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ABSTRACT

For an integer k » 1 and a geometric mesh (qi)j. with
q € (0,@), 1let

M (x) 1= k[qi,...,qi".k]('-x)t-‘

ik
i+k i
Ni,k(X) = (q -q )Mi'k(x)/k R

and let Ak(q) be the Gram matrix It is known that

lAk(q)-1I~ is bounded independent of gq. In this paper it is shown that

J kN5, jes’

Ihk(q)-1la is strictly decreasing for q in [1,®). 1In particular, the

sharp upper bound and lower bound for A‘\k(q)-1 are ubtained:

1 1 ‘2k}"1

2)2"{ I (1+23)

2k-1 < lAk(q)'
jex

1<

for all g € (0,%)
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SIGNIFICANCE AND EXPLANATION

Least-squares approximation by polynomial splines is a very effective
means of approximation, particularly when the knot sequence can be chosen
suitably nonuniform. The stability of this process can be linked to the norm
of the inverse of the Gram matrix of a B-spline basis. For the special case
when the knot sequence is geometric it is known that the norm of the inverse
of that Gramian is bounded independently of the mesh ratio. Also, the sharp
lower bound for the inverse of that Gramian is known.

In the present report, we continue these investigations and obtain, in

particular, the sharp upper bound of the inverse of the Gram matrix.
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L,~UPPER BOUND OF LZ—PROJI:L"I.‘I()NS ONTO SPLINES

AT A GEOMETRIC MESH
Rong-qing .Jia
e Introduction
E R EEEEFEEE T 4

«
Let x := (xi)-ﬂ be a strictly increasing biinfinite sequence with xt_ := lim x,
i’t.
and I := (x_n,x’.). Let further

5 :=mg (1) 3= {£ 6 *%(n) n L (1) ; is a polynomial of degree < X}
r

4
I(xk'xi+1)

be the normed linear space of bounded polynomial splines of order k with breakpoint
sequence X and norm Ifl := sup JE(x)|. We shall be concerned with Fg, the orthogonal
projector onto S with respec:ezo the ordinary inner product
(£,9) := [ £0o)glx)ax
but restricted to L_(I). We want to bound its norm
ip = sup e N /U0 .
fGL.(I)

In 1973, de Boor raised the following

Conjecture [1). sup IPSI. < constk <=

===
X

This conjecture has been verified for k = 1,2,3,4 (see de Boor (3] and the references
cited there). de Boor {2] also ohtained a bound of Pg in terms of a global mesh ratio,
In general, howaver, this conjecture seems hard to solve., For geometric mesh X,

H811lig, K. {8]) recently proved the houndedness of Pc. Later on, Feng, Y. Y. and Kozak, J.
[6) reproved this result. Before recalling some results of theirs, we need to introduce
some notations. FPFor the mesh X = (xi):_, let

k-1
ni'k(x) tm k[xi,...,x ](°-x)+

ik
N, (x) 1= ([x x 1 -1 D (e-x) %!
i,k 1417 % XgreeerX k-1 ),

- ‘xl+k - xi)ﬂi'k(x)/k .

Sponsored by the United States Army under Contract No. DAAG29-80-C-0041,




Set

A (1,3) := / My XNk for L3es .

Let Ak 5] szz be the biinfinite matrix given by the rule:
{i,j) » Ak(i,j) for (i,j) e 2xz .
It was shown by de Boor [1] that
orhi <, <,

where Dy is a constant depending only on k. Thus bounding Pg is equivalent to
bounding l\?.

Let us restrict ourselves now to a particular case where x is a geometric mesh:
X = (qi):, for some q 6 [1,*) (note that the case q 6 (0,1] is symmetric to the case
q € [1,%); see [6] and [8]). Spline interpolation at a geometric mesh was first
investigated by C. A. Micchelli (9], who based his argument on the properties of the so-
called generalized Euler-Frobenius polynomials. Later on, Y. Y. Feng and J. Kozak (6]
developed such a consideration. Earlier, and in a different way, K. H8llig [8] made a more
precise investigation into the boundedness of L,-projections onto splines on a geometric

mesh. In particular, he got the following elegant result (see Theorem 5 in (8]):

Theorem A. For a geometric mesh x := (ql):. with g € (0,®), let Ak(q) be the

e ey 5]

biinfinite matrix (f Mi,x“j,k)i,jel' Then
-1 -1
(1) 1A (q) 1, = Iak(q)l '
where
k v k-1 v k
(2) 8 (q) := 2°ki* (k=1)1 22 g AN, g a8, 7 g !

val g'-1  w=l q"-1  j€z vet [x(1425)12 & (ve)?

with t := log gq. Moreover,

(3 ua g (@ = (A*C] (e2)7%)
g+l jes
(4) 1im @ (q) = z—
i S LT

Based on numerical evidence, de Boor raised the following

i 1




¢ ggglectggg. Qk(q) is a monotone increasing function on [1,%),

This conjecture was verified for k € q by Y. Y. Feng and J., Kozak [7]. They also
\ showed that ﬂk(q) < 3%:7 in the same paper.

The purpose of this paper is to confira the above conjecture. Thus we have

Theorenm 1. ﬂk(q) is a monotone increasing function on [1,®). In particular,

(5) 2%-1 < 1A (@) < (%Jzk( I (1a25)7%)
ja%

Note that Q’(q) = 1 and that ﬂz(q) H % in terms of a straightforward calculation.
Hence we can restrict ourselves to the case k » 3 from now on.

In section 2, we will give an alternative proof of theorem A. Section 3 and 4 will bhe
devoted to proving the monotonicity of Qk(q) for q € [1,20] and q € [20,%),
respectively.

2. The bound for A ().

As before, x = (qi):. is a geometric mesh with g @ (1,*) and t = log q. Consider

z
X

OO(X) 1= [0,1,...,(2k-1)]z for x @ [(1,q] .

aeg*

It is easy to verify that

(6) i @) + FoP ) = 10,1000 (2= L2tz 1) s (2200} &

0 for & = 1,40.,2-2

1 for % = 2k-1

-1
Since 00 is a polynomial of degyree 2k-1, Oézk ) is constant in [(1,q9)., Hence (6)

yields that

(2k-1 1
0 (x) -m for x @ [1,q) .
q¥q

(N ¢

Now we extend the domain of 00 to (0,*) as follows:

$ix) 1= ()M @) for ¢ <x<q™' nes .
* From (6) we assert that ¢ & szk,g' and that
(8) #a™ = g™ (1), me sz .
‘v
-3




It follows that

o = (x1,...,xml¢ - [xo,...,xn_llo
[xo,x1,...,xm_1,xm %
m o]
~m+1
. 'qk m [xo"""‘mq” - lxo.---,xn_‘lé
q -
K-m+1
+ 1
= - n [xd,...,xm ‘10 N
q 1
By induction on m, we can obtain
k k~-m+1 k m
(9 [Xgoxyoeenrn 16 = (-05( 1 Tt )g (1) = (-0 (n 1) 0 g0
m 0 n 0
m=1 q -1 m=1q -1

From (8) we deduce that

(10) [ 0ererx ) I8 = (=00 Ixgaeee 10
By Peano's theorem (see (4))

‘ (k)
[xipooolxi*klo = I Hi,k(x). (x)/kl dx .
Now we get
kK m
(1) [ 0™ oo/ ax = oten*(n 2N )
4

a=l q -1

(k)

Obviously, 0(k)/kl [~} ’k <! hence ¢ /k! may be expanded in a B-gpline series:
’

(k)
¢ /ki =L aj"j,k

(k)

However, ¢ (gx) = -¢(k)(x). Thus

L ajuj'k(x) = L aij'k(qx) - =L ajuj-l,k

By the uniqueness of B-spline expansion we assert that

(x) = (x) .

ECILIVRL

a - -Q s jJeoez .

I 3
Thus we can write

(k) j
(12) ¢kl = CE(-1) L

where C is a constant to be determined. Now (11) and (12) together give

3 T k(X e
(13) I v J'mx XNy L ) = (=) €T (=) (m 1_——-—)00(1) .
jes ! ! mel q -1
Let
-1 X Kk m .1
(14) Q@) = o7 =ye( AL l)e )
m 0
m=1 q -1
4=
CARPSl i




Then (see de Boor, C., S. Friedland and A, Pinkus [S])
-1 -1
(@, = Ink(q)l .

It remains to determine C. Differentiate (12) k-1 times:

o' ey = czi-ndn, Y
Jek
One the one hand,
(2k-1) 1. 1
¢ (x)/kl = W R aeT for x & (1,9) .
q +4q

On the other hand (see(4]),

. k-2 C et s
D T R o = il NI CLILTCuRt e T
Je q - q ‘-1 q jes Je
k=1 m . R
L ] - L 1 L] ul L] - ) k-1 -J
=2 (k-1)1 = n 4 Y (-1 Ny oe

q +1 n=1 q -1 jes

Thus, for x € (1,q)

3 S N N +
@ =178 ) (x) = 2+ (k=1)1 » — n i,

From the above calculation we get

-1

¢ ekt o (g e 2 (k1) o — «on

(15)
k-1 m
= 20kl * (k=1)1 * ¢& @ ‘1;"—' .
m=1qg -1

Finally, (14) and (15) yield that

k k "y k=1 P4 K
%(q)-(-l) e 2kt v (x=1)1 0 12X . g 1. 45 ¢
m ] V]

m=1 q =1 m=1 g -1

(e k L R L N X 1
- (=1)% e 2 ¢ kivx-1)g o L, g 448, QO 1y e0e,2Kk=1] .
m m LR 3
m=1 q =1 m=1 q -1 q +q

We follow the procedure in [9] and use a well-known formula for the divided difference

to get

K k (-1)"%g" Zk2! dz
O7) (=1 q 10,1 eeny2ket) e m S (0 - [ e
q R b] tj[- n (z-m)] . (ezlogq‘qk)
m=0
“Se
R

e b il o e b it 1 ' r su bt 54 e




where C, and 0::“j stand for positively oriented circles with centers at 0 and j and
radius R and ry where R sufficiently large and 4 sufficiently small, Jj = 0,1,...,
2k-1,

Making R *» =, tj + 0 () =0,1,e00,2k=1) in (17) and using the residue theorem we get
1

(=105 10,1, 0000 2k=11 = (<1)%q%e (1) | Res

O 3 z=i (V420 ) /t+k 2k~
14 jez 1 (z-v)e(e*1%994g%)
=
X } (2K
s 'czu 2k=1 | (we2%4) - ox %1
jes Tp dlme2my) ., ] I [we2wj=i(k-v)t)
t
X v=0 Va0
- t2k-l . I 1 'Iz s .
JO% V=1 (W42%5) " +(Vt)

Thus (2) is proved by substituting the above equality into (16). Then it is

straightforward to verify (3). As to (4), we have

2k-1 k
lim (@) = (-10% + 2 kI + (=1)1/(Z=1)1 © Lim ] I G B =
qtiq

qre q+e L=0
X, (2k=1y . 55, 841(2K-1 kel 1, (2K=1
=20 GO/(FTT) 2 LD TR 2 G0FT e 5 e (S0 q
=0
k=1
. Kk ,( 2k=1 241 2K-2 %-2 ket 1 2k
- e M ACE D - e M e 1 (5D 1
. X 0 2k-1 k(2k-2 gkt L 2k=1y, o & 1
=2 GOS0 ¢ e ACEEE - EREE — I
This ends the proof of Theorem A.
3. The mongtonicity.of % (a) for q @ 11,200,
Recall t = log Q. Let I
k v k=1 _vt X
2x-1 | e "+ e + 1
£,(t) =t S n I n .

val @ -1 V=i ot j€8 vai ('<rzlrj)2+(\v(:)2

Then ﬂk(et) = 2 ¢ KI(k=1)1f,(t). Consider £}(t)/E, (t). We have

T, poklatindki




PR

f"‘(t) E
(18) —_—= (t)f t) .,
‘. N B t Y,
where k . - ,
\ u (€)= O 3 {1l 1 3 7
) 2 val (R4205)5+(ve)® §=0 vm1 (We203)%+(vt)
vt vt k 2
vte 2(vt)
f.(:)-=2k-1+[+):( - - ] —— .
(19) k.3 v=1 V=i e evt_‘ V=1 (tozij)2+(Vt)z

1f we can show that E"‘(t)/fk(t) >0 for te@ [0,3], then ﬂl"(q) >0 for q @ (1,20},

because e3 > 20. For this it suffices to show f (t) 2 0, since ¢ (t) » ¢ (t)
k,0 k.3 k,0
(3 = 1,2,...) from (19). Let us first make the following observation. r
Bropositicn .
12 2xex

> for x € [(0,*) and c @ [1,5/4) .
12+(cx)2 e2x_1

Proof, Each of the following inequalities is equivalent to proposition 1:

e2x -12 (1 + c2x2/12)2xe .

§ 2%%nen 2 (1 + 23]
n=0 n=0

L]
Z PLVLIPVCE YR S S L S - S
n-

. n=2 nl '2 (n-2)1

However, an induction argument on n shows that

n 1 c2 1
2 /(n+1)t > ;T-+ ;3 . =11

Therefore pruposition 1 is true.

for n>2 and c @ [1,5/4] .

g;ggosition 2¢

2 2 2
2 > LI + LI .

a2 2Pasxsa? wPasxyn?

Proof.

2(:2 + 25x2/9)(l2 + 25x2/16) = 21‘ + 1250!232/144 + 625x2/72

> 209 4 1131352144 + 625x2/81 = (82 + 16x2/9) (2% + 25x%/9) + (x? s25x%/16)) .




Multiplying the above inequality by = /[(t 9" x )(n 3: xz)(w :5 xz)], ve obtain .
proposition 2.
Proposition 3. ;c-o-l o(t:) > t (t) for t 0 and k ? 3. 4
Proof. We shall argue by induction on k. PFor k = 3, we have
£ () -t (t) e _2°3te® 2.4r. et
4,0 3,0 2ear)? &2 ° 3t o2 * 4t
] Set x := 3t, Then proposition 1 and 2 yield that
.
4 4x/3
2 X 2 2 ¢ = Xe
2xe’ L] 3
ol8) = £5 ote) > ( - ) + ( ; )20
! 12 s sy? e o' hisymn? T,
l‘ k+1 5
Suppose now that k » 4, Then —:— < 2 e have
i £ (e) - (e) =T _ 2oktee®®  2(ke1)ee!®N)E
i
k+1,0 x,0 el | e2XE, Q2R+
; - ( '2 - 2'kt‘ekt) . ( '2 - 2'(k+1)t'e(k‘n)t) 0
° ’ 1
apann? e Xt etren)e)? 2 (RHNIE .
according to proposition 1. Thus proposition 3 is proved. -
L
Consequently, fk j(1:) > f3 o(e) for all k >3 and j » O, The remaining task of
’ ’
this section is to elaborate the nonnegativity of fa'o(t). For this we need sowe
estimates.
Proposition 4. Let h(x) = ( -3x) L. then n'(x) €0 for x> o0.
e +1 b 4
e*-1
Proof, h(x) = < and
2x{e " +1)
h* (x) ___ . x(a%+1)e*-(e -1)[(0 +1) +xe” 1. H-zx." x
(x(e® +1)) Zx (e® +1)
while
A - * nn - n=1
x 2x x 2x 2(2  -n) .n
1+ &k -e -102:’2 P Eo Yl ) =S5 x €0, for x>0 .

Y




i e 2 VO P

A e

1 12 x x o3 o™ T ™ T 2
s Proof. (1 + ZX+TX e -1) - xe” = 2 T Z Tt Y
n=2 n=1 n=1
bt 1 n2-7n+12 n
v =Z;i-°—1—2—x 20 for x>0 .

Now we are in a position to prove that f3’0(c) >0 for t € [0,0,3], Write down

tet tet cz 2:-32t 2ce2t (:zt:)2
£,000) = 21 ¢ = - S— - =) + 25— - Sp—- 73
’ e +1 e =1 t n e” "+ e -1 {2t) " +x
3te3t 3te3t (3t)2 9:2
v - -5~ 73 -3 3 ¢
e’ +1 e’ =1 (3t) " +x 7 +9t
It follows from proposition 4 that, for t € [0,0.3],
tet/(et+1) - t/2 > h(0.3)et? > 0.248t2

2te2t/(e2t41) - 2t/2 > h(0.6)°(2t) > 0,242+ (2¢)?

3te3t/(e3t41) - 3t/2 » h(0.9)+(3t)2 > 0.234°(3t)2 .

In connection with proposition 5, we obtain

t t 2
: 200 + 22— -2 -2 ) > 200,248 - 35 - 1—2)t2 > 0,126t
e +1 e -1 Tt n
2t 2t 2
21 ¢+ 22 2o ‘2‘; 5) > 200,242 - 3= - 1y200% > 0.asee?
e’ e -1 (2t) "+ ]
3t 3t 2
1+ 3;: - 3';‘: - ‘3"; s > (0,23 - 1= - 1307 > o.aaa? L
e # e =1 (2t) "+% T
2 2
--5-"’—‘—2> -9%>-o.912c2 .
T +9t "

As a conclusion,
f!,O(t) > (0,126 + 0,458 + 0.444 - 0.912):2 = 0.116t2 .
This shows that
' fé(t) 30 for te6 (0,0.3] .

The next case we are going to treat is that t @ (0.3,3). Let

-9-




2 2
v(t) := 2x +

2% + 12-91:2 '
tzﬂz “2“2 lz+9t2
ate® | Bre®®  6te®* ‘

wit) = +
o2t oty St

-1
Then t'3'°(t) = y(t) ~ w(t)s It is easily seen that v'(t) €0 for t @ [0,”). We claim

that w'(t) € 0 (0 € t < =), too., This is guaranteed by the following proposition.

X
2xe
l Proposition 6. Let gix) = ezx 1. Then g'(x) € 0 for x 2 O.
!
2% x
Proof. g'(x) = = >3 (+x+xe =-e ), while

(e“"=1)

E (n--2)‘2"-1

xn>0£orx>0 .
nt

1 +x+xe2x-e2x-(1+x) - {1-x) ): 2%
nt
n=0 n=3
Accordingly,

(20) f3 o(t) = v(t) - wit) > v(b) - w(a) for t € [a,b] with 0 <ac<b ,
r

To determine the positivity of E3 o 1 vwrote a Fortran program and found that

i v(n+1
i 100

Thus by (20) we assert that

) - 100) > 0,00 for n = 30,31,...,299 .

1
olt) > 0 for te@ [os ?;01, n o= 30,31,...,299 .
Therefore
299 n n+1
olt) >0 for te v 300° ml [0.3,31 .
n=30

So far we have shown that n,"(q) >0 for q € [1,20).

4. The monotonicity of nk(Q) for q @ [20,%),

BENSER TV RERY BTN

Let
(21) @) = =05 (210510, 1,000 210 T
q +q
Then
2k-1 X-~1
k £ 2k-1 291 1 13 241 ,2k=1 1
fig) = (-1)g 3 1) = (=17 T )T
g0t qtea® 20 * Hqi-k .
x-1 2x-1
L+1,2k~1 2'k 1 k+L41 2x-1 1
a T (-nkeRH )—‘1———4(1)( pte T (-m A
£=0 t 1+q" 2 gaket t 14q * v
‘ -10-




It follows that

k=1 k=2-1 k-1 L=k-1
- -1 - > - -
(220 @ = SR, LA Ty R B, kg
220 (1vq” ) L=k 4+ (1+q” )
k L-1 k=1 L-1
- L et T e
L=1 (14q”) =1 (14q )
k=1 -1 k=1
= 1P - Bt Mo T X
2=1 (14q) (14q7)
Now we need the following propositions,
2k=1 2k-1 2g*!
Proposition 7. (( y - ( )Je —=d—— decreases as 1t increases and q 2 6.
EE T S-S k-2 k+2 £.2
(1+q7)
Proo€.
2k-1 k=1, (2k=1)1 k-8, (2k-1)! .
(23 R T TNy ST~ Uil e s vri s s T
We want to show
-1 3
) {2k-1)! 2q {2k-1)! (2+1)q
(24) * 22 o > ¢ 2(241) for g » 6
(k=£)!(k+2)! (qu)z (k=R=1)1 (k+2+1)1 (14q 1)2
It is easily seen that (24) is equivalent to
1 (ql+1+1)z k=t 1,2
ql+1 k+L41 [
However,
1 g a2 22+2+2ql+1+‘ 1-1
;‘( ) g‘“}, T >q-29  »>g-2 ,
q +1 q(q~"+2g +1)
because
- - L
(q-Zq‘ l)q(qzl*qu") - q2!.-0-2 _ qz _ zqz L < qzl+2 e +1 1 .
Meanwhi le
k=L

1.2
m(l+;) <4

Therefore (24) nolds for q ? 6, and proposition 7 is proved.

Proposition 8. For k 2 and q > 6,

TTIVTZTR

2k-1 2 1 2Kk-1 4
(25) £rlq) > (L ".0) ¢ =0 =G )= .
k=1 k+1 (10q)2 k-2 k+2 (1*q2)2
In particular, f'(q) » 0 and
: %k-1, . __1
(26) f{q) € lim f(q) = (k-l ) X °

q”

«“11=




et e oy

Proof. Suppose first k is even, k = 2m, Then (22) and (23) yield that

2k 1 2 1 2k-1 4 y
=) T —— - (L) s
k+1 (“q)z k-2 k+2 (1«12)2
*"'i' : (2k-1)1 2(29-1)_(29-1)q3 "2
soz  EEBATOGZ-DT k2T ([ 23-1)2
e e 202, 239
G231 (o3 -101  ked) (| 3 3!
k-2 k-1
. {k=1)q _ kg
+ [(2k-2) M — -

By proposition 7 all the terms under the summation sign are positive. Moreover,

& 2/006 M2 5 & V046)? for g2,

and
k-2 X! k=1
(Zk-2)(k-1) » =T = Koo > ((%-2)(x-1) - K] —‘1—~k—-2- >0fork >2 .
(\vq ) (1+q™) (14q7)

For odd k, the proof is similar. Thus (25) holds. Purthermore

2
2 (2k=1)1 k+2  4(1+1/q) 2 (2k=1)1
£'¢q) 2 ~ - 1> " [14(1+—))>0
(“q)z (k=2)1(k+2)! “k~1 q(1+|/q2)2 “’qrz (x~2) (k+2)1
for q > 6 ,
and
2k- ‘I 1 k-1 1
£(q) € Llim £(q) = lim[{( 3R = () s .
g m Xt 7" % k-1 2(x-1)
k=1 Ve1 "
Proposition 9. Let S(q) = 4 I %—-# 2 —L Then
v=1 q -1 q -1
s(q) < ———“1———2 for q ? 1.
(q ~1){(q-1)
Proof. We have
k=1 2V 2k
S(q) = 4 ° ): 2v-1 ~(V+‘l) . Zk_q-(kﬂ). _%k_ .
M q“t-1
Note that
2v 2
3 <-52L— for V> 1 and q?> 1 .
q -1 q -1
Hence
w2~

»h

o T P




e

B T P

g S o -ve)  ag? a S -v. a4 a4 -1 4q°

! Stq) € 35—+ 1 va I i la) =S— gl =— 3 .
q“-1 Va1 g°-1 V=i q - 1-q (q7=1)(g-1)

. _2k=1 .. 4(k=1) . g

) Broposition 10. et g, (q) = 55— [t - 505 z)s Then

1+

qk+1(q) > qk(q) (k = 1,2,3,...59 > 12) .

Proof.
- -——;———- - - . - -g—
9k+1(q) qk(q) keI (ks (kD) [(k+3)-(3k-1) * 4 Hqzl
> e [(k$3)=(3k-1) * 4 * —2—] >0 for q 2 12.
{(kX+1)(k+2)(k+3) ‘*122

Now we are in a position to prove the monotonicity of ﬂk(q) for q € (20,%). From

(16) and (21) we see that

k L k-1 m”
8 (q) = 2:x!(k=1)1/(2k=1)1 * . L. eq)
m=1 qu-1 m=1 q =1

Hence
' - - -
g&ﬁil = -(4a K5 qu 1 + 2 qu 1) L L -s(q) + £ (q) .
8, (q) vl q2¥-1 a2 flq) flq)

By proposition 3 we have
)

it
s(@) €5 — ¢ g ¢« 22 for 4> 20 .
: a®  (@®-n@-n® ¢ (20%-n0-1)* g

Moreover, proposition 8 and 10 tell us that

£'(q) 1L M2x=) k=), g9 . 4
Q) (o) 2 k1 i k+2 Hq2] (1) 2 9 (q)

28 G-/ |

4 4 .7 -4, .
» 3 g4(q) = 3 .« (1 2) .

(14q) w2 3 1a? @ 3 Gse? 1eyq?
(- 12
> 15 . %ﬂ . 30 7 ° ! 3 > 45 o q2>20 and k 2> 4 .,
q (1+ 33) 1+ 1/20 q

Therefore
8@ gogg)

4.55 4.45 0.1
—— —— - m— — > .
@ - ) 3 3 "3 >0 for k 4 and q » 20

q q q

- 8{(q) >

It remaing to check the case k = 3, For this we shall make a straightforward computation:

13-




2 3
2.(@) = 260 @H2 @207 L2 3 01)10,1,2,3,4,5) T3
3 q-1 2 3 s 3
q-1 g™ q +q
24 g+1.2 g4 .2 q3+1 3,1 1 ) 1 1 1 4
-3 @A Sl s —5 e 0 5 50 R S S T AT
q-1 q -t 14q q4q qq 2q qq qvq
2
al. a
5 2 *
q +q+1
Thus
2
CHEY --'5--——3—'-‘-——>o for q > 1 .
(q +q+1)
This completes the proof of theorem 1. I
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