ii": rt Ation for an incompressibli

I material. :or illustrot ion j: -, e res,-n;, we interpret

a model dependence on ',f , w,: f " 2' K1. Clearly

a non-synmnetric response in ,,, ' esjon and tension would

require dependence on both o ne:, , odd invariants.

Each principal componont ( (1.2) ijves t-e same relation,

which, using the restriction (;V ), is

(l-e)30 + (l-e) (e) - 2e' I -9(l-e)e w e , (28)

where
^ 3 6we = eI(l-e)[l- 3 + . I - (i-e ,

I (29)

I - (3'. + 6. 2 )e i y.(ce".

S1 + 6V :
Only the c,,,ibination I! , so that

I ~uni-axial stress respcn.t, ,; ,, ; ;qi;, hu contribution

Sof the . a nd (I 2 t c, i-!,r i T ! ). M th t!, restr icted



dependence (27) the rEsp n:;, ,,Ikents ort necessarily

bounded as rates become infini:,, arnd thE' jump relation for

a stress jump 00 to V wi.. ,respondin ; strain jump

*e to e + h (oL :A:ciiid by iritegratinq (28) with
* 0 0 0

respect to time over a van;.s.'hI : tline interval

SI [ 3' ?, -, 1 - 1, a - - o30
[ 3'(1-e) --. (30)

I 0

I Since (30) holds for ill , v,.: ,. , the integrand

4 1 vanishes to give a fitr-,t i --Ieti, (-leuation for
U A _ __

the strain-jump h(I,, "

AA

[2o(l-e h)$j(c,eo+h) i -. :

(leoh)2 y ¢(ci,e °  o i) c
1) , ,e ,e -- 3. (31)

U Applying the infinitesimal ;t Jum. inp approximation

h I < <1, 7 -h I < ,< and evluttinq the response coefficie

at F ° , that is i > ,t 0o (even wnen e ° 0),

gives the simpler e Iua t ior

3' ,e)jh (1- ' ,j,) (32)

in which h does not a ir U. irquments of the response

I coefficients. While o n,, he ',)enlected In comparison with

unity at small total strain, th. , ] dependence on e 0

may be significant. The init;.C, K train jump is

See () = h(c, 0,), . 2 2', (0,0) l (O) as (I - O, The

condition (32) is given directly by (19) since h(a,o0 e0 )

-(1-e ) h (s, S o , F 0.

r , 1 1.. ......
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At constant load, o, . reduces t. an explicitI

expression for e in term:; )j Ind e; t'..t is, a

first order differential 1:'u. . ' ... .Fi: C ICe (t) is

monotonic for C > 0 , i ij. ia, Khe strain-at:e response

shown in Fig. lb can be exIrt:::>. ,- a functlon of e instead

of t, and hence the fmilv , i.. ;e curves, for different

constant 7 determine a relat i ,, . F( ,.) for

e e (a), C > 0. By (28,

a 0 0 (o ,e) e (0) e e (a). (33)
A, 23",-;!.( -e) 2 (il-e) 2

4J

At constant strain-raLc . ',,, tCc typical ;tress-strain

curve is shown in Fig. 2. slW tK r o Pt.V:; increases

U with w, but it was ncte(,i th t-Ih corresponding strain

eM is approximately cc0stnt , ,1) , so it- is reasonable

to assume that at each strai. < 1: least in the small

strain range) the stre,,ss with w; that is, the curve

for different w do not i'tsc.. .ience at. each value of

e there is a monotonic - w relition, which can therefore

be inverted:

i e w = constant: G (:,, w - W(0,e). (34

Thus the family of response cu-ve, G(w,e) lead to a family

I of generalised Young's modali W.",e)w  which can be expressed

I as a function E(u,e). From (28), and using the defenitions

(331 and (34) of F and W:

&
I
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II

I 3

The initial Younj's i:odsus . , u ) s

0 (0, 0) - (36)
2. (o, '

I since F (0,0) 0 0, whi,,h i; : t,,dct -f ,J. This is a

consequence of assuminq rate : e,,ont response coefficients,

but is a good approximation (,v,,i i)ractical range of w with

j the value Eo  9 10 Nm 2 ICK'i 1978) While >>a

E (MJ eM from the uni-axial stress tests,
Given E( ,e) , W( ,e) , ,i i -;e) ,/ the constant

I strain-rate relation (35) det-. I "U.', the ratio ¢1/' , then

the constant stress relat:ion (3 3) (L,-,termines the combination
uni-axial

[ (lae)3 o- we] ', , so that a fuz thior/result is required to

determine both u and y. In V, inalooous viscoelastic

I fluid model the equivalent re::ult; 1,-) (33) and (35) were not

completely independent, aId tl,,e ,1doIted model would not be

compatible with arbitri-v y ,nd .. if t a time t

I during constant stress i 1]bidinj, the stre:ss is partially

unloaded to u ( > 0) and then aao,-i.n maintained constant,IU
the strain undergoes an e].asti- ,,_.:rtoase to 0(t1 +) governed

1 by the jump relation (32), and t,,i for t tI is governed

by the differential equation (3!') with 0 - and e(tI+)

as starting value. Given that I ,e) has been determined

over the necessary ranke of ( , hy families of loading*1
*1
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responses, then F(u,e) 4s I. ',..:i ind tho re.;ponse in

j t > t1  is determined; tba t i:;, the samt_. co.bination

[(l-e) o - wel/p arises, and ti_ inloading response does not

I separate w , Y

However, in the conrt-,lel t .II1g c .s ,  -u

t > t e = F(O,e) -- ' (37)I
j which determines F(O,e) , hnC (,e)/ 1 (O,e), not

determined by initial luo.dinq 0 (when e 0). We are

1 not aware that details of the re::onse to comi.ulete unloading

have been determined. Three go .ie general situations are• q I
illustrated in Fig. 3; ri) o1 t 1xtion Ce -0) , (ii) partial

I relaxation Ce 0 Q, e - e , i i) comripc t relaxation

(e < 0, e - 0), based on the a'inpt ions V' ,e) > 0,

Sw(O,e) 0. It is also fecisill, thit creep continues Ce 0),

either indefinitely to a lii. o r to sosme maximum followed by

relaxation, for example if (, (c,',) 0 for all 0 e < 1,

or for some e before changing; si(IT as e increases. This

does not appear to be a smooth 1i iW'.it of the response

I coefficients for c > 0. Case i) is equivalent to

W(O,e) = 0 at e = e(t 1 +), or .(),e) - C if there is no

relaxation from any pre-loade! con! .,juration.

Idealised response

j The reduced response coeffi'i'ents are dt-fined by the

functions F(J,e), E(,e) re[,re:.entinq families of responses

illustrated in -ig. 1 anA Fi:;. ', _o:ether ith an extra

I
I
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I
assumption to unccuple and We will nr)w con!.truct

a simple model which las ipit qua:,ilitative features.

First introduce a reduced tLime! t/t () ,nd suppose
that (de/dt) at constIant , TnJ e ) , arc independent

of a. Setting

e =  0.01, = t,(,)e(F,e) kf(e), f(em ) = 1 (38)Im dtl- in in

i then k is a constant and

k = tm (a)e m(c), F(c,e) = e = em()f(e),
i*-1 e 11 -1 (39)

t () = em( J f-(e,)de',
i in

1 where the universal function flek has the same shape as

F(a,e) for each constant . -- take the Colbeck and Evans

1 (1973) power law for the minjfluI1*Wl strain-rate:

I em(-c 0- 21o + 0. 141 C 105 ,,i , ] 5 -2 ,
m +2(40)

where the stress and time anj lo- ,. Nm and one year
ia=3"15 ×107s respectivelY. -,1u V(0, e) -- 0, and so there

is no relaxation after complct.e unin-adinc, anl case (i) of

1 Fig. 3 always applies. Also (39': extend4, s F into

0 5 e < e ().

eThe main features of f(e) ;iown in Fig. 1 can be

1 represented by

1 f(e) = R + Be-be + Co-  (41)

where R is the ratio of the strain-rate at "large e" (long

I time) to the minimum strain-rate (here independent of 0).

1
1



B,b,C,c are determined by (3 , " (e ) = (;, f" (e.) = 0,

where e i  is the strain tt i: i .:*:,Wri, and f (0) = to,

where f is the ratio o: tin' it ial str,in-rate to the0

minimum strain-rate (here in t,.:hcit of ) Assumninrg

R = 25, sugCgested by I.i:, (1'' , i, and making

the arbitrary choices ,f ', t-e:

I R = 2"5, B - 5 6, 1. ,, 274-7 (42

The reduced time t is related to the strain e by

me

ef - l ( e ' )d e '  = m (-)t = t orf- 1 )de '' = 0.mo552t

0 (43)

for this model.

Figure 4 shows the above I- It function of e/e m  and as

a function of t, and the as;!ck-atcd strain-reduced time curve

F(a,e) is now prescribed.

It is convenient to cxpro.ms the qeneralised Young's

modulus E(.,e) in the f[act:rt,, wrm

SE(a,e) WE 4 + (44

where the factor F (o,o) i - )ti to all .t-ain-r,1tes w,

and E(0,0) = E. We now e::a ,:e st i .:-5t.rair response

at constant strain-rate, C=t..',, under Llhree different

models for , all indo,.ndcet ,I :

^ - ) ; ' "-800e

(i) E , (ii) t: =* i, (iii) = E e +EE0, ('i o-U L1

4 5 (45
E = 9x 10 1 IN i , 20 I 1(Nm

In the exponential decay cas,:-, (ii) and (iii), the constant1
1



E << E °  ensures t it : .remains positive

at strains of order ,. ,', ,;;.' :.: hai; r, Iaxed below
I IO5Nm-2-

,10 Nm so that h . .unp re it ,_n (32). At

constant e = w, by (3r,), 44),

II do

1 which has been inte r. u:. ' rove F and

different I.(e), yitldi:. ; t:. • >ves shown in

1 Fig. 5 for four values .1. ', ,e,:. I ecav of

case (ii) shows little f.. -f . ( t -h. i ;I E Fo ,

in e < 0( 6, but the :Jre r4: ' ,ii fails

1 to show a required peak at

Both case (i) and (1i) r.. . ,requirt-. ;:Ialitative

1 response, which is relative]v .,.,itive t, Kis variation

of E(e) , so the constant .';tw: ; :itiCn 1.-,e) also

controls the constant strain-rt" i , ;I)Onse. ? ince F(a,e)

1 defines a family of non-inter,,,-:in strain-rate functions

of e with (3F/Do) > 0, ther, e , unicue curveA>

1 o (w,e) for each w r. (i- F' W, and F < W

for <a . Thus the peak point i- G(w,e m) occurs

on o - 0(w,e), since (a0I)e) ) at e eM, and

(G/3e) < 0 as 0 > 0 . 1he 'Ir.es 0 (w,e) are not

distinguishable from the solutI :: , w,C) for E = E

1 shown in Fig. 5. In all ca. .,, lope approaches E as

e - 0 and the initial stress r ;wear dis;ontinuous

on the figure scales. BeV1ue ii' tJ J Otn between curves (M)

1 and (ii) has little influenc, ,, hith nmoiui!- :(o,e), the

case E - E is adopted for f i 'iw iIlus;t ration.1
1
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an (40)

Since F(O,e) = 0 by (39)1, ilplying no relaxation after

unloading, the extra assumption , n , must give

w(O,e) = 0. For illustration we: choose

I.-
ew (o,e) = c(l-e) 0 (47)

When a = 0, w 0 0 and only straiin invariants enter the

response, while for a order unity the strain tensor

term we contributes e.iially with the a term

to the strain-rate (33). Now, by (33), (39) and (44),

_ _-
2

(1 - )c, -0 2(1 - ) (I-e ) 0 2 o, (48 )

U E e m(a)f(e) 3e ()f(e) E (l-e)

I both positive and bounded .- I S and e - 0 The initial
elastic strain, settinq e -- it, (32), is e (a) = o/E

- 0 e o
To obtain response coeffiii- ' I ' I' , 2 2 as functions

1 of the stress and strain jnv~irLt:. s for multi-axial and shear

load illustrations, we IssuI,,, d : rI!OInce is on J2 and K1

I only, and use the small strain Ii ,roximations e << 1. From

1 (24) and (26),

e = , 2  (49)

1 then (40) becomes

(T)= -o(0.21 + 0.42j,2 4 0.j''- 2 (

--
(

2 ) 
50()2). (1

12
1

1I
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Choosing 0 = in the definition (29) of w and neglecting

e compared to unity, the model (47), (48) givesI

Q) (j 2) f i;' -

!Eo - 4 (J/3) '

where f(e) is defined by (41), (42), and the simplified

relation (12), with (15), is'I
S + *[S (I ) - 2tr(S D) 1.1 D 4- [B K 1 3 (52)

I Loading cycles and induced anisotropy

1 To demonstrate the anisotropy induced in configurations
-loadinq

reached by a stressunloadinq c .-e from an initial isotropic

1 configuration, we will determi::' i.-I compare strain responses

predicted by the relations (51), ) for = 0 and a $ 0

when the initial cycle is .,n ini- ixi 4 stress and when the

J initial cycle is on shear stre .-.. rT hoth cases the initial

constant stress is applied over om ti!me interval (O,tI ),

1 where t = tI is in the tertiary creep range, and unloaded

completely at t = tI  for a time interval (tl1 t2 ). Since

the model (51), (52) is non-relaxinq, the strain remains

1 constant over (tl,t 2). At time t2 . two alternative reloading

situations are considered to compare the induced directional

properties of the configuration at time t2 ; namely, the same

1 constant uni-axial stress for t t2 applied (separately)

in two orthogonal directions. Table 1 shows these four loading

1
1
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histories, further illustrated i the section (a) of Figs 6 - 8.

Non-symmetry of the nominal stie,;: T implies a 12 3 a21

I in shear, and zero normal traction on the sheared faces

X1 = constant requires one nor:1, l nominal stress non-zero, here

11I 0 - o 21 - oy C,12' a11 "o10 < t < t1II

I a r (b)

t > t 2
: 

0

1 other oij = O other 0

Table 1. Loading-unloadin,-roloiding cycles

I
The above examples invLve, ni-Y plane stress in OXIX 2,

and the principal stretch along CX3 is given by the

i incompressibility condition. In addition, only the (1,1), (1,2)

(2,2) components of (52) are independent equations, so only

1 O 1X2 components of the various tensors are displayed. For

1
1
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I combined stretches a1 long :x, 2 'lonq OX2 and shear

tan--) between OX and OX 2 , thl,, ,ieneral forms are

j F={I J , F3 3  1( 1 K, - 12
2 21 '22 j

i (53)

21 K 22] 2 222

using (20), where il''2 are principal stretches only if the

shear y = 0. By symmetry of the Cauchy stress

- = 2 -
012 ' 021 ' 22

/ G21 0, y . (54)

N2

1 1- 21 22

I The latter situation is adopted for the shear cycle, so that

no normal load is applied in con unction with the nominal shear

stress 021 on the loaded plan..- X2 = constant (x2 
= constant)

Surface traction is given by (Chdiwick 1976)

T -Tt (n)da =onda NdA, (55)

where n da and N dA are the ci:rrent and initial elements

of vector area. On a sheared face X1  constant,!
!
1
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I _- (1,0), n = + - (I,-

I-T -12(56)
aN.n (a~- ~'1~I21 -. 1

so for -y 02 1  f 0, zero nornial t it-tion requires that either
I--

or a22 is non-zero, and ad tinq (54)3,

11 22 2

It is found that neither \, nor 2 can remain constant during

the above shear loading qoverne'd by the relation (52).

Corresponding to (53), notii,,i + W = F F

2 2 -1 2
x 1~ + "2 1N -1 1  ~ 1 2 B 33  (
X B=0 F F_ = x

2  J2 2 -31 2~

XI 0 - 2 0 22 +2o21 3 2 21
3 133 11 22* 2 1 1s o2 +2a" I ,1 s 33  -(s 1 1 +S2 2 ), (59)

3,2 o21 22o 2 2  1. 1 221

K X1 + X2 +  X X x +  K. ' 2, = I 2 -2 -2 2 2 2. 2 1 ); " (I1 1 2 1 2 .1 2 1 '2 1 2

For small total strain, je, l-, e2 = - 2 ,
-3 3 3* neglecting el, e 2 ' 'y

K 1 K2 = 3 + 4(e1 + C 2 + e1e 2  + ¥ (62)

!
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so that dependence on K1  and on 2 cannot be distinguished

to this order of magnitude. Purther, the shear condition (57)

to lead order is

0 =0 22 diaon, (63)

but a11 contributes to the lead u derkcomponents of the

j stress deviator (59):

SI _

1 (64), 3 ' 33 . " ' 2 21
30 21 -2a2

The small strain approximation is now applied to each of the

I four loading histories shown in T'able 1.

During the initial constant uni-axial stress Lii = -0 '

A2 = 3= X= 0, 2 - el I1 = 1 - 2eI ,

2 2- 1-2
K1  = 3e1 ' S11  Vo ' 2 3 o 'Ul el'

W 0 0, tr(S D) = ae, ( ") ,e, S
. l and

1 (52) becomes

e(3 1 + 4 = 200 - 6 1 e, e1 (0) = /E < i0 2 , (65)

which is the small strain approximation of (33). With the

response coefficients (51), i, , and 20o - 6w1 el, each

have a factor (1-a), so the differential equation (65) is

J independent of a, and integrating over (O,tI ) gives the

same e1 (t), e2 (t) = - eI(t) for all a. Unloading at

t = t, gives a negligible elastic strain jump

I1
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Ee. 0 of [e 2  = -Co o1 , ol low ed by constant el
over (tlo2) Reloadinq to - - for t > t

j recovers the elastic strain lI) 0/Lo [e2] = -GOo/E o f

and continues the response as i.f unloading had not taken place,

I since the same differential equation (65) holds with initial

condition e (t + ) = e(t-), Figure 6(b) shows the

strain histories el(t), e2(t) whe_n (Jo = 1O Nm and

j t I = 200 hours compared with t ( ) = 11914 hours. Since the

initial loading passed the minimum strain-rate time tm, the

response from the unloaded state deles not show a minimum strain

rate, nor, of course, any of thc initial icading features.

This is a crucial feature of a vi:coelastic solid dependence

1 on a reference configuration: identical loading tests on

samples with different pre-loadin.i histories from the reference

configuration exhibit different rsponses.

I A distinct feature is that o-f the induced anisotropy,

or material asymmetry, in the ne-w unloaded configuration, even

Iwhen the material is isotropic in the reference configuration.

Consider the alternative uni-a.:ial stress loading a2 2 = -

for t > t. There is an elastic strain jump

1 e2] = a0 /Eo, [e1) = -u 0 /E, at t = t2, so that

• I 3--
e 2 (t 2 +) = e2 (t1 -) + -2'y"E, - e I1 (66)

since ao << Eoe2 I In t > t2 f
e * e+ -*)F 3 3e2 +9,2

e I -e I  - (e 2 + e), K1 - V -e 2 +e

(67)

e 2 (34 1  + 4 0  = 2 0  - 6!o Ie2

S K..,,.



-29 -

j While (67)3 is the same differenLi,11 equation for e2 (t) in

t > t2  as the above reloading elkuition (65) for e1 (t), the

I equations for the corresponding axidl strain changes
=e4 e* and Yl = el - ei c re not the same, and the
2 2 1 I

invariant K 1-3 entering the coefficients is a different

j function of and Yl respectively in the two cases.

By (65)

2 2
3 = 3(y2 + 2vle + e*2 ) ' ( 43o) = 2o - 6wY - 6wiel,(68)

with Y1 (t2 ) = 0, and by (67),

1 2 2 -

Ki-3 = 3 (y2 - Y2 e* + er2 ), Y2 (3 1 4 4!,' o) = 2o - 6(,Y 2 + 3we*' (69)

with Y2 (t0) =. K1 -3 = 3e* 2  at t t 2  in both cases

but has different dependence y] ind Y 2  so the differential

J equations for y and Y2 are not the same, even when

= 0 (a = 0). Thus, Y2 / ! in t > t2, and the

J material is exhibiting a dIfferent response to loads applied

from the unloaded configuration in the OX2 and OX1

directions. Figure 7(b), (c) show the results for a = 0

and a = 0.5, comparing e2 (t) in t > t2  for the 2

loading to e1 (t) = el(t) for 'I loading relative to

I the same starting value at t2 , that is, comparing Y2  and

Y1 . The difference Y2- reflects the degree of induced

anisotropy. The effects of changing a hence I are

not as marked as the Kl-3 change in the arguments of

and , because of the strongly non-linear function f.

IIn linear viscoelasticity all coefficients are constant, but

I

I ..
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I ice exhibits strongly non-line. response even at small

strains. For the model (51), C. 1 el since

a IE0el ,  and the i term makes negligible contribution

to this small strain constant stiess result. It does, however,

have a significant role when 0 / , as in the constant

I strain-rate response (35).

Now consider an initial constint shear load a = -o

applied over (O,t1 ). In the sm.ill strain approximation

jthe lead order invariants and stress deviator are given by

(62) and (64), and neglecting I,(,el,e 21 compared to unity and
noting (el,e2 ) '< O(y),

B= D = W=

S-2e 2
1  ' k 0

'I f (70)

, tr 1: )',

i3 0 -2yT} trS ;

ThenIhe three independent components of (52) are to lead order:

+ 2o = -(3oy, + 2!1 lel),

2 2-
12 + -y Toy = -oY (71)

i + 2 4 e +e2-yy) = 2(7 -- Iy).
1~ 012 31

Now 1-O1 << ITy for the model (51),

I so the p term in the shear component (71) is niegligible,
3

but if 1e1,e21 < y , the i, , ld terms of (71)1,2

may be comparable. By (51)i, (70) , Iy 0(to ) and

!
!
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= O(T), so by (51)3, (71)1', we see that el ,

are given by terms of order 10,F, ot e/-, and hence() 0' ,

S(;l,&2)/il << 1 if e "<' y Initially, the jump ratios

J [el]/[y] , [e2]/[y] are negligible because of the

approximations (63), which sugcest.s that e1 ,e21 <" Y on

(O,tl). Figure 8(b), (c) show thic strain response for

= 0 and a = 05 when 0 10o 2  (same as

axial case), determined by inteirating the three equations

3 (71) simultaneously; indeed el 'ind e2 remain negligible

on (O,t1 ).

When the shear load is removed at t = t1  there are

: negligible elastic strain jumps (,Ilowed by constant strain

on (tilt 2 ) and negligible stratin jumps on reloading at

1 t = t2 . But since e1  and o2 ro:,iain negligible for
5 < t !5 t 2 + , subsequent dependo<ie of K -3 is symmetric

in the axial strain changes e e(t 2 +) and

e2 - e2(t2 + ) , where e (t ,'(t +) = 0, and also the

respective axial loading equatii,. hence the response el(t)

1 to constant stress a I 4 n t > t is the same as

e2 (t) for C22 - ; that i;, the unloaded configuration

- after a shear cycle is symmetric to subsequent axial loading.

Consider the response to oi -1 0 in t > t 2. From (62)

with e2 = - eI, KIl3 = 3e1 + "f , now depending on y, and

by (58), B12 = B2 1 = y , so the axial equation (65) applies,

coupled to y through K1-3 , and the shear component of

(52) gives

I 1y = - 2wy , (72)

7I K ;-- ..... --.,-_. ,... .. .... .,... ..



I to be integrated siniul'.,.,t..- ..;.,' i,:!i startin(. val es

e e 1 (t 2 +) = 0, Y(t2 +). When 0) - 0), y rentains

constant, but for . i : .i. ca: shear strain

1 decay during the axial iel -,,:t. rn.! The dependence

on the strain tensor. i.-,:3. . t! ,',e responses for

a = 0 and i = 0.5. lr'i ".". .t,3 fo- , e 2 are

obtained if the alternaoiv. :..i ' c is applied.
0

Note, however, if alternat'iv . :.ir reloairis °21 To

1 and -3l 1t? are applied, t . ;j)unse will be different

. because of the roles of the cwri-.:,,onding shear strain Y12

and y13 in the invariant.

Concluding remarks

* It has been shown that a differential operator relation

defining an incompressible viscoelastic solid can describe the

1observed time response of ice to applied constant load and to

applied constant displacement rate in uni-axial stress.

1Furthermore, both strain-rate and stress-rate terms are
1necessary, in addition to strain and stress terms, to reproduce

both these responses. By comparison there is no strain

* dependence in the analogous incompressible viscoelastic fluid

relation, but a strain-acceleration term is required, so

that both forms of relation contain three independent response

1coefficients in uni-axial stress. In the solid model it is

assumed that the response coefficients depend only on stress

1and strain (not on rates), and the above two responses

determine only two combinations of the three response coefficie

Thus the general uni-axial response described by the model is

1not fully determined by these two responses, in contrast to

the analogous overdetermined viscoelastic fluid model. Further

"hS
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J investigation of the construction of a solid model is

required. The solid model does, howtever, in contrast to

I the fluid model, exhibit strain jumps when stress jumps

I are applied. We have derived the general jump relations

from the differential tensor relation, and directly for uni-

I axial stress from the reduced uni-axial stress relation, by

assuming that they are the limit of continuous changes

taking place in a decreasing time interval.

1 Uni-axial response does not, of course, determine the

tensor shape of the differential relation, nor the dependence

1 of response coefficients on stress and strain tensors. Test

responses involving two independent stress and two independent

strain components are necessary to determine such shape. For

I illustration we adopt simplifying shape assumptions and construct

*a reduced tensor relation compatible with idealised uni-axial

stress response. The same uni-axial response would give a

different tensor relation if different shape assumptions are

made. It is shown in general that the response from a pre-

1 loaded distorted state is anisotropic, even when the initial

configuration is isotropic. Such induced anisotropy is

1 demonstrated by the responses of the reduced model to loadingr

unloading-reloading cycles when the reloading is applied in

different directions. Both uni-axial and shear loading is

I1 considered for the initial load stage. Furthermore, reloading

which repeats the initial loading shows the change of response

1 which is caused by strain dependence in a solid model, not

present in a fluid model. Correlation of test data with solid

models must therefore indentify the sample configuration with

1 respect to an undistorted state. If ice completely relaxes on

1
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unloading, given sufficient time, then a test sample would

have the original configuration on formation, isotropic or

anisotropic. The model adopted Lor illustratioa exhibited no

Irelaxation on unloading.

1

1
I 1

1

* 1

* 1

1

, 1
1

1
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Figure Captions

1. Typical response for constant load test on ice:

a) creep curve,

b) strain-rate v. time.

2. Typical stress-strain response, fr constant displacement-1
rate test on ice.

3. Strain relaxation after co:i:ip,,t, e unloadinj:

(i) no viscoelastic rela:,c io,,

(ii) partial viscoela.tic le,.,x,ti.on,

(iii) complete viscoelasti,, rl,tXation.

4. Idealised response for constaiit Load tests:

a) normalised creep-curve,

b) - f(e) --- f(t).

5. Calculated stress-strain res!, ,'e for four constant

ratge-
displacement (- ,and different !;(e)

1 * 9-2
E = E 9 X 10 9Nm ,

1 -160e 1IE = Eoe0 e + Elf
800e

...E = Eo0e + E.

1 6. Response to load-unload-repeoit load in uni-axial stress,

1 all a .

7. Response to load-unload-new direction reload in uni-axial

1 stress, for a = 0, (b), 0-r . c). Comparison of

and e I in t > t 2 reflects. tho induced anisotropy in

states at t = t2.

1 8. Response to shear load-unload 4K) lowed by uni-axial load

for a = 0. (b), a = 0.5 (c).
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Figure 1. Typical reIspormc' Lti instant load test on ice

I (a) creep curve
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(b) strain-ra~te v. time.
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I Figure 2. Typical str';:;-- ; i i) i-esLp)fst f or constant
displacement-r~i t. '.t;t oil ice.

i Cr/
M

1a-E
* 1m

L



I

Figure 3: Strain rela.-:. to coM:TI ete unloading:

(i) no vi c, ,,. t c relaxaition,

pa(ii) p rt i ' vi: >...IF;tic re axation,
(1iii cor~y .. Z i :,- 'I0:1 stic relaxation.
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idealised roc; i~< constant load tests:

Figure 4. (a) w rrn~~ I i c~ i ~' rt t. p curve
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Figure 6. Response, to C) lILd-!:: lImid-rep(eat lo-ad in
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1 Figure 7. Response to load-unload-new dlirection reload in uni-axia

stress, for ax 0, (b),, -- 0*5 (c). Comparison ofe2

Iand e- in t t reflects the induced anisotropy in

!;tate at t =t 2 .
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I Single Integral Representations For Non-Linear

I Viscoelastic Solids

L. W. Morland and U. Spring
School of Mathematics and Physics

University of East Anglia
Norwich

Abstract

I The finite linear viscoelastic solid and single integral

representation with non-linear dependence on history are

investigated in uni-axial stress. Both integral kernels in

the stress formulation are determined by single-step constant

strain tests, and both kernels in the strain formulation are

q determined by single-step constant stress tests. Single integral

stress and strain formulations are not equivalent. The stress

I histories required to maintain constant strain-rate for both

models are determined from the Volterra integral equations given

by the strain formulations once their kernels are determined by

J constant stress tests. However, known constant strain-rate

response does not determine the kernels. Examples are presented

I to show that variation of the kernel within a given qualitative

shape can lead to different shapes of constant strain-rate

response, so that both constant stress and constant strain-rate

j tests may be necessary to deduce the optimum single integral

approximation, in preference to multi-step stress tests. It is

I shown that the apparently simpler finite linear viscoelastic model

requires a far lengthier numerical algorithm to solve the Volterra
II

equation, and leads to non-unique and physically unacceptable

I response, in comparison with the more flexible non-linear history

dependence which yields unique acceptable responses.!
I
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1 1. Introduction

A general frame indifferent representation of a viscoelastic

I material is

a(t) E RT (t) T (t) R(t) = [E( )], (1.1)

where a is the Cauchy stress, E is a strain defined by

(F TF - 1) where F is the deformation gradient from a given

Ireference configuration, and R is the rotation from the

reference configuration {see, for example, Dill (1975)}. That

is, the rotated stress a at time t depends on the history

J of strain E(T) , - < T S t, which can be termed a stress

formulation. Alternatively, if (1.1) can be inverted, there is

I a strain formulation

E(t) = + [f (T)] (1.2)

in which the strain at time t depends on the history of the

rotated stress. Dill (1975) notes that the inverse exists for

linear viscoelastic materials, but not for linearly viscous

fluids. It is supposed to exist for general viscoelastic

materials. Any material symmetries of the reference configuration

I impose restrictions on the tensor functionals Y and 4-k

*For an incompressible material

det(l + 2E) E det(F TF) = 1, (1.3)* I
and

A tI ^ EEtj ^
7' T (T) , E (t) H 0' (T) , (1.4)II

|I



- 3

I where the stress deviator S is defined by

1

S=a+pl, p - tr , (1.5)

J and the mean pressure p is a workless constraint not determined

by the deformation. Lockett (1972) suggests that a given pure

l shear strain history (of an incompressible material) may require

isotropic pressures p, in contrast to the shear relations (1.4)

based on the workless constrain postulate. In this case, the

J incompressibility condition (1.3) should be adopted as a good

kinematic approximation (small dilation compared to typical

I shear strains), and the full stress relation (1.1) or (1.2)

1applied.
Theoretical modelling of non-linear viscoelastic behaviour

J has focussed mainly on multiple integral expansions of the

stress functional T , (1.1), with kernels depending only on

l time lapse t - T (Green and Rivlin 1957, 1960; Green, Rivlin

i and Spencer 1959, Pipkin 1964), and specific representations

for isotropic response have been formulated. Such models are

J usually truncated after the triple integral, but still require

a large programme of tests to determine the kernel functions.
I Lockett (1965, 1972) has presented theoretical programmes of

multiple step constant stress creep tests sufficient to determine

the kernels of the third order one-dimensional and three-dimensio

* models, with corresponding constant strain tests for a third

order expansion of the strain functional +k(1.2). The third

order expansion of the strain formulation (1.4)2 for the

&Jt
I
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incompressible case is analysed further by Lockett and

Stafford (1969). Motivation for the truncated stress integral

jexpansion is that the current strain and weighted integration
of past strain (fading memory) are small, Dill (1975), though

the expansion is an exact theory which may describe the large

strain response of some material. Truncation of the strain

expansion has less motivation, and truncations of both expansions

to the same order are not equivalent formulations, and require

different numbers of kernels in the incompressible case

I (Lockett 1972).

An alternative expansion in a small strain difference

history from the current strain, E(T) - E(t) , leads to

I integral series with kernels depending on the fixed strain

point E(t), (Dill 1975). The first term, linear in theI difference

strainfhistory, defines a finite linear viscoelastic material

(Coleman and Noll 1961), given by

rt
i(t) = K[E(t) , 0] E(t) + O KE(t), t--]E(T)dT , (1.6)

J where K(E,t) is a fourth order tensor function, zero on

t < 0, and k denotes the derivative of K(E,t) with respect

j to its second argument, supposed continuous in both arguments.

The first term of a similar strain expansion in stress difference

history gives

E(t) = C[o(t),0]o(t) + 00 [o(t),t-t]o(t) dr , (1.7)

-

I
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where C[a,t] is a fourth order tensor, zero on t < 0,

and C denotes derivative with respect to the second argument.

I. It is convenient to describe (1.7) also as a finite linear

viscoelastic material.

The linear viscoelastic relations for infinitesimal strain

jE and infinitesimal rotation R - 1 are given by (1.6) and

(1.7) with 0 a and

K(E,t) H K(t) , C(ot) = C(t) (1.8)i
In this case (1.6) and (1.7) are equivalent with the relaxation

4 function K(t) and creep function C(t) related by the linear

Volterra integral equation

K(O) C(t) + o K'(t-T) C(T)dT = 1 H(t) (1.9)

where 1 is the unit fourth order tensor and H(t) is the

Heaviside step function. K(t)E0 is the stress response to

constant strain Eo11(t), and C(t)no is the strain response

to constant stress a H(t).

From the finite relations (1.6) and (1.7), K(E ,t)Eo is

the stress response to constant strain E0H(t), and

C(o 't)ao is the strain response to constant stress aOH(t),

but there is no integral equation analogous to (1.9) which

determines a function of two variables C(u,t) given K(E,t),

or vice-versa. Let K(E0 ,t)Eo = K(E ,t) be given, then (1.7)

.1 gives
Eo = C[K(E 0 t),OJK(E 0 't) + f C[K(E0t),t-TIK(E 0T)dT (1.10)

which, for each fixed E0  is an integral equation to determine

[I
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C[R(E ,t),t] for 0 s t t 0 As different E0

are chosen, the stress argument K(Eot) will be repeated

j at different values t, but the corresponding solutions of

(1.10) at the same time t < tmin will not, in general, be

iidentical; that is, there is no C(,i,t) which satisfies

(1.10) for all E . This becomes more evident when a numerical~O

algorithm to solve the one-dimensional form of (1.10) is attempted.

I Hence, unlike the fully linear theory (1.8), (1.6) and (1.7)

are not generally equivalent formulations. Given the kernel

I C, of course, (1.7) is an integral equation for the stress

history o(t) necessary to support any prescribed strain

history E(t) , and a one-dimensional numerical algorithm is

presented later. Corresponding results follow from the stress

formulation (1.6).

I Both forms of multiple integral expansion discussed above are

motivated by a strain history or difference history remaining

small, with corresponding strain expansions less firmly based.

I Pipkin and Rogers (1968) point out that strong non-linearity may

then require a high-order multiple integral expansion, with a

i1 prohibitive experimental programme, and, furthermore, very

difficult stress and deformation analysis. They propose that the

first single integral should account, if possible, for the strong

I non-linearity by allowing non-linear dependence of the kernel

on the strain or stress history, with successive multiple

integral terms viewed as refinements. Both stress and strain

expansions are constructed so that the single integral describes

exactly the response to single-step constant strain or constant.1

K. *1
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1 stress tests, and the multiple integral terms vanish identically

for such histories. The successive multiple integral terms

]are constructed so that the nth order kernels are determined

by an n-step constant strain or constant stress test with

I higher-order terms vanishing identically. Thus, extra terms

can be added to refine the correlation with extra multi-step

response without disturbing the integral series already

j constructed, in strong contrast to the earlier multiple integral

expansions in which all the kernels change as the level of

I truncation changes. The single integral representations are

o(t) = G[E(t),O] + J fE(T), t-T]dr , (1.11)

I ^ I t

E(t) = J[^(t),OJ + J [(T), t- dT , (1.12)

where the relaxation function G[E,t] and creep function

IJCa,t] are second order tensors depending on the tensors

E and a respectively, as well as on time. G(E,t) and

J(at) are defined to be zero for E E 0 and a E 0

respectively, then G(Eot) is the stress response to constant

strain EoH(t), and J[Oot] is the strain response to

constant stress oH(t). An integral equation corresponding

to (1.10) is given for the constant strain response, and

as before the kernel G does not determine the kernel J,

nor does J determine G , so (1.11) and (1.12) are

not equivalent. The creep-relaxation relations constructed

by Findley, Lai, and Onaran (1976) are based on iterative

I
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J approximations for G and J quadratics in the histories.

Lockett (1972) argues that successive multiple integral

I terms in the Pipkin and Rogers (1968) scheme are not readily

determined, since the number of arguments in the kernels increases

rapidly because of the dependence on both time and strain or

stress history, but that this representation is a useful basis

for simplifications such as kernels seperable in time and strain

.1 or stress history. Pipkin and Rogers (1968) have used single-step

constant uni-axial stress data for a PVC plastic to determine

the one-dimensional form of the single integral representation

| (1.2), which is then shown to predict good agreement for a

five-step stress history test. Single integral representations

for polypropylene and po1lethylene also predict good agreement

for two-step stress histories, 'it for a polyurethane foam do

not agree well with a four-step stress test. They also argue that

Imulti-step stress tests provide a more severe trial of the
single integral representation than smooth stress history

I response. Clearly single integral representations are the most

tractable for stress and deformation analysis and require the

least extensive experimental programme, and the forms (1.11)

[and (1.12) which incorporate non-linear history dependence
offer most flexibility, with some good response correlations

Ialready demonstrated by Pipkin and Rogers (1968).

We now inves late the strain representation (1.12) and

the corresponding .. Ate linear representation (1.7) in uni-axial

stress. Given the scalar kernels J and C defining the

same single-step constant stress response, the respective stress

i histories required to maintain constant strain-rate are determin

by Volterra integral equations. Distinct numerical algorithms
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are necessary. It is found that the apparently simpler finite

linear viscoelastic relation requires a considerably lengthier

and less satisfactory algorithm than the general non-linear

j relation, which follows also for other loadings. Furthermore,

in examples with C determined by a smooth constant stress

response, the constant strain-rate stress history for the finite

linear viscoelastic relation becomes non-unique and all branches

become physically unacceptable. In contrast, the general

I non-linear relation yields a unique physically acceptable solution,

and accuracy and stability of the numerical algorithm is tested

I by application to the linear viscoelastic relations for which

exact solutions can be derived. However, variation of the

kerenel J within a given qualitative shape can lead to widely

JJ differing shapes of stress history for constant strain-rate.

The same effect is also exhibited by solutions of the linear

I viscoelastic relations when similar kernel variation is

investigated, and is not peculiar to the chosen non-linear

kernel. Thus, when constant strain-rate response is known as

I well as constant stress response, the "best" single kernel

is not necessarily the exact single step constant stress response,

I as in the Pipkin and Rogers (1968) scheme, but rather that requir

to approximate both responses. That is, the trial of a single
Sintegral representation should be multi-type tests rather than

j multi-step tests of the same type. The constant strain-rate

response is a smooth stress history, which, in our examples,

does provide significant information. Our inverse methods do

not show, however, how the constant strain-rate response can be

used directly to "optimise" the kernel J, nor to construct

]I
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" double-integral terms to refine the model, in contrast to

the Pipkin and Rogers (1968) scheme, but have revealed the

possible failure of models constructed by single-type tests.

j 2. Uni-axial stress

i1 Consider a uni-axial stress configuration with one non-zero

stress component a inducing an axial strain E = e , equal

lateral strains = E33 , zero shear strains E (i j),

and no rotation (R = 1), where the components refer to

rectangular Cartesian axes Ox. (i = 1,2,3). For an incompressible

I material is determined by (1.3):, E~22•

I E = ({ (l+2e) -  
- 1} , (2.1)

22

* L but for a compressible material must be determined by

a 22 a a3 3 = 0 in the constitutive equation (1.1) or (1.3). The
axial relations corresponding to (1.6) and (1.7) for the finite

I linear viscoelastic solid are

I o(t) = K[e(t),Ole(t) + K[e(t),t-T~e(T)dT , (2.2)

e(t) = C[o(t),O]a(t) + C[a(t),t-T]a(T)dT , (2.3)

[ - w

and the linear viscoelastic relations are given by K K(t),

C = C(t), with

K(O)C(t) + J'(t-T)C(t)dT = C(O)K(t) + C' (t-T)K(T)dT = H(t).(2.

I0 0
o
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The non-linear viscoelastic relations (1.11) and (1.12) become

I a(t) = G[e(t),O] + j G[e(r),t-T]dT (2.5)

j e(t) = J[ (t),O] + J J (r),t-T]dT (2.6)

The kernels K(t), C(t) in the linear viscoelastic theory,

depending only on time, are determined by the response to any

applied stress or strain history. However, dependence of K on

e(t) in (2.2) and of G on e(T) in (2.5), implies that K

I and G can be determined uniquely only by families of constant

strain tests, e(t) = e0 H(t) with a sequence of e0  to cover

* the required strain range. The stress response is then precisely

K[e ,t]e and G(e ,t) respectively, described as the
0 0 0

relaxation function. Similarly, the creep function,or strain

response to constant stress a(t) R H(t) , is C[ao ,t]O

and J[a Ot] from (2.3) and (2.6) respectively. Other smooth

I strain or stress histories, including constant strain-rate

e(t) = rtH(t) or constant stress-rate a(t) = stH(t), do not

lead to unique kernels unless, of course, the particular single

j integral representation is an exact description of the class of

smooth responses chosen. Furthermore, there is no simple correlati

of the function K[e(t),t-T] , 5 t , nor of the function

G[e(T),t-T] , r 5 t , with the stress response a(t) for a

general history e(t), and corresponding conclusions hold for the

I strain formulations (2.3) and (2.6). Also, the non-uniform stress

I
I
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response a(t) to constant strain does not determine the

kernel C in (2.3) nor the kernel J in (2.6), and the

non-uniform strain response e(t) to constant stress does not

determine K in (2.2) nor G in (2.5). For multiple integral

terms, only multi-step constant strain or multi-step constant

I stress tests allow direct correlation with the kernels of a

stress or strain formulation respectively, and the two formulationa

cannot be related.

JNow suppose that the kernels C and J have been

determined by families of constant stress tests, so that the

I representations (2.3) and (2.6) describe the same constant

stress response. The Volterra integral equations (2.3) and

(2.6) for the respective stress histories a(tI corresponding

[to a prescribed strain history e(t) can be soived numerically

to investigate the different responses predicted by the two

Irepresentations. We will present the algorithms and

illustrations for constant strain-rate e(t) = rt as an example

of a smooth loading history used in practice. Given K and G

I from constant strain tests, the Volterra integral equations

(2.2) and (2.5) similarly determine the responses to an applied

stress history o(t).

First consider the non-linear relation (2.6) with

e(t) = rtH(t) , where r is a constant, so that o(t) = 0

I for t < 0. Define

I i 16 , i = G(ti)' = 0,1,2,..., (2.7)

I
I
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where 6 is a small time interval, and interpret to = 0+.

By (2.6)

0 = J[G ,0] (2.8)

I If JCo,O] > 0 for all ( > 0; that is, there is a positive

strain jump at t = 0 when a positive stress jump is applied

which is the typical response of a solid; then

(0=0 (2.9)

and the stress history starts smoothly. If, however, the initial

strain jump is negligible compared to typical creep strains,

so J[a,O] =0 is adopted as an approximation, then o is
0

not determined by (2.8), and may be non-zero. Applying the

trapezoidal rule over the first time interval, (2.6) gives

r6 = J[alaO + S6tJ[Oo,6 + 5[lo]} . (2.10)I
Now if J[o,O] =0 , J[,0] > 0, the limit 6 0 0 givesI

J ,0] = r . (2.11)

We assume that the initial creep rate J[',0 at constant

stress a increases with c , so (2.11) yields a unique

solution a0 for each r . Now ao is determined by (2.9)

or (2.11), and in both cases (2.10) is an implicit equation for

a "Continued application of the trapezoidal rule over successiv

I

I
I
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nr6 J[anO] + .6 J[O0O
n 2 n-O

+ 6{ J [0oYtn] + E Jaoi,ti } (2.12)
i=l 1 -i

I
which is an implicit equation for on  once ai  (i = 0,l,...n-l)

are determined by previous steps, and o occurs in only

two terms.

I The algorithm (2.10), (2.12), with (2.9) or (2.11), can be

applied to the linear viscoelastic relations by setting

J[a(T),t] = J(t)O(T) in (2.6) so that Joici,tjI becomes

I J(t)a i. An exact solution of (2.6) can then be derived

(by Laplace transforms) for exponential type creep functions,

I and examples have shown the time interval magnitude, relative

rto the time scale of the creep function, necessary for the

algorithm to yield an accurate solution. Further, with the

I assumption that J[a,0] increases with a , and the assumption

J[a,0] increases with a , describing expected response,

1 (2.10), (2.12) yield unique solutions aO 2 . . . . .

For the finite linear viscoelastic relation (2.3),

constant strain-rate given by e(t) = rtH(t) yields the initial

T condition

0 = C[a ,0]o ° , (2.13)

I with solution co = 0 if Cfo,O] 0 for all a , and the

first step relation

j r6 C[l,001oI + WS{C[O 1 ,6]o0 + CfOlOl}. (2.14)

I
I
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When C[o,O] -=, C[oO- > O, the limit 6 - 0 gives

C[,O0]o O = r (2.15)

As before we assume C[a,Oj increases with a , then (2.15)

I yields a unique solution oo, for each r . Again, (2.14)

is an implicit equation for al , but here all three terms in

C have argument a1l. and in particular the term &~1 161

involves the kernel evaluated at the unknown a1 and time

6 7! 0 . Over successive time intervals the algorithm gives

for n = 2,3,...

nr6 C[O ,O]o + 6 { C[ n,t Iol + Co ,O]o n }

n n nl n 0 n

n-l
+ 6 E COn ,t ni1o i  (2.16)

i=l

which is an implicit equation for an once a. (i = 0,1,... n-l)
n 1

are determined by previous steps. However, every term in C

involves the unknown argument an  and n terms involve

Can,t n i I evaluated at tl,t2,... tn / 0. Thus, solution

of the implicit equation (2.16) at each step becomes

T increasingly lengthy as n increases, in contrast to (2.12)

where Un occurs in only two terms, and those evaluated
I!

only at t = 0. Properties of C[a,O] no longer allow any

conclusion about each solution n since evaluatiorsat an
and each time step occur. The collapse of (2.16) for the linear

J viscoelastic relation is too dramatic to provide a sensible

test of the numerical algorithm, but solutions have been

repeated with different time intervals to check consistency.

!
!
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Our illustrations show that non-uniqueness can indeed occur

for smooth, physically sensible, creep functions C , so not

only is (2.16) unattractive for numerical methods, but the finite

linear viscoelastic parent relation (2.3) can imply non-sensible

response. This situation must also arise for less simple

loadings.

3. Illustrations

Constant stress and constant strain-rate in uni-axial

compressive stress are the common tests used to determine the

mechanical properties of ice at constant temperature, reviewed

by Mellor (1980). Consider a and e to be positive in

compression. While detailed results over the large temperature

range of interest (230K - 273K) have not been determined,

the main features for strains up to about o.05 are known, and

typical responses are shown in Fig. 1. At constant stress a,

Fig. la, there is an initial small elastic strain jump

ee = G/E 0 , where E is the Young's modulus at zero stress,

of order 10 Nm 2 , followed by a primary decelerating creep

(e < 0) until time tm(a) when e = 0 , e = rm(o),

e = e () , then a tertiary accelerating creep (6 > 0). TheIm
minimum strain-rate rm (a), often referred to as secondary

T or steady state creep, is significantly non-linear in a,

and highly temperature dependent. A close least squares fit to

T laboratory data at 273.13K over the stress range

0 : a 59 xlO5Nm- 2 derived by Smith and Morland (1981) is

Srm(a) = o(0"3336 + 0"320o" + 0-0296o0) (3.1)

!
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where a is measured in units 105Nm - 2 and strain-rate in

units a . The strain at minimum strain-rate, e (a), ism

[ approximately 0.01, independent of o over this stress range,

and much larger than the elastic strain e (a). Figure lbe

shows the corresponding strain-rate at constant stress. The

typical response to constant strain-rate e = r is shown

in Fig. 1c, starting smoothly at zero stress with a increasing

to a maximum a M(r) at time t M(r), then decreasing. The

strain at tM(r), eM(r) = r tM(r) , is also approximately 0-01

for a moderate range of r . While the creep at constant

stress, Fig. la, is monotonic, the decelerating and accelerating

stages shown more clearly in Fig. lb are not common in other

jI rheological models. There is a corresponding non-monotonic

stress response at constant strain-rate, Fig. 1c, but we find

that this does not follow from (2.6) for all creep functions

with the above properties.

An idealised creep model for the respresentation (2.6)

which reflects the qualitative features of ice deformation,

adopted by Morland and Spring (1981) and Spring and Morland (1982)

to illustrate differential operator relations, is given by

Jro,t] = rm (O){A - Be-bt/ tm + De-dt/tm ) , (3.2)

J[o,tJ = fJR,t~dt + a/E o , (3.3)
00

with rm (a) defined by (3.1) and E = 9 Nm - . Then
m o

making the approximation em(O O.O1, (3.2) and (3.3) give

I
!



1 -18-

0-01 - o/E 0  B -b _d
t (a) = a ) a A + () (e - d - 1) (3.4)
m rm (a)d

[ where the constant a must be positive. Also

J[0,O] = o/E O > 0, J[a,0 = r (0)(A - B + D} , (3.5)0rni

so J[s,O] and J[o,0 increase with o provided that A - B + D > 0.

The algorithm (2.12) has been used to determine the stress history

for three constant strain-rates r = 0-5a - , la - , 2a- , and

the three parameter sets for (3.2) and (3.4) listed in Table 1.

-i I II III

A 2-5 2"5 2"5

B 3"6664 1"5660 1"5164

D 10'7206 15"1685 29"2772

b 06706 00380 00099
d 5b 200b iOOb

Table 1. Parameters for idealised creep functions

These all give the same ratio tI/tM = 1-7, where t1  is the time

to the inflexion point (J = 0) in the tertiary creep, and satisfy

a > 0 and J[a,O1, Ra,0] increasing in a . From (3.2) - (3.4),

J J(0,t) = a+ 0-01 - OA/E t + (e-bt/tm e -dt/t 1)1 (3.6)
a t b d

is a function of t/tm() alone when o/E 0  is neglected. Figure

r 2 shows e and ;/rm (a) as functions of t/tm (a) for the

parameter sets I, II, III; each has the required qualitative

Jshape.

I
I

-ii
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The distinction between sets I, I, and III, is seen in

the stress histories they predict at constant strain-rate, shown

in Fig. 3, as functions of c = rt. With set I there are large

repeated oscillations, with set II there is a small stress rise

after relaxation before the steady response, and with set III

the required stable shape correspondinq to Fig. ic is obtained.

If a linear viscoelastic relation with related creep function

jAt + Bt -bt/t m  Dt -dt/tM
JB_-s-(e -) (e -1i)1} (3.7)

0

where j and tm are constants, is solved exactly for the constant

strain-rate response, then oscillations during the relaxation

phase arise if

_ [A(b+d) - Bd + Db] 1 , (3.8)

4Ad(A - B + D)

when the elastic response I/E is neglected. For the parameter

sets I, II, III, X = 0.11, 1.3, and 3.4 respectively, so that

small oscillations still occur during relaxation in the non-linear

model at X = 1.3, but not at \ = 3.4. The criterion (3.8)

provides a rough guide to the likelihood of relaxation oscillations

These illustrations show, however, that creep functions of the

correct qualitative shape can lead to distinct shapes of constant

strain-rate response from the representation (2.6), so that an

optimum approximation for the kernel J must take account of

constant strain-rate response. The above procedure, of course,

provides only an inverse approach, and a direct method has yet

r to be constructed.
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r The same constant stress response (3.2) - (3.4) is described

by the finite linear viscoelastic relation (2.3) with

C[a,t] J[G't]/G, C[G't] Ja,t]/a , (3.9)

which are bounded as a - 0. Application of the lengthy

algorithm (2.16) with the parameter set II and r = la-1  leads

to a non-unique stress long before the peak stress given by the

relation (2.6) is reached, and the time at which this is observed

numerically depends on the time interval 6 Table 2 provides

an outline of the numerical results obtained with time intervals

6 = 1 hour, 2 hours, 10 hours, corresponding to strain increments

1-142 x 10 , 2-284 x 10 , 1.142 x 10 respectively at
I -1

r = la , and the results from the non-linear relation algorithm

(2.12) with 6 = 2 hours for comparison. Once non-uniqueness

occurs, there are three roots of the implicit equation, and each

branch yields three roots at the next step, so no physically

sensible solution can be deduced. The Table shows only the

continuation of th- minimum and maximum root branches of the

first non-unique solution. Until non-uniqueness occurs the

solutions for different 6 are consistent, and close to the general

non-linear solution as expected for such a short initial time

range. This dramatic non-uniqueness property of the finite linear

viscoelastic integral equation must extend to other prescribed

strain histories, and the representation (2.3) would appear to have

no general validity. The same situation must arise in the usual

rstress formulation (2.2) with some smooth kernels K[e,t] wheniI

the integral equation for constant stress-rate response is solved.

r
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r t E 0 aiO 5 NM-21 6 lhouz 6 =2hours 6 =lOhours 6=2hours. hoursI (2.12)

0 0-181 0-181 0-181 O-181

1 0-183

2 0.186 0-185

3 0.188

4 0.191 0-191 0191

5 0-194

6 0-197 0197

7 0-200

8 0203 0.203 0202

9 0.207

10 0210 0-210 0-206

11 0214

12 -0-018 0"218 0-054 0.218 0-213

13 0.068 0-222

14 -0.200 0.226 0-266

15 0-808 0.254

16 -0'351 - 0"093 -0021 0-236 0-226

17 1"127 1"183

18 -0'630 -0,627 0.876 0"241

19 -0.037 -0"033

20 1.511 1.496 -0364 0393 0251 0"236

22 1.111- 0169

24 am1in ax - 0-505 1.194 252

26 - 0063- 0493 min max

28 1.381-0.092 1. 0-267

30 - 0.415 0.012 -0.069 0.322

40 0-903 0.442 0316

50 Gmin  -O.19 6 0.153

Table 2. Algorithm (2.16) solution for different time

intervals 6.

I
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4. Concluding remarks

The finite linear viscoelastic representation (2.3) or (2.2)

appears to have no validity for significantly non-linear response

with the features described above, namely, a monotonic strain

response to constant stress with an inflexion point, or analogous

stress response to constant strain. The general non-linear single

integral representation (2.6), and presumably (2.5), yields

integral equations with stable numerical algorithms and unique

solutions in the examples treated. However, the distinct shapes

of constant strain-rate response which can arise for kernels of

the same shape determined by constant stress response suggests

that multi-type tests, rather than multi-step tests of the same

type, are necessary to obtain a valid single integral approximation.

A direct procedure for correlating the kernel with multi-type

response has yet to be formulated, and may prove a major hurdle,

but the inverse approach used in the above examples would offer

a trial and refinement method.
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Figure Captions

1. Typical response of ice in uni-axial compressive stress:

(a) strain at constant stress,

(b) strain-rate at constant stress,

(c) stress at constant strain-rate.

2. Strain and strain-rate at constant stress for the

three models I (-), II (--..), III(..).

3. Stress at constant strain-rates r = -5a- , la- , 2a- ,

for the models I, II, and III.
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e (a) strain at constant stress
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r (b) strain-rate at constant stress
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Figure 1. Typical response of ice in uni-axial compressive
stress:
(a) strain at constant stress,
(b) strain-rate at constant stress,
(c) stress at constant strain-rate.
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Figure 2. Strain and strain-rate at constant stress for[ ~ ~~~~~the three models I -) II--,II -. -.
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Figure 3. Stress at constant strain-rates r -5a ,la

2a 1. for the models I, II, and III.


