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I. INTRODUCT 10N

For an airborne antenna mounted on the fuselage of an arbitrary
aircraft near the extreme top or bottom, the fuselage shape has the
dominant effect on the resulting radiation pattern. The wings and other
flat plate structures can have strong effects in certain sectors of the
pattern but they are not as dominant as the fuselage especially when
the complete volumetric pattern is concerned. Previous analyses [1,2]
for the airborne antenna performance employed a profile cylinder model
for the evaluation of the radiation pattern in and near the elevation
plane; whereas, a cross-section cylinder model was used for the pattern
calculation elsewhere. Thus for pattern calculations off the principal
planes, a two-cylinder model {21 was emploved for the analysis. Although
this two-cyvlinder model provides a useful means to obtain satisfactory
results for the volumetric pattern calculations, there are some problems
encountered in the necse and tail sectors of the pattern., This results
from the fact that the geodesics {ray paths) usecd in the twe-cylinder
model does not travel on the true three~dimensional surface of the fuse-
lage. As a consequence, the unit normal and binormal vectors of the
geodesic for the two cylinders do not vary continuously on the surface.
This leads to erroneous results and discontinuities in the calculated
patterns. Due to the above mentioned difficulties, it is apparent that
an improved three-dimensional model is needed for the fuselage structure.
An attempt has been made previously to model the fuselage as a body of
revolution [1], and good results were obtained for an antenna radiating
from a prolate spheroid. According to the geometrical theory of dif-
fraction (GTD) analysis, an antenna located on the surface launches a
ray which propagates along the geodesic path on the surface and contin-
uously sheds electromagnetic energy in its tangent direction. A typical
ray picture for an antenna radiating from a surface of revolution is
shown in Fig. 1, in which a ray launches from S, and traverses along
the geodesic path to the shedd1ng point Q, and then propagates along
the tangent direction at Q in the observation direction r{ . Thus
a major task in the ana]ys1s is to determine the unique geoaesqc path
SQ associated with a given desired radiation direction r(e ,0.). The
previous numerical technique [1] was not very efficient in that a tedious
interpolation procedure was employed to determine the unique geodesic
path whose tangent points in the desired radiation direction.

In this report, a three-dimensional model for the fuselage shape,
namely, a body of revolution model, is re-examined and an efficient method
is developed to find the unique geodesic corresponding to the desired
radiation direction. This method is described in detail in the following
section.

IT1. GEODESICS ON A BODY OF REVOLUTION

Consider a body of revolution with the parametric representation
of its surface given as follows:




SOURCE
LOCATION

Fiqure 1. An antenna radiating from a general convex surface. !




Figure 2. A surface of revolution and the associated coordinate system,




X(,¢) = Rsinicos¢x + Rsintsin:y + Rcos -z (1)

where (R,t,¢) is the usual spherical coordinate svstem, and R is a func-
tion of theta i.e., R=R(¢). The surface is illustrated in Fig. 2.

It can be shown that the arc length betuween two points on the bodyv
of revolution can be exnressed[3] as

j {R' + RE 4 R251n26( Yy ]]/2 (2)

inowhich BY and ¢' are the derivatives with respect to the variable e.
According to the calculus of variation[4], the arc length with minirum
distance between the two points (the veodesic) should satisfy the following
constraint:

R251n2ﬁ€

(R*%+R2+R%sin (¢’

),]1/2-= constant = A. (3)

Equation (3) can be rearranged and one obtains the following expression
for the geodesic on a body of revolution:

| 172
2.2
b= A A5 L‘?TT : (42)
¢ = R251n sin“e-A%)
or
1/2
0 2
(R') +R2
=¢ +A de (4b)
5 ,{; stinze(R251n2e ~?3
s
In the above equat1on is the starting location of the geodesic,

and the constant A is re?atéd to the starting direction ¢'|¢ at the start-
ing location through Fquation (3).

As an example, let us consider the prolate spheroid with major and
minor axes "a" and "c" as shown in Fig. 3. For the prolate spheroid
shown in Fig. 3, it is easy to show that

R(G) - aC

1/2
(a2c0526+c251n26)

4
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Figure 3. A prolate spheroid with major and minor axes a and c.
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and

v _dR _ _ac sinacose(cz-az)
R' = g5 ° : (6)
8 2 2 2.2 37
{(a“cosTe+c sin &)

By specifying ¢_,¢_ and o'l at the starting position on the prolate
spheroid, fquations (45, f5) and (E) can be employed to yenerate a family
of ceodesic curves on the spheroid. It is convenient to introduce z rew

variable we such that

¢']S = -cotw, . (7)

Substituting Equation (7) into (3), one obtains

Rdsinze(—cotws)
A = ———— (8)

J;;3%R2+stin2rcot2ms

S

Notice that for «_ equal to 90° or 270°, the geodesic equaticn reduces

to ¢=¢_, i.e., the geodesic is the generating curve of the body of revolu-
tion, %he meridians. It should also be noted that Equation (4) does not
predict the geodesic circle, the Equator, 5=90° as a result of choosing
Equation (4) as the representation of the geodesic. Now let us examine

some numerically computed geodesic gaths. In Fig. 4 the geodesic curves

for a starting location e _=90%,¢ =0° on a 2x4 prolate spheroid are plotted.
For a given staring direction o , the geodesic path is specified by a set

of points on the spheroid surfale with ¢ and ¢ being the position parameters.
In Figs. 5 and 66 geodesic curves are shown for two different starting
locations, {6_=60°,¢4_=0°) and (e_=30°,4_=0°), respectively. Since the air-
craft fuselaae usua?]y resemb]eg a lon§ cylindrical structure, Fig. 7 shows
the geodesic curves for a 2x100 prolate spheroid. It is interestina to
notice that the geodesic curves for the 2x4 and 2x100 spheroid are very
similar to each other. Finally, the geodesic for a sphere is shown in Fig. 8.

Now that the geodesic paths are known for the surface of revolution,
the radiation direction along the geodesic must be found for each path.
Recall that the parametric representation of the geodesic on a surface
of revolution is




Geodesic paths on a 2x4 prolate spheroid.

Figure 4.
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Fiqurz 5, Geodesic paths on a 2x4 prolate spheroid. (es=600,¢s=00).
8




Figqure 6. Geodesic paths on a 2x4 prolate spheroid. (es=30°,¢s=0°).
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Geodesic paths on a 2x100 prolate spheroid.

Figure 7.
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Geodesic path on a sphere.

Figure 8.
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Rsingcos¢ 8
Rsinésine y
Rcosé z

=<V
u

with
1/2

2 2
RR
¢ = ¢, + Af de
s 6 | R%in%e(R%sins-A%)

The unit tangent vector along the geodesic is

3o 4V _ dyjde
T de ~ de/de -

It caﬁ be shown that Equation (10) can be expressed as follows:

~

1= txx + tyy + IZZ

where

+ - Cose(R'sing+Rcose)-¢'sineRsing
K D

+ - sine(R'sine+Rcose)+o' coseRsing
Y D

t = Ricose-Rsine
z D

d 2 2,022 \\2

D=gg " sign(e-es) R' +R“+R%sin“6(e')

Note that ¢' is given by Equation (4a).

It is convenient to express the tangent direction of the geodesic
From Equa-
and ¢t to

in terms of the spherical coordinate parameters 04 and ¢
tions (12), (13) and (14), the tangent direction ang1es 5
the geodesic path can be determined as follows:

12
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) (16)

t b4
and
1
t = - ] —l N
o, = tan (Ix) . (17)

Numerical results for the tangent direction in terms of ¢, and
¢, for various geodesic curves are shown in Figs. 9, 10 and 11. "It is
iﬁteresting to cbserve that for the sphere case the gecdesic tangent
curves converge to one point, for the circular cvlinder case these curves
are parallel to each other, and finally for the prclate spheroid case,
the tangent curves intersect each other in a caustic region. Unce the
unit tangent vector is determincd, the other relevant parameter in the
ray analysis, namely, the unit_binprmal vector b can readily be
obtained via the equation b = t x n. The unit vector n is the outward
normal vector of the surface.

Determination of the Geodesics on a Prolate Spheroid

In the proceeding section, a family of geodesic curves correspond-
ing to a particular starting location on the surface of revolution has
been determined. The associated tangent direction curves for each geo-
desic has also been found. According to the geometrical theory of dif-
fraction, energy propagates outward from the source along the surface
geodesic and continuously sheds electromagnetic energy in its tangent
direction. Therefore, the next step is to determine the unique shedding
point on a particular geodesic path at which the tangent points in the
desired radiation direction, This task is performed in this section.

Consider now an antenna is located on a surface of revolution at
S as shown in Fig. 1. The location parameters for the source point are
(6.,6.). The desired radiation direction (6._,4.) is denoted with r

which®can be decomposed into its rectangu]arrcoﬁponents as follows:
r=orx+ ryy tr,z o (18)
where
ry = sine coseé. (19)
ry sinersin¢r (20)
r, = cose, (21)
13
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Figure 10. Tangent direction along the geodesic -shown in Fig. 7.
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Recall that the unit tangent vectors for the geodesic are given by
Equations (11)-(15). Assuming at a particular point (€.,¢.) on the sur-
face of revolution, the tangent direction t| matches 1tﬂ the radia-
tion direction r, then from Equations (11)-(15) and Equations (18)-(21)
the following expressions are obtained:

cos¢(R' sine.+Rcose,)-sin¢e Rsine ¢
—~#—£L——--'~EL—-Tle~———~ll—~-~£l—— = sine cos¢ (22)
Q 0
sin¢n(R' sine +Rcos8,)+cos¢Rsine ¢’
°'Q Q - Q Q q = sine sin¢, (23)
Q
Q
and
R' cose . -Rsins
DQ q = Ccos6 (24)
r
Q
Q
where _
DQ = sign(eQ-eS)JR'2+R2+R251n2d§W1 (25)
Q
and _— —
2.2
stinze (stinze -A2 )
Q Q"0 0

It is straightforward to show that from Equations (22)-(26) the following
equations can be deduced:

AQ = sign(eQ-es)Rsineqsinersin(¢r-¢q) 0 (27)
anc

17




-1 {cose_ R'sine,+Rcose
¢q = ¢p - COS (__..,L R'"“”QR _—Q l, (28)
sine, R'cose- s1neQ
In
In Equations (27) and (28), there are three unlnowns & and AQ
and one needs one more equation to solve for the unknowns, T 15 91na1

equation js provided by the geodesic equation, Equation (4b), derived in
Section 11, namely,

f R'"+R
¢n = ¢+ A de (29)
Q s Q_j stinze(Rsinze-AQz)

-

From Equations (28) and (29) one obtains the following expression:

+ A ——-—7?—~—~—- de =
R sin“e( R sin e- AQ )

R*sing +Rc
coseQ sin 0 oseQ

$.. ~ €COS _ ' ]
r n R -
si eQ coseQ Rs1neQ

Q

Let us now proceed to eliminate A, from Equation (30). From Cquation (28)
one obtains the following equatioR:

r‘ —
C0s6 R'sing,tRcose
- r Q Q

C05(¢r’¢0) " sine,. LR'coseQ-RsineQ (31)

J

Q
Let us define

cosa 2 cos(¢r-¢Q), (32)

then from Equation (27), AQ can be written as:

18




- [ R

AQ = sign(eo-es)Rsinerinervl-cos a . . (33)

Note that cosa is related to GQ via Equation (31) and Equation (32).

Finally, Equations (30) through (33) can be employed to determine
the unique geodesic path and the unique diffractinn point for a given
source location on the surface of revolution and a given desired radiation
direction. The secant method is suitable for solving the nonlinear
equation, Equation (30). The initial points employed for the secant
method are "o and £ where © it agiver by Ecuaticr 70

A simple and efficient computer program has been developed to solve
the nonlinear equation, Equation (30) for the unknown €,. The secant
method with the initial points 6_ and 6., has been showg to be an extremely
efficient and accurate method which converges in a few iteration steps.
Once_the 8. is determined, A, and ¢, can be found via Equations (33) and
the geodesgc equation, Equatgon (28}, respectively. Thus for a given
source location (95,¢S), the unique geodesic path with a starting direc- .
tion Ay, and the uniqle diffraction point (eQ, ) on the surface of rev- ‘
o1ut109 that will radiate toward the desired ragiation direction (er,¢r)
has been found in an efficient manner.

Conclusion

A major task in the application of the geometrical theory of
diffraction (GTD) to the problem of electromagnetic radiation from a
general convex surface is to determine the unique geodesic path that i
starting from the source Jlocation traverses the surface and has a tangent '
at some point along the path which points in the desired radiation direc-
tion. In this report a numerically efficient and accurate scheme has
been developed for solving this problem in the case of a general convex
surface of revolution. The surface of revolution is of interest in that
it provides an analytic model for the aircraft fuselage structure. A
computer program is also developed to solve the governing nonlinear
equation using the secant method for iteration. This method is proved
to be simple and converges to the accurate results in just a few steps.
Numerical results for the family of geodesic curves are also presented
for the cases of sphere, prolate spheroid and cylinder.
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