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Abstract

The results of this paper concern the nonlinear parabolic P.D.E.

au- 2U D-U- = f

u(0, t) = u(1, t) = 0

u(x, 0) = u0 (x)

where u represents the mean velocity field of a turbulent flow in a plane duct,

and UT (u) = G(x) , t)J is a model of turbulent viscosity based on the
length scale of this flow.

First we prove the existence of a solution as well as some results on re-

gularity. Then we demonstrate that u is positive inside the domain, hence the

sane result holIds for 3u/ax(0, t). The latter result is crucial for the unique-
ness proof which is developped in the last section.
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Key Words : Turbulent viscosity model, nonlinear parabolic P.D.E.,
maximn principle.
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SIGNIFICANCE AND EXPLANATION

The turbulent viscosity assumption is the simplest turbulent closure

of the Navier-Stokes equations. Of the possible models, some are of physical

interest. In the case of the plane duct, a model based on the length scale,

Uf, of the flow seem appropriate. Moreover, the introduction of such a model

in the Navier-Stokes equations leads to a novel nonlinear parabolic equation,

whose mathematical study is the subject of this paper
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The responsibility for the wording and views expressed in this descriptive
summary lies with MC, and not with the authors of this report.
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MATHE4ATICAL AND NUWICAL ANALYSIS
OF A TRMCIT VISOSITY MDEL

C. M. Brauner and C. Laine

o - INTnOwULTION

This paper is devoted to sane mathematical and numerical results on a

particular model of turbulence in a plane duct. In this physical case, the

statistical average of the basic Navier-Stokes equations leads to a one di-

mensional mean velocity field equation. In order to close this equation we

adopt a turbulent viscosity model based on the characteristic velocity scale
1/2Uf = (Go13U/xI1,ll) (see the Appendix Al). This efficient model induces

a rnlinear parabolic problem

u V 3U a (U u , fuT - o Tx- r T-. ( -"T (u 2 f

(0.1) vT(u) = G(x) 12u-(0,t) 11/2

u(0,t) = u(1,t) = 0, u(x,0) = uo0XW

whose study is the purpose of this article. In (0.1) v > 0 is the kinenatic

viscosity of the fluid, while the positive function G adjusts the turbulence

level (see details in the Appendix). Several assaptions on G will be made

below. The function f represents the pressure gradient.

In section 1, we prove the existence of a solution via a Faedo-Galerkin

method and we construct a sequence of approximate solutions um in a finite

dimensional space. To pass to the limit as m - + -, we make use of a compact-

ness argument. In section 2, we prove further results of regularity by the

same methods, namely in the space L2 (0, T ; H3 (a)) n L(0, T ; H2 ()). A di-
au

rect consequence is that u is continuous, and so is (0, .)
x

The main point of the paper (Section 3) is to prove that u is positive in

the case of positive data. This result will be the consequence of a Harnack

inequality for parabolic equations due to J. Moser [6], [7]. Then we adapt a

proof by Protter and Weinberger [8] to demonstrate that L (0, t) > 0. The
3x

latter result is crucial for the proof of the uniqueness, which is developped

in the last section.

Finally, we briefly present sane numerical results in Appendix A2.

D~partanent de Math6atiques, Informatique, Syst~mes Ecole Centrale de Lyon,
69130 ECULLY, France.

Sponsored by the United States Army under Contract No. DAAG29-80-C-0041.
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1 - EXIS.CE OF A ... l . .W

We are looking for a solution to the problan

( u o u a au
rt.) - - T X) - f

with the boudary and initial conditions

(1.2) u(0, t) = u(l, t) - 0

(1.3) u(x, 0) = UW(X)

In (1.1), vT(u) is the *turbulent viscosity"

(1.4) vT (U) - G (x) 4I 'U t) l

Let n -o 0, and T a positive mrze, we de ote - n x O, TI:,
and we asam that

fO L 2 (), u 6 H'(0)
(1.5) 0 00)

G6c' (S), G(x) >v > 0

Let us introduce the following notation ( , ) is the inner product in
L(n) an. the asociatednoIr • I s. theo min L OM. .Any other

norm will be indicated explicitly.

We introduce the eiguifunctian of the operator - d2/dx2, namly
W, (X) - sin jwx, j - 1, ... , m Then - wj" - A iwj, whr Xj -{ i) 2.

m

We defin umt) -M Eg. M as the solution, on som interval [ 0, t3 J.
of the differential systan :

a
2u al3' )112(1 a

(u;tM), ). -o - (t), Wj) - IZ-(0,t)V'((j Gx) --(t), wj) -
(1 .6)

- (ft), M j) 1 m

(t) Practically vl " G(0) <<v0o i.e. near the wall only the kineatic visco-

sity ours.

-2-
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(1.7) urn(O) Uo =projection of u0 onV ()

I . - A riori estimates

Lim( a i1.1 The sequence um is bounded independently of m in the spaceLr (0' .11/4 aurasbunediL~2 (0, T ; t s)) n L(0, T ; L2I (Q)). Moreove a-.- TX- bonedi
' the space L (0).

P40d: Multiply Eq. (1.6) by g. (t) and sum fran j = 1 to m. Then
au au au2 % ,

l2d t m +V l-(t)112 + I n m-(0, t) 11/2 'M(t)) dx<

S (t) II Um(t)I 2

where c1 is any positive constant. According to Poincar's inequality, there

1 30 (t)1t)
exists 2 

> 0 such that v I1 t)I- 'L fu (t )11220 x C2  m HO (S)

Then, choosing c1 = c2/o, and integrating fran 0 to t

Ilum(t)112 + V I u ((-r) 112 ) r +

t au  J u
(.r!())2 dXd CI II I(1.9) +2 - (0, T)1/ 2  )G +

o axm

+ 2t If()II' dT
0 0

The R.H.S. of (1.9) is bounded by

I1I.,+c2 TIftIdt=c 3

ASIIu(t) 2 2 < c v t e [0, TI, we infer thatt = T and we have the estimate
in L(0, T ; L2 (Q)). Taking t = T in (1.9) gives the estimate in L2 (0, T ; H' ())-
Finally as G >, v I > 0

(t) Vm is the space generated by wl, .... wm.

-3-
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auau (t ) 3(1.10) J -.- (0, t) (-A (t)) dx dt <

and the proof of the lam is complete.

Now we estabLish a sharper estimate

Lema 1.2 : The sequence um is bourded irlependently of m in the space
c1 0 . /492mis boneL' (0, T ;. H' (W) n ,e(0, T, H oeav ax,.= aX.°2(,, / '

in the space L2(Q).

P •00d In (1.6) we replace wj by - 1Aj w." we multiply (1.6) by g. (t)

and again an fran j = 1 to m. Clearly :

11UM (t)112 + Ho I (t),12 I - (o, t11/2) a' 1
TF ax TT ax i G'e0''d

(1.11)
Lum~o, t11/2 Du 2U u

f m t(t) (t) dx = 2 (f(t), m(t))

Integrating from 0 to T, it turns out that

aI! aMu - U 1/4 a umu 2

I -(-T)i 2v0 i -p- I, (Q) 1  R 1 - .IL' (Q)
92u M+I duom 1 +

(1.12) 4 2 11fllL 2 -(Q) -I I + I1a--II +

i au a2u
+ d Ot /  Il ax-(t) I I--(t) I dx dt

We can find an upper bound for the R.H.S. in the following way

X 2 J -M(O, t) 11/2 j!K I Iu(t)[ I I-(t) I dxdt -

(1.13) 2 d auIOt)14ja()U

2) " 4 I,) E!(0, t)I 11/4  (t]dx dt

2a -I(o,.) 11/4 at.
SL (0) 1/ (Q)

and by Young's inequality,

-- 4-



x v1 ai -(0,.)i I 2 () +

(1.14)
2 u 1i~U 2

+_I ~ ~x ILIG(1'11
+vI dx . il IDXM(O,.)I/ -"'I IL, (0)

Now taking (1.14) into account and again applying Young's inequality to the

quantity IIfIIL2(Q).1I I x'IL2() , (1.12) bes

0 0

a'u2U11 x( 1 + 1) iHo II _, y 2(0)+

(1.16) +v isbounded in L2 (Q).

Now the estimate in L (0, T ; Ho (n)) is obtained by integrating, (1i.11)
ttot+in yU(0 1/4OM aU 2

rtlet us note ha x-I -(iL2(Q)

is uo-i'ded by (1.15) ; so Lem0a 1.2 is proved.

a 2U

Lenma 1.3 : The sequence u, is bounded in L2(0, T ; H- (Sl)).m

P006 : Introducing the projector P from L2 (n) into V , we may write

m m
m2u r aum u

(1.17) Um=V ° M')+ P (0 x' t)1 1/ 2 I f0 MTX_ M axax(G ax )]+

It is well known that P enjoys the following properties
m 1 PMI19(H' ;H'f 1

and, as Pm is s ef-adjoint, 0)'m' l(H- ; 0-) ., 1.

As a result of Lema 1.2, u is bounded in L (0, T ; HZ(nl)) and by Sobolev

embedding, in L'(0, T (5)). Therefore, I au/ax(0, .)11/2is bunded in L(0,T)

then, as L (G aum/ax) is bounded in L (0, T ; H
I 

(Q))

-5-
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'n 1/2 3 -
(118 !~(01.)I r (G -) is bounded in L'(0,T ;H (ai)),

hence, Lem 1.3 is proved.

1.2 - p-mu* to the limit

FrcM the above lemm, it follows that we may extract a subsequmne UU

such that

(1.19) u- *u in L 2(0, T ; H2 (A)(0 HO(Q)) weekly.

By a compictness theorem (see e.g. Lions [4], p. 57-58 with

B0  H2 (Q), B1 = H- 1 (11), B - €(f0), > 0),

we can extract another subsequence, also denoted by uU, such that

(1.20) s u in L2 (0, T ; H2 (fl)) strongly.

But we Iwuy choose c > 0 mall ecugh that the Sobolev embedding yields
H2-" (n) C C (,(in fact 0 < E < T). en,

(1.21) u u in L2 (0, T ; C1 (1)) strongly1,J

and

(1.22) /2 (o,.)1 (0,.)I'/2 in L (O,T) strongly.

Let j be fixed in (1.6) with j < 1. As vt - + -, we get
alu au 1/2 ( u13t

(u' (t), Wj) - V ("- (t), w-) - IF- (G ,,), w) (f(t), w.)
(0 0- J X- a

for j - 1, 2 ... , hence u satisfies the equation (1.1).

So, we have the following existence theorem t

Theoum 1.1 s Under Amuqptions (1.4) and (1.5), Problen (1.1) ... (1.3)

possesses a solution in the space L2 (0, T ; H2 ()(1 LW(0, T; H()). Moreover
Tx 1/4 aand u(,,)11/4 a u belong to L ()

T- ax -3

--- 6-

. .. . .. . .. .. . . . . I| 1 . . . . . -. . . . . . . . . .. . . ..,,'! . ..



In order to prove the uniqueness, further regularity results must be es-

tablished.

2 - RESULS CN REOIARTY

2.1 - ReuLlari t in Sobolev spces

Theo'im 2.1 Let us assume that f, G, and uO are given functions with

(2.1) f e L'(0, T; H (l)) 0{

(2.2) GCC 2(5) ; G(x) v I > 0, G'(0) = G'(1) = 0

(2.3) uO e H7 (Q) n 1 (m)_

Then any solution u to problem (1.1) ... (1.3) obtained uia the preceding

section satisfies

(2.4) u eL(0, T ; H3 (Q)) i LZ(O, T ; H2(Q))

Pkoo6 From the definition of the eigenfunctions wj, we may replace in
(1.6) w. by - 1/X 2 w.(1v). Multiply (1.6) by g (t) and sun on j

jI im
a4u D2u aWu.x- ( t , t)) - Vo (T-r-(t) , rT )),

(2.5) aum' 1/2 L a u um  a

- I ~(0, t)IR ( (Gx (tax , -(t)) (f(t), rx- (t))

which may be transformed into

2U aU

.12.6)

m- -(0, t). (11/ (G LuM , n-( = (f(t), "-(0)
ax ax ax aX4 aXF.

-7-
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The main term is

S um  a 3u 9u
( (G - )

aX4t) dx a

- 57 - -(())

we capute

U a4U au alu t)
S (t) (t )  ,- -t

as G'(0) = G'(1) = 0
d T' t ) 3 --D 3m(t)) + G IUm  3 UM

- ( G -- at a) = . ux

P a2u a3u a3 u a uG M (t) ) (G %--(t)) M

(d=G M~t- (t) ) + -( t), t)

Consequently (2.5) may be written :

I 2 3 UM

a% 1/2 3
U 'u M+ l---(0, t)l G e M- t), -(t))=

2.) = -2 t), -(t))

22 JI as aU xd

(2.8a 9I--(0, t)11/ 2  ( (t) -

2 B d, a~,. 1/2u aBf 8 3Um

- Ir- --(0) I /2 m(t' . (t)) _ x (t), .x (t))

SBy integration fromt 0 to T, it follows that

a x- ax'

()2u 2 v u 11 M 13l lau(ml 0 2 -I.T I L2. (0)+

S+ 2 mo x''(0, t) 11 /2 G ( 3'u-m(t))2 dx t=
1 (2.8) aJ-o)j au 32 U-- D3 x

a
3

u au , ),/d 2 
au (3 um= (t)a t) dx dt "2 (, t -- (t) dx dx dtjc -x a Q ax '0' ar x X--- 2

'-8-- ';



Assmption (2.2) aboxat G then anables us to get

2um  u 1/4 U
~m(T)I2 + 2 v 1-41 + 2 v I I11/4 3 2 Q

0 L- (C)IL2(Q) 

32u 2 3u azu

DX2,- o ll + 4 I!Gi1I I 1- a-m,.)1" a-2 M L 2(Q)
(2.9) au a3u umII m 1/4 m3u + 'f ~

1II 1 M-(0,-)11/4 a3 iL2 (Q) +  2 1 11L0(Q)" I L2--0 L (Q) +

d21 G au 11/4 'um 11 1 au 1 4+ 2 I TFI= 11 I -xmo,.) -- 1L2 (Q) a l/ I xm L2(Q)

By applying Young's inequality to the R.H.S., we have, with c1being any positive

constant,

2 u /4 a2u 2u 1/4 V
U

4 o,.) -- II axL +x L' (Q)

+ 2 c1VGH 111_(0,.)I1/4 -m
S 1 ax W -I L2 (Q)

1 xl 1 19xm(u . 11/4 TXj 3 ,3u i 122Q

On the sane way, for any c2 > 0

u W 4 u I u u1/ 4 _ 3 U

21 l 1/4 m x 'Q)(I I- .C ,I2 !- I I (o. ) -'- 3 i3 (0 ) I L -Q

au 1-o,.)11/4c 2 d x 3- - I I ,2 (Q ) +

+ c , C C . I- (o, .)1 1/ m-l- I .o2; IL" 11 .)lax L2 (Q)

and for any c3 > 0

u 1 f 32u 2
21 ILI i: (0) [ I X l I Q ) ( < ' 1 x'L (Q) + c3  1  Tx- 1 L' (Q)

3

Then it is convenient to choose c1 , c2 and c3 such that

C3 0\ 2 1  dxI C 2  d2G

-9-
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to obtain the following relation

a2a ,, Pu 3 1 12
I M (T)II + V I I--I IL ( ) + V1  2 Q)-(o,.) I ,IIL2(Q)

au 2 1

(2.10) u I ~~0i , + E I { L II I ly (o,. / ax HL2 (Q)

+1 i* I i . o.1/4 u m  i
11 !- '.I I, L2(o) + 11,..2(Q)+ c2  0

By eas 1.1 and 1.2. ardsa'ou -u in H2 (n), the R..S. of (2.10)

is bxrmds. Then, the sequence um is bounded in L'(0, T ; H3 (f)). The estimate

in L'(0, T ; H2(j)) is obtained by integrating (2.7) fron 0 to t, 0 < t < T.

Therefore Theoremn 2.1 is proved. Note that we have in fact proved the sharper

property :

122(0,.) 1114 alu  2(0

2.2 - Continuity reslts

The application of the "theorem of intermaiate derivatives" of LICUM and

M.GEN [5] will enable us to establish the continuity of u and (3u/3  (0,.)

from Thoren 2.1.

Theoitem 2.2 : Under the Assumptions (2.1), (2.2), (2.3), u is continuous

in , ard A(0,.) is continous in [0,T].

:tod As in (1.17), we write

ar 9: 1/2 ax axu =vo m ( -=)+ -a"(0,t) L G. J+

According to the propeies of the projector P we see that the sequne

is bounded in the space L (0,T ; He O)), therefore 3u9t belons to that space.

Summarizing, we have

(2.11) u e L'(0, T ; E'(n)), B L' (0, T ;H' (n))

-10-



From the theorem of intermediate derivatives (LIgNS-WfNES [51) we infer

that u belongs to C°([0, TI ; H2 (Q)) and by Sobolev embedding

(2.12) u e C°([0, TI ; C1 ())

hence the theore.

N

3 - MAXDMM PRINIPLE

In order to prove uniqueness, it is crucial to establish the positivity of

8u/ x(0,.). This result will be the consequence of the positivit' of u in Q.
This latter result comes from a Harnack inequality for parabolic equation due to

J. MOrSER.

3.1 - A Harnack i"lity

Let us recall the following result due to J. MOSER [61,[7].

Let f denote an open bounded set in IRn and Q = Q x 10, T[. We consider

the equation in Q

(3.1) D - (a (x ,t) -- 0
F irj axi ij ax

where aij are bounded functions such that

0 < X 4, ai % < A <4 E (E ... ) e< n AI< C 11 i,j

(3.2)
1 aij m aji

{ Let u be a weak solution of (3.1) such that Du/3t, Wa/ , iffl,...,n ,

belong to L(Q). We suppose that u is non-negative in Q. We consider a compact

and connected subdomain of S, A, and two subintervals
;I- f t, t I < t < t 2 } ,i + = ft, t 3 < t < t 4 where we assume that

S0 < tI1 < t 2 < t 3 < t 4 < T. Define

!Q- =Ix A ,Q+:I x A

~-11-
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Lenia 3.1 Any non-negative solution u of (3.1) satisfies

(3.3) es sup u c(A+ ess inf u
Q

waere c > 1 is a constant which depends only on Q, , Q-.

3.2 - Positivity of u

Here Q is again 10,1[. We shall apply the above result of J. MOSER to an

auxiliary probles. First we prove that u is non-negative via the weak naximn
principle.

Leom 3.2 : The hypotheses are (1.4), (1.5). Besides, suppose u0 non-nega-

tive in 9 and f non-negative a.e. in Q, then any solution u of Problem (1.1) ...
(1.3) is mn-negative a.e. in Q.

toog : As in LINS [4] p. 290, we nultiply (1.1) by u-(t). Then after
integration over Q, it follows that :

d IIlu' (t) 11 - 2 vo I1 J u (t) IlI + 2 1 u( ) G ( 3 (f ) ) 2 j

+ 2J f(t) u-(t) dx

which yields -iAu(t) , o - 0, I1u-(t) 1-0, Vt.

For u any solution of Problem (1.1) ... (1.3), we introduce row the auxi-
liary linear Probem

(3.4)
U(0, t) - u(1, t) = 0

u(x, 0) - uo(x)

Lemwa 3.3 -The hypotheses are (2.1), (2.2), (2.3), u given by Theorem
2.1. Also, suose f no-negative a.e. in o. Then e @Co(6) and u(x, t) >u(x, t)
V (x, t) e Q.

Pfooj : Problem (3.4) admits a unique solution u e L (0, T ; H'() A H' ())
02i 2 (0), the n 14 e c (6).

at t u1
-12-



Set w =u - u and w satisfies
°aw a2w 3 U 0  ND2 (Gx f > 0

(3.5) w(O, t) = w(l, t) = 0

w(x, 0) = 0

Clearly w > 0 by the weak maxima, principle.

Theo4em 3.1 : The hypotheses are (2.1), (2.2), (2.3), u given by IThe-
rei 2.1. Besides, suppose f ncn negative a.e. in Q, and u° positive in 1. Then
u positive in O.

P •ooS By Leuna 3.3 it is sufficient to prove that u > 0 in Q. We apply
Lemaw 3.1 to u with S = ]n, 1[, aj(x, t = a(x, t) = G u ((0 t)) 1  +1
=- and A =v + sup G(x) . sup (,(0, t)) " ax-

xet e [0, T]

We prove u > 0 in Q, exactly as we did in Imma 3.2.

Now let x° e n be fixed. Since u e C*(6) and uO > 0 in Q, there exists a
closed interval A c Q containing x, and a time T, such that

(3.6) u(x, t) > 0 VxeA, 0< t< T

Next, let t > T be such that u (x, t*) = 0. With the notations of Leuna
3.1, we choose t1 and t 2 such that 0 < tI < t2 < T. Then we consider

t3 =t*-, t4 =t*+ (c > 0 sall enough).

So, inf,+ 'U = 0. Therefore as a result of (3.3) SUPQ_ u = 0 which is indeed
inconsistent with (3.6), and there does not exist such a tine t*.

Remak 3.1 : The above demonstration may be extended to the caseu ° > 0 only

ona subainof0.

3.3 - P!iIxM of__La'(-.)

From the positivity of u, we will deduce the positivity of 3u/3x(0,.).

-13-
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Thw.04m 3.2 1 The hypotheses are those of Thecren 3.1, then (-0  t) is
positive for any time t > 0.

tood: Here w adapt a proof due to PF1'Ir= and MEDI (8] in the
cam of strong solutions.

We shall denote by L the operator with bounded coefficients defined by

L v - .- a W--- b ax3u

with a(x, t) - + (u(0, Q))1/2 G(x),

b(x, t) (L((O, t) 1 / 2 Ax)

Set P (0 ; to), to> 0. le wnstruct a disk K with center at (x,, tl) omtai-

nod in Q, and tangent to 30 at P.

t,

P 
ce 

(K)

D

*Fiqtel IX

Wlb also const-uct a disk K with center at P and radius less than x1 . We

dete by C the closed arc portion of aK1 contained In K, and by C" the open

arc portion aK contained in K1. The arcs C' u C" fbm the boundary of a lens-

shmped region D.

Since u 0 CO(6)arl u > 0 in 0 we have
(1) u > 0 an C" (except at P) ; (ii) u - 0 at P ;(iii) there

mitste a sufficienly small n > 0 such that u )n on C'.

-14-
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We now introduce the auxiliary function v(x, t):

v(x, t). = - exp (- 8 [(x - x1), + (t - t 1 )2 1) + eXp (- a R2 ) and note that

L v = 28 exp (- 8((x - x )2 + (t - tl) 2 ]) [28a (x - xl) 2 - a - b(x - x1 ) + t -t]

Thus, for sufficiently large we have Lv > 0 in D. Set w= u + c v for

> 0. Thus L w = f + c Lv > 0 a.e. inD. Because of fact (iii), we can choose

e so small that w > 0 on C'. Since v =0 on 3K, we have, because of (1) w >0 on

c", except at P and w(P)

It is easy to show by the weak maxium principle that w > 0 in D. We deduce
that Dw(p) > 0.

On the other hand, we see that (av/3x)(P) < 0 since
xV(x, t) = 28(x - x1 ) exp(- 8[(X - x) + (t - 1

3 v p 2 (8 2 < auf l 3Up @=w 3v

-- (P) =-2B x, exp (- B R2) < 0, and finally, N(P) (P) - LY(P) > 0

Coutao~ 3.1 : the hypotheses are those of Theorem 3.2. moreover,

suppose Z (0) is positive. Then there exists a constant a > 0 such that

(3.7) 2 (0, t) 2

P40d: The corollary is an easy consequence of Theorem 3.2 and of the

ccntinuity of L (0, .).

4 - UNIQUENESS

The above results will enable us to prove the uniqueness of a solution

to lcoblem (1.1) ... (1.3), namely

Theotem 4.1 : The hypotheses are (2.1), (2.2), (2.3). Besides we assume

that f is non-negative a.e. in Q, uO is positive in S1 and L (0) is positive
dx ()i

Then the solution of (1.1) ... (1.3) is unique.

Pko : The proof of the uniqueness is a non standard application of

Gronwall' s lemma.

-15-
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Suppose there exist two solutions u1 and u2 . Sumnarizing the results of
section 3, there exist 2 positive constants a and K such that

(4.1) 0 < a (ui(0,t))' 4 < K, 1=1,2 V t e [0,T]

Now set u-u I - u2 , and u satisfies

(4.2) u u 1/2

q{~aLa (0, t)) 1 / 2 _ (2u (0, t))1/2)jL (G au)

(4.3) uO, t) - u(U, t) - 0

(4.4) u(x, 0) - 0

Multiplying (4.2) by - '" yields

I'd II(t)I + V Ij13U(t)1I2 + (2)x(O,t))1 2 (G -U a2U

_ (!U,n t))1/2 (rU l)U,12

(4.5)

- ((iax(O, t)) 1 / 2 
- 2,O t)) 1 / 2 ) (G a2 32)

Note that :

I( au(o, t)) 1 /2 - ( o, t)), 1 ; 2U (0, t) - .2(o, t)I
(RulxU(, t))1/2+ "(2, 0O t))1/2

(4 .6)axx
dxI(o t) -(20(o t)l 2, t)

< x ax ax

Since
(47) IU(o tl) 4 II --u II 1/2 11,2Ult)111/2

it follows that

-16-



_ 2u 11/2

and by insertion into (4.5)

ud a 2 2u 2

IIj(t) II + V 0 I IT~t) II + a V1 Hu~(t)II 6
.< K II--1 II. Lu(t)II I2L(t)II +

(4.8)
+ ! 12211_ Ija~t)I II L~t)111 2 uj 13/2

a dx ax ax3X
+ !L2 JIGII 11 U (t)I 11,U(t)111/2 112U~t ,1/

+ ll~ll, U II I (,l3

Tb estimate the R.H.S. we apply the Younj inequality three tines C , C2, C3

being as usual any positive constants,

K I & I (t)II I 2ut K u 2

+ aK hlhI I 1t) 
(2

B~~u~~t,1 L1 1)U 1(t 2BU't)I

Ilu(t)ll1/ 2  .(t) 111/ 2  I1; (t)1,i 2 32ui

+ h-2.-(t) 112 1, 2 + C,--I qj 11h il + - ,,I +21 IU(t)II

l2t3 ) 2ax 2 3

Therefore (4.8) becxues, since a2ue L'(0, T ; L2 (0)) from Theorem 2.1,

1, l--tI + llI-4(t)ll [d Ii -1I -

fuI Dx IjjLU)I II 0 + a IV K hII '(0,T14 1.
/2 (1 IGI1. I ax"p 1 + +I I ax ,+. :

L (0,T;L2 (1)) a L (0,T 2C )

(4.9)
< 1()11

2  dG 12 o

+ IIL h I jil1. + -
L 1 C3C2  L (,T;L'(Q))

a2u 2

Choosing C1 , C2 , C3 in order to eliminate the coefficient of I3 (t) I 2 in te

L.H.S., it follws

-17-
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m Qcman' -s lea, N(t)l" 0 , v t. Hn c  u L22 in and

the uniqueness is proved. a a t c

APPENDIX

Al- THE PHYSMRL PROBLM

The flow unds cosideration is incompressible ; the equations decribing
the turbulent field follow from th '-atistcal werage of the Navier-Stokes

equations, using the classical decomposition of the velocity field into man
and fluctuating omxn uits = b have then

(A1 3 1  - a~ i- a
;tS r - rxi1 +vcrTi ax

(A.2) a . 0
ri

To close Equations (A.1) and (A.2), we use the turbulent viscosity assuMi-

tion given by

(A3- 30 1  aty
UU T. (i-+ ix.4)+ I i26i

j i

wreU j is the Reynolds stresses tensor. In (A.1) the kinetic ergy 2 =u i

will be absorbed into 9 and so will not need to be calculated explicitly.

In particular, we consider the turbulent fluid in notion between two paral-
lel planes at a distance 2 D. Let u(x2 , t) be the mean velocity of the fluid at

a point x2 e [0,2D], at a time t. The physical sinplifications of the general e-
quations lead to:

aU o U 1 P (u )
(A.4) au i~ L_ - D a

TE 0 xz P ax

In this case, the turbulent vis city V T is chosen as a function of the

characteristic scale uf, and so is defined by,

-18-
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where G (x)_is a polynomial function adjusting the turbulence level. consequently,

with - 1 - - f being given, and using the turbulent visosity model defined in

(A.5), w hlve

(A.6) (G WU~ f
S V 7 (G(x) U(0, t)j U +

where x heceforth only denotes the spatial variable x2 , which is here a dimen-

sionless variable.

A2 - SIE NRUMCAL RESULTS

We are interested in computing the established solution of Problem (1.1) ...
(1.3)

(Aol Oy = (G(y) 1U (0) 1112 U ) + f onS2 = 10, 2D[

G(0) = 6(2D) = 0

First we reduce (A.1) to di zensionless equations by introducing the cha-
racteristic length and velocity of the flow, defined by
(A.2) =2D Uf = -I-D

p dx

Using a new set of dimensionless variables,

(A.3) u /u o  , x = Y/2 , = (uf.2 D)/v o ,

the mean velocity field becomes,

u-U = Rf 1/2 (G(x) I (0) 1  on0,1[

(A.4) U0) +u f
u(0) = u(1) = 0

in which we choose G(x) according to a modified Van Driest model ([9] p. 194)

The computation has been realized with a classical fixed point method
also, we have tested an optimal control method, to point out the capability of
this algorithm to solve nonlinear equations with a very large nonlinear/linear

ratio (in the experimental cases Rf is larger than 5000 I).

-19-
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We have used a non regular subdivision of ]0,1[ in order to havu a better

approximation of the varibles in the wall regice, where the gradients are

large. Nmely we take a x2 - sibdivision. The internal apox tijcn is reali-

zed with the Lagrange finite element P. o The algorithm efficiency depends on
the physical meaning of initialization. The "parabolic" profile corresponding
to the laminar solution leads to good ornvgenoe of the method (note that the

sequence is alternating).

Physically, this model has a good efficiency since it does not dmimrd any
parameter adjustment. Moreover, it is able to predict the mean velocity field
into the whole duct. Other tested models only work in a subregion of the duct,
hoe border belongs to the so-called "logarithmic zoe". In this case, idmo-

gOUS boundary conditions should be prescribed. Figure 2 shas a cmnparison
between the experimental results of a0ra-BEET [1] and our numeical results
for a Reynolds nuiber Rf = 5160.

AN 4 S - This paper was comleted when the first author was visiting the
Mathematical Research Center of the University of Wiscons -aison. We are inde-
ted to Professor M.G. Crandall who brought j. moser's work to our attention.
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