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Abstract

The results of this paper concern the nonlinear parabolic P.D.E.

3u 3%2u 3 duy _
3t " Vo u ~ax MpW ) < f
u(0, t) =ull, t) =0

ul{x, 0) = uo(x)

where u represents the mean velocity field of a turbulent flow in a plane duct,

and v, () = G(x) ‘]l%%(o, t)| is a model of turbulent viscosity based on the
length scale of this flow.

First we prove the existence of a sclution as well as same results on re-
gularity. Then we demonstrate that u is positive inside the damain, hence the
same result holds for Ju/3x(0, t). The latter result is crucial for the unique-

ness proof which is developped in the last section.
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Key Words : Turbulent viscosity model, nonlinear parabolic P.D.E.,
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! SIGNIFICANCE AND EXPLANATION

~The turbulent viscosity assumption is the simplest turbulent closure
_ of the Navier-Stokes equations. Of the possible models, some are of physical
' interest. In the case of the plane duct, a model based on the length scale,
Ug, of the flow seems appropriate. Moreover, the introduction of such a model
in the Navier-Stokes equations leads to a novel nonlinear parabolic equation,
whose mathematical study is the subject of this paper.\
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The responsibility for the wording and views expressed in this descriptive
summary lies with MRC, and not with the authors of this report.
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MATHEMATICAL AND NUMERICAL ANALYSIS
OF A TURBULENT VISCOSITY MODEL

C. M, Brauner and C. Laine

f 0 - INTRODUCTION

i This paper is devoted to some mathematical and numerical results on a
particular model of turbulence in a plane duct. In this physical case, the
statistical average of the basic Navier-Stokes equations leads to a one di-
! mensional mean velocity field equation. In order to close this equation we
t adopt a turbulent viscosity model based on the characteristic velocity scale
k. Ug = (volau/axlwan) 172 (see the Appendix Al) . This efficient model induces
! a nonlinear parabolic problem
Sy 2y 2w By
o Ix ax T Ix’
1/2

@
e

(0.1) _ du
Vo) = G(x) IK(O.t)[

u(0,t) =u(l,t) =0, u(x,0) = uo(x)

whose study is the parpose of this article. In (0.1) Vg > 0 is the kinematic
viscosity of the fluid, while the positive function G adjusts the turbulence
level (see details in the Appendix). Several assumptions on G will be made
below. The function f represents the pressure gradient.

In section 1, we prove the existence of a solution via a Faedo-Galerkin
method and we construct a sequence of approximate solutions u in a finite
dimensional space. To pass to the limit as m + + », we make use of a campact-
ness argument. In section 2, we prove further results of regularity by the
same methods, namely in the space L2(0, T ; H (2)) n L°(0, T ; H} (Q)). A di-
rect consequence is that u is continuous, and so is g—;— 0, ).

B R TP SN

The main point of the paper (Secticn 3) is to prove that u is positive in
the case of positive data., This result will be the consequence of a Harnack
inequality far parabolic equations due to J. Moser [6], [7]. Then we adapt a
proof by Protter and Weinberger [8] to demonstrate that g—: (0, t) > 0. The
latter result is crucial for the proof of the uniqueness, which is developped
in the last section.

Finally, we briefly present some numerical results in Appendix A2.

Département de Mathdmatiques, Informatique, Systémes Ecole Centrale de Lyon,
69130 ECULLY, France.

Sponsored by the United States Army under Contract No. DAAG29-80-C-0041.




1 - EXISTENCE OF A SOLUTION

We are looking for a solution to the problem :

3u 3%u 9 u
(1.1) 5t~ Vo 5 " 3% (v,r(u) H) = f

with the boundary and initial conditions :

(1.2) u({0, t) =u(1, t) =0
(1.3) uix, 0) = uo(x)

In {1.1), v,r(u) is the "turbulent viscosity” :
(1.4 vp(w) =Gix) Iﬁ(o, t) |

Let 2 =J0, 1[ and T a positive muber, we denote by Q = 2 x 10, T[,
and we assume that :

£feLQ), u e n:)(m
(1.5) ¢
cec ), Gix) >v;>0

Let us introduce the following notation : ( , ) is the inner product in
L’®) and || . || the associated noem,|| . || is the norm in L (?). Any other
norm will be indicated explicitly.

We introduce the eigenfunctions of the operator - d?/dx?, namely

wj(x) =gin jmx, =1, ..o Mm... . 'rhm-wj -AJw, wherexj = (§m) 2,

We define y (t) = j-l Iy (t)w; as the solution, on same interval [0, t ],

of the differential system :

- (9p(8) s W) = vy (5;,— ® . w) - I3 u“‘(o t)ll/z(—-(G(x) “‘(t)), w) =
= (£(6), W) l1g3¢

t Practically v, = G(0) << V! i.e. near the wall only the kinematic visco-
sity occurs.

e e o
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(1.7) %‘(0) = uom = projection of u, on vm &

1.1 - A priori estimates

Lemma 1.1 : The sequence w is bounded independently of m in the space
(0, T EL@NALT(O, T ; L' Q). Moreover |§-x@(o, .1’/4 g-;i“- is bounded in
the space L7 (Q).

Proof : Multiply Bg. (1.6) by 95 (t) and sum fram j = 1 to m. Then :
m

du 3y du
L& e @l + v, HRm 117 + 1520, /2 Lﬁ‘rxm‘t’)’ ax ¢

c1 2 1 2

€ 7 leol™ 5 @il

1 H

o

where < is any positive constant. Aocord\i,ng to Poincaré's inequality, there
e YT N PINC] 2
exists ¢, > 0 such that v Hax wll* 2 s Ilum(t)ll .
(]
Then, choosing ¢ = cz/vo, and integrating fram 0 to t :

) t
@12 + 2 [ 11 g@ll?,
u“l c2 o m HIO(Q)
t 3du Ju
_m 1/2 “m 2 2
1.9 +2J°I3x (0, 1| JQG Gx M) axar ¢ ||u°‘|ni +

c2 t
+\,~I He@ 4 a
[o B e

The R.H.S. of (1.9) is bounded by :

Hall+ 2] gl

ju ‘+———J JE(R)}]° dat=c¢
o Vo ° 3
Asllum(t)l|26c3Vte[O,Tl,we:l.nferthattm='randwehaveu1eestinate
inL®0, T ; L)), Taking t = T in (1.9) gives the estimate in L2 (0, T ; a“)(m).

lelyasG>v1>0:

(1') vm is the space generated by Wir ey W .
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3 Ju
(1.10) JQ ]% 0, t)|1/? Gt (8))* ax dt < ™,

and the proof of the lemma is canplete.

Now we establish a sharper estimate :

Lerma 1.2 'I‘hesequemeu 1sbmnﬂedmgq>erﬂa\tlyofminthespace
2 1 Um 1/43%
L0, T; @) N L0, T ; H(n)).uoreover 'a {©, .) is bounded
in the space L?(Q).

Proof : In (1.6) we replace wj by - IAj wj" ; we multiply (1.6) by gjm(t)
ard again sum framn j = 1 to m. Clearly :

Bzum 2 aum 1/2 Yn
dt”ax ©12 + 2v) |I52® ©[]° + 2 |58 (0, 0] J c( ()2 ax +
Q

(1.11) 2

3u 3‘u
1 aG 3?2
+ |a i, v |2 Lz B Te) 52 ax = 2 (1), 3-YMe))

Integrating fram 0 to T, it turns out that :

u, 3%y 1/4 azum 2
iz |12 + 2vg H—xz“HLz(Q, +v l—?(o.-) 3z L2 €

2
du 2
1 <2 el g g™, @ gl

2
2] o0 1% R e axae
Q

We can find an upper bound for the R.H.S. in the following way :
2

X = zJ l55 (o, v |12 l‘r’l lr(t)l |—x,—(t)[ a dt =

du 9 3 3?
. a6 m 174 " Y 174 " %
(1.13) 2 JQ |5 [‘ax 0, v IW&)L‘ I]W(o, " gzt ax at
2

du 9
<2 11111 IgRo, M o) ve) Ipaio, | V/4 23] y
L (Q

and by Young's inequality,

D PPN
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(1.14)
+-|l H III——(O

Now taking (1.14) into account and again applying Young's inequality to the
quantity HEHLZ(Q) Hg-r-HLz Q’ (1.12) becames :

HS“—(T)HZ"'\’ l‘ HLZ(Q)

du 3%u 2 2
1
s Sy 1] IgReo M ) g < 5 1l g +
g +3, I a0, 1 V4 Syt

Asu_ > u in u(‘)(m, by (1.10),

az%
(1.16) 33z is bounded in L2 Q).

Now the estimate in L (0, T ; H () is obtainedg.vymtegra 2 {1-11)
fram 0 to t, 0 < t < T. Finally, let us note that 5 o,y /4 —,—-lIL @
is bounded by (1.15) ; so Lemma 1.2 is proved.

Lenma 1.3 : The sequence un: is bounded in L2(0, T ; H ' (Q)).

Proof : Introducing the projector P fram L2 (@) into V o We may write :
82
(117wl =v, B (520)+ [l Mo, t)ll/za (G ]+p £

It is well known that P enjoys the following properties : Il “2(!-!’ ; g)§ !
and, as P_ is self-adjoint, IIP H:E(H cEh € L °

As a result of Lemma 1.2, u is bounded in L2(0, T ; H2(Q)) and by Sobolev

enbedding, 1n L2(0, T ; C (). Therefore, iaum/aw(o, )[1/2 is bounded in L*(0,T) ;
then, as—-(Gaun/ax) is bounded in L (0, T ; H (Q)).

-5-
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(1.18) laxu’“(o..)ll/2 (] um)isbowdedinl’..“(O'r H (9)).

hence, Lemma 1.3 is proved.

1.2 - Passage to the limit

Fram the above lemmas, :I.t:followat:hm:wemayem:rac(:asubseq\:ne'\t:setﬁ1
such that

~

(1.19)  w, *u in L0, T ; HH@ N H:)(Q)) weakly.

By a campactness thecrem (see e.g. Lions [4], p. 57-58 with
B,=H®, B, =H'@), =@, c> 0

wecanextractmnmersubseq\mne,alsodantedby%, such that
(1.200 3, *u in L0, T ; 2 Q) strongly.

But we may choose € > 0 amall enough that the Sobolev embedding yields
#E@ cc' @, (in fact 0 < € < 3). Then

(2D w *u in L3O, T : cl@)) strongly

and
9
.20 150,012 + 120,12 1n 1* 0,1) strongly.

Iztjbefmdin(IG)withj<u Asu¢+°°,veget
(a' (&), W) = v, (rr(t).w)-lr(o, 6|12 ¢ @ Ew), w j)-(f(t').wj)

for j =1, 2 ..., hence u satisfies the equation (1.1).

So, we have the following existence theorem :

Theoaem 1.1 : Under Assumptions (1.4) and (1.5), Problem (1.1) ... (1.3)
possesses a solution in the space (%(0, T ; H (2)) N LD(O, T; H:)(Q)). Moreover

13200,.) |14 £2 ana 200,

1/4 a7‘1be1<=nq to L2(Q).
-6-
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In order to prove the uniqueness, further regularity results must be es-
tablished.

2 - RESULTS (N REGULARITY

2.1 - Reqularity in Sobolev_spaces

Theonem 2.1 : Let us assume that £, G, and u, are given functions with
(2.1) feL?o,T:; H2(9)
(2.2) Gec’@® ; Gx) >v >0,G'(0) =6'() =0
(2.3) u € HA () N H (@)

Then any solution u to problem (1.1) ... (1.3) obtained via the preceding
section satisfies

(2.4) wuerio, T; BB NL0,T:  H(D)

Proof : From the definition of the eigenfunctions wj, we may replace in
(1.6) wj by - l/Ajz wj(l"’. Multiply (1.6) by 93 (t) and smon j :

B“um 32um 3'%u
(9 (6), e(0)) = v (z(t), o= B(e) -
(2.5) “
aqn 1 3 3u a'u 3
- Ié—x—(o, t) | /2 (3% G 3Tm(t)), g)?.ﬁ(t)) =), 5;&“-(1:))

which may be transformed into

2 3

d ’u
1d Y 2 m 2
ne 2 lmel ey liglell’ -
u 3u a*u 3*u
_om 1/2 8 m m = in
I3 0 00 177% (55 (6 ey, —e) (£, =)

ATATORE AU T o WO PTG A g o RS 89S, T . M W T A A TS R R A e WA TS T MM P Yo g . ™
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The main term is

9 2 3" ag 2 3*u
) -(5x @ %m). a—x“u‘—"(t)) - (£330, 522m) -
92 B“u

= ( Gyuﬂm, s

we campute
3*u Fuy
| - ( %a—“‘-(t). () = {dx 2o, —,—(t))
' as G'(0) =G'(1) = 0
; 2 33 ‘!u 3
(£ T, i) + (€ i),
and,

3%u 3" Fu 3%
- (6520, 5 —l*—“(t)) = (§5 @ 5tm®), 5®)
3 a3u 33

3%y ?u, n u
- E i, 2 B0) ¢ (6 o), gBe)

Consequently (2.5) may be written :
2

3%y 2
2
L ||l 1" sy lggoll +

3 1/2 3% 3y
'E + |3 u“‘(o. )| (Gs-,ﬂ(t). sr(e) = i
.' 2.7 38
=-2 Ig;‘-(o. o2 % e, %T%‘(t)) -
3 %y
- IR ‘in

1/2 Un
3% (0 B (—-,;;—(t), F®) - G (t):w—(t))

By integration fram 0 to T, it follows that
32

o 2 Bsum 2

3
| +ZJ I;,—ﬂ(o. t)ll/zc( (t)) dx dt =
(2.8)

a? u o2ty
= IR0 ]” - 4 IQ 520, 0] V2E e e ax ar

3l

of uy duy 17235 % n
2 La-; t)ﬁ'r-(t) dxdt - 2 JQ lw(o, t)| =T -3-;(—(1'-) sxT'(t) dx dt

-8~




TR T BRI M. - D . i A 2
. - T S P .

- —

Assumption (2.2) aboat G then znables us to get :

azum 2 1/4
g || +2vo|l§3-'l1l Zle- 2(0,.) | x,llL @ €
azu
< ) 117 + 4 11, 1] [, )24 ax;“l,Lzm, :
(2.9) .
du 3 u
1/4 Um f . m| |
H l (ol°)l HLZ(Q) + 2 HKHLZ(Q) H—a;'i— LZ(Q) +
du
d G “m 1/4 “Ym m 1/4

By applying Young's inequality to the R.H.S., we have, with clbeing any positive

constant ,
3u
dG 1/4 1/4 °
AEN 520,01 ﬁ—l.Lz«,) 1 1o, ’“HLz(Q) <
2
2,46 Y 1/4 2 Y, 2
< Elllal InH lsx—'(ol')i a—fz—ll L2 (Q) +
.3
174 ° Y
+2¢lIFI Hl 220, M 5,
On the same way, foranyc2>0
1/4 1/4
2ILS 1] 1520, axlan(o, 1] 1o, 1/ ﬁ—uLz(Q,\
g 3
X -dezn 1 120,04 ] . YRR
u
1/4
e 1EE1 1 IR0, 3x,’“IIL o
and for any c, >0
3 3
m 1 of 2
2 || ||L2(Q) [[3)(3 ”LZ(Q) N c Ha HLz(Q) '?C3 Hﬁ’jﬂ“LZ(Q)
Then it is convenient to choose Cyr czanclc3 such that
dc
ey = vy, 2 I+, ISR =)
-9~
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to obtain the following relation :
3zu 2 a’u 2 3u a’u 2
m m m 1/4 m
Hgr @I+ vy Hlggr g g + vy I I 177 gl g

% 3 %y 2
@10 < IRl + 2 IEI 1 100 1 R

u 9 2 2
gz i} 1/4 U Lo
+‘1:2 gs ”w I % ©0,.)] X ”Lz(Q) * Yo ! x”Lz(Q)

By Lemmas l.latdl.z,andsimeuo

m

is bounded. Then, thesequenceumisbmndedinLZ(O,T;H’(ﬂ)).'rheesthmte
in L7(0, T ; H%(2)) is obtained by integrating (2.7) fran 0 to t, 0 < t < T,
Therefore Theorem 2.1 is proved. Note that we have in fact proved the sharper

property :

*u in H2(Q), the R.H.S. of (2.10)

! VI
120, (V4 22 e 120

2,2 - Continuity results

Tha application of the "theorem of intermediate derivatives" of LIONS and
MAGENES [5] will enable us to establish the continuity of u and (/3 (0,.)
fram Theorem 2.1.

Theorem 2.7 : Under the Assumptions (2.1), (2.2), (2.3), u is continuous
in §, and N(0,.) 1s continuous in [0,T1.

Proof : As in (1.17), we write

9 3 3
Y= % P (T:h) + Pm[ I'B%n'(o't)ll/z-g; (G-a—:-m-)]+ P £

AccordngtotlapmperuesofthepmjeccoerweseeﬂntUesequemeu‘;‘
is bounded in the space L’ (0,T ; B ®)), therefore 3u/t belongs to that space.

Summarizing, we have

(2.11) ueLio,T;E®)), glt’-e 120, T ; H' @)

-10-




From the theorem of intermediate derivatives (LIONS-MAGENES [5]) we infer
that u belongs to c°([0, T] ; H2(%)) and by Sobolev embedding

2.12)  uecwo, T1; @)

hence the theorem.

3 - MAXIMM PRINCIPLE

In order to prove uniqueness, it is crucial to establish the positivity of
3u/3x(0,.) . This result will be the consequence of the positivity of u in Q.
This latter result cames fram a Harnack inequality for parabolic equation due to
J. MOSER.

3.1 - A Harnack inequality

Let us recall the following result due to J. MOSER (6], [7].

Let ! denote an open bomdedsetiannandQ=Qx]0, T[. We consider
the equation in Q

du 9 Uy _
(3.1) %~ 123 HJ (aij (x, t) Ki) =0
’

where aij are bounded functions such that :

0<>‘<i§,. ay E Eyeh e wEs (6, . g) e, le]® =1
5
(3.2)

a =a

i3 ji

Let u be a weak solution of (3.1) such that 3u/st, au/axi ,1=l,...,n,
belong to L?(Q). We suppose that u is non-negative in Q. We consider a campact
and connected subdamain of 2, A, and two subintervals

IK={t, ¢t <tct) L, =1t ¢t

0<t1<t2<t3<t4<'r.Define

O =T xA,a" =1"xa

3<t<t4}whereweasmthat

-11~




Lenma 3.1 : Any non-negative solution u of (3.1) satisfies

-1
(3.3) eegsxxpu‘c(A+)‘ ) ess inf u
Q o)

where ¢ > 1 18 a constant which depends only on Q, @', Q.

3.2 - positivity of u

Here Q is again 10,1[ . We shall apply the above result of J. MOSER to an
auxiliary problem. First we prove that u is non-negative via the weak maximum
rinciple.

Lema 3.2 : The hypotheses are (1.4), (1.5). Besides, suppose u, non-nega-

tive in 2 and £ non-negative a.e. in Q, then any solution u of Problem (1.1) ...
(1.3) is non-negative a.e. in Q.

Proof : As in LIONS [4] p. 290, we multiply (1.1) by u (t). Then after
integration over 2, it follows that :
- 2 - 2 -
&Il =2y 1B @] +2 L; 1380,6)] /2 g% () ) ax
+ 2[ £(t) u (t) a
Q

- 2 - -
vhich ytelds & 1[u"®|| < 0. asu) =0, [lu @l =0, ve.
-

For u any solution of Problem (1.1) ... (1.3), we introduce now the auxi-
liary linear problem

u

% 2 2 ?
2y 3 18,0 G -0

B4 1 Yo, v =8a, 0 =0

Ulx, 0) = u, (x)

Lema 3.3 : The hypotheses are (2.1), (2.2), (2.3), u given by Theorem
2.1. Also, suppose f non-negative a.e. in 0. Then 4 € C°(Q) and ulx, t) }3():, t)
¥ (x, t) eq.

. Pnof : Problem (3.4) admits a unique solution WerLio, T H () A HL @)
au

sLerLi), thniec@.

-12-




Setw=u-'1\iandwsatisfies:

'gg-vo— - o, NP L G =0
B3 1 w0, &) =w, &) =0
wix, 0) =0

Clearly w > 0 by the weak maximum principle.

Theorem 3.1 : The hypotheses are (2.1), (2.2), (2.3), u given by Theo-
rem 2.1. Besides, suppose f non negative a.e. in Q, and u, positive in Q. Then
u positive in Q.

Proof : By Lemma 3.3 it is sufficient to prove that 4 > 0 in Q. We apply
Lema 3.1 to % with @ = 10, 1, a,, (x, B =a@x B =60 @0, )2+ v,
A=V andA-v°+{ swp G(X) . sup ( 7 {0r t))l/Z}
xeq t e {o, Tl

Weproveu 0 in Q, axactly as we did in Lemma 3.2.

Now let x_ € 2 be fixed. Since U € C° (@) and u_ > 0 in 2, there exists a
closedintervalAchmtainingxo,andatimr,mdlthat

(3.6) Ulx, £) >0 ¥xeA, Ogtgr
Next, let t,> T be such that i‘i(xo, ty) = 0. With the notations of Lemma

3.1,wecmoset1anit2mchthat0<t1<t2<t.'rhenweconsider
ty=te-e, ty =t +€ (€ >0 small enough).

So, ian... Y= 0. Therefore as a result of (3.3) supQ_ '\\i = 0 which is indeed

inconsistent with (3.6), and there does not exist such a time t,.
»

Remark 3.1 : The above demonstration may be extended to the caseu, > 0 only

on a subdomain of Q.

3.3 - Positiyity of du/ax(0,.)

Fram the positivity of u, we will deduce the positivity of 3u/3x(0,.).




Theorem 3.2 ; The hypotheses are those of Theorem 3.1, then g-:f(o, t) is
positive for any time t > 0,

Proof : Here we adapt a proof due to PROTTER and WEINBERGER (8] in the
cage of strong solutions.

We shall denote by L the operator with bounded coefficients defined by :

v _ v v
Lv=sg-as@ ~bax

vith alx, 8 =v_+ €20, )2 6w,
bix, ) = G20, ©)? Lo

Setp-(o;to),t°>o.weoonstm:tadiakxw1momtexat ("1' cl)canm-
ned in Q, and tangent to 3Q at P.

X

Vbalnmtmctadiakxlwithcmterat?mdradiuslesaunnxl.lb
dcntebyctheclodarcportimofaxlconmnedinx,uﬂbyc"ﬂecpm
arcpurumaxcmtamedinxl.ﬂemsc'uc'fomthebomdatyofalm-
shaped region D.

Since u @ c®(®)and u > 0 in Q we have

(1) u>0onc” (except at P) ; (44) u=0at P ; (iii) there
exists a sufficiently smalln > 0 such that u 3 non C'.

-l4-
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We now introduce the auxiliary function v(x, t):
vix, t). = -exp (- B [(x -xl)z + (t - tl)’l) + exp (- B R?) and note that
Lv=2 exp (- B[(x -xl)2 + (t ~ tl)zl) [28a (x - xl)2 ~a-bx-x)+t-t)

Thus, for sufficiently large B we have Lv > 0 in D, Set w=u + € v for
€>0.Tus Lw=f +¢ 1, v>0 a.e. in D. Because of fact (iii), we can choose
€ so gmall that w > 0 on C'. Since v = 0 on 3K, we have, because of (i) w >0 on
C", except at P and w(P) = I,

It is easy to show by the weak maximum principle that w > 0 in D, We deduce
that $¥(p) 3 0.

On the other hand, we see that (3v/3x)(P) < 0 since :
¥oxot) =28 -x) ep (-8[a-xp?+ & -7,

W by = - -8 R g W v

% (P) = - 28 X, exp (- B R°) < 0, and finally, ax(P) ax(P) € ax(P) >0
Conollary 3.1 : the hypotheses are those of Theorem 3.2. Moreover,

suppose %(0) is positive. Then there exists a constant a > 0 such that

a.n B, urd>0 veero, T

Proof : The corollary is an easy consequence of Theorem 3.2 and of the
contimuity of g—:: 0, .).

4 - UNIQUENESS

The above results will enable us to prove the uniqueness of a solution
to poblem (1.1) ... (1.3), namely :

Theorem 4.1 : The hypotheses are (2.1), (2.2), (2.3). Besides we assume
that £ is non-negative a.e. in Q, u, is positive in @ and g';(b(O) is positive
Then the solution of (1.1) ... (1.3) is unique.

Prood : The proof of the uniqueness is a non standard application of
Grorwall's lemma.
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Suppose there exist two solutions u and Uy Sumarizing the results of
section 3, there exist 2 positive constants o and K such that :

@ O<ac MO0 2cx i=1,2 vee [0
Nwset:u-u1 = uy, and u satisfies
w2 R Re- (30, )2 (o 1+
{ G 0, 07 - 2 0, )2} I
“.3)  uE, 8 =ua, v =0

(4.4) uix, 0) =0

Miltiplying (4.2) by - 23 yielas

TR+ v, 1133011 + 0,02 @ L8, 2 .
1/2 (4G 3u 32%u
(._1(0' t)) (dx ax ?)
(4.5)
- (3u 172 _ 2 1/2y 46 3up 3%u
(5210, t)) G20, )9 (22, Iy
_ ((u 172 _ Qv 1/2 tuy; 22
(G20, &) 5520 )79 (6 532, 2B
Note that :
3y,
l(s-l(ol t))1/2 - (s_z(o t))l/zl ax (0' t) - &2(01 t)l
G20, )% @20, )12
(4.6)
) 1320, v - 220, o] I;-(o. 0|
a a
Since

wn 150, ol < f2 120l 12 V2,
it follows that

-l6=
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G20, 0)2 - @20, )< 2 110112 153w |

and by insertjon into (4.5) :
14 1w’ IR vy, HERmI] <
sk NE 112w 1R 2w]) +

4.8)

2 UENL 1321 3R 112 15817 |

22 {lal, [1Z382w)]] 1128w (V2 138w |2

To estimate the R.H.S. we apply the Young inequality three times : €/ Cy C
being as usual any positive constants,

x I, ||a°m||u Foll < x| L 13211+

LN TR

Ila“mllmll ey 172 1138w < = 1132 mHH L)l |
2

E
A
+-2II Yty || <4cc 1132w 11 Ilaxz(t)ll + 2 128w 3
2 - -3
Therefore (4.8) becames, since 32 € L7(0, T ; L?(R)) from Theorem 2.1, ;

18 2 *+ 138011 [, +ov, -Fx I -

15221
(O,T r

{IlGlI 1320, +

L”(0,T;L% ()

NG

-Z{jjall, Ji=21i

+ )} -3—+c
L (0,T .LZ(Q))

<132 mn[ &), +

4.9)

]

a6 dup
s 11E, 1132 IIL.,,(O'T;Lz (m)}

2 2
Choosing C|, C, C, in order to elininate the coefficient of HEF @1 in the
L.H.S., it follows

By | < cst 132 (t)ll
-17-
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From Gronwall's lemma, ll (t)ll =0 , ¥t. Hence
the uniqueness is proved.

[]

in Q, and

APPENDIX

Al - THE PHYSICAL PROBLEM

The flow under consideration is incampressible ; the equations describing
the turbulent field follow fram the statistical average of the Navier-Stokes
equations, using the classical decomygosition of the velocity field into mean
zm:lt‘lv.n:mat:.t:mg<:::n::omm:suisﬁi « .4+ We have then :

3l i) = %)
i i 1 3P i._3
@a.1) L ~raatE by et (uu
it 3 axj ) 9x1 G axii axj

'aﬁ1
(A.2) 5,‘—1 =0

To close Bquations (A.1) and (A.2), we use the turbulent viscosity assump-
tions given by :

3 E1t)
— 1 1 =
(A.3) - uiuj = \)T (W+ ﬁi) + -5- q‘ Gij

vtnreuuj is the Reynolds stresses tensor. In(Al)ﬂxek:lneticenerqu’=uii
will be absorbed into P and so will not need to be calculated explicitly.

In particular, we consider the turbulent fluid in motion between two paral-
lelplanesatad.tstatweZD.Ietu(xz, t) be the mean velocity of the fluid at
a point x, € [0,2p], at a time t. The physical simplifications of the general e~
quations lead to :

au_, 3y _13F )
L Y R A

In this case, theturhxlmtviscosityv,rism“afmwnofﬂ\e
characteristic scale U, and so is defined by,

A5 vy =Gx) " |§§2|m1




where G(x) _is a polynamial function adjusting the turbulence level. Consequently,

with-%%l’% = £ being given, and using the turbulent viscosity model defined in

(A-s) » We héve

(A.6)

&

oy u_3 ‘, Eli) 3y
Vo 5T = 5% G |ax(°' t)| ) t £

merexlunceforthonlydenotesthespatialvariablexz, which is here a dimen-
sionless variable.

A2 - SOME NUMERICAL RESULTS

We are interested in computing the established solution of Problem (1.1)...
(1.3) :

-v. 0 = 5 o) 112 5 _
Vo Upy = Gty) |0 (0] o) +£ ona =10, 20

0(0) = ¥(2p) = 0

First we reduce (A.1l) to dimensionless equations by introducing the cha-
racteristic length and velocity of the flow, defined by :

- _‘[-1'
(A.2) L= , u-= p%o

Using a new set of dimensionless variables,

(A.3) u=U0/ u, . X = y/ZD ¢+ Rg = (uf.ZD)/vo,

the mean velocity field becomes,

1/2
- {-um=nf/ Goo [ Y2u) 428 on o, 1l

u(0) =u(l) =0
in which we choose G(x) according to a modified Van Driest model ([9] p. 194)

The camputation has been realized with a classical fixed point method ;
also, we have tested an optimal control method, to point out the capability of
this algorithm to solve nonlinear equations with a very large nonlinear/linear

ratio (in the experimental cases Rf is larger than 5000 !).
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We have used a non regular subdivision of 10,1( in order to have a better
approximation of the variables in the wall regions, where the gradients are
large. Namely we take a x’ - subdivision. The internal approximation is reali-
zed with the Lagrange finite element P1. The algorithm efficiency depends on
the physical meaning of initialization. The "parabolic" profile corresponding
to the laminar solution leads to good convergence of the method (note that the
sequence is alternating) ,

Physically, this model has a good efficiency since it does not demand any
parameter adjustment. Moreover, it is able to predict the mean velocity field
into the whole duct. Other tested models only work in a subregion of the duct,
whose border belongs to the so-called "logarithmic zone". In this case, inhomo-
genous houndary conditions should be prescribed. Figure 2 shows a camparison
between the experimental results of COMIE~BELIOT [1] and our mmerical results
for a Reynolds mmber Rf = 5160,
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where u represents the mean velocity field of a turbulent flow in a '.v.e duct
ard v,r(u) = G(x) J 3—:-(0, t)| is a model of turbulent viscosity basad on the
length scale of this flow.

First we prove the existence of a solution as well as same results on re-
gularity. Then we demonstrate that u is positive inside the damain, hence the
e result holds for du/3x(0, t). The latter result is crucial for the unique-
ness proof which is developped in the last section.







