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THE POSITIVE SOLUTIONS OF A CETAIN NONLINEAR PARABOLIC SYSTK

AND ITS COIN ATION I

by 1
Benten Zhu

Computer Science Department
Yale University

Abstract

In this paper we *hall investigate;. a type of nonlinear parabolic

equation, coupled equations and their positive solutions. The properties of

maximum and the nonlinear instabilities yill be- discussed briefly; for

obtaining its numerical solution a special scheme wi1-b presented..-

1. Introduction

In the present paper we shall investigate a type of nonlinear parabolic

equation and coupled equations to which the similar one may come from physics,

chemistry and ecology. Specifically, the coupled equations are from solid

electronics and have been simplified to describe the dynamic distributions of

two kinds of charge carriers so called carrier equations. The unknown

1Department of Mathematics Shandong University, linan, Shandong P.R.C.



functions in these problems represent the densities of certain particles or

bodies. The positivity of those functions in their mathematical model will

play essential role. Ignorance of this property often cause serious

instability especially in nonlinear problems, which we call nonlinear

instability. A mathematical model describing a natural phenomena which is

reproducible must be properly defined and continuously dependent on a number

of given conditions. We are concerned with the case in which there is a steady

state solution and a transitional solution wherein the former is the limit of

the latter as time increase to infinity.

In order to solve such a problem we suggest using a special scheme

,positive scheme , which will be used in computation of the positive solution.

This assures us to avoid the nonlinear instability .

Many authors have studied this type of problem. Some of them refered to

Lyapunov stability, some of them refered to the direct integration methods.

But we prefer the positivity of the solution, and emphasis is placed on the

construction of the computational scheme.

1. A Nonlinear Parabolic Equation

Let us begin with a single nonlinear parabolic equation as follows:

*U aSU
eat --- - b(U-K(z))U (A)

ab ) 0, -1 ( x ( 1, t > 0.

where U(z,0)-0(z), U(±1, t) are given positive functions and K(z) is liven as

.... ...... ..I III
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an arbitrary continuous function. A set of functions which consists of all

positive continuous functions we call C; and we call such a solution a

positive solution.

THBOREM 1. If U(xt) is a positive solution of (A) then the following

inequality holds:

0 < U(x,t) j K - max (MaxK(x), max U) (I)
x t-0or xf±1
C C

Proof. On the contrary there must be a a (-1,1) and t >0 such that

U(x .0- max* U(xt) > K, at U0. " x ,t 0.tit
* e cc e

and (U> ,t)-K(x ))U(x ,t) 0 0. It conflicts with the equation (A).

THBOREM 2. The positive solution of (A) is unique.

The proof of theorem 2 is omitted. Considering the steady state solution

of (A) it is obvious that this solution is free of variable t and is the limit

of the solution U(xt) during t->-. The steady state solution of (A)

satisfies the nonlinear elliptic equation and boundary conditions which we

call problem (A ). First we divide the function K(x) into two positive

functions K (C) and [() such that r(x)=BK+(x)--(x) i.e.

S+(x) ={ 1(x) + p(Z) ... if K > 0;
p(Z) ....... otherwise;

17(x) -( p(Z) ........ if K > 0;
=K(x)+p(Z) ... otherwise,

where p(z) is an arbitrary non-negative function.



3

Next we suggest an Iterative process which is very important in finding a

solution of (A). Consider the following iterative process:

a?' as?,_-at---b[UU m-r-K U"- +K Ua=1t2, .... (An)

where ?(1.t)-U(±1,t) , D(xO)=4(x). but U0 is any function satisfying (I))

Each step of the process is forwarded by solving a linear parabolic equation.

THEOREM 3. All iterative solutions of (Am) satisfy the following

Inequality

0 U(x,t) Ku Max[MaxK+(x), Max U]
ort z1l

Proof. For m-0 theorem is true . We suppose inequality valid for all

integers less than a . Then we check the inequaliry for integer a. On the

contrary there must be (x*t e) in the region such that function U(x ,t) as a

maximum. Both of them conflict with equality of (A).

Now we discuss the convergence of the sequence (?n) in the functional

space Ls. Set sm i-U-Un -l , then es satisfy the following equation with

homogeneous initial and boundary conditions:

- (UeeU e - eee1

Multiply both sides by *m and integrate on whole interval (-1,1), using

the following notations:

+1

-1

(u~v)= J-u1 dx.

J-
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Then we have

-bI/ KI-el 2 +b((K+-um-l) m-l , m)..

By using the well known inequality tel SL I-!eI we have

atxSi en, 12 -2aIen m12+bc o(Iemi2+l enom 1 12 ) j

j _ n. j e n 42 + n a n- 1 1j2

where nl-2a-bC, n2-bC, i.e.

(l e2e.llt) j nfem-112en't

thus we have
le m12en't j nsl t ie'li2enl tdt

0

j (ns) 2 j1en-212enl sds'ds .
-00

0

[(nst)n-l/(m-1)lj lax 1el12enLt)

Therefore the following theorem can be drived.

Theorem 4. Iterative sequence (eU) Is convergent in any finite region in

the sense of the La-aorm.

Further results about the generalized solution of (A) are beyond our main

purpose. We are interested in this iterative process (A.) and its motivated

" | r 'm . . . .. . . . . . . . ' .... . . • . . ..! . . .
'

" i l ' . . .



scheme of computation.

2. Nonlinear Instability and A Computational Scheme

When the solutions of (A) are confined in C, then the positive solution
C

of (A) could be obtained as a limit of (A) during t-)-. We call stable

steady state solution. But once we disregard this restriction, the unstable

phenomena will often occur. For example , if KCnconst when U ( 0; &=0, theno

as the explicit solution shows:

U-C/[l-U[(U-C)/Uoe -bCt)]-> as t->El/(bC)]Ln(Uo-C)/U0].

The Instability becomes obvious. According to variety of the constants C

and U the possibilities are listed in the table 1 below and show the stableo

(unstable) region in figure 1.

c <0 1C>01 c
SI unstable stable

stable I stable I U > 0 IIII I --
Ilimited lunstablelC< U < 01 U

II I stable
lunstablelunstablel U < C.01 imited

Table 1. Figure 1.

The very unfavorably unstable situation will develop if one puts the initial

value in the unstable region. So we must be careful to construct the

approximate scheme so that once any initial function is selected in the stable

region then all the intermidato results will never be out of the stable

region. Thus the computation can be possibly carried on until a solution has
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been found.

Now we come to a computational scheme for problem (A). First of all we

divide in terval (-1,1) into 2N subintervals by nodes:

-x-N(zN+l <... 12 <xl1 o <x1 < ... XN_ 1 .

Let hi-xi-xi -l i-N+l....,-1,O,1 .... ,N be lengths of these subintervals and

use the notations:

2 I 2h A hi~-
e2D - - -t -2e. 2 Y.L

x hIh+ hI+hi+1  h +hi+ 1

where At is the length of the subinterval in t-axis.

We set the difference equation as follows:

where -.,N'Um are given positive, i.O,±1,..,±(N-1), r-m,2,...

Let Ch+ be a set of positive functions defined on these nodes. We call a

solution of (Ah), which belong to Ch+ , the positive solution.

Theorem S. The coefficient matrix of the unknown functions U in (Ah) has
Id

a unique inverse with non-negative elements.

It is easy to see. if we remove all the terms of U to the left sides of

the equations and e 1 l/At to the right sides, then the coefficients of form

a special matrix with dominate diagonal elements negative, so there is a



7

nonnegative inverse.

Theorem 6. Under the conditions of theorem 3 the equation (Ah) has the

solution U! in Ch and the following inequality holds:
i

+ U Max(ax[.
i

The proof is much the same as for section 1.

Theorem 7. If the solution of (A) has all continuous derivatives for x

and t required, then the difference solution U! approximates differential
i

solutions in any finite section of the region in the sense of L2 norm.

In fact, suppose we take es as the difference between the solution of (A)i

and the solution of (Ah). Then em suits the following difference equations:

( em-el -) /At-abeoeM+
mm+rl_-n J-I m..n - n

+b + a - e"-m-bWl'-bUm ,Woiei  -oi i i  ei-oiei  'i

Ri-approximate error. Multiply the two sides of the equation by e; h's where

him(hi+hi+l )/2 and sum up from i=-N+l to N-1. We introduce the notations about

mesh functions in the same way as the continuous functions

tol2  iti(ej) 2,

1),2 n 2,

Hlei~ h ihjl(ei+l-Oi)/h i ]

then we obtain

IemIZ+aAtl&em2 +bAt -l(K u pa.
h h h

hEl 1 (1+bAt ( +
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+At i R

(l+bCAt)Jenlh er  I h+Atleml h IRIh;

i.e. je312 i (l+bCAt)iem-lj2 +AtlRm 2 , and simply we have

iemi j (+bCt~ulO h+At 1 (l+bCAt) J j ,lI h  (hb~tme 0R- 2

thus theorem 7 is obvious.

Other schemes may be available, but scheme (Ah) is special from the

iterative process (Am) in section 1. Under a slightly strict condition we

obtain the stability of the difference equations (Ah) with regard to initial

values.

Theorem 8. If a > b(Max [+), then the difference equations are stable

with regard to initial values.

This means if ? and Vemare two solutions of (Ah) with diff different
i i

initial values , then the difference between them does not increase. The

proof is the same as for theorem 7 when omitting RV.

3. A Coupled Nonlinear Parabolic System

Now we turn to the coupled nonlinear system:

jjl = a I U - b (U-V-K(x))U
itu A112 1(B)

a 2-8V - b2 (V-U+K(r))V-V - &2&-j 2

a1 ,a2 ;b1,b2 > 0; -1< x < 1; t>0;

C+
where UV(±l,t) ad UV(z,0) a are given. To find the positive solution in
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C+  we still use the functions K+ and K- in section 1. and denote the inner

maximum value as follows:
C C

U =maxin=U(x ,t )= Max(Max UMax V)
SC x

-4 < x < 1, t >0

the same to Vmax-iu.

Theorem 9. Only in region () 1 0 U(x.t) could reach Umax-in and for

which the following inequality holds:

Oj Uax_in-V(z,t) .[p = axKW(II)
x

only in region l(z) j 0 V(xt) could reach Vmax-in and for which the following

inequality holds:

Oj Vma -in-U(xt) m = MaxK (x), (II)
xwhere the functions in each inequality are evaluated at the same point.

Using the same idea as in section 1 we suggest an iterative process:

K' = a l llm- b KU"- b (Um-V-K+)Um _l
lx 1 1Bm)

i =Vm = a2--V m- b K-Vm- b (Vm-Um-[-)vm-1at 2 2 2(

where Um,V2 m0,1.,2 ... have the same initial-boundary values as U,V and U°,V°

are a pair of arbitrary functions satisfying (II) in C+ .

Theorem 10. Each pair of the functions in sequence (Um,Vm) generated by

iterative process (B) remain in C+ and the following inequalities hold:

0 'max-in-V p (11m)

O V' -? jKm.
max-in

We leave the proofs of these two theorems to the readers. Even more results
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about convergence and generalized solutions could be obtained. But we are

going to describe the problem of instability and a computational scheme in the

next section.
U-V-K=O V I U-V-K-0 V I U-V-[0

-I .... l \ 0 -
0 U

I I II Ut
I I

(a) (b) (c)
Figure 2.

4. Nonlinear Instability And Computational Scheme

First we investigate the instability of system (B). Assume ai = 0, Bili,

i=1.2, K(x)- const divide the first equation by the other , then we obtain an

integration of U*V -*onst where the constant is decided by the initial value

of U and V. All the possibilities about stability are shown in figure

2,(a),(b). (c). The arrows represent the behavior of the solutions UV during

t->e. Only those points which have two arrows on both sides pointing to them

represent the stable steady state solutions. For our purposes only the

positive solutions are available , i.e. UV > 0, otherwise nonlinear

instability may arise as seriously as in section 2.

Our next task is to give the computational scheme of equations (B). Using

the same division of time-space coordinates and the same notations as in

section 2, we suggest the difference equations as follows:
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(ui-~ui" P /At-alfxUlj-blKlUl-7

rbln-i a • -+ -1

v-i lx i

_bu-iv a •m _-rn-i-b 1 (vi-ui) +b2 K1ivi
1 1 o o

where u+Na V.N; u vi, i-0,+1,+2,.. are given, positive and satisfying (h).

We call a solution of (Bh) which belong to Ch+ positive solution.

To denote us mmax an
.un*" Max( Max ax v.

max-in i i i 1

vU =v ma max( max a"' max v',)
max-in i eI i i

-N(i, i (+N,

as inner maximums of the solutions.

Theorem 11. Problem (Bh) has a unique positive solution in Ch+

Proof. Remove all the terms containing uI or v, to the left sides of the

3-1 1-1
equations and ui  V vi to the right sides. Then all the terms on left sides

are non-negative. The coefficient matrix of unknown functions u7, va has

dominant diagonal elements and negative non-zero-off-diagonal elements, so it

has an unique non-negative inverse. Thus we get ui ,  0. Further we shall
>ey 0. If for some (mi) or 0, suppose uv--0 and um 0

for all m < a., then check the signs of every term in (Bh). we shall see the

right side is positive which is conflict with left side.

Theorem 12. Only in region where K(x) _ 0 could uI reach max-i and to

II
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which we have

m ax-inv i  i;(Ih

only in region where K(x) j 0 could va reach v - and we have
I m axi

Max-in- i  .(Ih

The proof of theorem 12 can be carried on in the same way as theorem 3 or

10.

Many other schemes have been found. Here we only mention the

computational scheme (Bh). The reason is that does this scheme (Bh) keep

almost same characteristics as the original problem (B). Besides the equations

of problem (B) contain the main core of many more complex problems. Te hope

that it will be useful to those who are interested in fields we mentioned, and

the method of constructing (Bh) could be easily used in solving some other

related problems.

5. Discussion of The Algorithm

We write equations (Bh) in a matrix form as follows:

Ort - 1 )l/At -~ a- II o it0211

m- l a .

-bu m-b U71-1 0+
-2 v,1 ,1i 10 2Ki

where is a column vector (ut,v . Using notations:
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r -At/hIhi+k 1 Pihht/(hi+hi+I  qi'l-P,

A =-iwi 01 J -1
' pir 0,

Al -2r- A -9 ri rn-ir 0 0

1a r+bliit+b D' At -b u WAt

K IOa ii i I i

B-I rn- 1 +

At l+2a 2 ri+b 2[1At+b2 vi At.

.= :(l+blK+At) " 1 I.
S (1+b2 A")v vrl •

we get the following block-tridiagonal system:

Ai bl + Am + Ci~+ n Fa,

i=O, _.,.... (N--) (III)

where +m are given. The direct method can be used in solving (III). By

eliminating Ai we transform (III) into (IV):

i i 14+1 i

O + .(N-1), (IV)

S- 1 %

-~i 1 " (Bil-i+lC-)  Ci+ 1 ,

PC -(B -A CC)i (IF' -A Fl)
i+1 1+1 1+1 1 1+1 1+1 1

im--N+I,..o. a -2 t-1,0,12. .. #*-1.

We recall that processes (IV) and (V) are computable and the nmber of

operations is about O(N) for each step.
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We have worked on this coupled equations for a while. Notice 1) Theorem

12 is not sufficient for the stability; 2) Theorem 12 only provide a reasonable

restriction on the difference solution as theorem 10 does; 3)because of

nonlinear effect At should not be too bit, so that a stable approximation can

be used.

References

[lNonlinear Problems in the Physical Sciences and Biology
Lecture Notes in Mathematics (1972) Springer-Verlag

(21R. D. Richtmyer and K. W. Morton
Difference methods for initial value problems
New YorkWiley-Interscience(1957)

II




