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PREFACE

The results contained in this report are intended to aid researchers in
posing boundary value problems modeling biological or physical phenomena in
the appropriate function spaces. If too small a function space is selected,
one might not have existence of a solution. Also, as this article points out,
if too large a function space is selected, one does not have uniqueness of
even the Cauchy Problem, which is the boundary value problem arising, for
example, in the initial value problem of wave propagation.
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ON THE NONPROPAGATION OF ZERO SETS OF SOLUTIONS
OF CERTAIN HOMOGENEOUS LINEAR PARTIAL DIFFERENTIAL EQUATIONS ACROSS

NONCHARACTER 1ST IC HYPERPLANES

§1. PRELIMINARIES

§1.1 Introduction

The Holmgren uniqueness theorem (e.g., HBrmander [13], Theorem 5.3.1)

gives us a technique for studying the propagation of zero sets of solutions of

homogeneous linear partial differential equations across a noncharacteristic

hyperplane when the coefficients of the associated linear partial differential

operator are analytic.

It is the purpose of this paper to generalize the construction in

Theorem 8.9.2 of H~rmander [13] and show the nonpropaqation of zero sets of

solutions u(x,t) of

P(a/ax)u(x,t) - a(x,t)(3/3t)u(x,t) = 0

across the noncharacteristic hyperplane x = 0 even when u(x,t) vanishes

identically for x < 0 , where P(a/3x) is an arbitrary polynomial of positive

degree in (3/ax) and the coefficient a(x,t) and the function u(x,t)

belong to a certain Frechet space of infinitely differentiable functions

containing the real analytic functions and contained properly in the space

C'(RxxRt). More precisely, the coefficients will be in the space

y8,-n)(RxxRt), where we define the space y(6,n)(A) for every open subset a

of Rn , n-dimensional space, by the following definition for all n-tuples "

and n of positive numbers.

Definition 1.1.1 We say that a function f in C"(o) is in

where and n are n-tuples of positive numbers, provided that for every

S" Rm&-U4
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cAftt Suset K of 0 afd every e > 0 the semoinorms of f defined -.v the

rule,

o (Ke) l ,-Ial

I ai= al+ a2+ + an=

x e K, 1 . Nn , the set of

n-tuples of nonegative integers} (1.1.1),

are finite.

If n is an n-tuple, each entry of which is 1, then we Write y(s)(A)

instead of y(T,-)(fl).

In case there is no chance of confusion we write Ifi(K,, ) instead of
'r(K,e).

In section 1&2 we give statements and proofs (fo" the ske of complete-

ness) of two formulae for the nth derivative of the composition of two func-

tions. Jensen's inequality is used to obtain a more precise version of the

Faa di Bruno formula.

In section 1.3 we introduce the spaces yM(il), for every mapping M fNA*

Nn ihto R+, the set of A 1h Rn SuCh that A > 0 for i = i, t, ,.. , for

all open subsets a of Rn. We say that an f(x) in C'(n) it in yvM( a) if fat

every compact subset K of i and every e > 0 there Is a C > 0 such that

M(a) - (M1(c), n2(e), ... , N(e)) implies

ID f(x)IhG!  kziMk(a)'1 _ C (l.1.2)

6



for all x in K and all g in Nn. We determine the composition of a function

in yM2(QR) and a function in yM2(R,R) when the al is an open subset of Rn

and

x + (Mk(x)l/X)/x (1.1.3)

is an increasing function of x > I for k = 1, 2. In particular this

enables us to determine a function space containing the composition of two

real valued functions in y(6)(R).

In section 2.1 we use Paley-Wiener theorems to determine the Fourier

Transforms of functions in yM(Rn) with support in a closed ball.

In section 2.2 we give techniques for providing that a function belongs

to YM(a).

In section 2.3 we introduce the space rM and study the natural locally

convex topologies on M(a) and rM(n). We observe that yM(Q) and rM(az)

are both Frechet spaces with yM(a) . rM(n).

In section 3.1 we prove that the construction of our generalization of

Theorem 8.9.2 of If6rmander [13] cannot produce functions a(x,t) and u(x,t)

in y(6 )(Rx x Rt) such that

P(a/ax)u(x,t) - a(x,t)(a/Bt)u(x,t) = 0 (1.1.4)

u(x,t) = 0 for x < 0 (1.1.5)

and every point of x = 0 is in support of u(x,t).

In section 3.2 we produce for every polynomial P(3/ax) in 3/ax

functions a(x,t) and u(x,t) In y(-,n)(R x x Rt) such that (1.1.4) and

(1.1.5) are satisfied and yet every point of x = 0 is in the support of

u(x,t).

7
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A t1-tial colsequtnce of our main results cbntained ih tictiohs 3.1 aN
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The main result, howeverb is the nonextendability of thI Ialmgreh

uniqueness theorem to boerators whose coefficients are in y(asl)(Q).



§1.2 Formulae for the nth Derivative of Compositions

of Functions

There are two formulae for the nth derivative of a composition of two

functions in the literature. Both appear in the table of Gradshteyn and

Ryzhik [10]. The Jensen-Vollers formula is found in the table of Adams and

Hippisley [1]. Jensen's result [14] and Vollers' result [24] are the same,

but were evidently discovered independently. Some pre-Jensen contributors to

the theory have published findings [6-9, 21]. The post-Jensen, pre-Vollers

contributors have also published [11, 12, 22]. The other formula, a variation

of which we prove in this section and use in further developments has an older

history. A paper giving applications of this formula was written by Teixeira

[23] in 1885 but was discovered by Faa di Bruno [2] in 1857. Konigsberger

[15] in 1886 wrote a paper giving the applications to functions of several

variables. Many people since then have corrected and clarified the old

formulae and have given elegant proofs of their correctness. Among them are

Dresden [5, 1943], Riordan [18, 1943], McKiernan [16, 1956], and Pandres [17,

1957]. The author gives a distribution theory proof of the Jensen-Vollers

f( ..jla and states and proves using induction a slightly different version of

the Faa di Bruno formula which seems to be useful in the calculations.

Theorem 1.2.1 Let *(x) be a function which is Cw in an open subset

of R. Let F be a function which is in C=(4(Q)), the space of functions

which are C" in some open set containing *(a), in case * is real valued,

or is in H(*(Q)), the space of functions holomorphic in some open set in the

complex plane containing *(si), in case * is complex valued.

Then f(x) F((x)) implies

9
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(d fx ) k=1 k! F k ~ 1 2 1

where y = 0(x) and

U ~ ,k k-j(k)yk-i (*L*)f(yj). 122(n,k) dx

Proof. Let P(n) denote the statement (1.2.1). That P(I) holds isj

obvious. We show that P(n) implies P(n+I).h

Assuming P(n) we deduce that

d nI (
x dx (nl,1)

n Ld(U(nk)) + (nk-1) d

k-2 xk! dx F(k) (Y) +

U(n,n) (d.y)F(nfl ) (1.2.3)
n! dx

Thus, (1.2.2) implies that what we must show is that

U dn11 d(U )(1.2.4)(n+.1 T (n,1)

U - ( + (nk )IU dy(125
(n+1,k) dx(~ (n,k-1) d 1..5

for k 2, 3, ... , n, and

U (n+1) U~nn d (1.2.6)

10



Proof of (1.2.4). By definition U(n,l) (d/dx)ny. Thus, (1.2.4) Is

true, since (d/dx)U(n,l) = (d/dx)n+ly.

Proof of (1.2.5). The product rule tells us immediately that

dx (U(nk)) = U(n+lk) +

* k
1 (l)k-(k)(k-j) k'j-1 (dy) (L)n(J) (1.2.7)

j=1 dx dx

We observe that the second term of the right side of (1.2.7) is simply

(L k-1(lkl j
)k~~()~j

(-1)k ) - (.)( k-1-j ) n =

dx j= dx

(-1)k(Y)U(n,k-1) (1.2.8)

which proves the validity of (1.2.5).

Proof of (1.2.6). We must show that

U(nn) = n! (dx)n (1.2.9)

where U(n,n) is given by (1.2.2).

To prove (1.2.9) we need the following Lemma:

Leumma 1.2.1. For every positive integer n and for all integers

q c {0, 1, ..., n} we have for every C" function y of x the relation,

n+l nlyI

0 (-I)n+lj(n")yn+l(d)(yl ) (1.2.10)

3 dx
j=O

Proof of Lemma 1.2.1. We proceed by induction on n and note that

(1.2.10) is trivial for q = 0. Let P(n,q) denote the statement (1.2.10),

and observe that P(1,0) and P(1,1) are true. Assume n > 1, q > 0 and

* I 11



that P(m,O) is true for all integers m e jI, ..., n-i] anid 1ii 0 C j,

... , 6 8rid that P(n,p) is true for all p C (0, ... , q-i}. Let 6e A in

arbitrary test function. Then an integration by parts tieii us i6t

1 ' 7] d x =
n d)yn+l- _jd

I n+ 1x

L(*) Ij ( 1)n+l 3-(n+l)yn+l"-* q-j Ix +

dx L=0 d

(n+1) fi (y)n-J)yn-j) ( .y ) dx (1.2.11)

By the inductive hypothesis the terms in square brackets in the Integrands of

the right side of (1.2.11) vanish. Hence, since

1 [nYi(-l n+1'J(n+l)yn+ l )q(yi)]dx = 0 (1.2.12)

for all test functions i , It follows that P(h,q) is true.

Completion of the Proof of (1.2.6). Let * be ah Slbli h (ik t hiic-

tion. We want to prove that

U(n+l,n+l) (n+l)(dY)U(n,n) (.2.13)

for every positivb integer n , which will prove (1.2.9j. An 16tkgrftio6bn 6

parts tells us that for all positive integers n

112



I $ U(n+1,n+l)dx

[n+l _In~l-i n+l yn+-j dx n+j(-=) L 0iO- (fl )y (-) dx +

f ( [n+I) U(n,n)dy dx (1.2.14)

But Lemma 1.2.1 applied to (1.2.14) implies that

f * U(n+ln+l)dx f (n+1) U(nn) d dx (1.2.15)

for all test functions $ . Hence, since the test functions are dense in the

dual of the C' functions it follows that (1.2.13) holds. This completes

the proof of the theorem.

Corollary 1.2.1 Let y - *(x) be a CO function and let p be a

positive integer.

Then
n k(k n

dny I I (-l)k-j(k )Yp- j p d n
k=1 j-1 k. T ) (ydx

dn for n < p(d)n (yp) -_

dx
p k d n

k 1 1 j 1 k! X

for n > p (1.2.16)

for all positive integers n, where p(k) = p(p-1)...(p-(k-1)).

13



Pr'ft of Co-evqlary 1.2.1. Apply Theorem 1.2.1 wit% Iy) = y

Teorwm 1.2.2 Let *(x) be a function which is & 10 in ph k*5*t

U of R. LW F be a function which is I" C(4(0i)), the wt* bf tahhc-

tions which are CO in some open set containing #(U), in case # It It

valued, or is in I (f(U)), the space of functtiont HoloMorph|i n .60 L t

contaning #(U) in case f is complex valued. Define t(x)= =

F(y), where y = #(x), for all x in U. Then

(d-)n n() =

dxn

f W

n n n a mF( i ) (1.2-1)

(i1,'i2,40#p)e S(n,m,p)

where

$(n,m.p) = {(0l9t2,...,91p ) s N x N x ... XN:

ip * 0 , I iij n and. m= t }1.,)

and where N denotes the set of nonnegative integers.

Proof of Theorem 1.2.2. For convenience let i defiate (i1i..gip)

and let i! denote 11t2 1 666 1p1 , where is it stated thdt i b lofigs to the

set, S(n,m,p), defined by (1.2.18). Then differd6tiating both sides cf

(1.2.17) we deduce that

14



d n+1(-) f~x Wdx

I I ( ~ (+1()]] +m1 p=1 _j~nm~ j d

iS n,m,p)

Let

(i +1, 12 ** i (1.2.20)

whenever it is stated that I belongs to S(n,ni,p).

Collecting terms in (1.2.19) we deduce that

d ~f~x n n' pY)i (n+1)(y +

dx p=1 I! i1 J

m=2 p=1 ! i1dx jzi j!
ic~~-~~-ieS(n,m,p) I--

P- i1 ! (dx 141 J!*pulieS(n~l~p) L ~ -

0 15



To ciWete the wrlftcatioi of (1.2.17) by induettow, we have to show thet

R (n+l)! IYM i)j

)[J

ieS(n,ml.p) 1  icS(n,m,p)[

for m -2, .. ,n and

n+1 ("+I)! Fp l Cl)

Pal ieS(n+1,1.p) 121J-94

n n1 [ l (j) j1
pieS(n,1,p) 23 t 2(..4

Proof of (1.2.221. Here we need to know

S(n41,n~1,p) f (ijg ... , 1 ) C NP: i * 0, 1~ +* + ap nt andti + ?i

+ 64'6 + pi n+11. It is obvious that S(n+1,n+1,p) 0 0 implies 1 0 for

j=2, **at p. But i~ P 0. Hence, S(n+1,n41,p) *0 only if p a 1. Thus.

S(n+1,n+1,1) = nelj. Since by convention I *(1) *0, we deduce that

16



n+1 (n+l)! pk ,y- j.li(1.2.25)
p=4 icS(n+l,n+l,p) I L (.2

The completes the proof of (1.2.22).

Proof of (1.2.24). We need to know

S(n,lp) = {(iI, ... , i) : i 0,

i i + ... + ip = 1, and i I + 2i2 + .. + pip n} (1.2.26)

Since i *0 and i + ... + ip= I it is clear that i= = =

0 and ip = 1. It is also clear that iI + 2i2 + ... + pip = p n if and

only if p = n. Thus, S(n,l,p) * * if and only if p = n and that S(n,l,n) =

{(0, ... , 0, 1)}. From this we conclude that

n+1 (n+l)! I (y(Ji)i

L I i! ( !p=1 ieS(n+1,1,p) 1 J!j_

(n+l)! n+l Y(J ) i
ieS(n+1,1,n+1)LI (-= )' =

y(n+l)- in+ d ,n+

(n+1)! L ] T

which completes the proof of (1.2.24).

To complete the proof (1.2.23) and, consequently, the theorem, we need

some easy lemmas.

17



Lps 1.2.2. Fqr pich i in the set S(n,m,p) with ik * 0 defjne

t(k) in S(n+l,m,p) by the rule

i(k) = 09 . ik-1' i k-1, ik+1 k+2, .. s Ip

for k = 1, 2, ..., p-1. For eyery i in S(n,m,p) 9ijg I(p )

S(n+1,m,p+1) by the rule,

i(p ) = (I, ... , ip 1) (1.2.28)

Then for each i c S(n,m,p)

p-i fl= fl( j!k]F+ r() ~

k- 
++ 

(j5J
S(k+l)itk j + p L !X -pk=1 1 -.J._Lj 1  j _

(1.2.29)

for p = 1, 2, ... , n and

Proof of Lemma 1.2,?. This is an immediate consequence of the defini-

tion of the sets S(n,m,p) and the logarithmic differentiation rule. When

p = 1, the first sum on the rlght side of (1.2.29) is automatically zero and

T! I 1 1 21

which is exactly the second tenm on the right side of (1.2.29).

18



Lemma 1.2.3. Let i be as defined by (1.2.2)). Thenn n! p : j
[ =g

pI I !-
icS(n,m-l,p)

II(n+l)L ( ) (1.2.30)
n+l i! I P

icS(n+l,m,p)

Proof of Lemma 1.2.3. Direct calculation.

Lemma 1.2.4. Let i(P) be defined as in Lemma 1.2.2. Then

I nI (P l i [ 1 "( -P y j)"'(Plfli - (p+l) i ~ ()) =

p=L icS(nm,p)H P =1

n PI (n+l)! ) .yi ( p..

icS(n+1,m,p)

n+1 p (Y(J) (1.2.31)

p=n+ 1 (n+1) i! ]2
cS(n+1 ,m,n+l) )1

19



Progf. This is just the observation that i(P) - I for ill a.
p.1

_ooo 1.2.5. Lot i(" be q; defined in L wg 1.2.2. Iftn

n p-I ki .jnI! y(j) 4
p-2 icS(n+l.,m,p)k-2  nil i

n (n+)I

p-2 icS(n+l,m,p)n l I -!

ID> 1

Proof of L!"4 1.2.1. This is just the observation that ip € 0

Implies I (p-i) > 1.

p

Proof of (1.2.23). Putting together the lowna we deduce that the right

side of (1.2.23) is given by

n+1 n+I kik inIll ! y(j),!ni [ n kk -+T"- (1.2.32)

pol icS(n+1,mp) k-i • II

which is clearly equal to the left side of (1.2,23) since

n+I kik

n+=1

This completes the proof of the Faa di Bruno formula.

20
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An application of Jensen's inequality produces the following simplifica-

tion of the Faa di Bruno formula. If F and * satisfy the hypothesis of

Theorem 1.2.2, then

() f(x)x

n n (=)
'1P (__ F(m)(y) (1.2.33)

m=1 p=[n/m] icS(n,m,p) ]

where [n/m] is the greatest integer not exceeding n/r.

We let X = 11, 2, ... , p} and v(4lj) = ij/m. Then p(X) = I implies that

exp( I + 2i + + piP)
m

exp(l)(i1/m) + exp(2)(i 2/m) + ... + exp(p)(ip/m)< exp(p) (1.2.34)

Thus, since the left side of (1.2.34) is equal to exp(n/m) we deduce that

n/m < p (1.2.35)

if (ij, ... , ip) is a p-tuple of integers in S(n,m,p).
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§1.3. Determination of the Space Containing Compositions

of Functions in the Spaces y 1(n,R) and yrM2(R).

The main result of this section is to show that if M1 and M2 are

mappings from R+ into R+ which satisfy the condition that the mappings

x + Mk(x) X/x

for k = 1, 2 are increasing functions of x > 1, then g(x) is In

ylI(n,R) and F(y) is in iM2(R) implies

f(x) = F(g(x))

is a member of y 1M 2(a). We give applications to Interesting special cases.

Definition 1.3.1. Let M:Nn + Rn denote a mapptng frim Nno t set

of n-tuples of nonnegative integers into the set R" of n- ji of

positive numbers. Let a be an open subset of Rn n d1mns$tflil .

Let yM(n) denote the set of all functions f in Ca (n) st.h that tor every

compact subset K of n and every c > 0 ther, is a C > 0 OLh thet

for every in N and every x e K
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We let

n -1
sup{IDf(x)I eal M k(a) x E K, a e N n

k=1

Remark 1.3.1. If

6kak

Mk( a) = ak

for k = 1, 2, ... , n, then

yM = Y(6,)(Q)

where 6 = (6I, 62, ..., 6n) and n = (n , n2 , ... In)•

Remark 1.3.2. If

Mk(a) = ak

for k = 1, 2, ..., n, then

yM(Q)-y6Cn) , where T - (6I , 6, ... , 6n).

We begin by providing some useful special cases of our general results.

Theorem 1.3.1. Let F be a member of H(Ranqe (q)), where q is an

arbitrary member of y(6)(0) . Then f - F(g) is a member of
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Proof. The nth derivative of f is given by (1.2.17). For every

compact subset K of f, the set K' = g(K) is a compact subset of C, and

there exist positive constants A and B such that

(y)mF(y) < A Bm m! (1.3.1)
dy

for all y in K'. Let c > 0 be given. First suppose Q is a subset of

R1 . Then y = f(x) implies that for every c > 0 there is a C > 0 such

that

IY J)I < c JJ j 6  (1.3.2)

Thus, from (1.2.17) we deduce that

(d-) f(x) <
dx

n n D
'(.) (A Bm m!)( (D) j )c m , (1.3.3)m=l p=1 ieS(n,mp) j=1

where D is a positive constant such that

1 ~ DJ
(L) (-) .(1.3.4)3!

From (1.3.3) we deduce that
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(d) f(x) <
dx

n P j(6-1)i
(n...) A Bm! (D)nCm H j J ) (1.3.5)1!

m=1 p=1 ieS(n,m,p) j=l

for all x in K.

Lemma 1.3.1. For all positive integers p and all 6 > 0 we have

Sj(j6-j)i] < pn6-n (1.3.6)

Proof of Lemma 1.3.1. This is a trivial consequence of the inequality

of Jensen, which states that if v is a Borel measure on a o-algebra on X

such that p(X) = 1, f is a bounded u-measurable function on X and * is

convex on f(X), then

S(I xfdu) _< f x(f)du (1.3.7)

where we take X = jI, 2, ... , pl, u({j}) = (j6-j)i /(n6-n) ,

f(j) = Pn(j), and ¢(s) = exp((n6-n)s). Then

P (j6-j)i3 £ n(j)

X ~ (n6-n)

Applying (1 .3:7) to the integral defined above we deduce that the left side of

(1.3.6) is dominated by
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p _ 0-6-jil. n--
n-I- .__n6-n I _ 6 n6 "n

j=1 j= 6-n

which is easily seen to be bounded above by the right side of (1.3.6).

Combining (1.3.5) and the result of Lemma 1.3.1 we deduce that

Id)f(x)I <

n (n) A Bmm!(cD)n Cm pn6-n (1.3.8)
ii

m=1 P=1 icS(n,m,p)

for all x in K.

But it is easy to see that

< n! pm (1.3.9)

icS(n,m,p)

combining (1.3.8) and (1.3.9) and applying Stirling's inequality, we observe

that for every c > 0 there is a C1 > 0 such that for all x in K

j(L)nf(xlj < C1 nn n(6+1) (1.3.10)

Proceeding by induction on the dimension of the Euclidean space containing n,

Theorem 1.3.1 follows easily from the previous argument.

Corollary 1.3.1. In *(x) is a function y(6)(n) which never vanishes

then the function

26
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x + 1/qi(x)

belongs to y(6+1)(.).

Proof of Corollary 1.3.1. This is an immediate consequence of Theorem

1.3.1.

Theorem 1.3.2. Let F be a member of y(61)(R). Let 9 be a member

of y(62)(a;R). Then f = F(g) is a member of y(6I+62)(n).

Proof of Theorem 1.3.2. Assume first that o is an open subset of

R1 . Then following the proof of Theorem 1.3.1 we deduce that

I( )nf(x)I <

n (m!) n m n 2-n (1.3.11)
mn m PI icS(n,m,C

From (1.3.11) we deduce that

nI d (pm m! -ln') A(BC)m(CD)n n62 n (1.3.12)

m=1 p=1

From (1.3.12) and the hypothesis under which it holds we deduce that for every

compact subset K of Q and every c > 0 there is a C1 > 0 such that
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)nf(x) < (Cen)n(162 )n (1.3.13)

for all x in K. This follows from the fact that

n! (m!)61 I  <nI1

and pn62-n n62

Let g(x) be a member of YM(O,R) where a is an open subset of R1.

Let F(y) be a member of yM'(R). Define f(x) = F(g(x)). Then by the Faa

di Bruno formula we have

() nf(x) :
dx

n n
n I I n! =)) F(m)(g(x)) (1.3.14)

m=l p=1 i T! m~) [j=H1 j

If x runs over a compact subset K of sl , then g(x) runs over a compact

subset K' of R . Thus using the fact that g(x) is in yM(o; R) and

F(y) is in yM'(R) we deduce from (1.3.14) that for every c > 0 there

exist C1  and C2 > 0 such that

d n
I(q ) f(x)l <

n n n! -- )ilmo
( -!i) Pl "lJRJ (C2 Cm)M' (m) (1.3.15)

Rol P'41 ieS(n,m,p) J4 (  )
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We wish now to use a variant of Jensen's inequality for convex and concave

functions to estimate the right side of (1.3.15) in certain special cases.

Lemma 1.3.?. Let us suppose that M:R + R+ is a function of x such

that [M(x)l/X/x] is nondecreasing for x > 1 , then

S(ClJM(J))iJ < (Ciie~n M(p) n/ppn (1.3.16)

j= l P !-

where 1/j! < nJ/j j for j = 1, 2, ... , p.

Proof of Lemma 1.3.2. This is a trivial application of Jensen's

inequality to the measure space {x,v} , where x = {1, 2, ..., p} , and

p[ {,i ) = jij/n.

As before we use the fact that the exponential function is convex. We

observe that

p r ciJM(j) n/j
exp( I (....L) 1n L -- ) )I

j=1 n J!

P Cj (IJM(j) n/i
p 1 ) (1.3.17)

j=1 n j!

which is the same as sayinq that

exp(f xfdu) < x exp(f) du

where f(j) = (CIeJM(j)/j!)n/J. Using Stirlinq's inequality it is

easy to see that the right side of (1.3.17) is dominated by

29



I (I ij/n)[(CiDJJM(J))/J =

j=1

p
I (I j/n)[(C1l/J)D(M(j)I/j)/j]n (1.3.18)

j=1

It is in the estimation of the right side of (1.3.18) that we use the fact

that [(M(x)i/X)/xJ is nondecreasing for x > 1 . Using this fact we

deduce that the right side of (1.3.18) and, consequently, the left side of

(1.3.16) are dominated by

P (i j/n)[C De(M(p)I/P)/P]n =

j=1

(C1Dc)n M(p)n/p p-n (1.3.19)

which completes the proof of Lemma 1.3.2.

Again using the fact that (M(p)1/P)/p is a nondecreasing function of

p we deduce that

P ) i

(1 CM'') < (Cl.D)n M(n) n-n (1.3.20)

j=1 !

Thus, if we suppose that F(y) Is a complex valued function in

.M2(R) and g(x) is a real valued function in yNl(a) , where a

Is an open subset of R, then (1.3.15) implies that if we define f(x) -

F(g(x)) , then for every c > 0 and every compact subset K of a there

exist constants C1, C2, f), and C3  such that

, I30



((d/dx)flf(x)( [Cnnpme(C D,)nM1 (n)n-n(C eCn)M2(m))/m! (1.3.21)

An immediate consequence of (1.3.21) is the following.

Proposition 1.3.1. Let M2(m) =m! and let (M1(x)l/x)/x be a

nondecreasing function of x > 1 . Suppose F(y) is in y2(R) and

* g(x) is a real valued function in YMl(9i). Then f(x) = F(g(x)) is in

Ya),where M(n) = nn (n)

The more general result from which all the main results of this section

follow is stated in the following Theorem.

Theorem 1. 3.3. Suppose the map, t + (Mi (t) 1/t )/t, is an increas-

ing function of t > 1 .Then g(x) is in yM1(1,R) and F(y) is in

-Y2(R) implies f(x) =F(g(x)) is in M2g.

Proof. This is an immediate consequence of (1.3.21).
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§2. GENERALIZED FUNCTION SPACES OF GEVREY TYPE

§2.1. Characterization of the Functions in y M(R n) using Paley-Wiener

Theorems.

We prove in this section a theorem that is analogous to, but more

general then, that given by Lemmna 5.7.2 of Ifdrmander [13]. As before we

suppose M is a mapping from R n , the set of n-tuples of nonnegative

numbers, into itself. We define Tc (R n) to be the set of all *inC

such thatk for every e > 0 there is a C > 0 such that

1n

HD.(~ Mk(I~l 1 C (2.1.1)

for all x in R n and all a in Rn where M(a) =(MI(a), ...

DO=DilD 02 ... nna , and Di -i(a/axj). We suppose always that the

functions + Tk(E) are increasing functions vanishing at zero such that

[n M~I n 'k( k (2.1.2)

for all n-tuples of positive numbers.

If we set

T(a) =(T 1(al) , .,Tn(an) )(2.1.3)

then (2.1.2) implies that

y M (n) T R n)(2.1.4)c c(R)
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We define D%(C) by the rule,

(C) = fn exp(-i<x,C>) (Da,(x))dx , (2.1.5)
R

which is derived by a simple integration by parts when a c Nn and is taken

as a definition when the coordinates of a are not integers. We are now in a

position to state and prove the following generalization of the first half of

Lemma 5.7.2 of Hirmander [13].

Theorem 2.1.1. Let & + Gj(&) be decreasing function of in [0,-]

for i = 1, 2, ... , n. Let #(x) be a member of Yc(R n), where

M(a) < ri (k) ] (2.l. 1

which vanishes outside the sphere, {x e Rn: x Al . Then there is for

every e > 0 a K. > 0 such that

K, exp(AIImc) II *j(IReiI/e) (2.1.7)

j=1

where

S(2.1.8)

Proof of Theorem 2.1.1. By the definition of the space y M(Rn) and the

relation (2.1.5) there is for every e > 0 a C1 > 0 dependinq on c

and * such that for every n-tuple of positive numbers we have

C1 -]k#oa(x) 1£-(af [t T k(lk)' C C1  (2.1.9)
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From elementary properties of the Fourier integral, the Fourier transform,

(€) of *(x) satisfies

I (o = If R exp(-i<x,) (D,(x))dx

< exp(AlImc) i l I,(x)Idx (2.1.10)

In view of (2.1.9) we deduce from (2.1.10) that

I, ~n Ccak Tk a~kI ( 1-<exp(AjI mgI)CjAn .~l

k=1 I Re CkIa k
k c I(k)

for all n-tuples of positive numbers a , where I(k) is the set of k in

{1, 2, ... , n} such that IReikI * 0. In case I(k) is empty, we may

a = (0, ... , 0) and deduce that

I;(C)1 _ exp(A I mcp) f If(x)l<,x (2.1.12)
IxI <A

Let ak be the larqest positive number such that

O ka k ) )< GkRe) (2.1.13)

I Re~kI - ( k/E

so that since T is an increasing function we have that

Uk Tk'((IRe kC/e) Gk(IRe kI/)) (2.1.14)
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Thus, we deduce combininq (2.1.13) and (2.1.14) and the definition (2.1.9) of

qk(() that

Tk(ak) o k Rek(2.1.15)

Re k(R~Ie

from which the relation (2.1.18) follows immediately with Kc = C1A 
n . This

completes the proof of Theorem 2.1.1.

In developing Paley-Wiener Theorems, there are two problems to solve

which can be stated as follows.

Problem 2.1.1. Given increasing functions, Tk, find decreasing func-

tions *k  for which there exist positive constants C1  and B, such that

for all positive numbers a

0  k)d < C1BlaT(a)a. (2.1.16)

The solution of problem 2.1.1 for a class of functions Tk is given

by the following theorem.

Theorem 2.1.2. Let Tk satisfy the condition

Tk(x) < exp(g(x)) a Sk(x) (2.1.17)

for all x > 0 , where g: R + R is an increasing function which grows

sufficiently slowly that the integrals

f 4a({" (l12)g' (1n(i )) )d C,
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are finite for all a > 0. Thus, I f

Gk(M) = (1/I-)

for all E > B and Gk(g) = (1//B) for 0< < B, we deduce that if

(Tk(G k(E))

TGk() k (2.1.18)

then the inteqrals,

0

are all finite.

Proof of Theorem 2.1.2. If Gk() < 1 1 we observe that

.k&)Tk -1 (E lk")) < ()S- I ( Glk(O))Gk( ) Gk(F)S k (..9

If EGk(C) > 0 and & > B , then in( Gk(g)) = 1n(/(). Choose B so that

in(VB) > 0. Then we have

*k( ) = Ik<( E _( exp[-(1/2)tn(&)g-
1 ((1/2)An(E))] (2.1.20)

for all C > B . Thus,
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- B

f ck(Ed < f Eo*(Ed +
0 0

f &" exp[-(1/2)tn(E)g-l((1/2)zn(E))]dE (2.1.21)

B

and both integrals on the right side of (2.1.21) are finite.

Theorem 2.1.3. Let us suppose that there are positive constants C1

and B1  such that

f F~~( d < C1Bja T k(a)'
0

for all positive numbers . Then if for every c > 0 there is a K. > 0

such that

!;(>[< K*exp(AJ(mI) LT /(I /ej (2.1.22)

where *(i) is an entire function, it follows that the Fourier transform

*(x) of ;(c) given by

*(x) = (l/2p)n f exp(l<x,&>) ;(E)dE (2.1.23)
R 
n

vanishes outside the ball, {x: Ix < A} , and is in the space yT(Rn)

where T is given by (2.1.3).
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Proof of Theorem 2.1.3. Since (c) is an entire function we may shift

the integration into the complex domain obtaining the integral representation,

¢(x) = (1/2 )n f exp(i<x,E + in>) *({ + in)dt , (2.1.24)

Rn

of *(x) which is equivalent to that given by (2.1.23). Using (2.1.22) we

see that

< x~ Ke(1/2wi)n exp((AlIl - <x,n>) fJkII C (2.1.25)SR L=1E

Thus, if lxi > A , we deduce that if we took n (tx,.. txn)/Ixl , then

AInI - <x,n> = t(A - txi) (2.1.26)

Substituting (2.1.26) into (2.1.25) and letting t + - we deduce that

< o0 if ix > A.

To estimate the growth of derivatives of *(x) we use the relation,

D a (x) = (1/21t) n f exp(i<x,E>) *(;)dE , (2.1.27)

and deduce that for all c > 0 there is a Kc > 0 such that

I D a ,(x)I Kc(l/2w )n Rn [n i~k 10k *k(i~kl/c dE (2.1.28)

for all x in R n . Using polar coordinates in (2.1.28) we deduce that
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n

IDn(x)l < K, : (f rak *k(r/)dr) (2.1.29)
k=l 0

Letting r/c = ( we deduce that jag = a, + a2 + ... + an implies that

D (x)< K e n (H kk( )d (2.1.30)
k=1 0

Using the estimate in the hypothesis of Theorem 2.1.3 we deduce that

n
RailC n B la (..1na (x) K_< e C B 1  Tk(ak) (2.1.31)

Replacing e by (e/B1) everywhere in (2.1.31) we deduce that

Dann Rao=) T (2.1.32)1OI~a(~ _ KE/B I (C/B  l e I T(a k ) k

[k=1

Taking K .= K/Bl(c/B1 )nCn we deduce that for every c > 0 there is a

Kc > 0 such that

IDa (x)I .icel a !  Tk(ak) 0 (2.1.33)

which implies that ¢(x) is in yM (Rn).
YC
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Remark. In order to be certain that differentiation is a continuous
linear transfor.;ation of yM(R n) into itself it is necessary to restrict the

growth of the functions Tk . A more general class of functions are those

belonging to the spaces yME(Q) where both M and E are mappings from

Rn into Rn and we say that f is in ME(Q) if and only if there is forR+ int c

every e > 0 a C > 0 such that

DOf x)e-EW HMk( <c

for all x in o . Then if there are constants C1 and C2 such that

Mk(OL) < cIaEk()C 2Ek(1)

it follows that differential operators with constant coefficients are

L,;ntinuous linear trans ormations of yM,E into itself.

40



§2.2 Verification that a Function Belonqs to

If 6 and n are n-tuples of positive numbers, we define y(6,)(a),

for every open subset Q of Rn to he the set of all f in COi(a) such

that for every compact subset K of Q and every E > 0 there is a C > 0

such that Rao

suP{IDaf(x)IjcmNflHj aH a k ~k Nn < C

We develop in this section techniques for verifvinq that a function belongs to

this space.

By Proposition 1.1 of Cohoon [4] the space y(6)(Q) is a Frechet

space. Thus, the limit of a sequence of functions which is Cauchy with respect

to the Frechet space topoloqy is a memher of y(6)(). Also, hy proposition

1.3 of Cohoon [4], the space yc(6)(R n) is an ideal in C"(Rn) since a
cc

function in y(6)(Rn) is in C*(Rn).
c c

We are interested in a special class of sequences of functions in

y(6)(9). Let {bk: k = 1, 2, .... 1 .be a sequence of positive numbers

converging monotonically to zero. For every positive inteqer k, let *k(x)

be a function in C O(Rn) such that *k(x) = 0 unless hk+1 < xn <

bkId. Let K he a compact subset of Rn and let

1k(K) = c K: bk+ I __ x< bk1 1  (2.2.1)
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We want to determine the space y(6,n)(R n ) to which the su n

*(x) k) (2.2.2)
k=1

belongs.

Theorem 2.2.1. Let I k(x): k = 1, 2, ...} be a sequence of func-

tions such that (i) k(x) c y(6)(Rn), (ii) +k(X) = 0 in case x does not

belong to [bk+l , bk I] , where lbk: k = 1, 2, ...1 is a sequence of

positive numbers converging strictly mo!otonically to zero, and (iii) for

every compact subset K of Rn and every e > 0 there exists a C(K,c) > 0

such that for all positive inteqers k and all n-tuples of nonnegative

integers a we have

D1k(x)I < C(K,si)")aI 61l (k) RNexp(-Akm) (2.2.3)

for all x in K , where A and m are positive. Let *(x) be given by

(2.2.2).

(a) Then *(x) is bounded implies *(x) is in Y(6)(Rn)

(b) If there exists a C1 > 0 and a positive constant p such that

10(k) l < ClkP (2.2.4)

for all positive integers k , then *(x) is in y(S')(Rn) whenever

6' > 6 + p/m.
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(c) If there exists a C1 > 0 and a positive constant p such that

1 (k)j < Cle kB  (2.2.S)

then *(x) is in y(6,n)(R n ) for all n > 1 + 1/(m-1)

Proof of (a). If t(x) is uniformly bounded, then (2.2.3) implies

Dck(X)I( C(K,c/B)e' IIal6Iam  (2.2.6)

for all x in K , where B is an upper bound for the function *(x)

Proof of (b). Suppose *(x) satisfies (2.2.4). Then we would like to

maximize

m
f(k) = kPIlae'Ak (2.2.7)

Nifferentiatinq we find that f'(k) = 0 implies

plum 1/rn

k - (-L--) (2.2.8)

Substituting (2.2.8) into (2.2.7) we deduce that

f(k) I E(p/(Ame)P/m]c
la l lag(p /M

)Ia

Thus, if e= /[(p/(Ame)P/m ]  then 2.2.3) implies

Thus, l(x) is easily seen to be in y(6+P/m)(R n)
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Proof of (c). Suppose *(x) satisfies (2.2.5) .Then we would like to

maximi ze

g(k) -e IkBe -k(2.2.10)

Differentiating we find that g'(k) =0 implies

k/m1 (2.2.11)

where we tacitly assume m >1 I Substituting (2.2.11) into (2.2.10) we

deduce that

g(k) < C 1exp [jB/(mA))1I(m1')g - A(B/(mA))m/(m-l16om1 ) (2.2.12)

Now we must determine whether or not the coefficient of 1a5m/'(m1) in the

argument of the exponential function appearing in (2.2.12) is positive or

negative. We use the fact that the log function is increasing to deduce that

if and only if

(1/(m-1))[log(B) - log(mA)] + log(B) >

log(A) + (m/(m-1))(log(B) -log(mA)).
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Using the fact that m/(m-1) = 1 + 1/(m-1) we deduce that (2.2.13) holds if

and only if

0 > log(A) - log(mA), (2.2.14)

which is valid if and only if 0 > log(l/m) which is always true provided

that m > 1 . Thus, we set

C2 = (B/(mA))I/(m 1')B - A(B/mA))m/(m -l) (2.2.15)

and observe that (2.2.12) and m > I imply

g(k) I CIexp(C21i I + 11(m-)) (2.2.16)

where C2 > 0. Substituting (2.2.5), (2.2.10), and (2.2.16) into (2.2.3) we

deduce that

DO ' k(X < C(K,)cgal alall C 1exp(C 2 galI + 1/(m-1)) (2.2.17)

But if n > 1 + 1/(m-1) there is for every c > 0 a C(K,E) > 0 such that

the right side of (2.2.17) is dominated by

C(K,e)c al m  (2.2.18)

Thus, the fact that for all e > 0, there is a C(K,e) > 0 so that
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I Da (x)l I C(Kk(X)1" gal (2.2.19)

implies *(x) is in y(Stn)(Rn).

Proposition 2.2.1. If *(x) is a function in C(Rn) such that

*(x) = 0 for xn < 0 and f(x) is a function in yc(6)(Rn) such that

*(x) = 0 for xn 0, then the convolution * , * belongs to y(8)(R n )

and vanishes identically for xn < 0.

Theorem 2.2.2. Let uk(x,t) be a sequence of functions in y(8)(RxQ ).

Let U and V be bounded open sets containing the origin of R with U con-

tained in V. Suppose 6 is a function in y(S)(R) such that e(x) = 1 for

t c R-V and B(x) = 0 for t c U . Let Pk(x) be a sequence of first deqree

polynomials such that Pk vanishes at bk and such that Pk+l(bk) and

Pk(bk+1) are outside of V , where {bk: k = 1, 2, .... } is a sequence of

points of R such that bk+1 < bk for k = 1, 2, ... , and lim bk = b

Then the function u(x,t) defined by

u1(x,t) , x > bI

u(x,t) = uk(xt)e(Pk+l(x)) + uk+l(xt)e(Pk(x)), bk+1 < x < bk

0 , x < b (2.2.20)

is a member of y(6)(Rx x) provided that Kk = [bk+2  bk] x K implies

Sup{l*k(X,t)U(Kk c): k = 1, 2, <...} ( - (2.2.21)
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where

Uk+l (x t)O(P k(X)) for x c [b k+1, b kJ

u k+l(x,t)e (pk+25x)) for x c [bk+2. b k+13J

*k(xlt) =and

0 for x c [b k+2 1 b k](2.2.22)

Proof, if we -d-fl-n7(t by (2.2.22), then

u(x,t) = k (xlt) (2.2.23)
k=1

Let R be an arbitrary compact subset of Rx~ *a Then there is a B > 0

such that x > B implies (x,t) e . We assume B > b 1 .Let

k= {(xt) c K: x c [b k+1b J}l . The

and Theorem 2.2.1 imply that

IIE(K,c) (2 sup {I~k(.): k ls1 2, 3, .. }(2.2.24)

which implies that u is in y(6)(R x xu)
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§2.3. Properties of the Space yM(a).

We define Rn to be the positive cone of Rn consisting of the set of all
+

x = (Xl, ... , xn) e Rn such that x. > 0 for i=1, ... , n. Let M: Nn + R n
n +

be an arbitrary map. Let n be an open set in Rn . Define yM(9Z) to be

the set of all f in Cm (9) such that for every compact subset K of a

and every e > 0 the seminorms 'fl K,c) defined by

IfNM

n

supDf(x) H (Mk(Q)-) x £ K, a £ Nn} (2.3.1)

k=1

are finite, where we define lal = c% + a2 + "' + cn"

Proposition 2.3.1. The space yM () is a Frechet space when it is

equipped with the finest locally convex topology for which the seminorms

(2.3.1) are continuous.

Proof of Proposition 2.3.1. It is easy to see that there is a countable

basis for neighborhoods of 0 in yM(9) . Let {fm} be a Cauchy sequence in

NyM(i) . Then for every r > 0 there exists an N(r) > 0 such that

m1 , m 2 _ N(r) imply that

Ifm -fm < r (2.3.2)
1  2 (K,c)
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But (2.3.2) implies that

DIm D 1 (x) - D'Xfm 2(x)I <~

r l Mk(cl) (2.3.3)
k=1

for all x in K and all a in N~ Thus, (2.3.3) implies immediately

that the pointwise limit f of the sequence {fm} is a member of C**s2).

Furthermore, {fml converges to f in the topology of COO()

Let r > 0 be given. Then the triangle inequality for the supremum

seminorm implies for all positive integers m,p, and q that

sup{ID~~~'f~~x) a u xI K ''Hk ] -1(

kU11~ lx -u D f DOf~~:xcK -Nollxl x1 £ k( <

suP{lDaf (x) -k~ (x) j XulDfx £' K} W+xeK

sup{jDaf q(x) - D'fm(x)I : x C K] (2.3.4)

Fromt (2.3.4) we deduce that if p, q, and m are larger than N(r/3), then
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n

sup{IDaf(x) - Dafm(x)M: x e K}le - c II (Mk(ak)') _1

k=1

n

sup{Daf(x) - Dafp(x)l: x e n (Mk(xk) + 2r/3 (2.3.5)

k=1

But there is an N(a, r/3) > 0 such that p > N(a, r/6) implies the first

term on the right side of (2.1.5) is smaller than r/6. But the left side is

independent of p . Hence, m > N(r/3) implies

n

sup{IDaf(x) - Dfm(x)l: x e II (Mk(Ok) < 5r/6 (2.3.6)
k=1

Now taking the supremum over a of the left side of (2.3.6) we deduce that

m > N(r/3) implies that

if - fmI M < r. (2.3.7)
m(K,c)

Thus, fm c yM(Q) and f f m C yM(9) imply that f c yM(n).

Furthermore, (2.1.7) implies that the limit in yM(SI) of ifmI is f.

Thus, it is clear that yM(a) is a Frechet space.

The theorem has the following generalization.

Proposition 2.3.2. Let M be an arbitrary mapping of Nn into Rn

Then the space rM(Q) , of all functions f in C"(9) such that for every

M
compact subset K of a the seminorms, i K defined by
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r7r

11M supLklD(fkWa1f1)]( x c K, a c Nn (2.3.8)

for * in CwO(SI) are finite at f , is a Frechet space.

Proof. Delete the terms c-113 in the proof of Theorem 1.2.1.

These spaces are a generalization of the spaces invented by Gevrey and studied

by Roumier [19, 20], by A. Friedman, and many others.
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§3. EXTENSION OF COHEN'S NONUNIQUENESS THEOREM

§3.1. Analysis of the Applicability of the Construction of Theorem

8.9.2 of Hormander [13] in the Demonstration of Failure of the Holmgren

Uniqueness Theorem When the Coefficients Are in yC6',l)(R xRt)

In this section we determine the decay of sequences {bk} to zero which

enable us to use the idea of the construction of Theorem 8.9.2 of Hormander

[13] to obtain a function u(x,t) in y(6,n)(R xR ) which vanishes when

x < 0 together with all its derivatives and satisfies

[P(a/ax) - a(x,t)(3/at)]u(x,t) = 0 (3.1.1)

where P(a/ax) is a differential operator of order r > 1 with constant

coefficients, a(x,t) is in y(6-n)(RxXRt) , and 6 and -n are two-tuples

of positive numbers with ni > 1 for i = 1, 2

The main results of section 3.1 are a generalization of the techniques

used in Theorem 8.9.2 and a proof of the fact that none of these generaliza-

tions will produce functions u(x,t) and a(xt) in y(6)(RxxRt) such that

u(x,t) = 0 for x . 0 and (3.1.1) is satisfied.

Let us set

Ok(x) = -A(k) -B(k)(x-bk)el(n(k)(x-bk)) (3.1.2)

where A(k) , B(k) , and n(k) are positive functions defined on the set

of positive integers, {bk} is a sequence of positive numbers '4ecreasing

52



monotonically to zero, and 01(x) is an increasinq function of x in

((6- 1 )(R) such that

-I/F when x < -n

01(x) = 0 when IxJ < D/2

1 when x > D (3.1.3)

Let e2(x) be another function in y(S-1)(R) such that

J I when lxi > D

2(x) =

0 when Ix( < 012 (3.1.4)

We assume that for every c > 0 and for every compact subset K of the

real line, there is a positive constant C , independent of K such that

IOell(K,6_le) S C

for all compact sets K , where for all * in y(6)(R) we have

n(K,6,e ) =

sup sup ((/ax)O(x)JC'36

xcK a

Let us define

uk(xt) = exp(iXkt + +k(X)) (3.1.5)
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Definer

ul(x,t) , if x )b,

u(x,t) = uk(xlt)e2( l(k)(x-bk+l)) + uk+l(xlt)e2( n(k)(x-b 0)

if b W1 < x b bk

0 , if x < 0 (3.1.6)

We can prove that under suitable hypothesis u(x,t) belongs to y(6)(RxxRt)

and that under no additional hypothesis does

a(x,t) = ((a/ax) ru(x't))/(3/3t)u(x't)

belonq to y(6)(R xxR t)

Proposition 3.1.1. The function u(x,t) defined by (3.1.6) is equal

to u k+l(xlt) in a neighborhood of b k+1 provided that

h k+I < b k - 1D/r(k)

where D Is the positive constant used in the definition of 82

Proof of Proposition 3.1.1. If b k+1 <x <bk -D/ri(k) ,then

b k+1 - b k ( x - b k < -D/n(k) implies that

n(k)(b k+I-b k) < vn(k)(x-b k) <-nI. (3.1.7)

But if (3.1.7) is satisfied, then
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impl i es

8?(n1(k)(X-bk)) =1

where 0 is given by (3.1.4). Clearly, if in addition to the supposition

that (3.1.7) is satisfied we suppose that x is close enough to bk+l , then

we certainly make

n b < D/2

which will imply that 2n(k)(x-b = 0 , and that u(x,t) = Uk+ t

wihwle 2(n k)(x bkxl)) ul(x-t)

Thus, from Proposition 3.1.1 we see that it is desirable to ask the

sequence lbk-hk+l} to decrease to zero in a sufficiently slow manner. We

need at least

bk+1 < b k - O/n(k) (3.1.8)

Now we want to show that u(x,t) is in y(6)(RxxRt). Note that

(3/ax)a(a/at)o u(x,t) =

k+Ik+I2k0)
j=0

B
+1 Bx +I ( )(a/ax)B-JUk+l(x,t)n(k)Je J)(nk)(x-bk)) (3.1.9)

j--O

for bk+l <x < bk . Now we need to estimate the riqht side of (3.1.9). We

use the Faa di Bruno formula to estimate (3/ax)B-Juk(xt) . We remind

ourselves that
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Uk(X,t) = exp(iXkt + Ok(X)) * (3.1.10)

Hence, in view of the Faa di Bruno formula, a primary task is the computation

and estimation of derivatives of Ok(X).

We have for n > 1

(q) _(q-1)

Okq(x) = -B(k)q n(k) ' l 81 (n(k)(x-bk))

-B(k) n(k) q O[q)(n(k)(X-bk)

Assume K is a compact subset of R . Then there exists for every e > 0 a

C, > 0 independent of K such that for all x in K

JO~q)(x ~ B (k)q q(k )q-1Ca 6 (q-1) (q-1)(6-l)(q-1) +

B(k) n(k)qC€cq q(6-1 )q (3.1.11)

If n(k) > 1 for all k , then defining (q-1)6 (q-) 1 for q = 1 we

deduce that for all positive inteqers q

q n(k)q-l(q-l) (6-1)(q-1) < (k)q q(6-1 )q (3.1.12)

Hence, we have that for all x in K

1 (q)(x)j (l+I/c)C,, B(k) n(k )q e q q(6-1 )q

Thus, there is for every e > 0 a C. > 0 independent of K such that

x e K implies
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If(q)(x)l I C. 0(k) ,(k) q cq q(6-1)q (3.1.13)

Now we use the estimate (3.1.13) and Faa di Bruno's formula to estimate

(a/ax)ouk(xt) =

a C (q) ij u~~)__! it (-bJ () Uk X,t). (3.1.14)

= I ! q=1 q!k
m=l p=l ieS(cm,p)

Using the fact that

(x-bk)el(n(k)(x-bk)) < 0 (3.1.15)

for all x with just the assumption that n(k) ) 0 , and we have in fact

assumed that n(k) > 1 for all positive integers k , it follows that

Iuk(xt)I ( exp(-A(k)) (3.1.16)

Combining (3.1.13), (3.1.14), and (3.1.16) we deduce that

I(/x)*uk(x,t)I

a c P (-1)q q

exp(-A(k)) I I I (!-) CmB(k)mn(k)% 0  H (q (3.1.17)

m=1 p4 icS(I;m,p) q=1 qI

Let D be a positive constant satisfying

1 Dq (3.1.18)
-< (-) (..8

q! q
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for all positive integers q . By Stirllng's inequality

2rn (n/e)n < n! < /2wn (n/e)n[l + 1/(12n-13 (3.1.19)

we see that we may take 0 - e . Thus, since i1 + 212 + ... + pp = m , we

have

P (q(6-1)q iq P (6-2)qI
( < eM  H (q )iq (3.1.20)

q=1 q! q=1

Using Lemma 1.3.1 which is based upon Jensen's inequality we deduce that

P n ( 6 -2)q)lq < p 6-2a(3 1 Zl
q= 1

Combining (3.1.17), (3.1.20), and (3.1.21) we deduce ahat

I(3/ax)'uk(xt)I _

exp(-A(k)) ( F [ ()(C,)mS(k)m,,(k)ol%=6"Zs-2 (3.1.22)

m=l p-1 tes(c:m,p)

Using the fact that

a! C CA La P

= (a!LI/m!)p ( ) (3.1.23)

and substituting into (3.1.22) we deduce that there exist centants C4 and

C5 so that
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j(a/ax) 'Uk(X't)1 <

exp(-A(k))C 4C5(B(k)n(k)) a0aa6 (3.1.24)

Thus, we deduce that

(3/3x)g(a/3t) auk(x It)l

C4Cs((xklB(B(k)n(k))exp(-A(k)))c'aa
6  (3.1.25)

If A(k) is chosen so that it grows sufficiently fast, then we can find for

every c' > 0 no matter how small, a constant C6  so that

I Axkj(B(k)n(k))'exp(-A(k)) < C6 8C (3.1.26)

for all positive integers k
6,(1/e)C1/6 °

Lemma 3.1.1. The maximum of CO &6" 0 is given by e /e)

Proof of Lemma 3.1.1. We can write

CO a-6'0 = e 0n(C)-6'oln(O) (3.1.27)

Differentiating (3.1,27) with respect to B we deduce that

(d/dB)C 0 -6'0 = (tn(C)-6'-6'n(B))C8  -6' . (3.1.28)

The right side of (3.1.28) vanishes when B = (c/6')/e. Substituting hack

Into the left side of (3.1.27) we deduce that
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CO o-6'B < e(6'/e)C

Lemma 3.1.2. The maximum of CO 0"68 n  is given by

F I/(n 6'n 1) 1/(6n'1( 1/(16,29

nelp no-e el/n 4)

where B is a solution of the transcendental equation,

0 = Xn(C) - 6'On1 - n.'8nIl1 n(O) (3.1.30)

Furthermore, the expression (3.1.29) is bounded above by ACe where A > 0

and 0 < e < 1 provided that 6' is large enough.

Proof. There are two possibilities: C1/(On' ) is bounded or it is

not. Suppose it is bounded and the bound is equal to M . Then B must go to

infinity as C goes to infinity. Then (3.1.29) is bounded Above by

e(i/nel/nMl/nW C(i/el/nIMl/nW

By taking 6' large enough we can make

(1/el1n)M1/n  = e (3.1.31)

where 0 < e < 1

if C(1/On-l) is unbounded as C goes to infinity, then we ct se6 that the

expression (3.1.29) goes to zero as C goes to infinity. tn ft case by
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taking 6' sufficiently large we can find for all n > 1 an A > 0 and a

real e satisfying e"1 / n < e < 1 such that

C 08 < AC (3.1.32)

The following Lemma shows that the construction outlined in Theorem

8.9.2 of Hormander cannot produce a solution in y(6)(RxR

Lemma 3.1.3. There is no pair of sequences {A(k)} and JAk1 whs

absolute values diverge to plus infinity such that

lim sup xz-6aexp(-A(k))l - 0 (3.1.33)
k+-o a k

and

lim sup(A(k)a(J'6)) =0 (3.1.34)
k+- a Xk

Proof of Lemma 3.1.3. According to Lemma 3.1.1 if both (3.1.33) and

(3.1.34) hold it must be true that

lim exp(6 /e) exp(-A(k)) = 0 (3.1.35)
k w

and

exp(6A(k) /6/e]
lim _ _ _ 0 (3.1.36)

Thus, we have
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6 A(' 11 6/e < In(kk) (3.1.37)

if k is sufficiently larqe. Thus, we deduce that

exp (6x k 6/e) exp(-A(k))_>

exp xk /e- (inlXk)e/6)) (3.1.38)

But the right side of (3.1.38) is unbounded no matter how Xk goes to

infinity since one can show that

lim exp(6x 1/6 /e - [in(xe/ 6)]6 ) = - (3.1.39)

The following Lemma enables us, however, to produce a class of functions

*k(X) and sequences {bk:k = 1, 2, ...} such that the construction described

in the proof of Theorem 8.9.2 of H6rmander [13] will qive a function u(x,t)

in the space y(6,n)(RxRt) which satisfies

0 = (alax)ru(x,t) - a(x,t)(a/at)u(x,t)

everywhere in the plane, where a(x,t) is also in y(S.n)(R x t ) and u(x,t)

vanishes for x < 0 and yet every point of the line x - 0 is in the support

of u(x,t)

Lemm a 3.1.4. If A(k) is asymptotic to C1k and Xk is 4symptotic

to C2exp(C 3k
t) where t <s ,then for every n > 1 therf Is 6>0 such

that
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mim sup x~ 0~8  exp(-A(k))I 0 (3.1.40)

and

lrn sup A(k)ca a =0 (3.1.41)
k+0 a

Proof of Lemma 3.1.4. First we check (3.1.40). Using Lemma 3.1.2 we

observe that if 65 is sufficiently large there is a 0 < 0 < 1 such that

k0 -60<CA exp(C 0k t (3.1.42)

applying (3.1.42) we deduce that

Xk 68 exp(-A(k)).( C5 exp(C 0k t  exp(-C k S)

from which (3.1.40) follows immediately.

According to Lemma 3.1.1 it follows that

a _6 C5 exp(6C1/ 6 k S/6 /e) (..3

Xk C 2exp(C 3k
t)

If 6 is large enough, then s/6 will be smaller than t and the right side

of (3.1.43) will go to zero as k goes to infinity.
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§3.2. Verification of the Fact that the Holmqren Uniqueness Theorem

Fails if the Coefficients Are in ).

The main result of this section is the following.

Theorem 3.2.1. For every positive number s , and for every polynomial

in one variable P(X) of positive degree r , there are functions a(x,t)

and u(x,t) in y(T'n)(R xRt) such that

0 = P(a/ax)u(x,t) - a(x,t)(a/at)u(x,t)

everywhere in RxRt, and u(x,t) = 0 for x < 0 * where T and -n are two-

tuples of positive numbers with n= 1 and n2 > s/(s-l) and with

Si >1 for i = 1 and i = 2 and such that, furthermore, the line x = 0

is in the support of the function u.

Thus, we see, tactily assuming the correctness of the theorem, that we

can make n2 as close as we please to 1 by making s sufficiently larqe.

From the previous lemmas we know that the sequence {bk:k - 1, 2,

.... } used in the proof of the Theorem 8.9.2 cannot decay exponentially.

Thus, it seems natural to assume that it decays to zero as the reciprocal of a

power of k as k goes to infinity. Thus, take

bk - bk+ 1 = Ek -s (3.2.1)

where E is a constant to be determined but which is larger than 2) . Let

#k(X) be defined by (3.1.2) but assume that
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A(k) = ks

B(k) = k
2 s

and

n(k) = ks  (3.2.2)

Thus, combining (3.1.45) and (3.1.2) we deduce that *k(x) is given by

k(X) =-ks - k2S(x-bk)e(,k)(kS(x-bk)) , (3.2.3)

where e is a function in y(3-")(R) satisfying (3.1.3). Then (3.1.25)B(1 ,k)

implies that

j(/xc(/tOkxt I<

Cc J~zXkJo(k 3s ) exp(-kS ) C a  (3.2.4)

Now we must estimate the right side of (3.2.4). Let us find the maximum value

of

f(x) = x3 sa exp(-xS/3) (3.2.5)

We find that f'(x) = 0 implies x = (9a)I/S so that

k3Sa exp(-kS/3) < 93% 3a exp(-9a) (3.2.6)
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Assume that

I x kI < k(3.2.7)

Then we deduce that

Ajexp(-ks/3) (

exp ~.n(X)(~ l~)/sl- (36t(X))s/s (3.2.8)

Collecting terms we see that the right side of (3.2.8) is equal to

exp[a S/S1 nxs(-)(3s /S1 - (3/s)s/(5l) /3)] (3.2.9)

Since

for all s > 1 , we see that there is a positive constant

Cs = xn(X) s/(s-l )((3/s) 1/(S-1) - (3/s) 5/(-1) /3) (3.2.10)

such that

x k I$ exp(-ks/3)_ < xp(C so /(51I)) (3.2.11)

Lenmma 3.2.1. If n > s/s(s-1) ,then for every c > 0 there is a

C 6  > 0 such that
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I Xki8 exp(-kS/3) < C6ac (3.2.12)

Proof of Lemma. We observe that the function

exp(-1n(0)68n + Css )

is eventually decreasing if and only if its derivative is eventually nega-

tive. But this is true only if n-1 > 1/(s-1) or equivalently only if

n > s/(s-1) .

In view of Lemma 3.2.1 we deduce that we can make n as close to 1 as

we please by making s sufficiently large. Thus, we deduce that uk(xt)

belongs to the space

y((6 c);( s/(s '))(RxXRt) C 9 Xn)(R A (3.2.13)

where 6 = (6,e) and n = (1,s/(s-1)) . Now we want to define

a(x,t) = P(a/ax)u(xt)/(a/at)u(x,t) , (3.2.14)

where u(x,t) is given by (3.1.6), and prove that a(x,t) belongs to y(6,n

for some choice of two-tuples 6' and n' of positive numbers.

Let Ik i2  and Ikbe subintervals of [bk+1 ,b k) defined by the

rules,
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I x: b <x b + Dk( sk { k+1 -. - k+1

1 l x: bk~ + DkS ( x <bk Dk- s

We must investigate the growth of the derivatives of a(x,t) in each of the

above classes of intervals.

2
First suppose that x belongs to I k .Then applying (3.2.15) and

(3.2.2) we deduce that in this interval

-E + D < n(k)(x-b k) < -D (3.2.16)

and

D < n(k)(x.-bk+1) ( E - D (3.2.17)

From (3.2.16), (3.2.17), (3.1.4), and (3.1.6) we deduce that x C 1 2 implies

u(x,t) = u k(x~t) + U k+l(x~t) (3.2.18)

and that

a(x,t) = P(/x[ukxt + uk+1 (x't)J-(..9
lx k uk(xlt) + ix k+ u k(xlt) (..9

But if x is in 12 then (3.1.3) and (3.1.2) imply that

O x) -ks k2 xb 5 IF (3.2.20)
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and

k+1(x) =-k ~k 2s(x-b k+1) (3.2.21)

Thus, combining (3.2.19). (3.2.20), and (3.2.21) we deduce that

a~~)=Pk2 F k~x + P(-(k+1) 2s)u k+l(xt) (3.2.22)
a~~xitk = __ __ _ __ _ __ _ __ __ _ __ _ __

ik k(x~t) + lXk+1uk+1~~t

Thus, dividing numerator and denominator of (3.2.22) by Xk Ax+ we deduce

that

P~ 2 /) k(Xt)+ P(-(k+1) 2s u k(x,t)

a(x,t)= k AklIklk

uk(xlt) + uk+l(xlt)

k k+1 (3.3.23)

If we choose Ak so that

P(k 2 /F) _ P(-(k+1) 2) (3.2.24)
ixk ixk+1

then factor the common factor (3.2.24) out of the numerator of (3.2.23) we see

that in 12we havek

a(x,t) - P(k /F) (3.2.25)
lk

We must show that (3.2.24) implies that the rlqht side of (3.2.25) goes to
zero as k goes to infinity. From (3.2.24) we deduce that
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X = IP(-k+ 2 ) (3.2.26)

rThus, if the degree of P(8/ax) is r there is for every C7 > F a C8 > 0

and a k. > 0 such that if k > k0, then

8~k 7 Ck (3.2.27)

This is obvious in the case p(3/3x) =(a/ax)r ,since in this case we know

that

I Xki= (k-1) 2s(Frk 1i (3.2.28)

is the unique solution of the difference equation for Ixk eindb

(3.2.26). rhus, for every F > I , it is obvious that

iim suP2fa(x,t)I = 0 (3.2.29)
k- xelk

since an exponential decay will always suppress a polynomial growth.
that belogs t

Now suppose thtxblnst k In other words, assume that x

satisfies the inequality

b <x~ +DI(b+1- x- k+1 +D-(3.2.30)

Then
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o < ndk+l)(x-b k+1) < D(k+1/k)s (3.2.32)

Thus, x c I k implies

e (,n(k)(x-b k)) = -1/F (3.2.33)

0n < 01(n(k+l)(x-b k+) 1 (3.2.34)

From (3.2.31), (3.2.2), and (3.2.33) it follows that

-Ek5s(-I/F) > (x-bk)O(i(k)(x-bk) -((E-D)/F)ks (3.2.35)

Multiplying all terms of (3.2.35) by -B(k) and reversing the inequalities

again we deduce that

-(/~ B(k)(x-bkdej(n(k)(x-b)). _ ((E-D)/F)ks (3.2.36)

Adding -A(k) to each term of (3.2.36) we deduce that

-(1+E/F)k5 s kx -(1+(E-D)/F)ks (3.2.37)

Now we want to estimate *k+l(x) in this interval. From (3.2.34) and (3.2.2)

we deduce that
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0 < 8(k+l)(x-bk+1)e1(n(k+)(.bk+l)) <

(k+1) 2S(x-bk+) < (k+l)2sk- sD (3.2.38)

Using (3.2.2) and (3.1.2) we see after multiplying all terms of (3.2.28) by

-1 , reversing the inequalities and adding -A(k+l) to all terms of (3.2.38)

that

-(k+l) +x > -(k+l)$(1+(k I)SD) (3.2.39)

Combining (3.2.39) and (3.2.37) we deduce that in I
k

fk+l(X) - *k(X) >

-(k+l)S(+(.) s.) + (1+(E-0)/F)k s  (3.2.40)

We observe that x r 1k implies

#k+l(X) - +k(X) > ((E-D)/F - ((k+1)Ik)2SD)ks  ((k+1)S-ks)
(3.2.41)

Observe that (k+l)/k < 2 for all positive integers k . This follows from

the fact that (x+l)/x is a decreasing function on the positive x-axis.

Hence, we note that in 11
k

#k+1(x) - $k(X) > ((E-D)/F - 4SD)k s - ((k+1) s 
- ks) (3.2.42)

Note that since 2Sk s > (k+l) s - ks  it follows that
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€k+l(x) - Ok(x) > ((E-D)/F - 4SD - 2 S)ks (3.2.43)

Thus, we need to make sure that

E > D + 4SDF + 2SF (3.2.44)

Indeed it is easy to choose E so that when x is in 1 1

k+l(X) - *k(x) > 4ks  (3.2.45)

We can write

(a/at)u(x,t) = iAk+luk+l(xt)(1+nk(x~t)) . (3.2.46)

This follows from the fact that in Ik the function u(x,t) , in view of

(3.1.6), (3.1.3), and (3.2.2), can be expressed as

u(x,t) = Uk+l(xt) + uk(x,t)e 2(kS(x-bk+1)) , (3.2.47)

and, consequently, in (3.2.46) we may take

nk(xt) = AkAkle2(kS(x-bk+1 ))exp((k-Ak+l)t - (#k+l(x)-#k(x))]

Applying Liebniz's formula we deduce from the above formula that

j.3/x 0'(/ktOxkt) 1)

J108, 2 x (3.2.48)
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- -L.. . .. .

where

G11 (3.2.401
(ks) = XkX+l(l(k-Xk+l))(

and

Hk(xt) = exp[i(Xk-xk+l)t - (*k(x) - k+l(X))] (3.2.50)

Applying the Faa di Bruno formula to (3.2.50) we deduce that

x Hk (xt) =

P #_+n ,(x ) _ (n)(x) qn
P k q n k+ H k ( x t)m=l p-l q!jmp n! (3.2.51)

Using (3.1.13) and (3.2.2) we deduce that for every c > 0 there is a Cc > 0

such that for all x in R

I (n')(x)j < Cek 2s+fs cn n (6-1)n

and

(n)I(Ce(k+l) 2s+ns c n (6-1)n (3.2.52)

Using (3.2.52) and (3.2.51) we deduce that
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(a)H (x,t) <

I Hk(xlt)l I Y z AJ!) 2m H C(k)

m=1 p=1 q!~~mp n=1 (n!) qfn

(3.2.53)

Applying (3.1.20) and (3.1.21) to (3.2.53) and remembering that

qj+ + + p ad 1q, + 2q2  . + pq,

we observe that

H(x,t)

IHxt) (21.) eJ2mCm(k+l)2sm+si j 6-2j
k 1  m=1 p=1 q!S~ q (3.2.54)

Using (3.1.23) we deduce that there exist positive constants C 4  and C 5

such that

IH k(x,t)l 4C3(k+l)3 16 (3.2.55)

We note that for every c > 0 there exists a C6 > 0 such that

75

IR .__ _ ._._._._._._._._.



Observing that ks(a'j ) < (k+l)3s(a'j ) and substitutinq (3.2.45),

(3.2.55), and (3.2.56) into (3.2.48) we observe that there exist constants

C7  and C8  such that

(a/ax)c%(a/3t)0nk(xt)I

fG(k,) C7 C8 eQa (k+l)3sa exp(-4kS). (3.2.57)

Observing that

2~ 3a 3sa

k <2

and substituting (3.2.28) into (3.2.49) we see that

I (3/3x)0'(a/3t)0nk(xlt)j <
exp(.4kS)[(l/Fr)20k2sS(Fr~ke~x ^ ^a ca a6sak3sai 32.8; 178 . (3.2.58)

To estimate the right side of (3.2.58) we observe that

k2so exp(-k s) < (20)20 exp(-20)

(Fr)kB exp(-k s) I exp((tn(Fr)o)s/(s'l)-(2B))

and

k3sa exp(-k s) < (3a)3a exp(-3a) (3.2.59)
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From (3.2.59) we deduce that for every e > 0 and for every 62 > 0 there

exists a constant C9 > 0 such that for all x in 11
9 k

C9 exp(-k
s ) (3.2.60)

where n2 > s/(s-1) and 61 > 6+3

Further, we write

ek(X) = exp(-Ok+l(x)) P(a/ax) exp(*k+l(X)) (3.2.61)

and

Ok(X) = exp(-Ok+l(x)) P(3/3x)[e2 (kS(x-bk+l)) exp(o(x))] (3.2.62)

It is clear that we can estimate the derivatives of $k(x) by powers of ks

and the derivatives of *k(X) by powers of ks times exp(-4k s) . Thus,

writing

P(a/ax)u(x,t) =

uk+l(xt)[ok(x) + exp(i(Xk-xk+l)t)*k(x)] (3.2.63)

we see that

a(x,t)= Itk(x) + exp(i(Xk-Ak+l)t)*k(x) (3.2.64)

ix k+l(l+nk(x=t))
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It is easy to see that for every e 0 there is a CIO > 0 such that

x e 11 implies

n12

I(a/ax)0'(a/at)0a(x,t) I e 10 62 <

C10 / ILk1 (3.2.65)

if6is sufficiently large, where r2 2s(-)
We show that if x is in Ik then

4W(X - k+l(x) > Us~

if E is sufficiently large and we repeat the previous argument to obtain an

estimate similar to (3.2.65). This completes the proof.
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