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AGGREGATION OF CONDITIONAL ABSORBING NARKOV CHAINS

C. Bernard Barfoot

Center for Naval Analyses
Alexandria, Virginia U.S.A.

When modeling a process by mans of a finite Markov chain, it is sometimes necessary
or desirable to stratify the process into subprocesses and model each of these
subprocesses. The resulting Markov chain for each subprocess becomes a conditional
Narkov chain in that its transition probabilities are relative to its associated
subprocess. This paper derives the method for aggregating conditional absorbing
Mtarkov chains (each of which has the same state space) into a single (unconditional)
chain that is representative of the total process and has the same state space as the
conditional chains.

\1. INTRODUCTION S S

When modeling a process by mans of a finite
Markov chain, it is sometimes necessary or P13 1 = .3 P2 4, 1 .4

desirable to stratify the process into P [0.7.30
subprocesses and model each of these 6 0 3individual subprocesses. oeapena() Pill- *7 0 0 _

study of a distributed data base system [1], 0
the flow of data was modeled as a Markov chain
for several separate geographic locations. In .~ 6
a recruiting study [21, the movement of
mi.litary-itge -on through the recruiting L SUBPROCE[SS*,
process and into the armed forces was modeled

for separate racial and educational groups as
a arkov chain with a single state space for
each group-only the input data (transition 3 /A
probabilities) to the model were changed for
each group. In [3], a Markov chain model was
used to investigate the consequences of P12- .1 P242 -.2
induced abortion for different groups of women 0 .9 1 0
by estimating transition probabilities p, 0 0 0

P13 . 0 1*separately for each group. S, Lo o 0 0 J
When the above procedure is used, the
resulting larkov chain for each subprocess P2,2 .8

becomes a conditional Markov chain in that its
transition probabilities are relative to its b. SUBPROCESS+
associated subprocess. This paper derives the
method for aggregating these separate
conditional chains (each of which has the same
state space) into a single (unconditional)
chain that is representative of the total
process and has the same state space as the P" 

=
, F

conditional chains. P.

2. ILLUSTRATIVE EXAMPLE St I

Figure 1 illustrates a simple four-state
process I that has been stratified Into two L4
subprocesses I, and 12. Suppose data have
been collected for each subprocess (which a. PROChhS
might represent different geographic regions
or different groups of people, for example)
and transition probabilities have been FIG. 1: FOUR-STATE PROCESS
estimated as shown in the matrices of WITH TWO SUBPROCESSES
transition probabilities P1 and P2" Further,
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suppose we know the fraction of time (i.e., transient star- S given that it began in each

the probability) that the process originates transient state Si.

in each subprocess, say f, and f2, and also We assume, vithout loss of generality, that

know that the process always begins in state each k always begins in a particular

S1 1 Given this information, how do we transient state, say S1. Then the probabilicy

determine P? This example illustrates the that termiates in S is

general problem addressed in this paper. An

we shall see later in the paper, what might be

considered as two "obvious" methods of

deteemining P do not, in general, work: where is the unit column vector el - (61j).

(I) aggregating the data from the subprocesses 6 is the Kroneckar delta, and ea is the

and (2) defining P - flP1 + f2P2. transpose of •1 .

3. DERIVATION OF P If we let f. be the probability that T

Suppose the process I under study can be originates in 'k (fk ), then the

stratified into m subprocesses Tk' probability that the process terminates in S

(k - 1, ..., m), each with the same state is

space. We assume that and all the Y are

being modeled as an irreducible, finite, b1 - fkblk - e*j!fk(I - Qk)

absorbing Harkov chain having q transient

states and r absorbing states. Our criterion for determining P is that the

If we number the states of .the chain so that limiting probabilities of absorption obtained

from P must be the same as those obtained fromthe transient states -precede" the absorbing

states, then the matrix P. of transition Pk and fk I n other words, we want to

determine the stochastic matrix P of orderprobabilities for subprocess Ilk can be

partitioned as follows: q + r such that

an (p)I -= )Pi - kf( - Ik-'k

where I is the identity matrix of order r, 0 and e (I - Q)-1 - ekfk(I - -

is the r x q zero matrix, Rk is the q x r To obtain an expression for P, let

matrix containing the transition probabilities N
4  

- a diagonal matrix of order q whose

from transient to absorbing states, and Qk is diagonal emt r forro t hef
diagonal elements are from the first

the matrix of order q containing the row of Nk

transition probabilities among the transient

s t a t e s - .r N dI [ 0 i g o a a r x o
The probability that 'k is absorbed in state A- L 0 1 a diagonal matrix of

Sj (j - 1, ..., r), given that the process order q + r.

began in transient state Si (i - 1, ..., q), Then, as we shall prove in subsequent

is [4] theorems, the matrix P that satisfies our

criterion is

(1Sk (b i k ) -(1 -Qk _R k N'R k - ( Efk~ )1 -f I ' k (1)p

where Sk is the matrix that gives the expected

number Nijk of times that 'k is in each Also, if P is given by (1), then the
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submatrices Q and k are - Ekfke -,

Q n (1scfIc '1k) kft~kQk Hance e' - Ekfoo4locn]

The existence of the inverse will be shown in
and . - (f N1k)- EfkNlkRk the next theorem.

4. VERIFICATION OF P Theorem 2. e ( - Q)-.R - _, - -1 .

To show that P is in fact the desired matrix Proof. Consider the first tvo factors of the

we need to show that: left hand side:

(1) P is stochastic; i.e., pij ) 0, all i e(I - q)-o ej• - k1

and J, and EJPJ - 1, all i. 1 1 k]

ef r~kfN~k -
1 kf Ndf

(2) e. (I - Q)-ft - e k'- Qk)-~k 1kQk k
<ky d -1d

We show that these conditions are met in the [ k - k kfkzlk

following two theorems. -el[zkf Nd -1 -kfkNlk

Theorem 1. P is stochastic.

Proof. From equation (1) it follows that - ekfkNdk by the Lemma.

Pij A 0, all I and J, since each term is

nonnegative. Hence the left hand side becomes

To show that " 1, all i, we need to show ed - )-l -

that Pe - e, where e is the q + r column

vector all of whose elements are unity. d

Writing P and e in partitioned form,

ruir ~ ~ ~ ~ No Ue *R 1*d1 Nik the first row ofN,
Pe - [ [ e '- " therefore

NOW e (I - Q) 1'R - LkfkNlkftk - kfke4 k)Rk

Qeq +)r - - Zkfk(Qkq + ker) - e5ZkfkNkRk -e O.kfk(I - Q{) 1R.,

- (EkfVIk') keq - q. which completes the proof.

[aIt is now seen that the matrix Nd -1

Hece - considered in the Lemma is nonsingular since

it is the product of two nonsingular matrices:
Before proving the next theorem we shall need

the following zkkfNk -

Lea. a ~fN~NsL] ~e~. fkNfd[I - ~kIk)-EkfkNk~

Proof. e" £kfklkNk " kfk(e Ik) k 5. EXPECTED TIME TO ABSORMPTON

- kfkN1kNk-1 Another quantity of interest is the expected
time to absorption in a given absorbing state
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Sj, given that Ik began in tranaient state and ef(Z - - efk(Z Qk-) k"

Si . The matrix of transition probabilities

for k conditioned on the hypothesis that k To obtain expressions for Pj and T, let

i absorbed in Sj s [4] dNljk - the diagonal matrix of order q

Q~ke'(l -Qjk) whose diagonal elements are from

jk L 0 1  
the first row of Njk,

where Qjk - DJk-QkDjk and Ajk [ l4k 01 e

and jk. 
The

jk L bqjkp 
(kfkAk) -l'fkAjkP ,

is a diagonal matrix of order q formed from -

colmn j of Bk . Pjk is of order q + 1, Q _ (f. k d) 4 fk4 dQ

e'(I - Qj1 ) is a q-component colum vector, kIjk kfjkjk

and 0 is the q-component zero row vector. and T - (fkN jk)1 fkjkTk

Given that Yk is absorbed in state Si, the

expected time to absorption is [1] The proofs that P is stochastic and that

Vj (I - Qjk)-Tk - NjkTk ej(- Q)-T - e~kfk(I - .Qjk)

where T. - (lik) is a column vector whose • are the same as those given in Theorems I

elements are the expected times Eik. that Tk and 2.

spends in each transient state Si.

Since "k always begins in transient state S1, REFERENCES

the expected time for t. to be absorbed in

state S is (1] Barfoot, C.S. and Hammick, P., Data
Losses and Time Delays in the Joint

elVjk - e'(1- Qjk)-lTk Uniform Kilitary Pay System/Manpower
1( Management System (JUMPS/MMS), Study 1065

(Center for Navel Analyses, Alexandria,
r VA,' U.S.A., 1975).
and the expected time for the overall process U

f to be absorbed in state S eis [2] Barfoot, C.B. and Sim, W.H., Marine
Corps Enlistment Guarantees Study,
Study 1056 (Center for Naval Analyses,

e ̂V - Leks^k - 2kfk' - Qjk)k. Alexandria, VA, U.S.A., 1975).

[3] Shachtman, 1.H. and Rogue, C.J., Markov
To determine the matrix Pi and the time vector Chain Model for Events following Induced

T for I under the hypothesis that I is Abortion, Opne. Res. 24 (1976) 916-932.

absorbed in Sj, we use the criterion that the [4] Kemeny, J.C. and Snell, J.L., Finite
Markov Chains (D. Van Nostrand Co., Inc.,

expected time to absorption obtained by using Princeton, 1960).

P and T must be the same as the time obtained

by using Pjk. Tk. and fk" In other words, we

want to determine Pi and T such that

Qj aI Q

P i-[0
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