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simulation results show markedly improved delay-throughput
characteristics over other existing and proposed multiple access
techniques with especially sigiificant performance gains at high
traffic and also as the traffic imbalance among the users increase:
A good agreement between the simulation results and the analytical
results is obtained.

This report analyzes the slotted-ALOHA multiple access
scheme for broadcast channels with a finite number of users,
each having a buffer of infinite capacity. The analysis is based
on the idea presented in (1), Qf having a two Markov chain model
to describe the whole system. The model analyzed in this paper is

. simpler, gives further insight into the problem of interacting
" *, buffered users, and. leads to one-dimentional Markov chains.

* * An upper bound on the worst case autocorrelation of PN
sequences of a given length is obtained. The value of the worst
case autocorrelation curve at some specific points is found and
using interpolation methods a smooth curve fitting to the worst
case autocorrelation curve is formulated.
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An infinite cyclic sequence of period p, where p 52 k

for some positive integer k, is a shift register sequence if

any block of k consecutive bits over one period of this

sequence is not repeated. The sequence of period p= 2 k - 1 is

known as the maximal length sequence and the sequence of

length p=2 k is called a deBruijn sequence [1]. For a given

k the number of deBruijn sequences is 22 k - l k

A linear maximal length sequence (also known as a PN

sequence) can be generated by a k-stage linear feedback

shift register (LFSR) with a primitive characteristic

polynomial [2]. For a given k the number of linear maximal

length sequences is (2 k -1)/k ,where 0 is the Euler's

95-function. An efficient method to construct the nonlinear

sequences is the cycle joining method [2],[3) which is basea

on joining the sequences of short period together to obtain

a deBruijn sequence.

In the following a new property of the PN sequences is

presented. For generation of nonlinear sequences of period-

k
p=2 this property and several other well known properties,

[2], of the PN sequences are used to join the cycles of an

LFSR with characteristic polynomial G(x)=g(x)(1+x)n, where

g(x) is a primitive polynomial of degree m and G(x) is of

degree k=m+n.

* I



Superresolving image restoration (SIR) in the presence of

noise is considered. Few ',ER algorithsm have demonstrated the

ability to resolve two point sources spaced on-half of the

Rayleigh distance apart. In this report, it is shown that the

SIR of a two-point noncoherent source spaced one-tenth of a

Rayleigh distance apart is possible. The method presented uses

optimal data fitting techniques based on the method of linear

* programming. For noisy images, a combination of linear

eigenvalue prefiltering and optimal data fitting is used. It

is also shown that for a diffraction-limited (DL) image of two

point sources spaced one-half of the Rayleigh distance apart,

where the input is contaminated with sigificant noise, SIR is

achievable. These results have important implications in

atmospheric physics, geophysics, radio astronomy, medical

diagnostics, and digital bandwidth-compression applications

where the deconvolution of noisy bandwidth-compressed images

is one of the fundamental limitations.

A method of restoring the discrete Fourier transform (DFT)

spectrum of a DL image from a narrow observation segment of a

DL image is also presented. The DL spectral restoration

process is the dual of the more common DL image restoration

process with the role of frequency and space reversed.

Applications of a spectrum restoration Include increasing the



field of view of existing imaging systems and extracting

ci precise frequency components of a large DL image using only

small segment of the entire image. This method could also be

* employed for image data compression which is of interest in

digital video applications. Several differences between the

implementation of the image and the spectrum restoration

processes are described. The estimate is constrained to have

an upper bound on the number of frequency components contained

in the Fourier spectrum. The bound is the number of samples

acquired at the Nyquist rate for the length of the image. The

magnitude of the DFT spectrum is also bounded. These

constraints define a large number of possible solutions. The

desired solution is then selected such that the distance,

defined in a function-theoretic sense, between the measured

and the estimated image is an optimum. A number such measeures

are investigated. Numerical experiments show that this

approach yields results that are highly immune to measurement

noise.

Signal-dependent noise encountered when sampling video signals

at low sampling rate, while using an adaptive video delta

modulator both as a source encoder and a video digitizer, is

combated by using a white-light reflective transform optical-1 preprocessor. while the white-light preprocessor works on

black and white images, its main advantage is that It can

simultaneously process using a single source many color

channels. Further, the relative lack of both spatial and



temporal coherence aids in reducing speckle and interference

noise effects. Experimental results on color video images,

that have been preprocessed using a white light optical

transform preprocessor and digitally encoded by sampling close

to the Nyquist rate with an adaptive delta modulator, are

presented.

Ii



I. Research Objectives

1. Dynamic Reservationi Multiple Access Technique

for Data Transmission via Satellites

A new reservation-based mulitiple access packet switch-

ing techniques applicable to packet communications using a

satellite channel is proposed. The objective of this research

is to optimize the system performance in terms of throughput and

delay and to develop analytical models to analyze the scheme.

2. Analysis of Interacting Buffered Users in Slotted ALOHA

The objective of this research is to analyze the slotted

ALOHA multiple access scheme for broadcase channels with a finite

number of buffered users. Previous investigators of this problem

have assumed that a user has a maximum of one packet in his buffer.

In such a case, if a second packet arrived it would be automatically

rejected and destroyed.

3. Worst Case Acquisition of PN Sequences

The objective of this study is to bound the autocorrela-

tion of PN sequences. Using this bound more accurate estimates

of the acquisition time in a spread spectrum system can be ob-

tained.

4. Generation of Nonlinear Shift Register Sequences

Nonlinear sequences are more numerous and therefore more

difficult to ascertain by an enemy, then linear sequences. The

objective of this study is to present a new property of PN se-

* quences and show how this property results in the generation of

A these sequences.
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5. Superresolving Image Restoration

Superresolving image restoration in the presence of

noise is considered.

6. Restoration of the DFT Spectra

Restoration of the DFT spectra of a narrow segment

diffraction-limited image is described.

7. White-light Prefiltering

The use of a white-light preprocessor for color image

bandwidth compression is described.

JI1
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1 II. Status of the Research Effort
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DYNAMIC RESERVATION MULTIPLE ACCESS TECIINIQUE
FOR DATA TRANSMISSION VIA SATELLITES

D. K. Guha. D. L. Schilling, and T. N. Saadawi

Department of Electrical Engineering, City College of New York
New York, New York

Abstract chain model; one Markov chain describes the status of the buffer
Contents of a typical user, we refer to it as the User Markov Chain
and one that describes the status of all the users of the channel, we

A new reservation-based multiple access packet switching technique refer to it as the System Markov Chain.
applicable to packet communications using a satellite channel is Simulation results have been obtained for the system under
proposed. The objecUve of this research is to optimize the system various traffic distributions among nodes, and are presented Later in
performance in terms of throughput and delay and to develop the paper These results show markedly improved delay-
analytical models to analyze the scheme. throughput characterisucs over other existing and proposed multiple

Simulation results show markedly improved delay-throughput access techniques with especially significant performance gains as
characteristics over other existing and proposed multiple access the traffic imbalance among the users increases. A good agreement
techniques with especially significant performance giins at high between the simulation results and the analyuc results is obtained.
traffic and also as the traffic imbalance among the users increases. For equal traffic distribution among nodes, each node needs
A good agreement between the simulation results and the analytical approximately two (2) slots at most to transmit packets in a time
results is obtained. frame to achieve the best performance. It is found that the average

1.0 INTRODUCTION number of frame size is approximately I slot per node at low
The field of large data networks has seen a tremendous growth throughput and less than 2 slots per node at high throughput. In

nthe eldfla re d ta n smplet st solon a t nous ro g other words, the knowledge of the second proceeding reservation
invector for a node is not necessary to have two slots at most in a
communication between two points is to assign a dedicated channel time frame.
for their use. This method is expensive in computer
communications especially over long distances. Meaurement For unequal traffic distribution among nodes, on the other hand.
studies conducted on time-shanng systems indicate that both the delay-throughput characteristic is improved by assigning
computer and terminal data streams are bursty. That is, the peak variable slots to the nodes in a time frame. The knowledge of
data rate is much larger than the average data rate. Thus, if a preceding reservation vectors is. therefore, necessary to assign
channel is dynamically shared in some fashion among many users, variable slots to a node in a time frame. Optimum values of
the required channel capacity may be much less than the unshared variable slots to be assigned to the nodes are obtained for unequal
case of dedicated channels. This concept is known as statistical load traffic among nodes in which the arriva rate of packets for one
averaging and has been applied in many computer. communication node is eight times higher than that of other nodes. However,
schemes to various degrees of success. The application of packet these values will depend on the traffic distribution among nodes
switching techniques to radio communication (both satellite and Further analysis of these should be made.
ground radio channels), which is a multi-access broadcast medium. In Section 2.0. we examine several existing and proposed
provides a solution. satellite communication packet switching schemes. A new

In the subarea of multiple access schemes for networks that reservation multiple access scheme is then presented.
include broadcast (and panicularly satellite) links a great deal of In Section 3.0. this proposed scheme is modeled and analyzed in
work has been done in inventing and analyzing strategies and
protocols for the shared use of a common channel by geographically a queuing theoretic framcwork. A numerical solution to the
sprtcos fsr. The r s of coon he b oap hals mathematical model is obtained. Steady-State System performance
protocol (in the sense of minimizing both average and maximum parameters, such as average queue sizes and waiting times which

delays per message for a given throughput) have not been are useful in system design, are obtaned.
formulated yet. In Section 4.0. a FORTRAN simulation model is developed, and

The basic goal of this papr is to develop control schemes that a comparison is made between the analytical solution and thecan b employed when using a geostatonary satellite channel for simulated performance. A good agreement between these two isintercommunicetions between a set of geographically distributed obtained The simulation results are compared with other existing

nodes and. more importantly, modeling and analysis of such and proposed satellite schemes and show markedly improved
schemes. Although many time-division multiplexed schemes have delay-throughput characteristics over the others. Simulation results
been proposed, very few of the schemes have been modeled are also obtai ned for the system using different arval rates of two
anisl . Inoposed, aper .w e dee aanalze anmeld classes of traffic under vanous loads and node distributons. Theseanalytically. In this paper, we develop and analyze a dynamic rslsaepeetdltri hsScin

reservation-based multiple access packet switching technique, which resuIts arc presented Later in this setion.

minimizes both average and maximum delays and maximizes traffic In Section 5.0, condusions and suuestion& for further work are
throughput. The analysis is based on a combination of two Markov presented.
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2.0 PACKET SWITCIIiNG TECHNIQUES FOR SATELLITES the station havine more than two packets to transmit. The number
2.1 Baeklipousd of variable slots assigned to each station in a time frame will be

dtermined by the following algorithm:
Several techniques have been previously proposed for using a

satellite channel in a packet-switching data network in a way which A. There will be no time alot allotted for the station which has
allows all stations to dynamically share the channel capacity. There sent a (0.0) vector (or only 0' in this case).
is a variety of ways' allocating time slots to the nodes, such as
flxed-assignments, random Access, rcservation-tcchniques. etc. The B. There will be one time slot allotted for transmission for the
well-known ALOHA2 and slotted-ALOHA' schemes arc examples sition which has sent a (0.1) vector.
of random access techniques. C. Thcrj will be two time slots allotted for transmission for the

Reservation-ALOHA' used random-accessing in conjunction station which has sent a (1.0) vector.
with a frame concept and dynamic ownership principle to allow full D. The station which has seat a (1.1) vector will be allotted
utilization of the channel capacity. A different reservation time slots (equal to or more than two) which will depend on
approach, described by Roberts s uses a first-come 5rat-served its pnor reservation vemors as follows:
distributed queuing system in conjunction with a random-acccssing
technique for making reservations. I. P (which is equal to or more than two) time slots will be

n reserved for transmission if the first preceding
Binder's technique' consists of a dynamic time-assignment reservation vector is (0.0), or (0.1) or (1,0).

system superimposed on a fixed STDM structure. The approach
retains the stability and allocation fairness of a fixed STDM while 2. Q (which is equal to or more than P) time slots will be
allowing nodes to make use of channel capacity otherwise wasted reserved for transmission if the first preceding vector is
because of light traffic loads and a non-uniform distribution of' also (1,I) but the second preceding vector is (0.0) or
traffic among the nodes. (0.1) or (1.0).

Balgangadhar and Pickholtz' discuss a scheme where time is 3. R (which is equal to or more than Q) time slots will be
divided into frames, each frame consisting of reservation time slots, reserved for transmission if the preceding two vectors
preassigned time slots and reservation access time slots. The idea are both (1.1).
behind this scheme is to make efficient channel utilization while The above algorithm is explained in Table 2.1.
circumventing the delay problem by introducing the pre-assigned
slots, which force the frame size to be no smaller than one round- Immediately, after all the nodes have transmitted their
trip delay. reservation, each node transmits (if it has any packets in its buffer).

sequentially, one packet on the one fixed slot assigned to it. Sinc,2.2 A repeed New Reseriatios Techmtgne. O

The proposed scheme consists of a dynamic reservation-based Table 2.1 a"
time-assignment packet switching technique. In this proposed 0 oi
scheme, time is divided into frames, each frame consisting of Algorithm for Slot Assignment

reservation Lime slots, preassigned fixed time slots and reservation- RESCEVATION VECTORS sENT OF EACH koCE No Of RESER-V

based variable time slots. At the beginning of each frame, there AT THE sErINIG or A FRAME 3.s.. wA. 7L ClO
SLOTS IVI AST"".N N4

are M small slots (M is the number of users in the system), each . , T FIRST StcO,, 0 cCH NoDEcI
large enough to transmit a reservation from one of the M nodes in vEcTo I t A TiE ens,, ,O VC
the network. Following these small reservation slots, there are M (0.01 0
preassigned fixed slots, with each node being permanently allocated , 0

one fixed slot per frame. The slot size and the number or nodes, as to.. i - -

in Binder's Scheme, is such thai the duration of these M fixed slots ,.0 -

is at least as long as one round-trip delay to the satellite. At the ' 0
end of these fixed slots come the reservation based variable slots ' o , '
(V). The number of these variable slots in each frame depends on 4.i.i i0o) ON iO£. QSP
the reservation vectors sent by the nodes at the beginning of the ON .i

frames and the algorithm described in the following discussion. ,i ,>
The idea behind this scheme is to make efficient channel utilization
(hence. the asynchronous variable slots) but circumvent the delay

problem by introducing the fixed slots, forcing the frame size to be
scheme is that the reservation time is small enough to A

accommodate two bits of reservation vector for each node and thus
a very small percentage of the total frame time, which is not true PAR - , ,c,, -.-----..W--- .... e .o.
for other existing schemes. Figure 2.1 illustrates the frame PR-

structure and time-slot allocation.
The reservation vector is sent by each node as foillows: The Figure 2.1n. Frame structure of proposed scheme.

nodes examine the buffer contents (number of packets opened) just
prior to sending the reservation information, subtract one from it 7
(since they know that they will get one fixed slot in the frame) and i .... ...l..........I .

sends two bits (0.0) (or only 0 in this ease) or (0,1) or (1.0) or AM a _.j , iw
(1.1) into the two reservation slots assigned to it. The (0,0) vector ,.a
represents the situation where the station does not have any packet Figure 2.1b. Detailed time-slot allocation in the proposed
for transmission, the (0,1) vector represents the station having only scheme.
one picket to transmit, the (1.0) vector represents the station 4... i, - t s nu " V s.' ' i .

-1 Ian .1 win INL-16 RRMtAIs w sats i., " .4 Well.

i having only two packets to transmit, and the (1.1) vector represents ,. ,, ,e w , ,
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the duration of the M fixed slots is longer than a round-trip delay. server, in which the queues arC served in cyclic order. He used the
by the end of the fixed slots all the nodes will have received the following argument to derived the probability distribution of the
information for the variable slots assigned to them. Accordingly, queues; if the server nicets the same probability distribution of the
each node will transmit its assigned packets, sequentially, in the number of customers, say P.. at each of the queues on one cycle of
variable portion of the time frame, the system, then the same distributon must meet him when be

It is to be noted that the slot allocation is highly asymmetrical returns to the same queue.

with regard so the terminals. It is intuitively obvious that the Halshida'" used Leibowitz's approzsmate approach in the analysis
packets in station n have to wait longer than the packets of station of multiqueue systems where the server serves. at most. K

(n-I) to get transmitted. To overcome this problem, the customers that were waiting when he arrived at a queue. Also in
assignment of the slots can be done in a cyclic order in frame LU), Reference 7, the authors used Leibowitz's approximation along
the sequence of slot allocations is ( .2,...,M) in frame (j+ 1), the with an independence assumption to obtain the queue sire
sequence is changed to (2,3,....M.1). and so forth; in frame distribution for each user.
(j+M+1), the sequence is again (1,2....M). In such a TDMA Besides introducing a new reservation scheme, we consider that
based reservation slot the reservation minipackcts arc quite short, the main contriution of this dissertation, is the maihematical
because they would not have to carry identity and synchronization model presented here to analyze interacting buffered terminals.
information. The model, as mentioned earlier, is basically a combination of two

The length of tht frame is a random variable and depends on Markov chains imbedded at the beginning of each frame; one
the number of users requesting transmission at the beginning of the Markov chain that describes the state of the user, referred to as the

frame. The mathematical model in section 4 is centered primarily User Markoe Chain and another Markor chain that describes the
around the imbedded Markov chain, imbedded at the special state of all the users in the systems, referred to as the System
epochs which are the beginnings of the frames. The service order Markov Chain. T. T. Saadawi and A. Ephremidesiu used a similar
within the frame has no effect on the state of the system at these approach to analyze the reservation scheme where they considered
epochs. But the service order does affect the waiting time that each station transmits maximum one packet in a time frame.
distribution for the packets queued at the terminals. In Section 3.2.1 we describe the System Markov Chain while in

Section 3.2.2 the User NMarkov Chain is obtained. For the purpose
3.0 A MATHEMATICAL MODEL OF THE PROPOSED SCHEME of comparison with simulation results, the mathematical model is

3.1 Itroduetios studied here for the reservation scheme where each station is
allowed to transmit maximum two packets in a time frame. i.e..

The proposed system is a non-standard multi-queuing single- P - Q - R - I. For other values of P. Q and R we will have similar
server queuing system. Multiqueues attended by a single-server analyses for the system.
have received a good deal of attention in the queuing theory
literature." What distinguishes the proposed system is primarily 32 Til ser Model
the service discipline.

Chu and Konheim ' have developed a unified rathematical The system consists of M terminals, each of which has an

model for the analysis of synchronous TDM, the asynchronos infinite buffer. The arrival process at each of the M terminals is

TDM. and the 'Hub polling' techniques. Specifically, they assume assumed to be a Bernoulli process with rate a, i.e.. the probability

that the arrival pattern of packets at the stations is Poisson and, of arrival or a (single packet) message at any terminal in each slot

using a generating function approach, have developed equations is a. The total arrival rate is, therefore, Me packets per slot.

leading to the queue size distributions of the buffers at the model which is equal to the throughput rate. Most other studies of

and the waiting times experienced by the packet. , multiple access protocals have assumed a Poisson arrval process

The Bernoulli process is a discrete-time analog of the Poisson
Is is to be noted that the service time of a packet ix dependent process, which is well-suited to the discrete time slot structure.

on the status of the remaining queues. If we let n5 represent the The user may be in one or two states: an idle user, where his buffer
contents of the input buffer of the kth user, then a complete is empty; or an active user, where his buffer is not empty.
description of all M users requires the specification of the joint
probability distribution P(nl.n:...,nu). The determination of these As shown in Fig. 3.1 whenever the user has the packet(s) in his

ptobabilities is very complex, if not impossible and demands the buffer, it sends a reservation request at the beginning of the

solution of a large number of seu of equations. Fayolle and frame*, the preassigned packet is transmitted to the fixed time slot
lasnogorodski'

5 showed the limitation -this direct approach. 'They and the reservation-based packet(s) are transmitted to the assigned
considered she simple exmple of two parecl M/ /I queuing slot(s) of the variable portion of the frame after it receives

systems with infinite capacities and with service rate for each messages from the satelite as she end of a round-trip delay
system depending on the status of the other system's queue. They We need the following definitions;

4 showed that the generating function F(x, y). corresponding to the
joint probability of the two queue sizes can be continued as a ,- steady state probability of having i packets in the buffer

mecromorphic function to the whole complex plane. Using the at the beginning of a frame.

theory of analytic continuation they reduced the problem to a
Rieman-Hilert problem and were able to obtain a closed form for Hence
F(x, y) which includes several elliptical integrals of the third kind.
Extension of their analysis to the ease of more than two users and wr - probability of an empty buffer
to our problem seems unfeasible.

Leibowitzi
4 presents an approximate method of treating

multiqueue systems. He studied the case of N queues with a single I - - probability of an active user

In ta msitbemainsal model. iT. sael siesaus at the beuin8is Of a (raie.
.here the rosertvlus ,orio ar i l1 by the mode. see sumed io be of zero
dessen.
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3.2.1 Thet System Markow Chain The state of the system is In the above binomial distribution. it is assumed that Ilbe
described by the number of users requesting transmission at the probability a user remains active is independent from the state of
beginning of the frame. Let us first define the following: the other users. A similar assumption has been stated and jlustifiedl

in Reference 15, where the case of a single server serving N lines
Ii-number of users having only one packet requesting ins cyclic order is studied. In that analysis. the number of lines is

tranmisson t th beinnig o a fameassumed constant during a cycle and is determined by a binomial
-number of users having more than one packet distribution.

requesting transmission at the beginning of a q(iji3i.Kl.K~j2) - probability lil idle users receive one packet
frameand i2 idle users receive more than one

, length of a frame resulting from requests for packet out of (M-K) idle users during a
taransmission of j, and j, users at its beginning frame given K(- K1+K2) users remain active

out of j, users requesting utnission at the
-(M-+j2) slots, where M is equal to or greaser than beginning of a frame]one round-trip delay i t me slots 

-IP1,,2  steady state probability of having j, and j2 users - ~ r-~'
requesting transmission at the beginning of a ~2I
frame i+-KI ,e

.,j- probability of an idle user generating no packetiK T ~ I l. ()
during tse frame of length L,,L

0 Iu (3.1a) I.- I~n $LT NJtW FRAME

-j probability of an idle user generating one packet
during she frame of length Ljl1h

- [lJ * l~e)~I~i(3.1b) .
ii- probability of an idle user generating more than

- 1 m packet during the frame of length L..I
-I - 6). (3.2) Figure 3.1a. System Markov Chain.

Fo - probability of having two packets only in the buffer The System Markov Chain is illustrated in Fig. 3.1a. Therefore.
at the beginning of a frame given user is active and p. te t
having more than one packet IVtesady state probability of n, users having one packet and

- W2___ n2 users having more than one packet. requesting transmission at
(3.3) the beginning of the frame is given by

F, probability of having three packeU in the buffer at P'...- 2; A,,,,(ni.nj)P,, (3.7)
the beginning of a frame given user is active and I-ir
having more than two packets

1j(3.4) where A,,)2(ni.nz) is the transition probability from state (jij,) to
* 4 -w.- 1 -r 2 state (rapta1) and is give by

K, - number of users having one packet remain active ,,(u, PrIK - (K,+Ka) users remain
out of j, users requesting transmission at the h2-O K -0
begi nni ng of a fra me active . (ni-KI) idle users receive one packet

K, -numer o usrs hvin mor thn on paketonly, and (n,-Kz) idle users receive more than
K, -numer o usrs hvin mor thn on paketone packet during a frame, given j(- j,+j2) users

remain octive out of jj users requesting request transmission at the beginning of a frame.)
transmission at the beginning of a frme

M -K - number of idle users at the beginning of a frame
where K - X, + K,*X2tin(~K.s

Z Z q(n1-K1.n2-K2.K 1.Kaj2)C(K 1.Klj,)
C(IKj)-poaiy(Iusers havingmoeta one packet e and aciv F1r foa'S j,+jOS
C(iKj)-poaiy1 1users havingmoeta one packet and Kciv fo I i-l-sM

out of j2 users requesting tranmmssiots at the Iand 0 S a - as + o3 :S M
beginning of a framel .)

I~t+z j[J *i ( MI )h for j - 0.nz - 0
SK+K 21 - F) K3 n .uKI't(3S andO~s a-a 1 + aj M



3.2.2 The User Markov Chain The state of the user is described Similarly,
by the number of packets in the buffer at the beginning of the

frae. B.(n) - PrItwo packeth leave and two packets arrve during the

n - number of packets in the buffer at the begioning of a frame of length L1,j
frame

i.- steady state probability of having.n packets in the buffer - ( 2  ) /-i" nt - 2.3. . .. (3.13)
at the beginning of a frame 71 1 1 )-

BI(l) - Prlon4 packet leaves and one packet arrves during the

fra me of lengthb L, ,I)

I~ 1 9 1' lP G". (3.14)
J. 1i

1
2-0 [13,

and

130(O) - PrIno packet arrives during the frame of length of Lj,1)

* .555Similarly.

* a.,t~tB...(n) -PrItwo packets 'leave and (i+2) packets arrive during

* the (rme of length L,,j)

M4 Mi-h

Figure J1b. UserlMarkot Chain. -1 [iJi./ r 1e 3.6

In Fig. 3.1.b, we show the User Markov Chain. Note that n - 3,4....
B.,(n) is the transition probability from state (n-i) to state (n).
Lei us now determnine these transition probabilities. Let i - l,min(n-2.2M-2)

g~.~~)-PrIi packets arrive during the frame of length L~j In rnpcesarv urn h rm flnt ,.,

B..2~~D(n) Prin packetslevannopct arrive during the fram of_ legt-La2

frame of length L. an-2...2M-I

-jJ (.Le')pj' Ii o a-0,12..(3.9)

Bs42(n) -PrItwo packeta leave and ono packet arrives during the - M-4411~), 1/lZ~. (3.13)

fr m of le gt 04,4 a

Z 0 g(. 1h)P1it / [I- 1 5 it. a 012... .(3.11)

i,~~th value o ~o jD r thn paktes atee d needted fram ofrlengto v e,)

D5,(n)- PrIon pcket leaves and o packet arrives during the equations, 1)P (3.7) oee.smeo hs untte r o

framese if length of onyth.sstm-prmtrM.1uiem

M~~ M-11 of F~ an Fe n wnhav uic al arefuution f o r v an - . 3.... inaur

1-1P,(312 aepressed in terms of nly, ihe system paae e ae. but in t tefm

g(O.Ljh-0 h-0 simultaneous, coupled non-linear equations in ir. and IrS,..;. in
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Fig. 3.2. we show the Now chart to solve for these values. We start The avenge frame size. another parameter of our interest. is
with an initial value for F, and F4. then solve equation (3.7) in given by
P.,.,I. Using the values of P.,.., we then determine the steady M M-1i

state probabilities r. which satisfy the following nutria equation: S, - 1 2 (M+J2P,,I (3.23)

f wrB (3.19) Finally, we define stability a. 'Tc system is said to be stable if

the steady state probability of bving a mite number of packets in
where B is the transition probability matrix with elements the buffer exists and is non-zero.

11? W.-0 INITIAL 4.0 SIMULATION RLSULTS',"I. VALUr 0 FO* r
A FORTRAN simulation program was written to find the

throughput-delay performance of the proposed model described in
' . '4 the last chapter, under the following tralfic conditions:

o Equal traffic distribution among nodes in which traffic was
equally distributed among the nodes

Os, eGcksTEIN's ETERMINE F. * Unequal traffi distribution among nodes in which the
irNEaTio arimval rate of packets for one 'big' node is higher than that

of other 'small' nodes.

It will be assumed that the satellite channel is a highly reliable data
link, in which noise may be neglected (a typical value for the
capacity of the channel is 50.000 bits/scc). Packets of fixed length

sTISFItD, r sdadtm ssotds ta n akti rnmte e
slot. The slot size and the number of nodes is such that theL- e A I Fa 

r e u s e d a n d Li m e is s lo tt e d s o t h a t o n e pa c k e t is t ra n s m it ed p e r

YES duration of these M fixed slots is one round-trip delay to the
satellite i.e.. .27 sec.

I • ft~l,,i I Avx&Ix N*'rI4.1 EquaJl Traffic AmeasZ Nodes'ts, v.In this case, the arval process at each of the M terminals is

assumed to be a Bernoulli process with rate a. i.e.. the probability
of arrival of a (single packet) message at any terminal in each slot
is a. The total arrival rate is. therefore. M o packets per slot.
which is same as the system throughput or the system utilization

Figure 3.2. Flow chart to determine average delays for factor. The Burnoulli process is well suited to the discrete time slot
the proposed scheme, structure and is a discrete-time analog of the Poisson process. For

varying M. the number of nodes and Me. the system utilization
The solution of n equations in n unknowns in equation (3.19) is factor, the following statistics have been collected from the

straightforward using matrix inversionO and equations (3.9) through simulation model. In a finite run-length simulation, the statistics
(3.18). Then, using Wegestein's iteration schcme"7. we obtain the are an arithmetic average over the M queues. Also, a companson
new Fo and F, and repeat it until it converges to a solution for w.. between these system performance parameters obtained by the
A FORTRAN program was written to solve r.. The analytical mathematical model and those obtained by the simulation model
results are compared with the simulation results in the next has been made for M - 4 for the situation where each node is
chapter. allowed to transmit maximum two packets in a time frame (i.e.,

3.2.4 Delay Analysis The average total delay per packet. D. is the P - Q - R - I) for

sum of the average waiting time in the buffer, W. plus the average
time from the beginning of the frame till the packet is transmitted (1) Mean and standard deviation of the abe .sizes at th

in its assigned slot. We refer to the latter as the service time. S.
Hence, (2) Mean and standard deviation of the frame length expressed

D - W + S (3.20) in number of time slots (Table 4.2).

Using Little's Resul,t we con write W a; (3) Average and maximum delay for a packet at various loads
(Figures 4.2 and 4.3). The analytical result for the average

W -R.
'. (3.21) delay for M-4 and P-Q-R- I is also compared with the

* simulation result in Figure 4.2.
where,

Q i Average Queue Size Figure 4.1 compares the average delay for the proposed scheme
with that for other protocols discussed in Section 2.0. It shows that

the proposed scheme gives a significant improvement for delay over
Sn"r the other reservation schemes. It is also seen from Figures (4.2

and 4.3) that. for the traffic situation discussed above, each node
Assuming cyclic assignment discussed earlier in Section 2.2. the needs approximately two (2) slots at most to transmit packets in a

average service time is given by time frame to achieve the best performance. This result also agrees

with the results of Balgangadhar and Pickholtz's scheme' where
S (i-to- r,) + I (SltM) (.22) they have found out that the average number of frame size is

2 2 12 2 approximately I slot per node at low throughput and less than 2
slots per node at high throughput (See Table 4.2). In other words.

*When • u very large. it might be difficuli to invert the matns . Is that ase,
otacr ad" methods thosld be sed to ilve eqation 13.19).
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the knowledge of the second preceding reservation vector for a
8ode is not necessary to have two slots at most in a time frame.

The agreement between the analytical results and the simulation to
results is seen to be eacellent over a wide range of Ma. the system .0
utilization factor. For exmple, for M - 4 and the utilization ,oo
factor of 0.4. the mean queue size at the epochs and the mean
frame size, computed analytically. are 0.43 and 4.24 revaectively an
(see Tables 4.1 and 4.2). For the same value of Me. simulation
results give the mean queue size at the epoch as 0.44 and the mean
queue size at the epochs as 0.44 and the mean frame size as 4.29. "
The disagreement between these and the analytical values is about 1
2 percent and I percent, respectively. 60

The agreement between the analytical and the simulation results
(Figure 4.2) is seen to be particularly good for low values of system so

utilization factor. It is difficult to argue why the independence ,0
assumption made in the mathematical analysis should bold for low
value. of the utilization factor. On the other hand, for large values
of M. one might argue that because of the large number of queues. o. 0 00
the different queues become decouplcd and hence make the To,"M C, ,L 30'30,

independence assumption valid. But further analysis of this should Figure 4.1. Comparison of various schemes (12 nodes):
be nude. -average packet delay vs. throughput.

Table 4.1 _oo

Comparison Of Computed (Analytical) and Simulated Values for 4 %DOES

the Mean and Standard Deviation (In Parenthesis, Below the ~ o a P 0.a0.a-0
Mean) of Queue Sizes at the Beginning of a Frame, for Various So. F- 1. .,
Values of N and No (the Number of Nodes and the System ;- . P.t.0 . .0
Utilization Factor. Respectively) . o 0 AALYTIAL

No - System Utilization

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 I

Analytical .1 .2 .31 .43 .57 .72 .91 1.15
f - 4) (.3) (.45) (.54) (.63) (.7) (.17) (.86) (0.882)

S m ul ted a
J.1 - 4 .t .2 .32 .44 .57 .72 .93 1.2 5

(3) (.43) (.34) (.64) (.72) (.79) 1,9) (1.1)
M- 12 .1 .2 .3)1 .43 .56 .72 .91 1.17 1 O's 05 04 .5 0 0? , o's ,

(J) (.45) (.53) (.65) (.73) (.85) (.96) (1.09)
ki - 20 .1 .2 .31 42 .55 .74 .92 1.21 TOtAL CN NSOIL Ti4 OUG PUT

(.311 (.44) (.361 (.65) (.74) (.85) (.97) (1.12) Figure 4.2. Average Packet Delayvs.Throughout(4Nodes)

Table 4.2

Comparison Of Computed (Analytical) and Simulated Values for
the Mean and Standard Deviation (in Parenthesis. Below the o 0. .,.

Mean) of Frame Size in Number of Slots, for Various Values of N Mo A ..
and N a (the Number of Nodes end the System Utilization Factor. * "" 5. 

•  
..

Respectively) lo,
*0

01 02 03 04 05 07 08 I

, U I.1 ll 40? 406 411 424 44 46 50 5. 5O O

tM 41 I 1 1I11 )1 4 441 151 (.7.1 191 (.98) 1.1) t o

%1 
- 

4 402 400 A17 4 29 447 472 517 591
II1 1 31 14S) (571 7) (91t 1221) 11.64) e

S%1- I2 1205 12 24 125 1297 1)$7 1445 1576 177
1 1241 (49) 1.741 0 021 (1411 (1.121 (2371 ( 24) o, 02 o 0. O's OS 0' O sa* .

%1 20 2Os Y0)4 20 S 21 59 22 55 2408 1609 917 2ot CW..L' I
4.2 l1 1 621 ( 96) t)1 (1.74) (2 ) 1 (295) (3.191 Figure 4.3. Maitimum packet delay vs. throughiput (4

nodes).

lL..



11)

4.2 Umequal Traffic Amen Nudes

In this case, it is considered that a *big' node consists or (single
packet) messages whose arrival rate (#,) is eight times the arrival
rate (ar) of (single packet) messages at other 'small' nodes. Total
small node traffic was divided equally among themselves. The total O W ,0 P *5.Qts.5

arrival rate is, therefore. (ffb+(M-l)ff.). which is equal to the tO . ,,.

system throughput.
O. 4, .e,

For varying M. the number of nodes, and the system
throughput, the average (Figure 4.4) and maximum (Figure 4.5)
delay for a packet at 'smal' and 'big' nodes at various loads have
been obtained from the simulation model. It is seen from these
figures that by assigning variable slots to the 'big' node we improve .
the average and maximum delay characteristics of the system. The
knowledge of preceding reservation vectors, is. therefore, necessary
to assign variable slots to a node in a time frame.

900-

4W_ .........300-

n-P el. a..a~ii
n~p *4. ony,**.,

0o at 0 0. Os of 07 as o ,o
W TO'" MOL 410"~ P

Figure 4.5. Maximum packet delay vs. throughput (4
nodes) packet arrival rate of I big node eight
times higher than that of each of 3 small

8.6o nodes.

users, but very few of the schemes have been modeled analytically.

Also, the problems of choosing the optimum access protocol (in the
sense of minimizing average delay per message for a given
throughput) have not been formulated yet. In this paper we
develop optimum control'schemes that can be employed when
using a geostationary satellite channel for intercommunications
between a set of geographically distributed nodes and, more

o f a5 s a. o o e* D, ,o importantly, the modeling and analysis of such schemes.
TQT. ,*EL T Several existing and proposed satellite multiple access

Figure 4.4. Average packet delay vs. throughput (4 techniques are examined. In this dssertation. we develop and
nodes) packet arrival rate of I bigi node eight analyze a dynamic reservation-based multiple access packettimes higher than that of each of 3 smal switching technique, which minimizes both average and maximumtimes, delays and maximizes traffic throughput. The analysis is based on acombination of two Markov chain model; one Markov chain

describes the status of the buffer contents of a typical user. we refer
The same algorithm for reservation of slots is applied to all to it as the User Markov Chain and one that describes the status of

nodes (Table 3.1). It is seen that the best performance is obtained all the users of the channel, we refer to it as the System Markov
for P-3, Q-6. and R-i I for the traffic situation discussed above. Chain.
However, optimum values of P. Q and R and their relationships
will depend on the ratio of the arrival rates at "big' and *small Simulation results have been obtained under various traffic
nodes. Further analysis of these should be made. It is important distributions among nodes. These results show markedly improved
to note here that an adaptive algorithm (similar to the algorithm delay-throughput characteristics over other existing and proposed
discussed in this dissertation), where a node asking for more than multiple access techniques with especially significant performance
two slots [by sending reservation vector (1.1)] Is assigned some pins at high traffic and also as the traffic imbalance among the
additional slots in addition to the slots assigned to it in the previous users increases. A good agreement between the simulation results
frame, is also studied and found not suitable in this cose. and the analytical results is obtained.

For equal traffic distribution among nodes, each node needs
5.0 CONCLUSIONS AND SUGGESTIONS FOR FURTHER WORK approximately two (2) slots at most to transmit packets in a time

frame to achieve the best performance. It is found that the average
The field of large data networks has seen a tremendous growth number of frame size is approximately I slot per node at low

in the last decade. In the subarea of multiple access schemes for throughput and less than 2 slots per node at high throughput. In
neworks that include broadcast (and particularly satellite) links, other words, the knowledge of the second preceding reservation
many time-division multiplexed schemes have been proposed for vector for a node is not necessary to assign two slots at most in a
the shared use of a common channel by geographically separated time frame.
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For unequal traffic distribution among nodes, on the other hand. these values will depend on the trafflic dustribution among nodes-
the delay-throughput characteristic is improved by assigning Further analysis of these should be matle
variable slots to the nodes, in a lime frame. The knowledge or Tepooe aktsicigtcnqebsduo yai
preceding reservation vectors is. therefore. necessary to assign reservation multiple access concept may also be applied to the use

*variable slots to a node in a time frame. The optimum values of of ground radio channels for terminal-computer communications.
variable slots to be assigned to the nodes are obtained for unequal In this case the analysis will be the same. ececpt the time frame

*traffic among nodes in which the arrival rate of packets for one will consist of only reservatio n- based variable time slots but no
node is eight times higher than that of other nodes. However, preassigned fixed slots because there is no round-trip delay.
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ANALYSIS OF INTERACTING BUFFFF'ED USERS IN SLOTTED ALOHA

by

Tarek N. Saadawi and Donald L. Schilling

City College of New York

ABSTRACT:

This paper analyzes the slotted-ALOH1A multiple access scheme

for broadcast channels with a finite number of users, each

having a buffer of infinite capacity. The analysis is

based on the idea presented in (1), of having a two Markov

chain model to describe the whole systpm. The model

analyzed in this paper is simpler, gives further insight

into the problem of interacting buffered users, and leads to

one-dimensional Markov chains.

1 INTRODUCTION

The problem of analyzing random access schemes for a

finite number of buffered users is still an open problem.

In most of the previous analysis for random access

schemes, (2), (3), (4) and (5), it was assumed that a user

can have a maximum of one packet in his buffer. Any packet

that is generated, while there is a packet in the buffer, ir

assumed to be rejected.

u f fr in, i e ngs cn t i a n r most pr act ical

applications, sucii as satellite access networks. When

buffering is not used, packet rejection is often employed.

Packet rejection is costly and represents a drastic means of

.1-1-
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flow control.

In this paper, and as i typical example of a random

access scheme, we analyze the slotted ALOHA system with a

finite number of buffered users. The approach here is

similar to the one presented in (1), yet the model presented

here is simpler and gives further insight into the problem.

The approach is based on modelling the interaction between

the competing terminals by a combination of two Markov

, chains. The key idea behind the interaction is the fact

that successful transmission of a packet by a us,'r do-ponds

on the status of the other users. Thus it iS p55i1Ue to

consider the state of a user (represented by tho z. r t

queue) modeled by an imbedded Markov chan, ;,a r

(transition probabiI ities) deppnrd on th, :2at,...... ...

(basically, the number of user: wio ...... I

those who do not). The I tt r :;

represented by an imbedded Markov chair n ,,r,.

in turn functions of the state of thc. ,:;. r:;.

possible to obtain sets of coupled equa' iJ,,:; t

state equilibrium distribution of those T;t tw;. T ,, ,

solved numerically and curves for the 3vra w;,,'

service and total delay, are obtained. The rn.r, I

paper leads to one-dimensional Markov ch , ,inr ,a.; ,ppo:ie.I to

two-dimensional Markov chains obtaind in ( i ).

[I THE HODEL

The user terminal is shown in Fig.l. The buffer

-2-
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has unlimited capacity; tim is slotted. Packets are

assumed to be of fixed len rth L, with one time slot

equivilant to a packet length. It is assumed -ilso that the

sensing of a collision is in:;tantaneous. The arrival

process is modeled as a Bernoulli process with average rate

of arrival (or, equivilantly probability of an arrival in a

given slot) equal to o

The packet of the head-of-line (HOL) in the buffer

enters the transmitter, with probability f, and is

transmitted. At the same time a replica of the packet

remains in the buffer (as HOL). In the case of success.

(the terminal is in the unblocked state), the replica packet

is discarded and the following packet becomes HOL. In the

case of collision, (the terminal is in the blocked state),

the replica packet enters the transmitter with probabillity

f, (the same probability by which the HOL packet in the

unblocked terminal is transmitted), for retransmissior. A

packet that arrives at an idle user goes directly to the

transmitter without incrementing the buffer content.

Hence, the terminal (or user) can be in one of two

states, an idle state or an active state. In the ,ile

state, the terminal is unblocked and the buffer is empty,

hence a packet is generated wit h probab i l ity o and

transmitted instantaneously. In the aclive state, thn

* Instantaneous sensing of collisions is clearly not

possible for satellite channels.

-3-
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packet (whether it is the HOL packet in an unblocked state

or it is the replica packet in the blocked state), is

transmitted with probability f.

In the following we describe the user Markov chain

and the system Markov chain:

a) The User Markov Chain.

The state of the user is denoted by (i), where

i=O, 1,2 ... indicates the number of packets in the buffer.

Let

IT. A steady state probability of the state (i)I -

and

G(z) 7r '/(1
1=0

In order to characterize the transition

probabilities of the user Markov chain, we need to define

the following additional quantities;

r = Prob.[successful transmission/user is active]

q, = Prob. [success/user is idle]

= Cq

where q is the probability of success, assuming a packet has

I already arrived, given the user is idle. Now, the

transition probability of the user Markov chain can be
obtained as shown in Fig.2, where:

AA Prob. [no packets arrive to the active terminal and a

" packet succeeds]

(I-o- )r

B Prob. [no packets arrive and no transmission, or

transmission and no success, OR 1 packet arrives and one

-4-
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Success]

(1-or)(1-r)+o- r

C Prob. [one arrival and no transmission, or transmisrion

with failure]

= o (1-r)

D = Prob. [1 arrives and collides]

= c (1-q)

E = Prob. [no arrivals or 1 arrives and succeeds]

= (I-o" )+o q

Hence

T. A Tj+ 1  + I W7. + CrTj_1 j 2 ( 2 . a )

IT1 = AnT2  + BIT1 +DJ o  (2.b)

= A IT + E o (2.c)

Applying Eqn.( ), we get:

G(z) = [Az - I +B+Cz]G(z)+[-Az +(D-C)z+(E-B)] 7(O

Differentiating (3) with respect to z and evaluating at z=1,

we get

iT = A-C
A-C+D

i.e.

70 = r -o"

r-o- (l-q) (4)

To determine the average buffer s i ze, Q, we

* differentiate (3) twice and evaluate at z=l; we then obtain

Q G () as;

*~ A~ll~
I[ , A-C
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1-o- )rf 1-7r ]
0

b) The System Markov Chain.

The state of the system is described by the number

of active users. Let

M = total number of users in the system

and

n = number of active users.

Then

M-n number of idle user.s

P Z steady stat probability of having n active
n -

users in the system.

Fig. 3 shows the system Markov chain. To cbtain

the transition probabilities we need the fo] 1r:)Wing

definition;

gi(n) Prob. [i out of n blocked users attempt

transmission ]

f ( i-F) n-i

q (n)= Pr .b. [j out of M-n idle users attempt

transmission ]

!(r-n j 11-n-j
0 --cr

E The conditional probability that the buffer

size equals unity given that the user is

active.
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1-7r0

Referring to Fig.3, we can write P as;
n

j) ~q(+ 1 (n+I) E + {(fl)Il- 1 ( n)11 +ql (rl)go(n)J I'
n= (Io (n + gl n+ n + (0,n g, (n)n g

+ (j (n-I1) l -go(n-1 fl I' + qi (n- i) P0 1 1 . -i

i=2

1 <n <( 51 -1 ) (6. a).

P O( g (2) E +P + g E I I go () (6.)

I'= q 1) g1 (1)E P l qo()+ ( o)j 6 c

The first term in Eqn. (6 .a) is the probability that

only the active user, with buffer contents equal to unity ,

transmits, times the probability the system is in state

(n+1). The second term is the probability that either none

or at least two active users or one active with buffer

contents greater than one transmit, or no active but one

idle transmit, times the probability that the system is in

state (n). The third term is the probability that one idle

user and at least one active user transmits, times the

probability of being in state (n-1). The last term is the

probability that the I idle users , enerate and transmit a

packet time:; thE probahi i i.y of beinv iro state (n-i), We

then sum over i,(2<i<n).

IIi. SUCCESS AND COLLISION PHOBABI, I'TIES.

~-7-
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The success and col js ion probab i 1 i t i es are

determined as follows;

r Prob. [successful transmission/user is active)

M

)-i - n

0  (7)

Where the expression in the denominator represents the

probability that there is at least one active user. The

numerator represents the probability that the active user

under consideration attempts transmission times the

probability that (M-n) idle users don't receive a packet

arrival and (n-i) remaining active users don't attempt

transmission times the probability that there are n active

users in the system. We sum over al! possible values of n.

Similarly,

MI-1A - 1
0- V ( 1- -) f(-f)

= .o-c1 (8)

IV. AVERAGE PACKET DELAY

The average total delay per packet is the sum of the

average waiting time in the buffer, W, plus the average time

spent from the first attempted transmi s sion to the final

successful one, (the service time S).

From Eqn.(5) and applying Little's result, we 1 et

W Q
0-

---
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= r -q
r-o- q (9)

To determine the service time r, we note that, the

average transmission time given that the terminal is either

idle and collision occurs or the terminal is active, equals

to

" n(l -r) =
11=i r

When success occurs on the first attempt of transmission,

the service time is one packet long. Hence S is given by

S 1[(1-7') + 7o (1-q)] + 1 x 7Tqr 0 0 0

1 [1 o7 q + 7Tq (10)
r 0 o

V. NUMER ICAL RESULTS

The set of coupled non-linear equation (2) through

(8) were solved numerically to obtain the probabilities

[P ] , 7 , 71, and Q This has been carried out

iteratively as follows: Referring to Fig.4, we start with

an initial value for E, the conditional probability that the

buffer s ize equals unity given that the user is active,

solve the set of linear simultaneou3 !kqilations for the

* system Markov chain and obtain [P.]. With these values of

P .'s, we obtain the values of r and q as given by equations

(7) and (8) and then using Eqns. (2.c) , (4) and a proper

iteration scheme, we obtain the new value for E. In Fig.5,

-9-
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A and for M=4, P=0.3, we plot ti, probabiities P0 P and P
1 2

versus throughput. Fig.6 is :j plot for, the probabil ities

-rO, 7r1  and E versus throughput. Then Fig. 7 itn the do Jay

throughput curves. We notice that for M=4 and P=0. 3. the

maximum throughput is 0.466, while for the model presented

in (1) and for the same value of M and P, it is 0.434.

VI. CONCLUSION

This paper considered the problem of interacting

buffered terminals in multiple access schemes. The

analysis of the slotted-ALOHA multiple access scheme with a

finite number of buffered terminals has been presented .

The analysis is based on the idea of using two Markov chains

(system end user Harkov chains) that partially accounts for

the interaction between the users. The model here is

simple and leads to one-dimensional Markov chains.
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Worst Case Aquisil;,"n of PN Sequences

Farhad lemnimti Donald L. Schilling

Dcpartment of Elcclrical Engineoring

City College of New York

New York, N. Y. 10031

Abstract

An upper bound on the worst case autocorrelation of lPN sequences of a

given length is obtained. The value of the worst case autocorrclation curve

at some specific points is found and using intc:)olation methods a smooth

curve fitting to the worst case autocorrelation curve is formulated.

Introduction
Let g(0), g(1), g(2),' ", g(L-1) be a PN sequence of length L= 1 .

The autocorrelation of the PN sequence is defined as

Y- g) + g (j+r) (1)

j=0

where Ifis the partial correlation length. For = 0, i.e., for correlated

sequences R (y) Y . Furthermore, Hr(L) -1 for 1<T7- L-1. Rt4Y)
1 0

depends on the specific selected PN sequence and the phase T.

For a given value of T let us define

h(k) g(j) + g(j+ 7 ) (Ia)

The shift and add property of PN sequences implies that h(0), h(1), h (2),

h(L-1) is again a PN sequence. Therefore R7. ()) depends on the arrangement

of the zeros and ones in the PN sequence h(k). Figurc 1 snows a typical

The research performed for this paper was partially supported .. der

AFOSR grant 05431 and RAi)C Contract F19628-80-C-0095

*.
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examp~le of the correlation of such a P cNU~i(

The worst case Of 11.r)~ for all -Y ,is thle one wihover the set of

all PN seqjueceCs of a given length and all possible p~hases 1 :5 T < l1 1, is

as close to RI (y) as possible. A sequence h(k) p~roduces the worst case
0

autocorrelalion if it starts with the longest p)ossible run. of zeros, which

is n-1, followed by the shortest possible run of ones followed by the longest

possible run of zeros followed by the next shortest possible run of ones and

so on. This sequence was invented by Davidovici and Schilling Li)and is

known as a pSetldO-)SeCldO-1o1sC, (PI'N), sequence. As an example thle 13PN

sequence of length 1,=31 is 0000100010010010111011011111. The PPN

sequence is very close to the actual worst case of thle FIN sequences for short.

lengrth codes. Unfortunately, it was observed that for long codes the obtained

upper bowid on thle worst case autocorrelation of IPN sequences based on thle

structure of 111N sequence is not very tight. In this paper we add to tilc above

construction procedlure the condlition that each n-tjleI along the sequence must

appear only one( time (window propert.y,). This condition results in thle following

wvell known cons.trUCtion. techniqJue

1. 'The Worst Case Sequence Generation Algorithm

1.Generate n ones andl set 1 0.

2. Append a zero and check if the generated n-tuple had not previously occurred.

If not set i =i+ 1 , go to 2, otherwise change the last generated bit to one, set

=1~+1 and go to 3.

3. If i=2 ngo to 4. Otherwise go to 2.

4. D~elete the first n+ I h)its and stop.

I-xammple: 'I'le( gene ratedI sequence for n=5 Ns

II 11100000100011001100l1I1010101111.
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'The above conistruction techique(tt was ')igilially given by Ford 12 and is

gener-aized by (JolonmI) [3) and is extensively stu~died by 'ercod.

Note that thc generated sequence satisfies thle runl pin'Ojrty and thle w'idow

property of the PIN sequenIcs Wvhile thle PP1N sequence only satisfies thle run

p~roperty. Moreover, the sequence constructed by the above algorithm can

bC generate(] by an ni-stage nonlinear feedback shift register.

A Pull(e Cycling i;hiift register iS an n-stage shift register with the last

stage connectcd to the first stage of the register. The length of the cycles

generatedl by the pure cycling shift register are divisors of n and the number

of cycles is [5),

Z)1 2: (d 2n/d(2
Sn

whercO ((1) is the Euler's ( -function. InI the following we, summarize the

properties of the nonlinear sequences generated by thle above algorithm [61:

P~roperty :1

The nonlinear sequence is constructed by joining the cycles of thle pure-

cycling feedback shift register.

Property 2:

The breadth of a vector is defined as the Imigest numbe31-r of coniguoous

zeros in thec vector. Then: thi' algorithml exhauIstS, in OrdIer, thle Cycles Of

breadth n-1, 11-2, n-3, etc.

2. Formul1,1ationl Of flW Ipp(r 1101111d

Properties 1 and 2 stated ab vc can be used to find tile vatile of tile wr

*case autocorrelation at some speciric p~oints. Thle first exhausted cycle is thle

cycle of brecadth n1-I . hleiice

Kr (n) n-2 (3)
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There is one cycle of breadth n-2, two cycles of breadth n-3, and in
n- 2- 1)-I

general 2 cycles of breadth b for N -r b -n-2, where N1 = for

n odd and N1 
= 2 for n even. The weight of a cycle is the number of ones

in that cycle. For b N there are less than 21 -2 - h cycles of breadth b

since all of the low weight cycles of length n have a lready been exhausted.

Since a cycle of length less than n cannot have a breadth greater than N1 ,

all the cycles exhausted up to the breadth N1 are of length n.

The partial correlation of two sequences x and y can be also defined by

R, (y) = Y- 2W L y) (4)

where W (.) is the Hamming weight of the sequence z = x +y truncated to

length ^f. Using property 2 and Eq. (4) we can find N1 points of the worst case

autocorrelation by the recursive relation

R'r (n - 2))=fj (n -12 + n2.2 2 1- (i 1)2j 2 2[?12i 1
(5)

for 1 5 i -N

The second term is the right hand side (rhs) of (5) is the numher of bits in

all cycles of breadth I>=n-1-i. The third term in the rhs of (5) corresponds

to the fact that in the set of all binary (i-3)..tuples the nm,,lher of ones is

equal to the number of zeros, and the last teri of (5) considers the two

ones at the beginning and at tile end of each breadth.

Equations (3) and (5) can be rewritten as

t [I,1n) 
= n-2

2r(n ) r 4. 2 -1) - (n-i-3)2 i- for 13:i* N1

or i '

I 1. (n = n-2 + (n-j-3) 2j  for 1- N1  (6)

j=l
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Using j. (i-1)2 +1 in (6), thc linal result is
j=4

R. (n) n-2

(7)

it (n.2= (n-i-2)2i  1 < 1 N

Observe that in the set of all cycles of a givcn breadth b, the last

cycle exhausted is the cycle consisting of b zeros followed by n-b ones.

Application of this observation in (7) gives another set of points of I. (1,

namely

R (n-1) n-I

Rr. (n- 21-1-i)= (n-i-2)2 +i1 ] :i1Z N (8)

N1

The formulation of Kr1(Y) for If > n- 2 in general is rather compli-

cated. However for the case that n is a prime number, we note from

(1) that the cycles of the pure cycling register are of length one or n.
n

In this case there are two cycles of length one and there are N cycles

of length n and weight W where

n n 0 <- W-n-1 (9)

In order to find an upper bound on the value of the worst case auto-

correlation we assume that n is a prime and the worst case sequence

begins with the cycle of length n and weight one, followed by the cycles

of weight two, followed by the cycles of weight three, etc. \Vith this

assumption the worst case autocorrelation at partial length Y Is upper

bounded by
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k I1
n -22 W. n (10)

I J n, NW  W N W

where k is the weight of the highest weight cycles in the partial length

Substituting (9) into (10) the result is

k k

S-2~
\Vw:i w::l

Since W n -I ) we have
n W) (1,- 1

' k

H()<Z (n)2v2 n-I

W1 w % wiv-(

where

k k

=nZ N ()n (12)W WEw= 1 %V= I

In particular for k 2 (n-i) we have from (12)n- I

= -(n 2n-1
kV 2= -1,

W=

and from (11)
n-i n-1
2 2

n 1- 1- 11 n1 -
(W (2 1) 1 V ) - 2 N, ) = (n) -1 (13)

W I W k -- V-1 -1 ii-1 -

Using Stirling's Formula for factorials, (13) reduces to

1 r(2 n - l l 2 2 n

For n large, L, = 2 - 2 2 nh an d

, UT (1,'/2)1-5 I, (14)

/277(n- 1)

ii
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To fid a smooth curve for the u 'per bound on the w0o t cse

autocorrelation of thc PIN sequences we can USC any interpolation

* technique, e.g,. Lagrange's method aniong the specilic values of

IT ( Y) given in (7), (8), (11), and (14). The simplest case is ani

interpolation among tile thrcc points li( (0) = 0, it (L') = 0 and

Kr7(UL/2) given by (14), which yields a second degree p~olynlomial,

R (Y) C_ 4 y 1y/' (15)

r~iT I
Obviously a higher degree polynomlial will give a better ap)[roxi mia-

tion to the worst case autocorrelation curve.

In Fig. 2 thle worst case Curve for n=1 I gcnerated by the algorithml

described in Sec. 1, is compared with thle app~roximiation curve of (15)

andl a five point Interpolation curve. Figure 3 is the samec ai Fig. 2 but

for n=1 3. It should be mentioned that in the formulation of N1 (* we have

assumed that the worst case curve is svinmotrica with rcsj)ect to the line

S12/2.

In the ease that n is not a prime number the length of thle cycles of

thle pure cycling glft register are divisors of' n. Anl uper bound on the

worst ease autocorrelation curve for n a nonprime numb~er can again be

obtained simnilar to thle upper bounds of (11) 11nd (12). Since thle ael-age weighJt

per length of the short length cycles is approxi 111. telyN equl1 to the average weight per

length of the long length cycles, the upper bounds of (11), (12), and (15)

L obtained for n a prime number are valid for any n.

Figures 4 and] 5 compa-re the worst case anltocorrelation curve

generatedl by the algorithm for n=8 and n=1 0 with thle three point interpolation

curve of Eq. (15).
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3. Conclusions

This paper has presented an upper bound or, the worst

case partial autocorrelation of nonlinear PN sequence.

The results take the form of a readily implementable

algorithm and an approximate, easily used, equation which

upper bounds the algorithm, namely (15).

It is interesting to compare (15) with the results

obtained by Davidovici and Schilling [1j who found

R (Y)< y (1 L , L 2n-1  (16)
TL

Note that both results are of the same form, and partial

autocorrelation of (1i exceeds the bound developed in this

paper by the factor

F 8 . (1- i) (17)

Hence for n=13, F 1.77.

When using (15) or (16) to determine the probability

of false alarm or detection when icquiring a PN sequence,

A a value of F of the order of (17) is often extremely

significant.

4
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worst case curve generated b,, the Algorithm (Sec. 1)
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Sumrmar y

An infinite cyclic sequence of period p, where p 52k

for some positive integer k, is a shift register sequence if

any block of k consecutive bits over one period of this

k
sequence is not repeated. The sequence of period p=2 -1 is

known as the maximal length sequence and the sequence of

length p=2 k is called a deBruijn sequence [1]. For a given

k the number of deBruijn sequences is 2

A linear maximal length sequence (also known as a PN

sequence) can be generated by a k-stage linear feedback

shift register (LFSR) with a primitive characteristic

polynomial [2]. For a given k the number of linear maximal

length sequences is p(2 k -1)/k ,where 0 is the Euler's

-function. An efficient method to construct the nonlinear

sequences is the cycle joining method [21,3] which is basea

on joining the sequences of short period together to obtain

a deBruijn sequence.

In the following a new property of the PN sequences is

presented. For generation of nonlinear sequences of period.

p=2 k this property and several other well known properties,

[2], of the PM sequences are used to join the cycles of an

LFSR with characteristic polynomial G(x)=g(x)(1+x)n, where

g(x) is a primitive polynomial of degree m and G(x) is of

degree k=m+n.

A block of length m+j consecutive bits on a PN sequence

geberated by an m-stage LFSR is called an extended state of

*.
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degree j of the shift register and is represented by the

(m+j)-tuple S=(sm+jsm+j-1,'...s 2 ,sl)' The conjugate of S,

[3], is defined by S:(Sm jmJ1-l ''s'' ) , where is

the binary complement of s I. A characteristic state over a

PN sequence is defined as an extended state of degree j over

the PN sequence such that its conjugate satisfies the

recurrence relation of (!+x) j .

Property: There exists a characteristic state on every PN

sequence for any j :1.

Proof: The proof is by induction. The property is obviously

true for j=1. Since there exists a block of m consecutive

ones followed by a zero ,(II,...,I,0), on every PN sequence

and the conjugate of this extended state is a block of m+1

consecutive ones (1, 1,, 1,1,1) which satisfies the

recurrence relation of 1+x. Now, if we assume that the

property is true for j=i, Lempel's homomorphism [3], can be

used to prove that the property is also true for j=i+1.

Moreover, the proof gives an itterative method to find the

characteristic states of a PN sequence for any j > 1.

Characteristic states of the PN sequence 1110010 for 1__ j <8

is shown in Table I.

Let Ck be the set of all cycles of a LFSR with the

characteristic polynom ' g(x)(1+x)n,[4]. Ck can be divided

into four subsets A,B,C and D. The subset A consists of

cycles of length (2m- 1 )2 e(j) which satisfy the recurrence
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relation of g(x)(1+x) j , Oj< n-1, where e(j) is an integer

such that 2 e(j)-1 <ji5 2 e(j) The subset B consists of cycles

of length (2 m- 1 )2e(n) which satisfy the recurrence relation

n
of g(x)(1+x) Similarly the subset C consists of cycles of

length 2 e(j) which satisfy the recurrence relation of (1+x) 3

O--j<--n- 1. And finally the subset D consists of cycles of

length 2 e(n) which satisfy the recurrence relation of

)n(1+x) n
. The existence of a characteristic state on every PN

-sequence for any j -1 can be used to prove the following

theorem.

Theorem: Let c be a cycle of length (2M-1)2 e ( j ) in the set

A. There exists 2 e(j) states on a such that their

conjugates are in the set D. The conjugates of the

(2m- 2 )2e(
j ) remaining states on a are in the set B.

Corollary: Let A be a cycle of length (2m- 1 )2 e(n) in the

set B. There exists 2 e(n) states on / such that their

conjugates are in the set C. The conjugates of the

(2m- 2 )2 e(n) remaining states on fl are in the set A.

Since the number of cycles of an LFSR with the

characteristic polynomial g(x)(1+x)n increases exponentially.

with respect to n ,[3],[4], the number of different deBruijn

cycles which can be constructed by joining the cycles of

g(x)(1+x)n increases double exponentially with respect to n.
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Table I. Characteristic States of the PN Sequence

1110010 for 1 5j !8.

j S S (1+x) 3

1 1110 1111 1+x

2 01011 01010 1+x2

3 110010 110011 1+x+x 2 +X3

4 1011100 1011101 1+x4

5 10010111 10010110 1+x+x4+x 5

6 011100101 011100100 1+x2 +x 4 +x6

7 0010111001 0010111000 1+x+x 2 +x3+x4+x 5 +x6 +x7

8 11100101110 11100101111 1+x8

i..J
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It,ith (ijla.h aparl,.%(here tll, ilplli is coliiniate( %%fll sigiiiiiii llise, s'lt( is achlievatbte 'I'lie'a IV-

* 1. Introduction

Tlhe p~robltem in Irestrin g Ii lea rly dIegrad ed i niage restoirat ion, t he restonratIion of*tia dilTractio it n uit ed
hats bieen the huilject ot exh'tisive investigaltions., IThe image of' tinite extent, hats been used5 ill this papeitr ais a
mathematical tI*rmulationi of' the image restoratin bench mark t~o provide at stringent test of* the algorit hill.
prtoblemn is chimilfi to man\- diverse Fields schi ats at- Furthermiore, this miolel hats miaty other ittijortalit
miosphieric jihySiCS,- geoihvsjcs,:' spectrnscopv ,l radio appllications skitch, as t he rest orafti tit a tmeverely
astrt nimy,,' as well as the getneral subI iec t o it inumerical II 11wd i-ili vrisdeoitt~i iages. Su chii iiige aV ic
analysis.-, Ini general, the inversion o'It alineair degra - of' interest idital TlV applicat ions.

- dation (-all lie acnmpl ished iti a nrn her ot' ways.1 It has bteen shown!'," that. tror imiages (if finite extent,
When the measurement error, which is thle noise, is in tht- absence of' nnise, spectrat comni1 lients of* thle
niegligib~le and the (legradat ion p~rocess is wvel I-blhaveti, signal that. have b~een removed canIl be reco nst ruced H
thle (direct i nversioti of the (legrailat tot process catIi easil fV1rom the low passband iiiltirmiti on using analyt ic
be pertiirmedl. For a well -tiiiiititiietl (legraidatrionl continuation. Tlhe extrapolation in Alhe spatial 1're-
process, in thle presence of* noise, methotd~s such ats quency domain represents anl increase iii thle spli ai
WViener tilteri ng are app)ropjriate. Hllowev'er, iii mail\ restilut ion iii the spatial domtiain. A.'Xi imiage restitrat ion
cases thle degradat ion p~rocess is ill-cnnd it ilnedl. Iii this process whlich provides this increase in resolution is

ca,&themeasremnt eror argreatly amphlitied in the called asuperrestilving imag~e re'storatio(sl)poe.
restoration)1 proicess leadlinig to aii imtage est im 'ia e that A complet& suirvey oft recent restorat ion methods in -

* is domininatedl by noise. Ini t his paper we dliscutss tilie cludiig Slit hats been given by l'rieden. Ili general,
restoration of' ill -coiidit ioiied liniearly degraded imiages statistitcal imiage restoration methods are not. sulierre-
that have been corrupted by appreciablde noiise. solvitig. D~etermi nist ic methods use various t'Orms otf

V Whi le matny types ittill -ct ittlit fionied image restoirat ioni regular izat ion' I to prov\ide st ablilit y ii r tile image res-
canl be coiisidlered, a part icuilar il-cond it iiiietl itilage toratilii. i near shift -invaria tt tilters, while they

p~rovidle stability, are also iiot sup)erresiilvinig. 11 hats
Iteipsuatedi that only nonlinear tilterinig methods

will provide SIM ii thle presenice it lniise.l The purpotse'
of'this piaper is to show that thle coiiniiatioin iiiinear

shit't-invariant filtering of' Ihe image and nonil inear
thean ti~r ie itit 'jv i1It. I tvI tjvr~ity 4 Nw i~k, restoirat iol doies pirovide Slit capability in a realist ic

noise envi roinmenit.
lehriiiei i 'li-liItFt~ii~ltNw'r e r The opitinmal diata fitting step uises linear proigraii-

Drine ,IIlcrclFii-rg N-%Yk (%,Nr ing (IA))l tichniquies. The( LP~ metho p111trovidles bothi
Itet ived -I 'Ilf 'M it. cost arid] t ifle eftect ive ways to proiduce Sill. Althlough

it ;93lv 'S21 :111 !I 0.$01,nI10/i1. met hods similar to IT~ have been suiggested IfOr iniage
19M20t il i Smciel oIi Aiierli processing, 12 1 we have sliecitiutillY addressed ill -etn-

496 APPLIED OPTICS / Vol. 2 1, No. 3 /1 February 1982



(fit ionie( prolblenms and have inicorpiorated a stabilizing take into account thle mieauremnent e'rrors, a c'ritical
* presmoothing step, which also yieldls computational kt lt in a hih uinstabile matrix inversion, other

advantages. met hods must Ihe Sought. -ntansms eui
It. Formulation Additional inlrrinat ion or (01 ritsiitbet

li/A'( to obtain SIR. Met hods ot iimage restorltion that
Tlhe Slit problem requires the inversion (of' a Fred- i jmpo se non-egaiij1 col st rain ts oni t ie( restoIred imiage

* holmi integral equation of the first kind with a 5siil I, obt aili st ability 12.1:1 have been described. We use
function kernel. T1he integral equation corresponding non-negativity, boundediiess, and derivative constraints
to the coherent 1-1) case is together with eigenvalne filtering to obtain SIR. The

ch 1/, r(X N I ( ( t dli loll of these ((Inst rai tts stabilizes thle restorat ion
0.0 = - ft( )dv. (1) cess. TPhis met hod of'restoration (-an lie formulated

wher g~x) isthe(fifractionlimied ( )I imae, as'1 a dat a fitting problem where it is (lesired to obitain a
is tile originlal image of' length 21h, and( f, is tilie ('lt olf, ret~el Iriewchwen(grleIisaci s
freq uency of the transfer function. It is well-know po ssi ble Iil somne senise ti I thle measured imiage. Tlwo

that the Incoherent bandlimit ing kerniel has twice tflie. in eastiires, oIr nI rinis. (If (loIseness were' invest igated, the

spatial cutoff frequency as compared with the corre- 1 n om.Te1 omo etri h uno
spoidiig c(hernt erne. TerefrethecoheentSIR the abisoliute values (If the elements (If the vector, while

is more stringent and( thus provides a better bench mark the fl.itlr ector ise m thewhc miniize ab s value
than the corresponding incoherent kernel. isf Ilieqvector. cal liehd whe ichi mintiesthsdor

The (liscret ized fon (of the image restolratioIn tirob- isli trh1 (et m aehd thest minima t hod. ( pes
lent can lie formulated as a so~lutioIn t(he miatrix linear Illo is'i the( mehord ciiatS(I tw stettps or eliinat

equationimage c('-iplirieiits which effectively coluld be due onlyv
g = /ifl + n, (2) to noiise; (2) selection of' thle closest restoiredi image es-

w&here f,g are the sampled values (of the restored (de- timate corresponding tol the measured image. Two
sired) diffraction-limited and measured bandlirnited measures of closeness were examined yielding the
imiages, respectively, it is the sampled noise vector, and minimal 11 and mininlax miethoids.
If is a matrix representing the sine initegral oIperator
obltainedI by using some approipriate quadrature rule. A. Presmoothing the Measured Image
Without loss oif generality we shall take f, g, and n to be A method of stabilizing the problem is to smooth the
N-dimensional vectorts. Thus H is anl N X N square elements (Itthe measured] imlage vectoir g. Ideally this
miat rix. The s 'yst eni oif linear equat ionis, rep~resentedl sloolt hinrg can lbe acco mlished by passing the inca-

* by Eq4. (2), is underdletermined since there are N equa- sured i niage g thlroigli a filter which eliminates the
tilons an(] 2N unknown,,. The uniknowns are the colin- Itrequte ii(componen)Ii~lts f'O requenc(~ies~t higher than f_
poilents oif the N-diniensional vectors f and n. Ne- This filters o(ut thle C01ol IlIerts dtue 011IV to noise. This
glect ing the nloise vecto(r does not. per se siniplifv tile preprocessing step is st raightforward if the 1)1, imiage
probllemn because for SIR thel!, thed(egradat ion, matrix is provided in its entirety. However. thleo(riginal image
isnmearly singular. Because of the rank deficiency oift hie must lie (if finite luirat io'n f1 Ir a 5(11(11ion tol exist. Thus
H matrix, the inverse It is highlY unstable, thle 1 imlage must be inl iiitIe in extent, althlough, foir

To stabilize the iniverse H mat rix, thle eigenvalIutes and p~ract ical reaso ns, somed ti nile initervall (Ifthe 1)1, image
the eigetivectors of the inverse matrix are filtered . Th'le must be selected. Because thle measured image is hnlt
eigenvectors of the!! matrix are similar tot hie discrete bandliniited. soIme (Ithier linear filtering process must
prolate spheroidal wave sequtences, I" the analog oif thle lie used.
prolate spiheroidal wave functions oif the coint inlius A met hod (If'smollt liig t he measured M). image can
case. T[he eigenvalues (If the 11 matrix change abruptly lie obltained by examining thle singular value deconi-
from approximately unity 'v(t nearly zero as a function polsit ion I Y )ofthle degradation matrix H. From
oil tilie space bandWidth pilroduc't. The high oirder ei- Eq. (2). neglectinig ( lie niis term, we have
genlsequences. colrresplonding tol rapidly oiscillating g =h .
funct ions, repiresent t he eigenvalues cloise 1(o zerol. The. . t
instability (If fthe inverse matrix is duie to the near zero where I 'an V11I areo(rt fa g(nal mat rices, A is adiago-
o'ig('hvaloies o the 11imat rix. By filte ring (attenuation1) nal iiat nix compilrisedl (If the eig('ivllics (If fltill S\'Il-
of the imiag(' comhiponients colrrespIonding tol t hose ei- nilt rc ilat rix IiH 1', and siierscrilpts Ian I/1( . dehiolte
genvalues, stalile inversion can he' obitained. Tlhere are iliat rix I ranIisse and square root, nelstct tivel v. The
a nuimber oif linear filtering schemes that have bleeni stalidlrd formn (Ifthe SVI ) Iislel. where I lie eigenIvales
stlggeste( tolo this lilt eriiig. 16.17I While these schemes are in dlecreasinrg oirder fromt lef't to right in A. These
st alIize thle iniversioln prolcess of the I/ mat rix, since eligenvalues fall alirupt l to practically zero, indicatinig
they doI so at th le oxpenise oithle high oirder eigenvalue thle ill-comlit ionied nature ofl HI. This SVI ) decomlin-
componen~('hts, wiih are precisely those51 componi~ienits that sit ion is coiiiii'iv inite'rpretedl as a dlecomplositin (If
contain t he high spiat ial frequency* informat ion neces- the image iltl eigeiimages. The higher order eigen-
sary *I vfr suple rresoiltiin, thIiese in t Ii(Ils are ill t SIRi valiues co rrespo((ld II i i lerIdreg i ae.'1'he(
niet llils. Fuirl hermore, since this applro~achl (fles nolt amolunt (if zero croissing is piroiport ional to the oirdler.
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Thus tie high order components correspond t.o tile high vector denoting ilhe variables, (he r X M matrix A is
frequency content ofthe image. We may rewrite Eq(. called the constraint matrix, and b is au r-dimensimil
(2) in a tranisformed coordinate system constraint vector. The most frequently used algo rithm

to soiwe linear pro gramnming prolems is tile simplex
(; = :-'F (41 algorithm. This algorithm p~roduces oni" o~f three mu-

where tually exclusive results: first, an indication that the
problem is infeasible (the problem is feasible if all the

= t- g, constraints can he simultaneously satisfied for some
F = V7' f. (6) choice of variables; the problem is infeasible otherwise);

The interpretation of G and F is similar to that of a second, an indication that the problem is feasible but
discrete Fourier transform (DFT).' s Since the ele- the optimal solution is unbounded; or, third, an optimal

ments of tile diagwal matrix decrease ahruptly to zero, solution.
it is seen from Eq. (4) that the high order components The minimal 11 formumlation of the image restoration
(high frequency components) are greatly attenuated. will now be addressed. We define two N-dimensional

This is to be expected since filtering in the I)FT domain vectors n' and n- so that they contain the negative and

is consistent with low pass filtering in the diagonalized p)ositive components oif n, respectively. For any given
coordinate system. row, one of the two vectors n" and n- has one zero ele-

The smoothing is accomplished by preprocessing the ment, and the other has a positive element. Thus we

measured image via the singular value transform (SVF) may write

Eq. (5) and forming g =1117+n* -n-. (1

= 11C. (7) so that n4 , n-, and f are all positive N-dimensional

where G is G modified by replacing all elements of index vectors. If we consider the positive sum for row i,

greater than r with zero. The index r corresponds to n: + ot, - - JR, hjf1. (121
the largest order eigenvalue of the matrix HHT whose where h, is the ith row of 11. This is seen to be the al)-
value is greater than the standard deviation of the error. woere h ,i the i dal of t he iffeen ce bethe a
This elimination of the high order noisy component's of solute v'f'Ie 'f the residual of the difference between g
the observed image also yields a reduction in the rank and m. I hng the sum over all N rows yields the li
of the degradation matrix. This resulting rank defi- norm o llhe residual error. This will he the cost func-
ciency has two effects on the problem: first; it. yields tion that will te m,.:ilized subject to the constraints.
an underdetermined system of equations with many
possible solutions. We shall define an optimal solution
and present a method of obtaining this solution later. inoimize Il + h1" + nK + n17 + ... n + n . (13)
The other effect is to make the system inconsistent; that subjet h 1, g = I n - n-, (l3a)
is, the left-hand side of Eq. (2). neglecting the noise
term, may have two identical adjacent rows of H due to wilh 0 f 5. (13b)
the linear dependence, but as a result of the random
noise, the left-hand side will be very different. Thus An alternate interpretation of minimizing the resid-
inconsistencies in the equations result from the noise. ual can be obtained by examining the process in terms
Therefore, we eliminate all but r linearly independent of the solution vector. The 11 norm is bounded by zero.
equations in H. The resulting reduced system of r If this bound is obtained, the residual error is zero and
equations is well-conditioned and consistent. This the solution vector is completely in f. This case per-
reduction of the number of equations gives the addi- tains to a direct inversion of the degradation matrix H.
tional advantage of reducing the number of computa- In general, this inversion is not possible, since the
tions necessary in the next step. measured image g is usually not consistent with all the

At this point the pseudoinverse solution might constraints. Thus n will contain nonzero elements, and
suggest itself. The problem with this or any other linear f must contain corresponding zero elements as well.
solution is that it will not extrapolate the high order Following a similar Irocedure, the minimax estimate
components. Thus we find a constrained optimal so- can he obtained by Ll1. First, we let E represent a
lution from this reduced system of equations using scalar variable denoting the largest positive deviation
lI,P. (if the degraded estimate from the measured image.

Then we write the I.1) formulation as:
B. Constrained Estimate

The general Lll' prolblem can Ile formulated as fol- JiniMi I. (I4la)
lows"): subjvct to g = /if + Ee,. (14b)

minlize C 1. cx, (8) g = nrf- Ee, 1140

%tiliect to >_ b, (9) where e, is the r-dimensional unity vector. These
equations can be solved hy the method of P. Thus the

Where X > 0. 10) minimax formula) ion re(luires N more constraints than

* and c is called the cost vector, x is I he M-dimensional the minimal I1 formulation of the same prolt-lem.
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fi tmilgi thie oly error is Ill,-i. (Iit1( I he finiite pirecisionl
*o ift l i plilit Ier ti~ed iinid Irit inetic errors which are

propagate'd ninerically throu gh Ii Ithe inversnin process.
TIhe exact soh It io n is sh)ownI vIII w iIiI ses (Soil d(
line). Figure 2 illtistl rates I petrfect r('st~oralt ion ill' two,
illiiiiilses Separated iv otie-eighthl (11' 1 fi Rayleigh dis-
tance by hie minimal If norrm method. 'I'he dotted
curve is the D)1, image. It is approximately the main
lbe of a sinc finction (-entered at the (-enter of thle
graph. Tlhe inet hod completely restored the two ii-

*pulses. The estimiate is, the chain (1(1 curve, completely,
Coin(~Cit with the exact curve (solid line).

. The miniinax mnethod (lid not provide the high reso-

loition performance oltainedl with the ininimal 1i

mnet hod for two-taunt restoration. Figure :1 gives an

*(chain -dot ) curve is shifted. The second imipulse is
d town by 8t'a0"(1 the lieit erimpuilse t rough is down t o

Fig. 1 t I. mr~e s-i, f ir lii w.i IiimIses si lilted I) o~tne- 50oi oif the act ual pea k ampijl i tude. TI here is also a smnall
eighth of' the Raivteigh itance. artifact which appears just to the left oif the first imi-

S.. pulse. Although this estimate might actually ble ac-
.minimal 11 estimiate is preferable. This was founid to

-' be thle case in all Situoations investigated. The reason.
we believe. h ir t Iiis discrepancy is t he increase iii com-l
tputatioins needled fuor thle in inimax niet 110( and thus thle
greater the propagations of precision errors.

The mnethod of'r(*st oration is robust to noise yielding
estimiates with anl SNt oif comparable imagnitudles to)
th le S Nit oft he measured signal. H-lre the SNR of the
estimate is (detiniedl as

liandwidtll( til til t1e til raiishirlen isiic iefne toaeyse es

eigh stae ii i a ' 1..li is n easr twoes ilpuk- it m ite I be

tfii. hoit-rl lofISIt re is Ibe Ithat aleighne

ulit~iit tara itit'tit loailg yse isa mre strn-.

get criturioi I hImni Itr Iitailirtt imiaging System'.
'I'l( inet lhtok wa-rt sioi lah- d aiiig t Ie( simplex liinear

prttgramiiiinig stilrttitines itot aimied in tile Interna-.1
tonal Matliemnat ital and Statistical Library (INISI.)i

catiIAN ,llab~le siitiit mi' package. (CU INY's
(''it ~i 'olllli mi Fciit asi~e~. lhe benchimark________________

examlple is I ie( diflrnitt ion limnitat ion of a cotherent 1 -1I)
systemn. l'g 'I Mulist raties rct-tnst rodc iton itttwit ii
101151's spacetd oniie eilgh It ofi I he havItigh distance wit It
nt adde itI neasu ra'iii 'it noise. 'I'eimage is ciompot sed

- itt t(o' hirty- wo sampl Ies. Th'e direct i nvtrse soltit-it i Fig. 3. t 'tnsi ratiiid tiiiit stiitio ito h I%%-, itidtst's st'taratiedt
* ,~~~ (dioitted line) deri inst rates very un stiable b ehiavior, evenl 11V t ttt t i t i tt tytuiglo ittl s60 i it'c.
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P.. till imre geneiraI claiss of im ages cani b e resto red if'
.siiiiiithIt s ciinst ra itits of t he form[,,*I - f, :5 of, are

hbe first order difference (derivative) i f the image to hpe
restoredf. HIigher order differences ino rmation can also
be aippJeinded.

T1he met hods presented have also been investigated
ti r the case ofa dIiffract ion- imnited noncoherent imag-
ing system. The discrete formutlat ion oif (lie noncil-
fierent case po ssesses ant effectively higher rank than thie

*.* ~ Icoherent case as at result ofl the larger spatial bandwidth.
.. Thuts a better two-point resolution is obtained as shown

in IFig. Gi whe-re t he resto~redI image (chain--dlot curve) is
almost ident ical to thle original image (solid line), and I
the dot ted (curve rep~resents the measured IN, image.
The discrete spectrum, similar to the continuous
transfer function, takes onl intermediate values between

Fig 4I ei ioteitIi -, I)prt it rig iii~ ~~tao- b ze ro anid unitv - Therefto re, (lhe elimination of noisy
one-half'of the Raylteight distanice wiih white noise added. (T 0.3. imlage ciiintoonent.s in t he l)rcsni(ti hig step is not as

efetive. Sic-h mg omponents retained will

retpreseiit much oft the 1Measurement noise, this is
(demnstrated in Fig. 7 where thle ntincohierent D)L image
is shown by the (lotted curve. The restored image

Fig.) EI I estim'il e ith Vi S I) tprefit ring (if tvwo i rnt ike, miii-irated
biy ichal f t ihe R~ayleigh dtistancet withI wite iiioi iseddt.d. a

* Figure $ illustrates the minimal I I est i ite (ch tin-dot
curve) with no SVI) Jprefiltering of twii impu~tlses sepa- Fig.6. iii~r i et~aii tiwiinl~istaaetlv'i-

rated by one-half of the Ilay' leigh distanc e. White tentho Ith(e tlavleigh distan-ce.
Gaussian noise with zero mean and a (Y 0.3 has been
added to the measured image. TIhe corresponding SNI{
of1 the Measured image is 21 d1H. TIhe restored image
had an SNR of 14 dB. The diffraction-limited image
(diot ted line) has a jagged ap~pearance (file to I hie added
noise. Figure 5 illuist rates the effect, of' the SVI ) p~re-

filtering. Thbe example is identical to that in Fig. 4 ex-
- I ce( that preliltering of the imeasuired image has been

perfo rmed. T he dififract iin -Iitmuit e( image (do t ted li ne)
appears much smotot her than in Fig. 4. The impirove-

-9 mnent in thle est imate is tobvious. The est imat~e
(chain (lot curve) lies almost ctlml)Ietef V coiiicidfeint toi
thle exact image (solid li ne) curve. TIhe peak values of ..... 'L
thle estimiate are 1(0% lower than the exact solutii n. and.. ...

* the interimpulse trouigh is 10%, higher thanl the exact

Trhe method present ed will find r nonzero elements
fo r the 2N var iabl es. Th us t he bir in u ialtio given b y Fig. 7.Niiiitrtr-irt iiIWill;iIk starlelwiii-

- . l~~~qs. (I13) and( (1 4) appl lis to i mpui s ive- fyi w images. Ahaif of tie la~vl( 1gb d ist a it-i wi i h N t of 2I (ftl
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ABSTRHACT

A method of restoring the discrete Fourier transform (DFT)

spectrum of a diffraction-limited (DL) image from a narrow

observation segment of the DL image is presented. The DL

spectral restoration process is the dual of the more common DL

image restoration process with the roles of the frequency and

space reversed. Applications of a spectrUm restoration include

increasing the field of view of existing imaging systems and

extracting precise frequency components of a large DL image

using only a small segment of the entire image. This method

could c!so be employed for image data compression which is of

interest in digital video applications. Several differences

between the implementations of the image and the spectrum

restoration processes are described. The estimate is constrained

to have an upper bound on the number of frequency components

contained in the Fourier spectrum. The bound is the number of

samples acquired at the Nyquist rate for the length of the

image. The magnitude of the discrete Fourier transform (DFT)

spatru,, iu also bounded. These constraints define a large

number of possible solutions. The desired solution is then

"$
4 I



52)

selected such that the distance, defined in a function-theoretic

sense, between the measured and the estimated image is an

optimum. A number of such measures are investigated. Numerical

experiments show that this approach yields results that are

highly immune to measurement noise.
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INTRODUCTION

The finite aperture of any physical imaging system eliminates

the high spatial frequency components of the object from

appearing in the image. The lack of high frequency detail

results in a loss of resolution in the observed image. It has

been shown [1], that for an object of finite extent, an exact

restoration of the object from the diffraction-limited (DL)

image is possible. The restoration of the DL object can be

viewed as a continuation of the spatial Fourier spectrum beyond

the spatial cutoff frequency imposed by the DL system. However,

numerical implementation of DL image restoration process are

highly unstable in the presence of measurement noise. The

restoration process can be stabilized by imposing additional

constraints [2]. Many restoration methods are available such as

those of Frieden [2], Schell [3], Biraud [4], Jansson [51 and

Burg (6]. Recently, Howard [7] has demonstrated a

computationally inexpensive method using a least-squares

approach. This approach was further elaborated on by Rushforth

et al.[8]. A new method of obtaining an increase of image

resolution using linear programmming techniques has recently

been given by Mammone and Eichmann (9].

In this paper, the dual of the DL Image restoration problem is

considered. Here the extrapolation of a finite segment of the DL
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(i.e. spatial bandlimited) image data in the presence of

measurement noise is presented. The restoration of the discrete

Fourier transform (DFT) spectrum may be interpreted as an

extrapolation of the truncated spatial image. Application of a

* specttum restoration include increasing the field of view of

existing imaging systems and extracting exact frequency

components of a large DL image when only a smaller image segment

of the entire image is available. This reduction would be also

of interest in image data compression applications such as the

transmission of digital video images. While spectral restoration

yields the same mathematical formulation as that obtained for DL

image restoration, with the role of space and spatial frequency

reversed, there are significant differences as well. Hlere the

unknowns are Fourier coefficients which are complex numbers.

This fact appears to double the numerical complexity of the

* problem. Also, the circulant convolutional operator which

results from approximating the exact Fourier transform with a

DFT leads to additional considerations. Finally, while the

restored DL object is non-negative, the restored DFT spectrum

need not be real nor non-negative. Thus, the powerful

non-negativity constraint used in the DL image restoration can

not be directly used.

The motivation of this research is to provide high resolution

frequency estimates of data available only on an incomplete

observation length using the computationally efficent FFT
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Falgorithms. In order to simplify the discussion l-D images are

considered. For a DL (bandlimited) image truncated to lie within

an interval S, the spatial frequency resolution Is limited by

the uncertainty principle [121. The lack of spectral resolLution

is related to the infinite limits of inteqration in the

definition of the Fourier transform. Since the image is

available over a finite observation length, the calculated

Fourier transform is distorted. It is convolved with a sinc

function with mainlobe width Df. For the case of two different

sinusoidal images the uncertainty principle states that the

difference in the frequency between the imaqes can not he less

than Df otherwise there will be a significant overlap of the

transforms. This overlap would not permit the two separate

responses to be distinguishable. Thus, the frequency resolution

is limited to

Df 1 1/S (1)

In many practical situations, the image is not available for an

interval of sufficient length S for the desired frequency

resolution D It is then desirable to process the spectrum of

the observed signal such that the spectral resolution is greater

than that given by Eq.(1). If there is no source of measurement

error, it is well known (1) that the spectrum can exactly be

restored. Howtver, there is always noise and/or error present

due to, if nothing else, the finite numerical precision

necessary to carry out the computation. Therefore, noise or

measurement error must be considered as part of the formulation
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of the problem. In this case, the restoration process becomes

highly unstable.

It has been [2) found that the imposition of a priori

constraints, such as nonnegativity of the estimate, will

stabilize the restoration process. Since the maximum number of

independent equations that can be generated is equal to the

number of spatial samples r acquired at the Nyquist rate, we

shall restrict the spectrum restoration method -o situations

where the number of frequency components is less then or equal

to r. This limit on the dimension of the estimate has been

obtained by several other studies [12,13,141. The sinusoidal

frequency components will be further assumed to be harmonics of

the same fundamental frequency. This latter assumption is not

necessary but is made to facilitate the use of the fast Fourier

transform (FFT) approximation of the Fourier spectrum. The

periodic frequency spectrum is obtained by zero-padding the

truncated space sequence such that the total number of elements

is L, an integer that is a power of two. This step allows a

finer frequency scale to be generated.

The optimal data fitting employs linear programminq (LP)

techniques. The LP method provides both cost and time effective

ways of selecting the optimal r-tuple estimate. LP methods have

been used previously for the general image restoration problem

(9,10,111. The advantage of the LP techniques for the unstable

MO|OO
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DL image restoration problem has also been addressed [9]. In

this paper we demonstrate the advantage of this approach for the

rank deficient spectrum restoration problem. Since the rank, the

number of independent equations, is less then the number of

unknowns, many solutions exist. The deficiency of the rank

occurs due to the DFT low-pass filter effect that eliminates all

but r discrete frequency components. This efffect is in contrast

to the linear discrete convolution case [9] which yields a

system of equations which has a full rank. However, because the

adjacent equations are almost identical, when a finite

arithmetic machine represe-ntation is used, the system of

equations is ill-posed, i.e. nearly rank deficient.

FORMULATION

For the following discussion, it will be helpful to define

negative spatial and frequency samples. The first (L/2+1)

elements of the sequence fn or Fk correspond to the positive

spatial or frquency samples, respectively, in ascending order

and the remaining (L/2-1) elements correspond to the negative

spatial or frequency samples, respectively, in descending order.

This is consistent with the idea of extending the sequences in a

periodic manner. The spatial truncation operation, the model for

a short observation segment, is characterized by multiplication

of the spatial sequence by the unit rectangle sequence R where

r is the number of adjacent unity elements centered about the
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zero element and with all other elements are equal to zero. The

DFT of the rectangle sequence is real and even, since R is realr

and even, and is similar to a sampled sinc function. Let the

column vector h be defined as a vector whose elements are

h = DFT[ R ) (2)

We shall use the circulant convolution theorem [15] to examine

the relationship between the truncated and the exact sequence.

The circulant convolution matrix for the discrete spatial

truncation operator R is given by the circulant matrix

h0  h I h 2  hL_
0 1 2 ..... L-

1 L-1 h 0 h 1 h L-2

l = (3)

h h h .... h1 2 3"" 0

and therefore

G = 11F + N (4)

where G and F are the DFT of the measured and the actual

sequence vectors, respectively, and N is the complex error

(noise) vector. It is well known [15] that the eigen-values of a

* circulant matrix II are the coefficients of the DFT of the first

row of the circulant matrix and the eigen-vectors are the DFT

basis vectors. Therefore, the rank, which is equivalent to the

number of nonzero eigenvalues, of II is equal to the number of

I .. . .
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non-zero elements r in the rectangle sequence R . Since the

vectors G, F and N are complex, Eq.(4) represents 2L real scalar

equations. But all the spatial sequences are real and therefore,

the DFT sequences must have symmetry. The symmetry in turn

introduces redundancies in Eq.(4). The elimination of this

redundancy reduces the 2L to L real equations. In order to

obtain these L equations we must examine some properties of the

DFT.

Similar to the properties of the Fourier transform, the DFT of a

real sequence possesses an even real and an odd imaginary part.

Since we wish to use the computationally efficient radix two FFT

algorithm, the sequences must consist of an even number ori

points. The existing symmetry can be displayed in the following

way. There is one element for the dc, the zeroth, component,

(L/2-1) negative as well as positive elements and one remaining,

the L/2 , element. This can be seen by noticing that the L/2th

row of the DFT matrix is a sequence of alternating positive and

negative unities. Thus, the center and the dc frequency

components are always real. The remaining (L-2) elements consist

of complex conjugate pairs, between the first and the last

elements and the second and the sr ,nd to the last elements and

so on. There are (L/2+1) distinct real and (L/2-1) imaginary

elements. We form the concatenated sequence of the distinct

, Ielements. Let the real and the imaginary parts of the ith

element be denoted by the subscript Ri and Ii, respectively,

'L
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then

G = [ GR 0, GRI, .. , GR(L/2+i), GI(L/2 _]), .. ,GI 1 }

T

F = I FRo, FRu, . FR(L/2+1), FI(L/2_l), • , FII (5)
k • }T

N = I NRO, NR1, .. , NR(L/2+I), NI(L/2-),' , I

where the superscript T stands for tie transpose operation. The H
relation Eq.(4) can now be written in reduced form

G =HI F + N (6)

where if we decompose the degradation matrix

A B

I1 - - - -(7)

e:Sp D

where A is a (L/2+1)x(L/2+l), B is a (L/2+1)x(L/2-l), C and D are

(L/2-1)x(L/2-1) submatrices of Hi and e and p are unused column

vectors. If we denote the null vector and matrix 0 and 0,

respectively, and define

B ={o0I (8)

C = o 0 C (9)

D 0 0 D (10)

then

A+B 0
- I

II : _ _ _ (ll)

0 D-C

Thus Eq.(6) represents L real equations in the 2L variables F and

N . Here, It denotes the space truncation operator in the DFT

domain. This underdetermined system of equations has many

solutions. For example, the pseudo-inverse solution might be used
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(161, although this would produce an unconstrained estimate. In

order that we may be able to impose constraints on and

simultaneously choose an optimal solution, that is one close in

some sense to the measured image, we use a method of optimization

known as linear programming.

CONSTRAINED OPTIMAL SOLUTIONS

The basic linear programming (LP) problem is formulated in the

following way [17]

Minimize the cost function c Tx

Subject to : Ax 1 b (12)

x 0

where c and x are the known cost and unknown M-dimensional

variable vectors, respectively, b is an r-dimensional constraint

vector and A is a rxM constraint matrix. The most often used LP

technique is the simplex method [171. The output obtained from a

simplex LP algorithm will correspond to one of the following three

situations: either there is no feasible solution, that is, all of

the constraints cannot simultaneously be satisfied, or the optimal

solution is feasible but is unbounded. The third alternative is

that the solution is feasible and hounded and then an optimal

solution is provided.

The first step in the simplex method is to convert the inequality

constraints into equalities. This step is accomplished by

.,
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introducing additional variables, called slack variables. The

resulting system of equations will have more unknowns than

equation leading to an underdetermined system of equations. From

the many possible solutions the simplex method seeks a solution

that minimizes the cost function. The basic premise of LP is that

the solution vecor x will consist of at most r non-zero elements,

where r equals to the number of independent equations, and the

remaining M-r elements will be equal to zero. In a vector space

interpretation of LP, the inequalities define intersecting hyper-

planes which form a region of possible solutions. This region is

an r dimensional polygon or simplex. The simplex will always lie

in the positive octant of the vector space. The cost function also

defines a hyper-plane for a fixed cost value. For this value to be

minimum, the cost function hyper-plane must lie on an edge of the

simplex. The coordinates of each edge contain at most r numbers.

The simplex method is an iterative technique which begins with a

feasible solution, at a particular edge of the simplex and,

progresses to an adjacent edge in such a way as to yield a

reduction in the cost value until no further reduction is

possible. The coordinates of the resulting edge yields the optimal

solution.

In a LP formulation of the spectral estimation problem, we now

take Eq.(6) to to be part of the constraint matrix. In order to

guarantee that all the variables are non-negative, a necessary

requirement in LP, we next define the vectors in Eq.(6) in terms

'I. ..
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of the nonnegative component vectors F + F -, N + and N -

that

F F + -F (13)

and

N =N + -N (14)

If we examine the sum

N +̂ + N =IG - H F (15)

we observe that Eq.(15) is the 11 norm of the error between the

spectrum of the measured signal G and the spectrum of the

spatially truncated image estimate F . This is the error measure

to be minimized. Thus the LP formulation of the l1 spectral

estimation problem is

Minimize N^+ + N

Subject to G H (F +-F )+N +-N

max (16)

F -F
max

F + ,F N N ;t 0

The 1 norm is not the only measure of error that can be

minimized. The 1 norm or maximal deviation can also be

employed. This can be seen by defining a scalar E to be the

absolute value of the maximum element of the error vector given by

Eq.(15). Thus the LP formulation of the I inf spectral estimation

problem is

Minimize E

Subject to G - il (F +-F--)+En
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+ -F )-Ee

F "+ F +  (17)
max

F F-
max

+  e-

F ,F ,E 0

where e is an L dimensional unit vector.
n

The 1 norm or the sum of the squares of the error can also be
2

minimized using a formulation similar to that of the 1 norm. Here

quadratic programming methods are used. Quadratic programming

techniques provide an estimate with at most r positive elements

with all other elements as zero. In general, quadratic programming

techniques use computationally efficient LP methods but on larger

augmented matrices. These methods are well known and many

published computer routines are available [18,19]. There is

usually more than one least-square estimate to an underdetermined

system of equations like Eq.(4). For example, the pseudo-inverse

solution (15] provides an unconstrained leastsquare estimate with

lowest 1 norm as well as the minimum square-error. Howard [7] has~2

demonstrated a constrained least-squares approach for the dual

problem incorporating a penalty function to force the solution to

become nonnegative. Rushforth et al. [8) developed this approach

for ill-posed DL image restoration problem.

The estimates obtained by optimizing the 11, 1 and 1 norms are
2 inf

maximum likelihood estimates when the noise is modeled as a random

" variable with uniform, gaussian or exponential probability density

I.
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functions (pdt) , r,,;ioct ively [20 It: was fouid , hIowever, thit

for the low noise siituation of iriterest., Lhe. l'df of t he riji se did

not appreciably effect the etstiratef;. In t erm.;, of i ncreasoi

frequency res;ol ut ion, th I norm consi, t.,2 nit Iy f fe- r (I t1  )? e:t

est imate i res pec tive of the n oie 1)(f . 'T1hi s fact c,-l, he

attributed to the relatively fewer nui'merical oper,- tions needed as

well as the strongest bounds on the individual spectral components

for the 1 estimate. The constrained minimal I2 norm using
12

quadratic programming techniques require:j mu.tch more numerical

operations. Also, optimizing the I norm is equivalent to2

minimizing the total noise spectral energy. While this is a

desirable feature in general, for the purpose of increased

frequency resolution, it tends to be counterproductive. The

minimization of the global spectral error noise energy

distribution tends to overly smooth the estimate leading to a

decrease in frequency resolution.

NUMERICAL RESULTS

'i The observed spectrum is a smoothed version of the desired

spectrum. Fig. 1 illustrates the inadequacy of simply taking the

FFT of a truncated sequence. Here as well as in all subsequent

Figures the magnitude of the Fourier spectrum is plotted. The

dotted line represents a 32 point FFT of 23 samples of a cos (wLX).'

sequence, where w is the fundamental frequency 2pi/32. here, only

seven data samples have been replaced by zeros. The solid line
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illustrates the exact spectrum of the full 32 sample sequence. The

lack of resolution conceals the fact that only the fundamental

frequency is present. The size of the FFT as ;tell as the number of

samples acquired are known a priori. This information, together

with the bounds on the amplitude spectrum, is used to estimate the

actual spectrum. Fig. 2 illustrates the performance of the 1 norm

when only seven out of the thirty-two samples of the fundamental

cosinusQid is available. The dotted line curve represents the

overly smooth estimate of the direct FFT spectrum. The minimal 1 1

estimate, the dotted line, is very close to the original spectrum.

The dotted line curve lies completely on the solid line curve.

Thus, a complete restoration is possible even when only seven out

of thirty two samples are available. Fig. 3 illustrates the

extrapolated space domain sequence correspondiug to Fig. 2. The

acquired samples are illustrated by the solid line segment and the

extrapolated curve by the dotted line curve.

The method is quite robust to measurement nois.?. Fig. 4

illustrates the restoration of the fundamental cosinusoidal

waveform from fifteen samples of a thirty-two 2oint FFT with white

gaussian noise added. The variance of the noise is one tenth of

the amplitude of the function. Thus, an increase on the order of a

factor of two in resolution is obtained even In the presence of

very significant measurement noise. The corresponding spatial

extrapolation is depicted in Fig. 5. Here the incomplete

*1 observation is shown by the clotted line curve. The extrapolated
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waveform (the chain dotted curve) follows the exact curve (solid

line) very closely. In many applications it is desired to resolve

two frequency components spaced very close together. Fig. 6

demonstrates the performance of the 1 1norm in this case. Here the

first and the fifth harmonics are sample(] with eleven out of the

possible thirty-two samples. The direct application of the FFT

* provides the blurred spectrum indicated by the diotted1 curve. The

* estimated Fourier spectrum is represented by the solid line where

again, the estimate follows the exact spectrum so closely that the

curves are indistinguishable.

SUMMARY AND-CONCLUSIONS

A new method of extrapolating a DL irna~e from a measured spatially

truncated image is presented. The method directly addresses the

issue of the finite degree of freedom of the DL image. The

feasible image estimates are constrained to have an upper bound on

the number of frequency components comprising the image. A

geometric approach has been taken, that is, various error measures

were optimized subject to given constraints. Three error norms

were discussed: the 11, 1 2 and 1 inf norm. This method allows the

addition of other linear constraints on the desired image. That

is, any inequality possessing a linear combination of the unknown

* samples on one side of the inequality and a scalar value on the

other side can also he a. . The inclusion of constraints of this

type have been found to stabilize the otherwise unstable problem.
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Numerical results demonstrate the increase in resolution as well

as its robustness to measurement noise. In terms of resolution,

the 1 norm was found to give consistently the bes;t spectral

estimates.



69)

REFERENCES

[1) D.Slepian and H.O. Pollak, " Prolate Spheroidal wave

functions, Fourier Analysis and Uncertainty - 1", Bell System

Tech. J.,vol 40,43-63 (1961)

[2) B.R. Frieden, "Image Enhancement and Restoration", In Picture

Processing and Digital Filtering, T.S.Jluang,Ed., Fpringer-Verlaq,

New York (1975)

[3] A.C. 3chell, "Enhancing the angular resolution of incoherent

sources", Radio Electr. Eng.,vol 29, 21-26 (1965)

[4] Y. Biraud, " A new approach for increasing the resolving

power by data processing", Astron. Astrophys., vol 1, 124-127

(1969)

[5] P.A. Jansson, R.H. Munt and E.K. Plyer, " iResoluLion

enhancement of spectra", J.Opt.Soc. America, vol. rio, 590-599

(1970)

[6] 3.P.Burg," Maxi mum Entropy SpectraI Ana Iysis", presented at

the 37th Annual meeting of: Society of Exploration Geophysicist,

Oklahoma City, Okl. 1967

[7] S.J. Howard, " Continuation of discrete Fourier spectra using

a minimum-negativity constraint", J.Opt.Soc.America, vol.71,

819-824 (1981)

[8] C.K. Rushforth, A.E. Crawford, and Y. Zhou, "Least-squares

reconstruction of objets with missing high-frequency components",

J. Opt. Soc. Am., vol. 72, pp. 204-211 (1982)

[9) R. Mammone and G. Eichmann, "Superresolving image restoration



70)

using linear programming", Appl. Opt., vol. 21, pp. 496-501 (19P,2)

[10] D.P. MacAdam, " Digital Image Restoration by Constrained

Convolution", J. Opt.Soc.America, vol.60, 1617-1627 (1970)

[11] N.D.A. Mascarenhas and W.K.Pratt, "Digital Restoration under

a regression model", IEEE Trans on Circuits and1 Systems, CAS-22,

252-266 (1975)

[12] A. Papoulis,Signal Analysis (McGraw-FIill,New York,1977)

[13] F.J. Landau and 11.0. Pollak," Prolate Spheroidal wave

functions, Fourier Analysis and Uncertainty- Irf: The dimension of

the space of essentially time- and band-limited signals", Bell

System Tech. J., vol. 41, 1295-1336 (1962)

(141 G. Toraldo de Francia, " Degrees of freedom of an image", J.

Opt.Soc. Amer., vol. 59, 799-804 (1969)

[15] B.R. Hunt, "A matrix theory proof of the discrete convolution

theorem", IEEE Tranz. Audio Electroacoust., AU-19, 285-288 (1971)

[16] A. Albert, Regression and the Moore-Penrose Pseudoinverse

(Academic Press, New York, 1972)

(17] G.Iladley, Linear Proqramming (Addison-Wesley, Reading, Ma.,

1962)

[18] H.P. Kunzi, II.G. Tzschach and C.A.Zehnder, Numerical Methods

of Mathematical Optimiztion ( Academic Press, New York, 1971

[19] C.L. Lawson and R.J. Hlanison, !;-Ivin Lo a I- - suaq res )r o h ems

[ (Prentice Hall, Englewoodi Cliffs, 1974)

(20] S.M.Pizer, Numerical computinq an, ,iI'Lnti(%a analysis

(Science Research Association, Chicago, Ill. 1975)



I 71)

LIST OF CAPTIONS

Figure 1 The 32 point FFT of 23 sample points of cos(wLx) (dotted

line curve) and the exact DFT spectrum (solid line)

Figure 2 The restoration of the DFT of cos (w x) from the 32 point

FFT of 7 spatial domain sample points (dotted line curve ) and the

estimated spectrum (solid line)

Figure 3 Extrapolation of cos(wLx) in the spatial domain (dotted

line curve) trom 7 sample points (solid line)

Figure 4 Restoration of the cos(wLx) from 15 spatial sample points

(dotted line curve ) with white gaussian noise. The noise variance

is 0.1. The restored) spectrum is depicted by a solid line.

Figure 5 Extrapolation of cos(wLx) (chain-dot curve) in the

spati I domain corresponding to frequency domain plot of Fig.4.

The dotted curve indicates the incomplete observation with

measurement error. The extrapolated curve (chain-dot) follows the

actual waveform closely (solid line curve) very closely

Figure 6 Restoration of cos (wLx) + cos (5w Lx) using a 32 point

FFT from 11 spatial domain sample points. The DFT is depicted with

dotted and the restored waveform is shown with the solid curve.

1l 4
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White-light prefiltering for'real-time digital imagetransmnission of still aid moving color video irsges

Department of Elctrical Engincering, Thle City Collere of the City University of Wev York
New York, N.Y. 10031

Abstract

SigfnaI I pcpcI IcI t I I"i qvsTo cisenterIdMw0e sali Id i [)g Vi ls, i sI; i t low I ci iv, rite , .di I l usfig in adi I)-
t iVe Vidleo omduliator Ix th 1', a So'urCe 01106lr ;IIXl a vi lii dig it i/e(r, is Ci ml sited by using a wli to-lIilt
reflective transfor-m optical preprocessor. Wile the wtite-lio-it. preprocessor work s on black and white images,
its rwiin advantage is that it can sin-Idtaneously process, using, a single source, many color chanelcs. Further,
the relativ,,e lack of bothi spitial and tercporal coherence -iidls in reducing speckle amA interference noise
effects. Expecrimental results onl color video igethat have been preprocessed using a white-light optical
trinsform preprocessor aid digitally encrwled by sampling with an adaptive delta modulator close to the Nyquist
rate, are presented.

I ntroduct ion

Alonig with the development oIf sophi sticated nnnitorinp and comnmniication equipmoent the need for real-time
digital vide o transmission i-- apparent. Digital signal transmission offers many advantages over analog .trans-
mis-sioni xhen epexrating over ichannel thavt is corrupted by noise. This is due to the fact that quantized
levels are more easilv dliscriminlated fromt the effects of noise. In addition, the dipital format allows for
tim imiltiplexing, error-ceding and correcting as well as encrypting, procedures that are not available on an
anailog cha-nnel. However, wheni the staix'Ard four t1z video signal is smrrplod at the Nyrqist rate and encoded
using pulse cedle itlalt ion (l~)to foulr to siX qicintization levels, the data rate becolres 48 - 64 Mbs. In
thle caise of color video sigrvmils, it is not uncorm~n to require 85 - 9 M-s digital bandwidt-h for color PQ-l en-
coded digital video signafls. This high diltital. bandiwidth is usually unaIcceptable in manny applications.

%'-iricus dhliitI enemling .ltermiti'.os have been explored to reduce the divital banldwidt-h to an acceptable
level. One suich solution i-i a hard-wired adaptiv:e delta mordulator ("0tA tha-t works at video rates. In order
to comipress the figi tal hirnlwidth to its; ultimate limit it is necessary to operate the AlP- close to its
Nyciist rate. Rowever. tiin in ARkI nins; -'ear its N,-quist rate, a nwnoise source, andi effect thlat: is signal
slepenlent. a1id it tonwmd edge lxnsvnless, .lipars. lis noi so source is due to the adaptive property of the VMt~
leading to oscillatory samplijg behaviour near the Nyquist rate. For an A111 this noise source is the furldannen-
tal limitation in reducing the digital video ndwidth. This signial depeTNdent noise source is cmsbhated by

/ 1prep rocess i ru the color ';ideo images by a white-light reflective transform anailog preprocessor. While the
white-light proprocesser worvs on black and White images, its mrain advantage is that it can siimultaoecuslv
process, usingF a single scurce. mainy color channels. Further, the relative lack of both spatial and temlporal
coherecTIe aids In reduicingf optical speckle andi interference nioi so effects. Expewrimental results onl color
%i-leo images, that haive been preproces--ed usiru, a whlite-light opt ical transform preprocessor and igitally
encoded by samlpling with in AlDM closcr to the Nyquist rate, is presented.

ickgrourl

In an ADM-, the step size algorithm is, siglal. dependent. TIhe algorithm of the All-I used in our work was
develtoped by Sch i Ii n), and Song El. In this algorithm, the step size is dependent on the previouis trans-
mitted bit and is given as

Y1 k 'K1 M l :UYk-1 2Y1'.

( MNIX k'- I ii/rix

whr 1 sLetasi~ddgt Sk1 is the present. simple oif the input to the encoder Y is the step
size of t 'Ie AII N, is the cnccyler's e1stivje of the input sample a"(d Y itand Y is the Wttill, and
m, x i rm a IlIowal1)i1e . tp 07.r of the Al11I, respectively. Fig. I show- the rrR a tonshliPamng the clock pulse,
th, iiipte sign-l , the est 'invite irvi tlie citput. hit qtream. Not ice that the system responds to thle rising edge
of each1 cluck l s Oh--enye fith t idien I(he e"Aimite ) .\, less; that) tne sarillle of the Input sigrnii)SkI .
the trainrui ttv'd hit is a nev i'yI the st'pI size is i icroAL,(I by iihe factor of one and a half. 71-s, the 4i-
mate rises expoixmit.illy. l'.fion an over';hoot. Occurs, tLhe tnanml til bit is a minus one and the stepl size die-
creases by a factor of one-half. TIhis form of adLaptive encodilng takes the hilman observer vision into accouznt.



L~ to dh diffeTrent iit i LI colyI ii 5, 'calnl f, froin I11 tl( o I i tio ;I, wel Ias-, fraim' t o frame, 1 verticalI
igets intet edi i the iniqge wil I cu .C Alt t (ii fftc, "It Loi ions in) ti, !-can. As the sa;-;'l ing rato dr-creases

the eriror IY't I4en~ the steps,-i o vpec iil Iv near aI 'v rt ical edIge, increase-,. Figi. 2 i I051', rat e wlhat cin
occurt ishii thi' enncoler enesotI or s a i -Ih I ct raslt \'.rt i calI ede or tel dw Iif I , 'it i t I i Irod i cto r v I It ic
Helre we see t he dlot t ed t race ''aches, the c,,rretL \';] Io j2it fi -.0 .-,1 ps, Av ol()I)[ x to a pIr.'- u I or ;I fo lo(' i og
scan lIne tralce, shorai -as -a s~d id( line. thai~t take'I; sov-n stLeps.- IhI i s error ti thte AI4 is :411 c d h e slIope
Overload nvi se. li1C difflorce4 is !4t highly visi ide when tho satiffi log rate is Not but io tiw. rlt~e is
Ictx-ri'ti its; vi~sibhility inrr.'ices. Fi.3 shews the cernhi oat inn of oni'-dltm'n-.joivil SIilo overload error ni
thle tw- MfSIO linje to 11,it? li fferv'nce at Lit" same high cont rast h sizlri s ;.,t j ci cuses ant +- Imi
gradation n.tras ''edge 1XISsyness''. As.,I function of tim':', it low saimpling rates, thle edge seems to 'wi cjfle'
about a verticail tiine. This noiseo- not -rldlv degrades image0 quality, hit also leads to vi suall fatigule. Ows
slope overload~ nloise call ho roduced hy s~tmpling at a Hatrrt.lowe'ver, if tv wish to cmrpress the bar-
width, it is not an acc('ptabl 0 solutiOti.

Thie purposeo of the sid it(-Ii0It pre~prcocessocr is to intnij pul ate the !-raIt ill frequiencies of the irrgo. Since
the high spatiail freqluencies aIre due to thle high contrast eesanol the high contrast edg es leads to edge
Wshile an all digital imprqICenTtitc iof 5oth triosfoni processing irnd ALM~ encoding is possible, in general , di-
gital inoge transforms are t ire-cnnst Lni Tg. Anailog transform procesors, beca-use they operate on the full
imrage at the sped of light, are natural candlidates for real-time image processing applications.

Hi gl v coh, rent anu I op spa-tial trans formi proce;;:rs suffer the( di sadvalnt ae that they are sensi tive to
positjovil tolornince errors, dirt Iloi '4 oil thle lense'Cs a1%eI as problems, wi th speckle noise. Furthermore,
for color jice- processing, a numfrbo f color Channels must be created to simultaneously process a color image.
By decreasing both spatinl andt temporal coherence of the source, somie of these objections can be circurwented.

It is knownf that aI w-iitn-l igit jo(irco can acqluire s;patial coherence by passing its ouitpu-t. through a pinhole.
In this case, the light appeairs tO ermT-vte from a1 single point sou-rce. The Ii tit radiating frmr the pinhole
has a weaker intensity, as, ccripared to a laser source, andi its region of sp.-tIial coherence is rather restric-
ted. However, using a low light level camera and constricting the size of the input irmages, these problems
can be overcme.

Thie a rran;gerw'nt for thoi'5hte-l ight. reprocessw a'Follows the pitys flI descripci en of the r.arrowl-k-noi trans-
formn prroees,., r. Ilire 'uir ce is a broa-hodNT 200 W Morclrir-Xnon arc lamprif. Its olutpitt is first spat ially fil-
tered by focsz-irg Lt ,)ir a p ihole. The s;ize of the pinhole, 370rrn dianyeter, was chosen as- a3 comromcrise. A
small pinhole toculd block in-t of the ouitput lighlt as ,:ell as it Would crea-te a chrcm-itic diiffraction pattern.
A large pinhole, in turn, will restrict the reion of lateral coherence. Thec light friar thle pinhole is
cnllirc-rted by an F/8 6" diameter Ions. The angular spread of the collimated boam is inversely proportional to

*the latora-l coheorence of the twite-liit s;ystem. Instead of the us4Lal leii5 configuration, we have chuon a
reflective sy.stem. There are two possible reflective systems. In Fig. 4(a-, a fully reflective transform,
while ill Fig. 4(b) a transmissive filtering system is shon. M-Tile the secondY configuTration leads to the use
of off-axis pirabnlic mi rror- , we haves- thle first, single parabolic mirror, ccnifigu-rac ion. For this geo.-
metry tile object , the- transform and fte iimage planlos are all fofns'J in thle focal planie of the parabolic mirror.
By imauinting thfe objcct off-axis and moving it out of thle focal plane, seo Fig. 5, the three regions are fully
separatc d. For statirni objects the color transparency w-as itrinersed in a liquid-gae holder. For ,Tink
irrages a l6acm pin-registered film projector was used. Thie projector was plaiced on its vibration-isolated
standK. kiriloe we expected lprohalems due to the vibration andl tile lack of irnlox-4natching gate, the tinre-avera-
ging effect of the moving frame tended to compensate for these defects.

The spatial filtering is performted with a mirror whiose roeflectivity is ad *justed by a transparency in front
of it. Roth coot irna'tus as well as binryr filtering cain be porfornd. Bill-Ir filtering tendis to degrade inige
quiaIi ty abruiptlIy. Crti otiss-tone , in pirt icul ar I ogari I ric , filtering tooyls to work better, 't- prepro-
cessing is ceMleted by converting Nick tit(! conitiionedl if-#Iao focusing it on a color video camera. The
three color channels;. R, G aidi- B are enIcededV~ as well as- (iOCCrlT- by three harfl-wired video delta rmdulaors.
The rrsitil tant. irtnage-, can then he viewvYl ei ther onl a color mo'nitocr or rerorylorl. using in RCII to NFSC col -r
si grol rnvo,Tcr, oil a1 video', rcorde(r. Stat 1(I trys atil mvi ng color ii-rges , usfi or' 8 M'bs per color channel,

* I (con iN, 'ligitally 1_r.in;iLi te wi di goil fidelity.

Exlerimntai I in-' ii were prisited ont thle rca I-tim- et cid in of ni imvirg .ix tat caovry en]lor vido Lig's.

Tro corijires:.; tile digita I hiiyw'idth , a twhit c-ligiL gutvnlog preprocessor h.-s been kit il i7.d to cntwition the video,
irmige for digital encodting. The preprocessor allnws; the encofling of color videot i mges with 8 Mbs per color
channel. kn~'it

* I This wirk was supported Ii part by a grant frufr AlT)SR #177-3217 andi a contract fromr RAX'. F-19628-80-C-(M~5.
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