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the informal observation that photographs with smoothly changing atbedo are usually interprated as
having smoothly changing topography. )

‘The concern here is whether there can be zero-crossings corresponding to topographic vather
than photometric changes in an object, for example, in the radial sine surface of Figure 2. Indecd,
if the albedo is roughly constant, the form of the equations indicates that there may be topographic
effects that could also cause sharp changes in irradiance. The surface conditions under which such a
change in irradiance can occur arc important, since the absence of zero-crossings in a regica would
then imply the absence of such surface conditions for that region. 1t is preciscly these restrictions
on surface shape which will allow us to determine a surface consistent with the depth values along
the zero-crossing contours. 'The basic problem is, under what conditions docs bending of the sarface
force an inflection in the irradiance array? "This question will be answered in the following sections by
considering specific cases.

There are two points to note, before beginning the mathematical detaiis. The first concerns the

G Rt M Y msminn Bltacin coostrietine the nrimal sketeh representations upon which the sterco
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the visual system must incorporate some additional constraints besides
the known points in order to compute the complete surface.

Using the image irradiance equation, we derive the surface consistency
constraint, informally referred to as no news is good news. The
constraint implies that the surface must agree with the information
from stereo or motion correspondence, and not vary radically between
these points. An explicit form of this surface consistency constraint
is derived, by relating the probability of a zero-crossing in a region
of the image to the variation in the local surface orientation of the
surface, provided that the surface albedo and the illumination are
roughly constant.

The surface consistency constraint can be used to derive an algorithm
for reconstructing the surface that "best" fits the surface information
provided by stereo or motion correspondence.
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ABS'I‘R/\& Computational theorics of structure-from-motion and stereo vision only specify
the computation of three-dimensional surface information. at points in the image at which the ir-
radiance changes{— Tor cxample, the zero-crossings of a V2G operator applicd to the image? Yet, the
visual perception is clearly of complete surfaces, and this perception is consistent for different observ-
ers. Since mathematically the class of surfaces which could pass through the known boundary points
provided by the sicreo svstem is infinite and contains widely varving surfaces. the visual system must
incorporate some additional constraints besides the known points in order to compule the complete
surface.

Using the image irradiance cquation, we derive the surface consistency constraint, informally
referred to as no news is good news. The constraint implics that the surface must agree with the
information from sterco or motion correspondence, and nor vary radically between these points. An
explicit form of this surface consistency constraint is derived, by relating the probability of a zero-
crossing in a region of the image to the variation in the local surface orientation of the surface,
provided that the surface albedo and the illumination are roughly constant.<\

The surface consistency constraint can be uscd to derive an algorithm %- reconstructing the
surfacc that “best” fits the surface information provided by stereo or motion correspondence.

This report describes rescarch done at the Artificial Intelligence Laboratory of the Massachusetts
Institute of Technology. Support for the laboratory's artificial intclligence research is provided in
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Naval Research contract N00014-80-C-0505 and in part by National Science Foundation Grant 79-
23110MCS.




1. Introduction

Although our world has three spatial dimensions, the projection of light rays onto the retina
presents our visual system with an image of the world that is inherently two-dimiensional. We must
use such images to physically interact with this three-dimensional world, cven in situations new to
us, or with objects unknown to us. That we casily do so implics that onc of tae functions of the
human visual system is to reconstruct a three-dimensional representation of the world from its two-
dimensional projection onto our cyces,

Methods that could he used to cffect this three-dimensional reconstruction include sterco vision
[c.e. Wheatstone, 1838 Helmholtz, 1925; Julesz, 1971] and structure from motion [for example, Miles,
1931; Wallach and O'Conncll, 1953; Johannson, 1964]. Both of these methods may be considered as
correspondence techniques, since they rely on establishing a correspondence between identical items
in diffcrent images, and using the difference in projection of thesce items to determine surface shape.

Most of the current computational theorics of these processcs [Marr and Poggio, 1979; Grimson,
1980, 1981a; Mayhew and Frisby, 1981; Ulfman, 1979; {_onguct-Higgins and Prazdny, 1980} arguc
that the correspondence process cannot take place at all points in an image. Rather, the first stage
of the correspondence process is to derive a symbolic description of points in the image at which the
irradiance undergocs a significant change [Marr and Hildreth, 1980). 'This symbolic representation
(calied the primal sketch [Marr, 1976; Marr and Hildreth, 1980]) forms the input to the second stage
of the process in which the actual correspondence is computed. As a consequence of the form of the
input, the correspondence process can compute explicit surface information only at scattered points
in the image. Yet our perception is clearly of complcte surfaces. For cxample, in Figure 1, a sparse
random dot stercogram yields the vivid perception of a squarc floating in space above a background
plane, rather than a collection of dots suspended in space. This suggests that some type of filling-in, or
interpolation of surfacc information, is taking place in the visual system.

This poses an interesting problem, since mathematically the class of surfaces that could pass
through the known boundary points provided by the sterco algorithm is infinite and contains widely
varying surfaces, The implication of our perception of complete surfaces, which is consistent for
diffcrent viewers, is that the visual system must incorporate some additional constraints, besides the

known points, in order to compute the complete surface,
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Figure 1. A Sparse Random Dot Pattern. Although the density of dots is very small, the perception
obtained upon fusing this pattemn is one of two disjoint planes, rather than dots isolated in depth.

In this paper, we will use the image irradiance cquation {Horn, 1977] to derive the surface
consistency constraint, informally referred to as no news is good news. The constraint implies that the
surface must agree with the information from sterco or motion correspondence, and not vary radically
between mésc points. We will derive an explicit form of this surface consistency constraint, by relating
the probability of an abrupt irradiance change in a region of the image to the variation in the local
surface oricntation of the corresponding surface. We will then indicate how this constraint can be

used to derive an algorithm for reconstructing the surface that “best™ fits the surface information

provided by stereo or motion correspondence [Grimson, 1981b, 1982).

2. The Computational Constraint

The input representation used by the sterco algorithm [Marr and Poggio, 1979; Grimson, 1981a,
1981b] consists of a symbolic rcpresentation of points at which the image irradiance undergoes a
significant change. These points are identified by the zcro-crossings of a Laplacian of a Gaussian
(V2G) operator applied to the image; that is, the image is convolved with 2 VG operator and the
points at which the resulting convolution changes sign are lociated [Marr and Hildreth, 1980: Hildreth,
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1980). As a conscquence of the correspondence process, explicit three-dimensional information about
the surface shape will be computed only at these zero-crossings.

Suppose one were to attempt to construct a complete surface description based only on the
surface information known along the scro-crossings (where by complete, we mean that an cxplicit
surface valuc is assigned to cach point on a rectangular grid). An infinitec number of surfiaces would
consistently fit the boundary conditions provided by these surface values. Yet there must be some
way of deciding which surface, or at least which small family of surfaces, could give risc to te zero-
crossing descriptions. This means that there must be some additional information available from the
visual process which, when taken into account, will identify a class of nearly indistinguishable surfaces
that represent the visible surfaces of a scene, '

In order to detcrmine what information is available from the visual system, onc must first care-
fully consider the process by which the zero-crossing contours are generated. For instance, sudden
changes in the reflectance of a surface, caused by surface scratches or texture markings, will give rise
to zero-crossings in the convolved image [Marr and Hildreth, 1980; Hildreth, 1980]. Of more interest
here is the fact that sudden or sharp changes in the shape of the surface will under most circuinstances
also give rise to zero-crossings. This can be used to constrain the possible shapes of surfaces that could
produce particular surface values along the zero-crossing contours.

We illustrate the basic argument with an example. Suppose one is given a closed zero-crossing
contour, within which there are no other zero-crossings. An cxample would be a circular contour,
along which the depth is constant. There are many surfaces which could fit this sct of boundary
conditions. One such surface is a flat disk. Onc could, howcever, also fit other smooth surfaces to this
sct of boundary conditions. For example, the highly convoluted surface formed by sin (22 + y”)*
would be consistent with the known disparity values (sce Figure 2). Yet in principle, such a rapidly
varying surface should give rise to other zero-crossings. This follows from the obscrvation that if the
surfacc orientation undergocs a periodic variation, then it is likely that the irradiance values will also
undergo such a variation. Since the only zero-crossings lie at the borders of the object, this implies
that the surface sin (22 4 y’)* is a highly improbable representative surface for this sct of boundary
conditions.

Hence, the hypothesis, which will be evaluated in the following sections, is that the set of zero-

crossing contours contains implicit information about the surface as well as explicit information. If
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Figure 2. Possible Surfaces Fitling Depth Values at Zero-Crossings. Given boundary conditions
of a circulw zero-crossing contour, along which the depth is constant. there are many possible
surfices which could fit the known depth points. Two examples are a flit disk. and the highly

convoluted surfuce formed by sin (52 + y7)}, shown here. (From Grimson {1981b})

one can determine a set of conditions on the surface shape that causc inflections in the irradiance
values, then onc may be able to determinc a likely surface structure, given a sct of boundary condi-

tions along the zero-crossing contours.

2.1 No News is Good News

In general, any one of a multitude of widely varying surfaces could fit the boundary conditions
imposcd along the zero-crossings. Our intention is to show that to be completely consistent with
the imaging process, such surfaces must mect both explicit cunditions and implicit conditions. The




explicit conditions arc given by the depth values along the zero-crossing contours, ‘The implicit condi-
tions arce that the surface must not impose any zero-crossing contours other than those which appear
in the convolved image. This implicit condition leads to the surface consistency constraing {Grimson,

1981b), namely:
The absence of zero-crossings constrains the possible surface shapes.

Just as the presence of a zero-crossing tells us that some physical property is changing at a given
location, the absence of a zero-crossing tells us the opposite, that no physical property is changing,
and in particular that the surface topography is not changing in a radical manner. We informally
refer to this constraint as no news is good news, since it says that in genceral the surface cannot change
radically without informing us of this fact by mcans of zcro-crossings. Note that in practice, the
convolved image may not signal the entire extent of a discontinuity in the surface topography, but at
Icast some portions of the discontinuity will be evidenced by a zero-crossing. In order (o complete
such a partial discontinuity, a subjective contour must be inserted between the known portions {Brady
and Grimson, 1981]}.

In order to make explicit any constraints on the shape of the surface for locations in the image
not associated with a zcro-crossing, we will carcfully cxamine the factors which influence irradiance
and hence image intensity. (Note that while irradiance refers to the illuminant flux emitted from the
surface of an object and intensity refers to the brightness recorded by a sensor, we will use the terms
interchangably, since they arc proportional [Horn and Sjoberg, 1979].) These factors will be expressed
in the image irradiance equation, which describes the manner in which a particular irradiance is
formed at a point in the image. 'Two goals arc kept in mind. The first is to determinc what surface
conditions will cause a local change in irradiance, and the second is 1o combine this constraint with
the input from the visual processes, such as stereo or structurc-from-meotior.. in order to design an
algorithm for interpolating surface information.

"T'he basic resuit, corresponding to the intuitive argument given above, is that the probability of a
zero-crossing occurring, in regions where the iltlumination is roughly constant and the surface material
docs not change, is a monotonic function of the variation in the orientation of the surface normal.
This mecans that the probability of a zero-crossing increases as the variation in surface orientation

increases. By inverting this argument, we will show that the best surface to fit the known data is that

L




IMAGE FORMATION 6

which minimizes the variation in surface orientation since this surface is most consistent with the zcro-

crossings in the convolved image.

3. Image Formation

In order to cxamine the process of zero-crossing formation, a review of the factors involved in
the formr-ion of an image will be presented. One factor is the geometry of the projectios. (cither
orthographic or perspective) from the scene to the image. 'The second factor, which we will review
briefly below, is the manner in which image irradiance values at a point are formed. A detailed
analysis of these processes has been undertaken by scveral investigawors [Horn, 1970, 1975, 1977,

Nicodemus, ct al., 1977, Woodham, 1978; Horn and Sjoberg, 1979].
3.1 Grey-Level Formation

In this section, we will outline the factors involved in the creation of image irradiances in order
1o itlustrate the relationship between changes in irradiance and zero-crossings in the convolved image,
(most of the discussion is based on Horn and Sjoberg, {1979]). To do this, we need to determine what
irradiance value will be associated with a particular image location.

‘The apparent “brightness™ recorded by an imnaging device is a measurement of image irradiance
£, the radiant flux striking a unit arca of the receptive field. The flux reaching a small portion of
the receptive ficld will be cxclusively a function of a corresponding small surface clement on some
object in the scene, provided the imaging system is properly focuscd and the lens is small relative to
its distance from the object [Horn and Sjoberg, 1979]. We want to specify the factors that determine
the image irradiance ata point in the image, as a function of the corresponding surface element.

In gencral, there are three factors governing the irradiance recorded at any position in the
image:

(1) the amount of radiant flux striking a surface, a function of the distance of the surface from the
source 7, the orientation of the surface relative to the source, and the intensity I of the source
itself;

{(2) the percentage of incident flux reflected by the surface (as opposed to the percentage absorbed

or transmiited), a function of the surface material and usually described b the albedo p: and
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(3) the distribution of that reflected flux as a function of direction, usually described by a reflcctance

function.

We shall show that a sharp change in cach of these factors will give rise to a zero-crossing in the con-
volved image. Further, in regions where both the incident illumination and absorption characteristics
of the sw face material are roughly constant, an cquation relating the recorded irradiances to the shape
of the surface will be derived. This image irradiance equation will be used in later sections to verify
our surface consisiency constraint.

Most surfaces have the property that the reflectance is not changed by rotating a surface clement
about its normal (exceptions are diffraction gratings, irridescent plumage and *“tiger's cye™). Such
surfaccs are referred to as isotropic. If a surface posscsses this property, only three angles are needed
to determine reflectance, as shown in Figure 3. The angle between the local surface normal and the
incident ray is called the incident angle and is denoted by 2. The angle between the local surface
normal and the cmitted ray is called the view angle and is denoted by e. The angle between the
incident and emitted rays is called the phase angle and is denoted by g. In the following, we shall
assume that the surfaces arc isotropic. This reduces the image frradiance to a function of I, r,1,e, 9
and p, where I is the intensity of the source, r is the distance of the source from the surface, ¢, e, and g
arc the angles specified above, and p is the albedo of the surface material.,

We know that the incident flux density follows an inverse-squarce reduction as a function of dis-
tance. 1f two surfaces lic at very different depths, and all other factors are roughly cqual, this inverse-
square dependence will cause a noticcable difference in the irradiances associated with the different
surfaces. If the projections of the two surfaces are adjacent in the image. the different irradiances
will give rise to a zero-crossing in the convolved image. This is to be expected, since the Marr-
Hildreth theory of edge detection was based on the requirement of detecting changes in the image
corresponding to changes in some physical property of the surfaccs. In this case, the changing physical
property is object continuity.

Given that these situations will cause a zero-crossing, we can restrict our attention to regions of
the image between the borders of the objects. We will further assume that the source is distar!t rclative
to the surfaces. This has two consequences. The first is that each surface receives roughly uniform

illumination. ‘This implies that the I/ r2 term is roughly constant and may be ignored in what follows.
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GREY-LEVEL. FORMATION 3
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Figure 3. The Imaging Geometry. The incident angle ¢ is the angle between the incident ray
and surface normal. The view angle e is the angle between the emergent tay and the surface
normal. The phase angle g is the angle between the incident and cmergent rays. (Redrawn from

Woodham, {1978)).

‘The second is that the angle between the viewr~ Yirection and the source direction (the phase angle g)
will be roughly constant over cach surface.

If the surface material changes, there will frequently be an associated change in the albedo. If
all other factors arc roughly cqual, this will cause a change in the irradiances and there will be a
corresponding zero-crossing in the convolved image. This is again expected from the Marr-Hildreth
theory of edge detection: a changing physicat property of the surface should correspond to a zero-
crossing in the convolved image. In general we shall restrict our attention to regions of the surfaces
between such material changes, so that the albedo p is roughly constant. In these regions, we can
consider the image irradiances to be a function of 7, e and p (ignoring scalc constants).

If we assume that the source is distant enough and small enough to be treated as a point source,
then we can simplify the geometry further by reducing the angles £ and e to a specification of the local
surface normal, n the following manner. Consider a Cartesian coordinate systemn with z-axis aligned
with the line of sight. and z-axis some arbitrary direction in the planc normal to the line of sight.

Suppose the surface is specified in wie coordinate system by 2z = f(z, y). Elementary calculus states

g
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that the vectors

Oz 3z
{“’»;9,:} {""'aa}

are tangent to the surface at a given point. The cross product

o o
Iz’ 8y’

is normal to the tangent plane, and hence to the surface. Defining

Pzéz q

~ oy
the normal vector becomes {p, g, — 1}. The quantity (p, ¢) is usually referred to as the gradient and
the space of all points (p, g) is referred to as gradient space [Huffman, 1971; Mackworth, 1973

In this case, the angles ¢ and e can be straightforwardly transformed into the normal components
p and q [Horn, 1977]. Since we are considering the case of a distant point source, its dircction relative
to the surface can be represented by a dircction vector {p, g,, —1}. A straightforward calculation of
the vector dot products shows that the angles 2 and e are given by:

14 pps + 99
V140 +¢/1+pt+qt
1

Extended sources (sources whose size relative to their separation from the scene cannot be treated

cos(i) =

cos(e) =

as a point source, for example, fluorcscent lights in a normal room) can be frequently treated by su-
perposition of point sourccs, or as being cquivalent to an appropriately chosen point source {Brooks,
1978; Silver, 1980). Thus, the irradiance reduces to a function of p, ¢ and p.

Finally, if we assume that the objects are distant relative to the viewer, the image projection may
be treated as orthographic. In this case, the coordinate system of the image and the coordinate system

of the scene can be treated as identical so that we obtain the image irradiance equation:

E(z,y) = plz, v)R(p(z,y), ¢(z,))

where E(z, y) is the image irradiance recorded at a point in the image, p is the albedo associated

with the surface intersecting the ray from (z, y) and R(p, ¢) is the reflectance map [Horn, 1970, 1975,




NTERPOLATION THEOREM 10

and Sjoberg, 1979, Horn and Bachman, 1977]. Note that the reflectance map R differs from
Acctance function for a surface {Nicodemus, ct al., 1977). ‘The reflectance function describes
nount of flux reflected in a particular direction, given an incident flux from a second given
on. The reflectance map combines the effects of the reflectance function in the case of uniform
nation and isotropic surface material with the ilflumination gcometry and the image sensor's
point. In the case of conston: albedo the image irradiance cquation reduces 1o the partial

ant T equation [Horn, 1970, 1975; Hoen and Sjoberg, 1979):

E(z, v) = R(p(z, ), gz, v)).

» two cquations describe the manner in which animage irradiance (or grey-level) is obtained at a

-ular point in the image.

4. The Interpoiation Theorem

We hate scen that zero-crossings can arise from many factors. We shall restrict our attention to
ns in which illumination is constant, albedo is roughly constant and surface matcrial is isotropic.
intention is to show that in such cases, if the surface topography changes radically, the image
iances mist also change radically. We will then be able to use the contrapositive statement — if
nage irridiances do not change radically, then the surface topography also doces not change. Note
if the albedo or the itllumination is not constant over the region, we cannot make this statcment.

is. there could be situations in which the surface topography does change radically without
ng a corresponding change in the image irradiances, because one of the other factors, such as
lnedo. is also changing in such a manner as to mask out the cffects of the change in topography.
¢ situations are fortunately very rare, since they require a precise meshing of the effects of the
ging albedo with the changing surface topography and in general are highly dependent on the
er position and illuminant direction. Thus, a small change in the viewer position will usually
uple the conflicting effects of albedo and surface shape, and the change in topography will give

o a zero-crossing. (In other words, it is generally difficult to paint a radically curved surface so

appear flat from all viewpoints. The opposite is not true, of course. One can casily paint a

uifuce w appear curved. In otlier words, we prefer to see topographic changes, as evidenced by

19
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11

the informal obscrvation that photographs with smoothly changing albedo are usually interpreted as
having smoothly changing topography. )

The concern here is whether there can be zero-crossings corresponding to topographic vather
than photometric changes in an object, for example, in the radial sine surface of Figure 2. Indeed,
if the albedo is roughly constant, the form of the equations indicates that there may be topographic
cffcets that could also cause sharp changes in irradiance. The surface conditions under which such a
change in irradiance can occur are important, since the absence of zero-crossings in a regicn would
then imply the absence of such surface conditions for that region. 1t is preciscly these restrictions
on surface shape which will allow us to determine a surface consistent with the depth values along
the zero-crossing contours. The basic problem is, under what conditions does bending of the surface
force an inflection in the irradiance array? This question will be answered in the following sections by
considering specific cases,

There are two points to note, before beginning the mathematical detaiis. The first concerns the
role of the Gaussian filter .in constructing the primal sketch representations upon which the sterco
correspondence is computed. The Gaussian perfoims a simoothing of the inage, theieby solating ir-
radiance changes at a particular scale. At the same time, it removes some of the noise problems which
arise from using a discrete grid to represent the image. In what follows, we shall concentrate on the
differential operator (V2) and its role in the creation of the zero-crossings. The effect of the Gaussian
will not be considered in any detail. Hence, the surface reconstruction will not account for minor
surface fluctuations on the scale of the grid resolution. This is not a major problem. (Equivalently,
the problem may be considered as one of applying the Laplacian V2 to the image G « E. 'The
reconstruction will be based on this image information.)

The second point concerns the use of the Laplacian operator V2 as opposed to directional
derivatives. ‘The mathematical arguments which follow are bascd on the consideration of zero-
crossings of the convolution of a dircctional second-order differential operator with the image, (v -
V) s E. We have alrcady scen that the Marr-Hildreth theory of edge detection is based on the use
of zcro-crossings of the image convolved with the Laplacian, V2 » E. This difference is not critical,
for the following two reasons. Marr and Hildreth show that under some simple assumptions, the
zero-crossings obtained by either operator arc identical. In particular, the condition of linear variation

{Marr and Hildreth, 1980} states that: the irradiance variation near and parallel to a line of zero-

o TP
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crossings should locally be linear. 1f this condition is assumed to be true then it can be shown [Marr
and Hildreth, 1980, Appendix A] that the zero-crossings obtained with the Laplacian arc identical to
thosc obtained using dircctional derivatives. Thus, in thosc situations for which the condition of lincar
variation is valid, no difference is obtained. In the case where the condition of lincar variation docs
not hold, the difference in the zero-crossings of the operators lics in their position, not in the cxistence
of such zero-crossings. For example, at a corner (which frequently carrics strong visual information),
both V- « E and (v- V) # £ will give risc to zero-crossings. The only difference will be in the cxact
pusition of the zero-crossings. We shall sec that such variation in position is of negligible consequence
to the reconstruction process. Hence, it will be assumed that the arguments developed in the next
scction. bascd on the zero-crossings of a directional sccond dél‘ivalivc will also gencrally apply to the
zero-crossings of the 1.aplacian.

Finally, in what follows, the functions 2, /2 and f arc assumed to have continuous second order
partial derivatives. Throughout, it is assumed that the albedo cffects can be ignored relative w the
topographic ongs, that is, the albedo factor may be considered roughly constant and witl therefore not
affect any study of derivatives. Without loss of generality, one may assume that p = 1 and ignore the

albedo in what follows.
4.1 General Argument

The basic hypothesis is that in order for a surface to be consistent with a given sct of zero-
crossings, not only must it give rise fo a zcro-crossing in the convolved irradiances at thosc points,
but it must zlso not give rise to zero-crossings anywhere clse. Under most sitvations, this restriction
would require that the surface not change in a radical manner between zero-crossing contours. (For
cxample, the surface shown in Figure 2 is not consistent with the boundary conditions of a circular
rero~crossing contour of uniform depth). It is difficult to prove this asscrtion in general, since the
image formarion cquation includes terms dependent on the imaging process and on the light source
geometry, as well as factors dependent on the photometric propertics of the surface itsclf. However,
under some fairly weak assumptions concerning the relative sirengths of photometric and topographic
changes, and the form of the reficctance function, we will prove the surface consistency theorem,
describing the probability of a zero-crossing as a function of the shape of the surface. The importance

of this theorem is that it lcads t0 a method for measuring the probability of a particular surface being

fedbesron g e
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Figure 4. An Example of a Developable Surface. The component of the surfsce oricntation in
the y direction is constant for this region of the surface, so that the only variations in surface
{ ’ orientation take place in the z direction.

inconsistent with the zero-crossing inforination. This in turn suggests that it will be possible to derive

a method for determining the best possible surface to fit the known information {Grimson, 1982).

4.2 A One-Dimensional Exampie

To illustrate the scope of the surface consistency theorem, we shall consider first the one-
dimensional casc of a developable surface, before proving the general theorem concerning arbitrary
surfaces. Note that the Laplacian is oricntation independent, so that without loss of generality, one
may rotate the coordinate system of the image to suit our necds. One may assume that the surface has
the form f(z, y) such that f(z,y) = ¢(z, y) = ¢, in the local region under considcration. Hence,
the partial derivatives of ¢ vanish, as do any partial derivatives of p involving y. A sample surface is
shown in Figure 4.

Suppose that a one-dimensional slice in the z direction of the surface contains at lcast two
inflection points. Figure 5 indicates a sample surface and its derivatives. Since ¢ is assumed constant,

( the derivatives of the image irradian.e equation are given by:

T .



A ONE-DIMENSIONAL EXAMPLE 14

VIE = (V’p)ll + 2p:Rpp;: + V(pri + Rrp")'

(Note that except wher explicitly stated otherwise, we shall use a subscript to denote a partial deriva-
tive, so that, for example, p, = 8p/8z.) In this situation of a developable surface, we can prove the

following result.

Theorem 0: Consider a portion of a second differentiable, developable surface oriented along the y

axis such .hat f{z,y) = g = ¢, for sonie constant c. lf the following conditions are true:

1. The surface portion contains exactly two inflection points in the x direction, at zy and x,
2 At the poinis zy and z,, normalized changes in albedo are dominated by normalized changes in

reflectance,
v
P

Rypes

<I|I"&

3 The reflectance map R does not pass through an extremum in this region of the surface,
4 The reflectance map R is not constant over this region of the surface,

3. The albedo p is non-zero,
then there exists a point Ty < = < z such that VE(z') = 0. That is, there exists a zero-crossing
here.

Proof. The signum function is defined by:

1 ifz>0
sgn(z) =< —1 ifz<0
0 ifz=0

From the derivatives of the image equation,

V2E = (V2p)R + 2p.Rop. + A(RppP? + Ryp:e).

At the infiection points z, and 22, p,(2,) = 0. Hence, evaluation of the equation yields

V2E(z:) = V?p(z)R(p(z:)) + p(z)Ry(p(zi))pes(z:) fori =1,2.

Condition (2) implies that the albedo changes are negligible in this region, so that the first term may
be ignored,

agn(V?E(z:)) = agn(p(z:)Rp(p(2:))pz+(%:)).
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Figure 5. One-Dimensional Example. The top figure illustrates a slice of the surface, containing
wo inflection points. The second figure illustrates the first derivative of the surface function. The
wo inflcction points of the surface correspond to extrema in the first derivative. The third figure
illustrates the second derivative of the surfuce function. The two inflections in the surface correspond
(0 zero-crossings in the second derivative. The botlom figure illustrates the third derivative of the
surface function. Between the points corresponding to the two inflection points of the surface, the
third derivative contains a zero-crossing. (From Grimson [1981b)).

1



A ONE-DIMENSIONAL EXAMPLE 16
Condition (5) implics that sgn(p) = 1. Obscrving that
sgn(zy) = sgn(z) sgn(y),
the sign of the convolved intensity function at the surface inflection points is given by
sgn(V2E(z;)) = sgn(R(p(z))p.o(z:))-

Condition (3) implics that 12, does not change sign in this region of the surface and hence

sgn(Ry(p(=1))) = sgn(R(p(z2)).

Note that p, == 0 at &y, 2,. The fact that there are cxactly two inflections on the surface implies that

pr Z 0 over the ncighborhood (zy, z;). Thus,

sgn(pra(z1)) 7 sgn(p..(2)),

and thus
sgn(V2E(z))) # sgn V?E(z,)).

‘The second differentiat:iiity of the surface implies that there cxists a point 2 € (zy, z;) such that
Vi(z)=10.3

The contrapositive of this thcorem statcs something important about the possible surfaces which
can fit the known depth information. Specifically, given the conditions of the theorem, if there is a
sct of known depth points to which a surface is to be fit, there cannot be two or more inflections in
the surface between any two zero-crossing points. 1f there were, there would have to be an additional
rero-crossing there as well,

Corollary 0.1: Suppose one is given a set of known depth pvints at a set of zero-crossings, along a
develvpable surface. If the albedo p is non-zero and the reflectance map R s not constant for this region
of the surface, then the surface cannot contain two or more inflection points between any pair of adjacent
zero-crossings. g

‘There arc many ways of extending this result. Some are indicated in the appendix. The most
important cxtension is to consider general surfaces, rather than developable ones. We make this

extension in the following sections,

12
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4.3 The Analytic Argument

"Yake a planar slice of some surface £, normal to the image plane, along some direction (given for
cxample by the angie a between the z axis and the direction of the slice). “This is illustrated in Figure
6. At cach point along the resulting curve C, one may associate a surface oricntation, or gradient,
given by the pair of partial derivatives, p(z, y) = 8f(z, y)/8z, and q(z, y) = 3f(z, y)/Oy. Thus, one
may construct a two-dimensional space spanned by a coordinate systcmn with axes given by p and q,
the gradient space introduced by Huffman {1971] and used by Mackworth [1973). and by Horn [1977]
to relate the geometry of image projections to the radiometry of image formation. The curve obtained

by the planar intersection of the surface transforms into a new, parametric curve in gradient space:

Ny(t) = {p(t), q(t), —1}

In fact, this curve corresponds to the mapping of the normal to the surface, as onc moves along the
planar slice; the subscript f is used to indicate that this is the normal to the surface f.

Because the albedo is roughly constant, the image irradiances arc determined by the reflectance
map R(p, q). Thus, the irradiances may be related to Horn's reflectance map, in which one considers
the surface defined by 1(p, q) in gradient space. Hence, the curve C on the original surface will map
onto a curve Ny in gradient space and this may be projected onto the surface 12(p, g) to obtain a new
curve C'(t). At cach point ¢ along the paramctric curve, the corresponding irradiance is given by
R(p(¢), q(t)), (scaled by the constant p, which we will ignore without loss of generality).

We are interested in the conditions on the original surface and the refiectance surface that will
causc a zero-crossing in the second directional derivative of the image irradiances. (By reflcctance
surface, we mean the reflectance map R(p, ¢) considered as a surface in gradient space.) I.ct v be a
vector in three-space with dircction cosines cos a,, cosay, and cos a, (the direction cosines refer to
the cosine of the angle made by the vector and the coordinate axes of the space). Thus, a unit vector in

the direction of v is denoted by
v=cosa,i- cosayj+ cosa,k

where i, j, k are unit vectors along the coordinate axes. The directional derivative of (r), a function of

a vector r, is the rate of change of & with distance s along the direction v and is denoted by

ol o o®
(v- V)@ = cosa; o + cosa,;—y + co8 @, 5.

0}
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Rl R

Figure 6 The Generation of Image Irradiance. The curve C is generated by taking the intersection
of a plane normal to the image plane with the surface. The direction of the plane is given by
the angle a it makes with the z-axis. By taking the surface normal at each point, this curve C
can be mapped into gradicnt space, resulting in a parametric curve N,. Furthermore, this curve
can be projecied onto the reflectance map R (which defines a surface on p-q space) to obtain a
parametric curve C’ along which the irradiance is given by the corresponding value of R. (From
Grimson [1981b)).
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If the direction vector is constrained to fic in the z-y planc, then cosa, = 0 and cos a, = sina,.
Now consider a planar slicc normal to the image along the direction v and construct the
parametric normal curve Ny in p — ¢ space. Then the directional derivative of irradiance along this
slice is given by
(v- V)E = Ry{(v- V)p) + Ry{(v- V)q).

‘This can be rewritten as
(v-VE=VR-(v- V)N,

showing that the directional derivative along the slice is given by the projection of the gradient of the
reflectance surface R onto the tangent of the parametric p-g curve Ny, Now, if there are two points
t, t2 such that this dot product vanishes at those points, then Rolle’s theorem, and the assumption
that the surface f is twice continuously differentiable would imply the cxistence of a zero-crossing in
the second directional derivative at some point between ¢y and ;. Thus, to cvaluate the probability
of a zero-crossing in some region of the image, we need to consider the probability of the vectors VR
and (v - V)N being orthogonal.

‘There are two cases to consider. The first is when the gradient of R vanishes at some point, cor-
responding to an extremum in the reflectance surface. If we assume that over all possible viewpoints,
VR is uniformly distributed. then the probability of VR = 0 for some point (p(t), g(t)) on the

parametric curve N{t) is given by the arclength of the curve

f [(p.)’ + (q:)’r dt,

where the subscript ¢ indicates partial differentiation with respect to the parameter £.

The sccond case is when the gradient of R is non-zcro and the two vectors are non-trivially
orthogonal. Consider first the one-dimensional case in which two inflections in a developable surface
imply the existence of a zero-crossing (as shown in Theorem 0). Since in this case ¢ = ¢, the
parametric curve Ngt) in p-q space is parallel to the p-axis, and reverses direction at cach of the
inflection points. At these points, the curvature of the parametric curve is essentially infinite, and the
tangent can be considered to sweep through all possible directions. As a consequence, the tangent
must be orthogonal to VR for one of those directions, and hence (v - V)E is zero at each point of

infinite curvature. Thus, Rolle’s theorem guarantecs a zero-crossing along the slice of the image.

14
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Now suppose that ¢ £ ¢ but changes slowly. In this case, the points of infinite curvature
become points of high curvaturc. Here. the tangent to the paramctric curve sweeps through a large
range of dircctions, If we assume that the second order partial derivatives of the reflectance surface 12
arc small, then over a small region of p-q space, VR is ncarly constant. Hence, in the region of the
points of high curvature, the dircction of VR is ncarly constant, whilc the dircction of the tangent to
Ny sweeps through a large range of directions. Thus, at points of high curvature, the probability of
(v- V)£ -= 0 is high. If, on the other hand, the parametric curve is locally a straight linc, the tangent
is constant and the probability of the dircctional derivative vanishing is small. Thus, along a slice of
the image, the probability that (v - V)N, and VR arc non-trivially orthogonal, under the assumption

that R,,,,, R,,, and Rgq are small, is monotonically related to the integral of square curvature

/ (WIM — Qcpu)2
(Pt +‘I )i

where again the subscript ¢ indicatcs partial differentiation with respect to the parameter £.

Thus, we can combince the above discussion into the following result.

Theorem 1 (Surface Consistency Theorem): Consider some region of a surface

{f(z. Yy (zy)ERC E’}.

If the reflectcnce surface R is isotropic, its normal VR is uniformly distributed, and the second partials
Ryp, Rpq, Ryq are simall, then the probability of a zero-crossing in (v - VYE for some direction v, with

associated directional angle a, is @ monotonic function of

/ /«,a. /, [(pc)’ + (q')zr

[ ][

where the integral with respect to t is taken along the parametric curve obtained by slicing the image in

and of

some direction, and the integral with respect 1o D is taken over all such slices of the image region %3

‘This theorem has the immediate corollary of specifying the “best” surface to fit through a sct of

known points.

i
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Corollary 1.1: The surface [ most consistent with a set of known points provided by the visual
system (e.g. from stereo) is that which is least likely to introduce zero-crossings not present in the primal
sketch. By the Surface Consistency Theorem, this surface minimizes arclength of the parametric normal
to the surface along each direction and curvature of the parametric normal along each direction, subject

to passing through the known pointsy

Finally, we would like to obtain a simple expression for this surface. Note that the curvature of a
curve at a point is simple the rate of change of its taugent at that point. Thus, the curve with minimum
integral square curvature is onc with a tangent as ncarly constant as possible, refative to the constraints
imposcd by the known points. Next, to minimize arclenth, we require the curve of constant tangent to

have as small a tangent as possible. This can be done by find the curve which minimzies

[p?+03di

which is equivalent to

f (p, cosa - p, sin a)2 + (q, cos a -~ gy sin (;!)2 dt.

Integrating this form over all dircctions a, and using the fact that p, = ¢, (since £ is assumed to be

twice continuously differentiable), we obtain

=t 2+ foy

As a consequence, we obtain the following result.

Corollary 1.2: The surface | which “best” fits a set of known data in a region % of the image is

that which passes through the known points and minimizes

/ Lfiz + 272, + 2, dzdy.

It is interesting to note that this expression for “best™ surface interpolation as the surface which
minimizes the integral of quadratic variation has been derived elsewhere from an analysis of fitting
this clastic plates to the known points [Grimson, 1981b, 1982].

Three assumptions were made in the statcment of the surface consistency theorem. One was

that the reflectance surface R is isucropic, a sccond, that its normal VR is uniformly distributed,

4




THE IMPORTANCE OF THE SURFACE CONSISTENCY THEOREM 2

and a third, that the sccond order partial derivatives of IR are small. What do these assumptions
imply about the imaging situation? The assumption of an isotropic reflectance function is minor.
The assumption of a uniform distribution of the reflectance normal is stronger. Although a stronger
version of the surface consistency thcorem can be proved by weakening this assumption, we can
also justify the assumption by an appeal to the “gencral position™ principle of viewer geomcetry and
illuminant gcometry. The notion of general position requires that all propertics of the observed image
irradian~ - be roughly independent of the specific viewer position or jlluminant position. in other
words, a small movement of the viewer or the illuminant should not grossly affcct the propertics of
the image irradiances. In terms of the reflectance surface, a slight alteration of the viewer position
or illuminant position will generally result in a translation (and possibly a scaling) of the reflectance
surface R relative to the p-g coordinate system. Within the proof of the theorem, the assumption
of uniform distribution is used to arguc that at any point in the image, the reflectance normal VR
is equally likely to be found in any direction. By applying the principle of gencral position, we can
looscly argue that the illurﬁina*: is cqually likely to be in any of a range of positidns and that the
viewer is cqually likely to be in any of a range of positions. As a consequence, the reflectance nonmnal
corresponding to a point in the image is equally likely to be found in any direction, and hence is
uniformly distributed. The assumption of small Ry, R,,, and R, indicates that the thcorem may not
be valid for highly specular surfaccs, but the assumption is rcasonable for surfaces that arc generally

inatte in nature.
4'.4 The Importance of the Surface Consistency Theorem

We began this paper by discussing the problem of creating complete surface representations
from sparse data such as that provided by stcreo, and argued that additional constraints were needed
to effect such a surfacc reconstruction. The above corollary suggests that one such constraint has
been identified. In particular, given a class of surfaces that pass through a sct of known points, the
surface which is most consistent with the imaging information is that which is least likely to introduce
additional zero-crossings. By the surface consistency theorem, we sce that this surface is defined as
the surface that minimizes the functional of quadratic variation, or at least minimizes some measure
which is monotonically related to this functional. In {Grimson, 1982), we combine this fact with

additional constraints, in order to develop a computational theory of visual surface interpolation.

y
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5. Examples

To illustrate these results, we show how inflections in the surface can cause z¢ero-crossings in the
convolved image, for different light source positions. Figures 7. 8. 9 and 10 show examples of a one-
dimensional slice of a developable surface, with a Lambertian reflectance function (a perfectly diffuse
surface which reflects flux uniformly in all ditections), and the irradiance values obtained for dilferent
positions of a point light source. Figure 7 indicates the sample surfaces and the rough positions of
the light sources for the different examples. Figures 8, 9 and 10 indicate sample surfaces and the
corresponding iradiance profiles for different positions of the light source, as indicated in Figure 7.
‘The positions in the irradiance function which would give rise to a zero-crossing in the convolved

image arc indicated.

6. Summary

In this paper, we have scen the need for intcrpolating the results of the sterco algorithm to
create complete surface descriptions. Determining which surface to fit to the known sterco data is
at first sight difficult, since any onc of a widcly varying family of surfaces could be used. We saw,
however, that most of these surfaces can be discarded as possible interpolations, since they contain
rapid fluctuations in surface oricntation and these fluctuations should give rise to additional zero-
crossings, not contained in the stereo data. Such zero-crossings would, of course, be inconsistent with
the imaging data, and hence such a surface is considercd to be unacceptable as a possible interpolation

of the known data. Thus, we proved that the surface consistency constraint restricts the probiem:
The absence of zero-crossings constrains the possible surface shapes

. To make this constraint precise, we outlined the physics of image formation and outlined a
derivation of Horn’s image irradiance equation. We then showed that this expression accounts for
the zero-crossings of the Marr-Hildreth edge detection algorithm in the case of surface boundaries,
surface markings, texture changes, and so forth. The equations further suggest that even in regions
where the physical factors causing the previous types of zero-crossings are constant, there méy still be
zero-crossings, due to a change in surface shape. We used this fact to prove the surface consistency

theorem which relates the probability of a zero-crossing in the second derivative of an image to the
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‘e 7. Examples of One-Dimensional Surfaces. The top figure shows one surface and the
s indicate the rough oricntations of the light source. The numbers refer to the irradiance
» in Figurc 8. The bottom figure shows a second surface. with a set of rough oricntations of
tht source. The numbers refer 1o the profiles of Figures 9 and 10. (From Grimson f{1981b)).
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Figure 8. Examples of a Surface with Two Inflections. The top figure shows a slice of a surface.
The bottom three figures indicate irfadiance profiles for different positions of the light source.
Note that in all cases. there are six irradiance inflections. In case 3, the irrediances also undergo a
self-shadowing. where the irradiance value is zero. The positions in the irradiance function which
would give fise to a zero-crossing in the convolved image are indicated. (From Grimson [1981b]).
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tigure Y. Examples of a Surtace with One Inflection. The top figure shows a slice of a surface.
The hottom three figures indicale irradiance profiles for different positions of the light source.
The positions in the irradiance function which would give rise t0 a zero-crossing in the convolved
image are indicated. (From Grimson [1981b]).
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Figure 10. Examples of a Surface with One Inflection. The top figure shows a slice of a surface.
The bottom threc figures indicate irradiance profiles for different positions of the light source. Note
that in case 8. the irradiance profile undergoes a self-shadowing. The positions in the irradiance
function which would give rise 10 a zero-crussing in the convolved image are indicated. (From
Grimson [1981b]).
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variation in the original surface. ‘The surfacc consistency constraint can be used to formulate a com-
putational thcory of surface interpolation and a specific algorithm for computing the interpolated
surface [Grimson, 1982].

7. Appendix

T «cm 1 proved a relationship between any gencral two-dimensional surface and ti.¢ prob-
ability of a zcro-crossing occuiing in the corresponding convolved intensitics. Because the thcorem
dealt with any surface, the relationship was somcwhat weak. In this appendix, a sct of alternate
theorems arc given which apply in cascs where the surface can be considered roughly cylindrical (or

devclopable). The proofs of these theorems are included for completeness.

Thearem 2; Consider a portion of a second differentiable, developable surface oriented along the y

axis such that f(z, y) = q = ¢, for some constani c. If the following conditions are true:

L The surface portion conitains exactly two inflection points in the x direction, at , and za,
2. At the points zy and zy, normalized changes in albedo are dominated by normalized changes in
reflectance,
vy Ryp;:
— < —1,
P R

3 The reflectance map R does not pass through an extremum in this region of the surface,
4 The reflectance map R is not constant over this region of the surface,

5. The albedo p is non-zero,

then there exists a point 7y, < 2’ < ) such that VE(z') = 0.
Proof: The signum function is defined by:

1 ifz>0
sgn(z) ={—1 ifz<0
0 ifz=0

From the derivatives of the image equation,

VIE = (V2R + 205Rsp: + ARppb? + Ropss).

. . “ sy =m C e eem — - - R
’ c‘ .




At the inflection points 2y and 1y, p,(z;) = 0. Henee. evaluation of the cquation yiclds
V2E(z;) = V(2 )R(p(z:)) + oz Ry(p(z))pezi) fori =1,2

Condition (2) implics that the albedo changes are negligible in this region, so that the first term may

be ignored,
sgn(V2E(z)) = sgn(p(z:)R,(p(:))p-2(x:))-

Condition (5) implics that sgn(p) = 1. Obscrving that
sgn(zy) = sgn(z) sgn(y),

the sign of the convolved intensity function at the surface infiection points is given by

sgn(V2E(z:)) = agn(Ry(p(z:))p.(=:))-

Condition (3) implics that R,, does not change sign in this region of the surface and hence

59"(Rp(P(zl))) = 39"'(Rp(P(32)))~

Note that p, = 0 at ;, z,. The fact that there arc exactly two inflections on the surface implies that
p:r 7 0 over the ncighbourhood (3, 23). Thus,

agn(p:(z1)) # sgn(p:.(22)),

and thus
sgn(V2E(z,)) # sgn(V2E(zs)) :

The sccond differentiability of the surface implics that there exists a point € (2, z2) such that
VE(z)= 0.y

Corollary 2.1: Suppose one is given a set of known depth points at a set of zero-crossings, along a
develapable surface. If the albedo p is non-zero and the reflectance map R is not constant for this region
of the surface, then the surface cannot contain iwo or more inflection points between any pair of adjacent

zero-crossings. g
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Theorem 3: Consider a portion of a second differentiable developable surface oriented along the y

axis such that fi{z, y) = c, for some constant c. If the following conditions are true:

I The surface contains exactly one inflection point in the z direction at xy, and the reflectivity R
achieves an extremunt al vhe point o, £y 7 2,
2 At the point z; the normalized changes in albedo are domirated by normalized changes in

reflectance of the form,
v
P

|
<

Ryp:s
R ]

and at the point T, the normalized changes in albedo are dominated by normalized changes in reflectance

of the form,
Rmrpz

R

v

P

3. The reflectance map R is not constant,

4. The albedo p is non-zero,

then there cxists a pointzy < & < 2 such that V2E(z') = 0,
Proof: As in the proof of the previous theorem, at the point z;,

sgn(V2E(z,)) = sgn(R,(p{z1))p:+(z1)).

At the point 7;, R, = 0 so that

V2E(n) = V2 p(22)R(p(z2)) + Az2)Rpp(p(z2))P3(22) .

Condition (2) then implics that at this point, the normalized albedo changes are dominated by the

normalized reflectance changes,

sgr V*E(22)) = agn(p(z2))sgn(Rypp(p(2,)))ogn(p3(22)) -
Condition (4) implies that sgn(p) = 1, so that

sgn(V2E(2;)) = agn(R,(p(22)))egn(p2(22))
= agn(Rpp(p(72))) '

1y
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There are two subcascs. In the first subcase, p,-{(z;) > 0. Since there is only onc inflection point

in the surface, this implics that p{z)) < p(z,). Then R,,,,(p(z2)) < 0 implics that

R,(p(z1)) > Ry(p(z2)) = 0.

Conversely, Ry, {p(x2)) > 0 implics that

R,(p(z1)) < Ry(p(z2)) = 0.

In cither case,
sgn(Ry(p(22))) # sgn(Ry(p(2:1))pz(21))-
In the second subcase, suppose that p,-(z;) << 0. This implics that p(z;) > p(z;). Then
Ry (p(22)) < 0 implics that
Ry(p(z1)) < Ry(p(22)) = 0.

Converscly, R,,(p(x)) > 0 implics that

Ry(p(z1)) > Ry(plz2) = 0.

In cither case,

Bgn(Rpp(P(z‘z))) 7# 39"'(Rp(p(zl))p:z(zl))'

Thus, we see that
agn(VE(z))) 7# sgn(VE(z2))

and as before the second diffcrentiability of the surface implies that there exists a point # € (z), :r«_z)
such that V2E(z’) = 0.

Corollary 3.1: Suppose one is given a set of known depth points al a set of zero-crossings, along a
developable surface. If the albedo p is non-zero and the reflectance map R is not constant for this region
of the surface, then if the reflectance map R passes through an extremum, the surface cannol contain any

inflection points between any pair of zero-crossings. g

Theorem 4: Consider a second differentiable developable surface oriented along the y axis such

that f,(z, y) == ¢, for some constant ¢. If the following conditions are true:

Y
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At the point z,, the surface becomes self-shadowing, that is R(z,) = 0,

b
.

2 The reflectivity R achieves an extremum at the point 2y, Ty 7 2y,

3 At the point £, normalized changes in albedo are dominated by normalized changes in reflectance,

_V_z_P Rpppz
P R I

4 The reflectance map R is not constant over this region,
S. Th. albedo p is non-zero,
then there exists a point 1) < ' << 1, such that V?E(z') = 0.

Proof: The fact that the surface becomes sclf-shadowing implics that therc is a region of the
surface, beginning at z), such that R is constantly zcro. The fact that there is an extreinum in R
for some other point implics that the intensity function must be concave down in the region of the
extremumn and concave up in the region oi sclf-shadowing. There must be an inflection point in

between and hence there must be a point 2’ such that V2E(z') = 0.4

Theorem S: Consider a second differentiable developable surface ariented clong the y axis such
that f(z, y) = c, for some constant c. If the following conditions are true:

1 At the point 2y, the reflectivity R achieves an inflection point,

2 There exist points zg << ) << ¥, such that reflectance changes dominate albedo changes,

v?n RP Pz R”P 2
> + _ﬁ(sz’ 4o I < R Pl

2 The first derivative of the surface, p, is monotonic in this region, (i.e. it does not achieve an
extremum),
4. The reflectance map R is not constani over this region,

3. The albedo p is non-zero,

then there exists a point 3y << & << 2, such that V2E(z') = 0.
Proof: The proof is very similar to the previous ones, except that in this case, by condition (2),

28gn(V2E) = sgn(p)sgn({Rpplagn(p?) .

at the points 2y, 2. Then condition (4) implies that

sgn(V2E) = sgn(Ryy).

- v - . vty = w’ - e —— - e ——
* - .
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Condition (3) implics that
plzo) < p(z1) < p(z2)
or

p(z2) < p(z)) < p(z0)

In cither casc, condition (1) then implics that

sgn(Ry,(p(20))) # sgn(Rpp(p(z2))).

Hence,
sgn V2 E(z)) # sgn(VzE(ffz)) )

and as before, the second differentiability of the surface implics that there exists a point 2 € (zo, 12)
such that V2E(z) = 0.
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