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1. TRODUCTION.
Scattering of light by molecules is commonly dealt with through

Rayleigh-Debye theory.-' Such approach is known to be applicable to
molecules whose effective index of refraction is close to unity and to
imply -%4.nuber of approxinations which riay have rather severe
effects. In th paper we face the probleci by adapting the method
devised by Johnson, and kuccessfully used to calculate the electronic
states of large moleculesl to the scattering of electromagnetic waves.
Accordingly, we aodel a rolecule as a cluster of spherical scatterers,
possibly. of different radii and refractive indexes. A plane
electromagnetic wave, incident to the cluster, undergoes nultiple
scatterings which we account for by expanding the scattered wave in a
oulticentered series of vector harmonics. The expansion coefficients
turn out to be the solutions of the system of linear equations obtained
by expanding both the incident field and that witnin the spheres in a
series of vector harmonics, and imposing the boundary conditions across
the surface. Due to the presence of the incident plane wave, the aoove
system is nonhomogeneous. F

The method outlined above does not require any approximation,
except for the truncations of the expansions in vector harmonics, in

. order to get a system of finite order. For large clusters and for
0.. convergency reasons, however, one might have to solve rather large
O systems. Anyway, if the cluster possesses symmetry properties, as is the
C-) case for actual molecules, one can use group theoretical techniques to

I.j get the system in factorized form. By expanding both the incident and
_j the scattered field in symmetry-adapted combinations of vector harmonics,

indeed, the system jactorizes in much the same way as quantum mechanical
secular equations, except that the inhomogeneous terms are not

Sindependent of the row index of the multidimensional irreducible
representations. As a consequence, we have to solve all' the system
arising out of the factorization procedure. It will become apparent,
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however, that this peculiarity of the present problem does not cancel the
undoubted advantages of the group theoretical techniques.

2. IJLTIPOLAR EXPA14SION OF THE FIELD.
The cluster whose scattering properties we want to study is

comaposed of N non-magnetic spheres whose centers lie at R and whose
radii and (possibly complex) refractve indices are b and n_,
respectively. We refer the cluster to a fixed set of axes and choose he
direction of incidence of the incoming plane wave through direction
cosines of its wavevqrtor. A straightforward calculation along the lines
sketched by Jackson"' allows_ us to write the field of a circularly
polarized plane wave of wavevector k as

EM WI W(k)[jL(kr)XLM(r) ri-x (kr)X ,(r)] (2-18)
n~~ LM nL LM- U

iB(i) nE(* ) (2-1b)

_n .l

with n-+1 according to the polarization and

W,(k)'= .4 L(e, + ine2 ) X*(k) (2-2)

where e and e are unit vectors orthogonal to k and to each
other. ~14 the aoe equations tP8 vector spherical harmonics, X L.i
are defined according to Jackson.
The field scattered by the cluster is expanded in a multicentered series
of multipoles including only outgoing spherical waves at infinity:

E,(S) [A-" [A h L(kr ) X M (rQ) + B .M xh L(kr m)X L (rm (2-3))

..n fi L LM.LM . rLMkV L

iB(s) (Be h (kr )X (r ) + A m xh (kr )X(r)] (2-3b)
n a LM nLM L _LM a nk L M

with r - r - R The superscript(I) on the spherical Hankel
functions of thef~rst kind will be omitted throughout for simplicity.
As regards the field within the spheres we remark that the present theory
is not restricted to homogeneous spheres, provided the n ' are

spher -ily sysmatric. Therefore, within the a- th sphere we can
write'- .. .... .

- ~ E 90w~a~(r )X~ + (r~t O)LA(rd] (24a)

* .(0" S(r )x (r + " C xR (r )X (r.) ('4b)
.11 LU 101 L .. LM.

-afnct/or

. al



SINDONI

where R and S. are the solutions, regular at r a 0, of the
equations

_ d2 + k n '] (r R') 0 (-a

and

, 2  2 dnG C4! L L+1 22
__ 0 _T_ 1 a I s:) 0 ,

respectively. Of course. .uv r
n ', (r) -L (r,) (K r.) with K - kn.

3. SYMMETRY ADAPTED MULTIPOLAR EXPANSION OF THE FIELD
The expansion coefficients in equations (2-3) and (2-4) are

solutions of the system of linear nonhomogeneous equations obtained by
imposing on E and B the customary boundary conditions at the surface of

each one of the spheres. However, by first exploiting the symmetry
properties of the cluster and thus putting equations (2-1) and (2-3) in

symmetry-adapted form, we shall get the above system in factorized fo.ri.

First of all we partition the cluster into sets of spheres which

are transformed into each other by the symetry operations. This does

not imply renumbering of the spheres but only association of each site
index, a, to the appropriate set index, a. Then we construct

symmetrized comoinations out of the vector harmonics centered at the

sites of each set. To this end we remark that if fL (kr) is a spherical

Bessel or Hankel function then

IL (kr)X (H) IL (3-l)m

x(kr)X(i-) - .lk[ f_,T f j
I 2 1 L 2L+1 3-1b)

the T's being irreducible spherical tensors.1  Therefore, both the

magnetic and th electric 2 -pole fields t n according to the

representation DiL) of the full rotation group. Accordingly, leot
S be a symtry operation such that

S% a

with a and 0 I the sin set, of course, and let 08be the associatedl
operator, then if S is a proper rotation

W WU (3-2a)

OsVXtL(kr.)-X (1) vx (kr)D'U (S)X ( (-b)

.3(,.
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However, if S is an improper rotation one must take into account that the
parity of fU is (.)L while that of . is (.)L, X Therefore
for improper rotations, the right-hand side of equation of (3-2a) must be
multiplied by (L)L and the right-hand side of equation (3-2b)
by (.)L, and the argument in Dum must be understood as the proper
rotational part of S. As a consequence, if the symmetry group of the
cluster also includes harmonics belonging to the rows of the v -th
irreducible representation, one has to apply the projection operators1 5'1 6

V 9v
'sq E 0."*(S) 0

I(3-3)

both to the magnetic and the electric 2 poles. Thus we can write

-ML aVPQh (kr )X (r)

*G me mN agm (3-40

Kv" bv"i 1 xh (kr,)X Q,.)
-WL wLk L LM (3-4b)

for the combinations of magnetic and electric z poles, respectively,
centered at the sites of the o-th set. The superscripts v, P
indicate that the combination belongs to the p-th row of the v-th
irreduciole representation and the index N recalls, when appropriate,
that one can get wore than one set of basis functions for a given L. The
scattered field can thus be written in symetrized form as

E' JFAVPQO + 1: S vPa KVPO
-i V LI 14 -% N"L *WL J (3-5a)

the corresponding expression for i s being obtained through the
Iaxwell equation iB-- VxE; the indZe n denotes the polarization as
in the preceding section.
Comparison of equation (3-5) with equation (2-3) shows that

E 1: AvPavsaA , I'I:BvPabvP* -8
VN n'I.NW 14M MM V %NL NLi tni- (3-6)

Furthermore, since w work with unitary irreducible representations, as
shopa by the structure of the operators, equation (3-3), the coefficients
a have the property

sE E w. * (bvP)"b'P as

Now w have to decompose the incident field Into parts belonging to the
rows of Irreducible representations of the symmetry group of the
cluster. This Is easily done for the projection operators, equation (3-
3), have the completeness property1 - I

), . ... . .. ....
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lp 3 1
Spp (3-8)

Thus we can write

E Wn 0(k) [4p JL(kr)XL( ) + VXj (kr)X ( )
VpM kEPP L -LM.

SU (O) rJP + nivP1()
"f LM LM .(3-9)

and an analgous equation for .), .where

JVP , v D( )*(s) 0o (S)JL (kr)XL.(W)

and W
= VP j, (kr)X, ;

LU W LMW L ~LW

This coupletes the symmtrization procedure because equation (2-4) need not be
s .r.ietrized for reasons that will become clear in the next section.

4. EQUATIONS FOR THE COEFFICIENTS
We are now able to write the equations for the

coefficients Ao andf or the scattered wave, equation (3-5), by

imposing to E and ii the appropriate boundary conditions at tie surface
of each one of the spheres. To this end we rewrite equations (3-5) and
(3-9) in terms of vector harmonics centered at a sinljegite, say R
through the use of the appropriate addition theorems. ' Indeed, near
the surface of the ct-th sphere belonging to the o-th set we have

-N' U,

N {) T MLeT N ljLL L" N
°  

LM'L L *L G~

+' EPw avp h ( )X E + (kr)X ( ) +KL1  14 ()
nU VW.M E pWN NLM L'.W LaULM L N' ' L0W L a kr)XML a

V11
V b kP'lW L( (M ).xjJ. (k% M (L,

q) 1:1: .VP (k) (k) ;a) +LJ (kr 1;)X (jv)
LM . .. . " VpW M M"L " f'AL

•nV E E [La J~J (kk).r )X(. k,

L" p L"WL M V a I"W"W -XJ L"M

• +,,:,+ ,. +.,o.,
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and analogous expressions for iB W  i and . In equation (4-1) we
define r -n

Has L (1-6 )C(1L" ,L ;-i,ij4Y jL° -' % ' 9-'*f;L-M+U)

X h (kR 8lY* . ., )C( 1 L L ; .u,+U)1 (4-3a)

is
X IX'Wl.I M'ML.+= " ,

x £(L'M1ateu;L, 0  )hIkN BYAM uCR8 )C( (,4,L;-uu)(4-3b)

with -R6 " 4 z . _hile in equation (4-2) WLM and LML-M are identical
to xNL.Lu and A'as respectively but for -the substituton of A to hA

and R N0. The quantities
II(L*M';LM) Yf'W YP da

are the well-known Gaunt integrals.19

Now, taking the Jot prodict of equations (4-1), (4-2) and (2-4) in turn
with r Y* (r ) and r x X* d(r) we get the radial and theI agi -a ztangent components of'he Aild M the surface of the a-th sphere.
Imposition of the boundary conditions and integrration over the angles
yields, for each 1,m six equations among which the coefficients of the
internal field, C .  and D * are easily eliminated. This
circumstance, on one hand clarifies the inessentiality of the
symmetrization of the internal field, and on the other hand yields, for
each v, p, r a a system involving only the A's and B's as unknowns:

T UT L NIf u LMO! L t MLM M O A VLa fW L

-E E cVP L'l. (-)

laW W6 n L W n"

--EE ( )rc VP L a +d .r~ 1
LM W VILM U" LMW* tAWluJ (4-4
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where we define

.R 3e-(
£ [::::kr 5  R-( 5 (k))rb

er;,%eS.) ~ ( - ad%.(kr_ b1

Since theS) n2S~Lr 1  ) a:2 oter r~ a S Oco

spheres within a set are identical to a

not actually depend on n but only on the set index, 0d Therefore,-- from
nov on these quantities will1 be indicated by Re and S , respectively.
Equation (4-4) can be put in a more syiietricat" form tthrough the use of-
equation (3-6). Indeed, multipllcation of equation (4-4a) y (av )*

* nd of equation (4-4b) by (b.V)* , and sur.uation over the 's belonging
to the o-th set and over in yield for each v, p, r the equations

T ""L'-7"

In equation (4-7) we put, for the sake of simplicity,

r -- (a,£,n), s -(r,L.N), r' -(a,t,nl'), $'= S ,.'

and define lL () n (a )* s a2S r

" a, atm L, mod wu (4-8)

a m SM n m rad NLM (rb9)
nit a obvious n of th .nly oneters ig....aThe quantt ies

and o(he)are identicl to () and (e. ) respectively, except or
the muati exchange of the a's with the b's.
koreover Ide ma o e

We remrk that i n equations (-7) and (4-) the superscript p on

hI

toteQ-hst n ve iedfr ahvp teeuain

Av~:, -.)vp- V 4-s
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i and K is missing. As will be shown later, these quantities are
actually independent of the row index so that p has been dropped.

5. THE CROSS SECTIONS .;vpo op
Once the coefficients n and -n are known, all the

scattering properties of the cluster can easily be calculated. For this
purpose, symmetry is not essential and we can revert to the unsymmetrized
expansion of the scattered field through equation (3-6). It is
convenient to express the scattered field in terms of vector harmonics
centered at a single pnt through the addition theorem already used in
the preceding section. If R is the vector position of the chosen
point and r - r - R ...

. . . ... o ..

n ''- . h n'k L V- LM
+ LOG~ hLL L'o) (r 01+ roe. *L !xh )XM (ro)L

S' L. W V VWLML- ' -

= flLWh L(kro)X. (6o) + Bn..~xhL (kro)xL. 6o) ~ (5-1

and an analogous expression for iB with
n

* [AmO , 4e +B8 LOG.' LMnLM L*L nLM L LU) (5-2s)

V1W[ ~ Am LO + B3 J5-2Lm
nLW LM n Lm L:MLM MVW(-b

Lmt and L-M-LW are given by equation (4-3) but for the substitution
of JA to hN . Equation (5-1) is valid provided that r,> Ro 1 ! B -
i.e., in the region outside a sphere centered at R ann inciuang the
whole cluster. Therefore choosing it 0 and thu letting the center
of the expansion (5-1) coincide wit% the center of symnetry of the
cluster, the radius of the above sphere is minimized. Anyway the
coefficients A and B, unlike those of the field scattered by a single
sphere, depend on the direction of the incident wavevector, k As a
consequence all the quantities.of interest depend both on k and on the
scattered vavevector, k = kr, except, of course, the scattering,
absorbtion and total crass-sections which depend only on k. A

straightforward calculation shows, in fact, that

, l I i,i.. .  12 + lil. ' IV 123.

ktt
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k(abs) W " lin2.' . + Wn 2 l + W l2 (5-3b)
n1iiL k2 LW fL'M1 ' L:W

(tot). 4W2 ReW + 8  (5-30

n k2 L W 'M' (in VW nL'm"

Finally, we notice that the cross sections depend on the polarization of
the incident wave, n, as explicitly indicated in equation (5-3).

6. DISCUSSION
In the preceding sections we used group theory to put the system for

the coefficients of the scattered wave in factorized form. Let us now
rewrite equation (4-7) matrixwise as

R + eH(m) KV(M,) I JAVP I P

KV(e,) ' + HV(e) VP QVP 16-1)

in self explanatory notation. Clearly the dependence on p of the right-
hand side of equation (6-1) forces us to solve all the systeis arising

from the factorization procedure. Nevertheless, the matrix on the left-
hand side of equation (6-1) does not depend on p, just as in the case of
a secular problem. The p-independence of R and s , indeed, follows from
their very definition, equation (4-5). These quantities occ'r even in
the theory of electromagnetic scattering from a single sphere and are
the electromagnetic analogE1 of the elements of the transition-matrix in
quantum scattering theory. I V and K.V , in turn are the symmetrized
counterparts of and , equation (4-3), which are the matrix elements in
the site and angular taotaeutuwn representation of G, the dyadic Green's
function for free space propagation of spherical vector waves. The p-
indepenaence of H and is then a direct consequence of the invariance of
G under the symmetry operations. Therefore, the matrix on the left of
equation (6-1), which can be i terpreted as the inverse of the transition
matrix for the whole cluster, turns out to be independent of p. This
circumstance greatly reduces the computational work in the case of
multidimensional irreducible representations. Anyway the computational
work needed to solve our scattering problem depends on the number of
spheres in the cluster and on the number of L-values included in the
expansion of the scattered field, equation (2-3) or (3-5). For a cluster
of N spheres and including multipoles up to the order LM, the dimension
of the unsymetrized system is d a 2N( + 1)2 - 2N, while if group
theory is used, the order of the factorized systems depends on the group
of the cluster. As an example let us consider a cluster of 5 spheres
with point group T (the SO-~ CH4  molecules have just this
structure). Table 1 stows the order of the symmetrized systems and that
of the unsymmetrized one for values of L up to 4. Anyway, from the work

9!
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of ie 2 3 and of DebyeZ we )-now that, for a sphere of radius, b, Ili I
is quite sufficient for a good description of the scattered field,
provided that Kb < 1. Now, since our cluster is meant to modellize a
molecule, the radius of the spheres can hardiy exceed 3 A so that in the
visible and infrared range Kb < 10 for any a. Therefore, even
allowing for the effect of multiple-scatterings, L - 3 should be quite
sufficient to achieve fairly converged values of the' scattered field.

Table 1

Lu  1 2 3 4
- m -

A1  1 2 6 10

A2 1 2 6 10

E 2 8 12 20

F1 4 10 19 30

F2  4 10 19 30

U 30 80 150 240

Dim ension of the symuetrized and unsyiaetrized systems for Li up
to 4 for a cluster of 5 spheres with a point group Td. The entry U means
unsym etrized while the other entries Indicate the irreducible
representations in the notation of Hamermesh.

7. COhPUTE& CODES
The method described has been implemented through computer

algorithms whose practical application we briefly describe. The first
code has a main program named SYIIULT and subroutines PRU..UTE, PRJECT,
FUNCTION DL, PJPIJ, ORTUOG. The second main program, named HUSCA, has
subroutines RESYCO, REYAPW, GH±.IT, GAIIT, GHGK, GIGL, SUIME, SKULE, SPQ,

f.AH, CROSSE, CHES, ZOTS, W-A, RSINV, AUXIL, FUNCTION DCLEB, RBF, RNF,
CBF, POLAR, SPHAR, DCMLIN, COMPLEX FUNCTION DCDOT.

SYKILT only read* the input data and cells the subroutines,
which actually perform the mathematical computations, and finally prints
the output, which consists of the following quantities:

1. Hames of the operations for the group, , with the
corresponding parameters: a , angle of rotation, A , R & v direction
cosines; and the peruatations induced on the sites of a given set by the
operations of . For the operations of group and associated operator
*cc we refer to eqs. (3-2a) (3-2b) and following explanations.

2. Coefficients of the independent combinations of magnetic and
electric multipoles centered at the sites of the given set, such
quantities are computed from eqs. (3-4a), (3-4b).

, - 10
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3. The projections of the magnetic and electric iulcipoles
included in the expansion of the incident plane wave, as are shown in eqs
(3-9).

These quantities are written on a file and are the input data
for lIUSCA, whose output consists of the following quantities:

1. The total cross section, computed froma eq k3-5c)
2. The scattering cross section, from eq (3-5a)
3. The absorption cross section, from eq (3-5b)
4. The coyfficienti of the scattered wave for each

representation, the AM and BKof--.eq (-6) , which are the unknown
quantities in our solution and. thus, _with_-their -knowledge we are able to
fully describe the properties of the cluster, as stated in section 5.

Following are some a1ata obtained irou these programs (outputs of
SYZIULT and MUSCA) for the case of the point group Td (S04) and
comparison is made with experimental data.
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