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SOME ASPECTS OF INFERENCE FOR
MULTIVARIATE INFINITELY DIVISIBLE DISTRIBUTIONS

Stanley L. Sclove

ABSTRACT

Measurement of dependence in the infinitely divisible class of
multivariate distributions, based on developments in probability theory
for that class, is discussed. It has been shown that pairwise independ-
ence is equivalent to mutual independence in this class. When the
infinitely divisible variables contain no normal component (in particu~
lar, when they are discrete), the cumulant of order (2,2) can be usud as

a measure of pairwise dependence; when a normal component is present,

the appropriate measure also involves the covariance. Results for test-
ing independence of infinitely divisible random variables are discussed.
A method of testing normality against infinitely divisible alternatives

is given,

1. INTRODUCTION ‘,
i A random variable (r.v.) X is infinitely divisible (inf.div.) if

there exists a triangular sequence an, n=1, 2,¢e0, J =1, 2,..,, m,
such that, for eachn =1, 2,..., the n r.v.'s Xpjr 3 = 1, 2,..., n, are
independent and identically distributed and the variables X(n) defined
by X(0) = Xy + X9 + eue + Xy, n = 1, 2,..., all have the same distri-
bution as X. The condition in terms of the characteristic function
(c.f.) ¢(u) of the r.v. X is that, for each n there exist a c.f. ¢p(u)
such that ¢,(u) = [$,(u)]®. The notion of infinite divisibility applies
whenever a notion of addition is defined; e.g., the variable X may be a

vector or a matrix.

AMS classification: 62H]5, 62H20

Key words and phrases: infinite divisibility; multivariate normality;
kiurtosis; measures of dependence




2 SCLOVE

The marginal distributions of an inf.div. multivariate distribution
are inf.div. I.e., if a random vector (r.vec.) X = (X;, X3,..., Xp)'
is inf.div., then each variable X, is inf.div., v =1, 2,..., p. Also,
if each variable of a r.vec. is inf.div. and the variables are independ~
ent, then the ' ,vec. is inf.div. But the elements of inf.div. r.vec.'s
can be dependent; so the class of multivariate inf.div. distributions is
quite broad. In particular, the class is closed under affine transfor-

mations.

Using the canonical representation of the c.f. of inf.div. r.vec.'s
(see, e.g., [12] and the discussion below), a necessary and sufficient
condition for mutual independence of the elements of the r.vec. was
obtained in [9]. When the means are zero, this condition is simply that
the squares of the variables be uncorrelated. Thus, for inf.div.
r.vec.'s, not only does mutual independence reduce to pairwise independ-
ence but also the parametric characterization of dependence is simple.
In the present paper some methods of statistical inference based on this

advance in probability theory are developed.

It {s not too much of an over-simplification to say that the
applicabllity and relative ease of implementation of procedures derived
from multivariate normal distributions depends upon the propriety of the
correlation coefficient as the measure of dependence between variables
which are jointly normally distributed. As will be discussed below, the
development in {9] includes a measure of dependence for the variables of
inf.div. r.vec.'s. The class of multivariate inf.div. distributions
includes the multivariate normal family as well as other continuous
multivariate distributions. Further, it includes discrete multivariate
distributions, useful for modeling data such as that generated by multi-
variate point proceasses. Finally, and perhaps most importantly, the
class includes r.vec.'s which are mixed {n the sense that some variables
are continuous and others are discrete., Here are some examples of

sources of such data, to mention just two. One is in the observation of

physical systems where one considers continuous measurements of energy,

[




phase, angular momentum, together with counts of numbers of collisions,

disintegrations, etc. Another source is in the observation of bio-
medical systems where one considers continuous measurements of blood
pressures, pulse rates, chemical concentrations, etc., together with
counts of red and white blood cells. The measures of dependence
stemming from [9] provide a method for the systematic treatment of
dependence among the variables of such mixed r.vec.'s. These measures
of dependence are potentially of great importance and applicability, as

they play a role analogous to that of correlation coefficients.

Multivariate inference problems assuming inf.div. distributions are
relatively tractable. Results demonstrating this are given below.
Sections 2 and 3 present some results for inf.div. probability laws; the
results and the proofs are at least implicit in [9]. These results form

the basis for the remarks on inference of Section 4.

Now suppose X is an inf.div. r.vec. and let ¢(u) be its c.f. The

Kolmogorov representation for the logarithm y(u) of ¢(u) is
(1.1)  9(u) = fu'y - u'l w/2 + [[exp(iu'x)-1-1u'x] (x'x)"IM(dx),

where M is a bounded measure having no mass at the origin and T is a
positive definite matrix. Let U = V mean that U and V have the same
distribution. The representation (1,1) means that

(1.2) X = X5 + Xp,

where X; and Xp are independent, the component X; is of Gaussian type,
i.e., has a multivariate normal distribution, and the component Xp is of

Poisson type, i.e., has log c.f. equal to the integral in (l.1).

2. TWO VARIABLES
Now consider two jointly inf.div. r.v.'s X and Y, {.,e., let (X,Y)'

be an inf.div. r.vec.

— _ . y




4 SCLOVE

2.l. Characteristic function

The Kolmogorov representation (l.1) holds in the case of finite

variances and for two variables is of the form
(z.1) ¥(t,u) = ituy + iuyy - t2711/2 - tuyjy - uyyy/2
+ [{exp{i(tx + uy)] - 1 - 1(tx + uy)} (x2 + yz)‘lu(dx,dy).

2.2. Cumulants

The cumulants kpg, when they exist, are defined by the expansion
p(t,u) = § ) kpg 1TFStTu8/(rls!).

We refer to kg as the cumulant of order (r,s). The cumulants are given
by

R
L}

EX = u, X EY = u,,

oL

var(x) = Yp; ¥ [x2(x? + y2)~IM(dx,dy),

[
(=}
]

Za)
o
%

]

Var(Y) = Yop + [y2(x? + y2)~lM(dx,dy),

Cov(X,Y) = Yip + [xy(x2 + y2)~lM(dx,dy),

—
—
L}

and, for r + 8 » 3,

(2.2)  %pg = [xTy8(x2 + y2)~lM(dx,dy).

(These formulas are readily obtained: When the cumulant of order (r,s)

exists, it is the mixed partial of order (r,s), evaluated at (t,u) = (0,0);

in this case, the differentiation may be passed under the integral sign.)

©rr
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If X has no Gaussian component, then the cumulants are given by

10 ¥ M0 o1 T Mo

and, for r + s > 2,
Krg = [xry8(x24y2)~IM(dx,dy).

In the theory of multivariate inf.div. distributions the cumulant of
order (2,2), Xy, plays a special role; following [9], denote this

functional by n(X,Y).

As is well known [1,p.39], if (X,Y)' is bivariate normal, then
kpg ® 0 1f r + s > 2; in particular, then, n(X,Y)=0 if (X,Y)' is
bivariate normal.

Now suppose that a r.vec. (U,V)' has the property that (U,V) =
(U3,Vy) + ooo + (Uy,Vy), where the pairs (Up,Vy), (Uz,V3),.e., (Uyp,Vy)

are independent. Then (introducing obvious notation)

2 Z Krs(U,V)1r+stru9/(r!s!) = ¢u v(t,u) = log Eexp[i(tU+uV)]

log Eexp(1(t]Us+ulV{)] = log E T exp{i(tly + uVy))

\Y = n s
log M E exp[1(tU; + uVy)] = log ¢Uj’vj(t u)

llog ¢ (t,u) = 3y (t,u)
U7y Uy Yy

ZJ ZrZs K:s(Uj,Vj)ir+stru°/(rls!)

- Zris IZj Krg(Uj.Vj)]1r+5tru°/(r!a!)

so that

kpg(U,V) = Zj xrg(Uy,V4).

L_...__;___________________-___“_____KJ
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Now, (X,Y) = (Xg,Ys) + (Xp,Yp), where the summands are independent, so,
if the fourth moments are finite, so that #(X,Y) exists,

m(X,Y) = Kyo(X,Y)
= %22(Xg,Y¥g) + ¥22(Xp,¥p)
= 0 + n(Xp,Yp) = wn(Xp,Yp).

Note also that, if (X,Y)' is inf.div. and the fourth moments are finite,
then

(2.3) T(X,Y) = K22(X,¥) = Pppgu(0,0) = [x2y2(x? + y2)~lM(dx,dy) > 0.
This proves
THEOREM 2.1. If (X,Y)' is inf.div. with finite fourth moments,

then n(X,Y) > 0.

2.3. Independence

Now let us examine the relationship between independence of jointly
inf.div. r.v.'s X,Y and nullity of the functionals Cov(X,Y) and w(X,Y).

Note from (2.3) that w(X,Y) = O implies that M puts mass only on the
axes of the (x,y)-plane, i1.e.,, Xp and Yp are independent. This proves

THEOREM 2,2, Let (X,Y)' be inf.div, with finite fourth moments
and no Gaussian component. Then X and Y are independent if and only if
(1f£.) =(X,Y) = 0.

In particular, discrete r.vec.'s can have no Gaussian component,
Hence we have

COROLLARY 2.1. If (X,Y)' is inf.div. with finite fourth moments
and discrete, then X and Y are independent iff. »(X,Y) = O.

THEOREM 2,3, Let (X,Y)' be an inf.div., r.vec. Then X and Y are
independent if Cov(X,Y) = 0 and »(X,Y) = 0.




PROOF., We have (X,Y) = (Xg,Yg) + (Xp,Yp), where X; and Xp are
independent. To show independence of X and Y, it suffices to show Xp,Yp

independent and X;,Yg independent. Now,
(1) 0 = n(X,Y) = Xp2(X,Y) = K99(X5,¥g) + K22(Xp,Yp) = 0 + X22(Xp,¥p), i)

i.e., m(Xp,Yp) = 0, which by Theorem 2.2 implies that Xp and Yp are
independent. Then,

(11) 0 = Cov(X,Y)

COV(XG+XP,YG+YP)

COV(Xg,YG) + COV(XP,YP) + COV(Xg,YP) + COV(XP,YG)

Cov(Xg,Yg) + Cov(Xp,Yp) + 0 + O (by independence of X; and Xp)

Cov(X;,Yg) + O (by (1))

Cov(Xg,Yg).

! Therefore, Cov(Xg,Yg) = 0, and X and Yg are independent because they
are jointly normally distributed.

If X and Y are independent, then Cov(X,Y) = 0 and also the cross-
cumulants are null; in particular, w(X,Y) = 0. Together with Theorem
2.3 this gives
' COROLLARY 2,2, Let (X,Y)' be an inf.div., r.vec. Then X and Y are
independent 1ff. Cov(X,Y) = 0 and n(X,Y) = O, i

Now,

A e et e e b 16 et B

(2.4) Cov[(X-EX)2, (Y-EY)2] = 2[Cov(X,Y)]? + %32(X,Y¥).

Write (2.4) as 1(X,Y) = v(X,Y) + n(X,Y), where 7(X,Y) = Cov[(X-Ex)z, (Y~EY)2]
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and v(X,Y) = 2[Cov(X,Y)]2.

Here one may think of 1 (or t) as "total,” v (or n) as "normal,” and w
(or p) as "Poisson-type.” Thus we have

LEMMA 2.1. Let (X,Y) be an inf.div. r.vec. Then Cov(X,Y) = 0 and
n(X,¥) = 0 implies Cov[(X-EX)2, (¥-EY)2] = 0.

LEMMA 2.2. Let (X,Y)' be an inf.div. r.vec. Then Cov[(x - EX)Z,
(Y-EY)2 = 0 implies Cov(X,Y) = O and n(X,Y) = O.

PROOF. For inf.div. r.vec.'s, w(X,Y) > 0. Hence 0 = Cov[(X-EX)Z,
(Y—EY)Z] = Z[Cov(X,Y)]2 + m(X,Y) implies Cov(X,Y) = 0 and w(X,Y) = O.

COROLLARY 2.3, Let (X,Y)' be an inf.div. r.vec. Then nullity of
both Cov(X,Y) and n(X,Y) is equivalent to nullity of Cov[(X-EX)z,
(Y-EY)2].

THEOREM 2.4. Let (X,Y)' be an inf.div. r.vec. Then X and Y are
independent iff. Cov[X~EX)2, (Y-EY)Z] = 0.

PROOF. If (X,Y)' is inf.div., then X and Y are independent iff.
Cov(X,Y) = 0 and n(X,Y) = 0, and this holds iff. Cov[(X~EX)2, (Y-EY)Z] = 0.
If we know that (X,Y)' is bivariate normal, then X and Y are inde-
pendent iff. Cov(X,Y) = 0. If we know only that (X,Y)' is inf.div. (and
not necessarily bivariate normal), then we can be assured of independence

of X and Y only 1f n(X,Y) = 0 as well as Cov{(X,Y) = 0.

2,4, Measures of dependence

Note that 1(X,Y) provides a measure of dependence between X and Y,

in the sense that the correlation
Corr[(X-EX)2, (Y-EY)?] =
Cov[(X-EX)2, (Y-EY)2]/{Var[(X-EX)2][(Y-EY)2]}1/2

is at most one in absolute value. The meaning of a value of one is that
there exist constants a and b such that (Y-EY)2 = a + b(X-EX)2 with

probability one.
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Similarly, n(X,Y) provides a measure of dependence between X and Y
when (X,Y)' 1s {nf.div., in the sense that (9] ;

(2.5) *(X,Y)/ [n(X,X)n(Y,¥) ] }/2

is at most one (and at least zero, since w(X,Y) » 0 if (X,Y)' is inf.div.)
The meaning of a value of one for (2.5) when (X,Y)' has no normal compo-
nent is [9] that there exist independent r.v.'s U and V and a constant r
such that X-EX = U+V, Y-EY = r(U-V), where r = [m(Y,Y)/m(X,X)]L/4, 1f
(X,Y)' has a normal component, then, when (2.5) has a value of one,
(X-EX,Y-EY) is distributed as (Z+U+V,Zy +r(U-V)), where (2},Z;) 1is
bivariate normal.
3. SEVERAL VARIABLES

THEOREM 3.1, Let X = (XI,XZ,...,XP)' be an inf.div. r.vec.

(a) The variates of the Poisson component of X are independent 1ff.
(3.1) m(X,,Xy) = 0 for all u,v such that u # v.

(b) The variates of X are !ndependent 1ff. w(X,,Xy;) = 0 and
v(Xu,Xv) = 0 for all u,v such that u # v,

(¢) The variates of X are {ndependent iff. 7(X,,Xy) = O for all u,v
such that u # v,

REMARKS. (1) Note that, in particular, pairwise independence
implies mutual independence in the multivariate inf,div. class, (See
also Theorem 3.2 below,) (1i1i) The proof given below is essentially the
same as that in [9] but is given here because it is important for the
understanding of Remark (1), which in turn is important for the develop~
ment of inference for multivariate inf.div., distributions,

PROOF. (a) The Kolmogorov representation for the log c.f. in the
case of finite variances is (l.l1). If X,, v=1, 2,..., p, are
independent, then, in particular, X, and X; are independent, and cross-
cumulants are zero; in particular, Xp2(X,,Xy) = n(X,,Xy) = 0. If,
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conversely, n(xu,xv) = 0 for all u,v such that u # v, then we have

0=7 § n(Xy,Xy) = [ I} x2 xz(zfz)_lM(qi).
u,v u,v &V
u#v u#v

This implies that

(3.2) TIx2x2=0
u,v 4

at points (xl,xz,...,xp) where M has mass., But (3.2) is true only for
points (xl,xz,...,xp) with at most one non-zero co-ordinate, i.e., only
on the axes of RF, Therefore, M can have mass only on the axes. Hence,
M =M + ... +M;, where M; has mass only on the x,-axis. Let
h(ul,uz,...,up;i) be the integrand of (l.1). Then the log c.f. of the

Poisson component is

P
Ww +u'Tu-du'e= [ hup,ug,.,upx) ] M(dx)
v=]
P
= 7 [ h0,...,0,uy,0,...,05x)M(dx)
v=1
P
= ] [ h0,...,0,uy,0,...,0)M(dx)
v=1
P
= X Vy(uy),
v=1

where wv(uv) is the log c.f. of an inf.div. variate. Thus the Poisson
component of X has independent variates.

(b) We have X = Xg + Ep‘ where X; and 5? are independent. It suffices
to show that the variates of Ep are independent and the variates of Xz

are independent. Now, (3.1) gives independence of the variates of Ep'
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Further, letting Xg = (Xg1,Xg2 »...,X%gp) and similarly for X,, we have
0 = Cov(X,,X,) = Cov(Xg, + Xp,, Xgy + Xpy), which, as in the proof of
Theorem 2.3, gives independence of Xg, and Xgy. Thus the variates of X;
are uncorrelated and jointly normal, and hence independent.
(c) We have T(X,,X,) = Cov[(X,=EX,)2, (X,~EXy)2] = vw(Xy,Xy) + m(X,,%,).
Further, m(X,,Xy) » O, Hence, T = 0 1ff. v =0 and n = 0, i.e., iff,
m = Q0 and Cov(X,,X,) = 0.
THEQREM 3,2. Let X be an inf.div. r.vec. Then pairwise independ-
ence of the elements of X is equivalent to their mutual independence.
REMARKS. (1) The result in one direction is trivial: mutual inde-
pendence is stronger than pairwise independence. (1ii) Now suppose the
variates are pairwise independent. Theorem 3.1 gives the result in the
case of finite fourth moments. The result is proved in general, without
the assumption of fourth moments, in [5]. In doing this, the Levy repre-
sentation (see, e.g., [12, p. 160}, for a discussion of the univariate

case) was used. It is of the form
Ww = fu'a - u'T u/2 + [lexp(u'x) = 1 = 1u'x/(1 + x"x) JL(dx)
and exists even when the varf{ances are not finite.

4. SOME REMARKS ON INFERENCE

Consider the decomposition X-= X, + Ep and the analogous decomposi-
tion T = N + I, where T = [t(Xy,Xy) ], N = [v(Xy, X)), T = [m(X,,Xy) ]
In general, one must consider estimates of both N and . However, if X
is discrete it has no Gaussian compoanent and one can consider [l alone.
Use of estimates of the parameters n(X,,X,) in analyzing a set of data is
illustrated in [11]. A formula for an unbiased estimate of w(X,,Xy),
which 1s the cumulant of order (2,2), is given in a list of bivariate

k-statistics in [5, p. 329, expressioa (13,2)].

4.1, Testing Independence

In {10] a test of independence of X and Y, where (X,Y)' is an




inf.div. r.vec., is given. The test 1is based on the asymptotic normality
of a sample analog of 7(X,Y). That is, it is based on the ratio of a
sample analog of this parameter to its asymptotic standard error. This
statistic is treated as a normal deviate. Similarly, in [10] a test of
independence of xl,xz,...,xp, assuming X is inf.div. is based on the
asymptotic chi-square distribution of a suitable quadratic form in the

statistics tyy, u,v = 1,2,...p, u < v, where t,, 1is a sample analog of

(Xy,Xy) .

4,2, Testing Normality

In the continuous case one would want to test whether he could
restrict attention to the normal family, versus using the full inf.div.
class. It was noticed in [2] and later independently in [9] that nullity
of the fourth cumulant characterizes the normal distribution in the class
of inf.div, distributions. Similarly [9], nullity of the fourth
cumulants of a multivariate distribution characterizes it as multivariate

normal in the class of multivariate inf.div. distributions.

Multivariate goodness—of-fit problems seem to be rather difficult,
and the problem of testing multivariate normality has received a fair
amount of attention; see [3], {7], [{8]. Sometimes such testing problems
are considerably simplified when the class of alternatives is reduced.
When the class is reduced to the inf.div. laws, still a large class, the
resulting testing problem 18 shown to be quite tractable, due to the

simple characterization of the normal family in the inf.div. class.

As remarked above, [10] shows how to test independence of the
variates of an inf.div. r.vec., The test given here can be used as a
preliminary test to decide whether one wants to use the full inf.div.
model or rather to rely on the normal model. In the normal model tests
of independence are of course based on the correlation coefficients, or,
equivalently, on the covariances. In the full inf.div. model, tests of

independence are based on the covariances of the squares of the centered
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variables [10].

Given any random vector X, let L(X) denote the probability law of X.
Let C denote the class of inf.div. laws with finite eighth moments (see
below). Let N denote the family of normal laws. We wish to test the
hypothesis H: L(X) is in N against alternatives that L(X) is in C - N.

The hypothesis test. Recall that for a normal distribution xy = 0

for r » 3, The hypothesis test is based on the following characteriza-
tion of multivariate normality in the inf.div, class, due to [9].

THEOREM 4.1. Let X be an inf.div. r.vec. with variates X,
v=12,...,p, which have finite fourth moments. Then X is distributed
according to a multivariate normal distribution 1ff. «4(Xy) = 0, for
v=1,2,000,P

REMARK. Given a r.v. Y, let u(Y) denote its r-th central moment.
Then k4(Y) = ug(¥Y) - 3[up(¥)]2, so that k4/up is a conventional measure
of kurtosis. [6, p. 88].

An unbiased estimate of x; is the fourth k-statistic [6, formulas
(12,28) and (12.29), pp. 299-300], viz.,

kg = [(n3+ nz)s4 - 4(n2+ n)s3s1 - 3(n2-n)s§ + 12n szsf - 68?]/n(4]

= n2[(n+1)my ~ 3(n—l)m§]/(n-1)[3],

where, for a univariate sample yl,yz,...,yn,

=
"
=]

n
=\F -
o= gy vy mem L O Dy Iy
and

alt] = n(a-1)...Ca~r+1).
Let
5- (Kl‘(xl), ceey Kl‘(xp))’o

The hypothesis H is equivalent to x = 0. Let k = (k4(X;), ..., k[,(xp))'.

Let I(k) denote the covariance matrix of k. Then, by the asymptotic
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joint normality of functions of sample moments, the quadratic form
(E;:Q'[Eﬂg)]‘l(g:g) is asymptotically distributed according to the chi-
square distribution with p degrees of freedom (d.f.). Under the
hypothesis the quadratic form’E'([§§5)1'¥5 is asymptotically distributed
according to chi-square with p d.f. Further, 1f S(k) is a consistent
estimate of I(k), then quadratic form Q = Ef[gﬁh)]‘;& is under H also
asymptotically distributed as chi-square with p d.f. To construct a test
it suffices that S(k) be consistent for I(k) under the hypothesis.

The covariance of k4(X) and k4(Y) is obtainable from [6, formula
(13.58), p. 343], as

/n(n-1) + 48« x,../(n-1)

Cov[ka(X),ka(Y)] = Kaa/n + 16k 21523

1133

+ 72m<2 K /(n-l)[zl + (l6k

2
11522 + 18¢;,)/(n=1)

13531

+ ld4nk (3]

11K21K12/(n-1)[2] + 24n(n+1)x?1/(n-1)

For normal distributions «,.q = 0 if r+s > 3, so the covariance above

reduces to
24n(n+1)x?1/[(n—l)(n—Z)(n-3)];
also,

Var(ky) = 26n(mrL)xa/[(n=1)(a=2)(a=3)].

Thus we can take the (u,v)-th element of S(k) to be

24n(m+1) sy /{(a-1)(a-2)(a-3)1,

. ———————— -.__m_.m.. T — ‘
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where s,, is the usual sample covariance,

n
Suv zi=1 (xui xu)(xvi Xv)/(n 1), u, v 1,2,.00,p,

= n
where X = (X ,X ,.0¢,X )', i =1,2,,,.,n, and X = .
e SR T YRR S o v - Limp ¥yg/®

At level a one rejects the hypothesis of normality if Q exceeds the
upper a—-th percentage point of the chi-square distribution with p d.f.

Example. The procedure is illustrated for the Fisher iris data.
Fifty observations were taken from each of the populations, Iris setosa,
versicolor, and virginica. The variables are x = sepal length, x =
sepal width, x = petal length, and x = petal width. The table gives
the values of the coefficient of kurtosis, by = k4/mp, where k4 and mp
are as defined above. The variance of by for a normal parent is
approximately 24/n. Since here n = 50, the standard error of any one by
in the table is approximately 0.693. One could use this to test the
significance of any one of the twelve by's given in the table, but then
one would run into the multiple-comparisons problem. The multivariate
test avoids this problem. The chi-square values in the table are values
of quadratic forms in the individual k;'s for the four separate variables
and hence may be considered as quadratic forms in the by's for the four
separate variables. For Iris setosa the chi~square value is almost
significant at the 5% level. For the other two species, the values are
not significant. Adding the three independent chi-squares, we have
9.390 + 1,167 + 1,770 = 12,327, with 12 d.f.; P = ,43.
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COEFFICIENTS OF KURTOSIS
FOR THE FQUR VARIABLES OF THE FISHER IRIS DATA,
WITH VALUES OF CHI-SQUARE FOR TESTING NORMALITY
AGAINST INFINITELY DIVISIBLE ALTERNATIVES
Iris Iris Iris
setosa versicolor virginica
Values of coefficients of kurtosis:
Variable 1 -0.263 -0.555 0.034
Variable 2 0.99% -0,381 0.735
Variable 3 1.064 0.050 -0.160
Variable 4 1.790 -0.427 -0.627
Values of chi-square test statistic (4 d.f.):
9.390 1.167 1.770
(P=,052) (P=,88) (P=,78)
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