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PREFACE

The results contained in this report are intended to aid researchers in
posing boundary value problems modeling biological or physical phenomena in
the appropriate function spaces. If too small a function space is selected,
one might not have existence of a solution. Also, as this article points out,
if too large a function space is selected, one does not have uniqueness of
even the Cauchy Problem, which is the boundary value problem arising, for
example, in the initial value problem of wave propagation.
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ON THE NONPROPAGATION OF ZERO SETS OF SOLUTIONS
OF CERTAIN HOMOGENEOUS LINEAR PARTIAL DIFFERENTIAL EQUATIONS ACROSS
NONCHARACTERISTIC HYPERPLANES

§1. PRELIMINARIES

H §1.1 Introduction
The Holmgren uniqueness theorem (e.g., Hormander [13], Theorem 5.3.1)

gives us a technique for studying the propagation of zero sets of solutions of
homogeneous linear partial differential equations across a noncharacteristic

hyperplane when the coefficients of the associated linear partfal differential

! operator are analytic.

It is the purpose of this paper to generalize the construction in

? Theorem 8.9.2 of Hormander [13] and show the nonpropagation of zero sets of

solutions wu(x,t) of

P(3/3x)u(x,t) - a(x,t)(3/at)u(x,t) =0

across the noncharacteristic hyperplane x = 0 even when u(x,t) vanishes

identically for x < 0 , where P(3/3x) is an arbitrary polynomial of positive

degree in (3/3x) and the coefficient a(x,t) and the function u(x,t)

belong to a certain Frechet space of infinitely differentiable functions
containing the real analytic functions and contained properly in the space
C”(RxxRt). More precisely, the coefficients will be in the space
Y(E;E)(Rxxkt), where we define the space 1(3;3)(9) for every open subset @
of R“, n-dimensional space, by the following definition for all n-tuples §

and m of positive numbers.

Definition 1.1.1 We say that a function f in C®(Q) is in 7(3;5)(9),

‘ where & and n are n-tuples of positive numbers, provided that for every

E"‘"‘"" N Rameme rus




compaet subset K of ° and every € > 0 the seminorms of f defined by the

rule,

@A) . 0 n -85lag|™ | -|a
'f'(K,e) = sup{'D f(x)' jgl ,aj' e | '
'a' =cl +a2+ ess t “n = lal,

xekK, ace A", the set of
n-tuples of nohegative integers} (1.1.1),

are finite.
If m s ah n-tuple, each entry of which is 1, then we write Y(E)(Q)
instead of v(8,n)(q).
(s I? case there is no chance of confusion we write 'f'(K,e) ihstead of
lfl(K:z).
In section 1.2 we give statements and proofs (for the saké of complete-
ness) of two formulae for the nth derivative of the composition of two func-

tions. Jensen's inequality is used to obtain a more precise version of the

Faa di Bruno formula.

In section 1.3 we introduce the spaces yM(R), for every mapping M fieh
N" into R}, the set of x 1h R" such that x, > 0 for 1 =1, 2, ..., #, for
a1l dpen subsets @ of R". We say that an f(x) in C®(r) 18 in yM(a) if for
evefy compact subset K of Q and every € > 0 there 18 a C > 0 such that
M(a) = (M, (a), Mz(u), iees Ma(a)) implies

'Ddf(x)'e"'“'kg.lﬂk(a)‘l T (1.1.2)
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for all x in K and all a« 1in N". We determine the composition of a function
in YMZ(Q,R) and a function in YMZ(R,R) when the Q@ is an open subset of R"
and
1/x
x + (M(x)H %) /x (1.1.3)

is an increasing function of x > 1 for k =1, 2. In particular this

enables us to determine a function space containing the composition of two
real valued functions in y(8)(R).
In section 2.1 we use Paley-Wiener theorems to determine the Fourier

Transforms of functions in YM(R") with support in a closed ball.

In section 2.2 we give techniques for providing that a function belongs
to yM(a).

In section 2.3 we introduce the space ™ and study the natural locally
convex topologies on YM(2) and rM(q). We observe that YM(@) and r™(q)
are both Frechet spaces with YM(a) < r™(a).

In section 3.1 we prove that the construction of our generalization of
Theorem 8.9.2 of Hormander [13] cannot produce functions a(x,t) and u(x,t)
in y(8)(Ry x R¢) such that

P(3/3ax)u(x,t) - a(x,t)(3/3t)u(x,t) =0 (1.1.4)

u(x,t) = 0 for x <0 (1.1.5)

and every point of x = 0 1is in support of u(x,t).

In section 3.2 we produce for every polynomial P(3/ax) in 3/d3x
functions a(x,t) and u(x,t) in Y(E;E)(Rx x R¢) such that (1.1.4) and
(1.1.5) are satisfied and yet every point of x = 0 is in the support of

u(x,t).




The properties of the space v(B)(a) = y(TD(a), where T+ (1, 1,
«ses 1) are studied in reference 4. Some of these are stated witheut proof
in the ifitreductioh to reference 3.

A trivial cohsequence of our main results contained fi sections 3.1 and
3.2 is the honhextendability of Rado's Theorem to 1(5)(R"). In othef words,
we give an example of a function w(x) in C€=(R") which is in +(8)(rM-2),
where 7 is the zero set of y but which is not in v(3')(R") fer any &',

The main result, however, s the nonextendability of the Holmgren

uniqueness theorem to operators whose coefficients are in 1(5sh){a).
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§1.2 Formulae for the nth Derivative of Compositions

of Functions

There are two formulae for the nth derivative of a composition of two
- functions in the literature. Both appear in the table of Gradshteyn and
Ryzhik [10]. The Jensen-Vollers formula is found in the table of Adams and

Hippisley [1]. Jensen's result [14] and Vollers' result [24] are the same,

but were evidently discovered independently. Some pre-Jensen contributors to
the theory have published findings [6-9, 21]. The post-Jensen, pre-Vollers

contributors have also published [11, 12, 22]. The other formula, a variation

of which we prove in this section and use in further developments has an older
history. A paper giving applications of this formula was written by Teixeira
[23] in 1885 but was discovered by Faa di Bruno [2] in 1857. Konigsberger
[15] in 1886 wrote a paper giving the applications to functions of several

variables. Many people since then have corrected and clarified the old

formulae and have given elegant proofs of their correctness. Among them are
Dresden [5, 1943], Riordan [18, 1943], McKiernan [16, 1956], and Pandres [17,
1957]. The author gives a distribution theory proof of the Jensen-Vollers f
fe .ula and states and proves using induction a slightly different version of
the Faa di Bruno formula which seems to be useful in the calculations.

Theorem 1.2.1 Let ¢(x) be a function which is C* in an open subset

of R. Let F be a function which is in C*(¢(Q)), the space of functions

which are C® in some open set containing ¢(92), in case ¢ 1is real valued,

or is in H(¢(R)), the space of functions holomorphic in some open set in the

complex plane containing ¢(Q), in case ¢ is complex valued.

Then f(x) = F(¢(x)) implies

inie-ini b g
- cm—




U(:;k) F(k)(y)

»
He~1o
[

d \n -
5 f(x)
where y = ¢(x) and

Uin k) = 2(1)‘”( W ).

obvious. We show that P{(n) implies P(n+l).

‘ Assuming P(n) we deduce that

d N+l _d (1)
(F) F) = (U ) F ) +

d
;3 Sk * K Vo ket) o

k)
k=2 k!

d 1
(:'“) (X Y)F("+ )( )

Thus, (1.2.2) implies that what we must show is that

d
Yine1,1) = axYn,1))

d
Umet k) = 5280k * K Ynket) o

for k=2, 3, ..., N, and

dy

= (1) Y ny o

U(n+1,n+l)
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Proof. Let P(n) denote the statement (1.2.1).

That P(1)

(1.2.1)

(1.2.2)

holds is

(1.2.3)

(1.2.4)

(1.2.5)

(1.2.6)




Proof of (1.2.4). By definition U(n,l) = (d/dx)"y. Thus, (1.2.4) is

true, since (d/dx)U(n,l) = (d/dx)"+1y.

Proof of (1.2.5). The product rule tells us immediately that

& (U(n,k)) = Y(n+1,k) *

0~ x

D59 (k-5) Y I ") (1.2.7)

j=1

We observe that the second term of the right side of (1.2.7) is simply

k-1 . : .
0D T 0 G ) -
J-.

(DK k-1) » (1.2.8)

which proves the validity of (1.2.5).

Proof of (1.2.6). We must show that

Ugn,ny = nt ()" (1.2.9)

where U(n n) is given by (1.2.2).
To prove (1.2.9) we need the following Lemma:

Lemma 1.2.1. For every positive integer n and for all integers

qe {0, 1, ..., n} we have for every c® function y of x the relation,

n+l .
0= 7 (-1)"”'“‘("gl)y"”'j(g—x)q(yj) . (1.2.10)
=0

Proof of Lemma 1.2.1. We proceed by induction on n and note that

(1.2.10) is trivial for q = 0. Let P(n,q) denote the statement (1.2.10),
and observe that P(1,0) and P(1,1) are true. Assume n>1l, q> 0 and

11
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N

that P(m,p) is true for all integers me {1, ..., n-i} and 3t pe (l, P
«ee, W} and that P(n,p) is true for all pe [0, ..., g-1}. Let ¢ bE &n

arbitrary test furiction. Then an integration by parts telis us that

n+l 0 L i q
f " [jgo(_i)n+l'.](n51)yn+l J(%;) (yJ] dx =

n+1 q-1 .
g [jgo(-l)"”'j("gl)y"“'i(g;) UJE] dx +

n . , 9-1 L .
(n+1) [ v L;o(-n"*(g)y"‘i(g-;) (yj):] Ay ox (1.2.11)

By the inductive hypothesis the terms in square brackets in the integrands of

the right side of (1.2.11) vanish. Hence, since

1 . | |
[ v Bio(-n"*l*’("gl)y"”*'(g;)q(yj)] dx = 0 (1.2.12)

for all test functions ¢ , it follows that P(n,q) fis true. !
Completion of the Proof of (1.2.6). Let y be an drbitrdry test func-

tion. We want to prove that

U(n+1,n+1) = ("*1)(3%)U(n,n) (1.2.13)

for évery positive integer n , which will prove (1.2.9). An {ntégrition by

parts tells us that for all positive integers n

12




[ ¥ U(n+1,n41)dx =

1 . .
TR I e RIS S S TCIRATE N PR
j=0 J dx

[ ¥ |:(n+l) U(n,n)g—{l dx (1.2.14)

But Lemma 1.2.1 applied to (1.2.14) implies that

[ v U(n+1,n+1)dx = [ v [:(n+1) U(n’n).gi:] dx (1.2.15)

for all test functions ¢ . Hence, since the test functions are dense in the
dual of the C™ functions it follows that (1.2.13) holds. This completes
the proof of the theorem.

Corollary 1.2.1 Let y = ¢(x) be a C® function and let p be a

positive integer.

Then
d " E E (-1 3§y p(k) ( ) "
Fx) (OP) = L ¥)
for n<p
)" (yp) =
dx o y
Y k3 (k)P 2-- )“(yJ)
k=1 k!
for n>p (1.2.16)

for all positive integers n, where p(k) = p(p-1).c.{p-(k=1)).

13




Proof of Corellary 1.2.1. Apply Theorem 1.2.1 with F(y) = y’;
Theorem 1.2.2 Let o(x) be a function which is C® in an opeh Subept
U of R. Llet F be a functfon which is fn C=(#{(U)), the Shaee of Fufic-

tions which are C® in some open set containing ¢{(U), in case ¢ {8 resl

valued, or is in N {#{(U)), the space of Functions Holemorphic in Some @peh Sst

containing ¢(U) fn case ¢ s complex valued. Define F(x) = F{4{%)) =
F(y), where y = ¢(x), for all x in U. Then

d \n )
(d—x) f(x) =

I P(i)

n n d M . ¥ i |
: o 2
mzl pzl ! 3! n Tp! Edy) v j=1( 31 ) (1.2:.17)

(il,iz,hooip)s S(n,m,p)

where
S(n,m,p) = {(11,i2,....1p) eNxNx ...xN:

p p
fp 20, ji;=n and m = i 1.2.18)
p JZI j and m jzl j} (

and where N denotes the set of nonnegative integers.

Proof of Theorem 1.2.2. For converience let 1 deénote (11,;..,ip)

p!, where is it stated that 1 belofigs to the

set, S(n,m,p), defiried by (1.2.18). Then differéntiating both $ides of

and let 1{! denote 11!12!...i

(1.2.17) we deduce that




d .n+l _
(J) f(x) =
Poop g | |y ey,
m=1 p=1 | 1! =1  j! dx
ieS(n,m,p
B TR P
I TR B BTN £ (y) (1.2.19)
m=1 p=1 __'i! dx i=1 !
- ieS(n,m,p)
i Let L
: 1= (14, 1y, weey i) (1.2.20)

whenever it is stated that i belongs to S(n,m,p).

Collecting terms in (1.2.19) we deduce that

D[y Vg
1 2% [321(%(3—))] SIOE
ieS(n,m,p)

i i,
;o1 oan [5 eh zld(?) %[,‘: (#)il Fm) )
=z p=l 1esin,m-l,p) 3= . ieS(n,m,p) i=1 .

d N+l

(K) f(x) =

ne~13

p

;
RN -E N AL O TR (1.2.21)
p=l iesS }&’,d* jar

+P)




To complete the verification of (1.2.17) by induction, wa have to shew that

| 1
poads l}l e:‘.j_’ﬂ

i
P=l jes(mel,me1,p) 3

{ —

i.
11 ISl (1.2.22)
P=1 jes(n,m,p) 171 |

"il (w1}t | P y(3)

!

* P=l jes(n+l,m,p) o _

| —

n n! H
Ty i (——T—) + I &L R G—T—J
ieS(n,m-1,p) |= 1eS{n,m,p)

(1.2.23)

for m=2, ..., n and

ml oo (o)t [:; y(3) ‘}]

i1
P=1 {es(n+1,1,p)

| i
g 2‘:7 n (l(-‘i—)):l (1.2.24)
P1 yes(n,1,py 1 9!

Proof of (1.2.22). Here we need to know

—

S(n+i,n+1,p) = {(11, ceey 1p) eN: {1 +o0, 1l + cee * 1p a n+l, and 11 + 212

P
= ntl}. It 1s obvious that S(n+l,n+1,p) # O implies 1j = 0 for

+ oeee * pip
J =22, cooy p. But 1p # 0. Hence, S(n+l,n+1,p) # 0 only 1f p = 1, Thus,

S(n+1,n+1,1) = {n+1}. Since by convention | w({) = 0, we deduce that
1¢0

16




1 o
nf ) (n::)! .: Cligl) o @y (1.2.25)

p=1 ieS(n+1,n+1,p) i=1

The completes the proof of (1.2.22).
Proof of (1.2.24). We need to know

S(n,1,p) = {{i1s «ee» ip) : ip # 0,

i1 + e + ip =1, and il + 2i2 L pip = n} (1.2.26)
Since ip #0 and iy + ...+ ip =1 it is clear that i, = i, = ... = 1p-1
= 0 and ip = 1. [t is also clear that il + 2i2 + eee + pip =p=n if and

only if p = n. Thus, S(n,1,p) # ¢ if and only if p = n and that S(n,1,n) =
{(0, .v., 0, 1)}. From this we conclude that

ntl  (n+1)!
I il .
p=1 ieS(n+1,1,p) i=1

(n+1)! ™l o(3),
DT .Hl
ieS(n+l,1,n+1) |97

y(n+1) Tn+1

_
(L)t (n+1)! dx

which completes the proof of (1.2.24).
To complete the proof (1.2.23) and, consequently, the theorem, we need

some easy lemmas.

17




Lemma 1.2.2, For gach 1 1in the set S(n,m,p) pith i, # 0 define

i (k) in S(n+l,m,p) by the rule

(k) .
i (il’ LY ik 1, 1k"1 ik+l+1, 1k+2. oo ey 1p) (102027)

for k=1,2, ..., p-1. For every i in S(n,m,p) define 1(9) in
S(n+1,m,p+1) by the rule,

1(P) - (115 eees 15, 1) (1.2.28)

p?

Then for each i ¢ S(n,m,p)

d 4 y(j) 1j -

el ATl

-1 (k 1 (p
:21 (k+l)1|: ["(“ 1 ] + (p+1)ip IE: ):I1 :I

(1.2.29)

for p=1,2, ..., n and

Proof of Lemma 1.2.2. This is an immediate consequence of the defini-

tion of the sets S(n,m,p) and the lagarithmic differentiation rule. When

p =1, the first sum on the right side of (1.2.29) is automatically zerq and

1,-1
[}l (,,m):],21 eyt @

nlu
x

= 1 i,=1 2!
! (11) !

which is exactly the second term on the right side of (1.2.29).




|
|
Lemma 1.2.3. Let i be as defined by (1.2.20). Then
i

Porn o |n ey

p=1 leS(n,m- 9p)

L zm T &g
ieS(n+1l,m,p)

Proof of Lemma 1.2.3. Direct calculation.

Lemma 1.2.4. Let i(p) be defined as in Lemma 1.2.2. Then

n p+l i(p)
I3 Moy, |'n @
p=1 jeS(n,m,p) "’

E ) Pl (n+1) g (y(j))fgp) .
p=2 (n+1) T PR T
ieS(n+1,m,p)

= +1 (n+1) i! '=1 j!
p=n ieS(n+1,m,n+1) J

19
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(1.2.31)




Progf. This is just the observation that i(P) =1 for all a.

Lemmg 1.2.5. Lot 1'*) be a5 defined in L;nmq 1.2.2. Then

p-1 (k
g ) 1! [:2 (k+1)4 [:g Y‘j))'J
P=2 jeS(n,m,p) =1 .

o .
n p-1 ki p i

| 1y ] — iﬂ%%li [;n clé%l) E] +
| P2 fes(n+1,m,p)""2 .
E
bt n p

] E‘_E (n+l)! 1 (l(_j_l)ij

3. sz 13::S(n<|»l.m,p)""’1 1 L‘l 3!

i 1> 1

Proof of Lemma 1.2.5. This is just the observation that ip # 0
implies 1p(°‘1’ > 1.

Proof of (1.2.23).

Putting together the lemmas we deduce that the right
side of (1.2.23) is given by

n+l

ki P
k (m1)l vy 1.2.32
pzl 1ZS(n+1.m.P) *21 [CINA [;n i il ( )

PPN SrPay

which is clearly equal to the left side of (1.2.23) since '

n+1 ki)

=1,
kl"‘l

This completes the proof of the Faa di Bruno formula.

4
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An application of Jensen's inequality produces the following simplifica-

tion of the Faa di Bruno formula. If F and ¢ satisfy the hypothesis of

Theorem 1.2.2, then

d \n .

(H) f(x) =

n n P (j) i

11 I @ @y I emyyy (1.2.33)

m=1 p=[n/m] ieS(n,mié)) j=1 it

where [n/m] 1is the greatest integer not exceeding n/m.

We let X = {1, 2, ..., p} and wu({j}) = ij/m. Then u(X) = 1 implies that

exp(

exp(l)(illm) + exp(z)(izlm) + eee t exp(p)(ip/m) < exp(p) (1.2.34)

Thus, since the left side of (1.2.34) is equal to exp(n/m) we deduce that
n/m < p (1.2.35)

if (i1, ..., ip) 1is a p-tuple of integers in S(n,m,p).
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§1.3. Determination of the Space Containing Compositions
of Functions in the Spaces y"l(n,k) and y"t(k).

The matn result of this section s to shbw that if "1 and "2 are
mappings from R, 1into R, which satisfy the condition that the mappings

X+ Mk(x)llx/x

for k =1, 2 are increasing functions of x > 1, then g(x) fs in

v"l(n.k) and F(y) fs in YHZ(R) implies
f(x) = F(g(x))

M. M
is a member of v 1 2(a). We give applications to interesting special cases.

Definition 1.3.1. Let M:N" o R2 denote a mapping from N", the set

of n-tuples of nonnegative integers into the set R} , of n-tuples of

positive numbers. Let f be an open subset of R" , n dimensional Space.
tet v"(a) denote the set of all functions f in C” (n) such that for ever

compact subset K of o and every e > 0 there is & C > O such that

n -1
|D°‘f(x)|e'|°'| n Mk(a;l <cC
k=1 o

n
for every a in N and every x e X

22




We let

'fl(KaetM) =

n -
sup{'D“f(x)'e‘l“' n Mk(a) ' :xek,ae Nn}
k=1

Remark 1.3.1. If

n
K
. Sy %
K

Mk(“)

for k=1,2, ..., n, then

Ma) = y(&n)(a)

where § = (61, 8oy eees Gn) and n = (“1’ Nos eoes “n) .

Remark 1.3.2. If

§, a
M (a) = a KK

for k=1, 2, ..., n, then

M(a) = vy5(a) , where 3 = (815 850 ues 8.).

We begin by providing some useful special cases of our general results.

Theorem 1.3.1. Let F be a member of H (Range (q)), where gq is an

arbitrary member of v(8)(2) . Then f = F(g) is a member of v{5*1)(a).
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Proof. The nth derivative of f 1is given by (1.2.17). For every

compact subset K of @, the set K' = g(K) is a compact subset of C, and

there exist positive constants A and B such that

)" (y) < A B" m! (1.3.1)
dy

for all y in K'. Let € > 0 be given. First suppose 2 is a subset of

| RL. Then y = f(x) 1implies that for every ¢ > 0 there isa C > 0 such
i that

|y(j)| < cedjit, (1.3.2)
Thus, from (1.2.17) we deduce that

i d n

n n

p s
DD @ e n () (598 ), (1.3.3)
m=1 p=1 jcs(n,m,p) j=1 J

where D 1is a positive constant such that

J

1 D
(?) =) . (1.3.4)

From (1.3.3) we deduce that

s

24




d.\n
(a;) f(x) <

n p e Ty
D) 62%) ABm (eD)"cm m (jJ(6 1)IJ') (1.3.5)
m=1 p=1 icS(n.m,p) i=1

for all x in K.

Lemma 1.3.1. For all positive integers p and all & > 0 we have

j(JG‘J)1j < pnc-n

(1.3.6)

nRo

j=1

Proof of Lemma 1.3.1. This is a trivial consequence of the inequality

of Jensen, which states that if p is a Borel measure on a o-algebra on X
such that u(X) = 1, f 1is a bounded u-measurable function on X and ¢ is

convex on f(X), then

6 (Ixfdu) < fx¢(f)du (1.3.7)

where we take X = {1, 2, ..., p}, w({i}) = (js-j)ij/(ns-n) R
f(j) = 2n(j), and ¢(s) = exp((ns-n)s). Then

f fdu = Z (jG'j)ij ln(j)
OV (neen)

Applying (1.3.7) to the integral defined above we deduce that the left side of
(1.3.6) is dominated by
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e emeA e e e e s

which is easily seen to be bounded above by the right side of (1.3.6).

Combining (1.3.5) and the result of Lemma 1.3.1 we deduce that

|| <

n n
D11 (@A sTm(en)” ¢ e (1.3.8)

18
m=1 p=1 jes(n,m,p)

for all x in K.

But it is easy to see that

m

[ (M) ¢ Mo (1.3.9)
it = m!

ieS(n,m,p)

combining (1.3.8) and (1.3.9) and applying Stirling's inequality, we observe

that for every ¢ > 0 there is a C1 > 0 such that for all x in K

'(.g_;)nf(x)| < ¢l an(el) (1.3.10)

Proceeding by induction on the dimension of the Euclidean space containing Q,

Theorem 1.3.1 follows easily from the previous argument.

Corollary 1.3.1. In ¢(x) is a function 1(5)(9) which never vanishes

then the function

26
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x + 1/¢{x)

belongs to v(6+1)(a).

Proof of Corollary 1.3.1. This is an immediate consequence of Theorem

1.3.1.

Theorem 1.3.2, lLet F be a member of 7(61)(R). Let g be a member

of Y(52)(9;R)- Then f = F(g) is a member of y(61+62)(9).

Proof of Theorem 1,3.2. Assume first that Q@ is an open subset of

RL.  Then following the proof of Theorem 1.3.1 we deduce that

d n
() fa| <

A ! s ndo-n
I 1 1 (Eme(m)*(en)" ¢ p (1.3.11)
m=1 p=1 jes(n,m,p}

From (1.3.11) we deduce that
d.n
|G | <

n

5T (" m!61-1n!) A(BC)™(eD)" oo " (1.3.12)
m=1 p=1

From (1.3.12) and the hypothesis under which it holds we deduce that for every

compact subset K of Q@ and every € > 0 there is a C1 > 0 such that
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"] < (cyemnt 12" (1.3.13)

for a1l x in K. This follows from the fact that

5, -1 [
nt m)l ¢ nl

and né,-n né,

pPPp 2 < n .

Let g(x) be a member of YM(Q,R) where @ s an open subset of Rl.

Let F(y) be a member of YM'(R). Define f(x) = F(g(x)). Then by the Faa

di Bruno formula we have

4)"¢(x) =

dx

n n p . )

PR D) 2% I (giigéil)iJ F™ (g(x)) (1.3.18)

1! .
m=1 p=1 jes(n,m,p)[d=1

If x runs over a compact subset K of Q , then g(x) runs over a compact
subset K' of R . Thus using the fact that g(x) is in yM(q; R) and
Fly) is in yM'(R) we deduce from (1.3.14) that for every e > 0 there
exist C1 and C2 > 0 such that

|Ea" 00| <

p J i
1 | n @astdhd
1 ieS(n,m,f)) j=1

n
Y (Czem)M'(m) (1.3.15)

N e~

m=1 p




We wish now to use a variant of Jensen's inequality for convex and concave

functions to estimate the right side of (1.3.15) in certain special cases.

Lemma 1.3.2. Let us suppose that M:R + R, is a function of x such

that [M(x)llx/x] is nondecreasing for x > 1 , then

p Jwes
1 (Cle M(J)
j=1 !

i
) J

A

(c,0)" M(p)"/Pp" (1.3.16)

where 1/it < n¥/3d for § =1, 2, ..., p.

Proof of Lemma 1.3.2. This is a trivial application of Jensen's

inequality to the measure space {x,u} , where x = {1, 2, ..., p} , and
u({i}) = dij/n.
As hefore we use the fact that the exponential function is convex. We

observe that

P Imeiy /3
exp( ! Llli) n LEl__ESil) ) <
: n

J-_-] J!

g 1,1 (CIEJM(j))n/J

1 n i

(1.3.17)

J
which is the same as saying that

exp(fxfdu) < fxexp(f) du

where £(1) = (C;e™M(3)/51)™4. ustng Stirlina's inequality it s
easy to see that the right side of (1.3.17) is dominated by
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p . .
) (ijj/n)[(CIDJeJM(j))/jj]"/i -
j=1

(1 5ame; e i) y/5" (1.3.18)
1

n e~v

J

It is in the estimation of the right side of (1.3.18) that we use the fact
that [(M(x)llx)/x] is nondecreasing for x > 1 . Using this fact we
deduce that the right side of (1.3.18) and, consequently, the left side of
(1.3.16) are dominated by

: 1
I (igi/mc,pe(mp)t/Py/eln =
j=1

(C,De)" M(p)"/P p=N (1.3.19)

which completes the proof of Lemma 1.3.2.

Again using the fact that (M(p)1/P)/p is a nondecreasing function of
p we deduce that

p oy § s
n (Eli!£11)1J £ (CleD)n M(n) n" (1.3.20)
=1 J!

J
Thus, if we suppose that F(y) 1{s a complex valued function in
Y™2(R) and g(x) 1is a real valued function in Y'1(a) , where 1
is an open subset of R, then (1.3.15) implies that if we define f(x) =

F(g(x)) , then for every ¢ > O and every compact subset K of @ there

exist constants Cl, Cz, n, and c3 such that




[(d7ax)nf(x)| < [C3n"p"(C,De) ™My (n)n=N(C, ™ Ma (m)/m! (1.3.21)

An immediate consequence of (1.3.21) is the following.

Proposition 1.3.1. Let Mp(m) =m! and let (Mj(x)1/X)/x be a
nondecreasing function of x > 1 . Suppose F(y) is in YMZ(R) and

g(x) is a real valued function in Ynl(n). Then f(x) = F(g(x)) is in
WM(a) , where M(n) = n"Ml(n) .
The more general result from which all the main results of this section

follow is stated in the following Theorem.

ae e mmaamantle rem—

Theorem 1.3.3. Suppose the map, t » (Mi(t)l/t)/t, is an increas-

j ing function of t > 1 . Then g(x) is in YM1(Q.R) and F(y) is in
Y2(R) implies f(x) = F(a(x)) is in +"1™2(q).

Proof. This is an immediate consequence of (1.3.21).

|

% I | 31 !
t .
|




§2. GENERALIZED FUNCTION SPACES OF GEVREY TYPE

§2.1. Characterization of the Functions in yg(R") using Paley-Wiener

Theorems.

We prove in this section a theorem that is analogous to, but more
general then, that given by Lemma 5.7.2 of Hérmander [13]. As before we
suppose M is a mapping from R2 , the set of n-tuples of nonnegative

numbers, into itself. We define yE(R") to be the set of all ¢ in C:

such that for every € > 0 there is a C > 0 such that

e e s

n
|pee(x)| e-|e|] n Mk(a]’l <¢ (2.1.1)
k=1

‘ for all x in R" and all a in R: where M(a) = (Mj(a), ..., Mp(a)),

0% = 01 Dp°2 ... D,°", and Dy = -1(3/3xj). We suppose always that the

functions £ » Tk(z) are increasing functions vanishing at zero such that

n
noM(e)| <1 [T (a0
k=1 k=1

for all n-tuples of positive numbers.

If we set

T(a) = (Ty(ay) Y wees T (a)™)

then (2.1.2) implies that

" R" e v " .




We define D%(z) by the rule,

2%(z) = ’{n exp(-i<x,z>) (D%(x))dx , (2.1.5)

which is derived by a simple integration by parts when a € N" and is taken

as a definition when the coordinates of a are not integers. We are now in a
position to state and prove the following generalization of the first half of
Lemma 5.7.2 of Hormander [13].

Theorem 2.1.1. Let & » Gj(&) be decreasing function of £ in [0,=]

for i =1,2, ..., n. Let” ¢(x) be a member of y:(R"), where

n
Ma) < T Ek(ak)aﬂ . (2.1.6)
k=1

which vanishes outside the sphere, {x e R™: 'X,.S A} . Then there is for

every € >0 a K. >0 such that

#(£) < K¢ exp(A|Imz|)
j=1

n s

wj(iRe;’/e) (2.1.7)

where

AR GAG)

v;(E) = 6(5) J (2.1.8)

Proof of Theorem 2,1.1. By the definition of the space y:(R") and the

relation (2.1.5) there is for every ¢ > 0 a C1 > 0 depending on ¢

and ¢ such that for every n-tuple of positive numbers we have

n
[0%(x)|e= o I'Il T (a) %[ < ¢ (2.1.9)
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From elementary properties of the Fourier integral, the Fourier transform,

o(z) of ¢(x) satisfies
|C°$(C)| = 'IR" exp(-1<x,2>) (D“o(x))dxl

5_exp(A|Im;|) / |D“¢(x)|dx (2.1.10)
|x|<A

In view of (2.1.9) we deduce from (2.1.10) that

. n % T, (a )@
'@(;)' < exp(AlImc’)ClA" n (i__'.‘_(ﬂ‘ﬂ)
k=1 |Re;k|°k
k e I(k)

(2.1.11)

for all n-tuples of positive numbers o , where 1I(k) is the set of k in
{1, 2, ..., n} such that 'Re;kl #0. Incase 1(k) 1is empty, we may
a= (0, ..., 0) and deduce that

|$(c)|5exp(A|Imc|) [ |ex)]ax (2.1.12)
x| <A

Let @) be the largest positive number such that

(e Tk(ak)

|R°Ck| ) < Gk(|Re;k'/e) (2.1.13)

so that since T 1{s an increasing function we have that

o = Tk‘l((IRe;k|/e) Gk(|Reck|/e)) (2.1.14)
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Thus, we deduce combining (2.1.13) and (2.1.14) and the definition (2.1.9) of
yk(€) that
eT (o) a
k 7k’ "k
(————)

< W (|Reg|/e) (2.1.15)
'Re;kl

from which the relation (2.1.18) follows immediately with K¢ = CIA". This
completes the proof of Theorem 2.1.1.

In developing Paley-Wiener Theorems, there are two problems to solve
which can be stated as follows.

Problem 2.1.1. Given increasing functions, Ty, find decreasing func-

tions wk for which there exist positive constants Cl and B] such that

for all positive numbers «

[o &% (6)dE < B °T(a)®, (2.1.16)

The solution of problem 2.1.1 for a class of functions Tk is given

by the following theorem.

Theorem 2.1.2. Let T, satisfy the condition

T (x) < exp(g(x)) = S, (x) (2.1.17)

for all x > 0, where g: R + R is an increasing function which grows

sufficiently slowly that the integrals

[ e (/e an(/e)) g
£=8
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are finite for all a > 0.

Thus, if

Gk(€) = (1//E)

for al)l &> B and G (§) = (1//B) for 0 < g <B, we deduce that if

T~ (6, (2))
Wk(g) = Gk(E) s (2.1.18)

then the integrals,

[ &%, (&)de,
0

are all finite.

Proof of Theorem 2.1.2. If G, (g) <1 , we observe that

Tl (e6, (8)) skl (g6, (£))

G, (£) < 6,(8) (2.1.19)

If () >0 and &> B, then n(£6,(£)) = en(/€). Choose B so that

2n(vB) > 0. Then we have

' Tk'l(EGk(E))
¥ (E) = 6(8) < expl-(1/2)en(€)g"1((1/2)an(£))] (2.1.20)

for all & > B . Thus,
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[ &% (e)de < [ €%, (E)dE +

0 0
[ €% exp[-(1/2)an(€)g-1((1/2)2n(£))1de (2.1.21)
B

and both integrals on the right side of (2.1.21) are finite.

Theorem 2.1.3. Let us suppose that there are positive constants Cl

and B1 such that

IO %, (£)de < €8, T, (a)®

for all positive numbers o . Then if for every e > 0 there is a K¢ > 0

such that

n
#(c)] < Keexp(A|Ime|) | m w ([Regy|/e)]| (2.1.22)

where ;(;) is an entire function, it follows that the Fourier transform

#(x) of ¢(z) given by

o(x) = (1/2n)" [ exp(i<x,0>) s(E)dE (2.1.23)
R

vanishes outside the ball, {x: 'XI.S A} , and is in the space yI(R") .

where T is given by (2.1.3).

e ——————— .




Proof of Theorem 2.1.3. Since ¢(z) 1is an entire function we may shift

the integration into the complex domain obtaining the integral representation,

o(x) = (1/2n)" [ exp(i<x,g + in>) ¢(g + in)dE , (2.1.24)
Rn

of ¢(x) which is equivalent to that given by (2.1.23). Using (2.1.22) we

see that

n
|e(x)] £ Ke(1/2n)"exp((A[n| - <x,n>) [|m w(|g|re)]de.  (2.1.25)
R"|k=1

Thus, if |x| > A, we deduce that if we took n = (txy, ..., txn)/|x| , then
A|n| - <x,n> = t(A - |x|) (2.1.26)
Substituting (2.1.26) into (2.1.25) and letting t + » we deduce that
|¢(x)| <0 if |x| > A.
To estimate the growth of derivatives of ¢(x) we use the relation,

D% (x) = (1/27)" [ exp(i<x,£>)e%(£)dE , (2.1.27)

and deduce that for all ¢ > 0 there is a K. > 0 such that

n
0% (x)| < ke (1/2m)" I [;n |ak|akwk(|ak|/e) dg . (2.1.28)
R" Lk=1

for all x in R". Using polar coordinates in (2.1.28) we deduce that
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n

|n"¢(x)| <Ke M ([0 rK g (r/e)dr) (2.1.29)
k=1

letting r/e = E we deduce that tab = a +ay + e toa implies that

Fal

a n n ® oy
|D ¢(x)|_5 Kee € kn (fog ¥, (£)dE) (2.1.30)
=1

Using the estimate in the hypothesis of Theorem 2.1.3 we deduce that

n

a
P8 (x)] < Kee"e"MeTB, "M m T, () k (2.1.31)

Replacing e by (e/B1) everywhere in (2.1.31) we deduce that

n
Qa,
[p%(x)| < Kesgy (e/B)"CTe" M 1 Ti(o ) (2.1.32)
k=1

Taking Ee = Ke/Bl(e/Bl)nCT we deduce that for every € > 0 there is a

Ke > 0 such that

n
"I n Tl (2.1.33)

k=1

0% (x)| < Kee'™
which implies that ¢(x) is in yg (R™).
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Remark. In order to be certain that differentiation is a continuous
linear transfor.ation of Y?(R") into itself it is necessary to restrict the

growth of the functions Tk . A more general class of functions are those

belonging to the spaces YM’E(Q) where both M and E are mappings from

R2 into R2 and we say that f is in y:’E(n) if and only if there is for

every e >0 a C >0 such that

r—n -

|pef(x)| e-|E(a)] lj Mla)] < C
k=1

for a1l x in Q@ . Then if there are constants C1 and C2 such that

Mk (a) < ClaEk (“)czEk (a)

it follows that differential operators with constant coefficients are

centinuous linear trans ormations of YMsE into itself.
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§2.2 Verification that a Function Belongs to
v(8:n)(q).

If § and n are n-tuples of positive numbers, we define Y(G’“)(n),
for every open subset 2 of R" to be the set of all f in C*(a) such
that for every compact subset K of @ and every € > 0 there isa C >0

such that Kaid N ;

n n
8 Kk
Sup{'DGf(x)lc-Ha“ now k(o)

k=1

We develop in this section techniques for verifying that a function bhelongs to
this space.

By Proposition 1.1 of Cohoon [4] the space +v(8)(a) s a Frechet
space. Thus, the limit of a sequence of functions which is Cauchy with respect
to the Frechet space topology is a member of y(5)(9). Also, by proposition
1.3 of Cohoon [4], the space YC(G)(R") is an ideal in C:(Rn) since a
function in yéd)(R") is in C:(R").

We are interested in a special class of sequences of functions in

7(5)(0). tet {b k =1, 2, ....} be a sequence of positive numbers

K
converging monotonically to zero. For every positive integer k, let wk(x)

be a function in C=(R") such that y,(x) = O unless byp < %y <

b,.j+ Let K be a compact subset of R" and let

ﬂk(K) = {x ¢ K: be1 £ X £ bk-l} (2.2.1)

a1

i
7
v
i
]
{
f
¢
i
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We want to determine the space Y($>n)(R") to which the sum

v(x) = 1 e (x) (2.2.2)
| k=1
|
* belongs.
{ Theorem 2.2.1. Let ({y,(x): k =1, 2, ...} be a sequence of func-
|

tions such that (i) wk(x) £ 7(5)(R"), (ii) wk(x) = 0 1in case x does not

belong to [bysy , bx_1] , where {by: k =1, 2, ...} is a sequence of

i positive numbers converging strictly mosotonically to zero, and (iii) for

every compact subset K of R" and every € > 0 there exists a C(K,e) > 0

such that for all positive integers k and all n-tuples of nonnegative

integers a we have

Doy, ()| < C(K,e)e ® 1an®t ¥ (k) Mexp(-AK™) (2.2.3)
k

for all x in K , where A and m are positive. Let ¢(x) be given by

| (2.2.2).
(a) Then ¢(x) is bounded implies w(x) is in (8)(r") .

(b) If there exists a C1 >0 and a positive constant p such that

[o(k)] < C)¥P (2.2.4)

for all positive integers k , then #(x) is in y(§')(R") whenever

§' > & + p/m.




(c) If there exists a Cl > 0 and a positive constant p such that

kB

'¢(k)|.5 C,e (2.2.5)

then w(x) is in v(&n)(R™) for all n > 1+ 1/(m-1) .,

Proof of (a). If ¢(x) is uniformly bounded, then (2.2.3) implies

[pow, (x)| < C(K,e/B)etet1qrStal (2.2.6)

for all x in K , where B 1is an upper bound for the function ¢(x) .
Proof of (b). Suppose ¢(x) satisfies (2.2.4). Then we would like to

maximize
m
f(k) = kPlatg-Ak (2.2.7)

NDifferentiating we find that f'(k) = 0 implies

1
K = (DLZ') /m (2.2.8)

Substituting (2.2.8) into (2.2.7) we deduce that

fk) < [(p/(Ame)P/mMy"®! 1qp (P/M) 1al

Thus, 1f ¢, = e/[(p/(Ame)P/™)  then 2.2.3) implies

D20 (x)] < €C(K,eq)e| 2] o] (8+0/m) |af (2.2.9)

Thus, ¥(x) 1s easily seen to be in Y(G*P/M)(R") .
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Proof of (c). Suppose ¢(x) satisfies (2.2.5) . Then we would like to

maximize

m
o(k) = e'aIKkB o-AK".

(2.2.10)
Differentiating we find that g'(k) = 0 implies
Blal 1/(m-1)
k = , 2.2.11
( = ) ( )

where we tacitly assume m > 1 . Substituting (2.2.11) into (2.2.10) we
deduce that

a(k) < Crexp  [(B/(mh))Y ™D - age/ma))™ ™1 |vai™ 1)

Now we must determine whether or not the coefficient of .alm/(m-l) in the
argument of the exponential function appearing in (2.2.12) is positive or

negative. We use the fact that the log function is increasing to deduce that

(8(ma))1/(m1)g 5 a(as(ma))™ (m-1) (2.2.13)

if and only if

(1/(m-1))[V0q(B) - Yog(mA)] + log(B) >

log(A) + (m/(m-1))[10q(B) - Tog(mA)].




Using the fact that m/(m-1) = 1 + 1/(m-1) we deduce that (2.2.13) holds if

and only if
0 > log(A) - log(mA), (2.2.14)

which is valid if and only if 0 > log(l/m) which is always true provided

that m > 1 . Thus, we set

c, - 8/(ma))}/ (M-1)g _ a(B/ma))™ (m-1) (2.2.15)
and observe that (2.2.12) and m > 1 imply

a(k) < Cyexp(C pat’ * 1/(m-1), (2.2.16)

where C; > 0. Substituting (2.2.5), (2.2.10), and (2.2.16) into (2.2.3) we
deduce that

0%, (0| < C(K,e )’ rard*ehe exp(crar! * 1/(m-1)y (2.2.17)

But if n> 1+ 1/(m-1) there is for every e > 0 a C(K,e) > 0 such that
the right side of (2.2.17) is dominated by

- n
(K, )" ran 81 (2.2.18)

Thus, the fact that for all ¢ > 0 , there is a E(K,e) > 0 so that
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n
|pow(x)| < C(K,e)e"* vt (2.2.19)

implies ¢(x) is in 7(6’“)(R") .

Proposition 2.2.1. If y(x) is a function in C®(R") such that

¥(x) = 0 for X, £ 0 and ¢(x) is a function in Yc(5)(R") such that
¢(x) = 0 for X, £ 0, then the convolution ¢ « v belongs to y(G)(R")
and vanishes identically for x, £ 0.

Theorem 2.2.2. Let wu,(x,t) be a sequence of functions in v(8)(R xa).

Let U and V be bounded open sets containing the origin of R with U con-

tained in V. Suppose 6 is a function in y(8)(R) such that e(x) =1 for

t eR-Vand 8(x) =0fortel. Let P (x)be a sequence of first degree

polynomials such that Py vanishes at bk and such that Pk+1(bk) and

P(byyy) are outside of V , where {by: k=1,2, ....] is a sequence of

points of R such that bpyy < b for k =1,2, ..., and Tim b =b.

Ko

Then the function u(x,t) defined by

r ul(x,t) s XD by
u(x,t) = J "k(x’t)e(Pk+l(x)) + uk+i(x,t)e(Pk(x)), bk+l <x <b
\ 0, x<b (2.2.20)

is a member of Y(G)(Rxxn) provided that Kk = [bk+2 . bk] x K implies

sup{lwk(x,t)l(Kk,e): k=1, 2, ce0s} ¢ = (2.2.21)
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( Ues (X5t)8(P (x)) for x e [by,q, b ],

uk+1(x,t)e(Pk+2(x)) for x ¢ [bk+2’ bk+1] .

Y (x,t) = J

and

0 for x e [by,y, b] (2.2.22)
.
- T
- Proof. T1f we define ¥ (x,t) by (2.2.22), then
u(x,t) = I e (x,t) (2.2.23)
k=1

Let K be an arbitrary compact subset of Rxxn . Then there is a B> 0
such that x > B implies (x,t) e K . We assume B > by . Let
Ek = {(x,t) e K: x ¢ [bk+2’ bk]} . Then

i (Kiae) = "V (R,€)

and Theorem 2.2.1 imply that

lul(i’e)_s 2 sup {'wk'(i,e): k=1, 2, 3, ...} (2.2.24)

which implies that u is in 7(5)(Rxxn) .
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§2.3. Properties of the Space YM(a).

We define R to be the positive cone of R" consisting of the set of all

n
X = (X5 eees X)) € R" such that x, > 0 for i=1, ..., n. Llet M: N" » R,

i
be an arbitrary map. Let 2 be an open set in R" . Define y"(n) to be

the set of all f in C®(2) such that for every compact subset K of Q

and every e > 0 the seminorms 'f'?K €) defined by
L]

M

1fi =

———

|
!
|

n
sup{l[)"‘f(x)'e"""ll n (Mk(u)'l) : xek, aeN} (2.3.1)

k=1
are finite, where we define tal = ap tay + ... o

Proposition 2.3.1. The space YM(Q) is a Frechet space when it is

equipped with the finest locally convex topology for which the seminorms

(2.3.1) are continuous.

Proof of Proposition 2.3.1., It is easy to see that there is a countable

basis for neighborhoods of 0 in YM(Q) . Let {fh} be a Cauchy sequence in

yM(n) . Then for every r > 0 there exists an N(r) > 0 such that
m; mz.l N(r) imply that

i - <r (2.3.2)

" "2 (k)
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But (2.3.2) implies that
ID“fml(x) - D“fmz(x)l‘ﬁ

) n
‘ LU (2.3.3)

k=1

; for all x in K and all a in N" . Thus, (2.3.3) implies immediately
that the pointwise 1imit f of the sequence {fy} 1is a member of C%(f).
Furthermore, {fy} converges to f in the topology of C®(g) .

Let r > 0 be given. Then the triangle inequality for the supremum

seminorm implies for all positive integers m,p, and q that

-1
n
sup{[0*F(x) - D°f (x)|: x € K] e 1w (a) <
k=1
n -1
LU M, (@) Eup{'D“f(x) - D“fp(x)': x € K} +
k=1
a o .
sup{'D fp(x) -D fq(x)l. x € K} +
sup{'D“fq(x) - D“fm(x)lz X e KH (2.3.4)
From (2.3.4) we deduce that if p, q, and m are larger than N(r/3), then




e e Ay e A i e =

n——m—\_;“ ’ i — [

n
sup{'D“f(x) - D (XM x € Kle™'' 1 (Mk(ak)-l) £
k=1

n
sup{ [D%F(x) - D%f, (x)|: x Kje~to! k¥1 (Mk(ak)'l) +2r/3  (2.3.5)

But there is an N{a, r/3) > 0 such that p > N(a, r/6) implies the first
term on the right side of (2.1.5) is smaller than r/6. But the left side is

independent of p . Hence, m > N(r/3) implies

n
sup{ [0°f(x) - D*f (x)|: x € Kle™'™ n (M (@) < 5r/6 (2.3.6)
k=1

Now taking the supremum over a of the left side of (2.3.6) we deduce that

m > N(r/3) implies that

M

if - fml(K ) <r. (2.3.7)

Thus, f e (@) and f - f e yM(a) imply that fe M(a).
Furthermore, (2.1.7) implies that the limit in YM(a) of {f } is f.
Thus, it is clear that YM(a) 1is a Frechet space.

The theorem has the following generalization.

‘s . n . n
Proposition 2.3.2. Llet M be an arbitrary mapping of N into R .
Then the space rM(@) , of all functions f i

>

€c=(a) such that for every

compact subset K of Q the seminorms, 1 1

Fagix

, defined b




n

1oy = sup{{0%(x)| | m (Mk(ak)‘l) : xeK, aceN} (2.3.8)
k=1

for ¢ in C®(Q) are finite at f , is a Frechet space.

Proof. Delete the terms e-"a' in the proof of Theorem 1.2.1,
These spaces are a generalization of the spaces invented by Gevrey and studied

by Roumier [19, 20], by A.Friedman, and many others.
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§3. EXTENSION OF COHEN'S NONUNIQUENESS THEOREM

§3.1. Analysis of the Applicability of the Construction of Theorem

8.9.2 of Hormander [13] in the Demonstration of Failure of the Holmgren

Uniqueness Theorem When the Coefficients Are in y(g;ﬁ)(RxxRt) .

In this section we determine the decay of sequences {bk} to zero which

enable us to use the idea of the construction of Theorem 8.9.2 of Hormander

[13] to obtain a function u(x,t) in y(g;ﬁ)(RXxRt) which vanishes when

x £ 0 together with all its derivatives and satisfies
[P(3/ax) -~ a(x,t)(3/3t)Ju(x,t) =0 (3.1.1)

where P(3/3ax) is a differential operator of order r > 1 with constant
coefficients, a(x,t) is in y(g{ﬁ)(RxxRt) , and § and n are two-tuples
of positive numbers with n, > 1 for i=1, 2.

The main results of section 3.1 are a generalization of the techniques
used in Theorem 8.9.2 and a proof of the fact that none of these generaliza-
tions will produce functions u(x,t) and a(x,t) in 1(5)(RxxRt) such that
u(x,t) = 0 for x < 0 and (3.1.1) is satisfied.

Let us set

8, (x) = =A(K) -B(K)(x-b,)e, (n(k)(x-b,)) (3.1.2)

where A(k) , B(k) , and n(k) are positive functions defined on the set

of positive integers, {bk} is a sequence of positive numbers decreasing




monotonically to zero, and el(x) is an increasing function of x in

(8-1)(R) such that
( -1/F when x < <D

8;(x) = ¢ 0 when |x| < D/2

k 1 when x> D (3.1.3)

Let 8,(x) be another function in v(8-1)(R) such that

1 when 'x' >D

ez(x) =

0 when (x[ <0/2 (3.1.4)

We assume that for every € > 0 and for every compact subset K of the

real line, there is a positive constant C , independent of K such that

0 (K,6-1,e) £ C

for all compact sets K , where for all ¢ in 1(5)(R) we have

WK,5,e)

sup sup '(a/ax)"'\p(x)I‘i""m"’"s
xek a

Let us define

uk(x,t) = exp(ixkt + ¢k(x)) (3.1.5)
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Define ¢

ul(x,t) » if x> by

u(x,t) = < u (x,t)8,(n(k)(x-b, ;1)) + Uk+1(x,t)02(n(k)(x-bk))

if b <x<b,

L 0, if x<0 (3.1.6) |

We can prove that under suitable hypothesis u(x,t) belongs to 7(5)(RxxRt)

and that under no additional hypothesis does

1
a(x,t) = ((3/2x)"u(x,t))/(3/3t)u(x,t)
belong to 7(5)(RxxRt) .
Proposition 3.1.1. The function u(x,t) defined by (3.1.6) is equal
to uk+1(x,t) in a neighborhood of bk+1 provided that
brey < By = D/n(k)
where D is the positive constant used in the definition of 6y
Proof of Proposition 3.1.1. If by, < x <b, - D/n(k) , then |
besy = b < X = b < -D/n(k) implies that

But if (3.1.7) is satisfied, then

|n(k)(x-bk)| >D
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implies

oy (n(k) (x-b,)) = 1,

a
|
1
|
il

where 8, is given by (3.1.4). Clearly, if in addition to the supposition
that (3.1.7) is satisfied we suppose that x 1is close enough to bk+1 , then
we certainly make

[n(k)(x-by )| < D/2

I which will imply that ez(n(k)(x-bk+1)) =0, and that u(x,t) = uk+1(x,t) .

Thus, from Proposition 3.1.1 we see that it is desirable to ask the
sequence {bk'hk+1} to decrease to zero in a sufficiently slow manner. We

need at least
bk+1 < bk - 0/n{k) (3.1.8)

Now we want to show that u(x,t) is in y(5)(RxxRt). Note that

(3/3x)%(3/at)® u(x,t) =

8 . .
18 L (12700 % Juy (x, )00 653 (k) (x-, )
j=

8 . . g
Rlet jgo (g)(a/ax)B'Juk+l(x,t)n(k)Je;J)(n(k)(x-bk)) (3.1.9)

for bk+1‘5 x £ bk . Now we need to estimate the right side of (3.1.9). We

use the Faa di Bruno formula to estimate (a/ax)s'juk(x,t) . We remind
ourselves that
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uk(x,t) = exp(i)\kt + ¢k(x)) . (3.1.10)

Hence, in view of the Faa di Bruno formula, a primary task is the computation
and estimation of derivatives of ¢k(x).

We have for n > 1

-1)
¢,SQ)(X) = -B(k)a n(k)%"! qu (n(k)(x-b,))

-8(k) (k)7 o{¥ (n(k) (x-b,))

Assume K 1is a compact subset of R . Then there exists for every ¢ > 0 a
C; > 0 independent of K such that for all x in K

o{ V)| < B(k)a n(k) ¥ e el d D gquy(&-Da-1)

B(k) n(k)ac.ed q(8-1)d (3.1.11)

If n(k) >1 for all k , then defining (q-l)‘s(q'l) =1 for g=1 we
deduce that for a)l positive integers gq

q n(k)31(g-1) (8-1Ha-1) ¢ ()9 q(8-Da (3.1.12)
Hence, we have that for all x in K ,

6{0 ()| < (e17e)ce B(k) a9 @ {81

Thus, there is for every € > 0 a Cg > 0 independent of K such that

x € K implies




[o{P (x| < Ce B(K) n(k)® 9 819, (3.1.13)

Now we use the estimate (3.1.13) and Faa di Bruno's formula to estimate

(BIBX)Buk(X.t) =
11T (& r'c?("gq,)("’)1j u (xt). (3.1.14)
m=1 p=1 jcS(a,m,p)?"l &
Using the fact that
(x-b, )0y (n(k) (x-by)) < 0 (3.1.15)

for all x with just the assumption that n(k) > 0 , and we have in fact

assumed that n(k) > 1 for all positive integers k , it follows that

Ju (xst)| < exp(-A(k)) (3.1.16)

Combining (3.1.13), (3.1.14), and (3.1.16) we deduce that

[(372x)%ug (x,t)| <

a a P (5-1)q 1q
ep(-A)) T 11 (P CBM00% 1 =) (3017
m=1 P=1 jeS(a,m,p) 9=1
Let D be a positive constant satisfying
1 R
— < (=) 3.1.18
P ( )
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for all positive integers q . By Stirling's inequality

v2rn (n/e)" < n! < /2zn (n/e)"[1 + 1/(12n-1] (3.1.19)

we see that we may take D = e . Thus, since i1 + 2i2 + .00 + pip =m, we

have

p -1 i P .
n cﬂfir_li) ¢ e 1 (qlt-2)9)iq (3.1.20)
=1 q=1

Using Lemma 1.3.1 which is based upon Jensen's inequality we deduce that

p .
q=1

Combining (3.1.17), (3.1.20), and (3.1.21) we deduce chat
|(a/ax)“uk(x,t)|.5

exp(-A(K)) § I § (‘;—f)(ce)'"s(k)“‘nu)“e“p“““ (3.1.22)
m=1 p=1 y¢S(a,m,p)

Using the fact that

e aa
C,Cap
I &< amy® ¢ (22
feS(a lmib)

- (3.1.23)

and substituting into (3.1.22) we deduce that there exist censtants C4 and

C5 s0 that




S ——

|(3/73x)%u (x,t)| <

exp(-A(k))C,Co(B(k)n(K)) % %™ (3.1.24)
Thus, we deduce that

[(273x)%(a/3t) Py (x,t) | <

C4Cq (| 2k ] (BkIn(K)) %exp(-A(K))) %™ (3.1.25)

If A(k) is chosen so that it grows sufficiently fast, then we can find for

every €' > 0 no matter how small, a constant C6 so that
(] ]
[ |B(B(kIn(K)) %exp(-A(K)) < Cg8° Pa® (3.1.26)

for all positive integers k .

Lemma 3.1.1. The maximum of cb 8'6.B is given by ea'(l/e)clls‘/e) .
Proof of Lemma 3.1.1. We can write
B g-8'8 . oB2n(C)-5'8n(s) (3.1.27)
Differentiating (3.1.27) with respect to B we deduce that
(d/ds)c® 8=8'8 = (2n(C)-5'-5'2n(8))cB 8788 , (3.1.28)

The right side of (3.1.28) vanishes when B8 = (CI/G')/e. Substituting back
into the left side of (3.1.27) we deduce that
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N Tm La
. Cerel/8'
. B -5'g" .
Lemma 3.1.2. The maximum of C~ B8 is given by
cl/(ns'e"“) cl/(s's“'l) cl/(nc'a“‘l) '
exp| ~——————— - 2n(C)( - ) (3.1.29)
nel/“ nBn-le _elln ,

where 8 is a solution of the transcendental equation,

0 = an(C) - 6'8"1 - ns'8"™len(s) (3.1.30)

Furthermore, the expression (3.1.29) is bounded above by 'ACe where A > O

and 0 <0 <1 provided that &' 1is large enough.

1/(s™?)
Proof. There are two possibilities: C is bounded or it is
not. Suppose it is bounded and the bound is equal to M . Then B must go to

infinity as C goes to infinity. Then (3.1.29) is boiunded #bove by
e(I/neI/“)M1/n6 C(I/el/n)MI/nG
By taking &' 1large enough we can make

(1/e}/MMl/n8" - g (3.1.31)

where 0 <98 <1,

n-1
If C(I/s ) is unbounded as C goes to infinity, then we c¥h se2 that the

expression (3.1.29) goes to zero as C goes to infinity. In ¥my case by
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taking &' sufficiently large we can find for all n>1 an A >0 and a
real 6 satisfying e /" <8 <1 such that

-5'g" )

ct g < AC (3.1.32)
The following Lemma shows that the construction outlined in Theorem

8.9.2 of Hormander cannot produce a solution in Y(G)(RxxRt) .

Lemma 3.1.3. There is no pair of sequences {A(k)} and {Ak} whose

absolute values diverge to plus infinity such that

Tim sup xﬁa's“exp(-A(k))| =0 (3.1.33)

k+o o
and

in sup(AK)*(@™%%)
Tim sup(——2 7)) = 0 (3.1.34)
k-)m o Xk

Proof of Lemma 3.1.3. According to Lemma 3.1.1 if both (3.1.33) and

(3.1.34) hold it must be true that

1/8

lim exp(é A /e) exp(-A(k)) = 0 (3.1.35)
and
1/4
1im [EXP(GA(k) A (3.1.36)

koo L_ Ak

Thus, we have
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s Al /8,6 ¢ tn(a,) (3.1.37)

if k is sufficiently large. Thus, we deduce that

exp (83L/%/e) exp(-A(K)) >

exp Ex:“/e - (zn(xk)e"‘))ﬂ (3.1.38)

But the right side of (3.1.38) is unbounded no matter how A, goes to

infinity since one can show that

1im exp(&xllsle - [zn(xels)]s) = » (3.1.39)

X+

The following Lemma enables us, however, to produce a class of functions
¢ (x) and sequences {bk:k =1, 2, ...} such that the construction described

in the proof of Theorem 8.9.2 of Hormander [13] will give a function wu(x,t)

in the space y(s’")(RxxRt) which satisfies

0 = (3/3x)"u(x,t) - a(x,t)(3/3t)u(x,t)

everywhere in the plane, where a(x,t) 1is also in y“'"’(lxukt) and  u(x,t)
vanishes for x < 0 and yet every point of the line x = 0 f{s in the support
of u(x,t) .

Lemma 3.1.4. If A(k) is asymptotic to Clks and A is asymptotic

to Czexp(c3kt) where t < s , then for every n> 1 therg is 2 &> 0 such
that
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B _sgn
lim sup|x, 878 exp(-A(Kk))| = 0 (3.1.40)
K-+o0 8

and

a -8a
lim sup Alk)a

= 0 (3.1.41)
k*8 « Ay

Proof of Lemma 3.1.4. First we check (3.1.40). Using Lemma 3.1.2 we

observe that if &§ is sufficiently large there is a 0 < 8 <1 such that

n
- 6 0
AE=08 " ¢ ¢, Ac) exp(cOk®) (3.1.42)

applying (3.1.42) we deduce that

-
A B 68nexp(-A(k)) £ Cg exp(Cgkt) exp(-clks)

from which (3.1.40) follows immediately.

According to Lemma 3.1.1 it follows that

1/6,s/6
A% Cs exp(scy/°k*/% /e)
A

A T (3.1.43)
K Czexp(C3k )

If & 1is large enough, then s/§ will be smaller than t and the right side

of (3.1.43) will go to zero as k goes to infinity.
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§3.2. Verification of the Fact that the Holmgren Uniqueness Theorem

Fails if the Coefficients Are in Y(s’“)(RxxRt).

The main result of this section is the following.

Theorem 3.2.1. For every positive number s , and for every polynomia)

in_one variable P(X) of positive degree r , there are functions a(x,t)

and u(x,t) in 7(6’")(RxxRt) such that

0 = P(3/ax)u(x,t) - a(x,t)(a/at)u(x,t)

everywhere in R xR, , and u(x,t) =0 for x <0, where T and n are two-

tuples of positive numbers with =1 and n, > s/(s-1) and with

§§ 21 for i =1 and i =2 and such that, furthermore, the line x =0

is in the support of the function u,

Thus, we see, tactily assuming the correctness of the theorem, that we
can make n, as close as we please to 1 by making s sufficiently large.
From the previous lemmas we know that the sequence {bk:k =1, 2,
«ess} used in the proof of the Theorem 8.9.2 cannot decay exponentially.
Thus, it seems natural to assume that it decays to zero as the reciprocal of a

power of k as k goes to infinity. Thus, take

b, = byy = Ex~S (3.2.1)

where E is a constant to be determined but which is larger than 2D . Let

¢k(x) be defined by (3.1.2) but assume that
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A(k) = kS,

B(k) = k25,

and

n(k) = k3 (3.2.2)

Thus, combining (3.1.45) and (3.1.2) we deduce that ¢k(x) is given by
o (x) = k5 - kzs(x-bk)e(l’k)(ks(x-bk)) , (3.2.3)

where 6(1 k) is a function in 7(6'1)(R) satisfying (3.1.3). Then (3.1.25)
implies that

[(273x)%(3/3t) Py, (x,t)| <

€2 M [P (k5%) exp(-k®)e%® (3.2.4)

Now we must estimate the right side of (3.2.4). Let us find the maximum value

of
f(x) = X352 exp(-x%/3) (3.2.5)

We find that f'(x) = 0 implies x = (9a)1/5 so that

k359 exp(-k$/3) < 93% o3% exp(-9a) (3.2.6)
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Assume that
A} < Ak (3.2.7)
il <

Then we deduce that

'Aﬁ' exp(-k3/3) <

expEzn(x)(“—“M)“ =1, (ﬂ"-gﬂl)s’ S'I/EI (3.2.8)

S

Collecting terms we see that the right side of (3.2.8) is equal to

expls® (5 an() ¥ (=D ((3/9)Y 1) L ar) 5Dy aeza)

Since

(3/5)/(5°1) 5 (375)8/(5-1) 3 {

for all s > 1 , we see that there is a positive constant

Cs = an(n) S (571 ((37)1/(5=1) | (3/5)5/(5-1) 13, (3.2.10)
such that

|xk'8 exp(-ks/3).5 exp(cses/(s'l)) (3.2.11)

Lemma 3.2.1. If n > s/s(s-1) , then for every ¢ > 0 there is a

C6 > 0 such that
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s e e

8 S EB“
|\ |8 exp(-kS/3) < Cq8 (3.2.12)

Proof of Lemma. We observe that the function

exp(-zn(B)GBn + CSBS/(S_I))

is eventually decreasing if and only if its derivative is eventually nega-
tive. But this is true only if n-1 > 1/(s-1) or equivalently only if
n>s/(s-1) .

In view of Lemma 3.2.1 we deduce that we can make n as close to 1 as
we please by making s sufficiently large. Thus, we deduce that uk(x,t)

belongs to the space

Y((G’s);(l’s/(s-l))(RxxRt) = Y(E,;)(RxxRt) (3.2.13)
where 6 = (6,¢) and n = (1,s/(s-1)) . Now we want to define

a(x,t) = P(3/3x)u(x,t)/(a/3t)u(x,t) , (3.2.14)

—l —0
where u(x,t) is given by (3.1.6), and prove that a(x,t) belongs to 7(6 ')

for some choice of two-tuples 5 and n' of positive numbers.

Let Ii . IE , and Ia be subintervals of [bk+1’bk] defined by the

rules,
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e A e e ———— = S m——

1 -S
I = {x: by S x< by + 0k}

2 _ (.. -s -s
I, = {x: b, +Dk™> < x<b =Dk}
13 = {x: b, - DK™ < x < by}

k k =525

(3.2.15)

We must investigate the growth of the derivatives of a(x,t) in each of the

above classes of intervals.

First suppose that x belongs to Ii . Then applying (3.2.15) and

(3.2.2) we deduce that in this interval

-E + Din(k)(x-bk) < -D

and

D < n(k)(x-b, ) <E-D

From (3.2.16), (3.2.17), (3.1.4), and (3.1.6) we deduce that x e 12

k

u(x,t) uk(x,t) + uk+1(x,t)

and that

P(a/ax)[uk(x,t) + uk+1(x,t)]
ixkuk(x,t) + 1Ak+luk(x,t)

a(x,t)

But if x 1is in 12, then (3.1.3) and (3.1.2) inply that

6 (x) = k% k25 (x-b, ) (-1/F)

(3.2.16)

(3.2.17)

implies

(3.2.18)

(3.2.19)

(3.2.20)




and

bap(X) = kS -kzs(x-bk+1) (3.2.21)
Thus, combining (3.2.19), (3.2.20), and (3.2.21) we deduce that

PKZS/F)u (x,) + P(=(ks1)%S)u, , (x,t)
a(x,t) = (3.2.22)

ixkuk(x,t) + 1Ak+1uk+l(x,t)

Thus, dividing numerator and denominator of (3.2.22) by *k*k+1 we deduce

that

POZS/E) 400D (- (ke1)?S) Yy (o8

a(x,t) =

uy (x,t) . uk+1(x,t)
A Aeal (3.3.23)

If we choose Ak so that

P(K2S/F) _ p(-(k+1)25)

, (3.2.24)
Iy RS

then factor the common factor (3.2.24) out of the numerator of (3.2.23) we see
that in IE we have

2
a(x,t) = PUE/E) (3.2.25)

We must show that (3.2.24) implies that the right side of (3.2.25) goes to
zero as k goes to infinity. From (3.2.24) we deduce that
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|l pe®Em)

Mer1 |P(-(k+1)25) | (3.2.26)

Thus, if the degree of P(3/3x) is r there is for every C7 >FT a 08 >0
and a k0 > 0 such that if k > ko, then

M| < caC (3.2.27)

This is obvious in the case P(3/3ax) = (3/3ax)" , since in this case we know

that

| I = (k-1)25(FM)k-1 5 (3.2.28)

i is the unique solution of the difference equation for kal defined by
(3.2.26). Thus, for every F > 1 , it is obvious that

Tim supzla(x,t)l =0 (3.2.29)
K+ xe:Ik

since an exponential decay will always suppress a polynomial growth,

Now suppose that x belongs to Ii « In other words, assume that x

satisfies the inequality

besg LXKy * Dk~S (3.2.30)

Then

- < n(k)(x-bk) <-E+D (3.2.31)

70

- R L T o raua 1




and
0 < n(k+1)(x-b,,) < D(k+1/k)S (3.2.32)
Thus, x ¢ I.l( implies

8, (n(k)(x-b,)) = -1/F (3.2.33)

and

0 < 6, (n(k+1)(x-by 1)) < 1 (3.2.34)
From (3.2.31), (3.2.2), and (3.2.33) it follows that
-EK"S(-1/F) > (x-b,)8;(n{k)(x-b,)) > -((E-D)/F)kS (3.2.35)

Multiplying all terms of (3.2.35) by -B(k) and reversing the inequalities

again we deduce that

-(E/F)K® < -B(K) (x-by )8, (n(Kk) (x-b)) < -((E-D)/F)K° (3.2.36)
Adding -A(k) to each term of (3.2.36) we deduce that

-(1+E/F)K5 < 8, (x) < -(14(E-D)/F)k® (3.2.37)

Now we want to estimate ¢k+1(x) in this interval. From (3.2.34) and (3.2.2)

we deduce that
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0« B(k+l)(x-bk+l)Ol(n(k+l)(x-bk+1)).5

(ke1)?8(x-b, 1) < (ke1)2565p (3.2.38)

Using (3.2.2) and (3.1.2) we see after multiplying all terms of (3.2.28) by
-1 , reversing the inequalities and adding -A(k+l) to all terms of (3.2.38)
that

~(k+1)¥ 2 4y (0) 2 (1) (1K) ) (3.2.39)

Combining (3.2.39) and (3.2.37) we deduce that in Iz

¢k+l(x) - ’k(x) 2

-(k+1)5(1+(§§l)sn) + (1+(E=D)/F)kS (3.2.40)

We observe that x.t I, implies

X

ba1(X) = 9 (x) 2 ((E-D)/F - ((k#1)/k)Z5D)KS - ((k+1)5K5)
(3.2.41)

Observe that (k+1)/k < 2 for all positive integers k . This fcllows from

the fact that (x+1)/x {s a decreasing function on the positive x-axis.

Hence, we note that in l:

e (%) = 0 (x) 2 ((E-D)/F - a%D)k® - ((k+1)S - k5)

Note that since 2%k > (k+1)% - kS 14t follows that
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Sy (%) = & (x) 2 ((E-D)/F - 8% - 2%)®
Thus, we need to make sure that
E>D + 45DF + 25F

Indeed it is easy to choose E so that when x is in Ik s

by (X) = 8, (x) > &°

We can write

(3/at)u(x,t) = ixk+1uk+l(x,t)(1+nk(x,t)) .

1

(3.2.43)

(3.2.44)

(3.2.45)

(3.2.46)

This follows from the fact that in Ij the function u(x,t) , in view of

(3.1.6), (3.1.3), and (3.2.2), can be expressed as

u(x,t) = g (x:t) + u (x,t)8, (k3 (x-b, 1))

and, consequently, in (3.2.46) we may take

(3.2.47)

ﬂk(xot) k k+l z(k (x'bk+1))e"p“(‘k‘xk+1)t - (¢k+l(x) ¢k(x))]

Applying Liebniz's formula we deduce from the above formula that
|(a/ax)“(a/at)3nk(x,t)|_5

[8¢k.8)] X (et foled kS (xeby 1))

|0—-) H (X.t)l
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where
= -1 8
Gik,8) = MMk (12 yq)) (3.2.40
and

Hk(x,t) = exp[i(kk-Xk_’_l)t - (¢k(x) - ¢k+1(x))] (3.2.50)

Applying the Faa di Bruno formula to (3.2.50) we deduce that

j
) He(xut) =

i . P i x) - o{Mxy "

R A )~ 40, Hy (x,t)

m=1 p=1 oo g(§.m,py 1071 " (3.2.51)

Using (3.1.13) and (3.2.2) we deduce that for every ¢ > 0 there 1s a C; > 0
such that for all x in R

and

0{M (x)] < C(ks1)2548 M p(8-10n (3.2.52)

Using (3.2.52) and (3.2.51) we deduce that
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3 J
—) H (x,t)]| <
,(ax) Lot <
I | P an(k+1)(Zs+ns)qnn(6-l)nqn
[H xat)|  § I dhdmn =
X m=1 p=1 : n=1 (n')qn
QeS(j,m,p) |
(3.2.53)
Applying (3.1.20) and (3.1.21) to (3.2.53) and remembering that
qp + Gy + eee qp =m and 1ql + 2q2 + e + pqp =j
we observe that
3 \J
—.) H (x,t
) ()
3 ity 2smsj j6-2j
et I 1 1 () edamcl(ke1)2smsipld-2i
=1 0=l ociimip) (3.2.54)

Using (3.1.23) we deduce that there exist positive constants C4 and C5

such that

J
() K ()| <

[H (x,) | E4C‘gej(k+l)3s’jjj6] (3.2.55)

We note that for every e > 0 there exists a C6 > 0 such that
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|°§a-j)(ks(x'bk+1))|.ﬁ cse“'j(o-j)(°'3)(5'l)

Observing that ks(°'j).5 (k+1)3s(“'j) and substituting (3.2.45),

(3.2.56)

(3.2.55), and (3.2.56) into (3.2.48) we observe that there exist constants

C7 and C8 such that

| (a/2x)%(2/2t) Py (x, )| <

lG(k-B)' c7‘:£;m€°l°‘ms('<+1)35" exp(-4kS).

Observing that

3s
(E%l) Q.S 23Sa

and substituting (3.2.28) into (3.2.49) we see that

|(273x)%(a/3t)Pn, (x,t)| <

exp(_4ks)[(I/Fr)ZBkZSB(Fr)kafc C"eaau6235ak35u] .

7°8

To estimate the right side of (3.2.58) we observe that

k258 exp(-ks).i (28)28 exp(-28) ,
(F')® exp(-k®) < exp((2n(FT)8)%/ (5" V) (28)) ,

and

k35% exp(-k®) < (3a)3% exp(-3a)

16

(3.2.57)

(3.2.58)

(3.2.59)




From (3.2.59) we deduce that for every ¢ > 0 and for every 62 > 0 there

exists 3 constant C9 > 0 such that for all x in It

n
—a-B. 8,8 2 =6
(2720 (a/3t) By (x, )| e707Bg 72" "o 701

Cq exp(-k®)

where ny > s/(s-1) and 8; 2 5+3 .

Further, we write

Ok(x) =.EXP(-¢k*1(X)) P(3/ax) ex0(¢k+1(x))

and

b (x) = exp(-4,1(x)) P(3/3x)[0,(k>(x-b, 1)) exp(4(x))]

(3.2.60)

(3.2.61)

(3.2.62)

It is clear that we can estimate the derivatives of ok(x) by powers of kS

and the derivatives of wk(x) by powers of k5 times exp(-4ks) . Thus,

writing

P(a/ax)u(x,t) =

"k+l(x’t)[°k(x) + exP(i(Ak‘Ak+1)t)¢k(x)]
we see that

o (x) + exp(1(2 -2 ,q)t) ¥y (x)
1Xk*1(1+nk(x,t))

a(x,t) =
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It is easy to see that for every € > 0 there is a Clo > 0 such that

X € Ii implies

M2
cq-p -ab, B °§
'(a/ax)“(a/at)“a(x,t)' e By "1, 2 <

Co /7 xk+1[ (3.2.65)

if 8, is sufficiently large, where n, > s/(s-1).
We show that if x is in Ii s then

ok(x) = opay(x) > 4k°

if E 1is sufficiently large and we repeat the previous argument to obtain an

i } estimate similar to (3.2.65). This completes the proof.
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