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Abstract

An application of the localized finite-element method
t0 & three-dimensional time-harmonic free surface flow in a
canal is presented. Boundary conditions on both the free
surface and the body are linearized and imposed on their
equilibrium pasitions. By utilizing known set of eigenfunc-
tions, the computation domain is reduced 10 a very small
Jocal domain where an eight-node linear three-dimensional
element is used. Proper ma:ching is also imposed between
two sets of trial functions on the truncated boundary. To
be solved are the problems concerning: (1) six degree-of-
freedom radiation and difiraction in three dimensions, (2)
two dimensional motion corresponding to the local flow at
the midship cross-sectional plane, and (3) related eigen-
values. Specifically, two sets of results for two ship loca-
tions i a canal are presented. In both cases, the eigen-
values of the local cross-sectional plane gre shown to play a
significant role in the three-dimensional results. A
remarkable similarity between exciting forces and moment
and the damping coefficients corresponding to the modes
of their motions are also observed in the results. The ac-
curacy of the three-dimensional results presented here is
also discussed by comparing two sets of eigenvalues com-
puted by using two different sizes of finite elements.

1. Introduction

Steady-state time-harmonic mations of an inviscid, in-
compressible fluid with free surface in the presence of a
body or bodies in it are described by a boundary-value pro-
blem governed by the Laplace equation with appropriate
boundary conditions. In the past, problcms of this type
were generally solved by distributing sources (and/or
dipoles) on the body boundary and using Green's theorem
to obtain an integral equation for the strength of these
boundary singularities; or, aliernatively, by using sources
and higher-order multipole expansions at an interior point
within the body, the strengths of these singularities being
determined 5o as to satisfy the body boundary condition.
1n all cases it is conventional to utilize the singufarities
which are solutions of the boundary-value problem stated
sbove, except for the body boundary condition which is in-
voked separately to determine the singularity distribution.

*This work was supported by the Numerical Naval Hydro-
dynamics Program at the David W. Taylor Naval Ship
R&D Center. This Program is jointly supported by
NSRDC and the Office of Naval Research. Part of the
presemt work was done while the authar was a visiting
peofessor at the Ecole Nationale Superieure de Techniques
Avancees (ENSTA) in 1980, and partially supported by
the Ministry of Defense, France.

For two- and three-dimensional motions in a fluid of in-
finite depth, or of finite but constant depth, the required
singularities are well known, although of rather com-
plicated analytical form, so that the approach described in
the foregoing corresponds 10 solving a Fredholm integral
equation over the body surface, with a rather complicated
kerne) function. An extensive list of literature on this sub-
ject can be found in Wehausen!,

In this paper a numerically oriented as well as more
versatile method is introduced as an alternative approach to
the solution of the problem. This alternative approach is
based on a variational principle which is utilized to deter-
mine the velocity potential throughout the fluid domain.
The present work is a direct extension of the earlier work
by Baj and Yeung? for a generai threedimensional body
geometry in a canal. In this procedure, the known solution
space in certain subdomains is made use of in order to
reduce the ‘computation box’ 10 a size as small as possible.
We call this drastically-reduced computation box the
Jocalized finite-clement domain. The phrase *‘localized
finite-element method*’ is used to denote the finite element
method applied only in this localized subdomain. In this
particular problem, i.e., in a free-surface flow in a canal,
the solution space is represented by the complete set of
eigenfunctions in the subdomain. It is essential to make the
domain of computation as small as possible because the
practical success or failure of a numerical method, in
general, mainly depends upon the size of the computation
box. In the present procedure, the reduction of the original
infinite fluid domain to a small localized subdomain is
achieved by replacing the conventional radiation condition
by the matching condition. This requires that the velocity
potential and its normal derivative (i.c., normal velocity)
represented by two sets of different trial functions, defined
in the adjacent subdomains, be continuous afong the fic-
titious interface juncture boundary surface. Then we ap-
proximate the potential in the localized finite-element do-
main by piecewise polynomial trial functions defined in
each finite element. Thus, in effect, an integral equation
over a body surface with a complicated kernel is replaced
by a system of equations over a much larger fluid domain,
but with a much simpler kernel.

Previous studies of the finite element method applied
10 time-harmonic ship motion problems have been made by
Baid-$, Berkhoff?, Smith8, Chen and Meid, Seto and
Yamamoto!0, Yue et al!}, Euvrard et 2112, and
Chowdbury!3.

Additional numerical results of the related two-
dimensiona) boundary-value and cigenvalus probiems at the
midship cross-sectional plane are also presented. Two dif-
ferent sizes of the finite elements in the midship cross-
sectional plane are used in these additional computations.
These results are used as reference in discussing the ac-
curacy of the present three-dimiensional results.




11. Mathematical Formulation

Considered here is steady-state time-harmonic free-
surface flow in the presence of a body floating or submerg-
ed in a canal with a rectangular umitorm cross-section.
However, a local variation of the bottom and side-wall
geometry is present and a uniform rectangular cross-section
of each side (not necessarily the same on both sfdes). can
be sirnilarly treated by the present method. The coordinate
system is right-handed and rectangulac, The y-axis is
directed opposite to the force of gravity, and the xz-plane
coincides with the undisturbed free surface. The bottom of
the canal is in the y = -H plane and the side walls are in
the z = + W/2 planes. We neglect surface iension, and
assume that the fluid is inviscid and incompressible and
that the motion is irrotational. Furthermore, we assure that
the motion of the body and, consequently, the generated
wave, 10 be small in some sense, so that the boundary con-
dition on the body and on the free surface can be lineariz-
ed and satisfied at the mean equilibrium positions instead
of at their instantaneous positions.

Let @ (x, ¥, 2, t) be the velocity potential describing
the flow field. The continuity equation requires ® to satisfy
Laplace’s equation. Let o be the angular frequency of the
time-harmonic solution. Then, introducing the usual time
and spatial decomposition we have

®(x,7,2,1) = Re[dl™ (x, y, ) alm)(1)] ()]
m=1,..,7
where $0m) = 90 4 g4 @
is the complex-valued spatial potential, and a®)(t) is the

complex time-harmonic motion amplitude of the body cor-
responding to the m-th mode, i.e.,

em(t) = Relal™t)]
= Re [(a(lm) + iag",)e‘i"‘]

where a,(t) is the body motion amplitude. Form = 7, the
diffraction problem corresponding to an incoming wave
system of unit amplitude, one simply sets a{” = 0 and a{"
= 1/0 in Equation (3). The potential function ¢ (x, y, 2)
must satisfy

®

L a2 a2
('072' + 3;5 + m)’(x.)'.z)=0 “
in the fluid,
ty-Hs = ° (sa)
tols, = Vo = f9) (sb)
0,.' Sp =0 (5c)
O.IS* =0 (sd)
where v = 02/g
8§ — acceleration due to gravity
Sg — undisturbed free surface, y = 0, outside of the body
Sg ~— bottom surface
Sy — side walls

S0 ~ body surface below the mean free surface.

The normal velocity f(s) depends upon the mode index m.
Form = |, 2, ..., 6, corresponding to the sway, heave,
surge, roll, pitch, and yaw modes of motion, respectively,
{(s) is given by

16)(s) = n; ©

with
. -(ny, 0y, n3) = (ng, By, Ny N
(4, N, ng) = {F ~T) xg
where 1 is the unit normal vector into the body with com- )

ponents (n,, Ny, n,), T, is the vector from the origin to the
center of rotation, and

T= (v, 2.

For m =17, f(s) = anl Y]

where $[is the spatial potential associated with the incident
wave system. The incident wave potential of unit amplitude
incoming from x = - is given by

coshmg, (v + H) cinlo‘
cosh mg H

hxy.n=-8 ®

where mg, is wave number. Finally, to make the solution of
this problem unique, we impose the radiation condition re-
quiring that the generated waves must be outgoing.

111. Localized Finite Element Method

The fluid domajn defined in the foregoing formulation
is unbounded along the x-axis. For numerical computa-
tions, it is highly desirable that the computation box be
made as small as possible. The goal of reducing the
original infinite fluid domain 10 a manageable finite do-
main is achieved by making use of the known solution
space in the truncated infinite subdomains which will be
defined later. As a result, the computation domain is
seduced to a very local subdomain, called a localized Finite
element domain, which may barely include any source of
disturbance in the fluid. The present numerical method is
called a localized finite element method because the finite
element numerical computations are made only for a local
domain. Throughout this section, the subscript m in the {
potential, defined in the Mathematical Formulation section
is omitted with the understanding that ¢ will always depend
upon m.

Let us draw two imaginary vertical planes J; and J,
which separate the original fluid domain D into the three
subdomains: D, D), D; as shown in Figure 1. We assure
that D, includes the ship (and/or any other sources of
disturbance). The boundary surfaces 3D,, dD), and 3D,
are denoted, respectively, as

2Dy = Spo + Swo +Spo + It + 12+ S
®
dD; = Sg; + Sw; + Sp; + J; + Sp; i=12

where Sg;, Sp;. and Syy;, denote, respectively, the free sur- .
face, the bottom, and the canal side walls, in the subdo- !
mains D; (fori = 0, 1, 2) and where Sg; (for i = ], 2) are !
the boundaries at infinity. The ship hull surface is denoted ;
by S,. b
Let ¢, 4. and §; denote the velocity potentials defined
in the subdomains D, Dy, and Dj, respectively. Then we
bave, from Equations (4) and (S),
V¥ =0  inD, ¥
fon - = 0 on Sg, ¢ '
10)
fon = £(s) on S,

bon =0 onSpou Swo
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and, for ¢;,i = 1,2,

V=0 oD

$in-vi =0 onSg ({}))

¥ =0 on Sgiy Sw;
It is understood in Equation (11) that a proper radiation
eondi!iop is imposed at infinities for ¢, and ¢;. In addition,
we require

b ' ¢4

bon + $in =0

where the normal vector is taken outwards from the fluid
subdomain defined for each potential, e.g.,

onJ,i=12 12)

410 = $i1x. $on = ~4ox oON Iy
L Yoo = dox OD )z

By the juncture conditions in Zquations (12), the solutions
of Equations (10) through (12) are unique and identical to
the solution of the original formulation in the Mathematica)
Formulation section. (This can be shown by applying
Green's theorem to the diffsrence of the solution of the
original equation, defined in the previous section, and the
solutions ¢,, ¢, and ¢, defined in the three subdomains).

13

Let us assume that the general solutions of Equation
(11) with appropriate radiation conditions, are known, i.e.,
the compiste set of eigenfunctions or Green’s functions of
the problems. Then the first step toward the construction
of the appropriate functional for our variational equation
equivalent to the coupled partial differential equations
defined in (10) through {12) is the choice of trial function
space for each function 4. $;. and ¢;. If the bases of the
trial functions for ¢; and ¢, are chosen from che golution
space (the known general sojutions), then we can obtain
the following two functionals:

of the Three Subdivided Fluid Domains

Kildobi b} = fffp %(vwdv-;f/; fo%is
o Fo
—[/ fEHods + _/] Go- g bihuds (149
So I
1
- ds
ff o F ook
and

Kattutital = ff] jotorer -3 [ s
Do Sro
ﬂ f(s)ods +/T [(#)4oMon + ‘%h’ln‘ds
S° JJ‘

ffﬁ 1#24cHon + -;-Mhlds an

2

Setting the first variation of either functional to be zero, i.e.,
6Ky {bo ). 82} ~ 0 (16a)

or 4 xz “o- ’lc ’1} =0 (16b)

is the same as solving Equations (10) through (12). It is
easy to show this by taking the first varistion and by using
Green's theorem. The integral expressions of the func-
tionals involve only the subdomain D, which we call the
“localized finite-element domain.** If one takes the localiz-
ed finite-clement domain to be small, then the domain over
which the integrals have to be computed will also be small.
On the other hand, one has to take many terms (eigenfunc-
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tions) to represent the trial solutions ¢, and Qz in the com-
putation of the approximate solutions, and vice versa.

It is interesting that the stauona.ry value of both func-
dtons are

K {bo. 41, 82} = -% [/; fs) ¢ ds (172)
0o
K; o b1, 4} = -1 fL 169 bo ds am

it &, $;, and $; are the exact solutions. This stationary
value is simply (-1/29) times the added mass and (-1/2ga)
times the damping coefficients.

Either functional, d=fined ir (14) or (15), will give a
variational equation mathematically equivalent to the
original boundary-value problem at hand. The use of the
functional given in (14) is slightly advantageous because the
normal derivative of ¢, is not involved in the coupling in-
tegral terms. In the present computation, the functional
given in Equation (14) is used. The equivalence of the dif-
ferential equation to the variational problem is basic to the
choice of the computational scheme. One significant dif-
ference between the functional method and the differential
equation is the fact that the expressions for the associated
functionals in (14) and (15) involve no second derivatives,
owing to the integration by parts used to construct these
functionals, i.c., Green’s theorem is used here. It follows
that the functionals will be well defined if only the first
derivative of the function, rather than the second, is re-
quired to be bounded. Therefore, the class of admissible
functioas, in the problem to find the stationary point, is
enlarged to a space bigger than that for the original dif-
ferential equation. We now have the advantage, while sear-
ching for the stationary point of the functional, of being
pentnitted to try functions outside the class of those
originally admissible. In practice, this means that we can
now try continuous functions whose first derivatives are
only piecewise continuous. In other words, the first
derivative can have finite discontinuities at the juncture
boundary between adjacent elements. It is very easy to con-
struct basis functions that satisfy the previous re-
quirements.

In the localized finite element domain Dy, 1he basis for
the trial function is chosen from a polynomial basis.
Specifically, eight-node isoparametric, linear three-
dimensional efements were used in the present numerical
calculations. As mentioned earlier, the trial functions in Dy
and D, will be chosen from a subspace of the solution
space \nhlch satisfies the Laplace equation with the free-
surface condition, the side-wall condition, the bottom con-
dition, and the radiation condition at infinity. The eigen-
functions or the Green functions of the above problem can
represent the solution space. However, we will choose the
eigen-function space in this paper for its simplicity.

The variational equation (16a) goes into operational
form in the following way. Let Qjjli =0, 1,2, andj =
1, 2, . . . M;) be the basis for the tnzl functions in each
subdomnn D (i = 0, 1, 2). Then the solution is assumed

to be
M;
2 ®j; 9; (8

i=1

inD, G = 0, 1, 2), where ;; are coefficients to be deter-
mmed By substituting Equation (i8) in che functional
defined in Equation (14), the variational equation (16a)

reduces to a set of linear algebraic equations. (In this pro-
cedure, only the coefficients are subject to variation.)

A complete set of elgenfuncuons (the resonance fre-
quencies are excluded) are given in Wehausen!4 as

o] coshmg(y+H) nn w

‘ Koot moH ‘“w(‘z)'
a9

e* Kop* cosm,(y+H)eos3ﬁ" z-3

where W is the width of the tagk and the upper and lower
signs are to be taken in the subdomains Dy and D, respec-

Kao = [l - ]('5)

K 2 M)z (%)
op = [Mp© + (w
and m,, and mp(p = 1,2, ...)are the real roots of
tanh =y

my, tan mpH = -y
The exponent of the first term in Equation (19) becomes
real when nn/W > my, resulting in a local disturbance, and
if o = 0, it becomes purely a two-dimensional case. The
case whenmg, = nn/W (n = 1, 2, .. ), i.e., the case of
resonance, is left out in the present study. Here we con-
sidered only the case of mg # nn/W.

IV. Results and Discussions

After the potential $0), defined in the Mathematical
Formulation section, has been computed, the
hydrodynamic coefficients can be computed by

Fij*%rij=0j-s°§mnjd5 @

where jz;; are the added masses for i, j = 1, 2, 3, moments
of added mass for i (or j) = 1,2, 3and j (or i) = 4, 5, 6,
and moments of inertia of added mass fori,j = 4, 5, 6,
and where Aij @(,j = 1,. .., 6)are the damping coeffi-
cients. In presenting our results, the nondimensional
hydrodynamic coefficients, u;; and 1 are defined by using
the ship displacement V and 1\: sl'up length L as follows:

vij = Hj/eV,
ji=1213
L = X;j/00V
Mij = B/eVL, i=1,23)j=4,56
or @)
& = Xij/eoVL i=4,56j=1213

¥j = Bjj/eVL?,

i,j=4,56
by = L;/00VL2

where V = L B T is the ship displacement volume. The
results of wave excitation forces and moments are also
similarly nongdimensionalized by using the unit amplitude
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of the incoming wave, Y = 1, and the ship length L as

F; = Fi/eayL2
i=12713

— 24
M; = M;/gpYL3 @
where F=- wq.[/s @ + ¢y ds
0
Q%)

M; = -ioo[[ G + $pn;,4ds
SO

In the present computations, a rectangular barge which
floats parallel to the tank walls, i.e., the angle between the
center plane of the barge and the xy-psane is zero, is
treated for its simplicity in data preparation. However, any
arbitrary angle and ship geometry can be handled by the
present computer program. The midship section plane is
assumed to coincide with the yz-plane for the present test
model. The cross.section of the canal at the origin, i.e., the
yz-plane is given in Figure 2. We denote the distance bet-
ween the ship center-plane and the xy-plane by s, as shown
in Figure 2. The moment is computed with respect to the
centroid of the ship’s water-plane area. ie., T, = (0, 0, 5)
in Equation (6). In presenting our numerical results, the
nondimensional wave number, vB = 02B/g is plotied along
the abscissa.
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Figure 2 — CrossSection 3t x=0

In the present computations, two locations of the body
in a canal are computed; first, the ship is located at the
center of the canal, i.e., s/B = 0, and second, the ship is
at an off-center location in a canal. In both cases, the ship
is parallel to the cana! walls, as mentioned earlier.
Specifically, the computations are made for W/B = H/T
= W/H = B/T = 2and L.'T = 10 for both values of
/B = 0and 0.125. Before we compute these two cases, we
have done computations for a two-dimensional rectangular
cylinder which is uniform between two walls, i.e., the
cylinder lies normal to the xy-plane. These test results were
compared with those computed by the results of our
previous wo-k in two<dimensional problems. The com-
oarison was good.

Several sets of finite element subdivisions were initially
tested in the present study. The total number of nodes
tested are 180, 350, 507, 1404, and 1782 (the corresponding
numbers of nodes on the ship boundary are, 44, 81, 81,
249, and 249, respectively). The indices n in the eigenfunc-
tion (Equation (19)) were taken between 6 and 10, and
while the indices p were taken between 6 and 10 forn = 0,
the values of p were reduced as n increased. The present
computations were made for the range of non-dimensional
wave numbers, 2n/mgl. = 0.52 through 2.72. This range

was selected partly due to the limitation of numerical ac-
curacy without taking very small finite elements, while the
first mode of canal resonance, i.c., when mg W/n = | (see
the text following Equation (21)), is included. This first
mode of the canal resonance, my, W/n = |, corresponds to
vB = 1.44066 in the present ship-canal geometry,

Considering the wave number range to be tested and
the computation time, we decided to use the 507-node
model throughout the present computations. In subdividing
the localized finite-element domain into a number of finite
elements, we used four equal elements along the depth and
four equal elements across the width of the canal. Five
equal clements were used along both sides of the x-axis and
five more elements were used further along both sides of
the x-axis. The ship replaces the middle ten elements along
the x-axis and the middle two elements along the z-axis and
the two elements along the depth (rom the free surface.
When the ship is at an off-center location in a canal, we
simply stretch the elements on one side and shrink those on
the other side mainly for the ease of data preparation,
especially for the case when the off-center distance is not
too great. Any complicated situation can be accommodated
by the present method but only through more tedius data
preparation.

For all cases treated here, the computations were made
for 23 values of vB between 0.2 and 2.4 with a constant in-
crement of 0.1 throughout the present computations. Then
the 23 compuied values of the hydrodynamic coelficients
were plotted by a computer using a straight-line
interpolation.

The computational results for the case when the ship is
located at the center of a canal are presented in Figures 3
through 6. Figure 7 shows the hydrodynamic coefficients
computed for the midship section, i.e., the yz-plane as a
purely two dimensional problem with no wave radiation
present. The result for a two-dimensional model provides
the resonance mode which plays a significant role in the
local flow field in three-dimensional problem.

In Figure 3, the computed values of added mass and
moment of inertia of added mass are shown. The surge
added-mass coefficient, u;;, shows an osillatory behavior,
being approximately zero at vB = 0.9 and reaching a local
maximum at vB = 1.4. The heave added-mass coefficient
My is negative approximately between vB = 0.20 and 1.20.
Both sway added-mass coefficients u33 and roll moment of
inertia of added mass uy4 change abruptly from positive
peak values to negative peak values between vB = 0.9 and
1.0. A similar behavior is also observed in the yaw moment
of inertia of added mass ugs between vB = 1.2and 1.3.
The pitch moment of inertia of added mass ugg is
minimum around vB = 1.3,

In Figure 4, the six diagonal damping coefficients, &;
(i = 1, 6), are shown for s/B = 0. The value of 4, de-
creases with increasing value of vB, and is approximately
2ero at vB = 1.2 and reaches a local maximum at 1.8, The
values of Ay3 decrease monotonically and also rapidly to
zero at vB = 1. The values of Ay3 and Ay are zero between
vB = 0.2 and 1.4, then sharply increase to local maxima at
2.0, and finally decrease. The value of Agg shows a behavior
similar to A3y and 144, but becomes zero again at vB = 2.0
and increases again. The pitch damping coefficient Agg de-
creases rather rapidly 1o zcro between vB = 1.0and 1.8. It
is of interest to note that the values of Ayy, A44, and Agq are
zero for vB € 1.4. This is because the Now fields for the
sway, roll, and yaw motions are purely due to local distur-
bances when vB< n/2 tanh r/2 = 1.4406° - -(this value
correspends to the first mode over the canal resonance).
(Note that the motions are asymmetric with respect to the
xy-plane while the only admissible far-field wave solution is
pure two-dimensional).
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Figure 3 - Added Masses, and Moments of Inertia of Added Mass, pyj versus vB, for s/B = 0

Due to the symmetry of the body and the canai
geometry with respect to the xy-plane and the yz-plane,
there are only four nonzero coupling hydrodynamic coeffi-
cients. These are shown in Figure S. The pitch moment of
surge added mass pg reaches a maximum at vB = 1.1and
then decreases. The roll-sway coupling term py4 changes
sbruptly from a negative peak to a positive peak between
vB = 0.9 and 1.0. The surge-pitch coupling damping coef-
ficient 4)4 is & maximum at vB = 1.4 and slowly decreases
to a posilive constant. The sway-roll coupling damping coef-
ficient 144 is zero, as discussed earlier, between vB = 0.2
and 1.4, reaches a negative peak sharply, and then increases.

In Figure 6, the magnitudes of the wave excitation
forces and moment are shown. The magnitude of the surge
excitation force |Fy| reaches a local minimum at vB = 1.2
and a local maximum at 1.6. The magnitude of the heave

excitation force {F,| decreases monotonically from its value
at vB = 0.2 to zero at 1.2 and then reaches a local max-
imum at 1.8. It is of interest to note that the zero value of
the heave excitation force would be at vB = 1.0683, which
gives an incident wavelength equal to the ship length, if the
Froude-Krylov approximation is made; this value is not 100
far from the computed result of vB = }.2. The magnitude
of the pitch excitation moment decreases from a local max-
imum of zero at vB = 1.8 and slowly increases to the next
local maximum. The rest of the other excitation forces and
moments, not shown here, are all zero, due to symmetry in
the problem,

It should be noted in comparing the dumping coeffi-
cients 4y, A3, and Agg in Figure 4, the excitation forces
{Fy[ an IF;}. and the moment |M;], in Figure 6, respec-
tively. There exists 2 close similarity in the behavior of the
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Figure 4 — Damping Coeflicients, lij versus vB, fors/B = 0

damping coefficients and that of wave excitations cor-
responding to each mode of motion in the range of the
values vB = 0.2 through 1.44. This 15 not a coincidence
because there exist, for vB < 1.4, only a purely two-
dimensional radiating wave (see the text following Equation
(21)). On the other hand, if the wavelength becomes short
and if there exist many modes of the three-dimensional
wave system, then this similarity may no longer hold.

In Figure 7, the hydrodynamic coefficients computed
from a purely two-dimensional problem in the yz-plane (x
= () are presented as mentioned carlier. These computa-
tions are made because the added mass and moment of in-
ertia of added-mass coefficients are mainly dependent upon
the local flow field. Therefore, 2 two-dimensional result

may be expected to provide some qualitative check because
the ship is long compared with the length scale of the mid-
ship cross-section in our problem at hand. In nondimen-
sionalizing our two-dimensional hydrodynamic coefficients,
we assume that the two-dimensional problem has a unit
length so that the nondimensionalization of the
hydrodynamic coefficients will be consistent with the
definition given in Equations {23).

As expected, comparisons of uyy and ugey in Figure 3
and uy, in Figure S, with uy3, pey, and uyyin Figure 7,
show remarkable similarities between them, except that the
focations of the spikes in two- and three-dimensions are
somewhat different: the spikes in the values of 3y, ey,
and p3q occur at vB = 0,784 in two-dimensions and at vB
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= 0.9 through 1.0 in three-dimensions. Comparison of the
heave added-mass coefficient uyy in Figure 3 with that in
Figure 7 also shows a similarity in their qualitative behavior
when vB > 0.5. However, when vB <0.5, the three-
dimensionality effect seems to be more significant, because
the value of uy4 increases jn three-dimeasions, while it
decreases more rapidly in two<dimensions, as vB decreases
from 0.5 to C.2.

A close examination of the local flow field at the mid-
ship cross-section corresponding 1o both positive and
negative peaks, for example, in the sway added mass coef-
ficient u33 in Figures 3 and 7, shows that the relative fluid
motion under the ship is out of phase for the positive and
in phase for the negative values of added mass. In order to
bave a close examination on the location of these spikes, in
addition, we also treated an eigenvalue problem correspon-
ding to the foregoing two-dimensional boundary-value pro-
biem by a finite element method. When the finite element
method is applied to the eigenvalue problem, the (original)
eigenvalue problem defined in a partia! differential equa-
tion reduces to a general matrix eigenvalue problem of a
type [A] X = A[C] X, where (A] and [C] are matrices and

is an eigenvector. In the present computations two sets
of eigenvalue problems are solved. In the first set, [A) and
{C) are identical to the matrices used in solving the
boundary-value problem to obtain the results given in
Figure 7. To obtain this set of matrices, 96 quadrilateral
elements with a total of 345 nodes in the fluid and 18
nodes on the free surface are used. As a result, 18 eigen-
values and eigenvectors are obtained in the first set. In the
second set, the submatrices are taken for {A) and {C] trom
the matrices constructed for our three-dimensional

boundary-value problem at hand by retaining the matrix
elements corresponding to the nodes at the midship cross-
sectional plane. In the second set, in which a coarse mesh
subdivision (total of 25 nodes) is used. four eigenvalues
and eigenvectors are obtained.

The lowest nonzero eigenvalue is vB = 0.78410 in the
first set which has fine mesh subdivisions and vB =
0.82912 in the second coarse mesh subdivisions. The higher
modes of eigenvalues we computed are out of the range
considered here. However, the location of the spikes occur-
ring in our three-dimensional results, for example uyq in
Figure 3, is between vB = 0.9and 1.0 not at vB =
0.82912. If we had solved a three-dimensional eigenvalue
problem corresponding to the three-dimensional boundary-
value problem treated in the present paper, we could have
obtained eigenvalues all of which have a nonzero imaginary
part. However, the three-dimensional eigenvalue problem is
not treated here. The eigenvalues of the two-dimensional
problem treated here are all real. From the comparisons
among the two lowest eigenvalues, vB = 0.78410 and
0.82912, ar. § the location of the spikes in the present three-
dimensional numerical results (433, gy, and pyg, ice., VB is
between 0.9 and 1.0), we can conclude that the difference
in the locations of the spikes in uyy in Figures 3 and 7is
caused partially by the inaccuracy tn our three-dimensional
computations (due to the use of not-fine-enough mesh sub-
divisions) and partially by the nature of three-
dimensionality.

It should be kept in mind that in the values of uyyin
Figure 7, if we had computed uyy at vB = 0.7841, then we
could have noticed a singular behavior like the spikes
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Moment versus vB 4

shown in the other curves, i.e., the resulting matrix equa-
tion for the eigenvalues being singular. It scems that the

singular behavior of wajy is much more localized than the
other coefiicien:s in Figure 7.

1t is of interest (o note that one can predict the lowest
nonzero eigenvalue in the foregoing problem by a simple
. one-dimensional analysis as if treating a U-shaped pipe fill-
ed with water. This simple analysis gives the lowest eigen-
value, vB = 2/3, for the present case, which is not 100 20
bad. One can improve this value by introducing a few -
1 elementary potential functions, i.c., x, y, and x2 - y2, in a 0.0 056 10 15 20 285
few finite elements, and performing simple integrations, as vB
: was done in Baié. This improsed approach gives the lowest
2 3 eigenvalue, vB = 0.75. A more detailed finite element Figure 7 — Purely Two-Dimensional Added Masses and !
j . method applied to hydrodynamic eigenvalue problems will Moment of Added Mass versus vB (Due to the side '
‘ be reported in a separate paper in the near futute. walls, no wave radiation is present.)
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We anticipated some singular behavior near vB =
1.44, which is the first mode of the canal resonance. So we
made additional computations around this value (excluding
this value as discussed earlier) by taking finer intervals in
vB. Our computed results do not show any abnormality
like spikes, contrary to our anticipation.

In Figures 8 through 10, the hydrodynamic coeffi-
cients, pj; and 1;;, are shown for the case of an off-center
location of a ship in a canal, s/B = 0.125. The excitation
forces and moments for this case are shown in Figure 11.
The general behavior of all results for an off-center case is
similar to those previously shown, except that the ap-
pearance of more sudden spikes is observed. The values of
K11s Bss. and ugg in Figure 8 show spikes at vB = 1.2 and
L3. values of uyy, u33, and eq have spikes at vB =
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0.9 and 1.0 in the same figure. Of interest is that the values
of pyy, w2z, and yugg in Figure 8 and g, 4)6. and Ay, in
Figure 10 show spikes which were not shown in the
previous case (s/B = 0). This can be interpreted in the
sense that the range of the influence of the local eigen-
values is larger in the case of s/B = 0.12S than in the case
of s/B = 0.

Similar spikes are also observed in the damping coeffi-
cients in Figure 9. The damping coefficients Ayyand Ay
reach a maximum peak at vB = 1.0 and for d¢sat vB =
1.2. Some of the coupling hydrodynamic coefficients are
shown in Figure 10. The magnitudes of wave excitation
forces and moments are shown in Figure 11. The behavior
of wave excitation forces and moments are very similar to
the damping coefficients corresponding to motion which
has already been discussed in the previous case of s/B = 0.
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Figure 8 — Added Masses and Moments of Inertia of Added Mass, hyj versus vB, for s/B = 0.128 (Off-Canter)

10

xas o AR

d

s s = L

o v r—— s v ey =




= . . N T ndioe g s SRR S WA i v S NN AR AR g
x103
06
1 A ]
021 A
o
3 0.4
; 4
0.1
; NN 02
- A
: \\/\/ N . N\
o. v &8 § 8 L BN R DL S s 8§ F 8 LB IR BRJ o R LR 3L LR 3R B LR ER RIE IR LS T § 8 8
8 0.3
-
. 1 )}
\ 2 o ‘55
0.2
) L
’ \ 0.1
. i ) L
° 58 b ¥ ‘[3l\hj_r * 8 § 3 T s & 3 o s 8§ § ¥ "'A‘(", 5 4 ¢ ¥ %ﬁ
-
] A33 1 166
1. . 0.10 ] -
] , 3 X
i1 i \1
0.5-] 0.05-
] I \ ] Y \
3 h
. \ . \\
o LA 2 S LER BRI LR R S D AR ) 5 4 3 7 o LELIE 2L L2 2 2R LI B MR LR LI LR BRI
0.0 05 10 15 20 25 0.0 0S5 10 15 20 25
vB B

Figure 9 — Damping Coefficients, 1, versus vB, for s/B = 0.125

In Figure 12, the six hyvdrodynamic coefficients were
computed by treating a purely two-dimensional restricted
water problem (ship located a: off<center) with no radiating
wave present, as discussed earfier in connection with Figure
7. We computed 1wo sets of eigenvalues as in the previous
case: the smallest (nonzero) eigenvalue for this case is vB
= 0.81140 computed with the fine mesh subdivisions, and
is vB = 0.85796 computed with coarse mesh subdivisions
which give submatrix corresponding nodes at the midship-
section plane at x = 0 taken from the three-dimensional
problem, When we compare these eigenvalues with those
obtained earlier for s/B = 0, the smallest eigenvalue in-
creases when a ship at the canal’s center moves away from
the center,

11

Most of the discussions given in the previous case of
3/B = 0 hold for the present case of s/B = 0.125. From
the results and discussions presented here, it seems
necessary to make more refinements in future investiga-
tions. In the present investigation, we concentrated mainly
on the application of the localized finite element method to
solve a three-dimensional ship-motion problem by taking a
simple geometry with coarse mesh subdivisions. However,
we tested two slightly different methods of solving the
matrix equation. In the first method the final matrix which
is complex banded and symmetric is solved by a Gaussian
elimination. In the second method, we solve the real, band-
ed symmetric submalrix equation first and then solve a
rather small complex full-matrix equation. In the second
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Figure 10 — Some of Coupling Hydrodynamic Coefficients versus vB for s/B = 0.125

method, the main core memory space can be reduced by
half roughly. The Central Processor Unit Time in the CDC
6600 was apoproximately 40 szconds to compute six motions
and one diffraction problem for one wave number by solv-
ing the complex matrix directly. By the second method, ap-
proximately 20 percent of the tctal CPU time was saved. In
the present computer program, a considerable amount of
time is used for the input-output operation due to out-of-
core storage use,
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