AD=All%# 995 EDUCATIONAL TESTING SERVICE PRINCETON NJ F/6 12/1
STATISTICAL BIAS IN MAXIMUM LIKELIHOOD ESTIMATORS OF ITEM PARAM==ETC{U)
APR 82 F M LORD NO0014=80=-C=08402

NI

UNCLASSIFIED RR=82-20-ONR




I"" | O ¥z J2
= - 2

el =

e B2

[

t ‘ {Q |||||_—2.0
——
———
———

Il

JL2s e pie

MICROCOPY RESOLUTION T£ST CHART
NATIONAL LR A b TANDARDE e A



|

RR-82-20-ONR

STATISTICAL BIAS IN MAXIMUM LIKELIHOOD

ESTIMATORS OF ITEM PARAMETERS

Frederic M. Lord

ADA114995

This research was sponsored in part by the
Personnel and Training Research Programs
Psychological Sciences Division
Office of Naval Research, under
Contract No. N00O014-80-C-0402

Contract Authority Identification Number
NR No. 150-453

Frederic M. Lord, Principal Investigator

@ Educational Testing Service

Princeton, New Jersey

April 1982

Reproduction in whole or in part is permitted
for any purpose of the United States Government.

Approved for public release; distribution
unlimited.

DTC fiLe copy




e e s e i, e s

STATISTICAL BIAS IN MAXIMUM LIKELIHOOD

ESTIMATORS OF ITEM PARAMETERS

Frederic M. Lord

Accession For

NTIS GRA&I g
DTIC TAB

Unannounced d
Justification |

By.
| Distribution/
Availabllity Codes
Avail and/or
Dist Special

A

This research was sponsored in part by the
Personnel and Training Research Programs
Psychological Sciences Division

Office of Naval Research, under

Contract No. N0OG014-80-C-0402

Contract Authority Identification Number
NR No. 150-453

Frederic M. Lord, Principal Investigator

Educational Testing Service

Princeton, New Jersey

April 1982

Reproduction in whole or in part is permitted
for any purpose of the United States Government.

Approved for public release; distribution
unlimited.




Entere

REPORT DOCUMENTATION PAGE BEFORE COmP I ON S R

REPIRT NOMBER 2 GOVTY ACCESSION NOJ 3 }ECIP|ENT'5 CATALOG NUMBER
-y ”
D A11¥595
}_Q_--__ - T K4 = 7
4 1YL U oand S obetler 5 TYPE OF REPORT & PLERIDD COVERED
Statisticel Bios in Maximuam [Likelihood Fstimators Technical Report
cro b ten Parametors

6 PERFORMING ORG REPORT NuMm

i RR-82-20-0NR

BER

Unclassified

SCHEDULE

L LT T T 8 CONTRAZY OR GRANT NUMBEF »
troederic M. ford
N(00014~-80-C-0402
T THRIAN I AT AN NAME ANC ADDRESS ] RROGAAM ELEMENT PROSECT ~ASK
t AREA WORK hit NUMBERS
Caucal tona b Testinge Service .
vy e NR 150-453
Srinooton, N1 0834 '
LT T T arm ACDRESS 12 REPORT DATE -
. : 2
crscune:s omd Voaining Research Programs April 1982
i Corioe o NMaval Research (Code 458) 13 NUMBER OF PAGES
] 2
’l RN . . ——
l - - DRE St itlerant from Controtling Qfficen 1S SECURITY CL ASS (of thin repurt
i
i

152 CECLASSIFICATION DOWNGRADING |

ptoved Ter public releases distribution unlimited.

) JR e

T LTT AT e M T s 'nhveumu' antesad in Rlork 20, {f different from Report)
1
t . I e
I T TU LT AR, N TE S
1
!
i —
o - - _nfé : r"l‘n‘:Te‘ r"e‘v‘a:;u”q-;;:;;;onalrv and identifyv by block number) T
i Sprrieme e
; [B A e s
| o I D
- ;
i N - .t o em eren 1, ;n:,::'-an nn—!"!-‘ln-:_-_rflv kv hlock number) - 1
i voosbas e deritved tor the bias in the maximum likelihood esti-
e . I3 . . s
i o ©othec iten parameters in the logistic item respense model when
b wneo b PR Tee are known. Numeriecal results are given for a tyvpical
l S T A LT I YIS AJmiwsiwn“
|
, 13/ TS e

'nclassified

T T SSIRICAT A, OF TSP AGE (Wi i a

n Kntea




4
5
)

Statistical Bias i

1

Abstract I

Formulas are derived for the bias in the maximum likelihood esti-

mators ot the item parameters in the logistic item response model when

examinee abilities are known. Numerical results are given for a typical

verbal test for college admission.

VT - ey = - B . R
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Statistical Bias in Maximum Likelihood Estimators of Ttem Parameters®

This paper derives formulas for the statistical bias in the
maximum likelihood estimators (MLE) of item parameters in item
response theory (IRT) [Lord, 1980]. 1t will deal only with the three-
parameter logistic model for dichotomously scored items. Available
formulas for the sampling variance of these MLE are limited to the case
where the examinee parameters are known; the present derivations are
limited to this case also. Under the three-parameter logistic model,
the probability of a correct answer to an item is the following function of

examinee ability level 0

- _ 1 -c¢ 1 -c¢ (1)
P=ZP®B)Zc+—-7-— 1l - ——
-A5- AR+
1+ e B 1 + e B

where A, B , and c¢ are parameters describing the item.

~

In practical work, A , the MLE of A , sometimes tends to become

infinite. This suggests a positive bias, at least in some data for
certain items. 1Is it possible to correct for this sometimes

substantial bias in A ? Practical experience also suggests that

*This work was supported in part by contract N00014-80-C-0402,
project designation NR 150-453 between the 0ffice of Naval Research and
Educational Testing Service. Reproduction in vhole or in part is
permitted for any purpose of the United States Government.
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~

when B 1is large and positive, B tends to be positively biased; when

B is large and negative, B tends to be negatively biased. Practical

experience has not provided any clear indications as to the bias in ¢
Since ; values are most often less than the reciprocal of the number
of choices in a multiple-choice item, it is of interest to determine
whether this apparent anomaly could be due to a substantial negative
bias in é .

The methed to be used here to derive formulas for the bias in
estimated item parameters is the same method described in Lord [Note 1].
The reader is referred there for a more detailed discussion. The

following derivation deals with a single fixed item administered

to N examinees with known ability levels 61,82,...,6N .

1. Likelihood Equations

Let ¢ denote cither A, B, or ¢ . We assume, as in TLord
[Note 1] that A, B, and o, are bounded and that ¢ 1is bounded
awav from 1. {nder these conditions, « 11s a consistent estimator of
+ and N (v = ) is asvmptotically normally distributed with mean zero
and finite variance. It follows that $(: - a)® is at most of order
e

et u_ =0 or | denote the score of examinee a ( a = 1,2,...,

a

N ) on the given (dichotomously scored) item. Write P = P(- ) and
a a

(!’] = 1 - P'] . For d = I,Z,...,N and = A‘B'C Py write
3 e
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The likelihood equations are now

(2= 4A,B,c )

where the caret denotes substitution of MLE for A ,

Taylor Series

Let the symbols 2 ( = A,B,c ) and § ( = A,B,c ) have the same

-

meaning as « , so that 7 denotes a three-term sum with 8 taking
g

on the values A, B, and ¢ . Expanding (6) in a three-variable

Taylor series and dividing by N , we have

SR (R - RS - T+ L.
L. apd

.1

IS
b
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a _..a
raB = aFa/aB
. (8)
2 = 32?5806
aBs ~ a

For simplicity, write v, w, x, y, 2z, or Z instead of
B-B or § -6 . It will not be confusing to replace subscripts

«a, B,86 by v, w, x, y, or z . The Taylor series is now

1 a a 1 a
- = + = T + ... . 9
0=x° [r, +: yrxy 5 L Lyz Xz ] 9)
a y 2
Define
v® =z 6%, ezt (10)
It can be seen from (4) that
a
Y, =0 (x=A,B,c) . (11D
Equation (9) can now be written
0= % p [ei + T yyi + I yei + % I yz(yiyz + exyz) + ]
a y ¥ oy 9 y 2

(13)
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and so forth. The Taylor series is now
1
O0=¢ +2vyy +Iye + =5 T vyz(y + ¢ ) + ... . (14)
; 2 Xyz
g Xy wy vz Xyz y
Rewrite this in matrix notation,
'y =~ - Ey - My ~Hy - ... (15)

where T = ”ny” , Y= {A-A, B-B,c-c}' , e= e,}' , E s[lcxyl!,

= 111s I =Ll , -1
M= 1(2 ; Znyz'l’ and H = !,2 ; zcxyz!]' Premultiply (15) by T
to obtain finally
= -1 -1 - -
yos e - TRy - ey - iyl L (16)

The expectation of (16) gives the bias of the vector vy of

maximum likelihood estimators. First we will need to eliminate vy

from the right side of (16).

3. Solving for vy

Premultiply (16) by T_lH to obtain

~ - -1
R T T (17)

In Section 5 it will become clear that the higher-order terms in

(17) can be neglected. FEquation (17) allows us to eliminate y from

the last term in (16).
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Similarly, to evaluate the next-to-last term in (16), premultiply

(16) by F—lM , obtaining

Likewise, premultiply (16) by r"lE to obtain

By = -r terTle o L.

We eliminate y from the right-hand side of (16) by sub-

stituting (17) - (19) into (16):

R e i T

In scalar notation, this is

wher r_yx,,-] m_ = S

e VY Il lV‘w_zu

v

To evaluate g * multiply (20 and sum over
W

to obtain

similarly
vw Ly
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Substituting (21) and (22) into (20), we have
- _ yX yv wXx _1 yv zZ wX
vy Ty Cx + T Iy €Y Ex 2 LTIy Yvsz ezy £
X VWX vwzxzZ
1 A 2Z WX
5 Itz ly cowz! 7Y + ... . (23)
vwzxzl

The bias of A, B, or ¢ 1is found by taking the expectation of

(23). First we need formulas for various derivatives that appear in (23).

4. Derivatives

From (8) and (4)

a "a \a a

a
- R - pragrd | p gy 2
, raB Ya afB PB a Pa afB (24)
where R;: denotes a second derivative. From (24)
! a = e @ - nd la - va nd - va nd - ned
{ ra&S uaRa86 PBGRa PB Ra6 pé RaS PaRaBG : (25)

To evaluate (24) and (25), various derivatives of (1) are required.

Dropping the affix a , we find




" - '
PA GPB ’
" —
Pcc 0 ?
—-p!'
P'l B
Bc 1 -c¢ >
Pl
' B
s -2t
P'
o D
Ac 1 -c¢ ’
(1] - "
PAB ePBB ’
p" = oap"
AA AB

5. Expectations

Since &u =P ,

From (24) - (25),

Statistical Bias
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(28)

(29)

(30)

(31)

(32)

(33)

\34)

(35)
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{ a_,a
! 1 a_,a 1 PP
: = - =7 4 ' = . = __.Y_x
v ny N Py Rx N z P Q ) (36)
H a < a a
]
|
1 . a_,a a_,a a
. Y = - =3 P" Rl + ] " 1 na
: Xyz N a ( yz X Py sz * Pz ny)
' Q -~ P P nd 18,8 18pnd
I A gp1dprdpra ‘a a zZ Xy X 'yz 'y xz
=v ol 737 - - }
a X z P Q PaQa PaQa PaQa
a‘a (37)
Writing
ua - Pa
t = s
a PaQa
!
' we now have
1 a
€ =N X taP; s (38)
a
1 a 1 . na 1 (d_,a 1 2
= = - " = = U + = -
va N = (Ua Pa)R XV N tapxy N L Px Py ( P Q t,)
‘ a . a a a‘a
(39)
To evaluate (23) we need
&{x =0 . (40)
1 . (@b 1 (8,2
= =757 ==t P''P P
ggxgz 2 - Px pz Cov(ta’tb) 2 X z / aQa
N-  ab N
-1
TN xz 41D
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This last result is obtained from (38), using the fact that Cov(ta,tb)
is zero when a # b and that Var t, = 1/PaQa . Similarly, from (38)

and (39), we find that

1 a_.b 1 a,,a,,b 2
Se == 1T £ P"P' Cov(t ,t,) -—= L L P''P'"P' Cov(t ,t))
X N2 ab vw X a’’b NZ ab vV w X a tb
1 P::P;a a_,a.,a Pa B Qa
=71 ( 222 4 p'pp't =% .
NZ a paQa vV w X PZQZ (42)
aa
Also, from (25) and (37),
gevwz Z'x
L . Péb P.c
=—=XZZ (u -")H)R"'"(u, -P) (u -P) 43)
N3 abec 2 a’'vwz b b Pbe c PC c

Since S(ua - Pa)(ub - Pb)(uC - Pc) vanishes unless a=b = ¢ ,
(43) is of order 1/N2 and can be neglected in evaluating the expecta-
tion of (23). The order of magnitude of other terms neglected in

preceding sections can be found by the same method.




—————

rr
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6. Bias in Item Parameter MLE

The bias in the MLE of an item parameter is now found by writing

down the expectation of (23), dropping the last term, and evaluating

the remaining terms on the right by (40), (41), and (42). The resulting

formula for the bias, accurate through terms of order 1/N , is
R A L A Wy
y vy VW X 2N Yvwz ! LY Yy
VWX ViUX 2 z
- w wx ‘ 1 yv wX
Iy 2Ty Ewax+2NZy TIYUY (44)
v X v w X

and vanishes otherwise). The

(since the sum over Z equals I when 2z = x

terms on the right are evaluated using (36), (37), and (42). The y on the

left side of (44) is either A - A, B-B , or ¢ - c . The affixes on

the right side denote either A, B, or c¢ : "yyv[] denotes the

inverse of ”Yvyi"

7. Reparameterization

The preceding sections derive the bias of A and B (for

convenience), whereas the item parameters commonlv used are a = A/l.7

and b = -B/l1.7a . The bias of a is clearly equal to the bias of A

b may be found as follows. Cov(é,g) =

divided by 1.7. The bias of
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G(a - a)(b - b) = g(ag - ab) - bé(é - a) - ag(ﬂ - b). Rearranging this

identitv, we find the bias of b :

5(b - b) 5% (=6(B - B) - bi(A - A) - 1.7 Cov(a,b)] . (45)

The required covariance on the right is obtained in the usual way,

by inverting the information matrix [Lord, 1980, p. 191].

8. Numerical Example

Figures 1, 2, 4, 6 show the bias in E , A, and E for a
set of 90 items selected to represent very roughly a typical verbal
test tor college admissions. This is artificial data, thus the true
parameters are known. The number of examinees used to estimate the
item parameters is 2995,

Because of the limitations of three-dimensional plotting, Figure
1 shows only those items for which ﬂ is positively biased; Figure 2
shows the remaining items. Fasy and medium-diffiulty items are
negatively biased; only difficult items are nositively biased. Items
with b = 1.5 to 1.8 have near-zero bias. For five items the bias is
so large that it runs off the plot. The item parameters and biases

for these five items are as follows:
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~

.02

~
[~
0 ~
3
8 N
1
A
& ~
8

3.0 1.8 0.8 -0.8 -1.8 -3.0
)
Figure 1. Statistical bias in the maximum likelihood estimator

b for items with &h ~ h .
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Figure 2. Bias in o tor items with &b« b .
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a b e £(b-b)  (z-a) &(c-c)
4b -4 4 .01 -.37 . 009 -.43
.43 -3.1 .10 -.11 . 006 -.08
.41 -2.2 .15 -.08 . M)5 -.04
.37 -1.8 .01 -.07 .00 -.03
41 -0.4 .17 -.05 .N04 -.01

The first two of these five items do not appear in the plots at all
because the b values lie outside the plotted range. We see that

low discriminating power and low difficulty (high easiness) give

rise to large estimation errors for b , as might be expected.

~

Figures 3, 5, 7 show the standard errors of b , a , and ¢
for comparison. For clarity the a and b scales are oriented one
way in Figures 1-3 and 6-~7, the opposite way in Figures 4-5. Note

that the vertical scales vary from figure to figure.

~ N

The bhias in a 1is positive for all items, the bias in ¢ is
negative for all items. In general, an estimate that has a large

standard error tends to have a numerically large bias.

For very easy items, b and ¢ have numerically large biases and

~

large standard errors. For hard items, ¢ has a numerically small bias

N

and small standard error, a has a large bias and large standard error.
The bias and standard error of g both increase for very difficult items.
Hiphlv discriminating items have numerically small bias and small

standard error for % and ; . Poorly discriminating items tend to have
low bias and low standard error for ; .

The plots show the relation of bias (or of standard error)

to a and b . The relation to c¢ is not easily made graphically
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Figure 3. Standard error of b for all items.
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> 2 > e D

‘L Ny

A\MA l ’hm“

Figure 4. Bias in a .
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3.0 (.e 0.6 -0.8 -1

Ficure 6. Bias in ¢ (all bhiases are nepative).

N ~3.0

AR,

A
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Y

obvious. If the value of ¢ had an important effect on the bias and
standard error of the MLE, neighboring items in Figures 1-7 would
frequently have quite different biases or standard errors. The fact
that neighboring items typically appear very similar in the figures
indicates that ¢ typically has a relatively minor effect on their
bias and standard error.

Most typically the bias of an MLE is about one-tenth of its
standard error. It is very seldom more than a fifth of its
standard error.

The effect of the bias for individual item-parameter estimates is
thus probably negligible. However, the invariably positive bias in
the ; , for example, may have a cumulative effect over many items
so that its effect is no longer negligible.

It is just this type of effect that makes the variance across
examinees of the MLE of 6 a gross overestimate of the true variance
of O across examinees [Lord, Note 1]. An unbiased estimate of
oe is derived in the cited reference. Although theoretically possible,
it will be more difficult to work out similarly unhiased estimators

of equatings and other commonly computed functions of estimated item

parameters.
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