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ABSTRACT

The equations of gas dynamics in a tube with varying cross section are an

example of a nonhomogeneous system of conservation laws. In this work we

study the Riemann problem for this system by viewing it as a perturbation of

the classical equations of gas dynamics in a uniform tube. We also study the

Riemann problem and the formation of singularities for a related, but simpler,

problem of a nonhomogeneous Berger's equation.

AMS (MOS) Subject Classifications: 35L65, 35L67, 36L45, 76N15

Key Words: Shock, Riemann problem, Flow of gas in a nozzle, Nonexistence of
smooth solutions

Work Unit Number I (Applied Analysis)
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SIGNIFICANCE AND EXPLANATION

A one-dimensional mathematical model for the flow of qas in a nozzle (a

tube with varyinq cross section) takes the form of a nonhomoqeneouR system of

conservation laws. It is an interesting problem to study how closely this

one-dimensional system models the real two- and three-dimensional problem.

With this goal in mind we study two problems: a) the Riemann problem (i.e.,

the solution to the problem whose initial datum is a step function) for the

one-dimensional system, b) the formation of shocks for a single first order

equation which has most of the structure of the one-dimensional model system.

The responsibility for the wording and views expressed in this descriptive
summary lies with MRC, and not with the authors of this report.



FOPATTON OF T!TNC!ILAPTTTFS C(P A (OI'!TFP'IATI'N LAW WITH [IAMPING

Fhao-Shiunq Lin and Rema Malek-Madani

1. Tntrodliction. The equations of gas dynamics in a uniform tube have been studied quite

extensively in recent vpars. Tt is well known that, as a hvperbolic conservation law, these

equations exhibit discontinuous solutions, while the initial value problem is not mathemat-

ically well posed in the class of weak solutions (11. It is not difficult to envisaqe the

mathematical reason for the nonsmoothnoss of solutions. These equations enjoy a full set

of real characteristics and, if the initial values are chosen properly, the information

carried by the characteristics will overlap and shocks develop. The problem under study in

this paper has one additional property, namely the variatio. in the tube's cross section,

that will persumahly contribute even further to the shock producing mechanisms.

Section 2 concerns with the derivation of the equations studied in this work. The

arguments of Huqhes f2] have been followed and, as it will become apparent, the system

under consideration is an example of nonhomoqeneous hyperbolic conservation laws. In

Section 3 a simpler hut related problem is discussed for the purpose of understandina the

shock producinq mechanisms that do not exist in the homoqeneous problem.

Section 4 concerns the solution of the Riemann problem. It is well known (3], [4]

that the solution of the Riemann problem played an essential role in developinq a numerical

scheme in order to solve the initial value problem for the equations of gas dynamics in a

tube with uniform cross section. Motivated by this fact T. P. Lui (51 applied a modified

Riemann problem for the qeneral nth order nonhomoqeneous conservation laws and developed

an iterative scheme which converges to the weak solution of the initial value problem.

Although the above scheme is quite successful theoretically it is rather difficult to

implement it. Since we have in mind a concrete example from the equations of qas dynamics

it is our contention to propose a simpler Riemann problem and hope that it would give rise

to more manageable computations. We are presently studyinq this problem.

Sponsnred bv the United States Nrcv inder (Cntract No. nAAG2Q-H(--'41. Th I

mat-erial is based "Pon work snrrnort-d hv the National Science FlcuI'i-n erpr
(;rant No. MCq-70?27062.



2. perivation of the model enuation. Consider an inviscid jsentropjc na- flow throuqth a

two dimensional duct V = ((X,V)IA (x) < y<( A Wx, -~ < x <-1. 7%e motion of the qas is.
1 2

qoverned by the equations (if conservation of mass and linear momentum

Pt + (Pu) + (Pv)V = 0

( )t + P ~ PV(21

2

(P V) + (Ouv) + (PV
2 

+ p) =0t x

wi th p =f(p) where p =P(x,V, t) is the density, p =p(x,y,t) is the pressure and

u=(u,v) is the velocity vector, toqether with the Neumann boundary conditions

u~,A(XtA!x)=v(x,A. (x),t), i = 1,2

and the initial conditions

.3 N,Y, 0) = p 0 (x,y)

u(x,y,0) = u0 (x,y)

v(x,y,0) = v 0(x,y)

In the remainder of this section we will outline briefly the procedure discussed in

(21 which approximates (2.1) hy a one-dimensional nonhomoqeneous system in the variables

p and u. For a physical quantity q(x,y,t) defined in the reqion V we define the

averaqe ( q ) of q in the y-direction

A 2x)

(a)=---f Q(x,v~t)dy

where AWx = A 2 (x) - A 1(x). Averaqinq each equation in (2.1) and uslinq the bouindary

conditions yield

p) +(Pu) x x (.

(P) + (Pu 
2 
)x+ (p) = A'(x) (O2) (2.2)

(PV ) + (Puv) + (P ; -A x (Puv)
t x y Ax)

(P) = M )

In order to further simplify (2.2) we make the followina assumptions.-
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(A) the total variations of A1(xW and A 2 (x) are small,

(R) the quantity 1 (I << 1, i.e., the flow is predominantly in th Y-Airection,

(C) (f(p)) for some f

Then it is reasonable to assume that

(pu) =(P)(u)
(D3)

(PU
) 

- (P)(u)

etc. An asymptotic analysis with respect to adds more plausihility to the pquations

(2.3). Thus (2.2) becomes

A' (x)
Pt + (Pu)x = - - Pu

t x A (x)

(PU) + (Pu
2 

+ P) = - A ,-- 2 (2.3)

p = f(p)

where we have made the followinq identifications

(P) -_ P(x't), (u) ~ 1 x, t)

etc.

System (2.3) is the one-dimensional approximation of (2.1). It should be pointed out

that as far as the authors know there has not been a riqorous analysis of how reasonable

the assumptions (A-D) are. Nevertheless, the System (2.3) is a mathematically tractible

model of (2.1). It is believed that the study of (2.3) will shed some liqht to the

structure of the solutions of the rore difficu1t, hut exact, equations of qas flow in a

duct with variable cross section.



3. Formation of singularities for the equation u t + P(u) x = a(x)u. wefore proc-lirng

with the solution to the Riemann problem for the system (2.3) it is instructive s) Study

how the spatial dependence of (2.3) enters as an important feature in producing shocks.

The nonhomogeneous Burger's equation

fu+ 0(u) a(x)u
t  x (3.1)

u(x,O) = u

has mCst of the essential structure of equations (2.3) with one additional advantage that

(3.1) has only one family of characteristics. Our goal in this section is to show that the

global smoothness of the solutions of (3.1) depend strongly on the sign of a(x) and

a'(x). By way of example, consider the simple case of (u) =1/2u
2
. If a(x) was a

constant a, then (3.1) can be solved explicitly along characteristics to give us a smooth

solution along a family of parallel characteristics. The slope of these characteristics

depends on Q and, as easily seen, it is an increasing function of 0. Therefore, it

seems plausible that as a(x) decreases the characteristics will intersect in finite time.

The definition of a shock discussed in the theory of conservation laws lends itself

naturally to equation (3.1). Let a family of characteristics x(t, ) be defined by

dx
S= 0'(u(x,t)) x(O,&) =

We assume throughout this paper that equation (3.1) is hyperbolic and genuinely nonlinear,

i.e., V"(u) > 0 and "(u) > 0 respectively. Under these conditions, a singularity

(shock) develops if two characteristics intersect. Let x(t,& ) and x(t, 2 ) be two

characteristics intersecting at (T,x*), that is, x* = x(T, 1 1 x(T, 2). Further,

dx(T,F I) dx(T, 2

suppose that the two characteristics actually cross each other and dt * 2
dt dt

It follows from the above definition of characteristic curve that

-p(u(x(T-, 1),T)) p l(u(x(T,2 ),T)), Since o' is assumed to be monotone the

solution u(x,t) becomes multivalued at (T,x*) and a shock develops. It should be noted

that a shock formed due to the interaction of two characteristics in forward time already

has the entropy inequality embodied in it (cf. (11).
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An indication that the smooth solutlin u(xt) will be discontinuous at a point

(x,t) is that ux (x,t) becomes unbounded in finite time [6]. On the other hand, ux

can be evaluated along the characteristic x(t, ) as

U (x(tt),t) 
=

x x t,

Thus ux will become unbounded if x (t,f) approaches zero. This presents an alternative

way of establishing the formation of a shock (cf. [7]).

The following lemma states that if x (t,) becomes zero in finite time then two

characteristics must intersect. Let v(t,) E x (t,4). Note that v(o,t) = 1.

Lemma 3.1: Suppose that there exists T < w and such that

v(T,4) < 0

Then there are kI and 2 with x(T, 1 ) = x(T,&2). Moreover, if u satisfies an

equation of the form 5= g(x,u) along the characteristic, it follows that the solution
dt

develops a shock in finite time.

Proof: By way ot contradiction, suppose that for all I 2' x(T, ) (T,2 ). This

implies that the function f(4) defined by

f( ) = x(T,E)

is monotone. Therefore, fl(C) will always be nonnegative which contradicts the

hypothesis. Hence there are two characteristics &I and t2 which meet at (x,T) for

some x. On the other hand, by the standard uniqueness theorem in ordinary differential

equations, the above characteristics viewed in the (x,u) plane reach the line x = x at

two different values of u at time T. This completes the proof of the Lemma.

Theorem (3.1): Suppose a G C I[0,), U0  is a position constant, pl(u) > 0 and

"(u) ? k > 0 for some k:

(1) If a(x) • 0 then (3.1) has global smooth solutions.

(2) If a(x) > 0 and a'(x) > 0 then (3.1) has global smooth solutions.

(3) If a(x) > 0 and a'(x) < 0 then a shock develops in finite time.

-5-



Proof: We will prove part (3) only. The proofs for (I) and (2) are similar. Let

v(tA) = x (t,&). As before characteristics dre defined by

dx . A" (u) x(O,) - I
dt

(3.2)
du
dit a(x)u u(O, ) = U0

when u(tt) u(x(t,&),t). Let w(t,E) = u(t,&). Differentiating (3.2) with respect

to yields

dv = "(u)w v(0,) =

(3.3)
dw
at a'(x)uv + a(x)w w(0,&) = 0

Let

t

G(t,) = exp - f a(x(s, ))ds . (3.4)
0

Then it follows from (3.3b) that

-t t
w(t,&) = G- (t,) f G(s,&)a'(x(s,))u(sA)v(s,&)ds . (3.5)

0

From equation (3.2b) we have

d
T (Gu) = 0

which implies that

u(t,) = u0G- (t,&) . (3.6)

(3.6) combined with (3.5) yields (the dependence on will be omitted)

t

w(t) = G- 
1
(t)u0  a'(x(s))v(s)ds . (3.7)

0

Thus, the analysis of showing the existence of a finite time t at which v becomes zero

leads to the study of the expressLon

-6-



dv -1
-- "(u)G (t)u0  J a'(c(s))v(s)ds . (3.8)

0

Let

t
V(t) = J a'(x(s))v(s)ds (3.9)

0
so that V(0) = 0 and

v(t) = a'(x(t))v(t) , (3.10)

and V(0) = a'(&) from (3.2). Hence the problem of finding the time such that

v(T) = 0 becomes equivalent to showing v(T) = 0. Differentiating (3.10) again we obtain

V = av + av

which combined with (3.9) and (3.10) yields

a. ;. - I
V V 

+ 
a' '"G u0V•

V(O) =0 , (3.11)

V(0) a'(C) .

We note that G- 1(t) > I since a(x) > 0. Without loss of generality, we can assume

that V(t) < 0 for t G [0,T], otherwise there exists T* > 0 such that V(T*) = 0 and

by Rolle's theorem there exists a time T** such that V(T**) = 0. With the same argument

as above, we can assume that V(t) < -5 for t > T, for some 6 > 0 and TI > u. Thus

we obtain the inequality

v a - a,' "oV A 0 . (3.12)
a' 0

Multiplying by the integrating factor -- and integrating from 0 to t, we obtain

* t

1 a'( ) 4 u0 f p"(u(s))V(s)ds , (3.13)a' a'( ) 00

or
t

a'(x(t))[l + u0 f p"(u(s))V(s)ds) . (3.14)
0

Finally, using the hypothesis on o" and the hound on V(t) we arrlve it the t 11owitiq

estimate for V,

V(t) ) d'(x(t))[1 - 5u kt] . (3.15)
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we rot-. that t',e term in hr arkets hpcnomes neolatjve in ftirnfIte j r- 4ni(-' '-ri ',3

sion ot a'(x) shows the existence of finite rime a- which '1(t) Iec'?e'r7,. Ti'

completes the proof of the theorem.

A qimilar resitt can he proved for the eouation

u + ;(u) x  a(x);1(1)
utx

1( 0 ) = , (3.1r )

where i), as before, is assumed to he a positive constant. On the one hand,the nonlinear

dependence of a(x),( 0) on u causes the previous proof to become more cumbersome. 0
n

the other hand, since the slope of the characteristics and the nonhomoqeneous term have the

same dependence on u, it is possible to find u explicitly in terms of x which

simplifies the followinq proof considerably.

Proposition 3.1 Let m'(u) > 0 and ;"(u) > 0.

T) If a(x) 4 0, then the solution to (3.16) is qlobally smooth.

2) If a(x) > 0 and a'(x) ; 0, then the solution to (3.16) is globally smooth.

3) Assume that a(x) > 0, a'(x) 4 0 and a(x) approaches zero as x approaches

infinity. Suppose that there exists a point t such that f a(s)ds < -. Then a

shock develops in finite time.

Proof. Aqain we confine ourselves to the proof of part 3. Define characteristics by

dx - = '(U), )(((,C) C

(3.17)

dud-- = aW x ) ( U ) , u0 ,A ) u u0 .

It follows from (3.17) that

du
j a(x)dx

or

x(t,,)
u(t,t) = u0 + f a(s)ds . (3. 1$)

F

0ifferentiatinq (3.1R) with respect to V yiels

= a(x(t,r'))x - a( ) . (3.1 c'
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On Tie other hai,, u 1in oe caIcuIdted t rom ( 3.17 I,

, dx d

x1 = = 1u

which combined wsth (3.19) lives

¢"u)xt aWt, ))x& - a( ) 1. 2(z,

Now, let F he the point in the hypothesis of part 3. Since '(u) it £liws '

x(t, ) > for t > 0. (3.18), then, implies that

Iu(t,E)I u0 + M 3.211

where M = a(s)ds. Thus,

t >.

for some Mi. Since a(x) is positive and x(t, ) > for t > 0, it fLllows tlat

u(t, ) > u0 . On account or ;"(u) being positive, this in turn implies that

P'(u(t, )) > ;I(u0 ). By (3.17a)

x(t, ) ' '(u 0 )t + . (3.23)

Since by (3.23) x(t, ) approaches infinity with t, there exists a time T such that

a(x(t, )) < I a( ) for t > T. Next we show that x (t,C) 4 I for t > 0. This follows
2

immediately from (3.17) once we show that u (t,t) 4 0. Differentiating (3.17) with

respect to F yields

du
d = a'(x)x p'(u) + a(x) "(u)u • (3.24)

dud

Since u(0, ) = u0 then u (O, ) = 0. Therefore T (0,E) = a'()'(u ) which is

regative by hypothesis, i.e., u (t, ) becomes negative for a small period ot time. ,on

du
the other hand, (3.24) shows that once u is negative, - remains neqatlve due to the

dt

signs of a', P', and p". The two facts a(x(t,F )) < -1 a() for t . T and

x (t,U) ( 1 enable us to deduce from (3.20) that

Xt r -- a(&), for t > T 3.zS)

which reduces to

x ( -- M a(0) for t > T * 3.
t 21

Integrating (3.2b) with respect to t gives us

-9-



x (t) 4 x (T) - i M A (F)t T) .(1.27)

¢(1.77) shows that tr larre nouqh xF(t) w1l hecomp nelative. W, thn

i1,I-Al t-, [ mma 3.1 to romplete the rroof nt this ornpoqition.

Next, we tiirn to the iupqt inn (if Ole Rjermann 1 roblem fo~r the rplated e'loat ion

u t  + ;(u) x  = 'I(x'u) . (3.28)

w Aqs I-e that ': is qpnuinely nrnlinear, i.eo., ,5
"

> 0. Consider (3.2A) with the Pipmann

Su , x > 0
r

u(x,O) = x (3.2()
!i £ , x< 0.

We will qive a brief outline of how the local solution to (3.28)-(3.2)) is ronstructed.

Our claim is 'hat the initial discontinuity (1.2Q) is immediately resolved by the

rorrespnrndini conservation law

l t  + (u) = 0 . (3.30)

Then the term q(x,u) qoverns the evolution of the resolved waves. Hence, to solve

'3.2R)-(3.29) we divide the prohlem into two cases:

Case A: The solution to (3.29)-(3.30) is a rarefaction. Let

u b if & L - Er (3.31)

u r  if C ) C
r r

he this solatinn, where

x(I f r -PI(u r, '(hx) W X, F

- = C' (u), x(C,O) = 0t

(3.32)

du 0
dt T(xU), =(F,0) u(,



Le r ((t t x (F. kbe *'e 'ollt ion nf '1.2) on F 4 4 *it is not ditff111t, to
r

I ( x ,ht t Uo rxrt )

is a solution of (3.3o)-(1.31) within the reqion xz(t) C x ( x (t), with

x.(t) = x( t), i = rL.
1 1

("asoe t: The solution to (3.2q)-(3.30) is a shock. L,- t

uO(f ) =(3.33)u if > s

he that solution with

(u) -(u
s = - .' -

ur

Then, in a similar manner to Case A we construct the solution to (3.28)-(3.29), namely,

u (x,t) if x x(t)

u(x,t) = (3.34)U(X~t) Ur{x't) if x > ;(t) (.4

where

-u i +(ui~ = ux,u i

i = r,t (3.35)

u.(x,O) u.

and

S (UrlX,t)) - (ux,t))6)

u (x,t) - ut(xt)

-11-



4. Solutinn to the Hienann problem for the euuatinn 2.3). In (3) '2 i .r.. ..

iterative qcheme in ordpr to obtain the solution to the initial value 1, , r ' -

eneral conqprvation law

ut + (u) x = 0
(4.1)

u(x,O) = u10 (x)
n R

n

where R n * R is smooth and qenuinely nonlinear. The huildinq hlck of this

iterative scheme is the solution to the associated Riemann problems

11 (x,O) = (4.2)
u w x > cr

The set of step functions in (4.2) is chosen as a pointwise approximation of the initial

data. As shown in Section 2, the oriqinal problem of the flow of (as in a duct with vary-

ina cross section is a two-dimensional problem. It is the reduction of the latter system

of eauations to a one-dimensional initial value problem that produces the nonhomoqeneous

terms in (2.3). In this section we discuss the solution to the Riemann problem for (2.3)

which arises from the discretization of the initial data and the boundary of the duct. It

is this simultaneous discretization that makes our treatment of the Riemann problem differ-

ent from the one discussed in (5]. First we note that (2.3) can he written in the form

(A) + (A0u) = 0
t x (4.3)

Ut -u2) + P(P )x =0
2 x

where P is defined by

P(p) = a ds , (4.4)
S

and A(x) has the form

A(x) =1 .:: (4.5)
C , x > 0

and

-12-



U = (P,u), x <
u (i x) = (4.6)

S(p,u+) x > 0

As in f5), we assume that hoth the initial condition and the houndary of the duct

have small hounded variations. When C = 0 (4.3)-(4.6) reduces to the classical Riemanr,

problem for the ecluations of qas dynamics in a uniform tube 8]. For the case c positive

we apply the same ideas as in Section 3, namely, the solution to (4.3)-(4.6) can he viewed

as a small perturbation of the solution to the correspondina problem when E = 0. The

implicit function theorem is the main tool in obtaininq the exact solution of (4.3)-

(4.6). To illustrate the method we choose a particular solution of the C = 0 case and

carry out the necessary calculations. Let

x

(p ,u ), < < s
t

(p(x,t),u(x,t)) (P ,u ), s< < (p'(Pm
) 1

1/2 x 1/2
q(t1, (p'(Pm < I" < (P' +

he the physically admissible solution to (4.3)-(4.6) with E = 0, i.e., the solution to

the Riemann problem consists of a backward shock (P_,ut p ,U; s) and a forward

rarefaction wave connectinq (pr,un) to (p +,u+) (cf. 181). Then rhe solution to (4.3)-

(4.6) with e positive consists of a backward shock (p ,u; P1 (E),UI (); S(e)), a

discontinuity (p1 (),u (E); p2 (),u2 (C); 0) which is due to the qeometry of the duct, and

a forward rarefaction connectinq (P 2(E),u2 (c)) to (P+,u +). The five formulae relatinq

s(c), P1 (), uI (C), P2 (c), and u2 (C) are

S(P 1 -p) = PIul -Pu

s(p Iu1 - pu_ = 10u + p(P 1 - p-u- P(P)
(1 -. C)P 2 U 2 = PU , (4.7)

1 2 1 2
1 2 + P(P) _- U + P(P

2 2 2 1 1

0 2

u? =u f dP .+ P P

-13-



Fquations (4.7) are simplified considerably after eliminatinq s and u,. In that case we

can formulate the above problem in the form

ho p 2u 2,C) . 0 (4.8)

F ( IP2,€ =I P u )p u2  P 
u - 

+ [p1(p(p)- P(O-))(P

2'1 2' 2

1232

F2 (PlP 2 U 2 ,E) = U2 - u - j d/p p) (4.9)
0

+

2 1 22 2 1 222 2

F3(12,2 = C 2u2 + P 2  - (1 - C) P2u 2 -pP(P).

We point out that the siqn of the square root in (4.9) is chosen so that the usual entropy

condition is satisfied [1]. (4.8)-(4.9) is now set up for applyinq the implicit function

theorem. The problem is solved if we can uniquely determine P 
p 
2' and u2  in terms of

C. To this end we calculate the Jacobian of F with respect to P1 , P2 ' and u2 at

C - 0. It can be shown that (all partial derivatives are evaluated at Pl = P-" P2 
= P

-,

u2 - u_, and E = 0)

F1, -u + (p'(P u, P1 . 1, 0 , - FI ,u2

(p' (P '/2

F =0, F F =
2,p F2 U2 2,u 2

2 2

F Pu - p' P ), P3,2 =- u + pp' (p ), F 0.
3,o 3,P 2 3,u 2

A simple calculation shows that

det 3-' 2- 1 F 23-(u2 - p' (P-))(P )
1/2  (4.10)

a(P I p 2,u )I 
--

Thuq, if the initial step (0_,u_; P+ ,u) is such that

2
S- p'(p ) n (4.11)

i.e., the upstream flow of the qas is either suhsonic or supersonic, we see that the

-14-



implicit function theorem can he applied to solve uniquely for PI P2' and u2 in terms

of C. This completes the solution to the Riemann problem (4.1)-(4.6).

There are still two interestinq problems in connection with (4.3) whose answers would

be valuable both to the theory and the application. The first question is whether the

above scheme actually converoes to the weak solution of the initial value problem. The

second question in how easily this scheme can he implemented numerically. We are presently

studyinq these questions.
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