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ABSTRACT

The linear MHD stability of a confined plasma is generally studied by
means of energy principles. Up to date, these energy principles have never
been justified rigorously, and the existence of a solution to the linearized
equations is also tacitly assumed. 1In this report, based upon a variational
approach iwe shall first establish the existence and uniqueness of a gener-
alized sélution to the linearized Lundquist equations for a toroidal plasma
confined in a conducting shell. In a subsequent report, the so-called modi-~
fied energy principle, which includes linear energy principle as a special
case, will be justified rigorously and a solid foundation is then laid for the
application of these energy principles to the linear MHD stability of a con~

fined plasma.
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STABILITY THEORY OF A CONFINED TOROIDAL PLASMA
PART I. EXISTENCE AND UNIQUENESS

Peter Laurence. and M. C. shen’
§1. Introduction.

It is now well recognized that controlled thermonuclear fusion may offer
the ultimate solution to the world energy crisis with inexhaustible resources
for years to come. One of the most promising methods at present to achieve
the goal of a self-sustaining thermonuclear reaction is the magnetic confine-
ment of a plasma inside a toroidal vacuum chamber shielded by a conducting
shell, such as a tokomak. General surveys about the progress of controlled
thermonuclear research may be found in the recent articles by Grad (1977) and
Furth (1980), among others. Needless to say, physical and mathematical prob-
lems abound in the study of a magnetically confined plasma, such as equilib-
rium, stability, wave motion, diffusion and adiabiatic compression, just to
name a few. However, at present the problem of plasma stability still remains
the central issue in fusion research, especially based upon magnetohydro-~ 1
dynamic (MHD) models.

Traditionally the standard procedure to study MHD stability of a plasma

with simple geometry is to linearize the governing equations about a given

equilibrium state and analyze the linearized equations via normal modes.

Evidently this method is not very useful wl "plicated geometries are
considered. To avoid this difficulty, Berstei- al. (1957) developed a
1 4
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variational approach to linear MHP stability, and formulated the so-called
linear enerqgy principle. 1Its advantage lies in the fact that to determine
stability of a plasma it is necessary only to discover whether there is a
perturbation which decreases the potential energy from its equilibrium

state. Since then a vast amount of literature based upon this technique has
appeared. In obtaining the necessary condition for stability, their arguments
rely upon the assumption that the eigenfunctions of a certain linear operator
must form a complete orthonormal basis. This weakness was then removed by
Laval et al. (1965). 1In their desrivation they imtroduced a modified energy
principle for the so called OJ-stability of a confined plasma, which includes

the linear enexrgy principle as a special case. Intuitively speaking, a plasma

Al

is called O-stable if it does not grow faster than exp(ot), where 0 =
and T is some characteristic time needed for fusion. This concept, indeed,
is more optaistic than the usual exponential stability, since in fusion
research the main concern is whether a plagsma can be confined long enough to
achieve a gself-gustaining thermonuclear reaction. On the other hand, many
equilibria regarded as unstable by the criterion of exponential stability, are
in fact OJ-stable and may be found practically feasible for fusion
research. A discussion of the energy principles may be found in Greene and
Johnson (1968), Grossman (1968), and Spies (1976). The application of the
O-stability concept to varicus plasma configurations was further expounded
by Goedbloed and Sakanaka (1973, I, II).

So far the modified energy principle, although well adopted in the study
of MHD stability, has never beea put on a rigorous basis since the question of
the existence and uniqueness of a solution to the linearized MHD equations was
never asked in the previous proofs. Without a precise answer to the question

one cannot apply the energy principle with complete certainty. The first




attempt at the existence and uniqueness question was made by Rodriguez

(1974). sSeveral difficulties however were found in his proof. Among these,
the connectivity of the vacuum region is not considered; the function space in
which the Galerkin scheme is introduced is not complete; the scheme does not
converge in the norm given (which in fact is only a pseudo norm). Moreover,
some surface terms appearing in the variational formulation are discarded by
questionable arguments. 1In fact, these terms cause grave concern in obtaining
estimates. We, on the other hand, will make certian assumptions about these
surface terms which characterize particular equilibrium states. Indeed, we
doubt that solutions would exist for the linearized equations in the absence
of such an assumption. The purpose of this paper is to give a correct and
rigorous proof of the existence and uniqueness of a solution to the linearized
equations governing a toroidal plasma, under a set of assumptions imposed upon

an equilibrium state. In addition, the growth rates of the L2

norms of both
plasma displacement and velocity are obtained. 1In a subsequent report, Part II

we shall justify the modified energy principle rigorously and a solid founda-

tion is then laid for its application to problems of plasma stability.

In the following , we briefly describe the contents in each section. 1In
Section 2, we formulate our problem based upon Lundquist equations for magneto-
hydrodynamics, and deal with the linearization of these equations. Since we
consider the displacement of the confined plasma from its equilibrium config-
uration, it is natural to express the equations in terms of Lagrangian coordi-
nates. Here we use an approach which is essentially that of Berstein et al.
(1958) so that the final results may be checked with theirs. In the vacuum

region, the magnetic field is both curl and divergence free. We follow Berstein

et al. and introduce a vector potential instead of a scalar potential. The

latter was used by Liist and Martensen (1960) to study energy principles.

!
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They showed that the two approaches are essentially equivalent provided cer-

tain cuts are made in the vacuum region and fluxes through these cuts are
taken into consideration. 1In Section 3 a mixed boundary and initial value
problem (MIBVP) is formulated for a toroidal plasma confined in a perfectly
conducting shell. To ensure the uniqueness of the vector potential some flux
conditions must be prescribed (Blank, Friedrichs and Grad, 1957), and a set of
conditions on the equilibrium state is also precisely imposed. 1In Section 4
the Hodge decomposition theorem is used to define function spaces which play a
fundamental role in this work. We then establish the continuity, coerciveness
and symmetry of a bilinear form in Section 5. 1In Section 6 the MIBVP is re-
cast in the form of an evolutionary variational problem (EVP) by means of the
coercive bilinear form (Lions and Magenes 1972). We then construct an auxil-
iary EVP (AEVP) with zero flux conditions, whose solution is established by
defining Galerkin approximations and showing they converge to a solution of
AEVP. The solution of EVP is constructed by adding to the solution of AEVP a
unique solution to an elliptic system, with inhomogeneous flux conditions.

The uniqueness proof then follows easily from the coerciveness of the bilinear
form and that of the elliptic system. As a consequence of the existence
proof, the growth rates for the plasma displacement and kinetic energy are
also obtained. 1In Section 7, we make some remarks regarding the solution of
our problem and the relationship between a solution to EVP and a classical

solution to MIBVP is discussed.




§2. Linearization of Lundquist Equations.

We consider the following configuration for a confined plasma: Qp is a
doubly connecte¢d bounded three dimensional region gyrrounded by a bounded,
triply connected region Qv' Thus Qp and Qv are topologically equivalent
to two coaxial tori (Figure 1). The plasma, a highly ionized gas, is
contained in Qp. The vacuum region is surrounded by a conducting shell Fv.

In the plasma region Qp, (Bernstein et al, 1957)

dv

P Tt = = Vp + uJ x B, (2.1)
gl:. = -V xE, (2.2)
VxpB=uJ, (2.3)
vV-.-B=0, (2.4)
g—z + V(pv) = 0, (2.5)

%E (pp-Y) =0, (2.6)
E+ vXB=0. (2.7)

Here,
%; = %E +v -V, (2.8)

and all quantities are expressed in terms in EBulerian coordinates. v is the
fluid velocity, B the magnetic field, J the current density, p the
scalar fluid pressure, @ the mass density and Y the adiabiatic constant,
which may be taken to be equal to 5/3.
In the vacuum region Qv,
Vxp=o, (2.9)
vV.BB=0, (2.10)
the vacuum region is assumed free of currents or charges, and the fluid

boundary is assumed to nowhere intersect the outer conducting shell.
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Figure 1

A Cross Section of the Toroidal Plasma




Furthermore, the two regions are coupled by a set of boundary conditions

on I,
p
2
B , _
{p + 2ul =0, (2.11)
[E+va]t=0, (2.12)
Bl =0, (2.13)

where [ ] designates the saltus of a quantity across the fluid-vacuum
boundary, and the subscript t designates the tangential component.

On the conducting shell Fv:

E, = 0,
B, = 0.

In addition, since Qv is a multiply connected region, if the Pre-
Maxwell equations in the vacuum region were solved independently, it would be
necessary to prescribe certain "periods"” of B and/or E in this region in
order to ensure uniqueness of solutions. Physically, the system is linked to
the interior through the metal shell. However, because of the coupling be-
tween Qp and Qv' the gituation is complicated, and we will not return to
the question of prescribing periods until the linearization is completed. We
also note that a detailed discussion of the formulation of the boundary condi-
tions may be found in Blank, Friedrichs and Grad (1957). Also, appropriate
units for various quantities are chosen so that u = 1,

We emphasize that the non~linear problem defined above is a "free bound-
ary problem”. Qp(t) and hence Fp(t) a priori unknown must be determined as
part of the solution. Therefore, we wish to examine the effect of small per-
turbations about an equilibrium state characterized by v = 0. This equilib-

rium state is governed by the equations:




Vp. = ¥V x x . 3
In Qp, P, B, X By, (2.14)
v hd = . -
B, 0 (2.15)
In ﬂv, Vv x BO = JO' (2.16)
V. B, = o, (2.17)
with the boundary conditions:
5
= i .1
[po + ) ] 0 in Pp ’ (2.18)
0
v
Bo n= Bg n on Fp R (2.19)
0
v
B, *n=0 on T . (2.20)
0 v
0
At equilibrium, we may assume p = A(S)pY where A(S) is a function of ]

the entropy S. Above and hereafter a superscript p or v will designate
plasma or vacuum variables respectively. 1In order to linearize our problem,

we reformulate the problem in reference to the Lagrangian coordi-nates:

(x,y,z,t) € QP X R _"G' (xonyoozo.t) e ﬂo X R,
where (G(x,y,2,t) = (x5,y5,2,t) + SE(XO:YO:ZOt)-

That is, we identify each fluid particle by its position in the equilibrium
state and let EE(xo,yo,zo,t) be the displacement of the fluid particle
Xq/YqrZg from its equilibrium state XqeYqe2q after a time t. We first
express the operator V in Lagrangian coordinates. If f(r,t) is given,
where r,t are the Eulerian variables and

£lr,t) = £(ry,t),
where r = (x,y,z) and r, = (x3,¥3,25), then it follows from the chain rule
that

VE(r,t) = Vof . Vro.




~

Here Vf and Vof are 1 x 3 column vectors, and

oy
Ix dy dz
3 k] ] )
(e e ) |
0 Ix ' dy ' 3z Ix dy 3z :
By b
L 9x dy 3z |
Let
r, = r - EE(ro,t),

and express E(r,t) by
E(r,t) = E(ry,b),
or
E(xy(r,e),8) = E(r,t).
Then
Vro =1 - eV0€ . Vrc,
where VOE . Vro denote the usual matrix multiplication, and it follows that
(1 + eV E)¥r ) = I. (2.21)
Formally, we may assume (I + €V0§)-1 exists to obtain

1

(1 + sVOE)' = Vr,, (2.22)

and express

-1 - 2 2 L N ] - n+1 n n [ N N}
(1 + eVOE) =1 eVOE + E (VOE) + (-1) € (VOE) + .

Without attempting to justify the convergence of this formula or its
asymptotic validity, which would lead us to consider the validity of the

linearization, we henceforth take

= -1._ -
Vro = (I + eVOE) = 1 eVOE, (2.23)

as an approximation.




We gather together the expressions for the other operations involving v

L as follows. To first order in €,

V e v = Trace (Vv)
= Trace (Vov * (1 + EV05)~1)
= Trace (Vov(I - Evog))
= Vo s v -¢€ Trace(Vov . VOE)
and
-15t
Vxov= ((1+EVE) ) Vol X v

(I - evos)t -V xv

t L]
[(V0 - e(‘705) Vo)] X v,

where t denotes the transpose of the matrix. Furthermore, note that
3¢

1
—_ % .Ve=.d_e=.a_
at Y at ot

’

where superscripts e and £ indicate Eulerian and Lagrangian coordinates

respectively. Thus in Lagrangian coordiantes (2.1) to (2.7) become

t
v ~1 -1
P3e = —Vop e (1 + eVOE] + ([(1 + eVOE) ] x B) x B, (2.24)
' 3B _ (1 +ev 5)"tv ] x (uxB.) +(usV)B+(I+eve) !, (2.25
3t 0 0 U 5 u 0 0 ¢ .
dp _ _ . -1
3t Yp Trace Vou (1 + EVOE) . (2.26)

Here the second and third equations were obtained by adding u * VB and
u * Vp respectively to both sides of the equation (2.3), and (2.26) is the
equation which results from combining (2.6) and (2.7)

9
-af = -3 °® VP - va * . (2.27)

Also (2.5) becomes, in Lagrangian coordinates,

p . -1
3 = P Trace[VO u(1 + EVOE) ).

-10-




We now let

= = = = £ .
p po + ep1, P = p, + €p1, B Bo + 581, u u,

Since zeroth order quantities are equilibrium quantities, we obtain the

following system
) r1 1 t )
—_— gy -V —_  {1-€eY¥ .

€u, p0+sp1[ o (Po*ep, ) (I-€V E}] + p0+€p1{1 ev,

. Vo} x (BO+EB1) x (so+ss1)

t [ ]
€B {I-eVOE} VO x {u1X(B°+es1)} +

u Vo(ao+es1)(1-evoi)

9
30| €py| = ~Y(p,+ep,) Trace{eV * u (1-€V &)} .
€n, (Pyt€p, ) Trace{eV +u, (1-€V £])
56 eu, |

S

Keeping only first order terms in €, that is equating coefficients of

€ on both sides, and using the equilibrium relation

v =Vx3x3,

oPo 0 0 0

we obtain

~11- ?




"|llllllllllllIlllllllllllllllllllllllllllllllllllll|.....|-.;--u.........,....,_.,,__::,

- - (ol (9o -V ¥ L )
% o VoPymVPpVguy) + (VX *By)
0 o
+ l—(v XB XB_)
P, 0 0™
P, = YiP¥ Wy
3_ B = ¥ x {(uxB,) +u-°*VB « (2.28)
at B4 0 1784 0®o
°y =P " %
- £ J [ v, J

We next eliminate all gquantities not directly expressed in terms of u
in order to obtain one equation for u, or £, which can be solved indepen-

dently and then used to compute py, By, P, Alternately, we may differentiate

1

the first equation in (2.1) with respect to time, assuming that spatial and

time derivatives commute and in either case we obtain the same equation but in

the latter case for u rather than §&. The equation for § is

2
9
—— = v . 4 v
po atz £ V(Ypb 0 £) + Vpo V0§+Vox Ox(gxgo) x 30

+ Vo X (8 * VyBy) x By + ¥V, x By x Vo x (£xBy)

L] - T L ]
+ Vo x 30 x (& Voao) (VOE Vo) x BO x BO'

which reduces to the equation derived for F{(§) by Bernstein et al (1958)

2

)
o ;:5 £ = Vo(Ypovo £+ & Vopo)

+ VO x VO x (Exgo) x BO + Vo x BO x Vo x (ExBO),

provided that

-12-




. = e V v .
Volbo = Vo) = Vgpy = Vb + Vg x (& = TiBy) x By

. - ! Ta
+ Y, x By x (& VB \VOC Vo) * B

0 ¥ By

0 0

the derivation of which is given in the appendix. To obtain the equation for

§ by the first method, we integrate from 0 to t the last four equations

in our system to obtain

py(t) = -YpOV0 © &le) + p (0) + Ypovo + £(0),
B, (t) = Vo % (Ble) x By) * E(t) VOBO

- Vo x (£(0) x Bo) - E(0) VOBO'
p,(t) = 'povo * E(t) + 0 (0) - DOVO * £(0).

Assuming that our system passes through the equilibrium state where £ = 0,

pq = B1 = 0 at some time tO' we may write

py(t) -YpOV0 * &(t),

B, (t) V0 x (E(t) x By) + E(t) ° VOB

0’
Pyle) = =p V. o E(1),
which, when we plug into the first equation of (2.28), together with the last
equation in (2.28), again leads to (2.29).
The linearization in the vacuum region is done by introducing a vector
potential A there such that
E = EO+ €A, B = BO + sVO x A,
so that the Pre-Maxwell equations there are taken in the form
YV xV eA=0, vo-i=o.‘ (2.29)
If we are dealing with the equation (2.29) written for u instead of §, we
retain (2.29). If not, we again assume the system passes through the equilib-~

rium state at some time t and integrate to obtain

VO x VO xA =0, V +a=0,

~13~




For the boundary conditions:

(E + v X BO)t =0 or nx (E+vxB) =0,

become to first order

* L] v . L ] L v
+ X = - xX = - . B
nox(A 1 By) =0 i.e nxaAa (n0 &)BO,
or in integrated form n X A = ~(n * E)BV, where we used Bg *ng =0,
furthermore
pz v2
B B
+ — = —
P 2 ) on Fp,
may be written as
By B,, By 2
€ + (— + €=~—)" = (— + €(V x
(p0 + p1) ( 2 3 ) (2 + €( A,
or,
2
(8P)
- € v . + v x + « V
(p0 Ypo £) [ > + €(V x (§ Bo) 13 Bo)]
v, 2
(BO)

+ e(V x A))z,

= (

which if we retain only terms of the first order in € reduces to:

-vpov-awg-<z-vB§+Vx(5xs§n

v v
on rv' we have = By ° (Vx A + 8§ ¢ VBO).

E, = 0, or nx E = 0.
Hereafter we will omit the subscript 0 on equilibrium quantities.
It follows that
NnXA=0 or nXA=0 on Pv.
In summary, the equations derived apply either to pairs (u1,i) without

restriction or to pairs (§,A) when the system passes throught the

equiblibrium state.

-14-




§3. variational Formulation of a Mixed Initial Boundary Value Problem (MIBVP).

We recapitulate the equations in §2 to define an MIBVP.

In Q,
p
! PE = F(E) = V(ypY « E+ & « Vp) + Vx B x V x (§ xB)
+9xVx (ExB) x8B, (3.1)
in Q,
v
VxVxpa=g, {3.2)
Vea=o, (3.3)

subject to the following conditions:
(1) Boundary conditions.
on T
pl
L((§,A)) =0 = -yp¥ « £ + BP « (V x (£ x BP) + £ « VBP) (3.4)

- Bv e (VXA +E « VBV),

nxa=-(n-+ £)8". (3.5)

on T,
nxA=20, (3.6)
(2) Flux condition.

J a(t) * n ds = o(t), o(t) prescribed. (3.7)

r
v

(3) 1Initial conditions.

(13

£(0) = &, 32(0) = Eo. A(0) = A (3.8)

o.
In a natural way, we shall reformulate the equations above in a variational

form, which is more amenable to analysis. 1Its equivalence to the oriqin&l

formulation will be discussed later. We also note that in (3.8) the prescrip-

tion of A(0) is not necessary since it can be determined by £(0). |




denoted

We shall define a bilinear form on the product space ﬂp x Qv'

by a((E.A),(E,;)). To motivate the choice of this bilinear form and to make

clear its connection with the original problem, we proceed as follows:

Given a pair (§,A) defined on Qp x Qv’ we take the inner product of

pE = F(§),
with E, integrate over ﬁp and then integrate by parts to obtain
w8 = @(€),b>
L8 ) LR )
P p

e« Vp) + ¥ x B x (V x £ xpg)

= [ {V(ypV » £ + &
]

P
+VxVx (Exp) xB}+ £ av

= [ ~lyp¥ « €9 E+9x (ExB) sV x (£xB)
Q

P
~E e VxBx (Vx (ExB) =L+ V(E+ Vp)

+f (£ - n{YypV » &£ ~ B+ V¥ x (§ x B},
r

p

where use has been made of some well-known vector identities. 1In a similar

fashion, we take the inner product in ﬂv of K with the equation
Vx9V¥xa=o0,

and integrating by parts, we obtain

0=+/ VxaeVxAdv+) nxA*Vxpadv+] nxasVxa dv.
Q r r
v p v

A

If we assume that the pair (E, ) satisfies the boundary conditions i

(3.5) and (3.6):

nxA=-(n*&8" on T,
nxA=0 on T, ]
then we may write
0=-f VxaeVxnav+] (ne 58"+ Vxa av.
2 r '
v P .

~16~
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P ——— Y

1f we now simply add this result to the right-hand side of (3.7), we obtain
<p€,&> ) = [ ~{yp(V ¢ E)(V « &)
L8 ) 2
p p

~E e V(E +Vp) + Y x (ExB) ¥ x (ExB)

~f e VxBx (Vx (ExBN}av -] VYxasVxAaav
nv
+ [ € - n(Yp? « £ - BP « (Vx (£ xBP)) + ¥ xa » B’} ds.

r
P

Let

b((E,A),(E,A)) =] {Yp(V » E)(V « E) = £ « V(E + Vp)
Q
P

+ VX (ExB)* (Vx (ExB))-&+«VxBxVx (Ex (ExB)ldv

+ f VxaseVxaav.
Q
v

and it follows that

wE.B) + bUE,A),(E,R)) =

@)
P

J (EemypV e £-8" ¢« (Vx (ExBP) +Vxa-+pas.

r

P

Note that the integrand in this boundary integral differs from the boundary

condition of the MIBVP by

v2 Bp2
') . v
g 2 - g 2 -
So by defining
2 2
a((E,A),(E,A)) = b((E,A),(E,A)) + [ (E + n)E » V(& - 5ods, (3.9)
r
P

the above equation becomes




~

<pt,E> + a((E.A),E,;))

L2(Q )
P

=] (& ni{ypV » €-8B" ¢ (Vx (£ xBP) + ¥ xa.p"
I‘p 2 2

v P
. y(B_ _ B __
+ £ ( 3 3 )}as

= [ (€ « n)L(E,A)ds. (3.10)
T
P

Thus we are led to define a solution of the evolutionary variational problem

(EVP) associated with the MIBVP as a pair (§,A) that satisfies

2

4. <pE,E> 2

at L7(R )
P

+ a((£,m),(E,A)) =0 , (3.11)

for all (E,X) in a space W to be defined in the next section. After
existence and uniqueness of a solution to (3.11) has been established, we
shall return to the question of the equivalence of the EVP to the original
problem.
Remark:

a((E,A),(E,x))as defined by (3.3) will not be quite right for our

purposes, however. It involves a term of the form | €. vig o Vp)dv which

Q
p

will not necessarily make sense for (E,A) in W, since £ may not be in
H'(ﬂp). Thus the form of a((ﬁlh).(E,X)) used hereafter is obtained by

integrating this troublesome term by parts to get, from (3.9),

aC(E,8),(E,8)) = [ {yp(V « £3(V « §) + (V « E)(E « Vp)

Q
P
+9x (ExB)»Vx (ExB) - +VxBxVx(§xp)ldv
2
+f UxaeVxadv+ [ (EenE o V‘EE" - & - pras. (3.12)

1Y) r
v L




For this form of a((i.A),(E,;)). all terms as seen later will make

sense when (£,A) and (E,X) belong to W, provided that the measure

BVZ Bp2
dd = n * V(—E_ -5 - p) is either identically zero (no surface current) or

nonnegative.

For later use, we have to make precise the smoothness conditions on the
equilibrium state. Although a general existence theorem (or non-existence
theorem) for a three dimensional equilibrium in the absence of symmetry is
still lacking and there is good reason not to expect one except under special
conditions, the assumptions below are not so restrictive in comparison with
existing exact solutions. We assume that

penia), Bewnia), Ben(a) (3.13)
pl pl vl
(for the definition of Hn(ﬂ) see §4) and rp and rv are of class c?
and have the cone property. It then follows from the Sobolev embedding
theorems {(Lions and Magenes, 1972) that
1
pec'@), pecta), seca). (3.14)
P p v

FProm the trace theorems we have (Lions and Magenes, 1972)
3/2 5/2 5/2

v
p eH (Fp) and B EeH (Pp) nH (Pv),
which imply respectively
pe c1(I' ), B&€ cz(I‘ ) n c2(I‘ )e (3.15)
P P v

We also assume that n(x), the unit normal to Fp, can be extended in

1] as a function in Ha(ﬂp). This will be the case when n{(x) € HS/Z(F

P
because of the inverse trace theorems. Consequently the embedding theorem

)
p

implies that the extension of n(x) has the properties

n({x), V(n(x)) e Co(ﬂp). (3.16)

-1




Furthermore, the equilibrium is assumed to describe a truly sharp boundary in

the sense that there exist constants C4+C5+C3,C4sCgCg such that:

< < L) i 7
0« <, pix) ¢, < in Q , (3.17)
< < «
0 < c, p(x) <, < on R , (3.18)
0 < Cg <iB| < Ce < » on T . (3.19)

Furthermore we assume that the equilibrium does not have any surface

current, or that when there is a surface current present,

2 2
M
. —— o — < - . .
ne* Vp + 2 3 ) €0 a.e. on PP (3.20)

We conjecture that indeed this additional assumption is necessary in
order that the dynamical equations be well posed. 1In what follows, we shall
let

e”? %72

P=(p+ ) .

2 2




i = e

§4. Function Spaces
The object of this section is to introduce various function spaces,
culminating in the introduction of a Pre-Hilbert space W and an inner

product <%,*> _  in this space. We shall show that the closure of the
1
space W  in the norm ki _ + denoted by W, preserves certain important
W
functional properties to justify its use in later sections as the fundamental

space in which a solution to the EVP (3.11) is sought.

1
We shall denote by H1(Qp) and H (Qv) respectively the spaces of

3

vector valued functions f = (F1,f2,f3) from Qp and QV into R such

that
[ 2av+f e fawv <o wi, for #Y(Q),
i i ho)

Q Q
p P

[ av+] (e)fav <  wi, for H(2).
i i v
Q Q
v v

It is well known (Lions and Magenes, 1972) that the space H‘(Q) is complete

in the norm:
1
el = (J ug? + IVf.u22 } %2,
H () i tuie i A (1))

Here all derivatives are taken in the sense of distributions, and § denotes
either Qp or Qv. Similarly,

m 2 a 2

H () ={f er (Wlp £ eL (2) for |a| < m} vi = 1,2,3,

with the norm:

rel - (1;3 ) lp“unz2 ) Y2

H™(R) i=1 |a|€m L ()

Next, to define a space V. we first recall the Hodge decomposition

2
theorem (Friedrichs, 1955). If

ve Lz(ﬂ),

then there exists v,k € V s vV

1 ] 2 e V2, v, evVv such that

3 3

V=V1"‘V2+V3
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or

2 = -
L) = v,ev, eV, , (4.1)

and the decomposition is orthogonal and thus unique, where

V. = (V816 e u )}, (4.2)

$ e H; means ¢ € H‘ and ¢ = 0 on 902 the boundary of Q,
62 = (V x viv e L%(rot)(2)},
12(rot) = {ve 2|7 x v e1? @}, (4.3)
93 ={nYxh=0,Veh=0 in 8,
nx h=20 on 64}, (4.4)
Remark: If VvV e Lz(ﬂ) has the property that
Vev=o0,
then
=V x +
v v2 h
where V x v, e 32 and h e 53. This is a consequence of
0=V e+ v=2A40)==>¢=0, since € e H1.

0

We will also need the space

2, . 2. .
Lp(ﬂp) = {£] é pEc dx < =}.

p
Note that given the assumption (3.16)

0 <c, £pPlx) L ¢

3 4’

the space Lz(ﬂp) is both algebraically and topologically equivalent to

Lz(ﬂp). For simplicity we shall denote the scalar product in Li(ﬂp) by

<, « The

2 i 2 . e
, in L (Qp) by <-, >2,p, and in L (Qv) by <-°, >2’v

*>
2,p
di 4 t I | LI | [ | -
corresponding norms are denoted by 2,0’ 2,p and 2,v respec
tively. If it is clear from the context, we shall use Lz(ﬂp) and Lz(ﬂv)
to denote Lz-space of vector-valued functions or scalar functions. We shall

also use Pw(np) to denote the projection of the set W of pairs (§,A) on

2@ ).
p

-22-
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We now define the space W :

g e

(E,A)1E e H (), A e L(rot)(R ) n V. ()
P v 2 v

VxVxa

0, nxA=(-n* E)BY on rp, (4.5)

and
W = closure of W  in the inner product

<(EIA)I(E,Z)>=I va'vxde"’f YPV'EV°Edv

Q Q
v P
+] Vx(ExB) »Vx (ExBydb+ ) (E*n(E * n)(-n » VP)dx
Q 'y
P P
+[ 0« E av. (4.6)
Q
p

To establish the functional properties of the elements in W, we need a
fundamental inequality which we shall first prove in the following

Lemma: If A € L2(rot((R) n 62(9), where §l may be multiply-connected with
boundary I, then

IAl, < c{IV x Al_ + In x AN }. (4.7)
2 2 W 2(D)

Proof:
By duality. We will show that when A € Lz(rot) n 52(9), for any
fe Lz(ﬂ), A = (Ay,Ay,Ay), f = (f1,f2,f3, then,

1 £ RN

i/ A+ £ avl € (17 x Al, + In x sl )

-1
u 2(T) 2
For the proof, first note that we can reduce to the case where f € L” N

62(9) since A is orthogonal to the projections of f into v, and 63.

Let f be so given, cousider the auxiliary problem, ;
VxVxg=r¢

in & I = UI‘
Vog=0 11
nxg=90 on T, f g*nds=0. h
T .
i
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Systems of this kind have been considered in the literature without proofs on
specifications on f by Blank, Friedrichs, Grad (1957), by Xress (1970) for
the case of infinitely differentiable £, by Solonikoff (1978) in simply
connected domains under general assumptions on f. For completeness and
simplicity we give our own proof of the existence for the special cases

considered. Let

; c Lz(rot)ﬂ n Vz(ﬂ), n X ; =0 on T,
H(2) | } .

<g * n, 1> 4 _1 =0
H /2)( H %) (r)

H is a Hilbert space for the inner product
-~

= ¢V x a vV x ‘> .
>H < g, h 2

<3,
This follows from the Friedrichs inequality of the first kind in Friedrichs,
(1955), or Werner (1968).
We now may consider the variational problem to find g such that:

f Vxgqg, Vxgdv-= f £+ g adv, V g e H.
Y Q
The Riesz representation theorem ensures us of a solution g € H.

Furthermore
VXVXQ=f.
To prove this, we need to show that

f ge*e VxVxfgav= f f * h av, Vvhe CQ(Q).
2 b 0 .
The validity of (4.9) follows from (4.8) for all h e C0 n H{(R) by
integration by parts. To prove it for all h e c:(ﬂ), let h=nh!'+hn+

n3 be the decomposition of Hodge in which one always has n x h1 =n X h3

o
= (0, Since h € Co(ﬂ): n X h =0, therefore n X h2 = 0, and h2 e H(Y).

Thus since h1 and h3 contribute nothing to either side of (4.8) because of

1 3

3 -
Vxh =Vxnh =0, £1Lh”, holds for g = h and also we obtain (4.9)

again after integrating by parts.

-24-




Remark.
n*VYxg=0 on T.
Note that n * Vx is a first order tangential differential operator on
n X g, and therefore since n X g = 0, the result follows.
Next we show that the estimate

tgt < chfl
Q [
12 () 2,

holds. Here we appeal to the Friedrichs inequalities of the first and second

kind (Friedrichs, 1955)

a) Since g € v and n X g = 0, we have

2

L] < iV x gk

9';1-(9) 2,2 °

b) Since n* Vxg=0, nxg=0, Ve+Vxgqg-=09,

1V x gk <cleVXg|2
I’

H' (Q) Q°

The result now follows since

9 3
v x ("I g) = ‘—E1V x g) in D'.
Ix 9x
We now return to the proof of the Lemma,

| faefavl < | [aesVxVxgav)
Q Q

<|£VxA-ngav|+;{nxA-Vrgdv1

<AV x a '2,n"v x glz'n + In x Al WV x gl

1 1
H 72 (r) 1 72 (T)

< 1V x al 1V x g + cin x al fgl
2,8

1 ,
2,8 B2 HA(R)

where for the last inequality we have used the trace theorem, ful v, <
H 2(D)

chul (Lion and Magenes, 1972) given the smoothness of T.

H' ()

Thus since,
<

g 2 1£0

H™ ()
and since obviously

2,%

vV x <cl
[} qlz qu 2 ’

A H(R)

-25-




there follows

I [ A« £ av] < c{IV x al 1314
Q

This proves the Lemma.

+ In x Al

- Q"
2,8 a2y 2,8

Remark.
Note that if (-n * VY p) » ¢ > 0 a.e. on Fp' the proof would have

been considerably simpler, since then the more elementary estimate,

2

2,9 < c{Iv x Alz + #n x al }

ial
2,9 Lz(F)

may be used.
Theorem 4.1.

W is a Hilbert space of pairs (§,A) satisfying

I. £ e L2(ﬂ ), ¥V x (E x B) e L2 ), Ve Ee L?(a ).
P P P

II. A€ LZ(QV), Vxae LZ(QV), VxVxpa=o0,

III. nxA=(n-¢* EB on Pp, nxA=20, on Fv.

Iv. W is separable.

Proof:

I. we show & e n2(2) = 12(a).
p PP
For, assume that (Em,Am) ew isa Cauchy sequence in the W norm,

then by (4.6) 12§ is cauchy.
m 2,

P
T e @), K™ - g + 0,
P 2,p
since Lz(Qp) is complete. It is also easy to see that £ e LZ(QP).
Next we show that V x (§ x B) e Lz(Qp).
1f (A" ew isa Cauchy sequence, then by (4.6)
1V x (™ x B)I
2,

is Cauchy, and

ac e L2(0 ) such that 1V x (£ x B) - GI + 0.
P 2,p

=26~




Also FIE" e L‘Z)(Qp) such that E®" x B+ £ x B in I I and in

2,p’
particular D'. Hence
m L]
Vx (" x gy =V x (£ x B},
So by the uniqueness theorem for D',
Vx (ExB) =ce ().
P
Finally we show V ¢ E e Lz(ﬂp).
We make use of the assumption (3.15) on the pressure. If (Em,Am) is a
Cauchy sequence in | lw, then YpV . Em is Cauchy in Lz(ﬂp). Hence
vee" is Cauchy since p is bounded below. Thus, by the same reasoning as
above, V ° £, taken in the sense of distribution, is in Lz(ﬂp)-
II. ACLZ(QV) and VXAELZ(QP), VxVxa=o.
Assume (Em,Am) converges in | Iw, then in particular there exists
2 m . 2 2
werwL (QV) such that V x A" +§ in L (Qv) and there exists £ e L (Qp)
m . 2 m . 2
such that & + £ in L (Qp), Vet +V e E in L (Qp). These last two
results, together with the inequality (Temam, 1974):

In ¢ nl < c{int + 4V« } (4.10)

-1
H™ 2 (I L2(8) %9 )
P p

imply
=1
" e n+Een in H 72 (T ).
P
Therefore since by assumption BY ig in C1(Fp),
-1
(5 - np’ en /Z(PP) .

2 . -1
for ¢ eL (rp), dense in H (Fp), we have

<€ * n Bv,¢> 1 1 = I (E * m Bv) * ¢ as
H2xy 2 ) T
P
=[ (£ +m B ¢ ¢ ds.
r

Note that
(& +mB' *¢das<UE e mt iV - 0,
r w2 (rp) g 2 ()
<C'E.m.-1 l¢'1 .
- 2(r) u 72
p p
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Hence also

-1
(€™ m)BY *» (£ + m)BY in u 72 (r).
Now since,

nxa"= ("« n)sY,
-1
nx A" is Cauchy in H 2 (I'p).

Therefore the statement Am * A in Lz(ﬂv) follows by the fundamental
inequality (4.7)

1al < {1V x a1 vt In x Al

_1 },
2,v 2, H /2 (r)

2 -
vVaAaeL (rot(ﬂv) n vz(ﬂv).

Note that

In x al = In x Al

-1 -1 ’
u 2(r) H /Z(FP)

since In x al = 0 because of boundary condition (2.6).

H 1/"’(I‘v)
III. nX A= (-n * £)B' on Pp' nxA=0 on Fv.

a) (-n * Vp) > ¢ >0 a.e. on Pp, (n+ )" is a Cauchy sequence in
Lz(rp) directly from our definition of the norm I({,A)0 _ , thus
(nx A" is a Cauchy sequence in Lz(rp) since BV iswsmooth.

Furthermore (n X A)m is Cauchy in LZ(FV) since n X Am =0 on TI.
Passing to the limit in the boundary condition, we have
nXA=(-n¢* £)B in Lz(l‘p)
nXA=0 in Lz(fv).
b) When (-n * Vp) =0 on Fp on a set of non zero measure, we make use

of the estimates (4.7) and (4.10) to conclude

-1
(-.n * £)BY = n x a in H 72 (I‘p)

-1
AnXA=0 in H /Z(I'v).




VIi. Finally, we show that W is separable.

This is so because W can be embedded in a closed subspace of a product

of L2 spaces in the following way:

w 2@ x 2@ x5 x 2@
P P P v

(E,a) & (£,ypV *» £, x (E x B),V x a), (4.11)

Here, we take as a natural norm on the product space, the one, whose square is

2

2 norms on each L“ space.

the sum of the squares of the L

Thus by virtue of the definition of lw (4.6), this mapping (4.11) is
clearly an isometry of W onto its range, hence the range is closed. Thus
W 1is separable since any closed subspace of a Hilbert space is separable.

Another important fact necessary to understand the structure of the
space W 1is the following.

The vacuum member A of a given element (§,A) € W is uniquely deter-
mined by the boundary values & * n on rp' We formulate this statement as
Theorem 4.2,

There exists a unique solution of the system:

VxVxp-=o, in Qv R
Vean=o0, in ﬂv '
subject to
nxa=-(n- §)BY on Fp, (4.12)
nxA=20 on r ,
v
and
f A *nds = 0.
r
v
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-

Also, this solution A is in V2. In particular, note that the only solution

of

(4.13)

is the solution A = 0. The proof of this proposition is given in Kress

g (1970).
i

To conclude this section, we define three more spaces for later use:

H : closure of W (or W ) in the norm: !

2 2 Y
| 1= {15} + 1Al 2, .
(E.A)H {Ez,p a 2,} {4.14)
The spaces w5 and H'. Let
-+ - - -
W ={(5,A)IEGPQ (W), A=AaA+a'}
P
where
- . -
A€ PQ (w ), A' € V3 (4.15)
v
then
+ -+
W = closure of W in the W norm. (4.16)
+ _ -+ .
H = closure of W in the H norm. (4.17)




§5. continuity, coerciveness and symmetry of af{((§,A), (§,A)).
The expression for a((ﬁ,A),(E,;)) defined in §3 is given by j

a((E,A),(E,a)) =] VxaeVxnpadv
1%}
v

+] {(Vx (ExB) » Vx (ExmB) + (Ve E)E e« V)
Q

P
T e VxBx (Vx (ExB)) +Yp(V e E)(V « Erav

-f (€ + a){§ * n)n - Vpas , (5.1) ‘
T
p

where

p2 v2
B B
= + - .
P=p+ T 2
we first prove that a((E,A),(E,;)) is a continuous bilinear form in

wx w'

Theorem 5.1,

For any (C,A),(E,x)) € W, there exists ¢ > 0, a constant, such that
lat(&,8), (E,AN1 €l (M1 IHEDI, . (5.2)
Remark:
Hereafter we shall use c as a generic positive constant.
Proof: The integrals on the right hand side of (5.1) are estimated as

follows:

~ “~ 1
J VxaeVxiav< {1V xal2avd{f |V xallav) 2. (5.3)

Q Q Q
v v v

[ vp¥ + &9 « Eav < {f vp(V « £)%av) " { vpv « Hav) %, (5.4)
QP QP nP
[ Vx (ExB) ¥ x (ExBav
R
< {é {V x (& x B)Izdv}z{f IV x (§ x B)Izdv} Vs . {5.5)

Y]
p P
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J 1€« 9V xBx (Vx (£ xB)|av

Q
p
~ 1 v 2 1
< {f DEzdv} 2 { -(——:—B)— IV x (§ x B)Izdv} 2 (5.6)
Q Q
p p
2oV 2, Y
< {[ o0& av} 2{c [ |V x (E x B)|“av} 2. (5.7)
Q Q
P P
[ (V< E)E ¢V )av
Q P
P
2
~ v
< vpv oo HZan(J (—12’—— p€lav) (5.8)
Q Q VPP
p P
~ 2 2
<c(f vpV e E)av)(f pE%av). (5.9)
Q Q
P p
[ (€« m(E ¢ n)(-n * VP)ds
r
p
<[ (€ . m)z(-n « Vpjas [ (E - mZ(-n * Vp)ds, (5.10)
T r
P p
where
-n* Vp 20 a.e. on T .

P
In (5.3) to (5.9) the essential tool is the Schwartz inequality. 1In

(5.4) we apply it after writing 7Yp = /;; fYp. 1In (5.6) and (5.8) we first
multiply and divide by vVp. In (5.8) we multiply and divide by vYp . 1In
(5.10) we use the Schwartz inequality after writing -n ¢ Vp = /-n + V¢
e« /en ¢+ Vp .
Thus (5.3) through (5.10) combine to yield

lat(E,n),(6,8)| € c(t/yp ¥ » €I2'plﬁ; VT,

+ 0V (€ x B, pIV x (£ x B)Iz'p + Wyp V . Elzlplﬁl

2,p

’

2
+ IV x (€ x n)lz,plﬁl2

|
|

+{f (& n)2(-n Vplds}{/ (€ . m) 2(-n o Vp)ds}.
r r
p P




e roape

Therefore using Schwarz's inequality,

o . 1 1
I ab, < (] a) 2 (2 8%) 2,

we obtain,

la((&,A),(E,A)} € c{1VYp V » £I§ ot IV x (£ x B”i

+ [ (&« m2asi{ayp V - El§ + 17 x (E x g)1?
T P 2
P

’

LU { (€« mas} € cl(E,m 1 HER, .
P

This completes the proof of the theorem.
Next we show that under the assumptions (3.13) to (3.18),
a((§,8),(E,A)) is coercive.
Theorem 5.2.
There exist positive constants ¢ and A such that:
a((£,a),(E,R)) + ANEN2 > su(e,a?

Lp(ﬂ )
where p

a((E,a), (E,A)) = [ {¥p(V « €)% + [V x (£ x B))2
2
P

+ (Ve E)(E »Vp) -8 +VxBxVx (§ExB)lav

1/ I xnav-[ (€ m?n- Vpas.

1Y)
v

2
+ lel
2

,

(5.11)

An integration by parts of the volume terms, first shown by Kruskal et

al. (1958), justifies the identity (Spies, 1974):

[ yptV » )2 4+ (Vx (Ex B2 4 (Ve E)(E « Vp)
a
P

-E <V xpxVx(fxB)lav

=f (Vx (ExB) +neEVxBxnl?+yp(Ve£)?
a
P

- 2(VxB) xn<=* (B* n)(§ n)2dv .




Here the only possibly negative quantity is

-f 2(YxB)yxn-e (B* Wn)(E n)zdv, (5.12)
Q
p
and
n=-JB
1Vpl
Letting

2(V x B) xne* (B* Vn)(x) = M(x),
we may find a constant e such that

-/ M+ miav+e pE2avio,
h Q
P p

v¥&, such that (£,A) e W.

Since

E2 = (n-8)%2 4+ (nx(nxEN% ¢

p(E « n)? < pg? ,

it suffices to let
. 2YxXBXn-B* W

Q— p o

L L

e = I%I . (5.13)
So by integration by parts, we obtain
a((E,A),(E,A)) + elE1S >0, (5.14)
V(E,A) e w.
(5.14) will prove a useful result when we analyze the stability of solutions
to the MIBVP; however, it is not sufficient to establish coerciveness as it is

not possible in this approach to obtain GI(E,A)Ia on the R.H.S. of (5.11).

This can, however, be done in the following way:
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i/ &€+ 9xBxVx (£ xBlav]
Y]
p
<[ €11V x BIIV x (§ x B)|dv
Q2
P
< e/ |EIIV x (€ x B)|av
Q

P
1 1
<of 16121 2( 1V x (8 xn?H 7
Q Q
P p
| 1612av + £, [ 1Y x (£ x B)|%av
4f 1
1 Q Q
p P
€ 2 2
< e, {ZE_ IEIZ'p + f1IV x (E x B)'z,p}'

1

where we have used the inequality

2

1 2
ab < aF @ + fb" ,

and

e, =1V xpBl , e = [glb P(x)J-1 .
1 L 2

In the same way, we obtain that, for arbitrary f2 '

ezlg'i P o 2
. . < vV e
I {z (V + £)(E » Vplav]| € e, {—-——-'—4f2 + £e,1 Np E'z,o} ,
P
where
-1
e, = 1Vpl ,, e, = [g1bYp] .

3
The surface contribution in the expression for a((§,n),(§,n)) is

2
p v
- f (L * n)zn . V(p + EE_ - EE_)dV

p

which is nonnegative, by assumption.

3=




We now piece together the above estimates and find

e.e e_e
a((§,A),(E,A)) + {Z%—z + 3%-3 + 1}I€I§ 0
1 2 '

2 2
- - vV .
? (1 e1f1)IV x (& x B)l2 P + (1 e3e4f2)l/7p EIZ,O

2 . 2 2
+ {‘ (E * n)°(~n *» Vp)as + 1V x ALy L+ mz’p .

P
By choosing f, and £, for instance so as to satisfy

eify =% ejeuf, =%, (5.15)

we thus obtain from (5.15)

2 2
a((E:A),(E,A)) + A|5|2'p > 5'(51“).w

| wie eZe ele e

i
i § =V, A=-r24 328, (5.16)
| 2t 2t

Finally we establish the symmetry of a((g,8),(E,A)).

Theorem 5.3.

For any pair (§,A) € W+, (E,;) ew ’
a((&,8), (£,a)) = a((E,R),(E,A)).
Proof:
+

From (5.1), for (§.,A) ew ', (E,A) e w~

a((&,8),(,0)) - al(Z,2),(E,n)) =

J] (€ +9(E «Vp) -F « VE «Vp) +E¢VxpxVx (Exp

2
o ~
- & ¢ VxpxVx (E x B)lav. (5.17)

If we can show that this expression is zero, then since Wt is dense in

w', by passing to the limit in pairs (€",a™ e wt ¥ (E,A) € w+,

’

- ~ o~ +
(E“,Km) e w v, (§£,A) € W, the proof of symmetry of wh will be

complete.

We will show that the expression above can » expressed as a divergence

which in turn can be converted into a surface term which vanishes.




Now we establish

J (<€« V(e . AN V(E » Vp) + £+ VxBxVx (£ xB)
Q
P

€« VxpxVx(£xp)lav

=+ [ Ve s+ (Ex&atav.
]
P

For this, we show the following identity holds:
B(E,E) = <€ « V(§ « p) + €+ V(E « Vp)
+E£+VxBxVx (ExB) -F«VxpxVx (£xn)
~Ve(Be* (ExE)I) =0 (5.18)

for E,E € pq (W-+), the set of all first components of pairs (£,A) e w-+.
P

Note that

B(E + 6',8 + £9) = B(E,E) + Be',E) + B(E, T + (5", T). (5.19)
1f the pair (£,8), (E'.E), (5,%'), (5'.5') satisfy the identity, then the
pairs (& + E',E +£') also do. Also note that if either the first or second
member in the pair (E,E) is zero, the identity is trivially satisfied.

To establish (5.18), we need the Lemmas below.

Lemma 5.1.

B(E,E) = 0 implies B(a(x)E,&) =0 ,

¥ scalar a(x). (5.20)
Proof:

(E+ Va)(E « Vp) - Vx B « £ x ((Va) x (£ x B))

= (VxB e Va)(B « £ x &) .
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That this last equation is indeed an identity is immediate from the relations:

(€ + Va)(& » Vp)

(E e Va)(§ « Vx B XB) - Vxpo E x (Va x (£ x B))

VxBe (£ (ExB)Va- (£« Va)y(§ x B))

]

(VxBe+Va)E « (Exp)+(E-Va)e+ (E+VxBxB)

~(Vx B+ Va)(B> (ExE&) + (E *» Va)(E » VxB x B).

Lemma 5.2.
The identity (5.18) holds for the Cartesian basis vectors

£ = e s £ = ej , i,3 = 1,2,3.

The proof of Lemma 5.2 is straightforward but tedious and we omit it here.
Lemmas 5.1 and 5.2 together with (5.19) combined with lineariy and density

of W' in W' establish Theorem 5.3 .
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§6. Existence of a Solution to EVP.
In this section, we establish the existence of a solution to the
following EVP:

In the interval (0,7}, T > 0, f£ind (£,A)(t) € W  such that
2 - °

4 _ ey, B+ ale,m ) (Ea)) =0,

NE) 2,0

~

vE,A) e w (6.1)

subject to the initial conditions

(§(9),A(0)) = (E,n,) e w o, (6.2)
P .

5%(0) = £, € By (H), (6.3)

P
and the flux condition

/] a(t) * nds = a(2), (6.4)
T

v

where d{t) is a given continuous function of t on (0,T]. The problem
will be divided into two stages. Much of the work consists in defining a
solution to an auxiliary evolutionary variational prcblem (AEVP) and proving
the existence and uniqueness of a solution to the AEVP. Then we shall add to
the vacuum part of the solution of this auxiliary problem an appropriate solu-
tion of an elliptic system of equations in order to obtain the actual solution
to the EVP.
§6.1. An Auxiliary Evolutionary Variationa. Problem (AEVP).

The AEVP is formulated as follows:

on (0,7, find (§,A)(€) € C(I0,™:W) with E(t) € C({0,*):P, (H))

P
such that
d2 ~ ~ A
| — <€(c),£>2 + a((§&,A) (L), (E,A)) = 0 ,
P
| dt
viE,n) e w, (6.5)
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subject to the initial conditions

(6(0),A(0)) = (£ ,A) - Aj) €W, (6.6)
13 e +
3.(0) =&, € Py (H) =Py (H). (6.7)
P P
where specification of A(O) is not required, and Aa is an element of 53
satisfying
/] A' ¢ nas =o9(0), (6.8)
I‘v

and the flux condition

/] Ae*nas-=o. (6.9)
r
v
Note that this flux condition actually follows (cf. §4) from A € Pﬂ (W), but
v

we state it explicitly here for the sake of convenience.
To show the existence of a solution to the AEVP, we shall define a

sequence of Galerkin approximations, and then use the coerciveness of
al{(E,A),(E,A)) to derive an energy inequality. This energy inequality will
then be used to show that the solutions are strongly bounded in a suitable
space, and hence converge weakly. Finally we shall show that the limit is
indeed a solution of AEVP. In order to define the Galerkin approximations,
we begin by proving the following
Lemma 6.1: There exists a sequence of elements gl = (B:,l;) that satisfy
the following conditions:

i,
(1) {Bl}i=1 constitutes a basis in H and
i g3
<B1,B1>2’p Gij ’

o0
(2) {Bi}i=1 form a complete set in W, i.e. finite linear combina-

tions of elements of the sequence are dense in W.
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Proof: Since W is separable, there exists a sequence of linearly indepen-

; L GO
dent vectors {a'}, which form a basis in W. We now use the Gram Schmidt

i=1

orthogonalization process to othonormalize the first components a' in the

norm U W as follows. Let
2,0
g' = a'/tals ) ,
2
Lp( p)
Bz = {u2 - <B1,u2> 81}/ua2 - <B1,a2> 1 ’
1 LZ(Q ) 1 191 L2(Q )B L] 2
. L°(Q
: P p P p p( p)
n. n 2t i n_,i n nat i n_g,i
8" = a" - § <8Y,a™er/taT - T <8t,al>8lH .
. 1" 1 A 11 1 2
i=1 i=1 L(R )
P p
n-1

For this scheme to be well defined, we need to show that Ia: - 2 <8:,a?>BLI2 0
’

i=1

# 0. Note that the space S spanned by the Bl, i=1,***,n is the same

n
i

as that spanned by a, i = 1,°¢°,n, because the matrix A = [aij] that
’
a
1 81
. L]
carries the column vector : to : is lower triangular.
a 8
n n
211
An = L] L[] . L] 0

and its determinant is given by the product of the entries in the diagonal, a

typical entry in the diagonal is
b o _
aii = [la: - 2 <8],a:.>83' ] 1 .
j=1 2,0

We now show that
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r—'—m

n-1 . , ;
1a" - 7 <BT,ab8lr.  to0, wn. (6.10)
1"71"71°2,p
i=1
1 01
First note that B = 7 is well defined, since by assumption 0 <

ba ¥

12,0

IQ:I < @, Now let n Dbe the first integer greater than one for which (6.10)

fails, and
n n1 i n i
oy = L Blan, B
i=1
Then,
a W' ion i
a” - 'X B>, B
i=1
n n nt i n i i
(01,02) - lz1 <B1l°1>2'p(81182)

n ni‘ i n in ni‘ i n_.i
= (a - <B,,a.> B,a_ - <8, ,a>B )
1 121 17 1 2,p 12 1=1 1771 "2

n =t i.n i
(0, ay - [ <Blap, 8.
i=1q
n-1 .
since a” e w and ) <B:,a
i=1

ot i n i
- ‘2 By, o By e W
i=1

ny

i
12,0 87 € W, their difference,

n
(0, =,

However, this is impossible unless
n-1 . .
n i n i
a - < Qa -
2 121 B1%1%2,0 &2

For if & =0, then (£,A) € W implies

0.

nxA=(n-* €8 on Pp .
i.e.
nxA=0 on I,
p
But as mentioned at the end of §4, the only solution on Vz(ﬂv) of
VXVXA=0'

nxXxA=0 on [ and I ,
P v

is

>
"
o
*
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Thus we have shown that

n ot i n i
a = .Z <81,u1>2'p 81
i=1
implies
n-1 . n=-1 n-1 .
n i n i i n i
a = Z <B . ,a> B” = Z (<B,,a,> X a,.a")
i=1 1771 2,p i=1 1" i 2,p =1 Ji
n-1 n=-1 n~-1
= ¥ (] <Bi,a:>2 0 a.i)ai= ) ciai .
i=1 i=1 0 i=1

In other words, un,un-1,"°,u1 are linearly dependent which is a

contradiction.

Now since as mentioned above the space S, spanned by the first n
vectors a" is the same as that spanned by the Bn' the closure in the H
norm of the space spanned by the Bn is again H. Thus assertion (1) is
proved.

(2) The closure of the set of all finite linear combinations of B" in the
W norm is identical to that of Gn and hence yields the space W.

In the following, we define the Galerkin approximations to the solution

of the AEVP. Let

m
ey = E™e),a"e)) = ) cT(t)Bi.
i=1

We shall call Am(t) a Galerkin approximation of the mth order to the AEVP
if

a T om,ai 3 T om,i 9

5o I s8] >, +ac [ cl18h),8Y) =0

at i=1 ‘ i=1

v Bj j=1,°°,m, (6.11)

and if A™(t) satisfies the initial conditions,

A"(0) = (£™(0),a™0)) = (E:.A:)
3L °em
5ol0) = &7 .
Here by (6.5) and (6.6),
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0,,i i
(§g.Ag) = ) c (B,8;)

i=1
o 0
. ~ o~ 1 A
60 = .l c; 81 in Pg (H),
i=1 P
so that
m . m R 0,0 i sm_ T~
(&g.Ag) = .Z c (Bl,B)i &) = .Z c 8y -
i=1 i=1
Also (6.11) may be written as
m m
c1(t) c1(t)
2 . .
9—5 s +B | =0, (6.13)
dt : :
m m
cm(t) cm(t)

where Bm = [a(Bl,BJ)] is an m X m matrix. Note that the coefficient of

2 .
95— Cm(t) is the identity matrix because of the orthonormality of the gt

dt !
in L2(9 ).
p

The theory of ordinary differential equations now ensures a unique
solution to (6.13) subject to the initial conditions (6.12) on the interval
[0,T]. We now make use of the equations (6.1) to obtain a priori estimates on

|é“(t)|2'p and 1A"(£)l . Multiply each of the equations (6.11) by éT(t)
and summing over i , we obtain:
<.E."'(1:),§"'(t:)>2'p + a(A™t),A%e)) = 0. (6.14)
Now because of the symmetry of a((E,A),(E,x) on W, the relationship may be

written

1,9 42 2 m m -
g (16 ey ot a(A"(v),A7(e))} = 0. (6.15)
Thus after integration we obtain
1™ ()12 v a(A(e),A™e)) = 18012+ a(A™(0),A"(0)). (6.16)
2'p 2,9
Since the bilinear form a((E,A),(E,X)) is continuous on W, there exists
4 > 0 such that '

la(A™(0),A™(0)) | < c1lAm(0)|i-
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Also by virtue of Bessel's inequality

m 2 H 2
! <1 =c .
g (0"2,9 E(O)lz'p c,
Hence
°m 2 m m m 2
<
ig (t)lzlp + a(A (), A (t)) c, * c1|A (0)lw . (6.17)

m , .
Furthermore, A (0) converges to A(0) in the W norm, so there exists

¢y > 0 such that

lA“‘(onw <c, wm.

Hence,

sm 2 m m
< =
113 (t)lz,p + a(hM (v), A (v)) <, + c,c, bl. (6.18)

Now because a((£,A)(E,A)) is coericive with respect to the W norm, we have

2 2
a((&,A),(E,A)) + “5'2,9 > 6!(6,)':)!w .

(£,n) € W.
Thus adding vklili 0 to both sides of (6.18) and using the coerciveness
¢
yield

tm 2 m m 2 m,2
< . .
14 (t)lz'p + S(ET,A )l" b, + ALE 12'p (6.19)

It follows that

zm 2 m, 2
‘ xl L) L]
15 (e)t b, + Alg '2,9 (6.20)
Multiplying both sides of this inequality by lEm(t)lzz and using
Lp(ﬂp)

d m m m d m
3t {<€ 7 (e),€ (t)>2‘p} = 2¢£(¢t), Y £ (t)>2'°

< 208", D}n%; M, .
’ [

we obtain

{1/2%”“‘“._”; 9}2 < b1l£m(c)l§ ot Alﬁ"(t)l‘.

’
Therefore,

a_

m 2 m 2
dtlE (e 5 < 2{p 1§ (t)|2

5t AICm(t)l; ).
@)
o p

’p

Since
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b
MEM e v o e™e? < (g™ 1? )2
2,p 1 2,0 2,p -
2V
b
<X g™ en? + 12,
VA
we obtain
b
d m 2 - m 2 1
—1 | < 2(VA —_ . .2
at £7(t) 2,0 2( (13 (t’"z,p + - ) (6.21)
Therefore,
b b
g™ ey < (UERo2 . 12 (6.22)
2,0 A A
L (2 )
P p
Let
m m 2
b2 = g (0)“2’p ’
m
b, = sup{bz} .

Note that b2 < ® 1is ensured from the inequality

m 2
13 (0)|l2 o

14

m m 2 m 2
< 1 = fA [ B
H(ET(0)),A T (0) W (0) W
Thus given € > 0, there exists M(€) such that if m > M(g),

m 2 2
< =
KA (0 TACOYIT + € cq + €,

because A™(0) * A(0) in the W norm.
Hence, for m > M(€)

2
™ ] < + €
£7(0) 2,0 < ‘

and in particular,

c, = lim suptE™0)1? < ¢

4 3
It follows from (6.22) that
b Y b
. m 2 1. 2t 1
lim supl§ (t)uz,p < (c4 t1e -3 on (0,T]. {(6.23)

Returning now to equation (6.19), we may use (6.23) to derive similar upper

bounds for lém(t)lzz and “(Em,Am)(t)ﬂa. It follows that
LR )
P p
em 2 m _m 2 m, 2
. < 1i
1im sup{1§ (t)"z'p + 81(E,A )(t)"w) 1im sup{b‘ + AUE “2'9}
b = b
m 2 1. 2/t m 2 1. 2/
< —_— - = ——
b, + A(NE ‘0’"2,0 + 3 e b, A(NE (0)"2'0 * e . (6.24)
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/A /x
From (6.13) and (6.24) together with e2 t< e2 At on (0,T], we conclude
that there exists M > 0 such that on [0,T] -
m 2
(14 (t)lz'p < M, vm ,
:m 2
] ] <
ET () 2,0 M, vym |,
m m, 2

(g, )|w<M, vm .

Thus,
(A%} = ((€"e),a"eIN}

forms a bounded sequence in the Banach space
© 2
L ((0,T]:W) < L ({0,T]:W);

{Em(t)} forms a bounded sequence on the Banach space

hd 2
L ([0,T):W) < L"([0,T]:H).

Therefore we may extract a subsequence such that

n o
A ™t) » A(t) in L ([0,T):W),

n
A D) > A(t) in L2([0,T):W), (6.26)

n

L] ~ a

E™e) » Tty an L ([0, (W),

P

In particular from (6.26) it follows that

"m 2 2

£ "(t) * E(t) in L ([O,T]:mep)).
Thus E(t) = E(t), because of the uniqueness of the representation of a
vector-valued distributional derivative (Lions and Magenes, 1972) as an
element of

w’ro,mlL2@ ) < ntro.minde 0
’ H o P ’ H ) p .

We next show that the function A(t) defined in this manner is indeed a

solution of the AEVP. For this, let V¢ e Colo,T] be such that

¥(0) = Y(T) = 0. Let Wi(t) = W(t)Bi. W:(t) = W(t)B:. We then multiply
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n
(6.11) for A " by VY(t) and then integrate by parts with respect to ¢t

over the interval [0,T] to obtain

on ® 3 n i
JT<E Me), Wi, o+ alh mey,vie))ae = o. (6.27)
0 ’

Taking the limit as n + @ and using the weak convergence of

n
A ™) to A(t) in L2([0,T]:W), we obtain

0= [t <E(t),d.ll;'(t)>2 + a(Mt).Wi(t))dt
0 it

= [Ticker,8Y W) + aAe),Bhu(e)dae
0

1 2’p

_ (T (4 .2 i . i

-J(; {dt <E(t),31>2’p Y(t) + a(A(t),B)Y(t)lat,
Thus

a

JTL Ee),8d>

* _ t i
o &t 12,0 YiEIAE = J5 atme), 8H)w(e)ae

(1]
for all VY(t) e D[O,T).

We show g(t) = a(A(t),Bl) e LZIO,T]. This is immediate if one uses the
continuity of a(°*,*) in the W norm, i.e. there exist ¢ > 8 such that
lathce), 841 < cracern astn
W w
and if we pass to the limit in (6.25), we obtain
< .
IA(t)Iw M
Therefore,
i i
la(A(t),B7)] < cMIB lw,(e.zs)
80 that
g 2
g(t) eL (0,T] < L™[O,T].

Hence from (6.28) we may deduce

2
a <E(t),Bi> e L2[0,T]. (6.29)
dtz 172,p
The derivative is again taken in the sense of distributions. Furthermore,
d2 i i
— <§(t),BD> = -a(A(t),B7) .
dtz 12,0
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Now since this equation holds for arbitrary 8 and since the B form a

complete set in W, it holds for every (E,;) € W. We conclude that
' 2
d ~ ~ o~
— <§(t),5> + a(Me), (§,8)) =0 , (6.30)
2 Z'p
dat
V¥(E,A) ew,
which completes the demonstration of existence of a solution to the AEVP.
§6.2. Solution of the EVP
The solution to the EVP is constructed in the following way. To the

solution of the AEVP defined by (6.5) to (6.9), we add a pair (0,A') defined

on 2 X ﬂv with A' being a solution of

p
VxVxapa'(e) =0,
Vea'(c) =0, (6.31)
nxA* =20 on ' uTl ,
P v
/] (' ¢ n)ds = o(t) on [O,T],
r
v

where A'(t) is taken from 53 (see 4.4). That is,

Vxa'(t) =0 nXxA'(¢) =0 on ' ul ,
P v
Vea'(t) =0 J Ae*nds=0(t) on [0,T].
r
v

We note, in particular, that if we define A' as the unique solution of

VXA;=0'

V'A'1=0,

IA;-nds=1,
r

v
then, A'(t) = 0(t)A', by linearity and uniqueness. The solution (E,;)(t)
of the EVP defined by

(E,;)(t) = (§,A)(t) + (0,A')(t) = (E,A + A") (L)
has the property

l(&.:\)lw = l(E,A)lw .




This is shown as follows. Since the first term § is unchanged, all terms

entering into I(E,A)uw involving only £ are unchanged. The vacuum i
contribution is given by

f IVX(A+A')|2dv=f |VXA+V><A'|2dv

Q Q

v v

=/ IV x ala,
Q

s \4
since

V xa'(r) 2 0.

Hence we have (6.1)

a° ~ S e~
—3 <E.€>2 o ¥ a((E,n),(E,A)) =0
at ’

~

~

T +
¥(S,A) e W ,

A

and also the natural boundary condition L(§,A) = 0 holds whenever the
integration by parts is permissible (§4). The initial conditions are clearly
also satisfied because of (6.6) to (6.8).

In summary, the solution to the EVP was obtained in two stages. First an
AEVP was solved, and then we added to the vacuum part of this solution a
solution to the elliptic system (6.31). As noted above, this elliptic system
with the given flux and initial conditions has a unique solution, therefore to
show the uniqueness of the solution to the EVP it suffices to establish the

uniqueness of the solution to the AEVP.

Let A(t) (E(t),Aa(t)) be a solution to the AEVP subject to the initial
conditions

A{o)

1]
(=]
-
o
—
o
-~
[}
o
.

Let s e (0,T). Let (E(t),A(t)) be defined by

- [® g(o)do t <s
t

E(t)




0 t >s .

Note that K(t) = (E(t),;(t)) €W ¥t e (0,7], simply by interchanging

inteqgration with respect to time and differentiation in space. It follows

that
9_ E = £ v ) =
3t () = &(¢t), 3t A(t) = A(t) ,
E(t) =A(t) =0, t>s.
32 "
Moreover, note that -3 £E(t) 1is an element of W , the dual of W. Let
it
a2 ~
<3t2 C(t)'g(t)>w.xw denote the inner product between W and w' in the

duality between W and w'.

since A(t) 1is a solution to AEVP with zero initial conditions, we have
2

<2—5 £,6> , + a(At),A(t)) = 0.
it WXW
Hence,
e, 32 L« ~
/ {5 8,6, + alMe),Aenlae = 0.
0 3t ww

Integrating by parts and using the initial condition é(o) = 0 yields

JT=<E(e),E(t)>,  + a(A(e),A(e))}ae = o.

0 2,p
Therefore, since (E(t),A(t)) = (0,0) for ¢t »> s

fs(-<§(t),€(t)>2 ot a(A(e),A(e))}at = o,
0 ’

and using %: Ae) = A{t), we obtain
£5 {%Z peen; o+ aew),Kend = o.
It follows that
a(R0),K(0)) + 16(a1? = 0.
Now adding XIE(O)lg’p to both sides and using the coerciveness of a(*,*) we
obtain

GIA(o)la + lz(s)lg,p < mEon?,
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or

2 2 2
IA(O)Iw + lE(s)lzlp < arg(o)e”,

where 4 > 0. We set W = (w,,wz) with

w (t) = ft E(o)dc R
1
0
t
w,(t) = [* a(g)do.
0
Thus,
2 > 2 2
llw(s)lw + lg(s)lz’p < dlw1(s)|2'p ’
or

2 ¥ 2
Iw(s)lw + IE(s)l2 o

< alf® Scoraors .
! 0

P

Adding the positive quantity [° dlw(a)léda to the right hand side of this
0
inequality we obtain

d
as $(s) € dd(s), (6.32)
where ¢(s) = [ {IW(U)l: + IE(O)))Ii

0 ’
integration of (6.32) yields

p}dd. Therefore, since ¢(0) = 0 ,

$(s) = 0 and % - 0 on [O,T].
ds
Consequently,
()N 2 0 implies &(t) =0 on [O,T].

2,p
It follows that A(t) ¥ 0 by Theorem 4.2. Hence, A(t) = (§(t),A(t)) = 0.

i

This establisl.es that the only solution to the AEVP is the null solution.
The ﬁniqueness result for the EVP then foliows_trivially.
In conclusion, we note that the solution to the EVP exists for all time
t > 0. This result follows trivially from the global estimates in §6.
Following a theorem of Lions and Magenes (1972), we may summarize our results
as
Theorem 6.1. There exists a unique solution to the EVP (§,A)(t) in

C([0,%):w') with E(t) in c(10,=):p *)) such that
o]
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9
=
r
i

2

dt2

subject to

- &), B>, |+ aliga (), (AN v(Em ew,

~ +
(E(0),A(0)) = (£O,A0) ew,

38(0)
at

. +

=508PQ(H )e
P

and the flux condition

J; Ate) * nas = o).
v

where 0(t) is a prescribed continuous function of




§7. Discussion

First we make some remarks about the solutions to the EVP. In the
process of establishing existence of a solution to the AEVP, we construct
Galerkin approximation: and extracted a subsequence of the approximations
which converges to the solution weakly. We note that the entire Galerkin
sequence is in fact weakly convergent to the solution. The proof is based
upon a well-known compactness property (Yosida, 1978) which we formulate as
the following:
Lemma:

In a Banach space B, the first two assertions imply the third and

conversely
(1) u, € B, u, weakly compact,
(2) all weakly convergent subsequences of u, must converge
weakly to the same limit, denoted u, imply that
(3) u,. is weakly convergent.

n
We make use of this lemma in the following way:
@
Recall that An was weakly compact in L ([0,T]1:W) and in L2([0,T]:w)
. -
(see §6). Also En was weakly compact in L ({0,T]:H) and in LZ(EO,T]:H).
Consider the space
2 2
B =1L (0, T]:W) x L"((0,T]:H).
is weakly compact in B, which is a Hilbert space

Let u = (An,Cn). u,

with norm

A LE = (1 u22 + |én|22 }.
L ({0,T]:wW) L ({0,T]:W)
Furthermore, if unm is a subsequence which converges weakly in B, then

exactly the same sequence of arguments as given for (6.27) to (6.30) shows

that the limit of wu, is indeed a solution to the auxiliary evolutionary
m
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variational problem. This shows that the entire Galerkin approximation is
weakly convergent to the solution.

In order to be sure that our sclution of (EVP) is a "good" solution of
(MIBVP) we should verify that it satisfies the following two criteria:

(1) Any classical solution of MIBVP, if it exists, is a solution of

EVP.
(2) Any classical solution of EVP is a classical solution of MIBVP.
To verify (1) we note that the sequence of steps leading from (3.1) to

(3.10) performed now for pairs (E,A) e W shows that
®E.E>, 4 a((€,8),(E,n)) = | (E « n)L(E,A)as,
’ r
P
if (§£,A)(t) is a classical solution of MIBVP. The right hand side however

vanishes, since the boundary condition (3.4) is satisfied by a solution to

MIBVP, if it exists.

To verify (2) we start from
a2 -
_ <€,£>2

2 + a((E'A)'(E';)) = Ol
it

P
~‘ +
(E,A) ew,

and assume (&,A)(t) is a c? function on & x ﬁv' and C? in time.

We then may integrate by parts the various integrals in a((E,A),(E.K)),
2
d
and bring the operator — ingide the scalar product to get
dat
&2 . X
— <&(v), 5> + a((§,n),(E,Rn)) =
2 2,0
dat
22 ~
= (- E(t)p€>2
’

atz <F(5),€>2'p + <V x V x A,A)z

P

v

= [ (& ¢ n)L(E,A)ds,
r

p
where A € w+, Vx9Vxa=0,
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rurthermore since co(ﬁp) Py (W ), we may choose for ¢,

P
function, so that the boundary contribution vanishes, therefore
3% 2
— &(t) = F(E(t)) in D'([0,T]:CT(R)),
a2 P

(Brezis, 1974), since F(&(t)) e CO[O,T]:CZ(QP)],
E(e) e cz([o.'r]:cz(ﬂp)).
Finally, since H1(9p)3 Pg (W+), we may take for (E * n)
P
in Lz(rp) so that
R 2 2 *
L§,A) =0 in L°(T ) = (L°(T))) .
P P
Thus, since L(§,A) is represented by an element in CO(FP),

L(§,A) = 0 in co(rp).
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APPENDIX

)]
i
. We now establish the identity
!

V(E » VxBxB) =V(E » VB) xB +V xBx (E » VB)
- ((ve)T « V) x Bl x B + (V x B x B) » VE, (A.1)
i This identity need not be true for all pairs & and B, and only for

i those where B satisfies:

i VeB=0

4 VxBxB=Vp (A.2)

f and we assume that i
(VXBXB);=(VXBxB)3 (a.3)

which would follow if p 1is twice continuously differentiable (equality of

the mixed second partial derivatives). To prove the identity we first

establish its validity for § = e, £ = e, or £ = e, the Cartesian basis

R .

vectors and B satisfying (A.1).
For & = e the identity
V(E « VxBxB)=Vx (fE + VB) xB+V xBx (£« VB)
- ((VE)t e V) xBXxB+9VxBxB,

¢ becomes

V(Vx:axla)i=\7x(%-13)><13+szx(a B),

i 9%
since

)
E v-"a_x—o

Now the R, H. S, can be written

%—(vxaxa),
i

so the identity (A.1) reduces to (A.3). Now if the identity is true for

£, and 52 it is clearly true for & = 61 + &

since all terms split into

1 2

a sum of terms involving 51 and 57, it is slightly harder to show that if

it is8 true for £ it is true for a(x) where a(x) is a function of

i
!
1
1
{

i




Xy eXo, X3, i.e. we seek to show:
V(ag + YV x B x B) =V x ((af) « VB) x B
+ 9V xBx ((af) « VB) - (V(GE)T « V) xBXB
+ VxBx3-* Y(af), {a.4)
follows from
VE » VxBxB) =V x (VB xB+VxBx(E*VB)
-((vg)T-V)XBXB+VxBxB-V€. (A.5)
For this note that using
V(£q) = (V£)g + (Yg)f, (A.6)
the L. H. S. of (A.4) is
a¥(E » ¥ x B x B) + (Va)((V x B x B) * §).
Using (A.6) and the identity
Vx (fv) = £V x v + VE x v,
the R, H. S. becomes
a(¥ x (E » VB) x B) + {Va x (§ » VB)} x B

+a((V><B)x(£°V)BXE—a((VE)T°V1xaxB

ax
-[GY)(51,52153)'leBXB+chBXB'V€
Qaz

+ (VxBxB-e* £)Va,

where

Cancelling (Va) (V x B x B * §) from both sides and using (A.5), it remains

to show
ax
{(Va x (£ « ¥VB)} x B = ({ {ay (€1.£2€3)} e V] x B x B,
az




In fact,
ax

Va x (£ + VB) = {|ay (EI.EZ,Ea)} + ¥) x B,
az
The L. H. S. is
i j k
det ax ay az
i=3 i=3 i=3 .
i 9 i i 9 _2 i 9 3
PR DRI i DR
i=1 i i=1 i i=1 i
and the R. H. Se. is:
i 3 z
3 3 3
) i 3 i 3
det Z ax § I z ay & 3% 2 g PP
i=1 i i=1 i i=1
B’ 82 B3
which are clearly equal.
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