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s Y R W
‘. SUMMARY e /

A consistent estimate is proposed for the scale parameter / £ in
L . “Y\K,wu_lf S < AN YWALL ol

the model -Yi =u t el, 1s i £ n, where the M; are unknown location

— r\ -

. parameters and the e,

j are 1ndependent, identically distributed random

errors with density function f. This parameter arises in the
variance formula for rank estimates of lcthat1gn. ’131: Eri);iosed estimate
’ is based on d1fferenc¢s of residuals Y, -u , Where u is an estimate
3 of u1 yWhen thehu1 follow the structure of the general linear model,
the estimate is shown to be consistent under the usual assumptions on
the design matrix. The estimate does not require the symmetry of 1

the density f .
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1. INTRODUCTION

Let n observations Y1 ,YZ,. .. ,Yn follow the model Yi =ut e,
1< i< n, where the p; are unknown location parameters and the e, are
independent, identically distributed random variables with density f.
Of particular interest here is the case where the Wy follow the

structure of a linear model.

Consider the problem of estimating the scale parameter 4

Y = ffz(x)dx. This parameter arises in various statistical procedures based ;J

i,

L . on ranks. For instance, in one-sample, two-sample and linear model problems

it appears in the variances of rank estimates when Wilcoxon scores are used.

In linear model problems, Hettmansperger and McKean (1976), (1977) proposed
test statistics that are based on the drop in a dispersion function between
full and reduced models and this difference must be scaled by Y.

For the one-sample and two-sample problems, Lehmann (1963) proposed a
consistent estimate of vy based on the length of a distribution-free confidence
interval for a shift parameter. For the linear model problem, under the

assumption that f is symmetric about zero, Hettmansperger and McKean (1976),

(1977) proposed using Lehmann's estimate of y computed from the residuals
’ and proved it was consistent.

In this paper an estimate of y is proposed that is applicable for linear

y models and more general situations without assuming symmetry for the density f.

To describe this estimate consider residuals 21 =Y,

1., where n, i
-~ . IS o
- Hys W by is an

estimate of Mys l1s isn. Let ﬁn(t) be a weighted empirical cdf of the

absolute values of differences of residuals,




By = L aye0ls-40, 0

where ¢(u,v) =0, %, lasu>v,u=v, u<vand aij 2 0 with

Y a,. =1. The proposed estimate of y is
i<j 1
(1.1) ¥ = A (&//)/2E/Am)

where © is the o™ quantile of H (1), 0<a<l,
Another similar estimate is

(1.2) Y* = i}n(wk)/zwk = k/2M0,

where W1 £ ... < WM are the M = (rzl) ordered absolute differences

: Iij-iil for i < j and k is chosen so that ﬁiwk = Op(l).
The unweighted (or equal weight) case provides the basic estimate
while weights can be used for special purposes. For example, the use
of 0-1 weights would restrict the number of differences used in ﬁn and
reduce computational effort. In analysis of variance models and stratified
sampling models where the data arise naturally in groups, the use of weights
a; j =0 if ii, ij are from different groups would leave the estimate
dependent only on the within-group variation of the data. This intuitively
appealing estimate has apparently not been considered in the literature.
) For the one-sample problem with My =W for all i and under the assumption
. of a symmetric distribution, Antille (1974) considered an estimate of y based
on the number of averages (2j+2i)/2 in the interval (0, 1/vn ) for i < j.
This estimate is basically a window estimate of the density of (Y1+Y2)/2
at u. The window is not symmetric about zero and the window width does not : ’

adjust to the spread of the data.

1Y
. ' 'C H >
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Schweder (1975) proposed a Lehmann-type estirate of v (in formula

o
»

(3.1)) which is basically a window estimate and recommended a uniform window
symmetric about zero. Assuming u i~ 0 for all i so that no nuisance para-

meters need be estimated, his estimate is

T I

2
ZI’JMIYJ -Yll ’ %/2)/“ hn |

((n-1)/m)H, (b /2)/b + (1/nh,)

s H (h/2)/h >
where hn is the width of a uniform window and Hn is the empirical cdf of
|YJ. -Yil for i < j. The estimate (1.1) is seen to be similar to this type of
estimate with a window width of O p(n'li) . In proving consistency and asymptotic
normality, Schweder assumed the window width satisfies /a h LT ruling

-1/3) ]

The estimate Yy differs from Schweder's estimate by allowing for the

out the O(n';’) cases, and recommended h = O(n

estimation of nuisance parameters in using residuals rather than iid

variables. Also it uses a window width‘:éstimated from the data. In an

actual application of Schweder's estimate the choice of an appropriate s for
}51 = sn"l/ 3 is difficult to make and his Monte Carlo study indicate; that the
bias of the estimate is sensitive to the choice made.

The estimate v* of (1.2) can be viewed as a nearest neighbor type
estimate based on the absolute values of the differences of residuals.
Nearest neighbor density function estimates are discussed in Moore
and Yackel (1976), (1977).

Cheng and Serfling (1981) considered estimates of efficiency-related

functionals, including y as a special case.




2. MAIN RESULTS

The main results are presented in this section. The proofs can be

found in the Appendix.
For each integer n = 1,2, ... , assume

(z.1) Y=u *e >

where Y = (Y, -« Ym)' is an n x 1 random vector, p = (uy , ..., u_)'
is an n x 1 parameter vector and £, is an n x 1 vector of independent,
identically distributed random variables, each with density function f.
At times the n will be suppressed to simplify the notation. For ann x 1
vector n , define an n x 1 vector

2 =Y-n

= (2, ...» ()
Let an indicator function be defined by ¢(u,v) = 0,%,1 as u > v,

u=v, uc<v, Suppose for cach integer n = 1,2, ... a set of weights is

given a.. . for 15 i < js nwith] = 1. Consider the weighted

ijn = 34j i<j 3ij

empirical cdf of the absolute valucs of the differences in Z(n) given by
”n(t».ﬂvz) = §i<j aij¢(lzj (.‘l)’zi(ﬂ)]’t) .
This is not quite a proper cdf since ¢ = ¥% in case of ties.

REMARK 2.1
€3 Hn(ts,npz) = Hn(t’n.l‘.l’ L(H))

(1) HNl L el

(1i8) Hy (6,500,010, L #(E00,D1g

if y(¥) is an estimate of y based on Y such that y(Y-y) = u(¥) - u .




/
§
¥
:
i

The remark shows that with a translation-invariant location estimate,

it is sufficient to deal with the case y = 0.

For eachn = 1,2, ... let Mn be a measurable subset of n-dimensional

Euclidean space and consider the following assumptions for the sequence

'

o0

n=1 ]

ASSUMPTION (Al)

sup nax Injn',“inl* 0 as n +o
gneMn Isi<jsn

ASSUMPTION (Az) For any § > 0, there exists integers N1 and L and

partitions Mn(l), vevy Mn(L) of Mn such that for each £=1, ..., L, if

d‘i’j (@) = suplusp-ui: py € My (D))
dli'j (@) = influg vy g€ M)
then (1/n) J; (d‘i’j @ - dij @)% < forallnzN,.

Two other assumptions that will be needed are as follows.

ASSUMPTION (AS) There exists constants N0 and B0 such that

2 2 2
n Zi<jaij s B, for all n 2 N,.

ASSUMPTION (A4) If G(t) denotes the cdf of the difference of two independent

random variables, each with density f, then G has a density g = G' with
g(t) continuous at t = 0 and 0 < g(0) < = ,
Note g(0) = ffz =y
To study the asymptotic properties of the estimate in (1.1) consider
the functionl




R (tinyYy) = A H (t/Vh, n LY - 2ty
LEMMA 2.1 Llet {Mn} be a sequence of subsets satisfying assumption (Al)

and let assumptions (AS) and (A4) hold. Then for any o, € Mn’

n=1,2,... and any real number t > 0
' p
Ry )l >0 asme

; ‘ This lemma shows that v/n Hn(t/ vﬁ,nn,!n)/Zt converges in probability
to vy but the result is not strong enough since an appropriate t must be
chosen to fit the data and the nuisance location parameter y must be
estimated when ¥ is not zero. The following theorem shows that the

convergence in the lemma is uniform and this will allow the construction

of a suitable estimate of y.

THEOREM 2.1 Let {Mn} be a sequence of subsets satisfying assumptions
(Al) and (Az) and let assumptions (A3) and (A4) hold. Let t, be a positive
number. Then

P
SWos t st “ﬂn(t,nn,xn)ll 50 asno>w,
e :

Suppose that ):"n = ﬁn(xn) is an estimate of Ky satisfying the following

i assumptions.

ASSUMPTION (AS) For all n = 1,2,...

. i) = EnO) -y




ASSUMPTION (A,) For all € > 0 there exists a sequence of subsets {Mn}

satisfying (Al) and (Az) and an integer N such that
Po(gn eM)>1-¢ for all n = N.

THEOREM 2.2 Let assumptions (Az), (A4), (AS) and (A6) hold. Let tO be

a positive number. Then
~ P
SWOStstoan(t’Hn’Xn) 'l >0 asn-e

Let the n x 1 residual vector be ;ﬂ = Xn " My and the empirical cdf of

the absolute differences in 2 be H (t) = | .¢(|zj - Z;],t). The quantile

i<j®ij
of order a for Hn will be denoted by t o Similarly the quantile of order o

for H(t) = G(t) - G(-t), t > 0, will be denoted by t, -

LEMMA 2.2 Let assumptions (AS)’ (AS) and (A6) hold. Then for
0<ac<l,

P

+ t asn +»o

For a given a ¢ (0,1) there would exist t0 so that t\a <t with
arbitrarily high probability for large n. Then Remark 2.1 (iii), Theorem

2.2 and Lemma 2.2 yield the main result that follows.

QOROLLARY 2.1 Let assumptions (A,), (Au); (Ag) and (A¢) hold. Let

0 <a<1and
Y= R @E /R /AD .

P
+ yasn-+>o

;Iﬂn

The estimate y arises from %(t,ﬁn jn) by using t = ga = w[Mu]-v-l
? H4




’
{
{
!

where Wi <€ ... € WM denote the M = (g) ordered absolute differences
lij-iil. The estimate Y* of (1.2) arises by using t = vﬁ'Wk, where k=kn
converges to zero at an appropriate rate. Specifically, if 0 < a, < a,

and kn satisfies ay < vn kn/M < a, for all n, then JE'Wk is bounded away
from zero and from above in probability and Theorem 2.2 gives the following

result.

COROLLARY 2.2 Let assumptions (A3), (Ad)’ (AS) and (A6) hold. Assume

there are positive constants 31, @, such that 0 < a

1 < vy kn/M < a, for
all n. Let

Y* = ]Sl/zmkn

P
Then y*l%-» Y asn-+w




3. APPLICATION TO LINEAR MODELS

In this section it is shown that the assumptions of the previous
section are satisfied for a linear model under mild conditions and as i
a result, y or y* can be used as a consistent estimate of Y. Thus when

using rank procedures, a consistent estimate of y is available without

assuming symmetry for the error distribution.

Consider the model (2.1) with

(3.1) W, = Bl + Xa//m o,

where 1 is an n x 1 vector of ones, X = (xij) is an n x p design matrix
and 4 = (Al, cees Ap)' is a p x 1 parameter vector. Let AO be a positive
nunber and D = { ':lAkJs 83 for k =1, ..., p}. For each integer n = 1,2,...,

~

let

(3.2) M o= (Bl + X &/VA : 4 € D} .

ASSUMPTION (Bl) For each k = 1, ..., p,

where X, is the average of the kM colum of X .

ASSUMPTICN (B,)

cl/n)X'x "E as n + «

~c~C ’

where E is a p x p positive definite matrix and X = - (/m)DX is the

centered design matrix.




REMARK 3.1 Let assumptions (B;) and (B,) hold. Then the sequence of

subsets Mn in (3.2) satisfies assumptions (Al) and (AZ).

Proof: For g ¢ M, vrite Nin” Min ° EE=1(Xjk' xik)Ak/»/ﬁ . Then

i P X -
maxy i csenMinMinl § 280 Ljey™yq jen{Xgy - X/}, f 4 € D, Then

(Bl) implies (Al)'
Next let &' > 0. Then there is a partition Dl, ceey DL of D such that

forall £ =1, ..., L, 8, A" € Dz implies |Ak-Al'(| < &' foreachk =1, ..., p.

Then Mn(L) = {BO}' +XA/vn tAe Dz} for £ =1, ..., L, is a partition of

Mn .
Now
(/)] 514} 0 -5 @)1
= P , 2
= Wm [As,’lAII')e Dlzkzlcxjk- X33 (g~ 83 /AT]

IA

2 2 2
(1/n“) sup 0P (x:y %) TP (8 -20)
s ah'eD, RIS ICRU N

¢ o8 iy O %0

= (PG'Z/nZ)Zﬁq nzril=1 (g Sc-k)2
2

pé'” trace (Xé)gc/n)
Since §' #s arbitrary and (BZ) holds, it follows that (AZ) holds. 0
Suppose that é = §(X) is an estimate of A. The intercept parameter

80 has no effect on matters here since it can be absorbed in the error

variables of model (2.1).

proan




ASSUMPTION (B,) Let 3 satisfy A(L-X a//) = (1) - 4 and let  be

bounded in probability when 4 = 0 in model (3.1).

This assumption is satisfied for the usual rank estimates of 4

proposed by Jaeckel (1972), Hettmansperger and McKean (1977) and others.

REMARK 3.2  Let assumptions (Bl) and (BZ) hold and let é satisfy

assumption (B3). Then assumption (AS) holds for 1, in the column space i
of X and assumption (A6) holds with Mn given by (3.2).
Proof: Assumption (AS) follows directly from (33)‘ For ¢ > 0, the
boundedness in probability of § implies that a sufficiently large b, can
be chosen in defining D for (5.2) so that PO(§ € D) >1 - ¢ for large n.
Then (Ac) follows since 4 e D implies {4 = 8ol + X &//f « M. 0
These remarks show that (Bl)’ (BZ) and (BS) can replace (AS) and (A6)

in Corollaries 2.1 or 2.2 in the case of linear model. Thus under typical

assumptions, Yy or Y* provides a consistent estimate of vy.




PR

4. LEHMANN'S TWO-SAMPLE ESTIMATE

Lehmann (1963) proposed a consistent estimate of y for the two-sample
problem based on the length of a confidence interval for a shift parameter.
It is interesting to note that the estimates ¥ and y* are computationally
similar to Lehmann's estimate if the set of residuals is duplicated to form ]
a second sample. Lehmann's work showing consistency is based on the
assumption of two independent samples and would not apply in the present ]
context.

To describe Lehmann's estimate let two samples be denoted by
Y

vevs Yy and X .» X . Define U(a) = J; zj $(X;,Y;-8). Define {

1° 1 -

&y and a; by U(ay) = d -(1/2) and U(a)#mn - d +(1/2), where 4 =

(mm/2) - zm/z(mn(m+n)/12)1/2 and z, is the upper uth quantile of the standard

normal distribution. Then Lehmann's estimate of y is Zza/z/m(AU-AL).
Consider the case where the two samples are identical, that is

m = n and Y. = X;. Then U(-4) = n2 - U(a), 4 = -8y and Lehmann's estimate

becomes
(4.1) (22, //60) /28, 1

Now suppose that the residuals Zi of section 2 are duplicated to form

two "'samples'. Use equal weights aij = 1/(’21). Then for t > 0,

R =1 - QLY eei-2

=1- Ol .
Using this in the equation defining by yields the equation

H(op = (-1/n) + (0/(n-1))z ), //6R .




Thus for large n, by satisfies

(4.2) A (o) = 22, /VEW

and with (4.1) it follows that Lehmann's estimate is approximately
Hn(AU)/ZAU . This is the same form as the estimate y in Corollary 2.1.
Also note that in the two-sample model, Lehmann showed vn A, converges in
probability to a constant and this matches the behavior of fa in }A' The
probability levels o used in each estimate are not related in any useful
way.

In Corollary 2.2, suppose kn is defined by kn/M = sz/2 /vén . Then
(4.2) shows that 8y corresponds to Wk and the estimate y* is then

n
directly in the form of Lehmann's estimate (4.1).




-14-

5. APPENDIX

Proof of LEMMA 2.1

Write

Rn(t’ﬂn’zn) = ’6 z alj(wlj - ZtY/@

i<j

where Wij = (1)(|Yj -Yi-dijl, t//n) and dij = MnMNin: Using

EO(wij) = G(dij + t/vh) - G(dij - t//n)

g(&;3) (2t//n)
where léij -dij] < t//n and vy = g(0), it follows that

Bo(Ry (oo tp) = 26 [ 55(8(555)8(0) -

Since n_ « aAssumption (A,) implies that max |[d..| » 0 and then
n M"’ Al I<i<jsn J

max IEi.[ + 0 as n +», The continuity of g at zero gives
Isi<jsn J

lg(gij) - g(0)] < € for all lsi<jsn for any € > 0 if n is sufficiently
large. Hence for any € > 0, Eo(Rn(t,nn,zn))l < 2te for large n and it
follows that Eo(Rn(t,gn,xn))-» Dasn » =,

Using assumption (AS) and lwijl s 1, a standard argument shows that
varo(Rn(t ,gn,lln)) + 0 asn-o, With the mean and variance tending to

zero the lemma follows. 0

Proof of THEOREM 2.1

This proof is somewhat long and it will be divided into pieces with

some lermmas. Begin by choosing any € > 0. Choose § > 0 sufficiently small
so that 4g(O)BOv’§ < ¢/6, where B, is specified in (A3). For this & we have




T —

-15-

Nl (take N1 > N0 of (AS))’ the partitions Mn(t), £=1, ..., L and the
extreme differences dlijj (£) and dl.l‘j £) of (Az). Choose §' > 0 so that
6g(0)8' < ¢/6. Partition the interval T = [0,t0] into subintervals

T ...,TMofwidth less than §'. Foreachm=1, ..., M let

l,

t}“’ = sup{t:t e T} and t; - inf{t:t ¢ T } .

Then foreachm=1, ..., M

(5.1) [tV

L
m " tml <6

For each £=1, ..., Landm =1, ..., M, define
. U U
(1, i£Y;Y; e (d‘i'j(z) -t/ R, 45 /)
L U u
syem < | Y CHOREE I NOERWED

0, otherwise

\

for lsi<jn and Q, = va Z aijSij(Z,m) .
’ i<j

LEMA 5.1 Foreach£ =1, ..., Landm=1, ..., M

Sup J%(t)n)z) - %(t"ﬂ"x)l < Qt m * ZYG'
t,t'eTm ’

00" M (£)

Proof: Fix £ and m and write
Rh(ttnsx) - Rh(t',n'ty
=/m §oa. . (W..-W.) - 2y(t-tY)
izj ijyij "ij
where wij = ¢(le'Yi - dijl’ t//m), wl'.J - ¢(‘Yj'yi - d.{j" t'/Am),
]

dij = "jn - Nn and dij = nJ!n * Ny e Inspection of possible cases shows




that |wij-w;j| s 8;;(&m) for all Isi<jsn, all y, n'e M _(£) and all

t,t' ¢ T . Then the lemma follows. 0

Using assumption (A,), there is &" > 0 such that |d} < &" implies
g(d) < 2 g(0). Then from assumption (A;) there exists N2 >N such that

Injn-ninl < §"/2 for all I, € Mn’ all ls<i<jsn and all n 2 NZ' This implies
(5.2) (-6"/2) < dli‘j @) < d‘i’j @ < (6"/2)

forall 2 =1, ..., L, all lsi<jsn and all n > NZ'

LEMA 5.2 Foralig=1, ..., Landm=1, ..., M,

(a) there exists an integer N3 such that

EO(Qz,m) < (e/6) + 4 g(0)s' for all n 2 Nz,

(b) varo(Ql’m) +0 asn-»>o,
Proof:
EO(QL,m) = /h igj aij EO(SiJ. “«,m))
U L L U
/A iZj aij{[G(dij(Z) - tm/JH) - G(dij(l)-tm/ﬁi )]

+ 160475 ) + /R ) Gldf; ()% t/ ¥ )1}

= T a {g(E..2,m) [ (@- d¥. @)+ ¥ - tH/E ]
iZJ ij ‘84545 ij ij m m

» g(vy5€m) 4 (0)- a5+ 8y - t/A D)

where d (L)-tum/vﬁs ML d‘i’j 2)- t,‘"‘/ﬁf and diLj @ + tyh s

L
ij
v..(e,m) < dS.(0) + tY/; for all 1si<jsn
jjieom) = G5 w J=n.
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4

Now there is an integer N; > N, such that tO/vﬁ' < 6'"/2 for all n 2 N3.

This along with (5.2) implies

8" ¢ ‘513 £,m) < &"
-8 < vys(em) < 8"

for all 1<i<jsn and all n 2 N Then by the choice of §" it follows that

3

oy ) < /i 4 50) ] 23 CRORENORN ORI S

< 4.g@0) A Ja.[d. ) - dr ()] + 4 g(0)s!
30 A a5 165 - a0 + 4 o

from (5.1) for all n 2 N;. Applying the Cauchy-Schwarz inequality and
assumptions (AZ), (AS) yields

ByQp ) < 4 8(® I ] o a/m ] @@ - a4 4 g6’

i< J i<j

<4 g(0) By/E + 4 g(0) &
s (e/6) + 4 g(0) &'

from the choice of § .

The second part of this lemma follows from 4dssumption (A3) and the
fact that ISi j (£,m)] <1 with a standard variance argument. (]

Choose an arbitrary ¢' > 0. Foreachf =1, ..., Landm=1, ..., M

choose a sequence nnz € Mn(L) , N =1,2, .... and a number th € Tm .

LEMMA 5.3 There exists an integer N4 such that

PoUIR, (tutic X, | > €/3) < €'/21M

Proof: Apply Lemma 2.1 for each of the finite number of pairs (¢,m). O

b A




With these preliminaries completed, the proof of the theorem will

now be completed. Foreach{£ =1, ..., Landm=1, ..., Mwrite

Po( sup I%(tyﬂnvxn)l 2¢€) ;
teTm - 3

] <M, (£)

A

Pl s IR (aty) - R (t 05|+ IR (LY )] 2 e) :
m A
gneMn(l)

A
+

Pp(Q o * 218" + IR (6 Y0l = € )

£
= PyQp - Bg(Q o) * BolQ ) * Ry(tponpY)l = &)

- Bg(Q ) *+ IR (tunf Y 2 26/3)

0@~ Bl ) 2 €/3) * PoCIR (e, X | = /3)

s (9/¢D) Varg(Qp ) + (e'/2M)

<  e'/IM

where Lemma 5.1 was used in the third line, Lemma 5.2(a) and the choice

of §' were used in the fifth line, Chebyshev's inequality and Lemma 5.3

were used in the seventh line, and the last line follows from Lemma 5.2(b),
since the first term in the seventh line above can be made less than e'/2IM

for all £,m for n sufficiently large, say for n 2 NS > N4. Finally,

e —— - : T T e e e L s L St TSRO I v i !
’ b
. i " ' Ll ‘

, . ¥ e . 'y
i kel .. - .. ,




P 5 t,n.,Y >
ol Ossltlgto IR, (tsn,X )| 2 €)

DneMy

¢ Ine1ZferPo o Ry (X ] > 0

n,neMn )

M oL ' o
< Zm=1Z£=IE /IM st

for all n 2 Ng and this completes the proof. 0

Proof of THEOREM 2.2

With assumption (AS) and Remark 2.1 it is sufficient to prove the

result when y =0 . Let € > 0. Then

P,( sup |R (t,n,Y )] >¢€)
OOStStO n'tEnotn

s P( (6B, Y )| >e, G eM) +P (i ¢M)
Oosléptoan En'vnl e:H'nen 0'%n n

< Pocoztéptoan(t.nn,xn)l >e ) + Py(y €M ).
UKL

Then Theorem 2.1 and assumption (A()) imply that this can be made arbitrarily

small for n sufficiently large and the result follows. 1]

Proof of LEMMA 2.2

The proof is basically straightforward and brief details will be given

here. Assumption (AS) implies that it is sufficient to deal with the case




SIS W

¥, = 9. Noting that ij-ﬁi = (Yj-Yi) - (ﬁjn-ﬁin), assumption (A) (only 3
the (A)) part is needed) implies that max Iﬁ.n-ﬁ

j jn! Will be arbitrarily i
lsi<jsn 1

small with arbitrarily high probability for large n and the empirical cdf

of ij-ii can then be bounded by empirical cdf's of Y;-Y;. Assumption (A;)

is used to show the weighted empirical cdf of Yj -Yi converges in probability. A

S B oD+ ) St e
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