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Abstract

\

\\Each member of a team of decision agents receives a conditiomally
independent observation about some underlying discrete hypothesis. Subject
to causality constraints, the agents seek to optimize a team cost functional
by making discrete decisions which are conveyed to other agents on capacity
constrained channels. This paper derives optimal decision rules for a
class of problems of this type and discusses their properties.,
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I.Incroduction

Purpose: Team theory has long sought to unify the joint estimation/
communication/ control problems that arise when several agents that receive
different information attempt to cooperate [2]. These problems have
proven to be rather difficult in many cases [1l], although a suprising
number of them can be reduced to an equivalent static framework [3,4)
through reformulatiom.

Building on [8], this paper describes the solution of
a number of specific team problems with non-partially nested (non-NP)
information structures. The problem is made tractable by assuming that the
underlying natural randomness takes the form of a fixed, discrete
hypothesis and that the decision agents receive conditionally independent
observations. This permits explicit computation of decision rules,
even when communication (preassigned flow pattern) is allowed between
agents. The decision rules themselves display an interesting structure
which aids interpretation of the solution (e.g. in terms of an optimal
quantization of the local information). The insight gained from this
work will serve as a stepping-stone for the development of a general
solution procedure for distributed hypothesis testing with communication
constraints.
Related Work: As the logical sequel to [8], Sections 2 and 3 present results

for two special classes of structures: tandem and hierarchical. The
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problems discussed are endowed with digital communication links between
the decision-makers (DMs). A predetermined causal precedence ordering
is imposed as each DM needs the decisions of his predecessors before
it can generate its own decision. We retain however, the assumption that
the actions of the DMs do not in any way affect any system dynamics.
However, unlike problems with predetermined communication variables
(e.g. one-step delay information sharing [7], [5] and [1on, the communicated
variables are limited to m discrete values with their content to be
determined. Messages are conveyed error free, i.e. we do not consider
noisy channels [1], although generalizations to this case can readily
be drawn. While the m discrete value channels provide encoding capability,
we are not interested in coding per se [1] but rather seek the overall
optimal communication and decision strategy. Note that this allows explicit
signalling [9] from a DM to "downstream" DMs through the communication
links.
Problem Statement: Find Fi’Izi" [)iE{O,l,...,N}, to minimize
J(Ye,¥1y.coc-- V) = E[J(uo,H)} where U, is the output of the detection
network; {ul,uaf...,uu} are internal communication variables; and Zi is
the information available to DMi as specified by its access to: (1) a
local observation vy and (2) other decisions specified by the topology
of the communication network (Figure 1l). Finally H is the underlying
discrete state of nature.

Overview of results: Solutions are available for binary problems where

H€§H°,Hl} and 016{0,1}, and a number of network topologies. Extensions to
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Figure 1: Topology of Communication Network




M-ary hypotheses and m, symbol channels are straightforward and discussed
in Sections 2 and 3.

II.Tandem Team Counfiguratiom

Assumptions: The tandem network topology is illustrated in Figure 2. g°

and Hl arise with known a priori probabilities

1

P(a°) = p° pal) = p (L
The joint conditional observation distribution is
P(yo,yl/llj) for 3e{0,1} (2)

where the subscripts denote the DM. (The yi’s may be random vectors gemerated
by "preprocessing”" of the original measurements). The global cost function is

defined by J(uo,H) where
3¢ {ofx{eut} = R (3

The objective of the team is to minimize

E {10, m0} (4)
and we will interpret
o
0 H  is declared
u, = (3
1 Hl is declared

The following assumptions simplify in the derivation of the
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Phenomenon

Figure 2: Two DM Tandem Topology




decision rules:

Assumption 1: The observations Yo and y, are statistically independent,
i.e.
P(y,/y,,8) = p(y,/H)

(6) ?
p(yolyl,li) = p(yolﬁ) i

(See [6] for a case of dependent measurements without communication).

i Assumption 2:

(a) J(1,8%) 2 3(0,8%) (7
as per the interpretation of J

(b) p(uo-O/ul-O,yo) 2 p(uo=0/ul-l.yo) (8)
this disambiguates two possible symmetric solutions

Derivation: We begin with

Lemma 1:
uZJ(LAQ.HO) [p(uolul-O,yl) - p(uolul'l,yo)] L0 (9
o E:
Proof: Expanding expression (9) ’

3(0,R%)p(u =0/u =0,y,) + J(1,E)p(u_*1/u =0,y ) . |
—J(O,Ho)p(uo'Olul-l,yo) - J(l,u°)p(u°-1/ul-1,yo) (20 g

But
p(uo'l/ul-o,yo) =1 - p(uo'O/ul'O,yo)

1l
p(uo-llul-l,yo) =1 - p(uo‘O/ulﬂl,yo) (11)

Substituting (11) into (10) and simplifying

[3¢0,8%) - J(L,EM)] {plu =0/u =0,y ) = plu =0/u=L,y )} (12)




and Assumption 2 gives expression (12) is less than 0. Q.E.D.
This lemma is required for proving:

Theorem 1: The decision rule for DM0 (Figure 2) is given by
U,= Yoly,,u) (13)

and Vo(-) is the following likelihood ratio test:

. Ugz0
A° 2 P(YO//‘/O) P(H’)P(UI/HI)[\]Z tH’)"ﬁ/l”y (/4)
% " plvft’) < PLH® plu | WO T, #%) -Teo, )]
aa:/
o // u,*o
s e (15)
- t ! . 1/ U,‘/
The decision rule for DMl is:
U, = Ny, (16)

and ¥,(-) is the following likelihood ratio test:
“,20

! a Ay, 1H°) > ; Plit')Tluse, ')[P(UO/“:’O,”)"P(Uo/u,.l II)]

* (1)
Plvin’) < 2 PUHOT Cao, W) Plus]u,2 1, H)-Plue b0, #7]
Ul
a4
&t (/8)

Proof: This proof parallels the one presented in [8].




The objective

(19)
atn E {IGu 0]
is expanded explicitly as:

Z /Pfu., u"Y"YID H)J(‘U.,Il)dy, J”
H,
s Z PU)P(ctol s Yor s H) P( Yo Yo | H)Tlue, ) dy, oy,

[ 4
“, Yo%
“’Uul. ® 1 /3

Invoking appropriate independence assumptions yields

(20)

2 | Pt pluefen, Yo) pluass i IH) PUltal H)TTuto, #) dyo g (31)

M, e
“y Yo,V
Explicitly summing over uy and ignoring constant term, the expression to

be minimized reduces to

2 [Pluscolun,ye) 3 | Aemplyntil ) plyot) Tto, ) - Ters )] dy,dy,  (22)
' n

Yo Y
This expression is minimized by setting

o it 2 PeH) pladH) plyo ) Tto,H) - Tiy )] >0
o

o therwise
Expanding over H and invoking Assumption 2(a) yields the decision rule

,D(u,co/u,,ya) z { (23)

for DMO given in expression (14).
For ¥,(-), write (21) as

)D f PUH) plus /et o) plusfys) plyiti) pL yoli)Tlute, H) o ¥y (24)
) ue
E;p¥;21tly summing over u,, substituting p(ul-l/yl) =1 - p(ul-O/yl)

and ignoring the constant term yields

/ Plusofy) 2 / PO PAYolW)ply 1 ute, ) [Pl [i7070) -l o s1yo) oy
Y 4o “Yo

The expression is minimized for

(as
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fa) I/ Z fP{H)/O(Ya/H)f(Y:/ﬁ)%uo;ﬂ)[ﬂ;;f:/.‘zi{o;, ]d7 20
f(u,,a/’,) . H,do

(26)
/ otherwise

Expanding over H and invoking Lemma 1 yields the decision rule for
DM1 given in expression (17). ' Q.E.D.
Summary: The person-by-person optimal decision structure is based on }
three thresholds that must be calculated together: ‘

€, = 5,0

too = fo(*gl.('))/ul-o (27)

et = AT
where fl(.) and fo(.) are defined in expressions (14) and (17). The
simultaneous solution of these equations yields the three thresholds.
Extensions:
Theorem 2: For the tertiary hypothesis case, i.e.!!ESHO,Hl, Hz} and
tertiary symbol channel capacity, i.e.|%16{0,1,2} ’ icio,l},
decision rules for DMO (Figure 2) 1is given by

Ug = Yo(y.,,u,) (28)
and 7Y4(-) is the following set of likelihood ratio tests:
ucsiOrk
* o Aveld') /Hf) i) playin?)[J¢, H)- J(E, /ij P(wIplain) [T, nY)- T,
'J' Pl yo/ﬂ") < AH )f’(”:/H')[J{r #Y)-T¢),4%] mw)fru./m)[ 2isH )0, 1
tosj or k (29)

for (1,3,00€§(0,1,2),(0,2,1),(1,2,0)}

The decision rule for DMl is P




= YI(Y/) (3

and ¥,(-) is given by the following set of likelihood ratio test:

0)

ll 1 or k
W etustuist? Uv/u:w"" )
A-I a PV IH) ZP{M}J?;/.,H )[’(“ /_'"',"ua fuait ’”)] ZP(H‘?.A:I Hwo,H ‘[f(oolu e s, He
V oPtnin) ¢
‘ Pt Wide, W[ plusfu:i,HY) i[Plustu,=i,H’)
Uy Jorkz“' ’ [ ‘F(UQIU.J)HJ ZF(H)J?“ H)/ O/H,-J;H
(31)
for (1,1,k)€{(0,1,2),(0,2,1),(1,2,0)} |
Proof: Consider expression (20) k
Z P(H)f(uolun‘/p)/p(un‘/,/H)F(YO/H)J’(U-’/H)JYoJ)’,
0 Yoot (32
=3 F(uo/u,,Yo)ZP(H)f(u, /y)f(/a/y)%u,,y)a/yo
“olly Yy,
Hence the decision rule is deterministic and is given by (29).
To show (31) rewrite (32) as
/ Z/’(m 1v,) Ef(ﬁ)f(uo/u,,ﬂ)f( 4ol #)\Tuto, ”)aé‘iz (33)
Hydo
and parallel the proof of Theorem 1. Q.E.D. :
Theorem 3: TFor the Three Tandem DM case (Figure 3) and binary symbol : !
capacity channels, the decision rule for DMO is biven by
U,,:D'o(yg,q,) (34‘)
and Ve(-)is the following likelihood ratio test:
Uo=0
A° 2 Plvesn) > ptw)ptu, ) [T0,4°) - T01,4°)] (35)
Plyoln’) & PtH®) plutn®)[ Tti, n)-Tto,#) ]
Upz )
(8 i s
4 (36)
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Figure 3: Three DM Tandem Topology.




The decision rule for DMl is
uz %(y,,d) (37)

and 7,{-} 1is the following likelihood ratig test: o 1
o s PN 3 PN Pluy ()T (w0, W) [ Plusly 20, ") < Plutgfuyst, #7)] & (& i

Ao, £ z .
‘T Plyun) qf,, “Zof{ﬂﬂ)ﬂu,/m)J(uo,H')[f(uo/u,:/, HO-pluelu,z0,/°)7] e, fuy:l
The decision rule for DM2 is (31)
Uy = ¥ (¥2) (39)
and Yp{+) is the following likelihood ratio test:
U0 [)
.A; _ PlyzIn®) > gz(ﬁ')ﬁa,,y)[/’(u,/a,:o,/-l') -/c{u"/”"’)”')] 2 éz . ( 40)
¢ Plvatn?) nf., éf’(#vi?%,/ﬁ[/o\’uo/b’z:/,H?-F(Uo /Uz=0;H‘)]

Proof: Invoking similar steps as in Theorem 1. Q.E.D.

Extensions to M-ary hypothesis, m { symbol channels and N-tandem DMs are
straightforward.

III.Tree Team Configuration

Assumpcion: Consider same assumptions as in Section II. First consider
the simplest tree topology (Data Fusion) illustrated in Figure 4.

Theorem 4 : The decision rule for DMO is given by
UesQ

o a AYelH®) > Pu)Plurtt ) Plux ) H0, H)-T0, 1] (41)
o plyeln) S., 2o Ples 11 plus /)] Tt1,1°) - To,#°) ]

00

t 1€ uy=0, u =0

o1 .
é % if 4, =0, u, 1 (42)

10 .

% if u1-l, uy 0

11 .

% if ul-l, u, 1

The decision rule for DMi (ie}1,2}) is

Uy = Tily;) for icf1,2}. (43)




Phenomenon H

DM2

Figure 4: Optimal Data Fusion Topology
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and V¥i{-) 1is the following likelihood ratio test:
q'. -

0
A i 2 Ay I1°) > Z.:P(H')quo, H')[f(do/u,’z o, )’o)",o/l/o/d,‘:/) )’o)]
] F(Yy /H’) £ UZ P(HO)WUO)”.)[KNO/Uf=/)Yo)-ﬂuo/u'.=o’ya)]

uy =1

(44

2+, (45)

="
Proof: This proof parallels the one in Theorem 1. Q.E.D.
Extensions: Consider DMl in the tree structure illustrate in Figure 5.
Assume the pair of decision rules in DM4 and DMO are fixed. Then a cost
function of uy and H at DM1, Ekul,ﬁ), can be obtained by taking the

expectation over Yo and T4t i.e.

\7’?41:,/‘/) =E :\7-(6(0, H), )’4(_), D«;(.))s
7b179

Given this cost, one can solve for decision rules T;,Zfz and Vj using

Theorem 4. Inserting these decision rules into the the DMs, one can

compute p(ul/H). Then one can solve for the decision rules for DMO

and DMé with Uy (described by p(ul/H)) by using the results from the

tandem cagse (Theorem 1). Note that u, acts as an additional measurement

to DMO. The result of this process is an iterative procedure for alternately
computing {iq,‘lo}and gﬁu, ‘z,"s}, which exploits a decomposition

resulting from the independence of observations when conditioned on

H (Assumption 1). This suggests a procedure for extending the results for these

simple cases to larger networks.




Figure 5: Tree Hierarchical Topology

DMé4
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IV.Summary

Optimal decision rules for a static non-PN detection team have
been derived. The decision rules are likelihood ratios in the actual
data, with thresholds determined by incoming communicated messages. The
number of thresholds at each DM is equal to the number of combinatioms
of these discrete inputs. Moreover, it is apparent that, at least for
some tree structured problems, a decomposition principle (along the
lines of spatial dynamic programming) can be found for methodically
computing decision rules. This is a topic of current research and will

be reported in a subsequent paper.
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