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Simulation results show markedly improved delay-thrcughput
characteristics over other existing and proposed multlple access

Jtechniques with especially significant performance gains at high

traffic and also as the traffic imbalance among the users increase
A good agreement between the simulation results and the analytical
results is obtained. -

) This report analyzes the slotted-ALOHA multiple access
scheme for broadcast channels with a finite number of users,
each having a buffer of infinite capacity. The analysis "is based
on the idea presented in (1), @f having a two Markov chain model
to describe the whole system. The model analyzed in this paper is
simpler, gives further insight into the problem of interacting
buffered users, and.leads to one-dimentional Markov chains.

An upper bound on the worst case autocorrelation of PN
sequences of a given length is obtained. The value of the worst
case autocorrelation curve at some specific points is found and
using interpolation methods a smooth curve fitting to the worst
case.autocorrelation curve is formulated.

(Continued on next page)

L
Accession For
NTIS  ORA&T N
DTIC TAR ]
U-nnaarinced -
Justifiention |
B e ]
- Distrivtiticens -
Magle N
Avail-hiiity CoAasg
AVl LndSer 7
Dict Cpucinl
X .
. !
. . ; ;
| !

SECURITY CLASSIFICATION OF THIS PAGE(Whan Date Entered)

T VO




An infinite cyclic sequence of period p, where p SZk
for some positive integer k, is a shift register sequence if
any block of k consecutive bits over one period of this

sequence is not repeated. The sequence of period p:2k—1 is

known as the maximal length sequence and the sequence of

length p=2k is called a deBruijn sequence [1]. For a given

k-1
k the number of deBruijn sequences is 22 -k,

A linear maximal length sequence (also known as a PN
sequence) can be generated by a k-stage linear feedback

shift register (LFSR) with a primitive characteristic

polynomial [2]. For a given k the number of linear maximal
length sequences is'¢(2k-1)/k yWwhere ¢ is the Euler's
¢-function. An efficient method to construct the nonlinear
sequences is the cycle joining method (2]1,[3])] which is based
on joining the sequences of short period together to obtain
a deBruijn sequence.

In the following a new property of the PN sequences is
nresented. For generation of nonlinear sequences of period-
p:2k this property and several other well known properties,
[2], of the PN sequences are used to join the cycleé of an
LFSR with characteristic polynomial G(x):g(x)(1+x)n, where

g(x) is a primitive polynomial of degree m and G(x) is of

degree k=z=m+n.




Superresolving image restoration (SIR) in the presence of
noise is considered. Few :!!R algorithsm have demonstrated the

ability to resolve two point sources spaced on-half of the

Rayleigh distance apart. In this report, it is shown that the
SIR of a two-point noncoherent source spaced one-tenth of a
Rayleigh distance apart is possible. The method presented uses
optimal data fitting techniques based on the method of linear
programming. For noisy images, a combination of linear

eigenvalue prefiltering and optimal data fitting is used. It

is also shown that for a diffraction-limited (DL) image of two
point sources spaced one-half of the Rayleigh distance apart,
where the input is contaminated with sigificant noise, SIR is
achievable. These results have important implications in
atmospheric physicé, geophysics, radio astronomy, medical
diagnostics, and digital bandwidth-compression applications
where the deconvolution of noisy bandwidth-compressed images

is one of the fundamental limitations.

A method of restoring the discrete Fourier transform (DFT)
spectrum of a DL image from a narrow observation segment of a
DL image is also presented, The DL spectral restoration
process is the dual of the more common DL image restoration
process with the role of frequency and space reversed.

Applications of a spectrum restoration include increasing the




field of view of existing imaging systems and extracting
precise frequency components of a large DL image using only
small segment of the entire image. This method could also be
employed for image data compression which is of interest in
digital video applications. Several differences between the
implementation of the image and the spectrum restoration
processes are described. The estimate is constrained to have
an upper bound on the number of frequency components contained
in the Fourier spectrum. The bound is the number of samples
acquired at the Nyquist rate for the length of the image. The
maénitude of the DFT spectrum is also bounded. These
constraints define a large number of possible solutions. The
desired solution is then selected such that the distance,
defined in a function-theoretic sense, between the measured
and the estimated image is an optimum. A number such measeures
are investigated. Numerical experiments show that this
approach yields results that are highly immune to measurement

noise,

Signal-dependent noise encountered when sampling video signals
at low sampling rate, while using an adaptive video delta
modulator both as a source encoder and a video digitizer, is
combated by using a white-light reflective transform optical
preprocessor. While the white-light preprocessor works on
black and white images, its main advantage is that it can
simultaneously process using a single source many color

channels. Further, the relative lack of both spatial and




temporal coherence aids in reducing speckle and interference
noise effects. Experimental results on color video images,
that have been preprocessed using a white light optical
transform preprocessor and digitally encoded by sampling close
to the Nyquist rate with an adaptive delta modulator, are

presented,
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I. Research Objectives

1. Dynamic Reservation Multiple Access Technique

for Data Transmission via Satellites

A new reservation-based mulitiple access packet switch-
ing techniques applicable to packet communications using a
satellite channel is proposed. The objective of this research

is to optimize the system performance in terms of throughput and

delay and to develop analytical models to analyze the scheme.

2. Analysis of Interacting Buffered Users in Slotted ALOHA

The objective of this research is to analyze the slotted

ALOHA multiple access scheme for broadcase channels with a finite

St

number of buffered users. Previous investigators of this problem
have assumed that a user has a maximum of one packet in his buffer.
In such a case, if a second packet arrived it would be automatically ’

rejected and destroyed.

3. Worst Case Acquisition of PN Sequences

The objective of this study is to bound the autocorrela-

tion of PN sequences. Using this bound more accurate estimates

of the acquisition time in a spread spectrum system can be ob-

tained.

4. Generation of Nonlinear Shift Register Sequences

Nonlinear sequences are more numerous and therefore more
difficult to ascertain by an enemy, then linear sequences. The
objective of this study is to present a new property of PN se-
quenées and show how this property results in the generation of

these sequences.
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5. Superresolving Image Restoration

Superresolving image restoration in the presence of

noise is considered.

6. Restoration of the DFT Spectra

Restoration of the DFT spectra of a narrow segment

diffraction-limited image is described.

7. White-light Prefiltering

The use of a white-light preprocessor for color image

bandwidth compression is described.




K

3)

II. Status of the Research Efi’_or_t




—— ——

DYNAMIC RESERVATION MULTIPLE ACCESS TECHNIQUE
FOR DATA TRANSMISSION VIA SATELLITES

D. K. Guha, D. L. Schilling, and T. N. Saadawi

Department of Electrical Engineering, City College of New Yori
New York, New York

Abstract

A new reservation-based multiple access packet switching technique
applicable to packel communications using a satellite channel is
proposed. The objective of this research is to optimize the system
performance in terms of throughput and delay and to develop
analytical models to analyze the scheme.

Simulation results show markedly improved delay-tbroughput
charactenstics over other cxisting and proposed multiple access
techniques with especially significant performance gains at high
traffic and also as the traffic imbalance among the users increases.
A good agreement between the simulation results and the analytical
resulis is obtained.

1.0 INTRODUCTION

The field of large data networks has seen a tremendous growth
in the last decade. The simplest solution to providing
communication between two points is 10 assign a dedicated channel
for their wuse. This method is expensive in computer
communications especially over long distances. Measurement
studies conducted on time-sharing systems indicate that both
computer and terminal data streams are bwsty. That is, the peak
data rate is much larger than the average data rate. Thus, if »
channel is dynamically shared in some fashion among many users,
the required channel capacity may be much less than the unshared
case of dedicated channels. This concept is known as statistical load
averaging and has been applied in many computer- communication
schemes to various degrees of success. The application of packet
switching techniques to radio communication (both satellite and
ground radio channels), which is 8 multi-access broadcast medium,
provides a solution.

In the subarea of multiple sccess schemes for networks that
include broadcast (and particularly satellite) links a great deal of
work has been done in inventing and analyzing strategies and
protocols for the shared use of a common channel by geographically
scparated users. The problems of choosing the opumum access
protocol (in the sense of minimizing both average snd maximum
delays per message for a given throughput) have not been
formulated yet.

The basic goal of this paper is to develop control schemes that
can be employed when using a geostationary satellite channel for
intercommunications belween a set of geographicaliy distributed
nodes and, more importantly, modeiing and analysis of such
schemes. Although many time-division multiplexed schemes have
been proposed, very few of the schemes have been modeled
snalytically. In this paper, we develop and analyze a dynamic
reservation-based multiple access packet switching technique, which
minimizes both average and maximum delays and maximizes traffic
throughput. The snalysis is based on a combination of two Markov

chain model; one Markov chain describes the status of the buffer
contents of a typical user, we refer 10 it as the User Markov Chain
and one that describes the status of all the users of the channel, we
refer to it as the System Markov Chain.

Simulation results have been obtained for the system under
various trafic distnibutions among nodes, and are presented later in
the paper.  These results show markedly improved delay-
throughput characterisucs over other existing and proposed muluple
access techniques with especially significant performance gains as
the traffic imbalance among the users increases. A good agreement
between the simulauon resuls and the analyuc results is obwined.

For equal traffic distnbution among sodes, each node needs
approximately two (2) slots at most to transmit packets in a ume
frame 10 achieve the best performance. It is found that the average
number of frame size is approximately 1 slot per node st low
throughput and less than 2 slots per node at bigh throughput. In
other words, the knowledge of the second preceeding reservation
vector for a node it pot necessary to have two slots at most in s
time frame.

For uncqual traffic distribution among nodes, on the other hand,
the delay-throughput characteristic is improved by assigning
variable slots to the nodes in & time frame. The knowledge of
preceding reservation vectors is, therefore, necessary o assign
variable slots 1o a node in a time fame. Optimum values of
variable slots 1o be assigned 10 the nodes are obuained for unequal
traffic among nodes in which tbe arnval rate of packets for one
node is ecight times higher than that of other nodes. However,
these values will depend on the traffic distribution among nodes
Further analysis of these should be made.

In Section 2.0, we examine severs! existing and proposed
satelite  communication  packet switching schemes. A new
reservauion muluple access scheme is then presented.

In Secuion 3.0, this proposed scheme 15 modeled and analyzed in
a Queuing theoretic framework. A numerical solution to the
mathematical model is oblained. Sicady-State System performance
parameters, such as average queue sizes and waiting times which
arc uscful in system design, are obtained.

In Section 4.0, s FORTRAN simulation model is developed, and
a comparison is made between the analytical solution and the
simulated performance. A good agreement between these two is
obtained. The simulanion results are compared with other existing
and proposed sateline schemes and show markedly improved
delay-throughput characienstics over the others. Simulation results
are also obtained for the system using dificrent armival rates of two
classes of traffic under vanous loads and node distributions. These
results are presented later in this section.

In Section 5.0, conclusions and suggestions for further work are
presented.
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2.0 PACKET SWITCHING TECHNIQUES FOR SATELLITES
2.1 Background

Several techniques have been previously proposed fot using a
satethte channel in a packet-swilching data network in a way which
allows all stations to dynamically share the channel capacity. There
is a variety of ways' allocating time slots to the nodes, such as
fixed-assignments, random access, reservation-techniques, etc. The
well-known ALOHA? and slotied-ALOHA?® schemes are examples
of random access techniques.

Reservation-ALOHA® used mandom-accessing in conjunction
with a frame concept and dynamic ownership principle to allow full
utilization of the channel capacity. A different reservauon
spproach, described by Roberts,® uses 2 firsi-come first-served
distributed queuing system in conjunction with a random-accessing
technique for making reservations.

Binder's technique® consists of a dynamic time-assignment
system superimposed on & fixed STDM structure. The approach
retains the stability and allocation fairness of 8 fixed STDM while
allowing nodes to make use of channel capacity otherwise wasted

because of light traffic loads and a non-uniform distribution of

traffic among the nodes.

Balgangadbar and Pickholtz’ discuss a scheme where time is
divided into frames, each frame consisting of rescrvation time slots,
preassigned time slots and reservation access ime slots. The idea
behind this scheme is to make efficient channel utilization while
circumventing the delay problem by introducing the pre-assigned
slots, which force the frame size to be no smaller than one tound-
trip delay.

2.2 A Proposed New Reservation Technique

The proposed scheme consists of a dynamic reservation-based
time-assignment packet switching technique. In this proposed
scheme, time is divided into frames, each frame consisting of
reservalion ume siots, preassigned fixed time slots and rescrvation-
based variable time slots. At the beginning of cach frame, there
are M small slots (M is the number of users in the system), each
large enough 1o transmit a reservation from onc of the M nodes in
the network. Following these small reservation slots, there are M
preassigned fixed slots, with each node being permanently allocated
one fixed slot per frame. The slot size and the number of nodes, as
in Binder's Scheme, is such that the duration of these M fixed slots
is at least as long s one round-trip delay to the satellite. At the
end of these fixed slots come the seservation based variable slots
(V). The number of these variable slots in each frame depends on
the reservation vectors sent by the nodes at the beginning of the
frames and the algorithm described in the following discussion.
The idea behind this scheme is 10 make efficient channel utilization
(hence. the asynchronous variable slots) but circumvent the delay
problem by introducing the fixed slots, forcing the frame size 1o be
no smaller than one round-tnp delay. One major sdvantage of this
scheme is that the reservation time is small eaough to
sccommodate two bits of reservation vector for each node and thus
a very small percentage of the total frame time, wbich is not true
for other existing schemes. Figure 2.1 illustrates the frame
structure and time-slot allocation.

The reservation vector is sent by each node as follows: The
nodes examine the buffer contents (number of packets opened) just
prior 10 sending the reservation information, subtract one from it
(since they know that they will get one fized slot in the frame) and
sends two bits (C,0) (or only O ia this case) or (0,1) or (1,0) or
(1,1} into the two reservation slots assigned 10 it. The (0,0) vector
trepresents the situation where the station does not have any packet
for transmission, the (0,1) vector represents the station having only
onc pucket 10 transmit, the (1,0) vector represents the sution
having only two packets to transmit, and the (1.1) vector represents

5)

the station having more than two packets to transmit. The number
of variable slots assigned 10 cach station in a time frame will be
d#termined by the following algorithm:

A. There will be no ume slot slioticd for the stauon which has
sent a (0,0) vector (or oaly 0’ in this casc).

B. There will be one ume slot allotted for transmission for the
stauon which has sent 8 (0,1) vector.

C. Therg will be two ume slots allotted for transmission for the
stauon which has sent a (1,0) vector.

D. The stauon which bas senot a (1,1) vector will be alloited
ume slots {cqual 1o or more than two) which will depend on
is pnor rescrvation vectors as follows:

1. P (which is equal to or morc than two) time siots will be
reserved for transmission if the Fhrst  preceding
reservation vector is (0,0), or (0,1) or (1,0).

2. Q (which is equal to or morc than P) time slots will be
reserved for transmission if the first preceding vector is
also (1,1) but the second preceding vector is (0,0) or
(0.1) or (1.0).

3. R (which is equal to or more than Q) time slots will be

reserved for transmission if the preceding two vectors
are botb (1,1).

The above algorithm is explained in Table 2.1.

Immediately, after all the nodes have transmitted tbeir
reservation, cach node transmits (if it has any packets in its buffer),
sequentially, one packet on the one fixed slot assigned to it. Smccs

a
Table 2.1 3
. O
Algorithm for Slot Assignment o
RESERVATION VECTOMS SENT OY CACH KODE NO OF RESEMVAT ION U
AT THE BEGINNING OF A FRAML BASED VARWABLE E
T tTon SLOTS (V) ASSIGNED a
PRESENT ConD TO EACH NODE IN
vEcTOR P rans P Ecian A TIME FRamE o
L
10.01 - - o
2
10,11 - - 1 £
hel
€(,0) - - 2 ot
o]
.0 10,01 OR 10,1} _ . >
. om (1,01 o
10,00 Or i0,1) .
o u,n Of t1.01 Q2r E
. . (LN} R20 8
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Figure 2.1s. Frame structure of proposed scheme.
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the duration of the M fixed slots is longer than & round-trip delay,
by the end of the fixed siots all the nodes will have received the
information for the variable slots assigned to them. Accordingly,
each node will transmit its assigned packets, sequentialiy, in the
variable portion of the time frame.

It is to be noted 1hat the slot allocation is highly asymmetnical
with regard 10 the terminals. It is intuitively obvious that the
packets in station n have to wait longer than the packets of station
(n-1) to get transmitted. To overcome :his problem, the
assignment of the slots can be done in a cyclic order: in frame (j),
the sequence of slot allocations h}?.l.....M); in frame (j+1), the
sequence is changed to (2,3...M.1), and so forth; in frame
(j+M+1), the sequence it again (1.2,...M). In such s TDMA
bascd rescrvation slot the reservation minipackets are quite shon,
because they would not have to carry identity and synchronization
information.

The length of the frame is a mndom variable and depends on
the number of users requesting transmission at the beginning of the
frame. The mathematical model in section 4 is centered primarily
around the imbedded Markov chain, imbedded at the special
epochs which are the beginnings of the frames. The service order
within the frame has no effect on the state of the systcm at these
epochs. But the service order does affect the waiting time
distribution for the packets queuced at the terminals.

3.0 A MATHEMATICAL MODEL OF THE PROPOSED SCHEME

3.1 letroduction

The proposed system is a non-sandard multi-queving single-
server queuing system. Multiqueues attended by a mingle-server
bave reccived a good deal of attention in the quecuing theory
literature.'!! What distinguishes the proposed system is primarily
the service discipline.

Chu and Konbeim'? bave developed s unified mathematical
model for the analysis of synchronous TDM, the asyncbrono.s
TDM, and the *Hub polling® techniques. Specifically, they sssume
that the arrival pattern of packets at the stations is Poisson and,
using 8 generating function approach, have developed equations
leading 1o 1he queue size distributions of the buffers at the model
and the waiting times experienced by the packet. ,

It is to be noted that the service time of a packet i dependent
on the status of the remaining queues. If we let n, represent the
contents of the input buffer of the kth user, then a complete
description of all M users requires the specification of the joint
probability distribution P(n, ny....nu). The determination of these
probabilities is very complex, if not impossible and demands the
solution of a large number of scis of equations. Fayolle and
lasnogorodski'? showed the limitation o. this direct approach. They
considered the simple example of two parallel M/M/I queuing
systems with infinite capacitics and with gervice rate for each
sysiem depending on the status of the other system’s queue. They
showed that the generating function F(&, y), corresponding 1o the
joint probability of the two qucue sizes can be continued as a
meromorphic function to the whole complex plane. Using the
theory of analytic continuation they reduced the problem 1o a
Rieman-Hilbert problem and were able to obuin a closed form for
F(x, y) which includes several elliptical integrals of the third kind.
Extension of their analysis 10 the case of more than two users and
tv our problem secems unfeasible.

Leibowitz'® presents an approaimate method of tresting
multiqueue systems. He studied the case of N queues with a single

* in the mathematical model, the emall segments at the bepamng of 8 frame,
whers the reservauon vecon are seat by the nodes, sre assumed to be of sceo
dursuen.

server, in which the queucs are served in cyciic order. He used the
following argument to derived the probability distnbution of the
queues; if the server mcels the same probabihity distribution of the
number of customers, say P,, at cach of the qucues on one cycle of
the system, then the same distribuuon must meet bim when be
returns lo the same queuc.

Hashida'® used Leibowitz's spproximate approach in the analysis
of multiqueue tysiems where the server serves. at most. K
customers that were waiting when he arrived at a queue. Also in
Reference 7, the suthors used Leibowitz’s approximauon along
with an independence assumptlion to oblain the queue size
distribution for each user.

Besides introducing 8 new reservation scheme, we consider that
the main contnbution of this dissentation, is the mathematica)
model presented here to analyze interacting buffered termunals.
The mode), as mentioned carhier, is basically a combination of two
Markov chains imbedded at the beginning of each frame; one
Markov chain that describes the state of the user, referred 10 as the
User Markov Chain and another Markov chain that describes the
state of sll the users in the sysiems, referred to as the Sysiem
Markov Chain. T. T. Saadawi and A. Ephremides’® uscd s similar
approach to analyze the rescrvation scheme where they considered
that each station transmits maximum one packet in & time frame.

In Section 3.2.1 we describe the System Markov Chain while in
Section 3.2.2 the User Markov Chain is obtained. For the purpose
of comparison with ssmulation results, the mathematical model is
studied here for the reservation scheme where ecach siation is
allowed to transmit maximum two packets in a time frame, ic.,
P=Q =R =1 For other values of P, Q and R we will bave similar
analyses for 1be system.

3.2 The User Model

The system consists of M terminais, each of which has an
infinite buffer. The arnval process at cach of the M terminals is
assumed 1o be a Bernoulli process with rate ¢, i.c., the probability
of arrival of a (single packet) message a1 any termina) ip each slot
is o. The total arrival rate is, therefore, Mo peckets per slot,
which is equal to the throughput raic. Most other studies of

" multuple access protocals have assumed a Poisson arrival process.

The Bernoulli process is a discretc-time analog of the Poisson
process, which is well-suited to the discrete time slot structure.
The user may be in one of two states: an idle user. where his buffer
is empty; or an sctive user, where his buffer is not empty.

As shown in Fig. 3.1 whenever the user has the packet(s) in bis
buffer, it sends 8 reservation request al the beginning of the
frame®, the preassigned packet is transmitted to the fized time slot
and the rescrvation-based packet(s) are transmitied 1o the assigned
slot(s) of the variable portion of the [rame after it receives
messages from the satellite at the end of s round-trip delay.

We need the following dehnitions;
v, = steady state probability of baving i packets in the buffer
- at the beginning of s frame.

Hence
¥y ™ probability of an empty buffer

= probability of an idle user

| — wg = probability of an sctive user
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3.2.1 _The System Markoy Chain The state of the system is

described by the number of users requesting transmission at the
beginning of the frame. Let us first define the following:

j1 = number of users having only one packet requesting
transmission at the beginning of a frame

j2™ number of users having more than one packet
requesting transmission st the beginning of s
frame
th = length of a frame resulting from requests for
transmission of j, and j; users at its beginning
= (M+j;) slots, where M is cqual to or grester than
one round-trip delay in time slots
P,I)-,- steady state probability of having j, and j; users
requesting transmission st the bcginning of a
frame
o, ™ probability of an idle user gemeraling mo packet
during the frame of length L.

M+ .
- [ 0 '] (1-)" G.1a)

probability of an idle uscr generating one packet
during the frame of length L,

o™

M+j;

| e a=a) (3.1b)

-

@;, = probability of an idle user generating m;)re than
»ne packet during the frame of length L
=l—e,— 9

(3.2)

Fo = probability of having two packets only in the buffer '

at the beginning of a frame given user is active and

having more than one packet

L4
- 2

3.3)

l=wy—r,

F; = probabdility of having three packets in the buffer at
the beginning of a frame given user is active and
having more than two psckets

Ty

i T——— 34)

[ Rt Tl S 21

K, = number of users having onc packet remain active
out of j; users requesting transmission st the
beginning of & frame

K;= number of users having more than one packet
remain  scive out of j) users requesting
transmission at the beginning of a (rame

M - K = number of idle users at the beginning of a frame
where K = K, + K,

C(K; K3jp) = probubility [K, users having onc packet snd K,
users having more than one packet remain sctive
out of j; users requesting transmission st the
beginning of a frame]

T N A e B (1=-F) F3.5)

i K+K,
K +K; K

7)

In the above binomial distribution, it is assumed that the
probability a user remains active is independent from the state of
the other users. A similar assumption has been stated and justified
in Reference 15, where the case of a single server serving N lines
in cyclic order is studicd. In that analysis, the number of lines is
assumed constant dunng a cycle and is determined by a binomia!
distribution.

q(iiz.K (K ga) =  probability li; idle users receive one packet
and i; idle users receive more than onc
packet out of (M-K) idle users during a
frame given K(= K,+K,) users remain sctive
out of j; users requesung transmission at the
beginning of a frame]

N

x[i,ﬁ,-xl_ {l—,,"—"' - [ .

. . . 3.
ir-K; —o, ll—c~ (a6

[ N S S N Y S S St

l— (4 1501 ~mm

NEW FRAME

Figure 3.3a. System Markov Chain.

The System Markov Chain is illustrated in Fig. 3.1a. Therefore,
P.I..,. the stcady state probability of n, users having one packet and
n, users having more than one pecket, requesting transmission at
the beginning of the [rame is given by

M Moy
P.".’ - ‘Eo h?o A,m(n..n,)P‘m (37)

where A,.h(n,.n,) is the transition probability from state (j,j,) to
state (ny,n;) and is given by

min(yy.0y) me(y-Ky.s,)
A (ning) = p>
by=0 (=)
active , (n,—K,) idle users reccive onc packet
only, and (n;~K;) idle users receive more than
one packet during 8 frame, given j(= j,+j,) users
request transmission at the beginning of a frame.}

Pr[K = (K,+K;) users remain

fminsy.0)) mie(yy—-Kypay)
2 a0 =Ku0pKa KKy ) C(K Kada)

t K,=0
Are ! forl S j=j, +j3sS M,
- and0sSa=n,+t0,s M

(3.8)
M
[n'] '||(l_')lt-|.

forj=0,n; =0,
sd0sne=p,+nys M

I e e T

vk




3.2.2 The User Markor Chaia The statc of the uscr is described
by the number of packets in the buffer at the beginning of the
frame.

Let

n = aumber of packets in the buffer at the begioning of a
frame

v, = sicady state probability of having n packets in the buffer
st the beginning of a frame

Beqplin}

g 2M

"22m

8o 2e4nis)

Figure 3.1b. User Markov Chain.
In Fig. 3.1.b, we show the User Markov Chain. Note that
B,—(n) is the transition probability from state (n-i) 10 state (n).
Let us now determine these transition probabilities. Let

g(i,L;,;)) = Prli packets arrive during the frame of length L ;]

M+ij;] -
- l , ],-(1—.)"”"‘ (3.9)

Bysa(n) = Prlewo packets leave and no packet arrives during the

frame of length L,-”-,l

.é M-iy © - M
- g(O,L, . o/ 1= P, of n=0,1,2...(3.10
e ’Eo Lle ‘)J/ j§° l|.°] ( )
Similarly,

B,41(n) = Pritwo packets leave and onc packet arrives during the

frame of length L ;]

5 "z; 1L )P, i “Z;P 2 i
- , - , n=12,...(31
;El ),-0'( Wh h#[ h=o j,&-] ’ ( ‘
and

frame of length Ly )

B.(O.) = Prione packet leaves and no packet arrives during the

M M-y Y]
- \ o 1= 2 Pos, .12
2 Zronn )

Similarty,

B,(n) = Prltwo packets leave and two packets amve dunag the
frame of length L, , 1
M

Moy, ™M
-y 3 '(Z.I..,'_")P'H/[I—ZP",g]. n=23,...(313)
h=o

h" Hh=o
B,(1) = Prlonc packet leaves and one packet arrives during the

frame of length L, )

w-j,

- 3: z ‘[l-l'j..u)?‘,a,/ [l—':é_opo.n]

y=in=o

(3.14)
and
By(0) = Prino packet arrives during the frame of length of L, 1

M) M-Iy M
-z 2 '(o'l‘llJ;)PﬂJxl [l— p)} P“-m,]
no =0 M

Similarly,

(3.15)

B.—(n) = Pritwo packets leave and (i+2) packets arrive duning
the frame of length Lm-,l
o]

-3z

h=) =

sfi+2L, ,-,]P,I ,/[l—,"z_op,l,,]. (3.16)
t

n=34,.

i= |,min(0=~2,2M-2)

B,(n) = Prln packels arrive during the frame of length L, ;)

-3 Mz-:,' g(a.L; )P, ,/ll-:‘z_:op.,_,,]. (317

[l
ne=2,..,2M~-]
and

Bg(n) = Pr [n packets arrive during the frame of length L,.,hl

M-| M=15, M
-3y ¥ g(n.L,IJ,)Pm/[l—ZP...,M]. (3.18)
0o jy=e n
a=l,.2M-I]

We now can have a numerical solution (or v .0 = 0,1,2, 3,... a3
described below.

3.2.3 Numerical Solutions Equations (3.1) tbrough (3.6) provide
the values of the quantities that were needed in order to solve the
equations (3.7). However, some of these quantities sre not
expressed in terms of only the system parameter Me, buy‘ in 1erms
of Foand F, which are function of zo w, v;and v, which in turn
sre expressed in terms of ""-.‘:“ Thus, in tolal, we have s set of

simultaneous, coupled non-linear equations in w, and lP-.--,l' in

8)

SN
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Fig. 3.2, we show the flow chant 1o solve for these values. We suant
with an inital value for Foand F, then solve equation (3.7) in
lP.'..ll. Using the values of P-.--. we then determine tbe steady

state probabilities », which sstis{ly the following matrix equation:

z,=v,B 3.19)

where B is the transition probability matrix with elements
b, = B.(j).

START wiTw IMTIAL
VALUL FORF,

3

" 1
il
(wesiwodl) e an £0s

1

NEw F,
USING WEGENSTEIN'S DETERMING F,
ITERATION SCHEME

SYSTEM MARROY CMAIN

LN
.

setgte 0 AVERAGE DELAYS
L
Dowes

Figure 3.2. Flow chant 10 determine sverage delays for
the proposed scheme.

The solution of n equations in n unknowns in equation (3.19) is
straightforward using matrix inversion® and equations (3.9) through
(3.18). Then, using Wegestcin's iteration scbeme'?, we obtain the
new Fo and F, and repeat it until it converges to a solution for «,.
A FORTRAN prognm was written to solve »,. The analytical
results are compared with the simulation results in the aext
chapter,

3.2.4 Delay Anslysis The average total delay per packet, D, is the
sum of the gverage waiting time in the buffer, W, plus the average
time from the beginning of the frame till the packet is transmitted
in its assigned slot. We refer to the latter as the service time, S.
Hence,

D=W<+S§ (3.20)
Using Little’s Result,'® we can write W as;
W= —?- (a.21)

where,

Q = Average Queue Size

-Snw,
"0

Assuming cyclic assignment discussed carlier in Section 2.2, 1he
average scrvice time is given by

—e M U=wgmry) (M1 2
Sey, M IZTEn) [T+Z(S,+M)] 3.22)

®  When u is very large, it might be difficul to invert the matriz B, Ia thst case,
orber siandard methods should be ased 1o solve squation (3.19).

The averege frame size, snother parameter of our interest, is
given by
M M-y, .
S5=2Z T Miyp, (3.23)
N0 o
Finally, we dcfine stability as, "The sysicm i3 aaid 10 be stable if
the steady state probability of haviag 8 Banilec asumber of packeis in
the buffer existas and is non-zero.”

4.0 SIMULATION RESULTS

A FORTRAN simulation program was wntien to find the
throughput-delay performance of the proposed model described in
the last chapter, under the following traffic conditions:

o Equai traffic distribution among nodes in which trafic was
equally distributed among the nodes
o Unequal traffic distribution samong nodes in which the
ammival rate of packets for one *big® node is bigher than that
of other "small® nodes.
It wifl be assumed that the satetlite channcl is 8 highly reliable data
link, in which noise may be meglected (a typical value for the
capacity of the channel is 50.000 bits/sec). Packets of fixed length
are used and Lime is siotted so that one packei is transmitted per
slot. The slot size and the number of nodes is such that the
duration of these M fixed slots is one round-trip delay (0 the
satellite i.e., .27 sec.

4.1 _Equal Traffic Amoag Nodes

In this case, the arrival process at each of the M terminals is
assumed to be a Bernoulli process with rate o, i.c., the probability
of arrival of a (single packet) message at any terminal in each slot
is ¢. The total arrival rate is, therefore, M ¢ packets per slot,
which is same as the system throughpul or the system utihzauon
factor. The Burnoulli process is well suited 10 the discrete time slot
structure and is a discrete-time analog of the Poisson process. For
varying M, the number of nodes and Mo, the system utilization
factor, the following statistics have been collected from the
simulation model. In 2 finite run-length simulation, the statistics
are an arithmetic average over the M queues. Also, a companson
between these system performance parameters obuained by the
mathematical model and those oblained by the simulation model
bas been made for M = 4 for the situation where each node is
allowed to transmit maximum two packets in a time frame (i.c.,
Pe=Q=R=1)for

(1) Mean and standard deviation of the queue sizes at the
nodes a1 the beginning of & frame (Table 4.1).

(2) Mean and standard deviation of the frame length expressed
in number of time slots (Table 4.2).

{(3) Average and maximum dclay for a packet at various loads
(Figures 4.2 and 4.3). The analytical result for the average
delay for M=4 and P=Q=R =1 is also compared with the
simulation result in Figure 4.2. ’

Figure 4.1 compares the average delay for the proposed scheme
with that for other protocols discussed in Section 2.0. 1t shows that
the proposed scheme gives a significant improvement (or delay over
the other reservation schemes. It is also seen from Figures (4.2
and 4.3) that, for the traffic situation discussed above, each node
needs approximately two (2) slots at mosi to transmit packets in a
time frame to achieve the best performance. This result also agrees
with the results of Balgangadhar and Pickhaltz's scheme’ where
they have found out that the average number of frame size is
approximately | siot per node at low throughputl and less than 2
slots per node at high throughput (See Table 4.2). In other words,

kil




the knowledge of the second preceding reservation vector for a
node is not necessary 10 have two slots at most in a ime frame.

The agreement between the analytical results and the simulation
results is seen to be excellent over a wide range of Ma, the system
utilization factor. For example, for M = 4 and the utilization
factor of 0.4, the mean queuc size at the epochs and the mean
frame size, computed analytically, are 0.43 and 4.24 rovaectively
(sce Tables 4.1 and 4.2). For the same value of Mo, simulation
results give the mean queue size st the epoch as 0.44 and the mean
queuce size at the epochs as 0.44 and the mean frame size as 4.29.
The disagreement between these and the analytical values is about
2 percent and | percent, respectively.

The agreement between the analytical and the simulation results
(Figure 4.2) is seen to be particularly good for low values of system
vtilization factor. It is difficult to argue why the independence
assumption made in the mathematical analysis should bold for low
value: of the utilization factor. On the other hand, for large values
of M, one might argue that because of the large number of queues,
the different q b d pled and hence make the
independence assumption valid. But further analysis of this should
be made.

Table 4.1

Comparison Of Computed (Analytical) and Simulated Values for
the Mecan and Standard Deviation (In Parenthesis, Below the
Mean) of Queue Sizes at the Beginning of 8 Frame, for Various
Values of N and Nea (the Number of Nodes snd the System
Utilization Factor, Respectively)

Ne¢ = System Utilization
0. 0.2 03 04 0.5 0.6 0.7 0.8

Analytical .} 2 3 .43 .57 n 91 1.15
(M =4) (3) (45 (S4) (63) (1) (7)) (.86) (0.88)

Stmulated

MeJ A 2 3 44 .57 12 9 1.2
3 (45) (.54) (64) (7)) M) (9 (.

M= A 2 .34 43 .56 72 91 117

(.3)  (.45) (.55) (.65) (.75) (.83%) (.96) (1.09)
M = 20 N 2 N 42 .58 .74 9 1.2t
(31) (43) (.56) (.65) (.74) (.8%) (9 (11D

Table 4.2

Comparison Of Computed (Analytical) and Simulated Values for
the Mean and Standard Deviation (In Psrenthesis, Below the
Mecan) of Frame Size in Number of Slots, for Various Values of N
and Ne (the Number of Nodes and the System Utilization Factor,
Respectively)

N¢ = System Ulilization
01 02 03 04 085 0¢ 07 O3

Anshvingt 402 408 LN} ] an 44 4“ so s
™M (LT ] (R ITRE P TR ) TR B ) (9 (Y

Semulated

M4 402 400 an 9 447 amn s 59
(19 h (4% 4 (e} (T (11 (1.e9)

Me 2 1208 1224 02 1297 1387 1445 187% 17
(41 (49 () 00 (A s I .2

N« 20 2008 034 2088 2139 2253 2408 209 )
28 (62)  (98) (1IN (1.34) (23%) (29%) (3.49)
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Figure 4.1. Comparison of various schemes (12 nodes):
average packet delay vs. throughbput.

200
™ 4 woDES
o ©-Pe0.0e0.R20
%0 o -pel.as i Aol
13 X-pe2,002,R02
0-Pe2osd 3

© - ANALYTICAL

& 888
T 1 T TTIT7y

»
o

AVERAGE PACKET DELAY(3LOTS)
¢ _» v ewned
MY vy

n 4 n A
c2 (3] 04 05 (1] oy 1] o 10

N

TOTAL CHANNEL THAOUGHPUT
Figure 4.2.  Average Packet Delay vs. Throughout (4 Nodes)

wOOLS

0*0, 00,00

3 588

Pri, 0,000

o =0 O

A A MaCuET DELAY {9L07S)
-
°

e <aed

_— 4 i’ A i "
0 o 2] Y] os os or (1] (1] (1
T0taL Comuty YRROWNPYY

Figure 4.3. Manimum packet delay vs. throughput (4
nodes).

10)




L R i e M -
-

P wh

4.2 Usequal Traffic Ameng Nodes

In this case, it is considered that a *big* node consists of (single
packel) messages whose arrival rate (¢,) is eight times the arival
rate (o,) of (single packet) messages at other *small® nodes. Total
small node traffic was divided equally among themselves. The total
arrival nate is, therefore, (@y,+(M—1)o,). which is equal 10 the
system throughput. '

For varying M, the naumber of nodes. and the system
throughput, the average (Figure 4.4) and mazimum (Figure 4.5)
delay for s packet at "small® and °*big* nodes st various loads have
been obtained from tbe simulation model. It is seen from these
figures that by assigning variable slots to the *big* node we improve
the average and mazimum delay characteristics of the system. The
knowledge of preceding reservation vectors, is, therefore, necessary
to assign variable slots 10 8 node in & time frame.

000 -

ol

800}

o}

00+

oo}

soor we o noDLB

300} O-Pabase Ny
6-0 01 003 8y

00} 2-P os Qo8 Al

O-pPea, 0e7, 80

8 8 883223

AVEAAGE PacalT DELATY (3.078)
2

2 n A n n i
-2} ot as (2] o3 os or oo (1] “w

TOTAL CRANNEL TIHROUBIOUY

Figure 4.4. Average packet delay vs. throughput (4
nodes) packet arrival mte of | big node cight
times higher than that of each of 3 small
nodes.

The same algorithm for reservation of slots is applied to all
nodes (Table 3.1). It is seen that the best performance is obwined
for P=3, Q=6, and R=11 for the traffic situation discussed sbove.
However, optimum values of P, Q and R and their relationships
will depend on the ratio of the arrival rates st *big* and *small®
nodes. Further analysis of these should be made. It is important
to note bere that an adaptive algorithm (similar to the algorithm
discussed in this dissertation), where a node asking for mote than
two slots [by sending reservation vector (1.1)] is assigned some
sdditiona! slots in addition to the slots assigned to it in the previous
frame, is also studied and found not suitable in this case.

5.0 CONCLUSIONS AND SUGCESTIONS FOR FURTHER WORK

The field of large dats networks has seen & tremendous growth
in the last decade. In the subarea of multiplie access schemes for
neworks that include broadcast (and particularly satellite) links,
many time-division mulliplexed schemes have been proposed for
the shared use of a common channel by geographically separated
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Figure 45. Maximum packet delay vs. throughput (4
nodes) packet arrival rate of 1 big node eight
times higher than that of each of 3 small
nodes.

users, but very few of the schemes have been modeled analytically.
Also, the problems of choosing the optimum sccess protocol (in the
scase of minimizing average delay per message for a given
throughput) have not been formulated yet. In this paper we
develop optimum control 'schemes that can be employed when
using a8 geosiationary satellite channel for intercommunications
between a set of geographically distributed nodes and, more
importantly, the modcling and analysis of such schemes.

Scveral existing and proposed satelhte multiple access
tecbniques are examined. In this disscrtation, we develop and
snaiyzc a dynamic reservation-based multiple access packel
switching technique, which minimizes both average and maximum
delays and maximizes traffic throughput. The analysis is based on a
combination of two Markov chain model; one Markov chain
describes the status of the buffer contents of a typicat user, we refer
to it as the User Markov Chain and one that describes the status of
all the users of the channel, we refer to it as the System Markov
Chbain.

Simulation results have been obtained wnder various traffic
distributions among nodes. Thesc results show markedly improved
delay-throughput charactenstics over other existing and proposed
multiple sccess techniques with especially significant performance
gains at bigh traffic and also as the traffic imbalance among the
users increases. A good agreement between the simulation results
snd the analytical results is obtained.

For equal tnffic distribution among nodes, each node needs
approximately two (2) slols at most 1o transmil packets in a time
frame to achieve the best performance. It is found that the average
number of frame size is approximately | slot per node at low
throughput and less than 2 siots per node at bigh throughput. In
other words, the knowledge of the second preceding reservation
vector for 8 node is not necessary 10 assign two slots al most in a
time frame.




For unequal traffic distribution among nodes, on the otber hand,
the delay-throughput charactenistic is improved by assigning
variable slots 10 the nodes, in a lime frame. The knowledge of
preceding reservation vectors is, thercfore, mecessary to assign
variable slots to & node in & ime frame. The optimum values of
variable slots to be assigned to the nodes are obuained for unequal
traffic among nodes in which the arrival rate of packets for one
node is eight times higher than that of other modes. However,

these values will depend on the uaffic distnbuuon smong nodes.
Further analysis of these should be made.

The proposed packet switching technique based upon dynamic
reservation multiple access concept may also be applied to the usc
of ground radio channcls for terminal-computer communications.
In this case the analysis will be the same, cxcept the time frame
will consist of only reservation-based variable time slots but mo
preassigned fixed slots because there is no round-tnip delsy.
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ANALYSIS OF INTERACTING BUFFIVED USERS IN SLOTTED ALOHA

by
Tarek N. Saadawi and Donald L. Schilling

City College of New York

ABSTRACT:

This paper analyzes the slotted-ALOHA multiple access Scheme
for broadcast channels with 2 finite number of users, each
having a buffer of infinite capacity. The analysis is
based on the idea presented in (1), of having a two Markov
chain model to describe the whole system, The model
analyzed in this paper is simpler, gives further insight
into the problem of interacting buffered users, and leads to
one-dimensional Markov chains.

1. INTRODUCTION

The problem of analyzing random access schemes for a
finite number of.buffered users is still an open problem.

In most of the previous analysis for random access
schemes, (2),(3), (4) and (5), it was assumed that a user
can have a maximum of one packet in his buffer, Any packet
that is generated, while there is a packet in the buffer, ir
assumed to be rejected,

Buffering is essential in most practical
applications, sucn as satellite access networks. When
buffering is not used, packet rejection is often employed.

Packet rejection is costly and represents a drastic means of

-1-
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flow control,.

In this paper, and as 1 typical example of a random
access scheme, Wwe analyze the slotted ALOHA system with a
finite number of buffered users. The approach here is
similar to the one presented in (1), yet the model presented
here is simpler and gives further insight into the problem.
The approach is based on modelling the interaction between
the competing terminals by a combination of two Markov
chains. The key idea hbehind the interaction is the fact

that successful transmission of a packet by a user depends

on the status of the other users, Thus it is possible to
consider the state of a user (represented by the 5ize - ! 1.3
queue) modeled by an imbedded Markov chain, whose paraceto-s
(transition probabilities) depend on tLhe state ot trew P
(basically, Lhe number of users who need serd. o o,

those who do not). The latter ot ot - o . )
represented by an imbedded Markov chain whone | arames

in turn functions of the state of the users, B

possible to obtain sets of coupled equations f.r

e

state equilibrium distribution of these states, Tre, 4o
solved numerically and curves for the average wa.'.'x,
service and total delay, are obtained, The model o tals
paper leads to one-dimensional Markov chiins, as opposed to

two-dimensional Markov chains obtained in (1),

II THE MODEL

The user terminal is shown in Fig.1, The buffer

14)
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has unlimited capacity; time is slotted. Packets are
assumed to be of fixed lenyth L, with one time s5lot
equivilant to a packet length,. It is assumed a3lso that the
sensing of a collision is instantaneous.,® The arrival

process is modecled as a Bernoulli process Wwith average rate
of arrival (or, equivilantly probability of an arrival in a
given slot) equal to o .

The packet of the head-of-line (HOL) in the buffer
enters the transmitter, with probability f, and is
transmitted. At the same time a replica of the packet
remains in the buffer (as HOL). In the case of success,
(the terminal is in the unblocked state), the replica packet
is discarded and the following packet becomes HOL, In the
case of collision, (the terminal i3 in the blocked state),
the replica packet enters the transmitter with probahility
f, (the same probability by which the HOL packet in the
unblocked terminal is transmitted), for retransmissiorn. A
packet that arrives at an idle user goes directly to the
transmitter without incrementing the buffer content,.

Hence, the terminal (or user) can be in one of two
states, an idle state or an active state, In the idle
state, the terminal is unblocked and the buffer is empty,

hence a packet i35 generated with probability o and

the

transmitted instantaneously. In the aclive state

* Instantaneous sensing of collisions is clearly not

possible for satellite channels.

15)
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: ‘
; packet (whether it is the HOL packet in an unblocked state
or it is the replica packet in the blocked state), is
. transmitted with probability f.
; ' In the following we describe the user Markov chain
ti and the system Markov chain:
| a) The User Markov Chain.
gi The state of the user is denoted by (i), where
ﬂ i=0,1,2,... indicates the number of packets in the buffer.
y Let
;E ﬂ} d steady state probability of the state (i)
I and
; Gy s S mont (1) |
i=o
In order to characterize the transition
probabilities of the user Markov chain, we neeo to define
the following additional quantities;
r = Prob.[successful transmission/user is activel
1 q, = Prob. [success/user is idle]
. = 0q
7 where q is the probability of success, assuming a packet has
| already arrived, given the user is idle. Now, the
: transition probability of the user Markov chain can be i
; obtained as shown in Fig.2, where:

A = Prob. [no packets arrive to the active terminal and a

packet succeeds]

T % ’ B i ) h | i i
e e el ey e il b -

= (1-=0 )r
B = Prob. [no packets arrive and no transmission, or

!
| i transmission and no success, OR 1 packet arrives and one
o

-4~ !
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success)

= (1= )(1=r)+o r

C = Prob. [one arrival and no transmission, or transmission

with failure]

= o0 (1=r)
D = Prob. {1 arrives and collides]
= o (1-q)
E =z Prob. {no arrivals or 1 arrives and succeeds]

= (1-0r )+0r q

Hence
Moo= Am,, BT eCn j=2 (2.a)
=AM +”ﬂ+D% (2.b)
Mo = A'IT1 + Em (2.¢)

Applying Eqn.(1), we get:
G(z) = [Az‘1+B+CZJG(z)+[-Az’1+(n-c)z+(E-3>] TTO (3)

Differentiating (3) with respect to z and evaluating at z=1,

we get
= A-C
™ A7y
o A-C+D
i.e
T, = "= __
o r-o (1-q) (4)

To determine the average buffer size, Q, we

differentiate (3) twice and evaluate at z=z1; we then obtain

Pl
Q = G(1) as;

ALY =T, ]

A-C

P
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b) The System Markov Chain.

The state of the system is described by the number

of active users, Let
M 2 total number of users in the system
and
n 2 number of active users.
Then
M-n = number »f idle users
Pn A steady stat probability of having n active
users in the system.
Fig. 3 shows the system Markov chain,. To obtain

the transition probabilities we need the following

definition;

e

g.(n)

; Prob.[1 out of n blocked users attempt

transmission)

1]

(1) tra-nnt

qj(n)= Prob.{j out of M-n idle users attempt

transmission]

_H=n J
_( j )o' (1-0 )

Man-J
E Q The conditional probability that the buffer

size equals unity given that the user is

active.
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Referring to Fig.3, we can write Pn as;

. , ]
; P, = q, (n+1)g n+ 1y E Pomg * {qo(n)ll -8 ( n) 1) ta, (n)go(m)f I

n

+aq (n=-1) [ 1-g,(n=-1)| P“_1 1-‘2, qj(n—i) lnn—i
=2

lsn=(M-1) (6.a)
Poo=q (1)g (2) EP + {q (Ii-g (HE]+a (1)g (1)}1’ (6.b)

1 lo & 2 o 1 1 o 1 :

—_ r Dd - b 6.
PO = qo( 1) g (1) L Pa 4 [qo (0) +(H( M) | 10 (6.c)

|

3 The first term in Eqn., (6.a3) is the probability that

only the active user, with buffer contents equal to unity,

transmits, times the probability the system is in state
(n+1). The second term is the probability that either none

or at least two active users or one active with buffer

|
i
t
1
!

contents greater tLhan one transmit, or no active but one
idle transmit, times the probability that the system is in
state (n). The third term is the probability that one idle
user and at least one active user transmits, times the
probability of being in state {(n-1), The last term is the
probability that the i idle users generate and transmit a
packet times the probability of being in state (n-i). Ve

then sum over i, {(2<i<n).

UIL. SUCCESS AND COLLISION PRORARILITIES.

-7

M
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wl The success and col'ision probabilities are

i
? determined as follows;

f r = Prob. [successful transmission/user is active] :

' i

1 M g

- f ):(l-o)m—n(l-[)n—llm |

. = n=1 i
- )

-0 (7) |

Where the expression in the denominator represents the
probability that there is at least one active user, The
numerator represents the probability that the active user
under consideration attempts transmission times the .
probability that (M-n) idle users don't receive a packet
arrival and (n-1) remaining active users don't attempt

transmission times the probability that there are n active

users in the system. We sum over all possible values of n,
!
Similarly, }
M-1 ;

B M-n-1 n
o Y (l-o (1-fy p
1 (11 = N=0 n !
. - — g
! Jhl
= oq (8)

IV. AVERAGE PACKET DELAY

The averape total delay per packet is the sum of the
average waiting time in the butfer, W, plus the average time

spent from the first attempted transmission to the final

by e i — = —an

0 successful one, (the service time S).

From Eqn.(5) and applying Little's result, we pet

9
o i
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F:o:q (9)
To determine the service time S, we note that Lhe

average transmission time given that the terminal {s either
idle and collision occurs or the terminal is active, equals

to

x n-1
> n(l ~r) =

n=1 T

When success occurs on the first attempt of transmission,

the service time is one packet long. Hence S is given by

1
S = F[(1-ﬂ6) + ﬂb(’—q)] + 1 x T q

1
= —-[1= 10
=1 Troq] + Ta (19)

V. MNUMERICAL RESULTS

The set of coupled non-linear equation (2) through
(8) were solved numerically to obtain the probabilities
[PJ]' o W1. and Q. This has been carried out
iteratively as follows: Referring to Fipg.4, we start with
an initial value for E, the conditional probability that the
buffer size equals unity pgiven that the user is active,
50lve Lhe set of linear simulbtancous equations for the
system Markov chain and obtain [Pj]‘ With these values of
Pj's, we obtain the values of r and q as given by equations
(7) and (8) and then using Eqns. (2.c), (4) and a proper

iteration scheme, we obtain the new value for E. In Fig.5,
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and for M=4, P=0.3, we plot tts probabilities P P, and P

0’ 1 2
versus throughput. Fig.6 is o plot for the probabilities
Tos W1, and E versus throughput. Then Fig. 7 is the dclay
throughput curves. We notice that for M=z4 and P=0.,3, the

maximum throughput is 0.466, while for the model presented

in (1) and for the same value of M and P, it is 0.434,

VI. coNCLUSION

This paper considered the problem of interacting
buffered terminals in multiple access schemes. The
analysis of the slotted-ALOHA multiple access scheme with a
finite number of buffered terminals has been presented.
The analysis is based on the idea of using two Markov chains
(system and user Markov chains) that partially accounts for

the interaction between the users. The model herc is

simple and leads to one-dimensional Markov chains.

REFERENCES
(1) Tarek N. 3aadawi and Anthony Ephremides, "Analysis,
Stahility, and Optimization of slotted ALOHA with a

Finite Number of Buffered Users", IEEE Transactions on

Automatic Control, June, 1981,

(2) Norman Abramson, "The ALOHA 3ystem - Another
alternative for Computer Communications"™ AFIPS
Conference Proceedings, 1970 Fall Joint Computer

Conference, Vol.37, 281-285,

(3) S5.5. Lam, "Packet S3witching in a Multi-Access Broadcast

-10-

22)




(L.

(5)

. e 4

£ At

LA S L
Y e e es

Channel with Applications tn Satellite Communication in
a Computer MNetwork", Compt'«r Science Department, March
1974 (Ph.D, Dissertation).

Kleinrock and Y, Yemini, "An Optimal Adaptive Scheme
for Multiple Access Broadcast Communication”,
International Conference on Communications, Toronto,
Canada, June, 1978,

J. Capetanakis, "Tree Algorithms for Packet Broadcast
Channels", IEEE Transactions on IT, Vol.25, No.5, Sept.

1979, pp.505-515.

~11~

23)




1
1‘ 24)
|
i
o Buffer
. .
i —_— HOL o Transmitter .
| ] | 7
|
i
?
Fig. 1 The User Terminal t
E
i
3
B B B
L i::]i‘!!—g~\ C
3 o o e __’ s
- 7 ..
-
H
|
“{ rig. 2 The User Markov Chain g
;- b

Tt g £




25)

Fig.3 The System Markov Chain
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Worst Casce Aquisition of PN Scquences

Farhad Hemmati bonald L. Schilling
Department of Eleclrical Engincaring
Cily College of New York
New York, N. Y. 10031

Abstract

An upper bound on the worst casc autocorrelation of PN sequences of a
given length is obtained. The value of the worst case autocorrelation curve
at some specific points is found and using intesolation methods a smooth

curve [itting to the worst casc autocorrclation curve is formulated.

Introduction
Let g(0), g(l), g(2),**, g(L-1) be a PN scquence of length L =21,

The autocorrelation of the PN scquence is defined as

Y-1

3 g() +g (+7) (1)

Re(=y (-]

j=0

where 7 is the partial correlation length. For 7= 0, i.c., for corrclated
sequences R, (1) =7 . Furthermore, R, (L) =-1for 157 < L-1, R_(Y)

depends on the specific selected PN sequence and Lhe phase 7.

IFor a given value of 7 let us define
h(ky=g0) + g(+7) (1a)

The shift and add property of PN sequences implies that h(0), h(l), b(2),**-,

h(L-1) is again a PN scquence. Thercelore R, (?) depends on the arrangement

of the zcros and oncs in the PN scquence h(k)., IFigure 1 shiows a typlical

The research performed for this paper was partially supported . .der

AFOSR grant 05431 and RADC Contract '19628-80-C-0095

|
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example of the corrcelation of such a P'Iv sequence,

PO S DUSD S g%

The worst case of R (), for all Y, is the one which over the set of
all PN scquences of a given length and all possible phases 1 =T 11, s

i as closc to Ro(y) as possible. A scqueace h(k) produces the worst case

Sadh T

autocorrelation if it starts with the longest possible run of zeros, which

is n~1, followed by the shortest possible run of ones followed by the longest
possible run of zcros followed by the next shortest possible run of oncs and

; so on, This sequence was invented by Davidovici and Schilling [ljund is
known as a pscudo-pscudo-noisc, (PPN), scquence. As an example the PPN
sequence of length 1,=31 is 0000100010010010110110111011111. The PPN
scquence is very close to the actual worst casc of the PN sequences for short
length codes. Unlortunately, it was obscrved that for long codes the obtained
upper bound on the worst case autocorrelation of PN scquences based on the
structurc of PPN scquence is not very tight. In this paper we add to the above
construction procedure the condition that each n-tuple along the sequence must
appear only once time (window property). This condition results jn the following

well known construction technique:

A Sl dad

1, The Worst Casc Scquence Generation Algorithni

L. Generate nones and set i = 0.

2. Append a zero and checek if the generated n-tuple had not previously occurred.

If not set i =i+1, go lo 2, olherwisc change the last gencrated bit to one, set
i =i+1 and go lo 3.

3. U i=2n go to 4. Otherwisce po Lo 2,

4. Declete the lirst n+1 bits and stap,

Example: The generated sequence for n=H is

1111100000100011001010011101011011111.
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The above construction technique was »riginally given by Ford L2 and is
generalized by Golomb [d) and is extensively studied by Fredrickson(4).
Note that the generated sequence satisfies the run property and the window.
property of the PN scquences while the PPN sequence only satisfies the run
property. Moreover, the scquence constructed by the above algorithm can

be generated by an n-stage nonlincar feedback shift register.

A pure cyceling shift register is an n-stage shilt register with the last
stage connected to the first stage of the register. The length of the eycles
generated by the pure cycling shift register are divisors of n and the number

of cycles is [5],

Z(n) =-l 3> ¢’(d)2n/d, (2)
T djn

where¢ (d) is the Euler's ¢-function. In the following we summarize the

propertics of the nonlincar sequences generated by the above algorithm [6}:

Property 1:

The nonlincar sequence is constructed by joining the cycles of the pure
cycling [cedback shift register.
Propertly 2:

The breadth of a vector is defined as the longest number of conliguous
zeros in the vector. Then: the algorithm exhausts, in order, the eycles of

breadth n-1, n-2, n-3, cte.

2. TFormulation of the Upper Bound

'roperties 1 and 2 stated ab ve can be usced to find the value of the worst
case autocorrelation at some speciflic points. The first exhausted cycle is the

cycle ol breadth n=-1.  llence

Ry (n) =n-2 (3)




e A e i

all the cycles exhausted up to the breadth N

There is one cycle of breadth n-2, two cycles of breadth n-3, and in
general 2')-24) cycles of breadth b for Nl < b <=n-2, where N] = n_—)_]__ for
nodd and Nl =-g for n even. The weight of a cyele is the number :)f ones
in that cycle. For b < N1 there are less than 2“—2_1) cycles of breadth b
since all of the low weight cycles of length n have alrendy been exhausted,
Bince a cycle of length less than n cannot have a breadth greater than Nl'
are of length n,

1
The partial correlation of two sequences x and y can be also defined by

. (Y)= Y- 20, (xt y) 4)

Y

where W“

(z) is the Hamming weight of the sequence z = X + y truncated to

Jdength 7. Using property 2 and Eq. (4) we can {ind Nl points of the worst case

autocorrelation by the recursive relation

] --1 -_ u_ ™ ._1
R, (n+2) =Ry (+27) +ne2 L. 2[-;, (i-1)2" ]] - 2-2{2’ J

(5)
for 154S ‘\.1

The second term is the right hand side (rhs) of (5) is the nummber of bits in
all cycles of breadth b=n-1-i. ‘The third term in the rhs of (5) corresponds
to the fact that in the sct of all binary (i~i)tuples the number of ones is
cqual to the number of zeros, and the last term of (5) considers the two
ones at the beginning and at the cnd of each breadth,

Equations (3) and (5) can he rewritten as

RAn) =n-2

-n,r{n- ) + (n-i- 3).3 -1 for Ry g N,
" or .
ofy = e | oy od=l . <:i<
Re (n+2) = n-2 + (n-j=3) 2 fox 1= i—Nl (6)

1

j
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Using » j+2° ° = (i-132 +1 in (6), the tinal resull is
f j=1
R, (n) = n-2 ,
i . (™ .
. ool . i
R (n2) = (n-i-2)2 , 1<i< N ‘
Observe that in the sct of all cycles of a given breadth b, the last
, !
cycle exhausted is the eyele consisting of b zeros followed by n-b ones.
Application of this obscrvation in (7) gives another set of points of Rp (¥
namely
R, (n-1) = n-1
1 -2i1'— ")2i'1 SiEN
ip(ne2-1-1) = (0-i-2)2" +i+ ) =i= I\l (8)
Ry
The formildation of Re(Y) for Y > n*2 7 in general is rather compli-
cated. lowever for the casc that n is a prime number, we note from
(1) that the cycles of the pure cyeling register arc of length one or n.
n
' In this case there are two cycles of length one and there arce N\V cycles
of length n and weight W where
n_1n
= < w<n- 9
N =7 G , 0 WShn-1 )

:_ In order to find an upper bound on the value of the worst casc auto-
corrclation we assume that n is a prime and the worst casc scquence
beging with the cycle of tength n and weight one, followed by the cycles
of weight two, followed by the cyceles of weight three, ete.  With Lhis
assumption the worst case autocorrelation at partial length? is upper

hounded by

WA B A TR 1 e W o
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k k
< ¥ . n - B . n
R (M= < n Ny 2L w Ny (10)
w::l \V::l

where k is the weight of the highest weight eycles in the partial length

T, Substituting (9) into (10) the resull is
k IN

e O, o NT W

Re (=2 2 G 2 (w’
Wr=1 w:=1

n-1

V-1 ) we have
k k

@<z 2y (11
W"l(w) -1

Wy f
Since ~ (W) \

where
k Kk

O n
T=n 3 Ng b () (12)
w1 W=l

In particul:llr for k =% (n-1) we have from (12)
n-

o

Y= (’\‘V) =2,
w=1

and from (11)

n-1 n-1
1 2 2 -1
n-= < n .
R. (2" "-H= 2 ([)Y-2% ( )"( ) - (13)
T w=l W g Wel el

oo

Using Stirling's Formula for factorinls, (13) reduces to

Rp@gy e BN
Vo
For n large, I'= 2" _ 2% 2" and
I 1

Ry (L)) S ———— (14)
V2T(n-1)

e W -



To find a smooth curve for the urper bound on the worst case

autocorrelation of the PN scquences we can use any interpolation
technique, e.g. Lagrange's method among the specific values of
R, (Y) given in (7T), (8), (11), and (14). The simplest case is an
interpolation among the three points R,r (0 =0, R (L") =0 and

RT(L'/Z) given by (14), which yiclds a second degree polynomial,

R (y) = 4. (1-y/L")
Y2u (n-1)
Ohviously a higher degree polynomial will give a better approxima-
tion {o the worst case aulocorrelation curve,

In Fig. 2 the worst case curve for n=11 generated by the algorithm
described in Sce, 1, is compared with the approximation curve of (15)
and a {ive point interpolation curve. Iigure 3 is the same as Fig. 2 but
for n=13, It should be mentioned that in the formulation of Ry (-

;) we have

assumed that the worst case curve is symmetrical with respect to the line
Y =12,

In the casc that n is not a prime number the length of the eyeles of
the pure cycling shift register are divisors of n. An upper bound on the

worst casc autocorrelation curve for n a nonprime number can again be

(15)

obtaincd similar to the upper hounds of (11) and (12). Since the average weight

per length of the short length cyeles is approximalely cqual to the average weight per

length of the long Iength cycles, the upper bounds of (11Y), (12), and (15)
obtained for n a prime number are valid for any n.

Figures 4 and 5 compare the worst casc autocorrcelation curve

generated by the algorithm for n=8 and n=10 with the three point interpolation

curve of K. (15).
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3. Conclusions

This paper has presented an upper bound on the worst.
case partial autocorrelation of nonlinear PN sequence.
The results take the form of a readily implementable
algorithm and an approximate, ecasily used, cquation which
upper bounds the algorithm, namely (15).

It is interesting to compare (15) with the results

obtained by Davidovici and Schilling [1f who found

R (V)< v (1L -~ ,1L=2"1
1 L
Note that both results are of the same form, and partial

autocorrelation of [l] exceeds the bound developed in this

paper by the factor

——

_ t(n-1i)
F= 8

Hence for n=13, F = 1.77.
When using (15) or (16) to determine the probability
of false alarm or detcection when acguiring a PN sequence,

a valuc of F of the order of (17) is often extremely

significant.

37)

(16)

(17)
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worst case curve gencrated by the Algorithm (Sec, 1)
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Summary

An infinite cyclic sequence of period p, where p 52k
for some positive integer k, is a shift register sequence if
any block of k consecutive bits over one period of this
sequence is not repeated. The sequence of period p:2k-1 is

known as the maximal length sequence and the sequence of

length p:2k is called a deBruijn sequence [1]. For a given
k-1
2 -k

kK the number of deBruijn sequences is 2
A linear maximal length sequence (also known as a PN
sequence) can be generated by a k-stage linear feedback

shift register (LFSR) with a primitive characteristic

polynomial [2]). For a given k the number of linear maximal
length sequences 1is @(Zk—1)/k ,Wwhere ¢ is the Euler's
¢p-function. An efficient method to construct the nonlinear
sequences is the cycle joining method [2],[3] which is based
on joining the sequences of short period together to obtain

a deBruijn sequence.

In the following a new property of the PN sequences is

presented. For generation of nonlinear sequences of period-.

p=2k this property and several other well known properties,
[2], of the PN sequences are used to join the cycleé of an
LFSR with characteristic polynomial G(x):g(x)(1+x)n, where
g(x) is a primitive polynomial of degree m and G(x) is of

degree kz=m+n.

A block of length m+j consecutive bits on a PN sequence

generated by an m-stage LFSR is called an extended state of

45)
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degree j of the shift register and is represented by the

(m+j)~tuple §=(sm+j’sm+j-1’“”52’51)' The conjugate of S,

A - - 3
[3]3 is defined by §=(Sm+j’sm+j-1’""52’51)' where s, is

the binary complement of Sq- A characteristic state over a

PN sequence is defined as an extended state of degree j over
the PN sequence such that its conjugate satisfies the

recurrence relation of (1+x)9.

Property: There exists a characteristic state on every PN

sequence for any Jj 21.

Proof: The proof is by induction. The property is obviously
true for j=1. Since there exists a block of m consecutive
ones followed by a zero ,(1,1,...,1,0), on every PN sequence
and the conjugate of this extended state is a block of m+1
consecutive ones (1,1,...,1,1) which satisfies the
recurrence relation of 1+x. Now, if we assume that the
property is true for j=i, Lempel's homomorphism [3], can be
used to prove that the property is also true for j=i+1.
Moreover, the proof gives an itterative method to find the
characteristic states of a PN sequence for any j =21.
Characteristic states of the PN sequence 1110010 for 1< j <8
is shown in Table I.

Let Ck be the set of all cycles of a LFSR with the
characteristic polynom. ° g(x)(1+x)n,[u]. Ck can be divided

into four subsets A,B,C and D. The subset A consists of

cycles of length (2m_1)2e(3) which satisfy the recurrence
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relation of g(x)(1+x)j, 0= j=n=~1, where e(j) is an integer
such that 26(‘]')'1 <,j§§2e<j). The subset B consists of cycles
of length (2m-1)2e(n) which satisfy the recurrence relation
of g(x)(1+x)n.. Similarly the subset Clconsists of cycles of
length 2e(j) which satisfy the recurrence relation of (1+x)j
0=< j=n-1. And finally the subset D consists of cycles of

length 2e(n) which satisfy the recurrence relation of

(1+x)n. The existence of a characteristic state on every PN

4

-sequence for any j =1 can be used to prove the following

theorem.

Theorem: Let a be a cycle of length (2m—1)2e(3) in the set
A. There exists 2e(j) states on o such that their
conjugates are in the set D. The conjugates of the

(2m_2)2e(j) remaining states on a@ are in the set B.

Corollary: Let B be a cycle of length (Zm_1)2e(n) in the

set B. There exists 2e(n) states on B such that their

conjugates are in the set C. The conjugates of the

(2M-2)y2¢8(n) remaining states on B are in the set A.

Since the number of cycles of an LFSR with the

characteristic polynomial g(x)(1+x)n increases exponentially

with respect to n ,[3],[4], the number of different deBruijn
cycles which can be constructed by joining the cycles of

g(x)(1+x)" increases double exponentially with respect to n.
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Table I. Characteristic States of the PN Sequence

1110010 for 1= j=8.

J S S (1+x)9

1 1110 1111 14x

2 01011 01010 14x°

3 110010 110011 14x+X2+x3

y 1011100 1011101 Tax

5 10010111 10010110 Texax Fex?

6 011100101 011100100 Tex2ax tex®

7 0010111001 0010111000 Tax+x2exdex tax2exCux
8 11100101110 11100101111 14x8
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Superresolving image restoration using linear programming

R. Mammone and G. Eichmann

supereesotving imape restoration OSHR e the presence of nose - considered Few SHE alpanthins oo
demonstrated the ability to resolve two pant sources spaced one fudtor the Boasdeg b distance apant, Intas
paper, it s shown that the SIR of o two point noncoberent source spaced one tenth of a Ravleigh distanee

apartis possible. The method presented uses optuoat data ficting: technigues based on the method < of linear
programming.  For noisy images, a combination of linear eigenvalue prefiltering and optimal data fitting
is used. [Uis also shown that tor a ditfraction-limited image of two-point sources spaced one half of the lRay-
leth distance apart, where the input is contaminated with significant noise, SIR is achievable. These re-
sults have important mplivations meatmospheric phvsios, geophs sies, nadioastronomy, medical disgnostios,
and digital bandwidth compression applications where the decanvolution of nosy handwidth-conipressed
tmages is one of the tundamental limitations. The technigues described are specincally designed for impul

sive-type iages.

1. Introduction

The problem of restoring a linearly degraded image
has been the subject of extensive investigations.! The
mathematical tormulation of the image restoration
problem is common to many diverse fields such as at-
mospheric physics,” geophysies! spectroscopy,! radio
astronomy,™ as well as the general subject of numerical
analysis.” In general, the inversion of a linear degra-
dation can be accomplished in a number of wavs.!
When the measurement error, which is the noise, is
negligible and the degradation process is well-behaved,
the direct inversion of the degradation process can easily
be performed. For a well-conditioned degradation
process, in the presence of noise, methods such as
Wiener filtering are appropriate.® However, in many
cases the degradation process is ill-conditioned. 1 this
case the measurement errors are greatly amplified in the
restoration process leading to an image estima‘e that
is dominated by noise. In this paper we discuss the
restoration of ill-conditioned linearly degraded images
that have been corrupted by appreciable noise.

While many types of ill-conditioned image restoration
can be considered, a particular ill-conditioned image
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restoration, the restoration of a diffraction-limited
image of finite extent, has been used in this paper as a
bench mark to provide a stringent test of the algorithm,
Furthermore, this model has many other important
applications such as the restoration of o severely
bandwidth-compressed video imuages.  Such images are
of interest in digital TV applications.

It has been shown*-!" that for images of finite extent,
in the absence of noise, spectral components of the
signal that have been removed can be reconstructed
from the low passband information using analytic
continuation. The extrapolation in the spatial fre-
quency domain represents an increase in the spatial
resolution in the spatial domain. An image restoration
process which provides this increase in resolution is
called a superresolving image restoration (SIR) process.
A complete survey of recent restoration methods in-
cluding SIR has been given by Frieden.! In general,
statistical image restoration methods are not superre-
solving, Deterministic methods use various forms of
regularization!! to provide stability for the image res-
toration. Linear shift-invariant filters, while they
provide stability, are also not superresolving. It has
heen postulated that only nonlinear filtering methads
will provide SIR in the presence of noise.! The purpose
of this paper is to show that the combination of linear
shift-invariant filtering of the image and nonlinear
restoration does provide SIR capability in a realistic
noise environment.

The optimal data fitting step uses linear programm-
ing (1.P) techniques. The LP method provides both
cost and time effective ways to produce SIR.  Although
methods similar to LLP have been suggested for image
processing,'? ' we have specifically addressed ill-con-
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ditioned problems and have incorporated a stabilizing
presmoothing step, which also yields computational
advantages.

Il. Formulation

The SIR problem requires the inversion of a Fred-
holm integral equation of the first kind with a sine
function kernel. 'The integral equation corresponding
to the coherent 1-1) case is

glx) = J‘h ﬂ/"'Lr-(f-:-_"\—)/())dy. h
-h omtx = v}

where g(x) is the diffraction-limited (DL) image, f(v)
is the original image of length 2b, and /. is the cutoff
frequency of the transfer function. 1t is well-known
that the incoherent bandlimiting kernel has twice the
spatial cutoft frequency as compared with the corre-
sponding coherent kernel. Therefore, the coherent SIR
is more stringent and thus provides a better bench mark
than the corresponding incoherent kernel.

The discretized form of the image restoration prob-
lem can be formulated as a solution to the matrix linear
equation

g=Hf{+n, (2)

where f,g are the sampled values of the restored (de-
sired) diffraction-limited and measured bandlimited
images, respectively, n is the sampled noise vector, and
H is a matrix representing the sinc integral operator
obtained by using some appropriate quadrature rule.
Without loss of generality we shall take f, g, and n to be
N-dimensional vectors. Thus H is an N X N square
matrix. The system df linear equations, represented
by Eq. (2), is underdetermined since there are N equa-
tions and 2N unknowns. The unknowns are the com-
ponents of the N-dimensional vectors f and n.  Ne-
glecting the noise vector does not per se simplify the
problem hecause for SIR the H, the degradation, matrix
is nearly singular. Because of the rank deficiency of the
H matrix, the inverse H is highly unstable.

To stabilize the inverse H matrix, the eigenvalues and
the eigenvectors of the inverse matrix are filtered. The
eigenvectors of the H matrix are similar to the discrete
prolate spheroidal wave sequences,!® the analog of the
prolate spheroidal wave functions of the continuous
case. The eigenvalues of the H matrix change abruptly
from approximately unity to nearly zero as a function
of the space -bandwidth product. The high order ei-
gensequences. corresponding to rapidly oscillating
functions, represent the eigenvalues close to zero. The
instability of the inverse matrix is due to the near zero
cigenvalues of the I matris. By filtering (attenuation)
ol the image companents corresponding to those ei-
genvalues, stable inversion can be obtained. There are
a number of linear filtering schemes that have been
suggested to do this filtering Y617 While these schemes
stahilize the inversion process of the H matrix, since
they do so at the expense of the high order eigenvalue
components, which are precisely those components that
contain the high spatial frequency information neces-
sary for superresolution, these methods are not SIR
methods. Furthermore, since this approach does not

take into account the measurement errors, a critical
factor in a highly unstable matrix inversion, other
methaods must he sought.

Additional information or constraints must be uti-
lized to obtain SIR. Methods of image restorgtion that
impose non-negativity constraints on the restored image
to obtain stability!24% have been described. We use
non-negativity, boundedness, and derivative constraints
together with eigenvalue liltering to obtain SIR. The
addition of these constraints stabilizes the restoration
process. This method of restoration can be formulated
as a data fitting problem where it is desired to obtain a
restored image, which, when degraded, is as close as
possible in some sense to the measured image. Two
measures, or norms, of closeness were investigated, the
{yand !, norms. The {; norm of a vector is the sum of
the absolute values of the elements of the vector, while
the {. norm of a vector is the maximum absolute value
of the vector. 'T'he method which minimizes this norm
is frequently called the minimax method.

Thus the method consists of two steps: (1) pres-
moothing the measured image (o attenuate or eliminate
image ccmponents which effectively could be due only
to noise: (2) selection of the closest restored image es-
timate corresponding to the measured image. Two
measures of closeness were examined yielding the
minimal {; and minimax methods.

A. Presmoothing the Measured Image

A method of stabilizing the problem is to smooth the
elements of the measured image vector g, Ideally this
smoothing can be accomplished by passing the mea-
sured image g through a filter which eliminates the
frequency components for frequencies higher than f,.
This filters out the companents due only to noise. This
preprocessing step ix straightforward if the DI image
is provided in its entirety.  However, the original image
must be of finite duration for a solution to exist. Thus
the DL image must be infinite in extent, although, for
practical reasons, some finite interval of the DL image
must be selected.  Because the measured image is not
bandlimited. some other linear filtering process must
be used.

A method of smoothing the measured DL image can
be obtained by examining the singular value decom-
position (S of the degradation matrix H. From
Eq. (2), neglecting the noise term, we have

g=H{=1AV0T1 R

where U7 and V7 are orthogonal matrices, A is a diago-
nal matrix comprised of the cigenvalues of the sym-
metric matrix [ and superseripts T and Y% denote
matrix transpose and square root, respectively. The
standard form of the SV is used., where the eigenvalues
are in decreasing order from left to right in A. These
eigenvalues [all abruptly to practically zero, indicating
the ill-conditioned nature of I{. This SVI) decompao-
sttion is commonly interpreted as a decomposition of
the image into eigenimages. The higher order eigen-
values correspond to the higher order eigenimages. The
amount of zero crossing is proportional to the order.
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Thus the high order components correspond to the high
frequency content of the image. We may rewrite Eq.
(2) in a transformed coordinate system

G = AV, )
where

G=U-1g, )

F=VTf, (6)

The interpretation of G and F is similar to that of a
discrete Fourier transform (DFT').!8 Since the ele-
ments of the diagunal matrix decrease abruptly to zero,
it is seen from Eq. (4) that the high order components
(high frequency components) are greatly attenuated.
This is to be expected since filtering in the DFT domain
is consistent with low pass filtering in the diagonalized
coordinate system.

The smoothing is accomplished by preprocessing the
measured image via the singular value transform (SVF)
Eq. (5) and forming

g=UG, N

where G is G modified by replacing all elements of index
greater than r with zero. The index r corresponds to
the largest order eigenvalue of the mairix HHT whose
value is greater than the standard deviation of the error.
This elimination of the high order noisy component’s of
the observed image also yields a reduction in the rank
of the degradation matrix. This resulting rank defi-
ciency has two effects on the problem: first; it yields
an underdetermined system of equations with many
possible solutions. We shall define an optimal solution
and present a method of obtaining this solution later.
The other effect is to make the system inconsistent; that
is, the left-hand side of Eq. (2), neglecting the noise
term, may have two identical adjacent rows of H due to
the linear dependence, but as a result of the random
noise, the left-hand side will be very different. Thus
inconsistencies in the equations result from the noise.
Therefore, we eliminate all but r linearly independent
equations in H. The resulting reduced system of r
equations is well-conditioned and consistent. This
reduction of the number of equations gives the addi-
tional advantage of reducing the number of computa-
tions necessary in the next step.

At this point the pseudoinverse solution might
suggest itself. The problem with this or any other linear
solution is that it will not extrapolate the high order
components. Thus we find a constrained optimal so-

lution from this reduced system of equations using
L.P.

B. Constrained Estimate

The general LP problem can be formulated as fol-
lowsi:

minimize ¢'’x, (R)
subject to Ax = b, (L]
where x 2 0, €10)

and c is called the cost vector, x is the M-dimensional
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vector denoting the variables, the r X M matrix A is
called the constraint matrix, and b is an r-dimensional
constraint vector. The most frequently used algorithm
to solve linear programming problems is the simplex
algorithm. This algorithm produces one of three mu-
tually exclusive results: first, an indication that the
problem is infeasible (the problem is feasible if all the
constraints can be simultaneously satisfied for some
choice of variables; the problem is infeasible otherwise);
second, an indication that the problem is feasible but
the optimal solution is unbounded; or, third, an optimal
solution.

The minimal {; formulation of the image restoration
will now be addressed. We define two N-dimensional
vectors n* and n~ so that they contain the negative and
positive components of n, respectively. For any given
row, one of the two vectors nt and n~ has one zero ele-
ment, and the other has a positive element. Thus we
may write

g=Hlf+n*-n", (11}

so that nt*, n™, and f are all positive N-dimensional
vectors. If we consider the positive sum for row (,

n' +n; =g~ hfl]. (12

where I, is the ith row of H. This is seen to be the ab-
solute ve'ie of the residual of the difference between g
and h{. 1aling the sum over all N rows yields the [,
norm of the residual error. This will be the cost func-
tion that will be mu:imized subject to the constraints.
The LP formulation of the minimal {; problem is:

minimize ny +nf +al+n;+...n5 +n;, (13)
subjecttog = Hf + nt = n—, (13a)
with0 < f £ fan (13h)

An alternate interpretation of minimizing the resid-
ual can be obtained by examining the process in terms
of the solution vector. The [ norm is bounded by zero.
If this bound is obtained, the residual error is zero and
the solution vector is completely in f. This case per-
tains to a direct inversion of the degradation matrix H.
In general, this inversion is not possible, since the
measured image g is usually not consistent with all the
constraints. Thus n will contain nonzero elements, and
f must contain corresponding zero elements as well.

Following a similar procedure, the minimax estimate
can be obtained by LP. First, we let E represent a
scalar variable denoting the largest positive deviation
of the degraded estimate from the measured image.
Then we write the LP formulation as:

minimize I, (14a)
subject tog = Hf + Ee,, (14b)
g=Hl-Ee,, {14¢)

where e, is the r-dimensional unity vector. These
equations can be solved by the method of LP. Thus the
minimax formulation requires N more constraints than
the minimal /| formulation of the same prottem.
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Fig. 1. Direct inverse solution for two impulses separated by one-
eighth of the Rayleigh distance.

o

Fig. 2. Constrained minimal [ solution for two impulses separated
by one eighth of the Ravleigh distance.

C. Numerical Results
A ligure of merit of the SIR is the Rayleigh distance.
The Rayleigh distance is inversely proportional to the
bandwidth of the transfer function. Very few restora-
tion methods achieve resolution of one-halt of the
Ravleigh distance.!  This measure of resolution will be
used for both noncoherent and coherent imaging sys-
tems, I should be remembered that the Rayleigh
distance for i coherent imaging system is a more strin-
gent eriterion than for noncoherent imaging system,
The methods were simulited using the simplex linear
progrunming subroutines contained in the Interna-
tional Mathematical and Statistical Library (IMSL)
FORTRAN catlable subroutine package. CUNY’s
Central Computing Facility was used. "T'he beneh mark
example is the ditfraction limitation of a coherent 1-1)
svstem. Figare 1illusteates reconstruction of two im-
pulses spaced one eighth of the Ravicigh distance with
no added measurement noise. The image is composed
of thirty-two samples.  The direct inverse solution
{dotted line) demonstrates very unstable behavior, even

though the only error is that due to the finite precision
of the computer wsed and arithmetie errors which are
propagated numerically through the inversion process.
The exact solution is shown by the two impulses (solid
line). Figure 2 illustrates a perfect restoration of twa
impulses separated by one-eighth of the Ravleigh dis-
tance by the minimal {; norm method. The dotted
curve is the DI, image. It is approximately the main
labe of a sinc function centered at the center of the
graph. The method completely restored the two im-
pulses. ‘The estimate is, the chain dot curve, completely
coincident with the exact curve (solid line).

The minimax method did not provide the high reso-
lution performance obtained with the minimal /[,
method for two-point restoration. Figure 3 gives an
indication of this difference. The minimax estimate
(chain-dot) curve is shifted. The second impulse is
down hy 80%, and the interimpulse trough is down to
H50% of the actual peak amplitude. There is also a small
artifact which appears just to the left of the first im-
pulse. Although this estimate might actually be ac-
ceptable for many applications, it is clear that the
minimal {; estimate is preferable. This was found to
be the case in all situations investigated. The reason,
we believe, for this discrepancy is the increase in com-
putations needed for the minimax method and thus the
greater the propagations of precision errors.

The method of restoration is robust to noise vielding
estimates with an SNR of comparable magnitudes to
the SNR of the measured signal. Here the SNR of the
estimate is defined as

N
3 tf, estimate — f, original)*

. o~ .
SNR; = 10 log . (15

A
N/, original)?
=

and the SNR of the measurement is defined as

I~

; Yoty measurced)-

NS

SNR, = 10 oy | = . T

a e

e =t
..

Y

o
. -

Fig. 3. Constrained minimax solution for two impulses separated
by one cighth of the Ravleigh distanee,
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Fig. 4. /) estimate with no SVD prefiltering impulses separated by
one-half of the Rayleigh distance with white noise added, 7 = 0.3,

Fig. 5. 1 estimate with SVD prefiltering, of two impulses separated
by one-hall of the Rayleigh distance with white noise added. o =
0.3.

Figure 4 illustrates the minimal /| estimate (chain-dot
curve) with no SVD) prefiltering of two impulses sepa-
rated by one-hailf of the Rayleigh distance. White
Gaussian noise with zero mean and a ¢ = 0.3 has been
added to the measured image. "The corresponding SNR
of the measured image is 21 dB. The restored image
had an SNR of 14 dB. The diffraction-limited image
(dotted line) has a jagged appearance due to the added
noise.  Figure 5 illustrates the effect of the SVD pre-
filtering. The example is identical to that in Fig, 4 ex-
cept that prefiltering of the measured image has heen
performed. ‘The diifraction-limited image (dotted line)
appears much smoother than in Fig. 4. The improve-
ment in the estimate is obvious. The estimate
(chain dot curve) lies almost completely coincident to
the exact image (solid line) curve. ‘T'he peak values of
the estimate are 10% lower than the exact solution, and
the interimpulse trough is 10% higher than the exact
solution,
The method presented will find r nonzero elements
for the 2N variables. Thus the formulation given by
Eqs. (13) and (14) applies lo impulsive-type images. A
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more general class of images can bhe restored of
smaoothness constraints of the form [,y = [, < of, are
appended to the formulations, where 6f, is a bound on
the first order difference (derivative) of the image to be
restored.  Higher order differences information can also
be appended.

The methods presented have also been investigated
tor the case of a diffraction-limited noncoherent imag-
ing system.  The discrete formulation of the nonco-
herent case possesses an effectively higher rank than the
coherent case as a result of the larger spatial bandwidth.
Thus a better two-point resolution is obtained as shown
in Fig. 6 where the restored image (chain-dot curve) is
almost identical to the original image (solid line), and
the dotted curve represents the measured DL image.
The discrete spectrum, similar to the continuous
transfer function, takes on intermediate values between
zero and unity.  Therefore, the elimination of noisy
image components in the presmoothing step is not as
effective. Since the image components retained will
represent much of the measurement noise, this is
demonstrated in Fig. 7 where the noncoherent. DL image
is shown by the dotted curve. The restored image

Fig. 6. Noncoherent restoration of two impulses separated by one-
tenth of the Rayleigh distance.
: 28
HRAZE
IR R
l' Q .-.
fod
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i v
Fig. 7. Noncoherent restoration of two impulses separated by one-

haif of the Ravieigh distance with SNR of 24 dI3.




(chain-dot) does not approximate the original image
{solid line) as well as for the coherent case. Although
the SNR is 4 dB larger than in that of the coherent case
(Fig. 5), the restoration, although acceptable for many
applications, is not as close as in the corresponding co-
herent example.

. Summary and Conclusions

A new approach to image restoration has been in-
troduced. The method is highly immune to measure-
ment errors and noise. The ill-conditioned nature of
the problem is accounted for in such a way as to reduce
the amount of computations necessary. The capability
of the method to vield superresolving restorations is
demonstrated. This property of increasing the reso-
lution of a measured image beyond that dictated by the
diffraction limit is demonstrated even in the presence
of very significant noise. 'The method is particularly
well-suited tor impulsive image applications.

This paper is based on a portion of a dissertation
submitted by R. J. Mammone in partial fulfillment of
the requirements for the Ph.D. in Electrical Engineering
to the City University of New York, N.Y.

This work was supported in part by a grant under
AFOSR 77-3217. Some of this material was presented
at the 1980 OSA Annual Meeting, Chicago.
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Restoration of discrete Fourier spectra using linear programming *

R. Mammone** and G. Eichmann
Department of Electrical Enqinecring
The City College of the City University of New York
New York, New York, 10031

ABSTRACT

A method of restoring the discrete Fourier transform (DIT)
spectrum of a diffraction-limited (DL) image from a narrow
observation seqment of the DL image is presented. The DL
spectral restoration process is the dual of the more common DL
image restoration process with the roles of the frequency and
space reversed., Applications of a spectrum restoration include
increasing the field of view of existing imaging systems and
extracting precise frequency components of a large DL image
using only a small segment of the entire image. This method
could 2lso be employed for image data compression which is of
interest in digital video applications. Several differences
between the implementations of the image and the spectrum
restoration processes are described. The estimate is constrained
to have an upper bound on the number of frequency components
contained in the Fourier spectrum., The bound is the number of
samples acquired at the Nyquist rate for the length of the
image. The magnitude of the discrete Fourier transform (DFT) ‘
spegtrum t8 also bounded. These constraints define a large

number of possible solutions. The desired solution is then
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selected such that the distance, defined in a function-theoretic
sense, between the measured and the estimated image is an

optimum. A number of such measures are investigated. Numerical

“experiments show that this approach yields results that are

highly immune to measurement noise,

* This paper is based on a portion of a dissertation submitted
by R.J.Mammone in partial fulfillment of the requirements for
the Ph.D. degree in Engineering to the City University of New
York. This work was supported in part under a grant from the Air
Force Office of Scientific Research AFOSR 81-0169 and a contract

from the Rome Air Development Center F19628-80-C-0095

** presently with the Department of Electrical Engineering,

Rutgers University, Piscataway, N.J. €8854




INTRODUCTION

The finite aperture of any physical imaging system eliminates
the high spatial frequency components of the object from
appearing in the image. The lack of high frequency detail
results in a loss of resolution in the observed image. It has
been shown {[1l], that for an object of finite extent, an exact
restoration of the object from the diffraction-limited (DL)
image is possible. The restoration of the DL obhject can be
viewed as a continuation of the spatial Fourier spectrum beyond
the spatial cutoff frequency imposed by the DL system. However,
numerical implementation of DL image restoration process are
highly unstable in the presence of measurement noise. The
restoration process can be stabilized by imposing additional
constraints [2]. Many restoration methods are available such as
those of Frieden (2], Schell (3], Biraud [4), Jansson [5) and
Burg (6}. Recently, Howard [7] has demonstrated a
computationally inexpensive method using a least-squares
approach. This approach was further elaborated on by Rushforth
et al.[8]. A new method of obtaining an increase of image
resolution using linear programmming techniques has recently

been given by Mammone and Eichmann {9].

In this paper, the dual of the DL image restoration problem is

considered. Here the extrapolation of a finite seqment of the DL
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(i.e. spatial bandlimited) image data in the presence of
measurement noise is presented. The restoration of the discrete
Fourier transform (DFT) spectrum may be interpreted as an
extrapolation of the truncated spatial image. Application of a
specttum restoration include increasing the field of view of
existing imaging systems and extracting exact frequency
components of a large DL image when only a smaller image segment
of the entire image is available. This reduction would be also
of interest in image data compression applications such as the
transmission of digital video images. While spectral restoration
yields the same mathematical formulation as that obtained for DL
image restoration, with the role of space and spatial frequency
reversed, there are significant differences as well. llere the
unknowns are Fourier coefficients which are complex numbers.
This fact appears to double the numerical complexity of the
problem. Also, the circulant convolutional operator which
results from approximating the exact Fourier transform with a
DFT leads to additional considerations. Finally, while the
restored DL object is non-negative, the restored DFT spectrum
need not be real nor non-negative. Thus, the powerful
non-negativity constraint used in the DL image restoration can

not be directly used,

The motivation of this research is to provide high resolution

frequency estimates of data available only on an incomplete

observation length using the computationally efficent FFT
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algorithms. In order to simplify the discussion 1-D images are

considered. TFor a DL (bandlimited) imaqge truncated to lie within
an interval S5, the spatial frequency resolution is limited by

the uncertainty principle [12]). The lack of spectral resolution

fs related to the infinite limits of inteqration in the
definition of the Fourier transform. Since the image is
available over a finite observation length, the calculated
Fourier transform is distorted. Tt is convolved with a sinc
function with mainlobe width Df. For the case of two different
sinusoidal images the uncertainty principle states that the
difference in the frequency between the imaqges can not be less
than Df otherwise there will be a significant overlap of the
transforms. This overlap would not permit the two separate
responses to be distinguishable. Thus, the frequency resolution
is limited to

D¢ 2 1/8 (1)
In many practical situations, the image is not available for an
interval of sufficient length S for the desired frequency
resolution Df. It is then desirable to process the spectrum of
the observed signal such that the spectral resolution is greater
than that given by Eq.(l). If there is no source of measurement
error, it is well known (1] that the spectrum can exactly be
restored. However, there is always noise and/or error present

due to, if nothing clse, the finite numerical precision ‘

necessary to carry out the computation. Therefore, noise or

measurement error must be considered as part of the formulation
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of the problem. In this case, the restoration process hecomes

highly unstable.

It has been [2) found that the imposition of a priori
constraints, such as nonnegativity of the estimate, will
stabilize the restoration process. Since the maximum number of
independent equations that can be generated is equal to the
number of spatial samples r acquired at the Nyquist rate, we
shall restrict the spectrum restoration method vo situations
where the number of frequency components is less then or equal
to r. This limit on the dimension of the estimate has been
obtained by several other studies [12,13,14}. The sinusoidal
frequency components will be further assumed to be harmonics of
the same fundamental frequency. This latter assumption is not
necessary but is made to facilitate the use of the fast Fourier
transform (FFT) approximation of the Fourier spectrum. The

periodic frequency spectrum is obtained by zero-padding the

truncated space sequence such that the total number of elements
is L, an integer that is a power of two. This step allows a

finer frequency scale to be generated.

The optimal data fitting employs linear programming (LP)
techniques. The LP method provides both cost and time effective
ways of selecting the optimal r-tuple estimate, LP methods have

been used previously for the general image restoration problem

{(9,10,11}. The advantage of the LP techniques for the unstable
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DL image restoration problem has also been addressed [9]. In
this paper we demonstrate the advantage of this approach for the
rank deficient spectrum restoration problem. Since the rank, the
number of independent equations, is less then the number of
unknowns, many solutions exist, The deficiency of the rank
occurs due to the DFT low-pass filter effect that eliminates all
but r discrete frequency coﬁéoncnts. This efffect is in contrast
to the linear discrete convolution case (9] which yields a
system of equations which has a full rank. However, because the
adjacent equations are almost identical, when a finite
arithmetic machine represantation is used, the system of

equations is ill-posed, i.e. nearly rank deficient.

FORMULATION

For the following discussion, it will be helpful to define

negative spatial and frequency samples. The first (L/2+1)

elements of the sequence fn or Fk correspond to the positive
spatial or frquency samples, respectively, in ascending order

and the remaining (L/2-1) elements correspond‘to the negative
spatial or frequency samples, respectively, in descending order.
This is consistent with the idea of extending the sequences in a
periodic manner. The spatial truncation operation, the model for

a short observation segment, is characterized by multiplication ;
of the spatial scquence by the unit rectangle sequence Rr where

t is the number of adjacent unity elements centered about the
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zero element and with all other elements are equal to zero. The
DFT of the rectangle sequence is real and even, since Rr is real
and even, and is similar to a sampled sinc function. Let the
column vector h be defined as a vector whose elements are

hn = DFT{ R ) (2)
We shall use the circulant convolution theorem [15] tu examine
the relationship between the truncated and the exact sequence.
The circulant convolution matrix for the discrete spatial

truncation operator R is given by the circulant matrix

ho hl h2 e oo ae hL—l
hL-l h0 h1 caee hL-2
H = (3)
h] h2 h3 cewe h0
and therefore
G = HF + N (4)

where G and F are the DFT of the measured and the actual

sequence vectors, respectively, and N is the complex error

(noise) vector. It is well known [15]) that the eigen-values of a
circulant matrix Il are the coefficients of the DFT of the first
row of the circulant matrix and the eigen-vectors are the DFT !
basis vectors. Therefore, the rank, which is equivalent to the

number of nonzero eigenvalues, of [l is equal to the number of
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non-zero elements r in the rectangle sequence R . Since the-

vectors G, F and N are complex, Eg.(4) represents 2L real scalar
equations. But all the spatial sequences are rcal and therecfore,
the DFT sequences must have symmetry. The symmetry in turn
introduces redundancies in Eq.(4). The elimination of this
redundancy reduces the 2L to L real equations. In order to
obtain these L equations we must examine some properties of the

DFT L]

Similar to the properties of the Fourier traﬁsform, the DFT of a
real sequence possesses an even real and an odd imaginary part.
Since we wish to use the computationally efficient radix two FFT
algorithm, the sequences must consist of an even number of
points. The existing symmetry can be displayed in the following
way. There is one element for the dc, the zeroth, component,
(L/2-1) negative as well as positive elements and one remaining,
the L/2 , element. This can be seen by noticing that the L/2th
row of the DFT matrix is a sequence of alternating positive and
negative unities. Thus, the center and the dc frequency
components are always real. The remalning (L-2) elements consist
of complex conjugate palirs, between the first and the last
elements and the second and the sc ' »nd to the last elements and
so on., There are (L/2+1) distinct real and (L/2-1) imaginary
elements., We form the concatenated sequence of the distinct
elements. Let the real and the imaginary parts of the ith

element be denoted by the subscript Ri and Ii, respectively,
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where the superscript T stands for the transpose operation. The
relation Eq.(4) can now be written in reduced form

G =H F +N (6)

i
|
I (7)
n
|

where A is a (L/2+1)x(L/2+1), B is a (L/2+1)x(L/?2-1), C and D are
(L/2-1)x(L/2-1) submatrices of ! and e and p are unused column
vectors., If we denote the null vector and matrix 0 and 0,

respectively, and define

-~

B ={080]} (8)
¢ ={o0o0c} (9)
D ={00D) (10)
then
A+B 0
no= —~:—4'—- (11)
olo-c

Thus Eq.(6) represents L real equations in the 2L variables F and

"~

N . Here, H denotes the space truncation operator in the DFT (
domain. This underdetermined system of equations has many

solutions. For example, the pseudo-inverse solution might be used
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[(16], although this would produce an unconstrained estimate, 1n
order that we may be able to impose constraints on and
simultaneously choose an optimal solution, that is one close in
some sense to the measured image, we use a method of optimization

known as linear programming,

CONSTRAINED OPTIMAL SOLUTIONS

-The basic linear programming (LP) problem is formulated in the
following way [17]
Minimize the cost function ch

Subject to : Ax ¢ b {(12)

where ¢ and x are the known cost and unknown M-dimensional
variable vectors, respectively, b is an r-dimensional constraint
vector and A is a rxM constraint matrix. The most often used LP

technique is the simplex method [17]. The output obtained from a

simplex LP algorithm will correspond to one of the following three
situations: either there is no feasible solution, that is, all of
the constraints cannot simultaneously be satisfied, or the optimal
solution is feasible but is unhbounded. The third alternative is
that the solution is feasible and bounded and then an optimal

solution is provided.

The first step in the simplex method is to convert the inequality

constraints into equalities, This step is accomplished by
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introducing additional variables, called slack variables. The
resulting system of equations will have more unknowns than
equation leading to an underdetermined system of equations. From
. the many possible solutions the simplex method seeks a solution

that minimizes the cost function. The basic premise of LP is that

the solution vecor x will consist of at most r non-zero elements,
where r equals to the number of independent equations, and the
remaining M-r elements will be equal to zero. In a vector space
interpretation of LP, the inequalities define intersecting hyper-
planes which form a region of possible solutions. This region is
an r dimensional polygon or simplex. The simplex will always lie
in the positive octant of the vector space. The cost function also
defines a hyper-plane for a fixed cost value. For this value to he
minimum, the cost function hyper-plane must lie on an edge of the
simplex. The coordinates of each edge contain at most r numbers.
The simplex method is an iterative technique which begins with a
feasible solution, at a particular edge of the simplex and,
progresses to an adjacent edge in such a way as to yield a
reduction in the cost value until no further reduction is
possible., The coordinates of the resulting edge yields the optimal

solution.

In a LP formulation of the spectral estimation problem, we now
take Eq.(6) to to be part of the constraint matrix. In order to
guarantee that all the variables are non-negative, a necessary

requirement in LP, we next define the vectors in Eq.(6) in terms




of the nonnegative component vectors F ', F , N ' and N _ )
that

F =F ' -F " (13)
and

No= Nt oNT (14)

~ -~ -~ ~ o~

NT+NT=|c -HF (15)

we observe that Eq.(15) is the 11 norm of the error between the
spectrum of the mcasured signal G and the spectrum of the

~

spatially truncated image estimate F . This is the error measure
to be minimized. Thus the LP formulation of the l1 spectral

estimation problem is

Minimize : N + N
. - A S A -
Subject to : G =H (F -F )}+N -N
F = F max (16)
F~ ¢£F
max
~t a_ ~4 -

The 1l norm is not the only measure of error that can be

minimized. The 1 norm or maximal deviation can also be

inf
employed, This can be seen by defining a scalar E to be the
absolute valuc of the maximum element of the error vector given by
Eg.(15). Thus the LP formulation of the 1inf spectral estimation
problem is

Minimize : E

Subject to : G €1 (F




G 2 H (F -F )-Ee,
"4, T4
F €F " (17)
—y -
F max

where en is an L dimensional unit vector,

The 12 norm or the sum of the squares of the error can also be
minimized using a formulation similar to that of the 11 norm. Here
quadratic programming methods are used. Quadratic programming
techniques provide an estimate with at most r positive elements
with all other elements as zero. In general, quadratic programming
techniques use computationally efficient LP methods but on larger
augmented matrices. These methods are well known and many
published computer routines are available [18,19]. There is
usually more than one least-square estimate to an underdetermined
system of equations like Eq.(4). For example, the pseudo-inverse
solution [15] provides an unconstrained leastsquare estimate with
lowest 12 norm as well as the minimum squarc-error. Howard [7] has
demonstrated a constrained least~squares approach for the dual
problem incorporating a penalty function to force the solution to

become nonnegative. Rushforth et al. [8) developed this approach

for ill-posed DL image restoration problem.

The estimates obtained by optimizing the 11, 12 and linf norms are’

maximum likelihood estimates when the noise is modeled as a random

variable with uniform, gaussian or exponential probability density
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functions (pdt), respectively [201, It was found, however, that
for the low noise situation of interest, the pdf of the noise did
not appreciably eftect the estimates. In terms of increased
frequency resolution, the 11 norm consistently offerecd the boest
estimate irrespective of the noise pdf. This fact coan be
attributed to the relatively [fcwer numerical operations needed as
well as the strongest bounds on the individual spectral components
for the 1l estimate. The constrained minimal ]2 norm using
quadratic programming techniques requirés much more numerical

operations. Also, optimizing the 1, norm is equivalent to

2
minimizing the total noise spectral energy. While this is a
desirable feature in general, for the purpose of increased
frequency resolution, it tends to be counterproductive. The
minimization of the global spectral error noise energy

distribution tends to overly smooth the estimate leading to a

decrease in frequency resolution.

NUMERICAL RESULTS

The observed spectrum is a smoothed version of the desired
spectrum. Fig. 1 illustrates the inadequacy of simply taking the
FFT of a truncated sequence. Here as well as in all subsequent
Figures the magnitude of the Fourier spectrum is plotted. The
dotted line represents a 32 point FFT of 23 samples of a cos (wLx):
sequence, where w. is the fundamental frequency 2pi/32. lHere, only

L

seven data samples have been replaced by zeros. The solid line
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illustrates the exact spectrum of the full 32 sample sequence. The
lack of resolution conceals the fact that only the fundamental
frequency is present. The size of the FFT as well as the nuumber of
samples acquired are known a priori. This information, together
with the bounds on the amplitude spectrum, is used to estimate the
actual spectrum. Fig. 2 illustrates the performance of the l1 norm
when only seven out of the thirty-two samples of the fundamental
cosinusqgid is available. The dotted line curve represents the
overly smooth estimate of the direct FFT spectrum. The minimal 11
estimate, the dotted line, is very close to the original spectrum,
The dotted line curve lies completely on the solid line curve.
Thus, a complete restoration is possible even when only seven out
of thirty two samples are available. Fig. 3 illustratcs the
extrapolated space domain sequence correspondiig to Fig. 2. The
acquired samples are illustrated by the solid line segment and the

extrapolated curve hy the dotted line curve.

The method is quite robust to measurement noise. Fig. 4
illustrates the restoration of the fundamental cosinusoidal
waveform from fifteen samples of a thirty-two noint FFT with white
gaussian noise added. The variance of the noise is one tenth of
the amplitude of the function. Thus, an increase on the order of a
factor of two in resolution is obtained even in the presence of
very significant measurement noise. The corresponding spatial
extrapolation is depicted in Fig. 5. Here the incomplete

observation is shown by the dotted line curve. The extrapolated

vbh)
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waveform (the chain dotted curve) follows the exact curve (solid
line) very closely. In many applications it is desired to resolve
two frequcency components spaced very close together. Fig. 6
demonstrates the performance of the 11 norm in this case., Here the
first and the fifth harmonics are sampled with eleven out of the
possible thirty-two samples. The direct application of the FFT
provides the blurred spectrum indicated by the dotted curve. The
estimated Fourier spectrum is represented by the solid line where

again, the estimate follows the exact spectrum so closely that the

curves are indistinguishable.

SUMMARY AND CONCLUSTONS

A new method of extrapolating a DL image from a measured spatially
truncated image is presented. The method directly addresses the
issue of the finite deqree of freedom of the DL image. The
feasible image estimates are constrained to have an upper bound on
the number of frequency components comprising the image. A
geometric approach has been taken, that is, various error measures
were optimized subject to given constraints. Three error norms
norm, This method allows the

2 £

addition of other linear constraints on the desired image. That

were discussed: the 11, 1. andg 1in
is, any inequality possessing a linear combination of the unknown
samples on one side of the inequality and a scalar value on the

other side can also be ac . The inclusion of constraints of this

type have been found to stabilize the otherwise unstable problem.

07)
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Numerical results demonstrate the increase in resolution as well

as its robustness to measurement noise. In terms of resolution,

the 11 norm was found to give consistently the best spectral

estimates.
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LIST oF CAPTIONS

Figure 1 The 32 point FFT of 23 sample points of cos(wLx) (dotted
line curve) and the exact DFT spectrum (solid line)

Figure 2 The restoration of the DFT of cos (wLx) from the 32 point
FFT of 7 spatial domain sample points (dotted line curve ) and the
estimated spectrum (solid line)

Fiqure 3 Extrapolation of cos(wLx) in the spatial domain (dotted
line curve) from 7 sample points (solid line)

Figure 4 Restoration of the cos(wLx) from 15 spatial sample points
(dotted line curve ) with white gaussian noise. The noise variance
is 0.1. The restored spectrum is depicted by a solid line.

Figure 5 Extrapolation of cos(wLx) {chain-dot curve) in the
spati .1 domain corresponding to frequency domain plot of Fig.4.
The dotted curve indicates the incomplete observation with
measurement error. The extrapolated curve (chain-dot) follows the
actual waveform closely (solid line curve) very closely

Figure 6 Restoration of cos (wLx) + cos (SwLx) using a 32 point
FFT from 11 spatial domain sample points. The DFT is depicted with

dotted and the restored waveform is shown with the solid curve,
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White-light prefiltering for real-time digital image transmission of still and moving color.video images
G. Eichmann and R.  Stirb)

Department of Electrical Engincering, The City College of the City University of few York
New York, N.Y. 10031

Abstract

Sisnal -dependent noise encoamtered when saepling video sizouls at Tow sampling rate, while using an adap-
tive video delta mdulator beth as a source encoder and a video diyitirzer, is combated by using a white-light
reflective transform optical preprocessor., While the white-light preprocessor works on black and white images,
its miin advantapge is that it can simitaneously process, using a single source, manv color chamnels. Further,
the relative lack of both spatial and tecporal coherence aids in reducing speckle and interference noise
effects. Experimental results on color video images, that have been preprocessed using a white-light optical
transform preprocessor and digitally encoded by sampling with an adaptive delta modulator close to the Nyquist
rate, are presented.

Introduction

Aleng with the development of sophisticated monitoring and commmication equipment the need for real-time
digital video transmission is apparent. Digital sigmal transmission offers many advantages over analog .trans-
mission when cperating over a chamnel that is corrupted by noise. This is due to the fact that quantized
levels arc more ecasily discriminated from the effects of noise. In addition, the digital format allows for
time multiplexing, errer-coding and correcting as well as encrypting, procedures that are rot available on an
amnaleg channel. However, when the standard four MHz video sigmal is sampled at the NMyquist rate and encoded
using pulse code mxlulation (XM) to four to six quamtization levels, the data rate becomes 48 - 6% Mbs. In
the case of color video sigmals, it is not uncommon to require 85 - 90 Mbs digital bandwidth for color PCM en-
coded digital video signals. This high diuital bandwidth is usually unacceptable in many applications.

Varicus digital encoding altermatives have been explored to reduce the digital bandwidth to an acceptable
level. One such solution is a hard-wired adaptive delta modulator (ADM) that works at video rates. In order
to compress the digital handwidth to its ultimite limit it is necessary te operate the AlM close to its
Nyquist rate.  However, when an ADM nins mear its Nyquist rate, a new mwoise source, and effect that is signal
dependent and it termed odpge busyness, appears.  This noise source is due to the adaptive property of the At
leading to oscillatory sampling behaviour near the Nyquist rate. For an ADM this noise source is the furdamen-
tal limitation in reducing the digital video bariwidth. This signal deperdent noise source is combated by
preprocessing the color videa images by a white-light reflective transform analos preprocessor. While the
vhite-light preprocesser works on black and white images, its main advantage is that it can simultaneously
process, using a single source, many color channels.  Further. the relative lack of both spatial ard temporal
coherence aids in reducire optical speckle anl interference noise effects. Experimental resuits on color
video images, that have been preprocessed using a white-light optical transform preprocessor and digitally
encoded by sampling with an ADM closc to the Nyquist rate, is presented.

Background
In an ADM, the step size algorithm {s signal deperdent.  The algorithm of the ADM used in cur work was

developed by Schilling and Song [1]. In this algorithm, the step size is dependent on the previous trans-
mitted bit and is given as
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where By s the transmitted digit, S ' is the present sanple of the irput to the enceder, Y, is the step
size of

is
the AN, )Q{‘ is the encoder's estimite of the input sample and ¥ . and Y is the fidimm and
maximm allowable .tép size of the ADM, vespectively. Fig. 1 shows the rg'mtionshiwaﬁmong the clock pulse,

the inp sigmal, the estimate and the output bit stream. Notice that the system responds to the rising edge
of each clack pulee,  Observe that when the ostimate is less than the sample of the input signal .

the trinamitied bit is a one axl the step afze is incrnnl‘(‘vl by the factor of one and a half{. This, the &u-
mate rises exponentially.  then an overshoot occurs, the transmitted bit i< a mirmus one and the step size de-
creases by a factor of one-half. This form of adaptive encoding takes the mman observer vision into account.
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Due to the different initial conditions, ~camni 5 from line to line, as well as frame to frame, 2 vertical
edge encomtered in the imape will ocour at differcrt positions in the scan.  As the sampling rate decreases
the ervor between the steps, and especially near a vertical edge, increases. Fig. 2 illustrates what can
occur when the encoder encounters a hiyh contrast vertical edee for two diftcrent initial predictor vilues.
Here we sec the dotted trace reaches the correct value in five steps, as opposed to a previeue or a following
scan live trace, <hown as a solid line, that takes seven steps.  This error in the A is called the slope
overload noise,  The difference is ot highly visible when the sampling rate is high, but as the rute is
towered, its visibility increases.  Fig. 3 shows the combination of one-dfmensional slope overload crror avd
the twn=limensiomal line to lioe difference at the sanme high contrast boundaries which causes an image de-
gradation kncwn as Uedge busyness'. As a function of time, at low sampling rates, the edpe seems to "wirsle’
about a vertical line. This noise not enly degrades image quality, but also leads to visual fatigue. T
slope overload noise can be reduced by sampling at a faster rate. However, if we wish to compress the band-
width, it is not an acceptable solution,

White=-light preprocessor

The purpose of the white-light preprocessor is to manipulate the epatial freqencies of the {mage. Since
the high spatial frequencies are due to the high contrast edees aixd the high contrast edees leads to edge
busyness, the selective filtering of the high spatial frequencies can effect the signal dependent noise.

While an all digital implementation of both transfom processing and ADM encaxling is possible, in general, di-
gital image transfoms are time-consiming. Anilog transform processors, because they operate on the full
image at the speed of light, are matural candidates for real-time image processing applications.

Highly coherent amalog spatial transform processors suffer the disadvantare that they are sensitive to
positional tolerance ervors, dirt noise on the lenses as well as problems with speckle noise. Furthermore,
for color imane processing, a mmbor of color chammels must be created to simultanecusly process a color image.
By decreasing both spatial and temporal coherence of the source, some of these objections can be circumvented.

It is knowm that a white-light saurce can acruire spatial coherence by passing its output through a pinhole.
In this case, the light appears to emamate from a single peoint scurce. The light radiating from the pinhole
has a weaker intensity, as compared to a laser source, and its region of spatial coherence is rather restric-
ted. However, using a low licht level camera and constricting the size of the input images, these problems
can be overcome.

The arrangement for the white-light preprocessor follows the physical description of the rarrowhand trans-
form procascor.  The scurce is a broad-hand 200 W Mercury-Xenon are lamp. Tts output is first spatially fil-
tered by focusing it on a pinhole. The <ize of the pinhole, 370um diameter, was chosen as a conmpromise. A
small pinhole would block most of the output licht as well as it weuld create a chromatic diffraction pattemn.
A large pinhole, in tum, will restrict the region of lateral coberence. The light frur the pinhele is
collimated by an F/8 6" diameter lens. The angular spread of the collimated beam is inversely proportional to
the lateral coherence of the white-lisht system. Instead of the usual lens configuration, we have chesen a
reflective system, There are two pessible reflective svstems. In Fig. 4(a) a fully reflective transfom,
while in Fig. 4(b) a transmissive filtering svstem is shown. While the second configuration leads to the use
of off-axis parabolic mirrors, we bave used the first, single parabolic mirror, cenfiguration. For this geo-
metry the object, the transform and the image planes are all formed in the focal plane of the parabolic mirrer.
By mounting the object off-axis and moving it out of the focal plave, see Fig. 5, the three regions are fully
separated.  For statiomary objects  the coolor transparency was immersed in a liquid-gate holder. For moving
images a 16mm pin-registered {ilm projector was used.  The projector was placed on its vibration-isolated
stand. While we expected problems due to the vibration and the lack of index-matching gate, the time-avera-
ging effect of the moving frame tended to compensate for these defects.

The spatial filtering is performed with a mirror whose reflectivity is adjusted by a transparency in front
of it. Both contims as well as binary filtering can be performed. Binarv filtering tends to degrade image
qulity abruptly. Contimums-tone, in particular logarithmic, filtering tends to work better, The prepro-
cessing is conpleted by converting hack the conditioned imigze and focusing it on a color video camera. The
three color chamnels: R, 6 ard B arc enceded as well as deeaded by three hard-wired video delta modulators.
The resultant imapes can then be viewed either on a eolor monitor or recorded, using an RGB to NISC col ~r
sipgal comverter, on a video recorder.  Statiomry and moving color imges, usir» 8 Mbs per color chamel,
can b digitally tranamitted with poad Fidelity.

Steny

fxperimental results were presented on the real-time encoding of moving and statiomary color video images.
To compress the digital handwidth, a white-light analeg preprocessor has been utilized to cordition the video
imape for digital ercodding. ‘The preprocessor allews the encading of color video images with 8 Mbs per color
channel.
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