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A mathematical theory of the effect of rapid distortion on turbulence

I

level, originally developed by Batchelor® for incompressible flow, has been

extended to account for compressibility. Applied to a wind-tunnel contrac-

tion cone, it shows that the effectiveness of the contraction in reducing
the turbulence level and non-uniformities in the mean flow is enhanced as

the outlet Mach number is increased.
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1 INTRODUCTION

It is well known that a sudden change in the cross~sectional area of a stream of
fluid has a substantial effect on the turbulent kinetic energy as well as on the dis~
tribution of mean velocity. This fact is used in the design of wind tumnels, in that the

working section is generally preceded by a contraction come in order to obtain a near-

uniform flow with a low level of turbulence. The turbulence intensity is not in fact

G

reduced. Rather, it increases through the contraction, but the acceleration of the mean

flow is correspondingly greater and the relative turbulence is therefore decreased.

A mathematical theory of such rapid distortions has been developed. Taylor2
showed how the problem may be linearised and looked at the effect of a contraction on
a sinusoidal disturbance, taken to represent one component of the turbulent motion.
Batchelorl and Batchelor and Proudman3 then examined the whole spectrum of these -dis-

turbances, effectively summing over all contributions, and looked at arbitrary as well

as symmetric contractions.

= However, the effect of compressibility on the reduction of the level of turbulence
appears not to have been looked at before and is considered in this Report. It emerges
if that its effect is beneficial. As the Mach number of the flow in the working section

- increases, the contraction ratio needed to achieve a given reduction in the relative

= turbulence, decreases. It will be shown that the major effect of compressibility is on
if the acceleration of the mean flow. In contrast, there is only a slight increase in the

turbulent kinetic energy.

2 EXTENSION OF THE INCOMPRESSIBLE THEORY

. . 1 - : .
For an incompressible £low, Batchelor calculates the effect of rapid distortion

on turbulent kinetic energy by linearising the equations of motion and relating the
vorticities before and after the contraction. The same procedure may be repeated for

flows in which compressibility must be accounted for.

Consider then a turbulent, compressible fluid, in steady, uniform mean motion,
suddenly deformed. Define o and u to be the mean density and velocity, X to be
the position of a general element of flvid and p' and u' to be the turbulent fluctu-
ations in density and velocity. The implication of the assumption that }g'!/|gl is

: small, which allows linearisation of the problem is broadly this: the distortion is so
rapid that it alone affects the physical attributes of a particle of fluid, such as

. velocity, density and ics relative displacement from any other particle.

More rigorously, it is assumed that the decay of turbulent energy occurs on a much
greater time scale than that of the distortion itself. Thus, the convective terms in
the turbulent kinetic energy equation will be dominant. Now, the rate of decay of
turbulent energy is proportional to |g'l3/2 s (Batchelorl), where & is the length
scale of the turbulent fluctuations and the time scale for decay is therefore &/[u'| ,

while the time scale of the distortion is of order D/|ul, where D is the length of

153
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the distortion. The condition under which rapid distortion theory may be applied is




gl < L (2-1)

In general, % is small, so that the distortion must indeed be rapid, if the linearisa-

tion shown below is to be valid.

When (2-1) holds, there is insufficient time for viscous dissipation to affect the
turbulent velocity and Cauchv's equation can he used to link the vorticity fluctuations

, . . . . . &
before and after distortion. This equaticn, given by Lamb , is

w'(x) = csijg'(g) (2-2)
with
Ox
s = — (2-3)
°a
and
axi
= amm—— D
Sij aaj (2-4)

where the mean density of the fluid is ¢, after distortion and Oa before distortion,
while x and «" are the position and vorticity of an element of fluid that was
criginally at a , with vorticity «' . This analysis does not consider the way in
which vorticity changes during the contraction and assumes uniform mean flow before and

afrer distortion.

At the same time, because the Mach number of the turbulent fluctuations is small,
the turbulent part of the flow is effectively incompressible and comservation of mass

implies that
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The derivation of this equation is shown in Appendix A.

Also, to first order in |u'| , the distortion tensor, sij is related only to
the mean velocity and is therefore uniform. If the principle axes of strain are used
Sij becomes a diagonal matrix. Analysis of the problem is therefore simplified
and the continuity equation for the mean flow becomes, in Lagrangian form

e.e,2, =

i
273 ¢

(2-6)

where ei = 5 .

i
Of course, the arguments presented above give a highly idealised description of
the type of distortion that would be of interest in practice, since other effects will
generally be present. For instance, if the distortion is caused by & wind-tunnel con-
traction cone , there will be enough time during the contraction for energy exchange
between components of turbulence. Th+ Jecay of turbulence must alsc be expected to be

significant, while boundary layers forming on the tunnel walls affect the mean velocity

£l
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distribution and so the distortion tensor will not be strictly uniform. The work which
follows should therefore be thought of as being strictly valid only in the limit as such
secondary effects vanish. It is nevertheless useful, because it gives a good indication

of the qualitative effect of the contraction on the level of turbulence.

3 ANALYSIS FOR A GENERAL DISTORTION

Equations (2-2) to (2-6) form a basis for the following analysis. For the sake of
generality, arbitrary values of es e, and e, are assumed at first. Specific cases

of interest will be considered in section 4.

In order to represent the properties of turbulence, which is a random phenomenon,
Batchelor's approach is followed and Fourier resolutions of the velocity fluctuations

u' and u" are made, thus:

u'(a) = fei'-c-'edg‘(s) , u'(x) = [ei)-('}-:d_z_"(x) > 3-D

where integration is carried out over all wave number space. The functions dz

' and " will be dropped unless it is necessary to distinguish between

(indices
quantities before and after distortion) are statistically random and provide a measure

of the strength of the turbulent fluctuation at a particular wave number. Because 2z(k)
is not in general bounded, the integral is of the Fourier-Stieltjes type. Further dis-

cussion of the properties of z can be found in Batchelorl.

The wave number vectors «k and ¥ are related via the distortion tensor Sij

so that
K.

i=1,2,3, (3-2)

"N

1
€.
i

vhile, from (2-6) the differential volumes dKl, dxz, dKB and dxl, dxz, dx3 are

related by the equation
cdﬁldrzdz3 = dxdx,dxy - (3-3)

A relationship between dz' and dz" may also be found on substitution of (3-1) into

the continuity equation (2-5) which yields
k .dz' = 0 = y.dz" . (3-4)

The energy spectrum tensor ¢i_(g) is defined bv
jo= h

ix.r -
ui(§)uj (x+1) = [éij(g)e dnldzzdr:?‘ (3-5)

[ 3

- 1 . sz
is taken over all wave space. Batchelor shows that this definition

where j dr ldvc 2&;: 3
€
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is equivalent to

dz;dz.
$..(x) = lim  [—rl- (3-6)
1 dk K dK ;0 dr jde,de 4

where dzg is the complex conjugate of dzi .

Now equation (2-5) implies that, with the summation convention used for repeated indices,

3“.(§ + E)

Jr., =0 (3-7)
J
and, with (3-5) this gives that
.$.., = 0 (3-8)
J 1]

or, on use of the equivalent expression to (3-5) for ui(§ - g)uj(g) s

Kiéij = 0 . (3-9)

As a consequence of the definition, it can be shown (see Appendix B) that the

energy spectrum tensor ¢ij is completely defined by its diagonal elements. Thus, to

: ' . . 3 ep s
describe éij » only {¢;i}£Ll need be given and those only in terms of {¢3j}j=l s if it
is assumed that these are already known. To find such a relation, take the curl of
equation (2-2), which gives

) e, 2%u' (a)
-u'(x) = oe_ .. =957 {(3-10)
r = rsi’ipq e 9da _3a
s p s
and, with (3-1), implies that
2 %
uy., = - — ¥ { 3—
X dzr(x) Gsrsisipq . Kszdzq(E) (3-11)
where sijk is the alternating tensor.
Expanded, this gives three equations of the form
2 €y 2 83 9\ &, €, )
LR ] = - [ e - - - 4 — M —-12
X dzi(i) ogdz](g)( = %373 ‘2) *3 z‘:2d22 + s K]K3dz3 (3-12)
3 2 2 3
or, using equations (2-6) and (3-2)
L ¥ 4 3 5 Y7,
éz;(s) K xidzi(g)
1" = - {
dzl(p = . 3 Z 3 . (3-13)
Xei=1 &

€<l
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It is worth noting here that the explicit appearance of the density ratio o has been
eliminated by use of the continuity equation (2-6). The equztion is then identical to
that obtained by Batchelorl for incompressible flow. However, the dependence upon G

is implicit in the values of e; -

It follows from equations (3-3), (3-6) and (3-17) that the energy spectrum tensor

is given by

e. ev
K K K

- - —— 1 4 . 4
rSJEJPQ e_ € gmvEvab e Kp s a m¢qb(ﬁ) {3-14)

1"t o o
¢re(§) = €
X

which, after some manipulation, and use of the relations given in Appendix B, yields

three equations, for the diagonal elements of ¢ij , of the form

N K%¢' K2 KZ 29
oy o Ll S 2 Bl a2, 2221
Y = B i 2*2(2*2 2)""1("”’: ea)
& &X ey €3/ \% €3 € 1
(ez'ez) e2 (e ez) 92
221837 %) ., |2 2%, 22\%27%) , |2 %32 2
Yo% T2 g Ppp |K1 t R Ry | Y OK3 T 7 f?33"1“8?."2*“"3 .
2X €3 3 L 2
teeaaa(3515)

It is now possible to look at the ratios of the longitudinal and lateral components

of the turbulence intensity, given by u and v,

=12 [ ©119%9x,9x5
where _—33 =y = X (3-18)
= N
1 Lt
j ¢]1dz]dr2dn3
K
" " . A
2 3
_-'2——'7 = v = X (3_.17)
Uy + G0 (87 + o )dx dr dk
22 T ¥33/9K 9K %%,

K

where X is chosen as the longitudinal coordinate.

4 APPLICATION TO A WIND-TUNNEL CONTRACTION CONE

Consider the problem of a symmetric wind-tunnel contraction of ratio C , as in
Fig 1, and say a cylindrical element of fluid has radius r and lenmgth L . The ratio ;
of the cross-sectional area of the cylinder to that of the tunnel will not change through
the contraction cone, so that the radius of the element after distortion will be 1:/'/_(E
and, since mass is conserved, its length will become LC/o . From this argument, it

follows that the values of e, are given by




i

p s = . . . I
it is isotropic and write, following Batchelor ,

2 2
E(“)(“z * “3)
A

%
4

2

1

[

Substitution of these values and the values of ey

é22

which, in equations (3-16) and

/9

. 2 2 2

and f(s) = (gg cos™9 + sin“éx .
= /

C

2 2
E(:)(n; + xg)

9 = ’ !
22 énxa 33

2
) [x? + xz)

A simple way to model the turbulence upstream of the contraction is to assume that

! 2 4~2
4 - {—r ..)
K

47

into equation (3~15) and the

similar expressions for ¢22 and 333 leads, after further manipulation to the equations

cE(r)(x% + §§)
RN = ,
N p
x2x204
5" I E(x) 4 i
. = e — 7 i
+ 33 3 R 2 7 CX + 3 »
1{'¢ c

(3-17), yield

f & 2
| C sin e(l + EE?EEE_é) de

_ 0 C £(3)
. 2
sin 8(1 + cos™8) 48
0
» ¥y = Kcos g ! dxldnzdzg =

3

(4-3)

" g
2. .
27 sin & dedd |
0

o=
W
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If a new purameter, <« , is defined by

2
2 o -
o = 1 - —-5 (fi—i}
P
equations {4~5) and (4-6) reduce to
30> |1+ o’ 1 1
o +a” + z - s @
¥o= = log ( — ;) - — (4-8)
4C° 2&3 e\l —a a’ |
3 2 2 14 3
g = .—c- 1 + {}— —L— - l - = loz ( hd a) . {;’;—{3}
4 2 .3 “e\l - a
C (2 &

) . N _112 -!2
the total turbulence intensity is changed, through the contraction, by a facror u /; i

vhich, because the turbulence is initially isotropic, is given by

3(u+ 2v) = g-+ - log (§ i a) . {4-10)
z PPy “ell -«
4Cs

The effect of compressibility through the distortion can now be seen. When ¢ = 1
and the flow is incompressible, the expressions {4-8) to (4-10) reduce, as expected, to
those given by Batcheleri. Explicitly, the dependence of u + 2v on ¢ (<1 if M ¥ 0)
is quadratic, but there is also an implicit dependence on ¢ wvia a . Fig 2 shows o,

v and v plotted against a range of values of the contraction ratio, taking the outlet
Mach number to be unity. Clearly, the density ratio drops quickly and, for C >3, is
close to the rarie of outlet density to stagnation density, which is 0.63%. The value
of & , which is zero at C = 1, then tends to uvnity as the term 32]C3 becomes small.
Correspondingly, u becomes small, showing the strong effect of the contraction cone

on the longitudinal turbulence intensity, while v approximates o 3C/4 vwhich shows
that the lateral intensity increases through the contraction. In equation (4-10) it can
be seen that for C 2 3 the lateral dominates the longirudinal contribution and that the
total turbulence intensity increases by a factor which is approximately C/2 , incdepend-

ent of the effect of compressibility.

However, the factor of real interest is that which applies to the reduction of
percentage turbulence, Ze the ratio of the square roet of the turbulence ineensity, a
measure of the turbulent velocity fluctuations, to the mean velocity. Because mass flax
is conserved through the contraction cone, the ratio of the mean velocities before and
after distortion is C/¢ . The percentage level of turbulence is therefore reduced by

a factor F

whare

v}

i

|
ta) &S
e
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and compressibility again has a significant effect. For large values of C , a good

approximation te F is

— that is, F is ¢ times the reduction obtained for incompressible flow. This shews

that the contraction ratio, needed to obtain a particular reduction in percentage

Ity
g}

turbulence, decreases as the outlet Mach number increases. Fig 3 coopares values o
for various percentage turbulence reductions at ¥ = 0, M= 0.5 and ¥ = l. Further results

- are showz in Winter and Boyds.

Since the purpose of a wind-tunmel contraction is also to reduce non-uniformities
in the mean flow, it is valuable to look at the effect of compressibility in this con-
—= text. The wave nuzber vector is new of the form (0, «,, x3} and, if the contraction is

still syrmetric, earation (3-13) gives, with equation (3-4),

41} = gé ¥ 1
dz, ¢ %% |
(4-13)
. dzf = cééz; : i=2,3

which, with equations (3-6), (3-16) and (3-17) show that the percentige level of non-

. s , - - . - 2.2 - X
uniformity in the streamwise direction is reduced by a factor of o /C° while the angle
of flow to the tunnel centre line, caused by the non-uniformities, is reduced by a factor

of ¢/C* . In both cases, compressibility icproves the effect of the contraction.

5 CONCLUSIONS

W

- - - . e 2 s N i -
(1} The theory of rapid distortion, derived by Batchelor , has been extended to account

£

for the effect of compressibility.

{(2) The theory has been applied to the flow through a contraction and it emerges that
compressibility has only a small effect on the change of turbulence intemsity, but has

a2 significant effect on the reduction of percentage total turbulence.

= (3) The effect of compressibility is favourable. The contraction ratio needed to

achieve 2 given reduction in the level of turbulence or in the level of non-uniformity,

g

decreases as the outletr Mach number increases.
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Appendix A
DERIVATION OF EQUATION (2-5)

It is assumed that the flow before or after distortion has uniform mean density o
and uniform mean velocity U in the longitudinal direction X - It is further assumed
chat the turbulent fluctuations in this region are, to first order in 0(ju'[/u), simply

convected by the fluid, so that

du’ do'
_._dt = G = E— - (A—l )

In fact, this assumes that there is no mechaniso present, to first order, by which

turbulence is created or destroved and implies that the fluctuation in pressure, ',
2,2,

is o(ju"[/U%) .

Now, the principle of continuity of mass gives

~

3 3 R 3 s
3 @ +o) + i} (G +pU +up +5- (@ +oNuy + 5= +ofuy = 0, (4D

- - i - x
or, to first order in zg'l/U , since ¢ and U are constant,

' ' 3ul  3ul  duj
35?*“%??*%2*3—;*33 =0 (a=3)
1 -1 2 -3

Combination of this equation with equation (a~1) gives the required result, equation (2-5)

oY
¥ L
. Su] . 332 . su3 0 ()
—_— = = A=4
Sx! sz 333

which states that the turbulent velocity fluctuations are incompressible to first order.




Appendix B
THE FORM OF THE ENERGY SPECTRUM TENSOR

The energy spectrum tensor ¢i. , as defined in equation (3-6), is clearly hermitian,
so its diagonal elements are all real, while its off-diagonal elements are related by

three expressions like

jEL L (B-1)

There are, therefore, only nine independent, non-zero quantities in the set

3
{red,.,imd. .}
1 1)1, .=l
j iy
from equation (3-6), of the form

Equations (3-8) and (3-9) together with relations, which follow

¢ii¢jj = ¢ij¢ji H i #3j, both fixed

------

apparently give nine equations relating the members of this set. However, on closer
inspection, it emerges that only six of these nine are independent and these are: from

equations (3-8) and (3-9), with (B-1I)

= h
= Kjredy *xgredy, *xgredyy = 0
;z Klre¢‘2 + Kzreézz + z3re¢23 = 0
= = \. -
. Klre¢l3 + Kzre¢23 + x3re¢33 0 > (B-3)
= K21m¢12 + x31m¢l3 = 0
= - K!1m¢]2 + K31m¢23 = 0
- /
= and from equation (B-2) with (B-1)
. - ¢ 2. . 2

Three further equations only are needed now to define ¢ij completely and are
provided by equations giving the diagonal elements, ¢11, ¢22 and ¢33 . Thus, the

= energy spectrum rensor ¢ij is completely determined by its diagonal elements.
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contraction ratio

turbul~ant length scale

outlet Mach number

distortion tensor

mean velocity vector =

position before distortion =
length scale of distortion

energy function (equation (4-2))

factor of reduction of percentage turbulence through distortion

length «f cylindrical element of fluid before distortion

radius of cylindrical element of fluid before distortion

position vector = (r‘,rz,r3)

LIST OF SYMBOLS

(al 332783)

(U},U,,0)

turbulent velocity fluctuations
position after distortion = (xl,xz,x3)

measure of the strength « f turbulent velocity fluctuations = (dzl,dzz,dzs)

complex conjugate of dz

the alternating tensor

[ Ra3

mean density

energy spectrum tensor

IE IX ©» Q ©v v <

defined in equation (4-7) =

wave number vector before distortion =

ratio of longitudinal components of turbulence intensities before and after
distortion

ratio of lateral components of turbulence intensities before and after distortion

turbulent fluctuation of density

ratio of mean densities before and after contraction

wave number vector after distortion =

Ji - @?rcd

i=3j,j=%k or k=1
ijk are cyclic

ijk are anti-cyclic

(KI,KZ,K:;)
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