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ABSTRACT ZT

The linear MHD stability of a confined plasma is generally studied by

means of energy principles. Up to date, these energy principles have never

been justified rigorously, and the existence of a solution to the linearized

equations is also tacitly assumed. In this report, based upon a variational

approach 1we shall first establish the existence and uniqueness of a gener-

alized solution to the linearized Lundquist equations for a toroidal plasma

confined in a conducting shell. In a subsequent report, the so-called modi-

fied energy principle, which includes linear energy principle as a special

case, will be justified rigorously and a solid foundation is then laid for the

application of these energy principles to the linear MMD stability of a con-

fined plasma.
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STABILITY THEORY OF A CONFINED TOROIDAL PLASMA

PART I. EXISTENCE AND UNIQUENESS

Peter Laurence and M. C. Shent

§1. Introduction.

It is now well recognized that controlled thermonuclear fusion may offer

the ultimate solution to the world energy crisis with inexhaustible resources

for years to come. One of the most promising methods at present to achieve

the goal of a self-sustaining thermonuclear reaction is the magnetic confine-

ment of a plasma inside a toroidal vacuum chamber shielded by a conducting

shell, such as a tokomak. General surveys about the progress of controlled

thermonuclear research may be found in the recent articles by Grad (1977) and

Furth (1980), among others. Needless to say, physical and mathematical prob-

lems abound in the study of a magnetically confined plasma, such as equilib-

rium, stability, wave motion, diffusion and adiabiatic compression, just to

name a few. However, at present the problem of plasma stability still remains

the central issue in fusion research, especially based upon magnetohydro-

dynamic (MHD) models.

Traditionally the standard procedure to study MHD stability of a plasma

with simple geometry is to linearize the governing equations about a given

equilibrium state and analyze the linearized equations via normal modes.

Evidently this method is not very useful wl plicated geometries are

considered. To avoid this difficulty, Ber;tei. al. (1957) developed a

t
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variational approach to linear NW. stability, and formulated the so-called

linear energy principle. Its advantage lies in the fact that to determine

stability of a plasma it is necessary only to discover whether there is a

perturbation which decreases the potential energy from its equilibrium

state. Since then a vast amount of literature based upon this technique has

appeared. In obtaining the necessary condition for stability, their arguments

rely upon the assumption that the eigenfunctione of a certain linear operator

must form a complete orthonormal basis. This weakness was then removed by

Laval et al. (1965). In their derivation they introduced a modified energy

principle for the so called C-stability of a confined plasma, which includes

the linear energy principle as a special case. intuitively speaking, a plasma

is called a-stable if it does not grow faster than exp(at), where 0 = 1

and T is some characteristic time needed for fusion. This concept, indeed,

is more optaistic than the usual exponential stability, since in fusion

research the main concern is whether a plasma can be confined long enough to

achieve a self-eustaining thermonuclear reaction. On the other hand, many

equilibria regarded as unstable by the criterion of exponential stability, are

in fact a-stable and may be found practically feasible for fusion

research. A discussion of the energy principles may be found in Greene and

Johnson (1966), Groesman (19"), and Spies (1976). The application of the

0-stability concept to various plasma configarations was further expounded

by Goedbloed and Sakanaka (1973, I, II).

So far the modified energy principle, although well adopted in the study

of MIHD stability, has never been put on a rigorous basis since the question of

the existence and uniqueness of a solution to the linearized MHD equations was

never asked in the previous proofs. Without a precise answer to the question

one cannot apply the energy principle with complete certainty. The first
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attempt at the existence and uniqueness question was made by Rodriguez

(1974). Several difficulties however were found in his proof. Among these,

the connectivity of the vacuum region is not considered; the function space in

which the Galerkin scheme is introduced is not complete; the scheme does not

converge in the norm given (which in fact is only a pseudo norm). Moreover,

some surface terms appearing in the variational formulation are discarded by

questionable arguments. In fact, these terms cause grave concern in obtaining

estimates. We, on the other hand, will make certian assumptions about these

surface terms which characterize particular equilibrium states. Indeed, we

doubt that solutions would exist for the linearized equations in the absence

of such an assumption. The purpose of this paper is to give a correct and

rigorous proof of the existence and uniqueness of a solution to the linearized

equations governing a toroidal plasma, under a set of assumptions imposed upon

an equilibrium state. In addition, the growth rates of the L2 norms of both

plasma displacement and velocity are obtained. In a subsequent report, Part II

we shall justify the modified energy principle rigorously and a solid founda-

tion is then laid for its application to problems of plasma stability.

In the following , we briefly describe the contents in each section. In

Section 2, we formulate our problem based upon Lundquist equations for magneto-

hydrodynamics, and deal with the linearization of these equations. Since we

consider the displacement of the confined plasma from its equilibrium config-

uration, it is natural to express the equations in terms of Lagrangian coordi-

nates. Here we use an approach which is essentially that of Berstein et al.

(1958) so that the final results may be checked with theirs. In the vacuum

region, the magnetic field is both curl and divergence free. We follow Berstein

et al. and introduce a vector potential instead of a scalar potential. The

latter was used by LUst and Martensen (1960) to study energy principles.
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They showed that the two approaches are essentially equivalent provided cer-

tain cuts are made in the vacuum region and fluxes through these cuts are

taken into consideration. In Section 3 a mixed boundary and initial value

problem (MIBVP) is formulated for a toroidal plasma confined in a perfectly

conducting shell. To ensure the uniqueness of the vector potential some flux

conditions must be prescribed (Blank, Friedrichs and Grad, 1957), and a set of

conditions on the equilibrium state is also precisely imposed. In Section 4

the Hodge decomposition theorem is used to define function spaces which play a

fundamental role in this work. We then establish the continuity, coerciveness

and symmetry of a bilinear form in Section 5. In Section 6 the MIBVP is re-

cast in the form of an evolutionary variational problem (EVP) by means of the

coercive bilinear form (Lions and Magenes 1972). We then construct an auxil-

iary EVP (AEVP) with zero flux conditions, whose solution is established by

defining Galerkin approximations and showing they converge to a solution of

AEVP. The solution of EVP is constructed by adding to the solution of AEVP a

unique solution to an elliptic system, with inhomogeneous flux conditions.

The uniqueness proof then follows easily from the coerciveness of the bilinear

form and that of the elliptic system. As a consequence of the existence

proof, the growth rates for the plasma displacement and kinetic energy are

also obtained. In Section 7, we make some remarks regarding the solution of

our problem and the relationship between a solution to EVP and a classical

solution to MIBVP is discussed.
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§2. Linearization of Lundquist Equations.

We consider the following configuration for a confined plasma: 9 is ap

doubly connected bounded three dimensional region surrounded by a bounded,

triply connected region Q • Thus 0 and Q are topologically equivalentv p v

to two coaxial tori (Figure 1). The plasma, a highly ionized gas, is

contained in Q . The vacuum region is surrounded by a conducting shell r .p v

In the plasma region Q , (Bernstein et al, 1957)p

dv
dv- = - Vp + aJ x B, (2.1)

3t - V x E, (2.2)

V x B = PJ, (2.3)

V - B = 0, (2.4)

-t + V(pv) = 0, (2.5)at

d (pP-Y) = 0, (2.6)dt

E + v x B = 0. (2.7)

Here,

dt =  v, (2.8)

and all quantities are expressed in terms in Eulerian coordinates. v is the

fluid velocity, B the magnetic field, J the current density, p the

scalar fluid pressure, P the mass density and Y the adiabiatic constant,

which may be taken to be equal to 5/3.

In the vacuum region Pv'

V x B 0, (2.9)

V - B =0, (2.10)

the vacuum region is assumed free of currents or charges, and the fluid

boundary is assumed to nowhere intersect the outer conducting shell.
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Furthermore, the two regions are coupled by a set of boundary conditions

on r

2
[p + = 0, (2.11)

[E + v x B] = 0, (2.12)
t

[B] n  = 0, (2.13)

where ] designates the saltus of a quantity across the fluid-vacuum

boundary, and the subscript t designates the tangential component.

on the conducting shell f
v

Et = 0,

Bn = 0.

In addition, since 9 is a multiply connected region, if the Pre-v

Maxwell equations in the vacuum region were solved independently, it would be

necessary to prescribe certain "periods" of B and/or E in this region in

order to ensure uniqueness of solutions. Physically, the system is linked to

the interior through the metal shell. However, because of the coupling be-

tween Q and SIVP the situation is complicated, and we will not return toP

the question of prescribing periods until the linearization is completed. We

also note that a detailed discussion of the formulation of the boundary condi-

tions may be found in Blank, Friedrichs and Grad (1957). Also, appropriate

units for various quantities are chosen so that U = 1.

We emphasize that the non-linear problem defined above is a "free bound-

ary problem". £ (t) and hence r (t) a priori unknown must be determined asp p

part of the solution. Therefore, we wish to examine the effect of small per-

turbations about an equilibrium state characterized by v - 0. This equilib-

rium state is governed by the equations:
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in SP, VP0 = V x B0 x Boo (2.14)

V • BO = 0. (2.15)

In v' V X BO = Jot (2.16)

V - BO M 0, (2.17)

with the boundary conditions:
S2

(PO +- -] o 0 in r , (2.18)
p0

B0 n = R0 "n on rO, (2.19)
0 0 p 0

v
B 0  n = 0 on r (2.20)

At equilibrium, we may assume p = A(S)PY where A(S) is a function of

the entropy S. Above and hereafter a superscript p or v will designate

plasma or vacuum variables respectively. In order to linearize our problem,

we reformulate the problem in reference to the Lagrangian coordi-nates:

(x,y,z,t) e Qx R -0 (x0,Y0,z0,t) e 9 x R,
PG t

where (G(x,y,z,t) = (x0,y0,Z0 ,t) + CE(x 0 1y0 1z0t).

That is, we identify each fluid particle by its position in the equilibrium

state and let CC(x0 ,Y0 ,z0 ,t) be the displacement of the fluid particle

x0 ,y0 ,z0  from its equilibrium state x0,y0 ,z0  after a time t. We first

express the operator V in Lagrangian coordinates. If f(r,t) is given,

where rt are the Eulerian variables and

f(r,t) = f(r0,t),

where r = (x,y,z) and r0 = (x0,y0 ,z0 ), then it follows from the chain rule

that

Vf(r,t) = V 0 f Vr0 0 0
-a-



Here Vf and V f are 1 x 3 column vectors, and

ax 0  ax 0  ax 0

ar 0  ar 0  ar ay ay0  ay 0
Vr 0 = [ ax ' ay ' z ) ax 0  ay 0 z -

az az0  az_
ax ay az

Let

r. r - :C(r 0,t) ,~r 0

and express U(r,t) by

or

0(r,t),t)

Then

Vr = I - V Vr,
0 0

where V 0 Vr0  denote the usual matrix multiplication, and it follows that

(I + CV 0)Vr = I. (2.21)

Formally, we may assume (I + cV0F) exists to obtain
0

(I + CV = Vr0 , (2.22)
0

and express
2 2 n+1n

(I + V ) = I - 0 - (V0 ) + *" (-1)n 1C (V 0) +

Without attempting to justify the convergence of this formula or its

asymptotic validity, which would lead us to consider the validity of the

linearization, we henceforth take
-1

Vr = (I + CVO ) = I - EV 0, (2.23)

as an approximation.
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We gather together the expressions for the other operations involving

as follows. To first order in C,

V - v= Trace (Vv)

= Trace (V 0v * I+ CV 0)

= Trace (V 0v(I -EV 0 )

=-V . v - CTrace(V 0V V 0

and

V x + V 0&)-1 * V0  xV

t
- ( C V ) *V )X V

Hy 0( - C(V 0 ) t V 0)] x V,

where t denotes the transpose of the matrix. Furthermore, note that

a e d e a I

where superscripts e and I indicate Eulerian and Lagrangian coordinates

respectively. Thus in Lagrangian coordiantes (2.1) to (2.7) become

aV -Vp E + ([(I +t EV t I x B) x B, (2.24)

[(I EV V 01 x(u x B 0 + (U - V 0)B - (I + EV 0; (2.25)

= Yp Trace V u 0 (1 + EV0 ) . (2.26)

Here the second and third equations were obtained by adding u *VB and

u 0Vp respectively to both sides of the equation (2.3), and (2.26) is the

equation which results from combining (2.6) and (2.7)

aJ2 = -u -Vp - YpV -U. (2.27)

Also (2.5) becomes, in Lagrangian coordinates,

Tt=P Trace[V 0  u(I + eV 0) )

-10-



We now let

P =p 0 + epl P = P + Cp 1 ' B B0 + CB, u Lu1 .

Since zeroth order quantities are equilibrium quantities, we obtain the

following system

EUP0+1 [-V 0(0 C1 I-v00 + fI-evo)b
1  1 1 )

V )X(B +B ) ( B 4-L
0 0 1 0 1

at~~~ ~ ~ ~ 1F Yp0+pI)Taee 0 1 IE

"£u "  p0+u l[V0 ( 0 +B 1 )(I-V 0  ] + - [-)0
P00P

-Lp1  (P 0 +L 1) Trace{0 (0+ B ( I-V 00

4 p I  = - + Trace 0.u 1 -0 )

Keeping only first order terms in C, that is equating coefficients of

C on both sides, and using the equilibrium relation

v0 A= V0 x B0 x BO

we obtain

-11-



0 (V0Pl-VP0Vu) + -(V 0xB XB0

+ L(V XB XB
PO 0 0 1

Pi -¥iP0V0 uI

a B, V0 X (U X8 ) + u * V0B 0 (2.28)

at 1 0 1 0 0 (2.28
Pl -PoVo Ul

We next eliminate all quantities not directly expressed in terms of u

in order to obtain one equation for u, or &, which can be solved indepen-

dently and then used to compute p1, B1, P1. Alternately, we may differentiate

the first equation in (2.1) with respect to time, assuming that spatial and

time derivatives commute and in either case we obtain the same equation but in

the latter case for u rather than &. The equation for & is

a2

P0 Et 2 V(YPoV 0 " ) + Vp • V0&+V xV x( xB 0 ) X B0

+ V x ( V B0) x B0 + V0  B0 x V0 x ( XB0

+ V0 x B0 X (& V0B 0) - (V 0T V 0) x B0 x B0 ,

which reduces to the equation derived for F() by Bernstein et al (1958)

a 2

0 t2 0 0 0 0 0 0 00

provided that
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V0( o V0 p0 ) = V0 p 0 . V0 t + 0 X (t 0 B0 ) X B0

+ 0 X B0 X VB) 0T . V 0) X B0 X B0,

the derivation of which is given in the appendix. To obtain the equation for

t by the first method, we integrate from 0 to t the last four equations

in our system to obtain

pi(t) -Yp 0 V0 •(t) + p 1 (0) + Yp 0 V0 * U(),

B1(t) V 0 x ((t) x B 0) + E(t) 0 V0B 0

- V0 x (t(0) x B 0) - t(o) * Vo Bo

p1 (t) -P 0 V0 * (t) + P 1 (0) - P0 V0 * t(o).

Assuming that our system passes through the equilibrium state where E 0,

P1 = Bi = 0 at some time to, we may write

p1 (t) = -Yp0V 0 •(t

B 1(t) = V 0 X (&(t) X B 0) + t(t) 0 Boll

P 1(t) = -P 0 V0 *(t),

which, when we plug into the first equation of (2.28), together with the last

equation in (2.28), again leads to (2.29).

The linearization in the vacuum region is done by introducing a vector

potential A there such that

E =E0+ E, B= B 0 + V0x A,
EE+ A, BB +V KA,

so that the Pre-Maxwell equations there are taken in the form

V0 x V0 0, V 0. (2.29)

If we are dealing with the equation (2.29) written for u instead of t, we

retain (2.29). If not, we again assume the system passes through the equilib-

rium state at some time t and integrate to obtain

V XV xA=0, V 0 A = 0.

0 0 00



For the boundary conditions:

( + v B0 t = 0 or n x (E + v x B) = 0,

become to first order

. . v
no x (A + x B ) = 0 i.e. n x A (-no i )Bo'

or in integrated form n x A = -(n - C)Bv, where we used B* no  0,

furthermore

2 2
P + BP = B on rp

2 2 p

may be written as

BP  B Bv
(p+ EP ) + 0+ C 1) 2 = (Bn. + C(V xA) )21 2 2 2

or,
(BoP

(PO - V " { ) + [-7 + C(V x ( x BO) + . * VBo)]
2 0 0

(B 2

= (- + E(V x A)) 2 ,

2
which if we retain only terms of the first order in E reduces to:

-YpoV •  + BP (, VBO + V x ( x BP))
000 0

On r , we have B o (V x A + V.O.
o 0

Et = 0, or n x E = 0.

Hereafter we will omit the subscript 0 on equilibrium quantities.

It follows that

n x 0 or n x A = 0 on rv

In summary, the equations derived apply either to pairs (u1 ,A) without

restriction or to pairs (&,A) when the system passes throught the

equiblibrium state.

-14-



13. Variational Formulation of a Mixed Initial Boundary Value Problem (MIBVP).

We recapitulate the equations in §2 to define an MIBVP.

In
p

PC - F() = V(YpV * + t * Vp) + V x B x V x (t x B)

+ V x V x (t x B) x B, (3.1)

in Q ,

V x V X A = 0, (3.2)

V - A = 0, (3.3)

subject to the following conditions:

(1) Boundary conditions.

On r

L((=,A)) 0 = -ypV * + Bp * (V x (t x BP ) + * VBP ) (3.4)

- Bv - (V x A + *BV),

n x A -(n * )Bv . (3.5)

On rv,

n x A = 0. (3.6)

(2) Flux condition.

f A(t) * n ds = 0(t), 0(t) prescribed. (3.7)
rv

(3) Initial conditions.

() = o, .L(o) = oo A(M) - A0 . (3.8)

In a natural way, we shall reformulate the equations above in a variational

form, which is more amenable to analysis. Its equivalence to the original

formulation will be discussed later. We also note that in (3.8) the prescrip-

tion of A(0) is not necessary since it can be determined by &(0).

: -15-



We shall define a bilinear form on the product space 9 x Q , denoted
p v

by a(( ,A),( ,A)). To motivate the choice of this bilinear form and to make

clear its connection with the original problem, we proceed as follows:

Given a pair ( ,A) defined on U x Q.? we take the inner product of
p

Pi = F(&),

with , integrate over Q and then integrate by parts to obtain

L2 (QL2(
P >L2(U) >L21U)

p p

=f{V(YpV * + *Vp) + V x B x (V x Ex B)

p

+ V x V x ( x B) x B) • crd

fJ -(YpV CyV + V x (E X B) Vx (Z x B)

p

- *.V x B x (V x x B) - - V( . Vp)

+ f (. n){YpV -B - V x (E x B),
r
p

where use has been made of some well-known vector identities. In a similar

fashion, we take the inner product in Q of A with the equationv

V x V x A = 0,

and integrating by parts, we obtain

0"+f VxA.VxAdV+J n x A VXAdv+f nXV x A ddv.
r r

V p v

If we assume that the pair (t,A) satisfies the boundary conditions

(3.5) and (3.6):

nX A--(n. )Bv  on r

n x A - 0 on F

then we may write

0te V x A *V x A dv + f (n B V x A dv.
U r

v p

-16-



If we now simply add this result to the right-hand side of (3.7), we obtain

<AA>= f -(yp(V * )(V *

P p

- V(& - Vp) + V x (C x B) - V x x B)

- *V x B x (V x (C x B))ldV - f V x A *V x A dv

v

+ f E~nU'rpV Bp - (V x x Bp)) + V x A - BV~d,.

r
p

Let

fJ {Yp(V *)(V *) - . V(. Vp)

p

SV x (x B)• (Vx x B))- V x B x V x ( x ( x B)}dv

+ f V x A V x Adv.

av

and it follows that

L ()
p

f (R - n)(YpV . - BP 
* (V x ( x Bp ) + V x A * BV)ds.

r
p

Note that the integrand in this boundary integral differs from the boundary

condition of the MIBVP by
2 2

2 2

So by defining
2 2

a(( ,A),(&,A)) =b((,),(,)) + f (Z. nE • V(PL R- )ds, (3.9)

r
p

the above equation becomes

-17-



L 2(0
p

f 'u n){YpV -Bp [V x Bp) + V XA B 1i

p+ V( v-.- BP -)ds
2 2

f ( n)L(F,A)ds- (3.10)
r
p

Thus we are led to define a solution of the evolutionary variational problem

(EVP) associated with the MIBVP as a pair (&,A) that satisfies

- <P&',> 2 + a((C,A),(&,A)) =0 ,(3.11)
d2 2 (

p

for all (ZA) in a space W to be defined in the next section. After

existence and uniqueness of a solution to (3.11) has been established, we

shall return to the question of the equivalence of the EVP to the original

problem.

Remark:

a((&,A),(&,A))as defined by (3.9) will not be quite right for our

purposes, however. It involves a term of the form f' V(& - Vp)dv which

p

will not necessarily make sense for (F4,A) in W, since & may not be in

H'(Q P)o Thus the form of a((&,A),(&,A)) used hereafter is obtained by

integrating this troublesome term by parts to get, from (3.9),

f 3' Yp(V - )(V ~)+ (V *Vp)

p

+ V x (& x B) *V x (Z x B) - V XB - V x ~xB)}dv

2

+ f' V x A *V xA dv + f ~ n)E V( v- B -pd.(.2

r 2 2 ~s (.2
v1



For this form of a((,A),(A)), all terms as seen later will make

sense when (t,A) and (Z,A) belong to W, provided that the measure
2 2

dV Bp

do' = n B (- _ p) is either identically zero (no surface current) or
2 2

nonnegative.

For later use, we have to make precise the smoothness conditions on the

equilibrium state. Although a general existence theorem (or non-existence

theorem) for a three dimensional equilibrium in the absence of symmetry is

still lacking and there is good reason not to expect one except under special

conditions, the assumptions below are not so restrictive in comparison with

existing exact solutions. We assume that

p e H3 (9 ), B e H3(9 ), B e H3(9v (3.13)P P

(for the definition of H n(,) see §4) and r and r are of class C4
p v

and have the cone property. It then follows from the Sobolev embedding

theorems (Lions and Magenes, 1972) that

p e c1 ( ), B e C 1(9 ), B e c1 (9 ). (3.14)p p v

From the trace theorems we have (Lions and Magenes, 1972)

Vp e H3/2 ( ) and B e H5 /2 (r ) n H5/ 2( vr )

which imply respectively

p e C 1(r ), B e C 2(r ) n c2 (r ). (3.15)p p v

We also assume that n(x), the unit normal to rp, can be extended in

Q as a function in H3 (Q ). This will be the case when n(x) e H 5/2 (r
p p p

because of the inverse trace theorems. Consequently the embedding theorem

implies that the extension of n(x) has the properties

n(x), V(n(x)) e c0 (9 ). (3.16)
p

-19-



Furthermore, the equilibrium is assumed to describe a truly sharp boundary in

the sense that there exist constants ci1c2 ,c3 ,c4 ,c5 ,c6  such that:

0 < c1 4 p(x) • c2 < - in 11, (3.17)

0 < c3  P(x) c < - on i , (3.18)
34 p

0 < c 5 B IBVI < c6 < 4 on r . (3.19)

Furthermore we assume that the equilibrium does not have any surface

current, or that when there is a surface current present,
2 2

Bp  v

n ° V(p +-2- - -L-) 4 0 a.e. on r . (3.20)
2 2 p

We conjecture that indeed this additional assumption is necessary in

order that the dynamical equations be well posed. In what follows, we shall

let

()2 (BY)2

P (p + 2 - )
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§4. Function Spaces

The object of this section is to introduce various function spaces,

culminating in the introduction of a Pre-Hilbert space W- and an inner

product <,,> in this space. We shall show that the closure of the
W

space W in the norm 11 , denoted by W, preserves certain important
W

functional properties to justify its use in later sections as the fundamental

space in which a solution to the EVP (3.11) is sought.

We shall denote by H1 ( ) and H1 (a ) respectively the spaces ofp V

vector valued functions f = (F1,f21 f3 ) from 9 and S into R3  suchp v

that

f f2 dv + f (Vf.)2 dv < Vi, for 1(a ),i S1 I p

p p

f f2 dv + f (Vfi)2 dv < Vi, for Hl(S ).
a i 9 v

v v

It is well known (Lions and Magenes, 1972) that the space H (Q) is complete

in the norm:

Ifl = { f 2 + 1Vf i2 } 1/2

H (Q) . L(a) L 1)

Here all derivatives are taken in the sense of distributions, and Q denotes

either 1 or a . Similarly,p v

Hm(R) (f e L2 (Q)JDf. e L2 () for Jai 4 m) Vi = 1,2,3,
I

with the norm:

i=3 a 2 1/

NfO J ( I D uS 2  )1/
Hm(a) i=1 lal1m L(i)

Next, to define a space V2 we first recall the Hodge decomposition

theorem (Friedrichs, 1955). If

v e L (a),

then there exists v I 8 V 1, V2 e v2, v3 e V3 such that

V = V I + V2 + V3
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or

L 2() = 9V *2 V 3 (4.1)

and the decomposition is orthogonal and thus unique, where

= {VI, e H (a)), (4.2)
0

e H 1means f e H1 and =0 on 6Q the boundary of Q,
0

V = (V x vlv e L2 (rot)(i)},
2

L 2(rot) = {v e L ()IV x v e L2 (9)}, (4.3)

V3 = {hIV x h = 0, V * h = 0 in 9,

n x h = 0 on 61i). (4.4)

Remark: If V e L2 (9) has the property that

V * v = 0,

then

vV Xv 2+h

where V x v2 e V2  and h e V3 . This is a consequence of

0 = V * v A > = 0, since C e H.
0

We will also need the space

2 2
L l~p) = alI f Ptc dx < 1.

PpA
p

Note that given the assumption (3.16)

0 < c3  P (x)< c4 ,

the space L2 (I ) is both algebraically and topologically equivalent top

L ). For simplicity we shall denote the scalar product in L2(SI by
p Pp

< >2 2
<'>2 , in L (f ) by <*> and in L(a ) by< The2, p ''2,p' v "'2,v*

I I2' and I I respec-

corresponding norms are denoted by 12,p' 2,p 2,v

tively. If it is clear from the context, we shall use L2 (9 ) and L2 (vp

to denote L2 -space of vector-valued functions or scalar functions. We shall

also use P (ap) to denote the projection of the set W of pairs (t,A) on
w p

2

p
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We now define the space W A2

e H(), A e L (rot)(9v) n V (a

p V
W=

V x V x A = 0, n x A = (-n • )B v  on r, (4.5)

nxA=0 on r
v

and

W = closure of W- in the inner product

<( A)(Z =) f V X A x V dv + f YpV - EV * dv

v p

+ f V x (t x B) V (Z x )db + f n)(Z- n)(-n - Vp)dx
r

p p

+ f P4 - Z dv. (4.6)

p

To establish the functional properties of the elements in W, we need a

fundamental inequality which we shall first prove in the following

Lemma: If A e L2 (rot((Q) n V2 (Q), where 1 may be multiply-connected with

boundary r, then

IAI 2 4 c{IV x Al2 + In x AlH_1 /2 (r) (4.7)

Proof:

2By duality. We will show that when A e L (rot) n V2 (9), for any

f e L2 (), A = (AIA 2 ,A3 ), f = (flf 2,f3, then,

If A f dvi 4 (IV x Al2 + In x SI -1/ }If 2
H (r) 2

For the proof, first note that we can reduce to the case where f e L2 n

V 2 (1) since A is orthogonal to the projections of f into V1  and V 3 "

Let f be so given, cor.sider the auxiliary problem,

V xV x g= f

in Q r = ur
V. gO0 i i

n x g - 0 on r, f g - n ds = 0.
r

i
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Systems of this kind have been considered in the literature without proofs on

specifications on f by Blank, Friedrichs, Grad (1957), by Kress (1970) for

the case of infinitely differentiable f, by Solonikoff (1978) in simply

connected domains under general assumptions on f. For completeness and

simplicity we give our own proof of the existence for the special cases

considered. Let

- 2
gCL(rot)Q n V 2 n x g = 0 on

H(SI) I
<g 0 n, 1> = 0H /2 x H 2(r)

H is a Hilbert space for the inner product

<g>H= <V x g,V x h>2

This follows from the Friedrichs inequality of the first kind in Friedrichs,

(1955), or Werner (1968).

We now may consider the variational problem to find g such that:

f V x g, V x g dv= f f g dv, V ge .

The Riesz representation theorem ensures us of a solution g e H.

Furthermore

V x V x g = f.

To prove this, we need to show that

f g- Vx Vx f dv =f f- hdv, Vhec (Q.
1 S) 0

The validity of (4.9) follows from (4.8) for all h e CO n H(Q) by

integration by parts. To prove it for all h e CM (), let h = h i + h2 +

h3 be the decomposition of Hodge in which one always has n x h = n x h3

= 0. Since h e C0(9), n x h = 0, therefore n x h2 = 0, and h2 e H(Q).

Thus since h I and h3  contribute nothing to either side of (4.8) because of

V x h I V x h3 = 0, f I holds for g = h and also we obtain (4.9)

again after integrating by parts.
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Remark.

n V x g= 0 on r.

Note that n • Vx is a first order tangential differential operator on

n x g, and therefore since n x g = 0, the result follows.

Next we show that the estimate

Igo 2 - clf2,S '

holds. Here we appeal to the Friedrichs inequalities of the first and second

kind (Friedrichs, 1955)

a) Since g e V2  and n x g = 0, we have

Ig|q,-S ) < clV x g#2,,,

b) Since n * V x g = 0, n x g = 0, V - V x g = 0,

IV x go < clV x V x gl

The result now follows since

Vk( g) (V x g) in D'.
ax ax'

We now return to the proof of the Lemma,

I A " f dv[ 4 I fA - Vx V x g dvi

I f V - A - V x gdvi + I f n x A V I g dvi
S2 r

I IV x A 12, QlV X g 2, Q + In x Al /2 IV x g o 2
H 2P H 2(r)

SIV X As 2,9IV X g 1
2 ,a + con x A# - 1' Ig 2('

H (r) H ()

where for the last inequality we have used the trace theorem, lul 1(r)

ClUlH,(Q), (Lion and Magenes, 1972) given the smoothness of r.

Thus since,

Ig2 2 I 2 ,H2 (f ),'

and since obviously

IV X g 2, 4 c g 2
H2 (Ii5
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there follows

I A - f dvl 4 c(MV X A 2,0 + In x AN / )If 2,,Q
H- 2 (r

This proves the Lemma.

Remark.

Note that if (-n ' V p) - c > 0 a.e. on r , the proof would havep

been considerably simpler, since then the more elementary estimate,

IAI , ( c{1V x 2 l lKI2 O xAN 2,+ in x ANL(F

2 , 2 , 0L 2(r)
may be used.

Theorem 4.1.

W is a Hilbert space of pairs ( ,A) satisfying

I. e L2 (9 ), V x (C x B) e L2(f( ), V e 8 L2( ).
p p p

II. A e L2 ( ), V x A e L2 (a ), V x V x A = 0.v v

III. n x A = (-n * )Bv  on r n x A = 0, on rp v

IV. W is separable.

Proof:

I. We show t L ( ) = L(L2 )p P p
m -For, assume that ( m,A ) e W is a Cauchy sequence in the W norm,

then by (4.6) m I 2,P is Cauchy.

in ,,
at8 L (a P ), o 2,pI 0,

since L2 (Q ) is complete. It is also easy to see that t e L2 (a ).p p

Next we show that V x (t x B) e L ( ).
p

If (tm,Am) e W- is a Cauchy sequence, then by (4.6)

IV x (tm x B)I

is Cauchy, and

aG e L2 (9) such that IV x (tm x B) - GI2,p 
+ 0.

-26-



Also A m e L2 (1) such that tm x B + x B in I I2p, and in

particular D'. Hence

V x (&m X B) -D V x (& x B).

So by the uniqueness theorem for D',

V x (t x B) = G e L 2( ).
p

Finally we show V e L 2 (a ).P

m m
We make use of the assumption (3.15) on the pressure. If ( ,A ) is a

V m iCacynL2( ) ec
Cauchy sequence in I Iw, then Yp V is Cauchy in L (9 . Hence

V * Em is Cauchy since p is bounded below. Thus, by the same reasoning as

above, V * , taken in the sense of distribution, is in L2(I ).P

II. A e L2 ( ) and V x A e L2( ), V x V x A = 0.V p
m m

Assume ($ ,A ) converges in I IW, then in particular there exists

W e L 2(Q ) such that V x Am + W in L 2() and there exists e L2 (avv p

such that m + E in L2 ( ), V - m + V - in L( ). These last twoP p

results, together with the inequality (Temam, 1974):

II a nI ( c{InlI + IV * 2I } (4.10)

H - 1  (r) 2 )2

imply p p

"n + n in H /2 (r).
p

Therefore since by assumption Bv  is in C1 (r ),p
V I/

n)Bv e H I2 (r p

2 (for * e L2(r ), dense in H-I (r ), we havep p

n • BV,1 = f (I f m Bv ) d s
H 2 x H- 2(r r

p

= f ( • m) Bv . ds.
r

Note that

f ( • m) Bv • * ds 4 & H ml 1 2( • '(rr H- /2 H 1 /2 (r)
p

1 cI& I-I I fr )H 1 2(rH-12 (r) H/(r
p p
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Hence also

(C". m)BV + ( m)Bv in H- 1/2 (r .
p

Now since,

n x Am - (Cm nBV,

n x Am is Cauchy in H- /2 (r 1.p

Therefore the statement Am + A in L2 ( ) follows by the fundamentalv

inequality (4.7)

IAI2,v  4 c{IV x A 2,v + In x AI 1/ ),

2
V A e L (rot( v) n V 2 (a 1"

Note that

In x AI 1  = In x AIH 1H/ Hr /2 (r 1
P

since In x At 120 because of boundary condition (2.6).H- 12 (r)

V

III. n x A = (-n 0 &)B on r , n x A = 0 on r
p v

a) (-n * Vp) > c > 0 a.e. on r p, (n a E)m is a Cauchy sequence in
p'

L2 (r ) directly from our definition of the norm I(C,A)I - , thus
p W-

(n x A) is a Cauchy sequence in L2Ir ) since Bv is smooth.p

Furthermore (n x A)m  is Cauchy in L2(r ) since n x Am = 0 on r .v V

Passing to the limit in the boundary condition, we have

n x A = (-n 0 )Bv  in L 2 (r

n x A = 0 in L 2( ).
v

b) When (-n e Vp) = 0 on r on a set of non zero measure, we make usep

of the estimates (4.7) and (4.10) to conclude

(-n * &)B n x A in H" /2 (r
p

n x A - 0 in 12 (rv.
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VI. Finally, we show that W is separable.

This is so because W can be embedded in a closed subspace of a product

of L2 spaces in the following way:

W I L2(Q ) x L2 ) x L201 ) X L2(9
p p p v

( ,A) '
-
'
* (,YpV - E,V x (C X B),V X A). (4.11)

Here, we take as a natural norm on the product space, the one, whose square is

the sum of the squares of the L2 norms on each L2 space.

Thus by virtue of the definition of I IW (4.6), this mapping (4.11) is

clearly an isometry of W onto its range, hence the range is closed. Thus

W is separable since any closed subspace of a Hilbert space is separable.

Another important fact necessary to understand the structure of the

space W is the following.

The vacuum member A of a given element (E,A) e w is uniquely deter-

mined by the boundary values n on F . We formulate this statement asp

Theorem 4.2.

There exists a unique solution of the system:

V x V XA = 0, in a
v

V - A = 0, in aV'

subject to

n x A = -(n * E)B on r , (4.12)p

n x A = 0 on Fv

and

f A n da = 0.
r

v
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Also, this solution A is in V2" In particular, note that the only solution

of

V V x A =0, V A =0, (4.13)

n x A = 0 on r u r, f A - nds = 0,
p v r v

is the solution A = 0. The proof of this proposition is given in Kress

(1970).

To conclude this section, we define three more spaces for later use:

H closure of W (or W-) in the norm:

I(&,A)l = {E2 + 1A1v I/2 "  (4.14)
H 2 ,P 2,v

The spaces W +  and H+ . Let

W-= {(,A)IE e Pa (w), A = A + A')
p

where

A e P (W- A' e V3  (4.15)
v

then

W+ = closure of W- +  in the W norm. (4.16)

H+ = closure of W- +  in the H norm. (4.17)
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§5. Continuity, coerciveness and symmetry of a((4,A), (,A)).

The expression for a(( ,A),(&,A)) defined in §3 is given by

W (I V A • V x A dv

V

+ f {V x (4 x B) *V x (Z~ X B) + (V * )( Vp)

p

- Z V X B X (V x (E X B)) + Yp(V • &)(V • Z)dv

- f (Z n*( • n)n * VpOn , (5.1)
r

where

2 2
Bp Bv

2 2

We first prove that a((tA),(Z,A)) is a continuous bilinear form in

W X W.

Theorem 5.1.

For any ( ,A),(T,AJ) e W, there exists c > 0, a constant, such that

la((&,A),(&,A))l 4 cl(&,A)Iw n(,A) w  • (5.2)

Remark:

Hereafter we shall use c as a generic positive constant.

Proof: The integrals on the right hand side of (5.1) are estimated as

follows:

f V x A - V x A dv {f IV x Al 2 dv)f IV x I2 dv) 1/2 (5.3)

v v v

f ypV 4 {V - Z dv 4 f Yp(V . ) 2 dvr /2 {f Yp(V . Z) 2 dvl 1/2. (5.4)

p p p

f Vx ( x B) V x (Z x B)dv

p

(f IV x (x B)I 2 dv}2 (f IV x (Z B)12dv}1/2 (5.5)

p p
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f IB v x (V x ( x B)ldv

p

If pZ2dv) 1/2 (f I IV x XF IV dv} B)2d) (5.6)

p p2{ -o 1v/2{ f I x ( x 1),2dv)h 15.2

p p
f (V - Z)(t. V )dv

p
p

4 (I Yp(V )2 dv)(f (VI) 2 P 2 dv) (5.8)

p p

4 c(f yp(V • Z)2 dv)(f p 2 dv). (5.9)

p p

f (Z m)( ° n)(-n * Vp)ds
r
p

( f (g )2 (-n VPlds f m )2 (-n * VP)ds, (5.10)

r r
p p

where

-n * VP > 0 a.e. on F
p

In (5.3) to (5.9) the essential tool is the Schwartz inequality. In

(5.4) we apply it after writing Yp = iyp Vyp. In (5.6) and (5.8) we first

multiply and divide by VP. In (5.8) we multiply and divide by . In

(5.10) we use the Schwartz inequality after writing -n 0 VP = V-n --Vp

r"- VP.

Thus (5.3) through (5.10) combine to yield

a(,,, c( V -• 2,p IV V • -2, p

+ Vx(C x B) 2,p IV x (Z x B)I2 p + U/'pV • n2,p 2,p

2 , )2 p p 2p

+ IV x (x B)I, 1 + 44 (f ° n) 2-n VP)ds}( m) 2(-n VP)ds}.
2,p 2,p r r

p p
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Therefore using Schwarz's inequality,

j a.b. a 2 1/2 (a b 
2) 1/2

we obtain,

,a((,A),( ,) c{,/Yp V * • + IV x (t B)12 + leg2
,p2,p 2,p

+1 (f m) 2 ds1{If V Z 1 + IV x (Z x B)12

r 
4V2,p 2,p

P

+ IZI, + f (Z - m)2dsl 4 cI(4,A)I I(4,A)I

2 ,p rW WP r
p

This completes the proof of the theorem.

Next we show that under the assumptions (3.13) to (3.18),

a((t,A),(,A)) is coercive.

Theorem 5.2.

There exist positive constants 6 and X such that:

a((t,A),(t,A)) + X|E 2 • 61(E,A)I
2  (5.11)

where P(p

a((&,A),(E,A)) f (Yp(V E 4)2 + [V x ( x B))2

p

+ (V *)(4 ° Vp)- * V x B x V x ( x B)}dv

I f (V x A)2dv - f (E * ) n * Vp dsI 1)v

An integration by parts of the volume terms, first shown by Kruskal et

al. (1958), justifies the identity (Spies, 1974):

f (Yp(V t)2 + (V x (E x B)] 2  + (V • 4)( • Vp)

p
- 4 " V x B x V x (& x B)}dv

f [V x (t x B) + n * V x B x n] 2 + Yp(V * 4)2

p 2
- 2(V x B) x n * (B * Vn)(t * n) dv .
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Here the only possibly negative quantity is

- f 2(V x B) x n * (B ° Vn)( * n) 2dv, (5.12)

p
and

n=VP
IVpI

Letting

2(V x B) x n - (B * Vn)(x) = M(x),

we may find a constant e such that

-J M( ° n) 2 dv + e f p&2 dv ) 0

P p

VC, such that ( ,A) e w.

Since

C2 = n • 2 + (n x (n x C)) 2

P( * n) 2 4 PE2

it suffices to let

e = 12V x B x n - B - Vne = 1 =II(5.13)

P L P L(

So by integration by parts, we obtain

a((F,A),(C,A)) + ell 2 0 (5.14)

V(t,A) e w.

(5.14) will prove a useful result when we analyze the stability of solutions

to the MIBVP; however, it is not sufficient to establish coerciveness as it is

not possible in this approach to obtain 61(t,A)I2  on the R.H.S. of (5.11).W

This can, however, be done in the following way:
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if V X B X V x x B)dvf

p

f 1411V x BIIV X -~' B)Idv

p

e IEiV x (C x B)jdv

p

e 1( IE12 1/2 f IV x x B))21 1/2

p p

4 e (-I- f  1tj2dv + f f IV x ( x B)2 dv

P P

4 el {e2 ,,2 + f IV x (E x B)I 
2

4f 2,P 1 2 ,p

where we have used the inequality
1 2 2

ab 1-a + fb
2

4f

and

el = IV x BI L , 2 = Iglb Pfx)I
- I

| L

In the same way, we obtain that, for arbitrary f2

e 2

f (V ) vp)dvl • e3  + ff2

a 3  4f2 2 24 2 ,P

p

where
- 1

e3 = IVpI , e4 = [glbyp] .
L

The surface contribution in the expression for a((&,A),( ,A)) is

2 2

- ( f . 2 n . (p+ B)d

r 2 2
p

which is nonnegative, by assumption.
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We now piece together the above estimates and find

+e Ie 2 +e 3e 2 + 1&2

4f1 4f2 2,P

)(1- e f )IV X (~X B)l 2  + (1 - e e f )lvryj V * I
1 1 2 ,p 3 4 2 2,P

+ f - n (-n VP)ds + IV x ANl
r 2 ,' + 2,P

By choosing f, and f2 for instance so as to satisfy

e ,f 1 = 1/2 e 3 e 4 f 2 = 1/2 (5.15)

we thus obtain from (5.15)

+ AI 2 ( A) 2

2 , ' W

with 2 2

6e 12 1e2 +e 3e2e4 + .(5.16)
2f I 2f2

Finally we establish the symmetry of a((&,A),(U,)).

Theorem 5.3.

For any pair (&,A) e w+, (Z';6 e W+,

Proof:

From (5.1), for (t,A) e w-+ (Z,Z) e w-

a(&AU)- a((~,)(,)

f fZ -V(& Vp) -~*V(Z - Vp) +~ V xB xV x (Z xB)

p -~ V x BxV x( xB))dv. (5.17)

If we can show that this expression is zero, then since W-+ is dense in

w +, by passing to the limit in pairs (~ ,Am) e w- w- (4,A) e W,

ZmZ e w-' w (U,) e w+, the proof of symmetry of W + will be

complete.

We will show that the expression above can expressed as a divergence

which in turn can be converted into a surface term which vanishes.
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Now we establish

f { .V *V)+ * V(Z Vp) +- V X B B V ( B)
Qp
p

I V x B x V x X B)}dv

+ f V - B (Z X F )Jldv

p

For this, we show the following identity holds:

= - • (V( • Vp) + V( • Vp)

+ • V x B x V x ( x B) - * V x B x V x ( x B)

- V * (B x ( x )j) = 0 (5.18)

for , e PQ (W-+), the set of all first components of pairs ( ,A) e W-+

p
Note that

B(& + ' + ' (,)+ B(E',Z) + B(E,Z') + B','.(5.19)

If the pair ( ( , (', ') satisfy the identity, then the

pairs ( + + Z') also do. Also note that if either the first or second

member in the pair (C,Z) is zero, the identity is trivially satisfied.

To establish (5.18), we need the Lemmas below.

Lemma 5.1.

B(E,Z) = 0 implies B(a(x)C,Z) = 0

V scalar a(x). (5.20)

Proof:

• Va)( • Vp) - V x B • 4 x ((Va) x B))

= (V x B - Va)(B - 4 x 4)
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That this last equation is indeed an identity is immediate from the relations:

(;*va)(F Vp)

= (~•~*V)(F * V x B x B) - V x B x F x (Vc x (F X B))

=V x B (Z (Zx B)V,- (Z- Va)( x B))

= (V x B- Va)(Z • (Z x B) + (Z. Va) - (E - V x B x B)

= -(V x B VQ)(B (F x Z) + (Z , Va)( - V X B x B).

Lemma 5.2.

The identity (5.18) holds for the Cartesian basis vectors

=e , F;=e. , i,j = 1,2,3.1 )

The proof of Lemma 5.2 is straightforward but tedious and we omit it here.

Lemmas 5.1 and 5.2 together with (5.19) combined with lineariy and density

of W- +  in W+ establish Theorem 5.3 -
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§6. Existence of a Solution to EVP.

In this section, we establish the existence of a solution to the

following EVP:

In the interval (0,T], T > 0, find (&,A)(t) e W such that
2 2

- <"(t), t>2,P + a(( ,A)(t),(t,A)) = 0

dt2 2P

V( ,A) e W+  (6.1)

subject to the initial conditions

(C(O),A(O)) = (%0,A 0 ) e w, (6.2)

(0 ) = e P (H), (6.3)

p
and the flux condition

f A(t) I n ds = 0(t), (6.4)
rv

where a(t) is a given continuous function of t on (0,T]. The problem

will be divided into two stages. Much of the work consists in defining a

solution to an auxiliary evolutionary variational problem (AEVP) and proving

the existence and uniqueness of a solution to the AEVP. Then we shall add to

the vacuum part of the solution of this auxiliary problem an appropriate solu-

tion of an elliptic system of equations in order to obtain the actual solution

to the EVP.

§6.1. An Auxiliary Evolutionary Variationa. Problem (AEVP).

The AEVP is formulated as follows:

On [0,T], find (9,A)(t) e c([o,-):w) with E(t) e c([0,-):P D (H))
p

such that

d2

- <(t), > + a0,A)lt),( ,A)) 0 ,

dt2  2,P 
,

V(&,A) e w, (6.5)

-39-



subject to the initial conditions

(C(O),A(O)) = (0,A 0 - A;) e w, (6.6)

3(0) = e P ) (H) (H). (6.7)

p p

where specification of A(O) is not required, an. A' is an element of V3

satisfying

f A' , n ds = a(0), (6.8)
rv

and the flux condition

f A * n ds = 0. (6.9)
r

v

Note that this flux condition actually follows (cf. J4) from A e P (W), but
v

we state it explicitly here for the sake of convenience.

To show the existence of a solution to the AEVP, we shall define a

sequence of Galerkin approximations, and then use the coerciveness of

a((F,A),(E,A)) to derive an energy inequality. This energy inequality will

then be used to show that the solutions are strongly bounded in a suitable

space, and hence converge weakly. Finally we shall show that the limit is

indeed a solution of AEVP. In order to define the Galerkin approximations,

we begin by proving the following
i i i

Lemma 6.1: There exists a sequence of elements i = (B1,S2) that satisfy
1 2

the following conditions:

(1) {8 I constitutes a basis in H and

i=

<10>2,p 6ij

(2) W) form a complete set in W, i.e. finite linear combina-
i=I1

tions of elements of the sequence are dense in W.
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Proof: Since W is separable, there exists a sequence of linearly indepen-

dent vectors [i}= which form a basis in W. We now use the Gram Schmidt

orthogonalization process to othonormalize the first components ai in the

norm I 2,P as follows. Let

1 1 I

Pp

2 2 1 2 1 2 1(2
B [ a - 8CL 1> B }/Ici - <6 1a 1> 1I Lp(n) Lp(~Z

Sp PPp

n-i n-1
n ,c >6 /ta1  <8 't >a I 2

i1 i1 Lp (Q
P p

n-1 ni i i

For this scheme to be well defined, we need to show that Ian <B <8 a n >$I
i=1

0. Note that the space Sn spanned by the 8 , i = 1,-*,n is the same

i
as that spanned by a , i = 1,*,n, because the matrix An = taij. that

carries the column vector (1:) to is lower triangular.

n n

a 11

A = 0An

nn

and its determinant is given by the product of the entries in the diagonal, a

typical entry in the diagonal is

S - j=i-1<8 i ]-I
a [ ,a1>81

j=1 2,P

We now show that
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n-i
MI - X <0 a>oil 02o, Vn. (6.10)1" 1 1 2,P

1 1i-

First note that B is well defined, since by assumption 0 <

1 2,P

IQ I < m. Now let n be the first integer greater than one for which (6.10)

fails, and
n-1

a" <$11 l>2,P 1

Then,
n-1

an <l,,n I

i-i ~ 1 2,P

n-1i
1 (cI,a2) . i na1  i i1 B2

1 2 <011 > 2,P 81,2 )
i= I

n in in n-I
-(Q - X < na> a -<16>

1 1' 1 2,P 1 2 1 2i=1 i=I

n-1=(0, L -n [ iBa n i

2 - 1 1 2,P 2

n-1Sic n ew n -) i n i
Since Q e W and <0<81 a1>2, e W, their difference,

n-1n"-I-i n i!
(e, < 1 1>2 ,P 82) e W.

However, this is impossible unless
n-i1 n

mn 5a,> B w 0.
2 - 1' 2,P 2

For if = 0, then (t,A) e w implies

n x A = (-n • ) v  on rp

i.e.

n x A - 0 on r
p

But as mentioned at the end of 14, the only solution on V2 (S ) of

V x V x A = 0,

n x A = 0 on F and F,p v

is

A 2 0.
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Thus we have shown that
n-1i

a, 10 1 1 2,P 1

implies

a=I < 1 ,>2,P = <Oit' i >2,P I a
j-1

n-1 n-1 n- i
= I > 2 <a 1 1 > 2 Pji

i=1 i=I i=1

nn-i 1
In other words, a, a-,. , are linearly dependent which is a

contradiction.

Now since as mentioned above the space Sn spanned by the first n
n

vectors a is the same as that spanned by the 0 , the closure in the Hn

norm of the space spanned by the 8 is again H. Thus assertion (1) isn

proved.

(2) The closure of the set of all finite linear combinations of 0n  in the

W norm is identical to that of Q and hence yields the space W.
n

In the following, we define the Galerkin approximations to the solution

of the AEVP. Let
m

mt) = ( m(t),Am(t)) = 1 c (t)0.
i=1

We shall call A mt) a Galerkin approximation of the mth order to the AEVP

if
2  m m
-I P cltO'* 0 > + a(( [ c (t)l ), 8 ) 0dt2  i=I i 1 12,

V 8j  j = 1,,m, (6.11)

and if A m(t) satisfies the initial conditions,
m m m

A (0) = (m(O),Am(O)) = (0,A0)

r.(o) - .

Here by (6.5) and (6.6),
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40H

I c 0  ,82) in W,
i= 1

C. in P (H),
i=1 p

so that
m m(tIAa Oil 2 0 i({0,A0)= X •

i=1 i=1

Also (6.11) may be written as

c M(t) C M(t)\
11

2

d2( +:B C = 0 , (6.13)

dti c (c

where B = [a0 i,oJ)] is an m x m matrix. Note that the coefficient of

d2 i
d C (t) is the identity matrix because of the orthonormality of the 01
2 M

d t

in Ll2 (a
p

The theory of ordinary differential equations now ensures a unique

solution to (6.13) subject to the initial conditions (6.12) on the interval

[0,T]. We now make use of the equations (6.1) to obtain a priori estimates on

IEM(t)l and IA m(t) . Multiply each of the equations (6.11) by cm(t)
2,p W

and summing over i , we obtain:

<zm(t),!mlt)> 2,P + a(Am(t),Am(t)) = 0. (6.14)

Now because of the symmetry of a((E,A),(F,A) on W, the relationship may be

written

i, (,m { (t),2 + a(Ae(t),Ae(t))} = 0. (6.15)
dt 2 , P

Thus after integration we obtain

1 (t)2 + aCA M(t),A (t)) - IE(0) 2 + a(Am(0),A (0)). (6.16)
2 , l 2,P

Since the bilinear form a((&,A),(Z,A)) is continuous on W, there exists

cl > 0 such that

aA m(0),Am(O))J 4 c1 IAmlOlt2
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Also by virtue of Bessel's inequality

lm O)l 2 4 IE(0)I 2

2,P 2,P 2

Hence

IE(t), + a(AM (t),A (t)) 4 c + c I (0 ) . (6.17)
2,P 2 1 W

Furthermore, Am(O) converges to A(M) in the W norm, so there exists

c3 > 0 such that

1A M(0)M W c3 , Ym

Hence,

IE(t)12, aA m(t),Am(t)) < c + c c b . (6.18)
2 ,P 2 1 3 1

Now because a((C,A)(F,A)) is coericive with respect to the W norm, we have

A#&# 2 2

2 ,P W

(F,A) e W.

Thus adding VXlIF0, to both sides of (6.18) and using the coerciveness
2,P

yield
m 2m m 2 12

IF (t)l 2 + 61(& ,A )1 2 b + x1 2 . (6.19)
2,P W 1 2,P

It follows that

llF l t) 2 4 b1 + 4lCml, . (b.20)
1 2,P

Multiplying both sides of this inequality by WIt)l2  and using

d <m(t)',m(t>2,P
} - 2<&i(t), n E'(t)>

2,P dt 2,p

we obtain

2I m(t),2 ) bE,(t)2 + t)"
'dt 2 ,P 1 2,P

Therefore,

d i(t) 2 in2b IEmlt) 2 + AlCm tl4

at L2 (9 1 2,P 2,P

Since P p
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b I

X m(t)I , + b 11 m(t)li2 (t)II2 + 1 2
2 P 1 2,P 2,P 2VX

m 2 b1 2< (I 11Fm(t) ft + - )

we obtain
b I

d - m(t) 2 2(2 1m(t), +
dit 2 P 2,P r

Therefore,
bl -J bl

2 bn 1 2/A~t 1,
2 2,P + - (6.22)

p P

Let

bm Um(0)12
2 2,P

b2  supfb')

Note that b2 < 0 is ensured from the inequality

2 2 1~ m 2•()11 " (0)),Am(0)11 = 11Am(O) 2

2 ,P W W

Thus given C > 0, there exists M(C) such that if m > M(C),

1A m MR)2 < IIA(0)11 2 + C= C+ E

because Am (0) + A(0) in the W norm.

Hence, for m > M(c)

I&M(0)1, 2 c + E,
2 ,P 3

and in particular,

c4 = lim supCm(0)R
2 < c3.

It follows from (6.22) that

m 2 b. 2rXt b1
lim supl (t)2,P 4 (c4- - - on [0,T]. (6 23)

Returning now to equation (6.19), we may use (6.23) to derive similar upper

bounds for I m(t)12 and i(C ,A m)(t)l 2 . It follows that

P p
.m 2 m m 2 Mlim sup{I Wtl + 60( ,A )(t)l lim supib + xqumf 2

2,P W 1 ,P

m 2 b1 2rAt b, 2t
b + X(N&m(0)2 + )e - b I  X(flm(0)1l2 + )e (6.24)

) 1 2,p
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2/h~ 2/t
From (6.13) and (6.24) together with e 2 e on [0,T], we conclude

that there exists M > 0 such that on [0,T) -

I4m(t)l 2  4 M, Vm,2,PIm (t)l < M, Y ,

2 ,P
N( wm A2 4 M, Vm.

2 , Yin

W

Thus,

{A~t)1 (mt)A~))

forms a bounded sequence in the Banach space

L ([0,T]:W) c ((OT]:W)g

[Em(t)} forms a bounded sequence on the Banach space

L ([0,T]:W) c L 2([O,T]:H).

Therefore we may extract a subsequence such that
n

A m (t) + A(t) in L ([0,T]:W),

A m(t) + A(t) in L2 ([0,T]:W), (6.26)

n
(t) + Z(t) in L ([0,TI]:P (M)).

p

In particular from (6.26) it follows that
n

M (t t) & in L' ([OT]:L 2 )
P p

Thus Z(t) = t(t), because of the uniqueness of the representation of a

vector-valued distributional derivative (Lions and Magenes, 1972) as an

element of

2 f 1 2
L (([O,T]:L ( ) c L ([0,T]:L pl2 )).

P p P p

We next show that the function A(t) defined in this manner is indeed a

solution of the AEVP. For this, let 4 e C 00,T] be such that

i i ii
1(0) - *(T) 0. Let 41(t) 4.(t) , 41 (t) V(t)o • We then multiply
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n
(6.11) for A m by *(t) and then integrate by parts with respect to t

over the interval (0,T] to obtain

I T<_ + a(A m(t), (t))dt = 0. (6.27)

0 1 2,P

Taking the limit as n + 4 and using the weak convergence of

n
A m(t) to A(t) in L2 ([O,T]:W), we obtain

0 = It <!(t),* 1 (t)> + a(A(t),*i (t))dt
I 2.,P0

= fT{((t),B 2i> 1(t) + a(A(t),Bi)*(t)}dt

0 1 2,P

= fT ( <t(t),' i>  ;(t) + a(A(t),Oi)*(t)ldt.

0 dt 1 2,P

Thus

fT 4 <E(t),1>2 (t)dt = ft a(A(t),Bi)+(t)dt

0 dt 1 2,P 0

for all *(t) e D[O,T).

We show g(t) = a(A(t), i ) e L 2[0,T]. This is immediate if one uses the

continuity of a(e,e) in the W norm, i.e. there exist c > 0 such that

lalAltl,O )I < c|A(t)|w w ,

and if we pass to the limit in (6.25), we obtain

IA(t) w < M.

Therefore,

la(A(t),Bi) 4 CMISiIw,(6.28)

so that

g(t) e L'[0,T] L 2[0,T].

Hence from (6.28) we may deduce

d cE(t),O > e [0,T] (6.29)

dt2
The derivative is again taken in the sense of distributions. Furthermore,

d2 <(t, i > _a(A(t),8 i)

dt2  1 2,P
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Now since this equation holds for arbitrary i and since the B form a

complete set in W, it holds for every (,A) e W. We conclude that

d2
< (t)>2, + a(A(t),(&,A)) = 0 (6.30)

dt2  '2,P

V (,A) e w

which completes the demonstration of existence of a solution to the AEVP.

16.2. Solution of the EVP

The solution to the EVP is constructed in the following way. To the

solution of the AEVP defined by (6.5) to (6.9), we add a pair (0,A') defined

on 2 x with A' being a solution of
p v

V x V x A'(t) = 0

V " A'(t) = 0 , (6.31)

n X A' = 0 on r u r,
p v

f (A' - n)ds = 0(t) on [0,T],
r

v

where A'(t) is taken from V3 (see 4.4). That is,

V x A'(t) = 0 n x A'(t) = 0 on r u r,

V A'(t) = 0 f A • n ds = O(t) on [0,T].
r
v

We note, in particular, that if we define A' as the unique solution of

V x A' = 0,

01
V - A' 0

f ' n do 1
r

v

then, A'(t) - 0(t)A;, by linearity and uniqueness. The solution (F,A)(t)

of the EVP defined by

( ,)(t = (4,A)(t) + (0,A')(t) = ( ,A + A')(t)

has the property

IlC,A)1w w

-49-



This is shown as follows. Since the first term F is unchanged, all terms

entering into #(&,A)l w  involving only C are unchanged. The vacuum

contribution is given by

f IV X (A + A') dv f IV x A + V x A'I dv

v v

f IV x Al2dv,

since 
v

V x A'(t) = 0.

Hence we have (6.1)
2

d <-,'>2 + a((F,A),( ,A)) = 0

dt
2  ,P

V(,A) e W+

and also the natural boundary condition L( ,A) = 0 holds whenever the

integration by parts is permissible (§4). The initial conditions are clearly

also satisfied because of (6.6) to (6.8).

In summary, the solution to the EVP was obtained in two stages. First an

AEVP was solved, and then we added to the vacuum part of this solution a

solution to the elliptic system (6.31). As noted above, this elliptic system

with the given flux and initial conditions has a unique solution, therefore to

show the uniqueness of the solution to the EVP it suffices to establish the

uniqueness of the solution to the AEVP.

Let A(t) = (&(t),A(t)) be a solution to the AEVP subject to the initial

conditions

A(o) = 0 , E(O) = 0.

Let s e (0,T). Let (Z(t),A(t)) be defined by

f(t) = tt <

0 t >s,
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S A()dO t < s
tt

ttS

Note that A(t) = (Z(t),A(t)) e W Vt e (0,T], simply by interchanging

integration with respect to time and differentiation in space. It follows

that

a = (t),(t) L A(t)

&(t) = A(t) = 0 , t - s

a2  .
Moreover, note that -- C(t) is an element of W , the dual of W. Let

at
2

a
2

a- (t).2(t)> * denote the inner product between W and W* in the

duality between W and W

Since A(t) is a solution to AEVP with zero initial conditions, we have
a2

<- ,> * + a(A(t),A(t)) - 0.
at W

Hence,

&2 ,> * + a(A(t),A(t))}dt - 0.

0 at w w
Integrating by parts and using the initial condition j(0) = 0 yields

fT(-<E(t),&(t)> + a(A(t),(t})}dt = 0.

0 2,P

Therefore, since (C(t),A(t)) = (0,0) for t ; s

fs(-<!(t),(t)> 2, P + a(A(t),W(t))}dt = 0,

and using L A(t) - A(t), we obtain

o : a t 
2  + a(A(t),X(t))]1 = 0.

0 at[|(t 2,P
lt follows that

a(A(O),A(0)) + I4(s)I 0.

2
Now adding XIE(0)E to both sides and using the coerciveness of a(*,*) we

obtain

2 2 2
6iA(o)I

2 + w(s)I 2,p xl(o)nW I2,P
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or

NA(O)I + IR(s) 2  dl(O)l
W 2,P

where d > 0. We set W = (W1 ,W2) with

wI (t) = ft Z(aldO
0

W2(t) = ft A(O)dO.
0

Thus,

IW(s)l + IF(s)l
2  < d1W (s)12

W 2,P 1 2,P

or

IW(s)1 2+ IZ(S)i 2 < dfs Z(O)da,
2

W 2,P 0 2,P

Adding the positive quantity fs dIW(a)I dO to the right hand side of this
0

inequality we obtain

d
i *(s) 4 df(s), (6.32)

where f(s) - fs oW(i| + (o))),p2 IdG. Therefore, since f(0) = 0
W 2,P

integration of (6.32) yields

4(s) E 0 and -d E 0 on (0,T].
ds

Consequently,

IW(t)2 0 implies &(t) E 0 on [0,T].
2 ,P

It follows that A(t) = 0 by Theorem 4.2. Hence, A(t) = (E(t),A(t)) S 0.

This establishes that the only solution to the AEVP is the null solution.

The uniqueness result for the EVP then follows trivially.

In conclusion, we note that the solution to the EVP exists for all time

t ) 0. This result follows trivially from the global estimates in §6.

Following a theorem of Lions and Magenes (1972), we may summarize our results

as

Theorem 6.1. There exists a unique solution to the EVP (4,A)(t) in

C([0,0):w + ) with t(t) in C([0,-):Pa (H+)) such that

0
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d2  +
dt2 <t'4>,

subject to

(C(0),A(0)) = (&0,A0) e W+

t fi40 e Pa (H+),
at 0%P( a gp

and the flux condition

f A(t) - ndS = (t).
v

where a(t) is a prescribed continuous function of t.
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§7. Discussion

First we make some remarks about the solutions to the EVP. In the

process of establishing existence of a solution to the AEVP, we construct

Galerkin approximations and extracted a subsequence of the approximations

which converges to the solution weakly. We note that the entire Galerkin

sequence is in fact weakly convergent to the solution. The proof is based

upon a well-known compactness property (Yosida, 1978) which we formulate as

the following:

Lemma:

In a Banach space B, the first two assertions imply the third and

conversely

(1) un e B, un weakly compact,

(2) all weakly convergent subsequences of un must converge

weakly to the same limit, denoted u, imply that

(3) un  is weakly convergent.

We make use of this lemma in the following way:

Recall that A was weakly compact in L ([O,T]:W) and in L 2([O,T]:W)n

(see 16). Also in was weakly compact in L ([O,T]:H) and in L 2([O,T]:H).

Consider the space

B L 2(0,T]:W) x L 2([O,T]:H).

un =(A, on). un is weakly compact in B, which is a Hilbert space

with norm

I(A n l )I = {IA n2 + I! 1 2 2
L ((,T]:W) L ([O,T]:W)

Furthermore, if unm is a subsequence which converges weakly in B, then

exactly the same sequence of arguments as given for (6.27) to (6.30) shows

that the limit of un is indeed a solution to the auxiliary evolutionary
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variational problem. This shows that the entire Galerkin approximation is

weakly convergent to the solution.

In order to be sure that our solution of (EVP) is a "good" solution of

(t4IBVP) we should verify that it satisfies the following two criteria:

(1) Any classical solution of MIBVP, if it exists, is a solution of

EVP.

(2) Any classical solution of EVP is a classical solution of Y4IBVP.

To verify (1) we note that the sequence of steps leading from (3.1) to

(3.10) performed now for pairs (9,A) e w shows that

<P&E> ,p+ a(( ,A),CZ,A)) f (Z n)L(E,A)ds,
2,p r

p

if (FE,A)(t) is a classical solution of I4IBVP. The right hand side however

vanishes, since the boundary condition (3.4) is satisfied by a solution to

MIBVP, if it exists.

To verify (2) we start from

- <Ft,> + a((t.A),(t,A)) =0,

at2  2,P

(A) e w,

and assume ( ,A)(t) is a C function on D) X Ql n C2  in time.

We then may integrate by parts the various integrals in a((&,A),(&,A)),

and bring the oprao 2 inside the scalar product to get

d2T
d <9(t),&> + a(~AF,)

dt 2  2,P

at 2Ut)A 2,P- <F(FE),F> 2P+ <V x V x AA>2,

f ~ n)L(&,A)ds,
r
p

where A e w x x A =0.
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furthermore since C ( P (W+), we may choose for F, any C01
P

function, so that the boundary contribution vanishes, therefore
a2  2
-- F(t) = F(l(t)) in D'([O,T]:C (S ),at2  P

(Brezis, 1974), since F((t)) e C 0[0,T]:C2 ( )],
p

2 2

(t) e C ([0,T]:C2 (r )).p

Finally, since H( ) P (W+ ), we may take for (a n n) any element

in L2(r ) so that
p

L( ,A) = 0 in L2(F ) =I (L2r) o
p p

Thus, since L(,A) is represented by an element in C0( ),
p

L( ,A) = 0 in c0(I ).
p
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APPENDIX

We now establish the 
identity

V(4 V x B x B) = V( * VB) x B + V x BK (x * VB)

-[VE)T . V) x B] x B + (V x B x B) (A.1)

This identity need not be true for all pairs { and B, and only for

those where B satisfies:

V B=0

V x B x B = Vp (A.2)

and we assume that

(V x B x B). = (V x B x B) j  (A.3)J 1

which would follow if p is twice continuously differentiable (equality of

the mixed second partial derivatives). To prove the identity we first

establish its validity for F = e1 , F = e 2 , or = e 3  the Cartesian basis

vectors and B satisfying (A.1).

For = e, the identity

V(* V x B x B) = V x ( * VB) x B + V x BK ( VB)

t
- ((V) * V) x B x B + V x B x B,

becomes

V(V x B x B)i = V x (- - B) x B + V x B x a B),

since
a

1

Now the R. H. S. can be written

a - (V x B x B),
axi

so the identity (A.1) reduces to (A.3). Now if the identity is true for

I and &2 it is clearly true for 1 = I + 42 since all terms split into

a sum of terms involving 1 and F2 it is slightly harder to show that if

it is true for & it is true for Q(x) where Q(x) is a function of
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x1,x2,x3, i.e. we seek to show:

V X x B) V x ((c) • VB) x B

+ V x B x ((a ) • VB) - (V( ,)T V) x B x B

+ V x B x a * V(Ct), (A.4)

follows from

V x B x B) = V x ( VB) x B + V x Bx ( VB)

- ((V)T , V) X B X B + V x B x B * Vx. (A.5)

For this note that using

V(fg) = (Vf)g + (Vg)f, (A.6)

the L. H. S. of (A.4) is

QV(t V x B X B) + (VQ)((V x B x B) .

Using (A.6) and the identity

V x (fv) = fV x v + Vf x v

the R. H. S. becomes

(v x • VB) x B) + {Va x ( V * YB)) x B

+ Q((V x B) x (& 0 V)B x - a[(V&) • VT x B x B

- 1 (1 2 V] x B x B + QV x B x B •

+ (V x B x B • Va,

where

x x

y aa

z  z

Cancelling (Va) (V x B x B * F) from both sides and using (A.5), it remains

to show

{Va x (t * VB)) x B x [{ } V B 'C x B.
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In fact,

va x ay B = 2

The L. H. S. is

i j k

d t =3ax i 3ay i=3
de ~ i-~ ~ ia 3~a ~

and the R. H. S. is:

3 
j a3 3

B B2  B 3 )

which are clearly equal.
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