AD=A116 154 WISCONSIN UNIV=MADISON MATHEMATICS RESEARCH CENTER F/6 12/1
THE RIEMANN PROBLEM IN TWO SPACE DIMENSIONS FOR A SINGLE CONSER==ETC(U)
APR 82 0D H WAGNER DAAG29=80-C~-0041
UNCLASSIFIED MRC-TSR-2363




o
i i

W hﬁig
ize fleg e

A

IIIII: I
EEE




THE RIEMANN PROBLEM
IN TWO SPACE DIMENSIONS
FOR A SINGLE CONSERVATION LAW

David H. Wagner

AD A116154

Mathematics Research Center
University of Wisconsin—Madison

610 Walnut Street
Madison, Wisconsin 53706

April 1982

(Received February 12, 1982)

Sponsored by

U. S. Army Research Office
P. 0. Box 12211

Research Triangle Park
North Carolina 27709

MRC Technical Summary Report # 2363

Approved for public release
Distribution unlimited

Fally

~ELECTERE

DTG




‘A..A{;:,S—,;?:“_' T’“‘X‘-v‘———j
UNIVERSITY OF WISCONSIN - MADISON ’ e e P/_

MATHEMATICS RESEARCH CENTER

| ’
R
THE RIEMANN PROBLEM IN TWO SPACE DIMENSIONS J , T 4 i |
FOR A SINGLE CONSERVATION LAW ) :

*
David H. Wagner

Technical Summary Report #2363
April 1982
ABSTRACT
Solutions are given for the partial differential equation '\ e
ii—u(t,x,y) + 2 £(ult,x,y)) + Ji-g(u(t,x,y)) =0 ,
3t x dy
with initial data constant in each quadrant of the (x,y) plane. This problem
generalizes the Riemann Problem for equations in one space dimension. Although
existence and uniqueness of solution are known, little is known concerning the
qualitative behavior of solutions.
When f and g are convex and f = g, then our solutions satisfy the
uniqueness, or entropy condition given by Kruzkov and Vol'pert. Under certain
extra conditions on f and g, our solutions satisfy the entropy condition
if £ and g are convex and sufficiently close. A counterexample is given
to show the necessity of these extra conditions on £ and g. The correct

entropy solution for this counter-example exhibits new and interesting phenomena.

AMS (MOS) Subject Classifications: 35C05, 35L60, 35L65, 35L67, 76L0S5, 76S05
Key Words: Conservation laws, shock waves, two space dimensions.
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SIGNIFICANCE AND EXPLANATION

In making numerical computations of multi-dimensional gas-dynamic flows
involving shock waves, a major difficulty arises when two shock waves cross
each other. We have made a modest beginning on problems of this type, in the
case of a small class of single conservation laws, by giving exact, explicit
solutions of two dimensional Riemann Problems. Our initial data consist of
step functions constant in the quadrants of the (x,y) plane. However, our
results apply to any two intersecting lines of discontinuity.

Our results may also be potentially applicable to the study of oil recovery

problems, with regard to "fingering" phenomena.

The responsibility for the wording and views expressed in this descriptive
summary lies with MRC, and not with the author of this report.
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THE RIEMANN PROBLEM IN TWO SPACE DIMENSIONS
FOR A SINGLE CONSERVATION LAW

*
David H. Wagner

1. Introduction.

Let f and g be given real functions satisfying f" > 0 and g" > O.

Consider the initial value problem

d 3 ]
E’ u(t:xiY) + g; f(u(t:x;Y)) + E 8(u(t.x,}')) -« 0, (101)
u(0,x,y) = uy for x > 0, y >0, (1.2)
=u, for x <0, y>0,
= uy for x <0, y<O0,
=u, for x > 0, y<0.

This is a Riemann Problem in two space variables. It generalizes the
Riemann Problem in one space variable, the study of which has been a
key to the understanding of solutions to systems of nonlinear hyperbolic
conservation laws in one space variable [2].

Global existence of weak solutions to (1.1) with more general
initial data than (1.2) was first proved by Conway and Smoller [1].
Later Vol'pert [9]), and Kruzkov [6] proved existence and uniqueness of
weak solutions satisfying an entropy condition, in the class of bounded
measureable functions.

No similar advances have been made concerning systems of non-
linear hyperbolic conservation laws in two or more space variables; it
may be that study of the Riemann Problem for these systems will yield
a breakthrough. 1In this paper we begin an attack on this problem by
finding explicit entropy solutions to (1l.1), (1.2) for a laS;; class
of pairs (f,g), in the case of a scalar conservation law.

We should mention that Guckenheimer [5], and Val'ka (8], have

*
Department of Mathematics, University of Houston, Houston, TX 77004
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studied examples of (l.1) with piccewise constant initial data, in con-

figurations different from (1.2).

Definition l.l. A bounded, measurable function u: lﬁ'X'R2-+ R

is said to be a weak solution to the initial value problem consisting of

(1.1) with initial data u(0,x,y) = uo(x,y) if

I . Jn@ w2 §+ () 2§+ g g% b dx dy dt = 0, (1.3)
K

for every test function b € C;(nc'x ]R2), and if u(t,*,*) uy in Lzoc

as t + 0.

Definition 1.2. (Vol'pert [8], Kruzkov [6]). A weak solution

u, to (1.1), is said to satisfy the entropy condition if for any

real constant k and any 1) € C;(]R+ x ]R2) such that 0 20,

9 ]
jnﬂ' jn@ sign(u-k)[ (u-k) 3¢ ¢ + (£(u) - £(k)) = ¢ (1.4)

2

3 0] dx dy dt 2 0 .

+ (g(u) - g(k))

We shall construct weak solutions to (l.1), (1.2) which are valid

for any choice of the constants Ups Uy, Ug, and Uy It is conceivable

2
that this construction may fail to produce a well defined function if

f and g are not sufficiently close to each other. The degree of close-
ness that is sufficient may depend on the choice of f and g; therefore,

in order to be rigorous we will state and prove our theorems in terms

of the distance from f and g to a given reference function h. Thus we
consider the pair (f,g) as a perturbation from the pair (h,h). Of course,

our theorems will cover the case where f is held fixed and g is perturbed

away from £,




The form of our solution to (1.1), (1.2) varies with different

orderings of the constants u Thus there are twenty-four cascs to be

T
considered. Fortunately, these twenty-four cases can be reduced, via

geometrical reflections and inversions, to eight. We will however,

consider each of the twenty-four cases and identify the reductions.

We shall show that our construction produces a well defined function j
which satisfies the entropy condition, if f = g, and f" > 0; see Theorem
1. We will also show, in Theorem 2, that under certain ordering condi-
, we have that for every function h such that

tions on ul, u2, u,, and u

3 4
h" > 0, there exists € > 0 such that [|€-hi| g <€ and |/g - hi] 5 < €
c C

imply that our construction produces a well defined function which satisfies
the entropy condition. In Theorem 3 we shall show that if the ordering 4

conditions of Theorem 2 are not satisfied, then, provided f" = g" and

f"' = g"' at certain points w to be specified later, for every h such
that h" > 0, and h" = f" and h"' = f"' at all of the points w, there exists

€ >0 such that ||f - h| 4 <€ and llg-—hll 4 <€ imply that our con-
c c

struction produces a well defined function which satisfies the entropy
condition.

Finally, an example will be given where f"' # g'"' at the point w of
Theorem 3, and where our constructed solution, although it is a function,
does not satisfy the entropy condition. In this example f and g may be
arbitrarily close, and the initial data may be arbitrarily small. We
will also give the correct entropy solution for this example.

One system of equations containing a scalar conservation law is that

describing two phase, two dimensional immiscible flow in porous media,

e ~ -yl fo~vr.
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where gravity, capillary pressure, molecular diffusion, compres ihllity,
as well as spatial variations in porosity, depth, and viscosity have been

neglected (see [3,4,71):

95 3 9 _ -
3t 5% (E) + 55 (VE(8)) = 0 (1.3)
V= (vsv,) = -k(S)Vp (1.6)
3 . 3 = source terms . (1.7)

In 3,41, £(S) = sz/k(s) was used. Although one may imagine that our
solutions are thus special entropy solutions of this system with Yp con-
stant, (1.7) prevents this. However some of our solutions, Cases 9 and
19, exhibit shock waves meeting at an accute angle, or in a cusp, similar
to the fingering behavior which is of interest in oil recovery problems,

and for which (1.5 ~ 1.7) is a model.

2. Construction of the Solutionmns.

We shall see that our comstructed solutions are piecewise smooth,
having discontinuity sets consisting almost everywhere with respect to
two dimensional Hausdorff measure, of smooth surfaces. 1In this context,
Definition 1.2 implies two conditions, given below, on the discontinuities
of a solution. These can easily be derived via localization and integra-

tion by parts, and appropriate choices of the constant k.

Condition 2.1. (The Rankine-Hugoniot condition). At any point

p on a surface of discontinuity S of the solution u, if
>
(a) n is a unit normal vector to S at P,
+ -
(d) u =lime - 0" ulp+em) ,

() u = 1lim € » 0+ u(p - E:) ,
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then

ne @ -uT, £ - fw), gwh - g =0 (2.1)

- + -

Condition 2.2. (The cntropy condition). Orient n so that u = u .
If k is any constant such that u ¢ k < u+, then

*> + + +

ne(k=-u, f(k) - f(u), gk) - gu)) 20. (2.2)

Using (2.1) one may check that (2.2) 1s equivalent to
<> _ - -
ne+(k=-u, f(k) - f(u), g(k) - glu)) 20 . (2.3)

One may further check that if a function u is a piecewise classical sclution,
except for smooth surfaces of discontinuity where Conditions 2.1 and 2.2
hold, then u is a weak solution satisfying the entropy condition.

Let us consider one dimensional shock waves and rarefaction waves,

as they arise in the two dimensional Riemann Problem.

(a) The one dimensional shock wave. If the initial data is

u(0,x,y) = u, if x < 0, (2.4)

if x>0,

=u

2

and u, > u, then the problem really has only one space dimension:

ut + f(u)x 0, (2.5)
u(0,x) = u, if x <0,

=u, if x> 0.

In this case the solution is well known:

£(u)) - £(u,)

u(t,x,y) = u(t,x) = u, if x (2.6)

N
re
-




This solution has a discontinuity, called a "shock wave,'" along the plinec

f(ul) - f(uz)

X = o =5 t . (2.7)
1 2
We will refer to this shock wave as "SX[ul,uZJ," for "shock in the x
direction connecting v, to u2." The shock wave in the y direction obtained

by interchanging x with y and f with g above we will call "SY[ul,uzJ."

~(b) The one dimensional rarefaction wave. If the initial data is:

u{0,x,y) = ups if x <0, (2.8)

= u,, if x>0,

and uy < u,,

well known:

then the problem again reduces to (2.5), and its solution is

u(t,x,y) = u(t,x) = u, if x < f'(ul)t, (2.9)

1
u, if x > f'(uz)t,

s if x = g'(s)t, uy <s<u

9"
The part of this solution between x = f'(ul)t and x = f'(uz) is called a
"rarefaction wave." We will refer to this particular rarefaction wave as

Rx[ul,uzl, for "rarefaction in the x-direction, connecting u, to u2."

Note that the solution described in (a) is a weak solution to (b),
since it satisfies Condition (2.1). However it does not satisfy the

entropy condition since u, < Uy, and f is assumed to be convex.

i

The interaction of RX with SY. Let the initial data be as in

(1.2), withu, = u, = u_=w, and u, = v, and v > w. Then for bounded

1 2 3 4
t, and sufficiently large x, the solution looks locally like SY[v,w],




due to the principle of finite domain of dependence, which was shown to
hold in this context by Vol'pert [9], and Kruzkov [6]. TFor y sufficiently
negative, the solution looks locally like RX[w,v]. Since a solution is
invariant under dilations (t,x,y) * (ct,cx,cy) for ¢ > O whenever the
initial data u(0,x,y) is invariant under dilations (x,y) > (cx,cy), we
may describe a solution completely by describing it along the plane t = 1.
The solution is constant on rays through the (t,x,y) origin.

Thus our current knowledge of the solution to this problem may be

described by Figure 1. 1In Figure 1, the horizontal line

VP Lo

i

RX[w,v]

N

Figure 1. Interaction of RX with SY

labelled "SY[v,w)" indicates the plane of that shock wave, and the vertical
lines labelled RX[w,v] indicate planes along which the solution u is con-
stant, thereby depicting a rarefaction wave. The space labelled "?" {is

filled in as follows. The RX region meets the region were u = w along a

e
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smooth surface of discontinuity S, having equations x = f'(s)t, v = v(s)t,
parameterized by s, t for w £ s € v. The unknown function vy {s determined
by the jump conditions, 15 follows.

First we describe the normal vector H = (nt'nx’nt)' to the shock
surface s in terms of f and Y. To do this, we need two tangent vectors
to the surface x = f'(s)t, y = y(s)t.

Holding s fixed, we have dx = f'(s)dt, dy = y(s)dt. Holding t
fixed, we have dx = f"(s)tds, dy = Y'(s)tds . Thus we have two tangent

vectors, ;1 = (1, £'(s), v(s)), ;2 = (0, £f"(s), Y'(s)). ‘lnen

>
n

=V, %V, = £V + £ ()Y (s), ~Y'(s), £"(s)). (2.10)

Keeping in mind that in RX[w,v], u = s on the plane x = f'(s)t for

y < v(s)t, the Rankine-Hugoniot condition gives us:

(W= 8)(£'(s)Y'(s) - £"(s)Y(8)) + (f(w) - £(s))(~y'(s)) (2.11)

+ f"'(s)(g(w) - g(s)) =0 .

This equation is a first order, linear, scalar differential equation

for the unknown function y:

' o e BW) - g(s) - y(8)(w - 8) .
Y'(s) = £ (s)f(w) TE) —F () (w = 8) (2.12)

Note that the denominator in the right hand side of (2.12) is always
positive for w # s, sin;e f' > 0.

The shock surface S should be a smooth continuation of the planar
shock wave SY[v,w] through the rarefaction wave RX[w,v]. Therefore these
two surfaces should meet along a common line at the right edge of RX[w,v|.

This yields the following initial condition for y:




- 8v) - plw) ,
Y(v) = ” . (2.13)

Since (2.12) is linear, it is thus explicitly solvable. The followiny

formula for Y can be obtained from the usual one by an integration by parts:

y(s) = 882 = 8(w) (2.19)
s - W
e ([ £ (2) (w - 2) .
y P TW @ - @ -2

glw) - g(r) - g'()(w ~-1) dr
2
(w-r)

Note that for w < s < v, we have Y(s) > ELE%—E—Eigl ; hence,
using (2.12), we have Y'(s) > 0. Therefore, as s decreases to w, Y(s)
approaches some finite limit, which is greater than or equal to g'(w).
In fact this limit is g'(w), as we shall see in §3.

We shall refer to the shock surface S as "T'lv,wl." See Figure 2.
This shock surface will occur in solutions to the Riemann Problem, and
usually in truncated form, denoted here Tl{v,w:p], namely the portion of
I'lv,wl corresponding to values of s greater than some number
p and less than v. Reflecting I'[v,w] across the line x = y by inter-
changing x with y and f with g, we obtain a similar shock wave, denoted
"TR{v,w]."

Note that, given any solution u to (1.1), with initial data

uo(x,y), the function u given by u(t,x,y)

]

~u(t,-x,-v) is a solution to

!}

u, + f(-u)x + g(-u)y

0
with initial data 0(0,x,y) = -u0(~x,-y). Thus, if u(t,x,y) =

F(t,x,y,f,g.ul,uz,u3,u4) is a formula giving the solution to the Riemann




Problem in terms of f, g, and the initial data constants ul,...,ua for a
given ordering of these constants, then the solution for the case given

by interchanging uy with ug and u, with Y, in the given ordering, and

v Vv
then reversing the order, is u(t,x,y) = —F(t,—x,—y,f,g,—u3,—u4,—ul,-u2),

v
where f(s) = f(-s). Thus, for example, the solution for the case
Yy < u2 < u3 < Y, determines the solution for the case ug > u, > u1 > UZ'

We call this procedure "inversion."

y
AN
w w
r[V»W]\\\\ SY(v,w]
//
> X
N
w v
RX[W,V]

Figure 2. The Shock Surface T'(v,w]

If we apply the inversion process to I'[v,w], we gelt an inverted
T-shock, which we shall call "TI{v,wl." See Figure 3. We call the

ceflection of TI[v,wl across the line y = x, "[IRLv,w]."
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Case 1. u, <u, <u, <u

?;
RX[v,w]
v w
|/ IT1[v,w]
| > » x
SY(w,v]
w w

Figure 3. The Shock Surface I'I[v,w])

We are now ready to discuss the Riemann Problem.

The formula for the solution to the Riemann Problem is different
for different orderings of the initial data constants ul’ u2, u3, and ua.
This indicates that twenty-four cases must be considered; however reflec-
tions, inversions, and reflected inversions of cases previously discussed
will only be indicated as such, and will not be discussed in detail. This
reduces the number of cases to be discussed, to eight. The formula to be
given consists of a picture for ecach case, with labels such as RX[ul,uzl,

SY[uz,u3], and T{u ,u2] given to parts of the picture. The interested

1

reader may then refer to the formula given earlier in this chapter for

each of these phenomena.

1 2 3 4" At t = 1 the solution looks like Figure 4.




><

) A Y1
3
;u
— SY ,
= F[ua,ulz%;] [u4 ul]
> X
M
SY[u3,u2] A
P
uj u,
RX[UB’UZ.]

Figure 4. The Case Uy < Uy <ug <y

In this case we have two shock waves extending from the intersection of

SY[u ] and SX[uz,ulJ to the point P, and from the line x = f'(u3)t,

3'Y%
y = Y(u3)t to P. The following theorem concerning these shock waves is

due to Guckenheimer [51].

Theorem. A shock surface between two constant states a, b, in a solution

to the Riemann Problem lies in a plane which passes throurh the line

x= 2= L0, oy ala) - e®) (2.15)

Thus the two shock waves extending to P are planar. We shall call these
shock waves ''Y-shocks."

Now from (2.15) we deduce that P has coordinates

flug) - frup) gy - Blu))
u, - u ’ u, - u

3 1 3 1




Note that since u, < u, <« u3, we have

1 27
f(u,) - €(u,) ECu,) - f(u,)
2 o 3 SR UCRY (2.16)
uy -ouy uy - U 3

these are the x-coordinates of SXlu ], P, and the left edge of RX[u

2’1 37
respectivcly. Thus both Y-shocks may be parameterized by s and t with the
equations x = f'(s)t and y = Y(s)t. In case u) = u, or u, = u, then either
the left or right Y-shock, respectively, is not present, because both end
points of that particular shock are identical.

Using the method Ly which (2.12) was derived, one may derive the
following differential equation for y:
gluy) ~ g(uy) - ¥(s)(u, - u) (2.17)

V' (s) = £"(s) Fu) ~ ) G - u)

3

Note, from Figure 4, that the right Y-shock meets the left endpoint of the
F[ua,ul: u3] shock wave continuously, so that W(u3) = Y(UJ)' Comparing
(2.17) with (2.12), we see that w'(u3) = Y'(u3). Thus the I'~-shock meets
the Y-shock with first-order smoothness. We may also deduce that for any
point (£'(v), y(v)) on the F[ua,ull shock at t = 1, the tangent line to

the curve x = £'(s), y = y(s) passes through the point P given by

-

f(v) - f(ul) g(v) - g(ul)

P = — . . (2-18)
v Ul v - Ul

One may also deduce this by rewriting (2.12):

g(ul) - g(s)
- u - 8 - Y(S)
dy _ X'_"(.S)A - _ 1 ] (2.19)
dx f (S) f(ul) - f(S)
———e— = f'(s)
u, - s

. 1




Case 2. u, <

of Case 1.

Note that the right

Since f" > 0 and up < g5

3°%
The point P has the

! to the left of RX[u

Case 3. u_ > u, >u, > u,.
Case 4. u_, > u, >u, > u,.

Case 5. u, < u, <u, < u,-

This is the reflection across the line y =

This is the inversion of Case 1.
This is the reflected inversion of Case 1.
At t = 1 the solution looks like Figure 5.

edge of Rx[uz,ul] has equation x = f'(ul)t.

equation for the left edge of RX[u3,u4]. Thus RX[uz,ulJ lies completely

] in this case.

same coordinates as in Case 1.

Figure 5, The case uy <uy <

y
Rx[uzoull 4[
"2 ot o
u,,u. : u
471" 73
SY[“&’ull
,z/”/qﬁ A
P
<]
|
= . ul.
SY{u.,u,] .
374 TI[uz,u3. u1]

X

f'(ul) < f'(u3); furthermore, x = f'(u3)t is the




Case 6. ua < uI < u3 < uz. This is the reflection of Case 5. Note that

Cases 5 and 6 are invarlant under inversion.

Case 7. u, < ug < Uy <. At t = 1 the solution looks like Figure 6.
In this case, since U,y < U and f" > 0, we have that f'(u3) - f'(ul);
hence Rx[uz,ul] overlaps Rqu3,uAI. Also the shock waves F[ua.ulj and

FI[uz,u3J are not truncated in this case. The point Q, has coordinates

(f'(ul),g'(ul)), and Q2 = (f'(u3), “'(“3))'

Case 8. u, < Uy <u <. This is the reflection of Case 7. Note that

Cases 7 and 8 are invariant under inversionm.

y
RX[uz,ul] "~

u
F[u4,u1] 1
\& SY[ua,ul]
u2 Ql 1]
11|
SY[u3,u2] ’//5% .
. /\Qz 4

3 TI[uz,u3)

RX[uB,uA]
1
Figure 6. The case u, < u, < uy <u,
Case 9. up < Uy <y < At t = 1 the solution looks like Figure 7.
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y
A
X[ | %
S u2,u1]~_,__~5
u, FR[uz,ulz u3]
RY[“3,u2] / r[ul.’u]_: u3]
7 SY[U[G’ul]
/] "
/ 1] Y
7/ }‘ 4
b 4
uy Y4
Y
P
RX[us.U[.]
Figure 7. The case uy < uy < u, < u,
The point P has the same coordinates as before.
Case 10. u1 < u3 < u4 < u,. This is the reflection of Case 9.
Case 11. ug > uy > U, > uy. This is the inversion of Case 9.
Case 12. wu, >u, > u, > u,. This is the reflected inversion of Case 9.

Case 13. u, <u, <u, < u,. At t = 1 the solution looks like Figure 8.

Case 14. u, < u, <u, < . This is the reflection, and also the

inversion, of Case 13.
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SX[uz,gljﬁn
Y2 Y1
SY[u3,u2] R
vy \-y\ P
AN —3 X
W\\\\
SY[ua,ull
uy u,
Sx[us,ual

Figure 8. The case up U, <y <

2 4 3

Case 15. u, < u, <u < u- At t = 1 the solution looks like Figure 9,

Here Q has coordinates (f'(u3), g'(u3)). Between the points Cl(f'(“a)'

g'(ua)) and C_, = (f'(ul), g'(ul)), the rarefaction waves RX[ua,ul] and

2
RY[“&’“I] meet along the surface A, which may be described by the equations
x = £'(s)t and y = g'(s)t, for u, < s < u, and t > 0. The plane sections
where u = s in each wave meet along the line x = f'(s)t, y = g'(s)t.

Thus the solution is continuous, though not differentiable, along this

surface. One may check that the entropy condition is satisfied near A.

Case 16. u, <uy <uy <un This is the reflection of Case 15.

Case 17. U, > Uy > Uy Y ug. This is the inversion of Case 15,
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- 3
RX[uz,ull
Y1
. C2 RY[“A’ull
2
4
N ‘
7> X
40
|~ u4
SY[u3,u2]
tfu,,u,.]
u 2’73
3
Rx[u3,uA]
i
Figure 9. The case u, <uy <u, <uy
Case ¥ . B, > 4y > u, > u,. This the reflected inversion of Case 15.

Case '9. u, <u, <u, <u,. Att = 1 the solution looks like Figure 10.
Case 20. u, < u, <u, < u,. This is the reflection of Case 19.
Case 21. u, > >u, > u,. This is the inversion of Case 19.

Case 22. u,y >u, >u, > u,. This is the reflection inversion of Cnse 19.

Case 23. u3 < u. <

Here Q, has coordinates (f'(u3), g'(u3)). Also Q, = (f'(uz). g'(uz)),

<u,. At t =1 the solution looks like Figure 11.

Q, (f'(ua), g'(ua)), Q, = (f'(ul), 8'(“1))-

Case 24, Uy <u, <u, <. This is the reflection of Case 23. Note

that Case 23 and 24 are invariant under inversion. Also note that Cases

23 and 24 are the only cases with continuous solutions.




y
N
RX[uZ,ull

SY[U3,U.2] / [/
[
FI[uz,u3] F

3
MIR[u

u

4,U3]

Figure 10. The case u, <
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Figure 11. The case uy <




3. Verification of the cntropy condition.

We will now prove three theorems showing that under certain condi-
tions, our solutions are single valued and satisfy the entropy condition.
Theorem 1 treats the case where f = g and is convex. It is easily seen

"

that this also includes the case f" = c¢g'. Theorems 2 and 3 concern

pertubations away from this case.

Theorem L. If f : g, then the constructions in $2 for Cases 1-24

define functions, and these functions satisfy the entropy condition.

Remark. In Cases 9-12 and 19-22 it is concelivable that our solution
may fail to be single valued due to overlapping I shocks, as illustrated in

Figure 12. Therefore it is neccessary to prove that this does not occur.

y
A
uz ul
e d
/Z
/LA
Yy Y

Figure 12. Overlap




Proof. We need to prove that the entropy condition is satisfied
for SX, SY, I', and ¥. However SX and SY are one-dimensional shocks
and the entropy condition is known to hold for them. The proof for
(v, w] is as follows: To verify the entropy condition we require n,
the normal vector to I'[v, w], to be oriented towards the side of the
shock surface where u is larger. In this situation this means that
n must "point in" to the rarefaction wave. Since the rarefaction wave
lies in the region y < y(s)t, we must have ny < 0. Since f" > 0, this

means we should choose:

a = (£"(s)v(s) - £'(s)Y'(s), ¥'(s), - £"(s)). (3.1)
Thus, we must verify

(k=w) (£"(s) () -£'(s) Y'(s)) + (£(K) - £(W))(¥'(s) -£"(s)) 20 (3.2)
for all w <k < s <v

Lemma 1.1 When £ = g, v'(s) < f'"(8) for s > w.

Proof. Using (2.13), and using the fact that f" > 0, we have
that y(v) < £'(v). Furthermore v = f' is a solution of (2.12). The
uniqueness of solutions %or s > w implies that y(s) < f'(s) for all
s > w. Using (2.12) and (2.13), one notes that y'(v) = 0 < f"(v), and
also that v'(s) = f'"(s) implies f(w) - f(s) - y(s)(w-s) = f(w) - f(s) -

£'(s)(w-s); this in turn implies that f'(s) = y(s) when s + w. Since

Y(s) < £'(s), we must have that y'(s) < f'"(s) for s > w.

We now verify (3.2). If the left hand side of (3.2) is consid-

ered as a function F(k), then one checks using Lemma 1.1 that F'"(k) > 0;

b ]




S
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e B

also F(w) = 0. Furthermore, F(s) = 0 since in (3.2) one may replace
all w's by s8's, using (2.1). Therefore F(k) > 0 for w < k < s < v;
this i1s (3.2).

The entropy condition for reflected and inverted T'{v, w] shock
waves may similarly be verified.

It remains to verify the entropy condition for Y-shocks. These
appear in two different contexts:

(1) Tangential shocks, that is, ¥ shocks which are tangential
to T shocks. Such a ¥ shock has the same normal vector n as does the
I' shock at the point of tangency, and also the same values of u on
either side of the shock. Therefore the entropy condition for a tang-
ential Y-shock is equivalent to the entropy condition for the corres-
ponding I shock at the point of tangency.

(2) Non-tangential shocks. One may check, using the ordering
of ul, u2, u3, and U, and the convexity of f and g, that the inter-

section of any non-tangential Y-shock surface with the plane t = 1

is a line segment with negative slope, as depicted in Tigures 4 and

8 .+ Furthermore any non-tangential Y-shock is a shock between u, and

3

u,, with u, > u,, with the region u = u, above, and to the right of

1 3 1 1
the shock. Thus n = (n_, n , n ) with n_ and n negative. The
t’ x’ 'y x y

entropy condition becomes
(k - u3)nt + (£(k) - f(u3))(nx + ny) >0, (3.3)

for u, > k > u,. Since n + ny < 0, and f is convex, the left side of

this inequality has negative second derivative with respect to k, and

by (2.1), is zero when k = uy or k = u;- Hence it is positive for

it e et




valucs of k between uy and Ug.

To verify that our solutions are single valued it suffices to show
that overlap of I'-shocks does not occur. In the proof of Lemma 1.1 we
saw that y(s) < £'(s); thus both T shocks lie on opposite sides of the

curve x = “'(s), y = f'(s).

Theorem 2. Let Uy Uy, U u, be such that our proposed solution

3’ 4
to (1.1), (1.2) contains no complete T, TR, I'I, or T'IR shock, that is,

let us consider only Cases 1-6, 9-14, 23, and 24 of §2 . Let

M = max uss and m = min u,. Then for any given function h such that
1<i<é l<i<s *
h" > 0, there exists € > 0 such that whenever ||f - hl| 2 < £, and
Cc"(m,M]
{g—lﬂl ) < €, our construction for the solution to (1.1), (1.2) in

C(m,M]

these cases defines a function, and this function satisfies the entropy

condition.

Proof. As noted before, it suffices to prove that in our solution
to the perturbed equation, the entropy condition holds for truncated
I'-shocks, and for non-tangential ¥-shocks.

Recall that the entropy condition states that for T'lv,w: pl we

must have:
(k - w)nt + (f(k) - f(w))nx + (g(k) - g(w))ny =0, (3.4)
or
W(k,s) = (f"(s)y(s) ~ £'(s)Y'(s)) (k - w) (3.5)

+ Y' () (£(k) -~ £(W)) - £"(s)(g(k) - g(w)) 2 O,




24

for all w < k i 8 £ v, and w < p % s. The function vy satisfie tl.e initial
value problem (2.12), (2.13). Since f is convex (for € sufficiently small),
and s * p > w, the denominators in (2.14), the formula for v, are bounded
away from zero, and the bound depends only on h, €, v, w, and p. Thus we
may conclude that the map (f,g) - y is continuous from {f[f € szp,vl,

" > 0} x {glg e C2[p,vJ, g" > 0} to Cl[p,v].

Next note that

82

dk

L

Y (s)E"(k) - £'(s)g"(k), (3.6)

N

and note that W(s,s) W(w,s) = 0, by (2.1). When £ = g = h we know by

2
Lemma 1.1 that v'(s) < {"(s) for p < s < v. Thus g—% <0 forw<k<s < v.
aZW dak

h. Moreover 3k2 depends continuously on f and g

w<p<s, when f = g

2
in the C” topology on f and g. Therefore there exists € > 0 such that

2
"f -hI] 2 < € and ”g-—hll g <€ imply 3 g > 0, and it follows that
c C dk

Mv,w: pl] satisfies the entropy condition.

Since Y(s) < f'(s) when £ = g = h, for € sufficiently small we must
have v(s) < g'(s), thus in Case 9-12 the twe {~shocks }.e¢ on opposite
sides of the surface x = £'(s)t, y = g'(s)t. Thus overlap does not occur
for € sufficiently small.

Finally, for non-tangential Y-shocks we must show:
- - + - > 3.7
(k = ugdn + (£(k) - £(u))n + (g(k) g(u3))ny 0 (3.7)

for u) <k s uj. Sincen < 0 and n < 0 as we saw in the previous sec-
X y

tion, and since f" > 0 and g" > 0 for € sufficiently small, the left hand

side of (3.7) has negative second derivative with respect to k, and equals
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zero when k = uy or k = us. Thus (3.7) holds for values of k between Uy
and .

n ug
Theorem 3. Suppose Uy Uy, U4, and u, are such that our proposed

formula for the solution to (1.1), (1.2), contains some complete T(v,wi,
'Rlv,wl, TI[v,w], or TIR(v,w] shock, that is, let us consider Cases 7, 8
and 15-22; suppose also that f"(w) = g"(w) and £"'(w) = g"'"(w) at all w

which occur as above. (Note: w is always either u_ or u3). Let m and

1
M be as defined in Theorem 2. Then for any given function h such that
h" > 0 and h"(w) = £"(w), h"'{w) = £"'(w), there exists £ > 0 such that

if |{f~1ﬂ| 4 < g, ”g-—hl[ 4 < €, then our proposed solution is
C (m,MJ C (m,MI

single valued, and it satisfies the entropy condition.
Proof. The proof consists of several lemmas.

Lemma 3.1. The map T: Ca[v,w] x Ca[v,w] > Cl[v,wJ, T(f,g) = v,

where y satisfies (2.12), (2.13), is continuous for f" > 0, g" > 0. The

[}

3
map Ss(f,g) =i T(f,g)(s) = y'(s) satisfies

IA

ClS = W‘ “ (Da q)” 4 ’ (3.8}

DS
(¢ s)(f’g)(p.qﬂ vl

!
for all p, q in C'[v,wJ_such that p"(w) = q"(w) = p""(w) = q"'(w) = O,

where C > 0 does not depend on p, q, or s.

Proof. From (2.14) we have

= 8(s) - g(w)
Y(s) 5——?:—-3—‘1- (3.9)

_ (s Jr £"(z) (w~z)dz (w) - -g' -
Jy 5 s E(W) = £(2) - £'(2)(w-2) . &(x) (e ) dr

v (W-r)z
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= (def.) Ts (f,g). Clearly 'l‘q is a continuous and differentiable mapping
. 4
from {f|f € Céfv,wj, £ > 0} x {glg e C'lv,wl, g" > 0} to R, for s € (w,vlI.
However it is necessary to show that D’I‘.;(f 2) is bounded independent of s,
B »
and independent of the choice of (f,g) from a neighborhood of (h,h).
Define Tw(f’g) to cqual g'(w). We prove that s =+ Ts(f,g) is con-

tinuous at w, as follows. We have:

Y(s) = T (f'g) = -g—(i-_s(_w)_
S S - W

- [S exp <]r £"(z) (w-z) dz :) f: g'"(8) (8-w) dd
z dr
v s | ;

Z£(0) (0-w) d (w-r)

(3.10)

Note that
exp J' £"(z) (w-z) dz (3.11)
s [Z £(8) (6-w) dg
r, 2[% £ (0) (8-w) do
= exp w—z + v 2 dz
s (w-2) (£ (2) (z-) 2 = [2 €' (8) (e-w) dp

(5o r [% £0(8) (8-w) 2 do
= exp J L dz].

(r-w)® s (w-z) [Z £"(8) (6-w) d

Thus

v(s) - &l2) =8

5 20l llg" |
< - [-3)
(s-w) J‘v exp Qs ETETYIG)) dz — dr

8 (r-w)

(3.12)

., gl 2lle" |, Cv-
o ey 2 (1 1-y Bl o V)
(s~w) (s —w v w) 7 exp ( 3I(inf(£")) > ’




and so we see that lim Y(s) = g'(w); thus s > Ts(f,g) is continuous on
s*w

[v,w]. The sup norms and infimums uscd above and henceforth are all taken

over [v,wl.

Next,
. - q(s) - q(w) .
(DFS)(f’g)(p,q) — (3.13)

v s [Z £7(8) (8-w) do

(1: p'"(2) (w-2) f: £ (8) (6~w) do - £"(z) (z-w) fi p"(8) (8-w) de

s : dz
[f: £(8) (8-w) dﬂz
Lo .
. f @) (o) g [ 9"(8) (0=w) 4o | 4
v o (r-w) wo (r-w)"”
Thus
1T ¢, oy ] < 'l (3.14)

Fm? (2
2 ®P \3(mE ™)
s (r-w)

U: [f: £7(8) (6-w) del-Z {(p"(w) + f; p"'(8)de) (w-z) jz £''(8) (d-w)de

” " - ”l
£"(z) (z-w) (p (v~~)(z~».r)o - fvz, p"'(e)((e—w)2 - (z—w)z)do)] dz) l[gv la

“

N} e

L @ E? - [T @10 - () as

2

dr.
(r-w) 2 ‘
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Since only perturbations fixing "), 2" (w), "' (w),

are censidered, we have pllw) = g w) s pttw) s U (w) = 0L Ty

(3.17) !(D'L‘S)(f'g)(p.‘l)l “latil

CNRY. 20e ), (vew)
v J (82w)_ oep e
“ (r—w)2 3Cinf ("))
"y " 2 "
ol el /5 + 5\ el e
| SR )T e gl S e

(nf (e 2\ 2

| 2l 1], (vew)
<l ”w + exp (‘ FCiar(e) )>

lom ., el el

2L W

Clnf (")) 2

+ % ”q”'”u_(]n(v-w) - In(s~w)) [ - (s—w)z,

and so wo see that ”(UT“) [ g)” is independent of s, w < s < v, and

(
also independent of the choice of (f,g) from a sufficiently small
neighhorhood of (h,h). Therefore by the Mean Value Theorem the moap
(£,8,5) » Y(s) is locally Lipschitz for each s, with a Lipschitz con-
stant independent of s. Thus (f,g) » v is a continuous mapping fronm
¢3lu,v) x Alwav] > clul.

Noxe,

(3.18) s (f,g) = y' () B (o) - ads) = p(w))
N (s-w)Z

IO R A CTC RN MY (G Al CO 1 OS5

’

(s-w)? ly Js [707(0) (0-) do

< ~-£"(s) (w-5s) f: #'"(0) (0~w) dp
R TR A Jr.
J

o ————— -

;, £'()) (U-w) oy (r-w):"

I ' ta _ B - "ﬂ'i""’




i £ ma——

Differentiating with respect to f and g, we have

(DS (¢ o) (@ra) (3.17)

A b

[p"(s) [ £"(8) (8-w) d8 - £"(s) [5 p"(e) (8-w) de]
= (w~s)

[f3 £7(e) (8-w) Dk

s £"(2) (w=2) [y g0 (8- do

. I exp JT dz 7 dr
v s j: £7(8) (6-w) db (z-w)

+ £ (s) (w-s) r’ exp r £'(2) (w~-2) dz
[3 £"(8) (o-w) do ‘v s [Z £(8) (8-w) de

r((z -2 z
. <J J £"(8) (6~w) do (w-z) | p"(2) J £"(8) (8-w) dé 4
S \_wW w

z r ” r " -
- £"(2) J p"(8) (8-w) d%] d;> j E1O(O0w) 4q 4 f a7(8) (o) df]dr

w w  (r-w) w (r-w)

PR

(w-s) [ pm'(o)do [3 £7(e) (0-wddo + (8 1% proy(o-w)? - (s-w)%)as)

(S £"(0) (8-w) d0)2

S (s=uy2 I £1(8) (8-w)? a0 T g"(e)(e-w) do
. J E=)7 exp J : dz J Bl = ar
v v s (w-2) f: £(0) (6-w) do w (r-w)

+ £"(s) (w-s)
IS £(8) (0-w) do Iv

dz) (
s (w-z) f: £''(6) (6-w) do /) v

[ o[ ] -
. J (w=-z) [ £'"(0) (A-w) db6
s w

<1r [2 e (e-w)? do O\ 2
FA
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Z Z
U p"'(8) dé J £"(8) (8-w) dé
w

w

Z
+ £"(2) J 22—(9—)— ((8-0)2 = (z=w)%) dB] dz
W

v g T eXe-w? - (=)D |
. J (6) (8-w) 48 - J a -w r-w de—Jdr.
2 2
w (r-w) w 2(r-w)

Note that, since p"'(w) = O,

s s
J p"'(6)db = - J p"" (0) ((8-w) - (s-w)) db, (3.18)
w w

and

W)~

J"p"'(s)(e-w)2 de = r p""(0) ((z-w)3 - (e-w)3) de. (3.19)
w w

Thus

S
11} "2
(DSS)(E,E)(P.q) = [(w-s)[jw £"(8) (0~w) dBJ (3.20)

S S
[[ p"(8) ((s-w) - (8-w)) db J £'(8) (6-w) db

‘w w

s 3 3 sew) 2
+ f"(s) J pnn(e) [(s-z) - (e_z) - (b-;) ((S-W) - (e—w)):] de]
w

2
_ e 2 £"'(0) (-w) " do r .
) r (%35)2 equ = c% A SO G-I NP
v

w (r-w)

s (w-2) f: £''(9) (0-w) do
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Z gne(g) (0-w) > do
f"(s) (W"S) JS (_5_:!’_)2 exp Jr fw f ( )( W) dz>
[ £m(e)(a-w) d8 v £ s (w-2) [2 £7(9)(8-w) a8
T Z )
. (J (w-2) (J £''(8) (0-w) d6
S w
2z Z
. p'""(0) ((z-w) - (0-w)) de I £'(8) (8-w) do6
w w
z 3 ) 3 Ry
+ £"(2) J pnn(e) [(Z;W) - (e :) - (z ‘;) ((z-w) - (e_w))] d6> dz>
w
: I‘ g'(8) (8-w) o
w (r-w)
r 3 3 2
+J ) [(";“’) - (6'6"’) S (eew) - (e—w))]de]dr.
w 1
So
| (DS ) (p,q) | —-——-———-——"p"""m el (5) | s=w|3 (3.21)
Psq < S~w .
s (£.8) (in£(£")?
L 2fen i, - el
lom - sl e ey ) T 2

le“ll 2fien |l (v-w)
+ 5 |s=vl exe \ 5tmece ™

(inf (£™))
4
el HE"l,, eIl v
— [ L (e’ - (s=w) 2| dw
2(inf(£")) s 2(r-w)

v
el S RRCRE
s (r-w)
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I'hus i.(DSS) (£,2)ll < ¢ s - wl for some C > 0, where C depends ~aly on
herelly, » tne(e™, lg"ll, , and (v,w).//
Lemma 3.2. In a Tiv,w] shock, in the case where f = g, Y'"(w) < £"' (.
Proof. Recall that when f = g, f' is a solution to (2.12). Thus 4
y(s) = £'(s) + o(s), where o satisfies b
ag'(s) = o(s) £7(s) (s-w) . (3.22) ]
[S £ () (8-w) dB
w
1
Thus
d £"(s) (s-w) 2
(s-w) T In (o(s)) = 3 . (3.23)
11" -
[, £"(®) (8-w) do
Note that
£(s) (s-w) ®
1im p = 2, (3.24)
s [0 £"(8) (8-w) de
Thus one may write
- s [Z £ (0) (8-w) 2 de
a(s) = C(s-w)" exp I . dz (3.25)
v (z-w) fw £''(8) (8-w) do

One may observe that ¢ has 2 continuous derivatives at w if f has 3 con-

tinuous derivatives, and, 0"(w) < 0 if and only if C < O.

Thus Y"(w) < £"' (w) if and only if Yy < f'. However
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Y(v) = Eﬁyi : :QEL < f'(v) since f" < 0.

We cannow prove that for sufficiently small €, |[f - h , <€ and
C-O

Hg-h|| 4 < €, together with the hypotheses of Theorem 3, imply that over-
C

lap does not occur. It suffices to show that for t sufficiently small,
Y(s) < f'(s), w < s < v. From this it follows that the line y = x separates

the two I'-shocks in Cases 19 through 22.

Since when f = g = h, v(s) < f'(8) for w < s < . and since
vy depends continuously on f and g, we have that for any § > 0 there

exists € > 0 such that [[f-h]| 4 <€ and {|g-hf 4 <€ fmply v(s) < f'(s)
C

w )

for w+ 8§ < s <v. For snear w, and f = g = h,
£"°(s) - y'(s) = (£"'(w) - yY"(w))(s~w) + o(s-w). (3.26)
Since by Lemma 3.2 f"'(w) - y"(w) > 0, for § sufficiently small we have
£"(s) - ¥'(s) > Cy(s-w) (3.27
for some Co >0 and for w < s < §. By Lemma 3.1 and the Mean Value
theorem, for [|f-h]| , < € and llg-nll , < ¢
. C C4

£"'(s) - y'(s) > (c0 - €C) (s=w) (3.28)

for w < s < §. For £ sufficiently small C0 - €C > 0, and hence £'(s)
> y'(s) for w < s < §. Since y(w) = f'(w), the result follows.

To finish the proof of Theorem 3, it must be shown that

W(k,s) = (f"(s)v(s) - £'(s)y'(s)) (k-w) (3.29)

+ y'(s)(£Ck) - £(w)) - £"(s)(g(k) - g(w)) > O,




for all k, s, w < k <s < v. Recall that W(s,s) = W(w,s) = 0, and,

2
when f = 2, 2—% = f"(k)Y(y'(s) - £"(s)) which is less than zero for

dk

w<s <v. In fact, for s close to w,

( >- £ (W) (Y (w) = £"' (W) (s-w) + o(s~w). (3.30)

On the other hand,

azw

Dig,g) (p»>q) (3.31)

D(f’g)(Y')(p,q)fn(k) + Y'(8)p" (k) - p"(s)g"(k) - £"(s)q"(k)

Thus

19 ¢, ) <32w> (p>q) | (3.32)

< o(s-w) [l(p, @) | , £"Ck) + [v'(s)P"(K) = p"(s)g" (k) - g"(8)q" (k)]
C

Since we are considering only those tangent vectors p and q such that

p"(w) = q¢"(w) = 0, we have that [p"(k)|, |[p"(s)|, and [q" (k)| are

less than (”p“ 4 + Hq” 4> ls-w|. Thus for some C1 >0,
C C
a2
Ip Deg,g) < ) (Ps@)]| < Cy * Js—v| - "(p,q)"ca. (3.33)
32w
Thus for £ = g = h, — <C, - | s-w| for some ¢, > 03 and for

A

UL ——
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f =h+ €, g =h+ tq, vhere p and q satisfy p'"(w) = q'"(w) = p"' (w) =
' Q"' (w) = 0,
32W
= s e+ elp,ll , -c)ls -w] <0 (3.34)
2 1 4 0
ok c

for sufficiently small €. Since under these conditions W is convex down,

and W = 0 at k = s and k = w, one concludes that W 2 0 for w < k £ 5 < v.///

Remark. In Theorems 2 and 3 one may, of course, fix f and perturb
only g, or the other way around. In this case one chooses h Z f, or h = g,

respectively.

4. A Counterexample.

The following is an example of a dm one parameter family (f,f.) of
pairs of dw functions such that f = fo and such that for certain initial
data, the solution given in §2 does not satisfy the entropy condition for
€ > 0. However, we also give the correct entropy solution for this example.

Let f(s) = 52, and f_(s) = s2 + 853. Consider the initial value

problem

] 3 P
3 u(t,x,y) + x f(u(t,x,y)) + 5; fe(u(t,x,y)) =0, (4.1)

u(0,x,y) § for x > 0 and y < 0,

0 otherwise,

where § > 0. Note that f' > 0 on [0,8) for € > -1/(38). The solution

given in §2 is described in Figure 13,

Proposition. If f(s) = 32. g(s) = fe(s) = 52 + tss, then for no

choice of € > 0, and § such that 0 < 8 does the shock T[68,0] satisfy the

[PURUI. PR
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entropy condition, near the line x = 0, y = 0,
Proof. T[6,0) is described by the cquations x = ' *, vy = 3 (s)t,
0 ¢ s < 6, where Y satisfies
y
~
0 0
ris,ol sY(6.0]
] > X
0 8
RX[0, 5]
Figure 13
2 3
y'(s) = 2 0-s ;S Y(S)(O-S)’ (4.2
0-s” - 2s5(0-s)
y(s)s - s° - es
2 2 ’
s
2 3
+
v(8) =& 656 = § + ¢82
Thus one may solve to find
2 2,1
Y(8) = 25 - 2rs"In(s) + s G-E + f£(21n(8) + 1)). (".3)




Also

y'(s) = 2 - 4es 1n(s) =2es + 2s (- % + e(21n(8) + L)3. (4.4)
The shock wave I'[6,0] satisfies the entropy condition if

W(k,s) = (k=0)(2y(s) - 2sy'(s)) + (x°-0)y'(s) (4.5)

- vedy c25>0f0r0 <k <s <.

AW
Note that K (0,8) = 2y(s) - 2sy'(s). Solving v(s) - sy'(s) =0,

we have

2s = 2es2In(s) + s- (- = + e(21n(3) + 1)) (4.6)

N ol

+ 2s7(~

?
i~
m
0
O)j)‘"

- (;s - 45521n(s) + <(21n(S) + 1);}= 03
L _

2es2ln(s) + 2552 - s2 (- % + (21n(8) + 1)) = 0;
2 1 =
s“ (2eln(s) + 2¢ - (- T+ £(21n(8) + 1)) = 0.
Thus v(s) = sv'(s) 1f s = 0 or
s = exp (- 55 (26 - (= 5+ (2n(8) + 1)) (4.7)

= (def.) Uy

0 for 0 < &, Furthermore,

Note that Y, is positive, and that lim Uy

€+
d
for 0 < s <« ug Y(s) - sY'(s) < 0, hence, Tk (0,s8) <« 0 for these values
of s, and thus W < 0 for these values of s, and k close to zero. Thus for
any choice of ¢ greater than 0 our solution does not satisfy the entropy

condition for small €.

To keep the computations relatively simple, we give the correct
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entropy solution for this example only in the case ¢ = 1. Tn this case

we will see that T[1,0: uol satisfies the entropy condition. To the left

of x = f‘(uo)t, a new rarcfaction wave appears, and the shock wave pi1sses

between this new rarefaction wave and RX[0,1]. At t = 1 the solution looks

like Figure 14.

. ___s¥(0,1]

T ~—1

\

57T RX{0,1]

N

u, ) 1 Zuo 2

Figure 14, The solution to (4.1) with § = 1, ¢ = 8

Let us call the new rarefaction wave I, and the continuation of
Irf1,o: uOJ, . Let Q have equations x = £'(s)t, y = w(s)t. Below 2, the

solution u equals s on plane sections x = £'(s)t. Above 0, u=v on

plane sections .
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' L w'(s)
y - fe(v)t £'(s)

(x = £'(v)t). (4.8)

These plane sections meet the shock curve at x = f'(s)t, y = w(s)t
tangentially, as suggested by (4.8).

We now prove that this description is correct, and give an ex-
plicit expression for w and the relationship between s and v.

Since @ is to satisfy Condition 2.1, we have

f (v) ~ 55(5) - w(s) (v-s)
’ u)

w'(s) = £"(s) E(v) = £(s) - £7(s)(v=8) ° s

Furcthermore, by hypothesis, u = v along a plane tangent to x = ['(s)t,
y = w(s)t. Thus the following result, due to Guckenheimer (5], will

allow us to get a different expression for w'(s).

Theorem. If u is a solution to the Riemann Problem, then in-
side each region of rarefaction, the surfaces u = v are sections
of planes passing through the line x = £'(v)t, y = f;(v)c.

From this result we get

(s) - £1(v)
ngw'(s) =Az_w £
d dx  £"(s) ~ Aax  £'(s) - £'(Vv) (4.10)
Thus
R A T w(s)(v-s) _ w(s) - 2v - 3¢ v (4.11)
vl g2 - 2s(v-s) 25 = 2v
w(s) - 2v - 3ev2 = ?;%;Y (VZ + Ev3 - s2 _ Cs3 - w(s) (v-8))

= 2(w(s) - v -8 - c(vz + vs + sz)).




And thus
2 2
0 =¢v - (2es)v + w(s) - 28 - 2¢s . (4.12)
So
v=ss 382 - s)/o) + s/n/E (4.13)
"' sign. Now by (4.10)

Since v < s is desired we choose the

.
w(s) - (2v + 3ev) (4.14)
s - v )

w'(s) =

25 - w(s))l/Z.

2 + 6es - 4e (352 + <

1]

Now, differentiating (4.13) with respect to s, and substituting (4.14),

we compute

A
6s + 2 -w'(s)
dv 1 - €
ds (4.15)
2 (352 + 2s ; w(s))1/2
6o+ 2 12+ 6es - 4 /s + B2 )
e 1 - € E E = —1
2 &2 +23€— w(s)
Thus v = -s + ¢. Since, as depicted in Figure 14, v = 0 when s = uy
we have that c = uye Thus v = vy ~ s, and we expect that the surfaces

fr(vis))t, y = fé(v(s))t meet when s = v(s) =

x = f'(s)t, y = w(s)t, and x

u, ~ s; that is, at s = u0/2.

0

We may now rewrite (4.10):

w(s) - 2v - 3ev2
s - v

w'(s) = (4. 10)

. 2
w(s) + 2s - 2u0 - de(s - uo)

2s - u0




Thus we have a linear first order differential equation for w. The

initial ccndition is w(uo) = Y(uo). The solution is

2
s 2z - 2u,. - 3e(u, =~ 2)
w(®) =3 (s - ugs2}/ [ 2 2 dz + (4.17)
Yo (z - 110/2)3/2
. 2 Y(uo)
+ — |,
[UOIZ)I/Z
= % [:2 2+ 3uu0) ((s - u0/2) - (u0/2)1/2 (s - u0/2)1/2)
+2u, 1+ 3Eu0/4) (1- (s - u0/2)1/2 (2/u0)1/2)

/ /

“26((s - ug/D? = (s - w2 D>D + 2 Y 2rup s - u0/2)1/€] .

Note that

w(uo/Z) (2u, - 3eug/2)/2

0

2(ug/2) - se(u0/2)2 = £1(u,/2).

Thus the two surfaces x = f'(s)t, y = w(s)t, and x = £'(v(s))¢t,

y = fé(v(s))t, do meet at s = V(S)’lﬂ“?. Since by (4.3)

y(uo) = 2u0 - 2e(uo)2 ln(uo) + (e-l)(uo)2 (4.18)
1+ . '
= 2exp E-—z:e:-) - 2e exp [“ —1';‘.%) (' '1—;%) + (e=1)exp l\" '1%:') ’

= 2uo + 2eu§

i
|
i
!
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we have that

w(s) = ~e(s - uU/I!)Z +(2 + g (s = ug/2) +ug(L + 3rug/a). (4.19)

Thus

u
w'(s) = -2¢(s ~ —g) + 2 + 3eug, (4.20)

w'(s) = -2¢ < 0, for ¢ > 0,

and we see that the shock curve y = w(s), x = f'(s) = 2s is concave

' = = = "
down. Furthermore w (uo/Z) 2 + 3£u0 2 + 6e(u0/2) fe(u0/2).

Thus the shock curve meets the curve y = fé(v), x = £'(v) ctangentially.
To verify the entropy condition for @, it {s necessary to show

that

W(k,8) = (2w(s) - 2sw'(s)) (k=(uy=s)) (4.21)

+ 02 - (ug9)D wi(e) - &+ e - (yme)? - elagreH2 2 0,

for uy-s < k < s, (u0/2) < s < uy. Substituting (4.19), we have

2
W(k,s) = (k + s - uo)(2€s2 - 2eu0) + (k2 - ué + Zuos - 82)f4€u - 2¢esg]

0

4.22)
- 2[€k3 - eug + 3rugs - 3€u032 + €s3].

It is now easily checked that W(s,s) = w(uo - s,s8) = 0; this verifies

Condition 2.1, the Rankine-Hugoniot condition, for Q2. Next

%% (k,s) = (2532 - Zeug) + 2k (acuo - 2¢s) - 6ck2 (4.23)




&~
-

1 2 1 .
=0 for k = - 3 s + 3 Y * 3 (25 =~ uo)
1 1 -
=58 + 3 uy OF uy - s,

Thus for each s, W(k,s) is cubic in k, with a single root at k = s
and a double root at k = uy = s = v. Since these are theonly zeros of
W, and the leading coefficient of W is -2e < 0, and v < s, we conc lude
that W > 0 for v < k ¢ s.

Note that in the above proof ¢ may be arbitrarily large.
Furthermore ii: ug = e‘is; .61 < 1, Also, the double root of W at
k = v shows ;hat Q is a two dimensional analog of a one dimensional
scalar contact discontinuity.

Finally, to prove that T[1l, O: u0] satisfies the entropy

condition for all € > 0, it suffices to show

W(k,s) = (2v(s) - 2sv'(s))(k-0) (4.24)
2 ' 2 3
+ (k“-0)Y'(s) - 2(k" + €k™ - 0) > O,
| lte
for 0 <k <5, uy =e Ze_is < 1. Substituting (4.3) and (4.4),
we have
W(k,s) = (2(2s - 2es’ln(s) + (e-1)s) (4.25)

=25 (2 - 4esla(s) - 28)) k
+ k% (2 - 4esln(s) - 28) - 2 (K% + ek2)

= 2k (82 (2¢lns + ¢ + 1)) + kz (-4esln(s) - 28) - Zek3.

Thus W(k,s) = 0 if k = 0, or if k = s. We have already seen, in (4.5),

oW oW
that 3K (0, 8) >0 if s > uys and 3 (o, uo) s 0, Since W is cubic

in k with leading coefficient -2¢ < 0, we may conclude that W > 0

for 0 <k <s, u, <s <1.

0
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