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The equations of gas dynamics in a tube with varying cross section are an

example of a nonhomogeneous system of conservation laws.

In this work we

study the Riemann problem for this system by viewing it as a perturbation of

the classical equations of gas dynamics in a uniform tube.

We also study the

Riemann problem and the formation of singularities for a related, but simpler,

problem of a nonhomogeneous Berger's equation.
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SIGNIFICANCE AND EXPLANATION

) A one-dimensional mathematical model for the flow of gas in a nozzle (a
tube with varvying cross section) takes the form of a nonhomogeneous system of
conservation laws. It is an interesting problem to study how closely this
one~dimensional system models the real two~ and three~dimensional problem.
with this goal in mind we study two problems: a) the Riemann problem (i.e.,
the solution to the problem whose initial datum is a step function} for the
one-dimensional system, b) the formation of shocks for a single first order

equation which has most of the structure of the one-dimensional model system.

The responsibility for the wording and views expressed in this descriptive
summary lies with MRC, and not with the authors of this report,
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FORMATION OF STHGULARTTIFS FOR A CONSFRYATINN LAW WITH DAMPING

Shao-Shiunag Lin and Rera Malek-Madani

1. Introduction. The equations of gas dynamics in a uniform tube have been studied anite

extensively in recent vears., It is well known that, as a hyperbolic conservation law, these
equations exhibit Aiscontinuous solutions, while the initial value problem is not mathemat-
ically well posed in the class of weak solutions [t]. It is not difficult to envisaqe the
mathematical reason for the nonsmoothness of solutions. These equations enjoy a full set
of real characteristics and, if the initial values are chosen properly, the information
carried hy the characteristics will overlap and shncks develop. The problem under study in
this paper has one additional propertv, namely the variation in the tube's cross section,
that will persumahly contribute even further to the shock producing mechanisms.

Section 2 concerns with the derivation of the equations studied in this work. The
arguments of Hughes [2] have been followed and, as it will hecome apparent, the system
under consideration is an example of nonhomogeneocus hyperbolic conservation laws. In
Section 3 a simpler but related problem is discussed for the purpose of understandinag the
shock producing mechanisms that do not exist in the homogeneous problem.

Section 4 concerns the solution of the Riemann problem. It is well known (3], [4]
that the solution of the Riemann problem played an essential role in developing a numerical
scheme in order to solve the initial value problem for the equations of gas dynamics in a
tuhe with vniform cross section. Motivated by this fact T. P, Lui [5]) applied a &odified
Riemann probhlem for the general nth order nonhomogeneous conservation laws and developed
an iterative scheme which converges to the weak solution of the initial value problem.
Althouah the ahove scheme is quite successful theoretically it is rather difficult to
implement it. _Since we have in mind a concrete example from the equations of gas dynamics
it is our contention to propose a simpler Riemann problem and hope that it would give rise

to more manaaeahle computations., We are presently studyina this problem.

Sponsored by the linited States Arpv under Contract Mo, DAAG29-RN--073Y, The
material is based npon werk snenorted hy the Natinnal Science Fourdation rrieyp

Grant Mo, MCS=T7927062,




2. Derivation of the model eaquation. Consider an inviscid isentrupic nas flow through a

two dimensional duct D = {(X'Y)'A1(X) <y« Az(x), - ¢ x ¢<®}. The motinn of the qgas is
qoverned by the equations of conservation of mass and linear momentum
Pe * (pu} + (av)v =0,
2
(Ou)t + (pu” + n)x + (puv)v =0, (2.1)
(Pv), + (puv) + (Dv2 +p) =0

t X v
with p = f(p), where p =p(x,y,t) is the density, p = pi(x,v,t) is the pressure and
v = (u,v) 1is the velocity vector, together with the Neumann houndary conditions

ulx, A (x), AL (x) = vix,A (x),t), i=1,2

and the initial conditions

p(x,y,0) Do(x,y) ’
ulx,y,0) = uo(x,y) ’
vi{x,y,0) = vo(x,y) .
In the remainder of this section we will outline briefly the procedure discussed in
{21 which approximates (2.1) by a one-dimensional nonhomogeneous system in the variables
¢ and u. For a physical quantity a(x,y,t) defined in the regqion U we define the
average (q) of q in the y-direction '
Az(x)

1
(a) =A_(;T£ alx,v,t)dy

1(x)

where A(x) = Az(x) - A1(x). Averaqing each equation in (2.1) and using the bhoundary

conditions vield

=LA
(o)t Py o= Rix) (pu),
2 A'(x) 2
(C’u)t + (pu )x + (p)x == A 00 (pu), (2.2)
_ A'(x)
(ov)t + (ouv)x + (py) = - A (puv) ,

(py = (f(P) .

In order to further simplify (2.2) we make the followina assumptions:
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(A) the total variations of A1(x) and A2(x) are small,

. . v . . . . .
(R) the guantity i;{ <« 1, 1i.e., the flow is predominantly in the ¥-Airection,

(C) (£()) = f((p)) for some £ .
Then it is reasonable to assume that

(pu) =(pP)(u) ,

(D)
2 >
(pu ) = (D)(u)7

. . ; v i .
etc. An asymptotic analysis with respect to |E| adds more plausihility to the equations

(2.3)s Thus (2.2) becomes

A (x)
ot + (ou)x = - Wp“ '
2 Al (x) 2
(Du)t + (pu + p)x = -i—(—x—i——pu R (2.3)
p = f(p)
where we have made the following identifications
(p) ~ p(x,t), () > ulx,t)

etc,

System (2.3) is the one-dimensional approximation of (2.1}, 1It should be pointed out
that as far as the authors know there has not been a rigorous analysis of how reasonable
the assumptions (A-D) are., Nevertheless, the system (2.3) is a mathematically tractible
model of (2.1). It is helieved that the study of (2.3) will shed some liqht to the
structure of the solutions of the rore Aiffienlt, but exact, equatinns of gas flow in a

duct with variable cross section.




3. Formation of singularities for the equation u, + v(u), = a(x)u, vefore proceraiing

with the solution to the Riemann problem for the system (2.3) it is instructive '» study
how the spatial dependence of (2.2) enters as an important feature in producing shocks,
The nonhomogeneous Burger's eguation

u  + v(u) = alx)u
* (3.1)

u(x,0) = u .

has mcst of the essential structure of equations (2.3) with one additional advantage that
{3.1) has only one family of characteristics. Our goal in this section is to show that the
global smoothness of the solutions of (3.1) depend strongly on the sign of a(x) and
a'(x)s By way of example, consider the simple case of v¢(u) = Uhuz. If a(x) was a
constant &, then (3.1) can be solved explicitly along characteristics to give us a smooth
solution along a family of parallel characteristics. The slope of these characteristics
depends on & and, as easily seen, it is an increasing function of a. Therefore, it
seems plausible that as a(x) decreases the characteristics will intersect in finite time.

The definition of a shock discussed in the theory of conservation laws lends itself

naturally to equation (3.1). Let a family of characteristics x(t,§) be defined by

dx

3t " v {u(x,t)) x(0,8) = § .

We assume throughout this paper that equation (3.1) is hyperbolic and genuinely nonlinear,
i.ee, ¥'(u) > 0 and v"(u) > 0 respectively. Under these conditions, a singularity
(shock) develops if two characteristics intersect. Let x(t,€1) and x(t,Ez) be two

characteristics intersecting at (T,x*)}, that is, x* = X(T,€1) = X(Tliz)- Further,

dx(Tl£1) dx(T,Ez)

suppose that the two characteristics actually cross each other and T3 # 3% -

It follows from the above definition of characteristic curve that

w'(u(x(T',E‘).T-)) ¢ w'(u(x(T-,Ez),T—)). Since y' is assumed to be monotone the
solution u(x,t) becomes multivalued at (T,x*) and a shock develops. It should be noted
that a shock formed due to the interaction of two characteristics in forward time already

has the entropy 1nequality embodied in it (cf. [1]),




An 1ndication that the smooth solution u(x,t) will be discontinuous at a point

(x,t} 1s that ux(x,t) becomes unbounded 1n finite time (6]. On the other hand, u,

can be evaluated along the characteristic x(t,§) as

u (x(t,8),t)
TRAN

ux(x(t,i).t) = "
£
Thus u, will become unbounded if xg(t,C) approaches zero. This presents an alternative
way of establishing the formation of a shock (cf. [7]).
The following lemma states that if xs(t,ﬁ) becomes zero in finite time then two

characteristics must intersect. Let v(t,§) = xe(t,E). Note that v(0,§) = 1.
Lemma 3.1: Suppose that there exists T < ® and § such that

v(T,§) < 0 .
Then there are 51 and 62 with x(T,€1) = x(T,€2). Moreover, if u satisfies an
equation of the form g%-= g{x,u) along the characteristic, it follows that the solution
develops a shock in finite time.
Proof: By way ot contradiction, suppose that for all 51 # 52. x(T,E1) # (T,EZ)- This
implies that the function £(§) defined by

£(£) = x(T,%)
is monotone, Therefore, f'(§) will always be nonnegative which contradicts the
hypothesis. Hence there are two characteristics 51 and 52 which meet at (;,T) for

some x. On the other hand, by the standard uniqueness theorem in ordinary differential

equations, the above characteristics viewed in the (x,u) plane reach the line x = ; at
two ditferent values of u at time T. This completes the proof of the Lemma.
Theorem (3.1): Suppose a & C‘(O,'), ug is a position constant, ¢ *(u}) > 0 and
¥"(u) » k > 0 for some k:
() If aix) € 0 then (3.1) has global smooth solutions.

(2) If a(x) >0 and a‘'(x) > 0 then (3.1) has global smooth solutions.

(3) If a(x) > 0 and a'(x) < 0 then a shock develops in finite time.




Proof: We will prove part (3) only. The proofs for (1) and (2) are similar. Let

vit,§) = xg(t,E). As before characteristics are defined by

& = v iu) x(0,€) = €,

(3.2)
., a(x)u u(0,£) =u
dt ’ [\

when u(t,§) = u(x(t,£),t). Let w(t,E) = %E u(t,§). Differentiating (3.2) with respect

to £ yields

& o tuw v{0,£) = €
(3.3)
aw ' =
sc=2 (x}uv + a{x)w w(0,8) = 0.
Let
t
G(t,E) = exp -~ J alx(s,£))ds . (3.4)
0
Then it follows from (3.3b) that
-1 t
wit,E) =G (t,8) [ G(s,E)a'(x(s,E))u(s,E)v(s,£E)ds . (3.5)
0
From equation (3.2b) we have
d -
T3 (Gu) =0
which implies that
u(t,€) = uoc'I(t.E) . {3.6)
(3.6) combined with (3.5) yields (the dependence on § will be omitted)
-1 t
wit) = 6 (t)u, [ at(x(s))vis)ds . (3.7)

0

Thus, the analysis of showing the existence of a finite time t at which v becomes zero

leads to the study of the expression
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t
-1
j—:-=w'<u)c (t)uof a'{x{s))vis)ds . (3.8)
0
Let
t
V(t) = | a'ix(s))v(s)ds (3.9}
0
so that V(0) = 0 and
V(t) = a'(x(t))v(t) , (3.10)

and 6(0) = a'(§) from (3.2). Hence the problem of finding the time such that
.
v{(T) = 0 becomes equivalent to showing V(T) = O. Differentiating ({3.10) again we obtain

- . .
V=a'v +av

which combined with (3.9) and (3.10) yields
M " e -

1
v V + a'¢ "G ro .

v(o) =0, (3.11)

v

"

V(o) = a*(§) .
We note that G-1(t) > 1 since a{(x) > 0, Without loss of generality, we can assume
that V(t) < 0 for t & [0,T), otherwigse there exists T* > 0 such that V(T*) = ¢ and
by Rolle's theorem there exists a time T#* such that &(T") = 0, With the same argument
as above, we can assume that V(t) < ~§ for t > T,, for some § > 0 and T, > U. Thus

we obtain the inequality

;}-5—'?/—:4-\;" v>o (3.12)
2 vy . .
Multiplying by the integrating factor iT and integrating from 0 to t, we obtain
1. 1 t
_—V = ———a! < i .
V-T2 u0£ ¢"(uls))V(s)ds , (3.13)
or
. t
V2arx(e i +ug [ ¢t(uls))Visids) . (3.14)

0
Finally, using the hypothesis on ¢" and the bound on V(t) we arrive at the tllowing

.
estimate for V,

Vit) > a'(x(t) ] - Sugkt] . (3.15)

~7-
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We npote that the rerm in brackets hecomes negative in finite time wrich aomppaedt wisr oo

sinp of Aa'(x) shows the axistence of finite rime at which a(t) heromes 7erc.  This
completes the proof of the theorem.
A similar resunlt can he proved for the equation
u, o+ ;(u)x = al{x)s' ()
n(x10) =u, ., (3.16)

where o as bhefore, is assumed to he a positive constant. On the one hand,the nonlincar

Y
dependence of a{x)¢¥'(u) on u causes the previous proof to hecome more cumbersome. Mn
the other hand, since the slaope of the characteristiecs and the nonhomogeneous term have the
same dependence on 4, it is possible to find u explicitly in terms of x which
simplifieg the following proof considerably.

Proposition 3.1 Let ¢'(u) > 0 and ¢"(u) > 0.

1 lﬁ_ a{x) € 0, then the solution‘gg (3.16)_i§ qlobally smooth,

2) If a(x) > 0 and a’'{x}) ? 0, then the solution to (3.16) is glohally smooth.

3) Assume that al{x} ? 0, a'{x) € 0 and alx) approaches zero as x approaches
o

infinity. Suppose that there exists a point £ such that f a(s)ds < @, Then a

£

shock develops in finite time.

Proof. Again we confine ourselves to the proof of part 3, Define characteristics by

dx L4 -
Tl (u), x(0,E) = ¢
(3.17)
du '
i a(x)¢' (u), u(0,8) = uq -
It follows from (3.17} that
du
-é';(-—- al{x)
or
x(t,5)
ult,f) = ug + I a(s)ds . (3.18)
£
Differentiating (3.1R) with respect to & vields
v = a(x(r.,’,))xE - a(t) . (3.19)
-




On tne other hand, 4, <an be calculated from (3.174), 1.e.,
7 d  dx d .
3E e ° T xg = ;'(u)uﬁ
which combined with (3.19) qives
E:%;T Rep = a(x(c,&))xg - a(t) . (3,200
Now, let & bhe the point in the hypothesis of part 3. Since <'(u) > 7 1t follows *oar

x(t, &) >& for t > 0. (3.,18), then, implies that
fult,€)f < ug + M 13,29
-]
where M = f a{s)ds. Thus,
2
MU, L)) > M, 13,229

for some M since a(x) 1s positive and x(t,£) > & for t > 0, 1t follows *nat

1°
u(e,§) > Uge On account ot ¢"(u) being positive, this in turn implies that
?(ult,€)) > v'(ug). By (3.17a)
x{(t,§) ? v'lugle + £ (3.23)
Since by (3.23) x(t,§) approaches infinity with t, there exists a time T such that
a(x(t,8)) < %-a(ﬁ) for t > T. Next we show that xg(t’C) <t for ¢t > 0. This follows

immediately from (3.17) once we show that us(t,E) € 0. Differentiating (3.17) with

respect to £ vyields

du5
Fral a‘(x)x€¢'(u) + a(x);"(u)uE . (3,24)
du
Since u(0,§) = u, then uE(O,E) = 0, Theretore T (0,8) = a‘(E);'(un) which 1s
reqative by hypothesis, i.e., ug(t,i) becomes negative for a small period of time, n
du
the other hand, {3.24) shows that once ug is negative, T remains negative due to the
signs of a', ¥', and ¢", The two facts al{x(t,f)) < %—a(&) tor t© > T and
xg(t,i) < 1 enable us to deduce from (3.20) that
1 1
——— < - = t ES
T Xee 3 a(g), for > T (3,25
which reduces to
1
€ == . 3,00
x&t 3 M1a(§) for t > T ) !

Integrating (3.26) with respect to t gives us
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1
X, () € X (T) = = M a(f)(r = T) . (3.27)
C( ) C( ) > M ) )
Inequaliry (3,27) shows that tar larae enocugh * xr(t) w11l hecome negative. Ve then
anpeal to lemma 3,1 to complete the proof ot this preposition,
Next, we turn to the auestion of the Riemann problem for the related equation

U, + ;(u)x = g{x,u) . (3.28)

We assume rthat 2 1s genuinely nenlinear, i.e., <" > 0. Consider (3,2AR) with the Riemann

1nttial ondition

x < 0.

u{x,0) = { (3.29)
{

We will qive a hrief outline of how the local solution to (3.28)-(3.29) is constructed.

Mur claim 18 rhat the initial discontinuity (3.29) is immediately resolved hy the
corresponding conservation law

u, + ;(u)x =0, (3,30}

t
Then the term qix,u) qgoverns the evolution of the resolved waves. Henre, to solve
{3.2R)-(3,29) we divide the prohlem into two cases:
Case A: The solution to (3.29)-(3.30) is a rarefaction., Let
i F <
uy if f El
0 .
u (£) = b(g) if Si <& <k
r

i >
if £ Cr

he this solutinn, where

El = ;'(uz), Er = c'(ur), ¢'{hix)) = x,

Consider

e (u), x(£,0)

alx,u), wiE,0)




let  (nif,t),xiE,2)) be *he solution of (3.12) on £, € f < F

L« It is not Aiffieulr tn
b4 r

show that «x (f,¢) # . for ;'l € F < -‘.r. Thus

ik, t) = ulh (x,t),t)

is a solution of (3.30)-(3,31) within the reqion xl(t) < x < xr(t), with
x. {t) = x(f ,t), i =r,L,
i 1

Case R: The solution to (2.29)-(3.,30) is a shock., Let

uO(E) = (3.33)

be that solution with

X

r A

Then, in a similar manner to Case A we construct the solution to (3.28)-(3.29), namely,
uz(x,t) if x < x(t)

ul(x,t) = - (3.34)
ur(x,t) if x > x(t)

where
3w 4 etu), =alxu,) i
é_ti Wuix-QX,\li
' i=rk, (3.35)
ui(x,o) = ui
and g

2

™ 'ﬂ(ut(;,t)) - ¢ty (%, )

- — - . x(0) =o0. (3.36)
ur(x,t) - uz(x,t)




4. Solutinon te the Riemann problem for the eauation (2.3). In 3] “larm ornpneed

iterative scheme in order to obtain the solution to the initial value traoblem tor =-e

deneral conservation law

u, + ¢fu) =0
(4.1)
u{x,0) = no(x)

n N, . . s .
where ¢ : R+ Rl is smnoth and genuinely nonlinear. The huilding bhlack of this

iterative scheme is the solution tn the associated Riemann problems

u X < cC

Iy
uc(x,O) = (4.2)
u_, X >C .

The set of step functions in (4.2) is chosen as a pointwise approximation of the initial
data. As shown in Section 2, the original problem of the flow of qas in a duct with vary-
ing cross section is a two-dimensional problem. It is the reduction of the latter system
of equations to a one-dimensional initial value problem that produces the nonhomogeneous
terms in (2.3). In this section we discuss the solution to the Riemann problem for (2.3)
which arises from the discretization of the initial data Eﬂg.the boundary of the duct. It
is this simultaneovs discretization that makes our treatment of the Riemann problem differ-

ent from the one discussed in [5]. First we note that (2.3) can bhe written in the form

(AD)t + (ADu)x =0,

1 5 (4.3)
u + 3 (u )x + P(p)x =0
where P is defined by
P
pp) = E—(s-ﬂds, (4.4)
and A(x) has the form
1, X <0
A(x) = (4.5)
1 -€¢, x >0
and
-12-




{ o ,u ), x ¢ 0

{ P, u) x >0,

(4.6)

As in [5), we assume that hoth the initial ~ondition and the houndary of the duct

have small hounded variations. When € = 0

problem for the eauations of gas Aynamics in a uniform tube [8].

we apply the same ideas as in Section 3, namely,

as a small perturbation of the solution to the correspondine problem when

(4.3)-(4.6) reduces to the classical Riemanr

For the case € positive

the solution to (4.3)-{4.6) can he viewed

€ = 0. The

implicit function theorem is the main tool in obtaining the exact solution of (4.3)-

(4.6). To illustrate the method we choose a particular soclution of the

carry out the necessary calculations., let

€ = 0 case and

x
(p_,u_), 0 < T <'s
(B (x,t),ulx,t)) = { 0 ,u) s <X ¢ (prp 12
’ ] v = w'n’ t P n
x 2 x ' V2
q(t), (p'(om)) << (p (o*))

he the physically admissible solution to (4.3)-(4.6) with
the Riemann problem consists of a hackward shock
rarefaction wave connecting (pm,um) to (o+,u+) (cf. (81).
(4.6) with €& positive consists of a bhackward shock
discontinuity
a forward rarefaction connecting (92(5),u2(€)) to (O+,u+).
s(€), D,(E), u1(€)' 02(6), and u2(€) are
sm1 ~p_) =pu =P U,
2

2
s(p‘u1 -p_u) =Py + p(p1) ~p_u

(1 ~€Yp.u, =p,u_ ,

272 11
1 12
5 Y, + P(oz) =35 + P(D‘) ,
p
&Y
u, = u 4f p(p)d.
? + [
p
+
~13-

€ =

0, 1i.e., the solution to

(e ,u ;+ p ,u; s) and a forward
== "m" m

Then che solution to (4.3)~

(9_,u_; 01(6),u1(5); s(e)), a

(91(5),u1(€); 02(5).02(5); 0) which is due to the geometry of the duct, and

The five formulae relating

- P(O_) ’

(4.7)

B



Fquations (4.7) are simplified considerably after eliminatina s and use In that case we

can formulate the above problem in the form

F(o1,p2,u2,c) =0 (4.8)
where F = (Fl'FZ'F3) is
[ o
F‘1(D1,02,u2,€) = (1 ~e)02u2 P+ 5? (p(o1) - p(o_))(p1 -0 )",
[+]
2 P
Yp' (p)
F2(°1'°2'u2'€) =u,-u, -£ —-‘-;—-do ’ (4.9)
+
1 .22 2 1 222 2
Fﬂ”w’r“r"’3°1% +%Pm2)-2(1-€)992-91wpﬂ.

We point out that the sign of the square root in (4.9) is chosen so that the usual entropy

condition is satisfied [1]). (4.8)~(4.9) is now set up for applvinag the implicit function

theorem. The problem is solved if we can uniquely determine 91, 92. and u, in terms of
E. To this end we calculate the Jacobian of F with respect to 91, pz, and u, at
€ = 0, It can be shown that (all partial derivatives are evaluated at D1 =p_, 02 =P _«

u; = u_, and € = 0)

1/2
F = =] 4 ' F = 1 F =z 0
10, _+ e 2, 1o, T U tu, "0
Y.
(prilo_ 1) 2
F =0 F = - F =1
20, ! 20, p_ ’ 2,u2 '
F. =pul-pp'p), F, =-puspp) F, _ =0.
3.0, - - - - 30, - - - - 30,
A simple calculation shows that
a(F1;F2rF3) 2 1/
det sr————"—"m =2 (u - pte NP o 12, (4.10)
3P, P ,e,) - - -
€=0
Thus, if the initial step (D_,u_; o+,u+) is such that
uf-n'(o_)* n (4.11)

i.e., the upgtream flow of the qas is either suhsonic or supersocnic, we see that the

-14~




implicit function theorem can he applied to =olve uniquelv for 01, 92, and u, in terms
of €., This completes the solution to the Riemann problem (4,3)-(4,6).

There are still two interesting problems in connection with (4,3) whose answers would
be valuahle hoth to the theory and the application. The first question is whether the
ahove scheme actually converges to the weak solution of the initial value problem. The

second question in how easily this scheme can he implemented numerically. We are presently

studying these questions.
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