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I. INTRODUCTION

For an airborne antenna mounted on the fuselage of an arbitrary
aircraft near the extreme top or bottom, the fuselage shape has the
dominant effect on the resulting radiation pattern. The wings and other
flat plate structures can have strong effects in certain sectors of the
pattern but they are not as dominant as the fuselage especially when
the complete volumetric pattern is concerned. Previous analyses [1,21
for the airborne antenna performance employed a profile cylinder model
for the evaluation of the radiation pattern in and near the elevation
plane; whereas, a cross-section cylinder model was used for the pattern
calculation elsewhere. Thus for pattern calculations off the principal
planes, a two-cylinder model [21 was employed for the analysis. Although
this two-cylinder model provides a useful means to obtain satisfactory
results for the volumetric pattern calculations, there are some problems
encountered in the nose and tail sectors of the pattern. This results
from the fact that the Qeodesics (ray paths) used in the two-cylinder
model does not travel .on the true three-dimensional surface of the fuse-
lage. As a consequence, the unit normal and binormal vectors of the
geodesic for the two cylinders do not vary continuously on the surface.
This leads to erroneous results and discontinuities in the calculated

pattern . Due to the above mentioned difficulties, it is apparent that
an improved three-dimensional model is needed for the fuselage structure.
An attempt has been made previously to model the fuselage as a body of
revolution [Il, and good results were obtained for an antenna radiating
from a prolate spheroid. According to the geometrical theory of dif-
fraction (GTD) analysis, an antenna located on the surface launches a
ray which propagates along the geodesic path on the surface and contin-
uously sheds electromagnetic energy in its tangent direction. A typical
ray picture for an antenna radiating from a surface of revolution is
shown in Fig. 1, in which a ray launches from S, and traverses along
the geodesic path to the shedding point Q, and then propagates along
the tangent direction at Q in the observation direction r(e , ). Thus
a major task in the analysis is to determine the unique geodesic path
SQ associated with a given desired radiation direction r(err ). The
previous numerical technique [1J was not very efficient in that a tedious
interpolation procedure was employed to determine the unique geodesic
path whose tangent points in the desired radiation direction.

In this report, a three-dimensional model for the fuselage shape,
namely, a body of revolution model, is re-examined and an efficient method
is developed to find the unique geodesic corresponding to the desired
radiation direction. This method is described in detail in the following
section.

II. GEODESICS ON A BODY OF REVOLUTION

Consider a body of revolution with the parametric representation
of its surface given as follows:
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Figiure 1. An antenna radiating from a general convex surface.
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Figure 2. A surface of revolution and the associated coordinate system.
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Rsin,,coscx + Rsin, in.v + Rcosz (1)

where (R,t-,j) is the usual spherical coordinate system, and R is a func-
tion of theta i.e., R=R(e). The surface is illustrated in Fig. 2.

It can be shown that the arc length btwteen two points on the body
of revolution can be expressed[3] as

J[ R 2 + R2 + R 2sin 2( ')]1 2 d (2)

ih which [,' ad dre t he derivatives with respect to the variable e.
According to the calculus of variation[4], the arc length w-ith ,ini:-um
distance between the two points (te geodesic) should satisfy the following
constraint:

R 2sin 2r¢ ,'

-2 2 2 '  112 = constant = A. (3)
IR +R +R sin OW~) I

Equation (3) can be rearranged and one obtains the following expression
for the geodesic on a body of revolution:

1/2
(R')2+R2

2= A R n-2- 
(4a)

1R in O(R sin e-A

or

12

+  f (R') +R2  de (4b)
R2sin 2e (R2sin 2eA 2

In the above equation (e ,€ ) is the starting location of the geodesic,
and the constant A is re at d to the starting direction 'Is at the start-
ing location through Equation (3).

As an example, let us consider the prolate spheroid with major and
minor axes "a" and "c" as shown in Fig. 3. For the prolate spheroid
shown in Fig. 3, it is easy to show that

R(o) ____ ac
2 2 2 2 1/2 (5)

(a cos e+c sin a)
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Figure 3. A prolate spheroid with major and minor axes a and c.
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and

dR -ac sinecose(c2 -a2)de -3/2(6

2 2 2 23/(6
(a cos e+c sin

By specifying O ,_ and €', at the starting position on the prolate
spheroid, Equations (41, t5) and () can be ermloyed to generate a farilv
of aeodesic curves on the spheroid. It is convenient to introduce a; re,,-.
variable w s such that

€'Is = -cotw s  (7)

Substituting Equation (7) into (3), one obtains

R2 sin 2c (-cotw S)
A = -- _ - ~ -- - (8)

A (R,)+R+R'sin2 cot' s  (

Notice that for w equal to 900 or 2700, the geodesic equation reduces
to =¢ , i.e., th geodesic is the generating curve of the body of revolu-
tion, ihe meridians. It should also be noted that Equation (4) does not
predict the geodesic circle, the Equator, e=900 as a result of choosing
Equation (4) as the representation of the geodesic. Nlow let us examine
some numerically computed geodesic Eaths. In Fig. 4 the geodesic curves
for a starting location e =900,s =0 on a 2x4 prolate spheroid are plotted.
For a given staring direction w , the geodesic path is specified by a set
of points on the spheroid surfae with C and € being the position parameters.
In Figs. 5 and 6, geodesic curves are shown for two different starting
locations,(e =60c,' 00) and (ej=30 °,¢ =0°), respectively. Since the air-
craft fuselage usualy resemble a long cylindrical structure, Fig. 7 shows
the geodesic curves for a 2x0 prolate spheroid. It is interestina to
notice that the geodesic curves for the 2x4 and 2xlO0 spheroid are very
similar to each other. Finally, the geodesic for a sphere is shown in Fig. 8.

Now that the geodesic paths are known for the surface of revolution,
the radiation direction along the geodesic must be found for each path.
Recall that the parametric representation of the geodesic on a surface
of revolution is

6
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Figure 4. Geodesic paths on a 2x4 prolate spheroid. (e S=90 0 =00).
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Rsinecos¢ x

= Rsin6sin; y (8)
Rcose z

with

A , R2 2+,2 de (9)
= + e in2e(R2 sin 2e A2')

The unit tangent vector along the geodesic is

d - d d (10)
dz de/de-

It can be shown that Equation (10) can be expressed as follows:

t tx X + tyy + tzZ (11l)

where

tX cos (R' sine+Rcose)- ' sin6Rsine (12)

- sino(R'sine+Rcose)+o'cosoRsine (13)
y D

R'cose-Rsinetz 0 (14)

dk 222 2 2 2

D F_ 2 sign(e-es)R' +R +R sin e ) (15)

Note that €' is given by Equation (4a).

It is convenient to express the tangent direction of the geodesic
in terms of the spherical coordinate parameters et and . From Equa-
tions (12), (13) and (14), the tangent direction angles t and t totthe geodesic path can be determined as follows:
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ot = cos - (t  (16)

and
t t a - 1 t Y

= tanj__) (17)

Numerical results for the tangent direction in terms of e t and
for various geodesic curves are shown in Figs. 9, 10 and 11. It is

iteresting to _bserve that for the sphere case the geodesic tangent
curves converge to one point, for the circular cylinder case these curves
are parallel to each other, and finally for the prolate spheroid case,
the tangent curves intersect each other in a caustic region. Once the
unit tangent vector is determinr 4, the other relevant parameter in the
ray analysis, namely, the unit binprmal vector 6 can readily be
obtained via the equation b = t x n. The unit vector n is the outward
normal vector of the surface.

Determination of the Geodesics on a Prolate Spheroid

In the proceeding section, a family of geodesic curves correspond-
ing to a particular starting location on the surface of revolution has
been determined. The associated tangent direction curves for each geo-
desic has also been found. According to the geometrical theory of dif-
fraction, energy propagates outward from the source along the surface
geodesic and continuously sheds electromagnetic energy in its tangent
direction. Therefore, the next step is to determine the unique shedding
point on a particular geodesic path at which the tangent points in the
desired radiation direction. This task is performed in this section.

Consider now an antenna is located on a surface of revolution at
S as shown in Fig. I. The location parameters for the source point are
(aS a ).The desired radiation direction (e 0 ) is denoted with r

can be decomposed into its rectangular conponents as follows:

r r x + ryy + rzz (18)

where

rx = sinercos r (19)

ry = sinersinOr (20)

r z = cosOr (21)

13
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Recall that the unit tangent vectors for the geodesic are given by
Equations (1l)-(15). Assuming at a particular point (e )on the sur-
face of revolution, the tangent direction tIQ matches EitR the radia-
tion direction r , then from Equations (ll)-(15) and Equations (18)-(21)
the following expressions are obtained:

cosQ(R's Q ____ -snQ~ia ,
sine_ -Roe)sn _Q1 = sine rcos (22)

1 5in4Q(R sine Q+Rcose Q)+cos;QRsin@Qo ie sn r(3

D QIQ snr iqr(3

and

Rcose -Rsine
D Q coer (24)

where

D DQ =sign(e Q-e5 )/ R'+R +Rsin'e(')j Q (25)

I ~ ~~and ____

I QR R (26)

I Q Rsin eQ (R s in e Q-2AQ)

It is straightforward to show that from Equations (22)-(26) the followirng
equations can be deduced:

AQ = sign(eQ-es)RsineQsinersin(or-Q Q (27)

r and
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seR'sine +Rcose

- O sine r R'cos (28)ie

I Q
In Equations (27) and (28), there are three unlinowns e and A

and one needs one more equation to solve for the unknowns. TAis ?inal
equation is provided by the geodesic equ3tion, Equation (4b) derived in
Section II, namely,

Q + Q QR' 2+R 2__ d&__ (29)

From Equations (28) and (29) one obtains the following expression:

R' 2 R2

s Q 22 R 2 +R 2 e
Qef AQ/ (30)

Los i coseQ R'sineQ+RcoseQ
r ~sine QR'cose Q-Rsine Q

Let us now proceed to eliminate A from Equation (30). From Equation (28)
one obtains the following equatioRW

cos( coser R'sino +RcoseQ(1
r-Q sine r L R'cose Q- Rsine Q (1

Let us define

COSct - COS(O - (32)

then from Equation (27), A Qcan be written as:
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AQ sign(OQ- 6s)Rsine Qsiner1-cos a Q (33)
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Note that cosa is related to OQ via Equation (31) and Equation (32).

Finally, Equations (30) through (33) can be employed to determine
the unique geodesic path and the unique diffractinn point for a given
source location on the surface of revolution and a given desired radiation
direction. The secant method is suitable for solving the nonlinear
equation, Equation (30). The initial points employed for the secant
method are Os and f%. where . ven by ECua'r -'

A simple and efficient computer program has been developed to solve
the nonlinear equation, Equation (30) for the unknown e The secant
method with the initial points e and er, has been show to be an extremely
efficient and accurate method which converges in a few iteration steps.
Once the e is determined, A and t' can be found via Equations (33) and
the geodes~c equation, Equatyon (28 , respectively. Thus for a given
source location (eS s), the unique geodesic path with a starting direc-
tion AR, and the unique diffraction point (eQ,¢n) on the surface of rev-
olutio that will radiate toward the desired raqiation direction (erOr)
has been found in an efficient manner.

Conclusion

A major task in the application of the geometrical theory of
diffraction (GTD) to the problem of electromagnetic radiation from a
general convex surface is to determine the unique geodesic path that
starting from the source location traverses the surface and has a tangent
at some point along the path which points in the desired radiation direc-
tion. In this report a numerically efficient and accurate scheme has
been developed for solving this problem in the case of a general convex
surface of revolution. The surface of revolution is of interest in that
it provides an analytic model for the aircraft fuselage structure. A
computer program is also developed to solve the governing nonlinear
equation using the secant method for iteration. This method is proved
to be simple and converges to the accurate results in just a few steps.
Numerical results for the family of geodesic curves are also presented
for the cases of sphere, prolate spheroid and cylinder.
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