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TRE POSITIVE SOLUTIONS OF A CERTAIN NONLINEAR PARABOLIC SYSTEM

AND ITS CONPUTATION I

by

Benren Zhu1

Computer Science Department
Yale University

\ Abstract
. <
In this paper we shall invoati.nto% a type of nonlinear parabolic
equation, coupled equations and their positive solutions. The properties of
maximum and the nonlinear instabilities ’#i! ‘be " discussed briefly; for

‘
- i
R :

obtaining its numerical solution a special scheme will-bs presented. {
1. Introduction

In the present paper we shall investigate a type of nonlinear parabolic

equation and coupled equations to which the similar onme may come from physics,

chemistry and ecology. Specifically, the coupled equations are from solid
electronics and have been simplified to describe the dynamic distributions of

two kinds of charge oarriers so called ocarrier equations. The unknown

lnepurt-ont of Mathematics Shandong University, Jinan, Shandong P.R.C. :




functions in these problems represent the densities of certain particles or

bodies. The positivity of those functions in their mathematical model will
play essential role. Ignorance of this property often cause serious
instability especially in mnonlinear problems, which we call nonlinear
instability. A mathematical model describing a natural phonomens which is
reproducible must be properly defined and comtinuously dependent on a number
of given conditions, We are concerned with the case in which there is s steady
state solution and a trsnsitional solution wherein the former is the limit of

the latter as time increase to infinmity.

In order to solve such a problem we suggest using a special scheme
»positive scheme , which will be used in computation of the positive solution.

This assures ns to avoid the nomlinear instability .

Many authors have studied this type of problem. Some of them refered to
Lyapunov stability, some of them refered to the direct integration methods.
But we prefer the positivity of the solution, and emphasis is placed on the

construction of the computational scheme,
1. A Nomnlinear Parabolic Equation

Let us begin with a single nonlinear parabolic equation as follows:

g-g-.g-;—‘;’ ~ B(T-K(x))U (A)

.lb)o.-l(’<1.t>0¢

where U(x,0)=0(x), U(+l, t) are given positive functions and K(x) is given as




an arbitrary continuous function, A set of functions which consists of sll
positive continuous functions we call C+; and we call such a solution a

positive solution.

THEOREN 1, If U(x,t) is a positive solutiom of (A) then the following

inequality holds:

0 ¢ U(x,t) £ ‘n' Max {MaxK(x), Max V) (1)
x ort;gil

L 4
Proof. On the contrary there must be x 2 (-1,1) and t‘)O such that

* 9 L J
0s", 8= Max, Oz, 0) > x, ZE2EL, o, 2Bz .8

tst

and (U(x.,:)-l(x.))ﬂ(x..:) > 0, It conflicts with the equation (A).
THROREM 2. The positive solution of (A) is umique.

The proof of theorem 2 is omitted. Considering the steady state solution
of (A) it is obvious that this solutiom is free of variable t and is the limit
of the solution U(x,t) during t—)e, The steady state solution of (A)
satisfies the nonlinear elliptic equstion and boundary conditions which we
call prodlem (A.). First we divide the function K(x) into two positive

functions lf(x) and K (x) such that K(x)-l+(x)~l—(x) i,e,

K(x) + p(x) ... if K> 0;

+
K(x) = p(x) .<.veee. oOtherwise;

- = P(!) sevesene if KO 0;
K (x) = ~K(x)+p(x) ... otherwise,

where p(x) is an arbitrary non-negative fumction.




Next we suggest an iterative process which is very importast in finding s

solution of (A). Consider the following iterative process:

gg:Lugigf—b[u’t’"l-x+u"1+x'u'l
m=1,2,.... (A-)

where U‘(:l.t)-U(g;.t) , U%(x,0)=0(x), but 0° is any function satisfying (I)>

Each step of the process is forwarded by solving a lipear parabolic equation.

THEOREM 3. All iterative solutions of (Am) satisfy the following

inequality

0 < U(x,t) (K = Max[Maxk'(x), Max 1)
x ort;gtl

Proof. For m=0 theorem is true . We suppose inequality valid for all

integers less than m ., Then we check the inequaliry for integer m. On the
s s )

contrary there must be (x ,t ) in the region such that function 0™z ,t) as »

maximum. Both of them conflict with equality of (A-).

Now we discuss the convergence of the sequence {0®) in the functional
space L3, Set " -U.-U.-l, then ¢ 's satisfy the following equation with

homogeneous initisl and doundary conditions:

n m
:: ‘3:: _ l,(u.-lG-..,“---l.l-l_‘-l-‘-—l +E D)

Multiply both sides by e" and integrate on whole interval (-1,1), using

the following notations:

+1
|v(x)|-[I |v(x)|zdx]1/2:
-1

+1
(a,v)= I u v dx.
-1

N~




Then we have
(1/2)5206™ Pl 2612017 v 2612
b1/ X1 2 ((x*-1"1)e™ 1, e ¢
¢ —ale®1+bCle® 1e™ 1]

By using the well known inequality lel £ |5§e| we have

sole® 1 2ale®124mc(16® 24 16™ 1)

(-n1]e®)24ns}e™ )2
where ni=2a-b4C, n2=bhC, i.e.

b ) 1
5—2(|o’|2en t ¢ s [o™ 12,2 t,

thus we have
t
le®12e*t ¢ naj le™ 11262 gy ¢
0
20 (% =2(2 nis
£ (n3) IOI le” “1%e ds'ds ...
0

t

< uns)"ll(.-zm_{ (t-3)" 21112284, ¢
0

< [2t)™ 1/ (a1) 11 Max [e}]2e2'Y)

Therefore the following theorem can be drived.

Theorem 4. Iterative sequence {U'} is convergent in any finite region in

the sense of the Li-norm.

Further results sbout the generalized solution of (A) are beyond our mainm

purpose. We are interested in this iterative process (A-) and its motivated
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scheme of computation,

2. Nonlinear Instability and A Computational Scheme

When the solutions of (A) are confined in C+, then the positive solution
of (A.) could be obtained as a limit of (A) during t—>=. We call stable
stesdy state solution., But once we disregard this restriction, the unstable
phenomens will oftenm occur. For example , if K=C=const when Uo < 0; 8=0, then

as the explicit solution shows:
U=C/[1~{1(V_~€)/T_Jo ) ]—>e as t—>[1/(6C)1Lal(T ~C)/T ].

The instability becomes obvious. According to variety of the constants C
and U° the possibilities are listed in the table 1 below and show the stable

(unstable) region in figure 1,

Tc<o Tcyo | ] fc
| | | i unstable stable
|stable | stable J U >0 |
| | ) | ——
l1imited [unstablelC< U < o] v
| stabdle
lunstablelunstablel U ¢ C,0) imited

Table 1. Figure 1.

The very unfavorably unstable situation will develop if one puts the initial
value in the nunstable region. So we must be ocareful to construct the
spproximate soheme so that once any initial function is selected in the stable
region then all the intermidate <results will anever be onut of the stable

region, Thus the computation can be possibly carried on until a solution has




been found.

Now we come to a computational scheme for problem (A). First of all we
divide in terval (-1,1) into 2N subintervals by nodes:

-1=x_N<x_N+1<...x_z(x_1<x°<x1< ...xN_1<xN=1.

Let hi-xi-xi_l.i-N+1.....—1.0.1.....N be lengths of these subintervals and

use the notations:

0U=U(x,,t ), t =mAt, »=0,1,2,...;
i i m m

1 2h 2h
820" ( i_pg= ot — g g,
xi B.h b +h i+l i B.+h i-1
i"i+1 71 7Nl i 7i+41

where At is the length of the subinterval in t-axis,

We set the difference equation as follows:

1 2 1 4ol -
(U3-0 )/t =a8 U—bU7 Uj+bK U7 -bK, U] (An)

where U;,U:N.U: are given positive, i=0,+1,..,+(N-1), »=1,2,...

Let Ch+ be a set of positive functions defined on these nodes. We call a

solution of (Ah), which dbelong to Ch+. the positive solution,

Theorem 5. The coefficient matrix of the unknown functions U: in (Ah) heas

s unique inverse with non—negative elements.

It is easy to see, if we remove all the terms of U: to the left sides of

the equations and U:-llAt to the right sides, then the coefficients of U: form

s special matrix with dominate disgonal elements negative, so there is a




nonnegative inverse.

Theorem 6., Under the conditions of theorem 3 the equation (Ah) has the

solution U: in Ch+ and the following inequality holds:

0 < U] < Max{ Max K U"]

+
i i’ or §=+N

The proof is much the same as for section 1.

Theorem 7. If the solution of (A) has all continuous derivatives for =x

and t required, then the difference solution U: approzimates differential

solutions in any finite section of the region in the sense of 12 norm,

In fact, suppose we take e?

and the solution of (Ah), Then e: suits the following difference equations:

as the difference between the solatiom of (A)

m n—I

(e )/At=a6
+ -1 1m 1
ML b‘i‘i b °1'w?°1 +&)
R‘—approxinate error. Multiply the two sides of the eguation by e: ii’ where
h =(h.+h. . .)/2 and sum up from i=~N+1 to N-1. We introduce the motations about

i "iel

mosh functions in the same way as the comtinuons functions

1
|e-|2-3;‘ii(e:)2.
-N+1

1
LD 12 Z B, [(e],,~e] /0,12,

then we obtain

-|2+cAt |0-|24-bAt 1(x7)

le 1/2‘-|i_

1 w1 +
Z‘n[o" {1+bAt (K 1-0‘:1 1+




1
+At ) e R:h, £
§;+1i ii

) m o1 m n
< (aepcaedie” ) o™ Tl +atle | IRV ;
i.0. |e'|i < (1+bCAt)Ien_1|i+Athn|h2, and simply we have
m2 m 2 1 Jio®m ji12
le™1F < (1+4vCAL) |e‘|h+At§ (1+pcat)d &%),
=0
thus theorem 7 is obvious.
Other schemes may be available, but scheme (Ah) is special from the
iterative process (Am) in section 1, Under a slightly strict condition we
obtain the stability of the difference equations (Ah) with regard to initial

values.

Theorem 8, If a > b(Max K+), then the difference equations are stable

with regard to initial values.

This means if D: and VTare two solutions of (Ah) with diff different
initial values , then the difference between them does not increase. The

proof is the same as for theorem 7 when omitting R:.

3. A Coupled Nonlinear Parabolic System

Now we turn to the coupled nonlinear system:

) a3

atU = 315;70 - bl(U-V-x(x))U B
3 33

atv = 8353V - bz(V“U+K(x))V

lI,lzzbl.bz > 0; 1< x (1; t>0;

where U,V(+1,t) and U,V(x,0) ¢ c* are given. To find the positive solution in




C+ we still wuse the functions K+ and K in section 1. and demote the inner

maximum value as follows:
U =U(x.,t.)= Max{Max U,Max V}
mazx-in
» X x
-1 {(x <C1, t >0

the same to V

max-in’
Theorem 9. Only in region K(x) )} 0 U(x,t) could resch Unax—in and for
which the following inequality holds:
+
0¢ U..x_in-V(x.t) < Kp = MaxK (x); (I1)

X

only in region K(x) ( O V(x,t) could reach V.. and for which the following

x—in

inequality holds:

0LV, .70z, t) CKm = u:xx (x), (11)

where the functions in each inequality are evaluated at the same point.

Using the same idea as in section 1 we snggest an iterative process:
9 93 - + 1
570" = a 550" b K U= b (U-VP-k U™
om _  03.m o 3 T 1
55V = 8,555V bk V- b (VTR VT

where U™,V® m=0,1,2,... have the same initial-boundary values as U,V and w°,v°

(Bm)

are 8 pair of arbitrary functions satisfying (II) in C+.

Theorem 10, Each pair of the functions in sequence {0, V") generated by

iterative process (Bm) remain in C+ and the following inequalities hold:

0o¢u” -v® ¢ Ep;

max-in (IIm)

o¢vV® -0" ¢ Knm,

max—-in

We leave the proofs of these two theorems to the readers. Even more results
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about convergence and generalized solutioms could be obtasined. But we are
going to describe the problem of instability and a computational schoeme in the

next section.

|, U-v-E=0 Vv |, 0-v-K=0 | U-V-K=0
| | | U
| | >
(+] U |
> |
|
|
|

(b) (c)
Figure 2.

o<
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— — A —
A d

~
»

4. Nonlinear Instability And Computational Scheme

First we investigate the instability of system (B). Assume s, =0, B=1,
i=1,2, K(x)= const divide the first equation by the other , them we obtain an
integration of U*V =const where the constant is decided by the initial valgue
of U and V. All the possibilities about stability are shown in figure
2,(a),(b), (¢). The arrows represent the behavior of the solutions U,V during
t~—>o, Only those points which have two arrows on both sides pointing to them
represent the stable steady state solutions., For our purposes only the
positive solutions are available , i,e, U,V > O, otherwise nonlinear

instability may arise as seriously as in section 2.

Our next task is to give the computational scheme of equations (B). Using
the same division of time—space coordinates and the same notations as in

section 2, we suggest the difference equations as follows:




11

0l n
(o -n )/At-a b’ni 1 ®
u—l + n—l

—b o, (n -v )+blxini ;

- ._1 (Bh)
(v1 )/At=a 6’v1 bzli i

lrl m m - 1

-b vy (v -u )+b2‘1'1 .

where “:N’ v:N; u:. v:, i»0,+1,+2,,. are given, positive and satisfying (IIh).

~ e e

e

We call a solution of (Bh) which belong to et positive solution.

We denote
:nx—in i‘= Max( l;x ni. l:x Vo)
o = .‘:
Voax-in-Vi Max( H:x ni. l:x vi)

s _ se
“N<Ci,i (4N

as inner maximums of the solutions.
Theorem 11. Problem (Bh) has a unigue positive solutiom in a’.

Proof. Remove all the terms containing n: or v: to the left sides of the
equations and n:fl. v:-l to the right sides. Then all the terms on left sides
are non-negative., The coefficient matrix of unknown functions n:, v: has
dominant diagonal elements and negative non-zero—off-diagonal elemonts, so it |
has sn unique non-negative inverse. Thus we got u:. v: 2 0. Further we shall
verify u:. v: > 0. If for some (m,1i) u: or v: = 0, suppose u:'-o and n:.v: >0
for all m (m,, then check the signs of every term in (Bh), we shall see the

right side is positive which is conflict with left side.

Theorem 12, Only in region where K(x) 2 0 could ui reach n az-in sad to




which we have

m +
0¢a" ax-in i £ K ; (1Ih)
only in region where K(x) ( 0 could v1 reach vnax in and we have
n n ~
0« Vmax-in %i < Ki. (IIn)

The proof of theorem 12 can be carried on in the same way as theorem 3 or

10.

Many other schemes have been found. Here we only mention the
computational scheme (Bh). The reason is that does this scheme (Bh) keep
almost same characteristics as the original problem (B). Besides the equations
of problem (B) contain the main core of many more complex problems. We hope
that it will be useful to those who are interested in fields we mentionmed, and
the method of constructing (Bh) could be essily used in solving some other

related problems.

5. Discussion of The Algorithm

We write equations (Bh) in a matrix form as follows:

(@ - T hiae = M Ofaat- byKy 1 O3
0 0.k
) 2Ky
m-1
BN X u"+"‘°u:,
n—1 1
bV by 0 b,K;

- .
where U: is a column vector (n:.v:) . Using notations:




ri'““‘ihiﬂ' pi-hif(hi-rh“l) , qi'l_l’i'

-8, qr, 0 " U 0
Aimo-l t'cigo—tpr'
29374 2Py
- m—1 1
o 1+2a121+b1KiAt+b1ni At Ialu1 At
i 1 + g §
bzv1 At 1+2:2ri+b2KiAt+b2vi Atl,
+ 1
Y (l-rblxil.\t)ui
i (1+b, K At)v™ L
274 i ¢

we get the following block-tridiagonal system:

AUy * BY0; + €8y = Py
i=0,+1,#2,...,+(N-1) (II1)
where U:N are given., The direct method ocan be used in solving (IXII). By
eliminating Ai we transform (III) into (IV):
™+ cit -,

i i4+1 © "i

i=0,+1,42,...,+(N-1), (1v)

. -1 . -1 .
et = Bopa) *Cnars Foner™ Bopea) Foper?

A cHh ¢
141724414 141’

] m *
F:+1 = (B A€y 1-0»1“‘14-117';I )

1-"N+1900Q.‘2."1.0.1.2....."‘1.

cl.. = (B
i1 ~

1 (p

Wo recall that processes (IV) and (V) are computadble and the anumber of

operations is about O(N) for each step.
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We have worked on this coupled equstions for a while. Notice 1) Theorem
12 is not sufficient for the stability; 2) Theorem 12 only provide a reasonadle
restriction on the difference solution as theorem 10 does; 3)because of
nonlinear effect At should mot be too big, so that a stable approximation can
be used.
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