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The p ga:-nco. f mechanica disturbances through

fluid _media is a nonlinear phenomenon whenever

the disturbance, or wave, has a finite amlitude. The

term finite amplitude refers to any disturbance where the
4

:ar;ce disclacement is not infinitesmally small and

w eere he superposizion principle no longer holds. One i

a if tSUa-icr. of in %e amt, I t de effec:s is the ac that

waves -cresen: r. one section of vole cf the nedi

I ., affect one another, i;.e. , there w ill be an .n eract on

between them. Two such interactions are the three-phonon

interaction and harmonic generation.

in the three-phonon interaction, two noncollinear

finite amplitude waves, which we shall call the primary

waves, intersect in such directions that they interact -o

produce a third, or resultant wave. Rollins and Taylor1

have observed three-phonon interactions for bulk waves in

solids which were chosen large enough so that boundary

effects could be neglected. Tanski 2 has extended the

conce;t to three-phonon interaction of surface waves on

Lcrystals with one defined boundary. A three-phonon

-1-



w- -. -
inveracion was deectez ! -r:oer' cn an izc-ropic plate

with twc defined boundariez.

The analytical sclu-ion tc the jrctie. cf the non-

linear three-phonon interactiocn in a bulk isotropic edium

has been obtained by Jones and Kobett by a perturbative

approach and ireen's function techniques. For the surface
2

wave three-phonon interaction on crystals, Tanski has

suggested several possible approaches to obtain an appro-

ximate solution. The first goal of the ;resent work is

to find the solutions for the vhree-phonon interaction in

an socriic plate with two toundarv conditions.

in the harmonic generation interacicon, spe:i"cali

secona-harmonic generation, an acoustic ,vave generates

higher harmonics while propagating in a solid medium.

Second-harmonic generation has been experimentally observed

for bulk waves in an isotropic medium by Viktorov5 , and

Lpen 6 has studied second-harmonic generation of acoustic

sunface waves on crystalline solids. Brower a1s observed

the second-harmonic generation in Lamb modes in an iso-

tropic plate.

Different solutions to the problem of second-harmonic

generation in a bulk isotropic medium have been obtained by

7Hikata and Viktorov'. The second-harminic generation

Lroblem on crystals has been solved approximately by _j



n- used a stantard Derturbative technique. The

sn: z:oa of this thesis is to find the solution for

sec:n: - -r oi generation in an isotropic plate.
7n 7his study a th...:.ecal investigation of the

acoustical nonlinear effects for an isotropic plate will

be nresen-ed,. :his work ,.'l take a new aDroach for the

solution to the nonlinear ecuations of motion for an iso-

tropic plate. The approach involves a perturbative appro-

xima-zion to the nonlinear ecuations off moicn and a sub-

sequen. solution by the Green's function technique. The

7teen's fu-nctin 4s constructed via an eigenfunction ex-

Dans:c,- -'a:;er conia-ns a r'.-- -ree-ohonon

-n-r - -r an:4 second-har.on:ic genera__-_on a .-.. meouZ

and on a crystal surface. Chapter iII has three parts, the

first of which is a review of Green's function tec-nique.

In the second part the orthogonalization relation of

eigenfunctions for a plate will be derived. The last

.. :.on containz the derivations =eading t a formal

solution for the nonlinear equations of an isotropic plate.

This solution for the special cases of the three-phonon

interaction and second-harmonic generation will be inves-

tigated in Chapter IV along with bounded wave considera-

tions. The last chapter contains the conclusions and

suggestions for fuoture wor4.

-- , __' " - . . . . nj .. . . .
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CHA?TE? i

THE C R Y

A. Acoustic Nonlinear Eauations of Motion

The ecuazions describing the motion of the particle

6n an isotropic solid may be found in many textbooKs .

The general equation of motion is

2
, L 1DO I"S7_

0 2ikocrs T.-I

where Yo is the density of the solid; Cikm and Cikpqrs

are the second and third order elastic constants, respec-

tively. The quantity W is the strain tensor and may be

expressed as

V =, ( Ur + Ulm + U U
2i LM2 fl rur,

and U 6 Ym

Here U is the displacement vector. The general summation

rule of repeated in::ces is used here and in all that

L
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F77

follows. l lowest order nonlinear approximation for Eq.

II-1 is obtained when terms up to the second order in UIm

are kept. The resulting equations of motion is

2
2 _C.(U.+U r! U + Ci ro&2 2 Ckm axk (~+m+n~m
0 ikm 03 m mr n , nr, irP-r

( U U +U U +U U ). :1-2
x Upqrs pq sr qp rs qp sr

The noniinearity of an elastic medium as expressz: zy -y

77-2 gives rise to interactions.

-. 7-2 may be redluoe A co

a 2 Ui  a 2 U. U 2U A 62 U 3 U
22- 2 2

Li iUTI A I U
6x 6 xk ax k xi K K k

,2,U. 2U i  U. aU-

a 2 U k  £ ax U 1) + )K-- + ( K+- +A+) (U C) a 2.

axk6xk a~x 2  3X~X axk ax k T 6Y kU2 a a a 2U

x2 -k -i) + (KC+B)( 2 U  )+(B) ( a
axk6X k dx£ 6 Xk kx£ x x

_2U__ 3U 2k U2)

dxioxk ax2 ) 2+C) .x k 2:: ---

L -





for ar. isotropic solid, where

1
= ikiK

K =  Cii + C22

A = - Ciki~k23ik ik£

A 1 C

2 k

ere K is the compression modulus, is the srear modulus,

a:. , , and C are third order elastic constants.

rn tractical applications a perturbative approach to

.his eouation is used in which U is written as

U= Uo + U 11-4

Here U is the solution with the right hand side of Eq.!T-0

equal to zero, i.e., the linear homogeneous equation.

Thus, when we substitute Eq.II-4 into Eq.II-3, U0 dis-

appears from the left hand side leaving only U' on the

left. On the right hand side since U' is small compared

to Uo , it is neglected from terms on the right. So the

right hand side of Eq.II-3 contains terms in U only.
0

L.iow, the nonlinear partial differential equations are

,I-aCGD1MG PA13 UA -NOT 1 190



ir.o.oeneous li-ear rtara7 :r~~

-- Za S :-

~. ~ - (K+iL) yy

where -ur~e ,ec-.cr P is acting as the source tkerm fo.r th'-e

gerneri:ted wave. P is determined by s'ubstituting U. in the

right7 ha-n side OF E C.7L3



S !)vin h cous7 -c H- f

Interaction

in this sec:ion 1r-C: r,:-. interac-

bulk' mecia and on crystaiiine surfaces i be iLue

briefly.

1. Acoustic Vaves in a Bulk 7so roice Cediun

Jones and Kobezt have apcroximaTely sclved the nor.-

linear equations of motion, Ecs.ii-5, for a bulk rreiu

using the perturbative approach and a Green's function

technique. They take for U
0

cos( >t--. ) +1 cc... .r -

an this combination of two primary -:aves genera-tes -e

three-phonon interaction.

From the homogeneous solutions, which are both shear

and longitudinal plane waves, Jones and Kobett construct a

Green's function G (r, rco) for Eq.II-5. .1 solution,

after taking the time Fourier trans'- r. of .1, - Il e

infinite region can be written as

U' (r,c) = v G(r,r',a) q(r',a) dv I-7

where 3 is a tensor of rank two and consists of
Ls



. . . . .. . . .. . .. - . - - ... . ,, - . ..;. . ._ ..

-On-iZ i n a I an: -ransverse 3e e r s nc o n

n ir _- . - 7 S- e :r --- e--s a z
Z I.

he solution is Ouite ccmplicated and the origina.

a-er s3 n i- be con e r de -. s . -cwever, they f

That under a certain resonance cond-ion the solution U. s

aninependently pro-z atingz wave. Hence a thir:--ncn is

genera:e. h-e res onancs ondi-cn _ a statement of

ner-ry and rncnentu. ccns er a t on:

-- --+

The resonance condition also gives the limit to the

ratio of the primary wave frequencies. 7n this lim:t we

can choose an angle between the primary waves vectors k

ana -'sc -- a-- we ~e a eneratLeJ wave_ in the ci-re-liOn

3 i

Another important result is that the amplitude of U' is

proportional to the product of the primary wave ampli-

tudes.

L 0 0"o



.%coust.ic Surface Waves on .rys-cas

The linear equations have been solved zy Farnell- fcr

an acoustic wave propaga-ing on the surface _f ii7e cry-

s tal s a..ple. Tanski 2 ha, suggested severa-

aches for calculating the magnitudes of surface wave inter-

actions. T'ne ecuations of motion given by -q---7-2 also

describe the nonlinear interaction of surface waves, pro-

vided the solutions satisfy a stress-free boundary at

+ C,+ +

Uqp UrsU cp sr

Several approaches may be taken for solving Eqs.ll-2

and 17-11 which describe the nonlinear interaction of

crystal surface waves. The first two approaches suggested

by Tanski 2 both follow the perzurbative metncd ued h

isotropic bulk medium case. The third approach assLumes

that the full solution is composed of three surface waves,

two primary and the resultant. The solution is constructed

such that the conservation criteria or resonance condi-

tions are satisfied. This gives the important result that

the acoustic wave interaction for plane waves anL



--~eJz~ar~d sur'f:ace ;aves or. a crys-_a1 lire

=_r-.-r aZ~ c-' r fr -,e ne raor oncf a :rz;wave, -he

tu~e ~ treresultLing wave -E ~rort -orna- o n

pro&,_zt off -re rimary arnp Ltucdes.
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~ t-. oustic 7-ua-icns for '-ar-on:c ;er.rati cn

-_'nusoidal accust~c ..ave of a sive Ir~e cy.

Suf. ' 5 -en- amplitude i's introtduced a nonlinear

cr anrnar-mor.c solid, the fundaental wave djtr5as ~

~roa. at e5, so that second and highner harmonics of the

:unoda:neretal -frequency will be generated. -,n this secti:or.

second-h-armonic generation in an isotropic bulk medium and

crystcalline surface waves will. be discussed briefly.

_.C, acoS-ic Second-harmonlc g'eneration in an Isotrozoc

Sied ium

.'- -- nilear ecuations for an iso-ric bl.solIid

S-u-pcs e 7hta:tr2 a .. e

__dnal: wave) is introduced lnto ansor:

mediumn. The amplitude U 1 may be written as

U1 = A 0 sin(k 1 X- Ot)

and in this case EaJI-3 reduces to

a " 2 U 2I _

a X2  ax2 6x

where K

- + 2 A K +~ + 2~



-~-2

r- is ncnhI r-ear dIfferential e -a '-.as ten soe

aorximateiy " ,n-K:a~a e- ai7. Te t . . -e a -,z.

tude of the second-harmonic, A2, is

A2  = - (A x--12

w..ere x is the distance propagated by the acoustic wave.

Viktorov 5 aisc investigates second-harmonic genera-ion

in a bulk medium. Differentiating Eq.II-6 with respect to

x, y, and z, then adding these equations, he obtains

2 . ",( ) 2 -7
- (7lU)

Similary, he also derives the equation

2--* - 48 (VxU ) 2 " "-"
oI - 7 2 (7xU') 7xF. 1-1
0 ,

Now we kno. that Eqs.II-l3 and ii-1- characterize

second-harmonic generation waves. They distinguish the

longitudinal and transverse secondary waves, and thus they

may be used to analyze the pc-sibility of longitudinal and

transverse waves growing.

An analysis of second-harmonic generation in an

Lisotropic bulk medium reveals three important results: _j

,j



I-. A necessary condition for azols-ic second-harmonic

generairon s :na- no d L ra se velocity is

r 7en _4 .S I e veloc ties of --e ir=ary an. secondary

waves must be the same; that is

V_v (2,_ . 11-15

where V_ is the velocity of the second harmonic. (2). If

a secondary plane wave iS generated and V2 =V , then the

a-mpiitude of the second-harmonic wave is

2A A x . :i-16
2 0

,' a seconary piane wave ices no- neEt th ne,essary

ccn]ticn, (-:: -15), he atude will re. nain snal. I

2. Acoustic Surface Wave Second-harmonic Generation In

Crystals

The linear equation, Eq.II-2, with right hand side

terms neglected is solved for surface waves in crystals by

Verevkina et al The solution are subjIt to Stress

free surface boundary condition of an anisotropic medium.

The nonlinear equations of motion have been solved appro-

6ximately by Lg'pen , using the perturbative approach dis-

cussed in Sec.II B.1. From the solution we know that the

amplitude of the second-harmonic displacement vector is

proportional to the interaction length and the square ofropor I



r inr ary a~:7I tu e. The necessarl, cond-Itions, Ecs. 7-

27. f-7 fzcr acoustic seconc-1.arrnonio. generation -,o

0 zc-r '-0- dr zr.. case also.
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rCP ThE' AC : USTc T 13ATDS FO?. AN

ISITROP C PLATE

7n the preceding chapter, we have reviewed the acous-

tic nonlinear interactions in a bulk medium and on a

crystal surface. We w" 2 devote this chapter to soivn,.g

the nonlinear equations of motion for an isotropic solid

plate, a more complicated case, through a perturbatie

ap=rox~la1~on method and c'en's fuctior e

The basic ecuatior. of .ation for the isotropic V'iate

is given by Eq. .7-3. In practical applications the dis-

placement vector, U, is small and the nonlinear terms in

U will be considerably smaller. Thus, a perturbative

approach may be used to solv Eo.17-3. We set

U = U0  + U' ,

where U is the solution with the nonlinear terms or right0

hand side of Eq.II-3 set equal to zero. U' is considered

a small correction due to the right hand side of Eq.II-3.

Both U0 and U' are subject to boundary constraints.

L

- 16-



to .orfgeneulinear ectia-.ors of-

rr-ct-zr. fcor an Lsotrozlic solid Dia-.e wi4th stresS-free o-

dary cord-37-ors 7r Lamb (pl-a-e) motes cornven-zon.c-fy

d enot-ed L -- I-, is cor-ver-ne-.- -,c describ-e thlem u a

coor-,-nal.e system as sh.ow n in 17i;g. 1, where 'the rlhtle sur -

faces are at z = .:ePlate displacement ai-= 4 udes,

L , ay be symmetric or ant-;sy-nmetric wl*:h respect to the

Plane z = 0 (median plane), sh-own~r in Fig. 2. T~ for th~e

:'~et~ccase is given by

Z Ak.- ih:d eP

ns n

"Y sinhq ns z
k X-wt- -Aq nsAn-s 2'n sinha n d

ns ns

k2 + 2 sinbhsQ-d n
ns ns n

An antisymmetric plate mode is described by



FR"

S.nho z 2q s I nh s z
in 3k . ..a,_ na na eaXTna na ncon a k 2  2 costs, , a2

-na kna na

x t) x - B a nana

na na

coshs d

na

where A and B are arbitary ccnstants. qns,na is given by

= - r.
.s,na fk;

'here K ;iS zIe bul? on . i. ._ lve . ..: _ ; ard sns , na

is given by

s k
ns,rna ns,na

e khe Iuk shear wave ... r. T k- ,na
wh re k I, -.. .... .. ns ,na -

the wave numbers of the symmetric and antisymmetric Lamb

modes, respectively. For an isotropic plate, the solu-

tions to Eq.II-3 are subject to two ooundary constraints;

both plate surfaces are to be stress-free. The stress

conditions are

L I



on the- planes z =-a. in the linear appr-oximation these

s .r e s s-fe e c o n d:i os reduce to

C- ~ ~~ -+ -al +al

vzz-x

__ + x _

0U aU_,, ( _.X + Z ) =
xz 2 a z ax

Th :: artc zar es that can exist at a rcuny :n a

plate of ziven thic.kness d are determined by these ";3..~-ary

conditzons. -n Fig. 3, a graph of variations in I e---

velocity as a function of fd for symmetric and antisymme-

tric Lamb modes in vaccum for an unloaded brass plate is

shown.

L
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T _

2d

Figure 1. The coordinate system for Lamb(Plate)

mode, 2d is the thickness of the

plate.

LJ



Figure 2. Plate deformatzons for Symmetric (S)

a.-, a n t ieyrn ric (a) Lamb n-o:ae.

mai
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.4 -

-r~re rrecresenzs thne right nanc s ite tert7s of H. -

:egle n U' on th e right hand sirde of woiij ~e obtain

a set of llnea-r Lni-'ormogenecus ecaton fr U *

*C L

.. ere ~.,wr. c", we wL11 refer tc as tescurce -zer2

depends only on

2 2,.2
P + I.2 +2 0 '(K
jio ox bx. 6x. ax5X ax5x3x aX,-a

A ______& ok o 04 ___

A SUok 2U0 o.~ k 0. C

L



-- e e -re e - .nc. n. r

:,.,o in-a la... waves,

U = A 0L -' E L- ,o 0 _~ 0 .

w,-,= = z 4 = r o . ~ , For se- . .... .. ... ... ,= .. .. c g re

r-=iorS coiSoe .av stants.

o;& p;ave S Dresent ini-ially and a es

o rm

?^-- : - - -_ - ,- C- - - _ e e .h-- c nl

- - - -" Sre

:;ow t'-e source tern Pio is comPcsed of a sum of

products of the two primary waves in the three-phonon

interaction Problem. in the second-harmonic generation

case, P. is composed of a sum of products of the initlio

wave wir. itself. The inhomogeneous p-ate ecqa at:n,

1!:-4, may be written in vector form as

-2,,) -+ --- -4

a t 2  -C 2  , t  7 x U-7

L



A: -E rera~ :~u~~ wave

teE are ty (K.; IC-

:k-~ tr aU~ n>j-er ransform of Eq TIT-7 we

ot nl-

~~.rrz w~ O~~ r :rl:rms are

~'''7

Using a g'reen's function mnethod the solu-fion -to z:'.

:Ii-c may be expresse:_ as

v c

Were the form of &reen's function is dependent u~o. 'he

bound~ary conditions. Two possible methods for ccn~szruc-

tIng reen's function are an eigenfurnc-:ion exa~~nanz

th nthdof -zaga . Viv F a L I7i'L
L
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for thin plates using the image technique. The main

contribution of this thesis is to construct a Green's

function for an arbitrary plate by using the eigenfunction

expansion method.

L 
-
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FC. Green's Function Technique by -_iEenfunction Expansion

Representation

As a brief introduction to .he eigenfunction expansion

representation of the Green's function, consider 0, a

linear differential operator with a complete orthonormal

set of eigenfunctions, V (r)j , wlhere

0 Yn
o y n (r) X n (r)

Suppose we are given the inhomogeneous equation

C v(r) -X v(r) = w(r) , III-10

where v is a vector to be determined, W i a known vector,

and X is a constant not equal to k n for any n. Writting

nn

v =E v y
n nl n

and 0 v =Z vn Xn Yn
n

equation III-10 becomes

. vn n. n
n

Taking the scalar product of both sides with Ym' we obtain

L



M -1 -- r 

This gives

J y m(r d ' dr'
v m -

m
Im

an:y C ~ ..-- b -A.and Y ( ) Y ')w(r') dr'
v - n n

n n r -

- j~ G(r,r' -w(r' dr

Thus the Green's function for the differen.ia! equa-ion

i: Ili-io is

-- -Y Yn - '

G-(r,r') = Ziil

n
n n

It is important to note that a necessary condition for the

eigenfunction expansion representation of the Green's

function is that the set of eigenfunctions Lyn- be both

orthogonal and complete.

L



or an the solutions to the homo-

:::::renC.Ia ezua-.-ns of motion EI !!l-P with

_r, zse zer_, stress-free boundary conditions

are mhe Lai. modes of , To obtain a Green's

- , _or zc.7I_', one needs to consider

the- .roerties of orthonormalit and completeness of

hese ta.-c moes, .Lr Both these properties present

:icuit7es. :he key problem is that the Lamb modes are

r. ... - . -a. . However, an orthogonality relation for

the La.b modes has been obtained. A derivation of this

result is aiven in Section D.

........ : i l- serc- u one an: -.

solved. For '-arss-free cc3nsr-t .. e.es a

be assumed and is not yet provable. Various authors-

have in the past assumed completeness of the eigenfun-

ctions (plate modes) with very good results which are in

agreement with experiments. Therefore, completeness will

a te azSume-c on tnis wcrk. A discussion of conlete-

ness is given in Section D also.

L J



.. .. en u,,cton Cr_ on a.: ?om!ereess of the

Lamb ,'odes

in this section, following a derivatI"o. of Fraser's

we will find orthogonality relations and ciscuss complete-

ness for the Lamb modes with various boundary conditions.

Fraser, using earlier A'ork by Fama !5 on elastic vibration

of a circular cylinder, obtained these or-hogonality rela-

tions by considering certain adjoint differential equa-

tons. The properties of such equations have been studied

in detail by Naimark I . The orthogonalized plate eigen-

funotions which we wil thuS obtain are scIutions of the

ho..:-' =o s ou -i ns !I -i and : I -I -f i C:' e usei_

tc :ons-ruct a reen's function for the znhcncgeneous n.n-

linear equation I1-3. First we must cast the plate equa-

tions in a suitable eigenfunction form.

1. The Eigenvalue Equations

Consider a plate bounded by surfaces z d, and

assume the motions are indepenaen- of the y cccrdinate

and that the y component of the displacement is equal to

zero. Let 7 and 7 be dimensional variables, we introduce

dimensionless variables

C 7 77~X
- __ ) ! , (U4w) =-
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where C is the velocity of dilatation waves in the infi-

nite mediun,, h is the average displacement amplitude, and

U, W are displacements in x, z coordinates, respectively.

We may also expand all dependent variables in the form

= Z a n  en ( ~ n )- 111[ U(x, z, t) n

where ,m is the angular frequency of vibration of the plate,

and the wave number k is the eigenvalue for the eigenfunc-

tions U_'z), W(z). Now we may derive the adjoint differ-

ential equations to obtain the orthogonality relation for

the Lamb modes.

The homogeneous displacement equations of motion, Eq.

11-3 with right hand side equal to zero, in components

form are:

x component:

2U L 1j)2L ) _ _ ( " _) ( 2 111-14
t3

a~t 7 a Z 6
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rz component:

27 2Z) 0 111-15
o 2 al 2- a z 2  3 x Cz- a a- 2

Substituting Eq.III-12 into Eq.III-14, we obtain

+ +1oa('~u) - [ (hU) + 32(h2 )  - (Ki ) 2 (hU)+

dt 2 6(-dx) 2 +  (dz) 3(dx)2

This equation may be rewritten as

2 a2 t2  (2U +2 -2U + 2xW + )  0 111-16To2a x 2  C)z 2 x 2  6z--

Substituting Eq.III-13 into Eq.III-16, we obtain

Z an o C (Z)(-ic) 2 _ )(ik )2+ a2Un n2 un(. _i ) [ Un(z. n 2h

(K ) Un(z)(ik )2 + -- (ikn)) ) ei(knx -wt) = 0

This equation will be satisfied provided the factor in

brackets vanishes for each n, that is,

L j
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- 22 -

22

Ur n -z -

which may be rewritter as

1-c 2 n~ 2
Li ikn 2 U 2U 111-172 n n 6T -2 n n n

Using the same process, =C. 7-l cant be reducec to

2 %r __ .2 >

,C CF
V'k k-': i-

c 6 z c

where C C t/C2 .

In these equations we have introduced the dilatation

- n = ik U + n 111-19
n h nn az

and we will also have need of he nonzero cn.,,.nen" of

the rotation vector

-jdn=ik . 112n h nn 111-20

A useful equation for n - can be obtained by taking the

L



F eriva-ive with respect to z and chan n, sizn of . -

17, mu!I7ying J'-: C E.q T
_-, then. add oIr

n

equations, we obtain

n n- _ 2 k 2 T ! I - 2 !

2  2 n )n 0

SirLIarly, we obtain for An

2o n + 2 _k2 7 = 2
z 2 n ) n 012

Zl

wish -o cons4cer the v_ tor.s c: :.re as

an e' e vaiue trole. >ov-ever the dI f Iuy
.2

TI7-17 and !i-l _ that both k and K r . -a ,

111-17, 111-19, and 111-20. To get around this difficuty

instead using Un and Wn as dependent variables, Fraser
2

chose either Wn arzd An, or Un and -n He thus obtai

two pairs of equations in which the eigenvalue 'K az ear

linearly and further, these equations are adjoint to each

other. Take Eas.JII-i8 and 111-21 as they stand as the

(Wn , _n) equations. Using Eq.III-20 to eliminate 'Wn

from Eq.III-19 then we obtain an expression for A in

terms of fn and U , which, when substituted into Ec.i-n n
17 gives us

L
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... --- -- ' . .. 1 - - 2 3

2. 2" 2n
(i-c , "U

;4z

he (U , "n) ecuations are given by Ecs.::I-22 and 111-23.
nn

In order to express Eqs.II1-I%, 22 and Eqs.III-21, 23

;n eigenvalue form, we define the following two component

= .n On 111Il-24

- ri

= [1:Iii! T-23

"='n

cu
A 2 in

2
C ZC

(2) -a )+

M ( n )  = z c n ii-26

(I-C4)+ nZ z 2.n

L _
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Eqs.TII-18, 21, 22, and 23 may then be compactly expressed

as

L(R n k nR nI 11-27

M(Qn) n Qn111-28

These equations are adjoints of' one another according to

the def'inition of Naimarkl3
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2. Orthogonality Relations for .ifferer,, Boundary

Conditions

An equation useful in considering orthogonality

relations can be obtain by multiplying Eq.Ili-27 by Qn

and Eq.III-28 by Rn"

(k - k 2 ) J Rm.Q n dz 1 (L(F m ) • n-rVF (Qn).Rm dz

- (boun'dary terms] 1  111-29

Here

boundary terms = n(c2) n nW
') n + _

-Uy---~ (-i r.)aIjUn z c~ + 3z 2 I-

are easily obtained by partial integration. Vhen these

boundary terms vanish, a conventional orthogonality re-

lation results

III-30

_ m.Q dz =1 (We- -- AInUn dz 0

for nim

To obtain an orthogonality relation for the stress-

free plate, of particular interest here, it is useful to
L j
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--ersr: -f i' : - e :: * -,_-
-p- ~ -p: &- e F

ma -F-

XX. - Z- -

c :1

(ik - " - 2: - -

-,xxn n 6 z 2

2k'n U2I

xzn ~ =n +-j~
22: c + , 2 " )- !

XznF "" :11-3

2( An[ 2k2 2 j ]
( : ikn) 7'(k - -- U<319

To find an orthogonality relation in terms of stress, we

use Eqs.III-31 and I1-35 to eliminate ^m and n frc.

Ea.P1i-?O.

L -
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C 7.-r. un 4 zc ,.--.., .  . -2 SoeS -ra-

az :c for n

~tounar .... - s: =2 (k': --

a~lon for the stress-free plate,

Fraser1 2 considers four sets of possible homogeneous

toundary conditions at z =+i for the plate: (1) UW=,

(2) U =0, (3) W=c =0 and (4) 5 =: 0. It is tre

's, h sa c:o sra z- zthe s ur 'a e

wnicn is of particular interest in tris investigation.

Although cases (l)-(3) will not be used in our calcu-

lations, we will carry through the orthogonality argu-

ment for them in anticipation of possible future need.

In cases (i)-(3), it is easy to sr.o t.at
U-!



lboundary -erms - 0

s. . te conven on a orthog aI:y re a:in £c :nl-7

....o The constrains for the La b mctes are stre-f'-

boundaries, case (4), ant it is straightfor,,.,aro -c show

EoM-39 ho'ds in this instance. Thus Ec.. -1 is the

crthogonaliy, relation for the lamb modes.

'.c7Dleteness with Different ound.arv Conditions

Casti.ng our original pair of e_:>7_. -l and

-- 7-1 into the adjoint eigenva'ue form Eqs.77-27 an

=Ti-2± accomrlishes several hin s. A set of e nfuc-

n so1u i4nis found and orthogonalliy relations, :]s.

-:-- c and 7T_-Z for them are crovef. Second_7ly, _0....

of such adjoint equations have been extensively invesi-
S13

gated by Naimark . In particular, completeness of these

sets under various boundary conditions has been studied.

"n case (2) and (3) the boundary conditions are

r ula- " acccring to the defiiio. cf Nainar, an his

Theorem Sec.2.1 can be invoked to assert that form

L(R) - kR = 0

2ensures that the eigenvalues k2 are denumerable, and the

system of eigenfunctions R n? is complete. The complet-

ness theorem clearly holds also for the vectors Qn"
L
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Fin case (1) the boundary conditions are not regular, and

in case (4) the boundary conditions contain the eigenvalue

k 2 so that 11aimark's theorem is not relevant. Fama1 5 who
n

has applied Naimark's theorem to thr orthogonalized

solutions for a vibrating cylinder believes that for these

cases the conditions of the theorem may be too strong.

Because a number of calculations assuming completeness

in case (4) have yield good results for the cylinder,

Fama conjectures -that this set of solutions is essentially

complete. Based on close analogy between the plate and

the cylinder, we too will assume completeness for the case

(4) boundary conditions.

4. Expansion of an Arbitrary Function

In Section III-C, we briefly summarized the use of

a complete set of orthogonal eigenfunction in construct-

ing, through the Green's function, a formal solution to

an inhomogeneous differential equation. Essential to that

argument is the expansion of an arbitrary function in terms

of the set of eigenfunctions. The property of completeness

insures the existence of the expansion and orthogonality

is necessary to find the coefficients in that expansion.

In the preceding sections we have derived from the Lamb

modes a new set of solutions for the stress-free plate.

We have developed orthogonality relations for this set
L
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- L1 -

and have argued that they are complete. In this section

we will see how to expand an arbitrary function in terms

of this set.

From Eq.III-24, the new plate functions are

W [ nl Rln] n- In] Q l n

S An  -Qn =111-40
2 2n Un n2n

in which A and n are given in terms of U and W bylqn n n

Eqs.III-19 and 111-20 respectively. The orthogonality

relation for cases (l)-(3) is

'i Km-Qn dz (W mnn n nn :
c

i n + Q R d z = 0 if m /n 111-411M (Rmln Q2nR2m

and for case (4)

1 WC r U d S 2 2 -
jII (Wm0xzn- xxmUn) dz lWmC (n+2 (m

W c2  1 R (Q+2 -- (R +-z n dl 1m + (R z +

L 2 m) Q2n dz = 0 if m / n 111-42 _
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.
in which Eqs.IIT-31 and 111-35 have been used.

--' F p 1(z)1P(Z)
P2 (z)

in which P1 and P2 are arbitrary functions of z. Because

the set, { (z)) is complete we may write

P Z a n R = an  111-43
n R2n

and the coefficients an can te found using the orthcgo-

nality relations. For cases (l)-(3) we have from Eq.

111-41 that

J, 1 (P Q~ + P2 2k) dz n a 1f (RlQlk + R2nQ2k) dz

= ak jl (RlkQlk + R2kQ2k) dz

whence

Jll 1 Qlk +PQ2k) dz fri (Plok+P2Uk) dz 111-44
= (RlkQ1k+R2kQ2k) dz (Wk k- 2kU k) dz

L



Sim-4arly in~ case we use -.he or -. gona.l ei~c

Z --- to ottain

1 k z z 1.

ak 6 -n'r\ -)~k -~+ 2 -)U

-U. Fl QJ 2 6z2 2 d

auk bpi-

+ 2 ~-- dz

The k U, an 3. ar kkw ~c~os

6U k

Te , and he c arce knt ak~ netermned. a-7

K-



... .Solutior. of the :raomus 7 zuaio -

in -his secTion, we will use :7.e ne j . .

and n to solve The irnomogeneous nonliear equaticns.,

Eqs.ii-6, for an isotropic plate. in compone.nt form, we

may write Eq.h71-' as x component:

2-2- .2-2, 27 -

____a U'_ _

S 2 ) (K+)7 7)

and z component:

2-, -,.' - ), _ ± 2..,,, _K~

0 -2 -2 -2

In Section D, we man2:ulaLed the homcgeneous Cfers:ns c:

these ecuations, EcsJii--i4 and Eqs.iII-15, into t.e

homogeneous adjoint form Eqs.III-27, 111-28. in this

section, after dealing with the 7 and t dependent vari-

ables, we will carry through essentially the same manipu-

lations on Eqs.III-46 and 111-47 to obtain an analogous

i~nomogeneous adjoint form.

If we assume an exponential dependence in x anot

and take

i(k'cose' -,2 't)
U'(z) e

L



-77, 7-7, (k cosCexz t)
-7 -e-- - -

Ecuation 11-¢6 becomes

o C , U'(i')2 2 - 2U'(ik'cos ) 2 (K+)

06 z 2  3

2 + - ei(k'cose'x - ' t)

= xc(x,z,t) T T

Later when we examone the source function P (x,z,t) we
XO

.r t

XZ

and the validity of 7C.177-4a at all x andt will imply

that

k'cose' : k , =

Thus ne exponentials an be d 1%, d u, and we are e

with only the z-dependence of Eq.III-L9.

in anlogy to Eqs.III-19 and 111-20, we define

ik'U' + 3 T 11-50

- ik'W' L i - 7:-

L
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Fin terms of which, after some manipulation, Eq.III-49

becomes

(1-c2 ) + 2U' + .,v 2 U, -k,2cos 2 CU_ 111-52
6c 22 -2

zo le

Similarly, Eq.III-47 can be written as

1-c2  W 6 2W1 2. 2 2  PL 111-53

----- 3z + + 2 _ k, cos , _ zo-c 7 a z 2 c 2 0Ci C 2

Also, in analogy to Eqs.III-21 and 111-22, we can obtain

ecuations for 0' and ' individually:

2 2Pz
+ ( - k' 2 cos 2 e') zo Z -ik'cose'P'

az c oC2 xo

111-54

+-M, 2_-k# 2=c 2 -A' -ik'cose'P' )
cz c2 az xo

"'1-55

In order to express Eqs.III-53,55 and Eqs.III-52, 54

in eigenvalue form we define

(1.._c 2, + Bw ' + L 2 j

2 z c 2 az c
(i-c2 111-56
62 22

L 
az c c 2



. ~ a- +-
Fa

111-57
(l c 2 ) + ! . +2 2U

Then ihese pairs of equations may, respectively, be writt-

en as

2 2 zo
L(R') -k' cos ' 2 2 PI

zo~c+ ik'cosO'P'

Z x0)

111-58

,"" 2' 2 -- ' z ik'cosO'Pzo''

-Kt ' -. coS e',' o, zc:

For convenience and to emphasdze the analogy with Eqs.

111-27 and III-2., we denote the source vectors on the

right side by PI and PII so that Eqs.11I-S8 and 11:-59

become finally

L(R') -k' 2 cos 2 e'R' = PI III-60

M(QI) -k' 2 cos9Q = p1 1  111-61

L
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Considering Eqs iI-27 and 1!1-28

2 -"
n n n

2 0-- 117-2n¢ -k n Q n =  ! i 2

and Ecs.ll- 6 0, 61 together, we may no'.' easily ccbain a

series solutcion to the inhomogeneous equation following

the procedure sketched in Section IIi.E. We have argued

-n Section III.D.3 that the function R are complete so

that both the given source function PI ad the desered

solution R' may be expanded in terms of them.

=7 a T ' 111-2
n n .

n r

Inserting Eas.III-
6 2 into 111-60

2 2
L( Z bnFn ) - k' cos e' ( bn R) an Fn

n n n

Db tL(R n ) - k' cos R ] = a Rn n n nn n

and eliminating L(R n ) through Eq.III-27, yields

Z b k - k'2cose')Rn = Z a R
n n

L
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k- 2 2
-. COS

''e coefficients a, for -he known function P. may be

btained from Ec.!-7-7 when the boundary con,'itions

:crresond to. 3 cases

-n T2 ,n2 7-

"'n y-iA., - =- " " ) dot

cr :rom Eqi!-= for case ( -)

n = 2 -k'2cos2e' "() -

n

r :rOM . .r caS; -

Finally, we have the solution R' of the inhomogeneous

Eq.iTi-60 as +i 2PTlO +P 2 Un) dz

n 2' 2 U ) dzn
°-i n Co +

Lii-65n -kJl O 6
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Sr cae (. ~ ar resujtE m",ay 'De otb.a~rneJ f0c . z)



....'.uc rc. anozsI-c a a s c -

f:- or -.. e nonlinear -!lateeca c,- s e>

Io~~utJreer's funct-,ions for -.he rIa-t e Fo r :o u ar y

3 n I :.:n s c a ses (l)( n we re

- *Qn d~z = 0 for nr/Xrm

:eortchogonality relatuion, the 3reen's func.cic -an

-;e. own Uneiaey. Tey are eovc

n n

n r. CZ

Qn() 'R n(Z')

n T (k4 - kl2cos 2e')
n n

The olutons f EqII-0 an ~;.IT-6, wth -he x andt

dependence, may now be written as

L



zf z

-- -36 C, 0 E~ C- xt

s:ress-free bou ndaries, case (-), an orcng nality

82n"

,. , U )dz C +-
'xzn -x n - t

"9,,+2 ) ::Ci n m Tr 7I-L

as was shown earlier. Tis .ay be exres sed as an 0 r

nary vector product like ,.ii-4i by defining new

vectors

0,
W4h- X  F  n -1n .--- =

In =  I ii-7

UnQ 2nQ
r2(Q +2 -)

n = 1!-- -

so mhat EBqc 71-42 may be '.itten as

L



-I inr - fr<n r i-?..

it is st r aighfc ... e;n rT an J,
t iS Straig7?:_orwar to show in terms of a.

the arpropriate Green's functLons are

= 2 c.. 2-

.(z) :njz')

S -(z , z-

n k, k 2 co 2

nn

and , finally, -he soiutions of the inhomogenecus Eqs.

I::-60 and hIl-61 for stress-free boundar-es are

L i,z' Piiz')dz'

7



CALCULAT: s AN: ESU.LTS

in the preceding chapter, we formed a formal sclution

for the nonlinear equations describing the vibrations of

a homogeneous plate. This solution takes the form of an

infinite series -qs.III-66 and I11-67, and may also be

exrressed in Green's function form Ecs.iii-T7 and 711-7S.

Formal, Infinite series solutions are prazically useful

er,.er w,ae t-,:e can be refuced to us: a

caicula-ional zurpcses or whet some general :r rercy can

be -- iscussei '- :h examina:cn cf a single " e 11

consider both these possibilities for nonlinear plate

solution formed in Chapter III.

Although an extensive numerical calculation iq now

possible, we will restrict ourselves here to a consider-

a4ion of the s -77me-ry properties cf -he soluzins arising

in the three-phonon process and in harmonic generation.

Experimental measurements on symmetry properties with which

3we can compare our results have been taken by Brower

Under certain experimental conditions, a mechanism

exists for isolating a single term or limited group of

L
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terms~~ n. nu ini e ~Z' aCE r'~ eme St

ias: ohater. From e:tzer -he series cr -reen'sunction

corms, is seen that the series coefficients ccntaln a

factor

k k' 2 Cos2e,- IV-1
n

in which ' and cosO' are determined by the momen-ur and

relative angle of the two input pump modes. k is the

n

magnitude of one of the allowed modes of the plate as dis-

cusse in Sec. II.A and illustrated in ig. 3. Thus when

the combined momentum of the pump modes is close to that

c an aie p'a-;e mocde so ta

k '  cos ' i kn

and the factor (Eq.IV-l) is large, the nth term can be

expected to dominate the series.

in this chapter, we will study the properties of a

single term in the series solution with two objectes in

mind. First to determine the symmetry characteristics of

this term associates with the pump modes. These results

are of immediate interest in the present investigation.

And secondary to simplify and partially evaluate the term

in anticipation of future numerical evaluation.

In the following sections five cases will be studied.

L



... .. ..- .c..n crcce - s for combinations of tne

tc, pz-. nodes which are an:is , metric-atisymmetrJc, ant-

synn . tic-s nmeric, s rer - . c-symmEtric and nharmonic

generation for symmetric and ant4symnetric modes.

Nuting that these processes are all generally quite similar

we w4l" treat the first t o in great detail. The last

three -rhonon case folloves easily. And recalling that

harmonic generation can be regarded as a special case of

tnree-phonon interactinn wit,, collinear pump modes of the

same frequency, results for these processes can be written

,.lthou: m'h additional work.
I A. 7~hre:e-Fhcnon !nterac-ion in an !sotrcric .i-

investigate the -hee-ohonon roti:n ci

action, two primary waves must be present. Hence Uo des-

cribed in Chapter III is now composed of two initial Lamb

modes.

Uo = Ao L! + B0 L 2  :V-2

where A and B are constants, and Ln (n=,2) are *clu-

tions to the linear homogeneous equations of motion with

the stress-free boundary conditions.

In the following subsections, we will study three

combinations of the two pump modes bases on their

symmetry characteristics.

L



FI . ,'=_..onon Interac-ion ofTwo .s . c Lam t

Modes

For -he three-phonon in-erac-.4cn cf -.- c anlsymme~ric

Lamb modes, U0 is expressed as

U0 = Ao Lla Bo L 2a

=-_ A B

or U AkaEia j a-C Aor DU h lal aCa"'la)- -h '2a-2a4' a-

ASo Aa
x2F,_2-_ x h lala la -a -a h q2ar-2a

(I 2-C aH a ) z

where sirhqs
na coshna d na cosh na d

sinhs z coshs z

H' = na H =
na coshs nad na coshs nad

2qns 2k2

C, ' na C na
na k 2  s 2  na 2

na na na na

E i(k cosex- t)na =e na

Disregarding "self-interaction" terms, terms with A2 or

2
B0 , P0 may be written in component form, with all sub-

scriD-s a omitted.

L



n ~1
(E 7,'e -T'

Ox h e2  +e,>2~ I - 5122

e... . .. .. ) iV-3

_ ,gj I- 3i H 2 g Li' 2 g

oz h 2 (gi 1 2I 2 i g3 1 Ii 2 +g 5 l2 '-+

6 12 H+g 7 H 1 H+g 8 Hj ") IV-4

in which the constants e -e and g -g, are complica-ed

e .... sion given in Appendix 1. We chose ezo an,' C--= 0 for

na' The configuration of the three-phonon ir.eracticn

is show;n in Fig. 4.

Next we need PI and PII, Eqs.III-58 thru IiI-61,

which are combinations and derivatives P and Po. It isox oz
the components of PI and PII which actually enter our

solutions, Eqs.III-71, 72 and III-77, 78.

P oz

P2 0 CIc oz + ik'cose'P

Lz OX

L
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i l 5Pox i'ccs6' P2'- a z o .

:1 2 j

-Pox

And for stress-free boundaries, case 4, the orthogonality

reiaon is Eq.li-L?

J 0 for n /r M
n i

Also we select the appropriate Green's functions, ECsJi!-

75 and !I-76.

R (z) J n(z')

G(z,z') Z 2 2
T'(k n-k' cos'e')

-n nQnz) I n(z')

H(z, z)
n T'(k 2-k' 2Cs 2 E)')

n

Since Lamb modes, Ln , may be symmetric or antisymmeetric

with respect to the median plane, so the Green's function,

G, is composed of a sum of symmetric and antisymmetric

Green's functions, Gs , G . Hence Green's functions for

a stress-free isotropic plate may be expressed as

L J
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ss -a

n 2, (nsk2 s26 , 2 2 o2-,)n' S nS r)ra "~aKa-rk'

ns (kns - rCs a na- Co

TV -5

Qns Tns na nha

ns (k2 k,  2 2 na T 2  2 ,2cos2 6k
kCos 6') T(k -k2 oS nna na

Iv -6

-No-n that the orthogonality relations for eigenfunctions

with mixed symmetric characteristics have vanished.

- -in - =0 for allm
- ns ma -1 na ms

These results assure us that there is no Green's function

with mixed symmetric characteristic. Finally we may write

the solutions of the inhomogeneous equations as

i(k'cose'x-w't) -.1 4'l -
" - ! s a'

QV e =S_ I6'-c't (H s+H a) P iI dz' !V-8

To evaluate the integral on the right hand sides of

Eq . IV-7, e, first we need consider the integral relations

LJ



of cton '~f_, w) with s-ym-.netric characteristics. For

two symetric or antisT.metric functions, -e h-ave -:-e

J"-a f~ym. wrt. z) f2(y.wrt. z)dz 7'

a Cl(antis-m. .-;rt. z) g(n,-Y. ) c

and for a symmetr-ic and an antisr.mt~ furc.ions, th.e

iregrallvanIshles.

-a Yrp. wrt Z) grl(antisym. . z) dz 0

't:er-ce we ob-.afr, 7CF qsJ-,8

ei(k'cose'x- 't) R n (hBk ns )(constant 1)

ns ml (2 '2 o 2e 2,2
ns kns-k Co 0)

Qn (hB)(constant 2)

T~~kcnsx-t _______2 __k__2_cc

in which

(constant 1),' j(q~n sO')inP (k'P0  iP~2

L:~ -sC' :i'ns )



K ns o .ns, s G Y

+- 2 2 (1-2c J P:'_ -

(1-2c2 )qs CsSn sox sns

2k2 2c sns -cs zs
a n d C =C 'I =

ns kns 2

ns ns ns ns

sinhs z coshs z

SIns a S S

s inhc nsz ccoshc nsz

ns nss inhq ns d  s inhq n sd

The immediate results are that the resultant wave

Is y=%etric with respect to -rhe median plane and bec-

ause Pox and Poz are all proportional to the product

of the primary wave amplitudes. The solutions are

summations over ns and have (k2 -k' 2 cos 2 8') in the de-ns

nominator, if we consider k'cose' close to an allowed

mode kns, the summations may be represented by one term

Lwith k nk'cose'. Finally we may find by comparing the _



Pro=aa~ing tern? on zotr sies of Ecs. f-9, ,

.. 'os ' kI  k c a '.--Co

or : vector form, we write

k' _ :k= k

:hose two equivalents are the energy and momentur. ccnser-

v a n s.

The momentun. conservation also ... i. ts the frecuency

range of the generated third phonon, tne lim.s are

V 1 "

f e is the angle between k1 and k2' and (Z3, V3 ) lies in

this limits, then the pump waves will yield a generated,

or third, wave in the directionk 1 + k 2 = k., k. is an

allowed mode in the limits.

2. hree-phonon r.terac-o. of a s yrmetric ano Ant issre-

tric Lamb Modes

We may write U 0 for a symmetric and an antisyrnetr ic

Lamb modes three-phonon interaction as

u0  A0 L i  +L L 2Uo 0

L_
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C La

7, Is ,.- --- 2 ="2

b E

S e r: - erm 0 may be ex-.ressed-- --' cornoonent :ocr7

= eT' +e T + -1e ~,e T -e,,H' 7
j~ a 2 IS 2a : s a -7s2a 7c. ~a

el, I +e H.,K +~ -e
2a ssa

and 4T 7 gIii g h--
oz 1 is 2a 2Iis 2a 3 isFL 2a 's"2a 5 2al is

96 2 Ha +g 7 lsHL+ IHs] 2 a

Drocess to f --,d the soluti 1ons for tscaS e S:Y=ne -

tric-antisymmetric) is similar to the previous case

(antisymxnetric-antisynmetric), we need only wri-te down

the results without any more work.

ei(k 'cose'x-m 't) R a (Bhk na ) (constan. 3)

na T' (k2 _,L cz-1
na na

L



- _-CS ° - - .- .. _. .

na~ n na .2., .

in- .whicn

(cons : 7  {( 0  C -S rna na na na' na oz na naa

.-s x - n _

.. na na na -a oz na Ox

_ - - I

ka ?a- na na' na -

From above two equations, we fina ihan T' and ' are

antisymmetric with respect to z, and their amplitudes are

proportional to the product of the primary wave amplitudes,

also by comparing the propagating terms on both sides, we

obtain

k' = k k2  i + 2

hence a symmetric and an antisymmetric Lamb modes may in-

teract to generate an antisymmetric third phonon.

3. Three-phonon Interaction of Two Symmetric Lamb Modes

For the three-phonon interaction of twc setriz

L



Lair.b modes , _, :s ex-ressed a

or T 7 (U -C F' + T* ~ ~ -

0 -Sh -S .s s 2 s-2s

"is ,2 2s)

Socurce term P m ay be written in comDcnen- form, with a',

su'-ccr-4r-ts s oUtd

.2

02 .2-_

e H~

'.he soluti4ons for this case (symmetric-symmetric) are

R ns(Bhk ns) (constant 5)
RfilSe'-z) ns IV-13

ns T 2 2 22,2
nTcz(k 2 -klcos G') C, Q

nL?



f7

-ns (Bh) (constant 6)

.nS nE -c

1, 2

(cons-ra-nt 6)=:~ 2:C9 -kco-clc) 3-( 2

.... .)= , :- C -"P zo x G "" n

(l -2c2 )q 2 ) p I ' - Ck2 C'+ (1-2c 2 )cCs) p ' "-dz'nx n

ab acove -,two ecua:ions, we find Tha- ,' and Q' are

synmetric with res ec m to z, their ampiitudes are _ropor-

tional to the product of the primary wave amplitudes, and

the conservation criteria also hold. Hence the three-

phonon interaction for two symmetric Lamb modes will

generate a third symmetric mode.

Now we may conclude that the three-phonon interac-

tion for case (1) (two antisymmetric pump modes) or case

(3) (two symmetric pump modes) will creat a symmetric

resultant wave, and for case (2) (one symmetric and one

antisymmetric pump modes) will create an antisymmetric

resultant wave suzject to conservation criteria laws.

L
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. Seccnd Harcnic 'enera-ion in an Isotroic .ane

To investigate the second harmonic generation, we need

only crne pum mode, hence U0 is now expressed as

U = A L

where A iS a constant, and L is the Lamb mode. _y compa-

risicn, this expression is a special case of Eq.IV-2, hence

the second harmonic generation can be treated as a special

case of three-phonon interaction with collinear pump modes

of -,-e same frequency.

1. Sy-metric Pump Mode Harmonic Generation

1or tne symmetric Lamb mode second har-onic ienera-cn,

U is exrressed as
0

-A A4=- -- -' - H' )E s
Uo= Lns h ik ns x h qns (Ins-CnsHns )BnS z

where A is a constant and

_- = e i(k = :

Lns are symmetric solutions for the linear homogeneous

equations of motion with stress-free boundary conditions
+

at z = + 1 of an isotropic plate. Considering "self-

interacting" terms only, the source term F may be writtenL_ 0



cc ::n;E- or-. s, w...a~ ISubsor irc-s rns omi-tted ,

'. Iv - 166

d . E'(b: i'±b-H'I-b9 !'+bo0 h)i 1

in n, n -. ne constants b 1-b 10are complicated expression

,gven in "AIppendix !I

The: -rocess to find -.he solutilons "or the harmonic

gener-ation is similar to (also simpler than) the three-

may w~.:*~r~t dc t he r ec'.l

7_ns (i:lsBA- )(ccnst ant 1)T-i

s T' (k 2 -ki 2 )hfC2

> 2 2
T~, i~kx- ~Q't (A E iB)(constant 2) :

ns T (k 2 -k' .2) ?c0 2 h
nns

in which

(constant 1)= 1C 13+ H3+ 12F'+C I'H' 2 ±C-H'-{ 2

L
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the constants C -C are complicated expression given in

Appendix K.

From above equations, we find R' and . are sn -. e-ric

with respect to z, and their amplitudes are proorzional

to A (the square of the initial amplitude). :he sclu-

tions are also summations over ns and have (k2 2k'ns k" )~ in

*he denomina*or-, if we consifer V close to _n allowed

mote k,,, he summations may boh be reduced to one term

with k' = k • Finally by comparing the .rc.agaz.n terms

on both sides, we obtain

k' =2kns and 0, = 2 a

Those are the statements of energy and momentum conserva-

tions, furthermore those conditions may act as the necess-

ary conditions for Lamb mode second harmonic generation.

In compact form, same as Eq.II-15,

V2 05) V I (a)

where V (n =, 2 is velocity.

L



V2 An-isvrirnezric- PumLp ',,ode Harrz'c n'~or

'L'e Dr-ccedure to find the secrd nr-c.: generati:on

for an antisyr-e-tric initi4al Lamb mode is tresame as The

procedure for th-e s -metoric case. 'T he 0 row as expressed

as

o La na na rna . a ]Ena

A

h qna Ena (Ina- na 'na

o'arce temmay be writte-n as, cons--terifls -self-

..nterac-.-orn ':er--,s on y ano -wevzr a~ s~oc: na

p _ A 27 ib 1  +bI'H'+bH V2 +b12 + b 6 I::+b4L 1 V-l9

2xh 2 20 3 4-5

A 2- (bII'+b,-JHI+b I'Hzb HH')IV2

The solutions for this case are

Si(k'x-m't) R sBA E ns ik n (const antl 3)

ns T' (k 2 -k .2) QC 2h
ns ns

L
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QsA n i2 constant -)

~ns n-n s . ,2 2,?
nS s ns 0"

in Nwhch
7 223

) - (C T' 3 +C H'+C I'H 2':
63

C +C H +C ,)Fdcons~an )=II (C9!, 1C0i,,11iIH,.C2H3

;- :.=y fini fro: above ecuatio-ns -hat 7 and ' are zT.me-

tric with respect to z, and their amplitudes are propor-

2tional to A . By comparing the propagating terms on both

sides gives

' 2 k , and 2

Hence the second harmonic generation by an antisymmetric

Lamb mode has symmetric characteristics.

We can conclude now that a symmetric or an anti-

symmetric pump mode will create a symmetric second-

harmonic but no asymmetric harmonic.

L
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' C. Bounded ? .,:de Approximation

:n the crece4ing sections, we 'nave . . .cus-ed several

cases f three-phonon 1nteraction and second-h armcnic

generation w+.h rlane pump waves. In reality, however,

tlane waves do not exist, hence the three-phonon interac-

tion or second-harmonic generation is generated in a

"exciting regicn" by bounded pump wave(s). To introduce

the bounded pump waves in the nonlinear equations of

motion, we have to multiply a function g(x) on source

term P . g(x) is zero outside the "exciting region", so

it can modify the source Po to have nonlinear interaction

only wi:hin a region. Thus the modified eigenfuncztcn

eq uations may be expressed as

L'(') i ( k ' c os E?' x - m' t )  Izgxe k! k cose)x-(w! +2)

IV-21

an,-

- i k'cosE)'x- t) i k!  os )x ( + ")
M(Q')e =P(z)g(x)e 1

IV-22

LI



where -

3] i oz -.ik'ccse'P 02

P'0 z

ox

I ' L.(' L(R )-k 2ooE 2e'-'

:,! ( ) =: .: ')- ' cos~e'Q

For second-harmonic generation case, we set e'=O, G=O,

and kl=k 2 in .qs.IV-21 and IV-22.

Taking the Fourier transform of Eqs.l\1-21, one obtains

-A "k'cos'kx -i ' t --

L' (IR')e e ax =sC P'o(z)g(x)

ei(k + k 2 cos+k)x e-i(W1+" 2 dx

or

L _



L(F) (k'cose'k) e - P (z)g -2

I 123

where (k !k 2 cosO~k) is the Fourier transform of g(x),

and W(k'cosG'+,) is zero when k'cos'/-k. For d-k'ccs6',

we have "(kl+k cose+k)=O, because (k'cosG'±k)=. For

k~k'(-cose'), Ea.IV-23 may be rewritten as

L(R') 6 (O)e P (z)g(kl+k2cos6- 'cos )e

where

g(k1+k cos-k'cos9')= ei(ki+k oos- G o )Xg(x)dx

IV-24

The integrand of Eq.IV-34 oscillates as one integra-

tes over x. e quency of osciilation is determined

by the coefficient of x in the exponential term, so the

frequency is given by (kI+k 2cosG-k'cos@'). The integrand

will oscillate unless

ki +k2 cose = k'cose'

L J

LJ

I I- I1 1 1 . ..L,.. ._



a.Tis c o ndion is called a rescnance condiLion. 4e may -

rewrite EQ.T;-24 as

g,(ki+k2cos &-k 'cos 9 )=g(o)-j_ g(x:)dx 0 g(x)dx

0 k=-k'cose' TV-25
hence g('cOs ') =kO ,1 ±k cosezk'c

F(O) k +k ccose~k ccsI':I
1 '2

=-k

f we assume g(x) a step function, then g(g0)=Kx, where K

is a constant. We may then also rewrite Eq.iV-25 as I

z(k+k cos,;-k 'cos') ?:x ( c 0 cCs;-k)

Substituting Eq.IV-26 into Eq.IV-23 and iaking an inverse

Fourier transform, we may obtain

L'(R') 6(k'cose'+k) e i=

-10 L . . . . ..+ ',t

fo P'(z)Kx (k +kcosE+k) e 2' d

or L'(R')e i ( k Pc s 6'- 't):'(z)Kxei L (k +k122O)x-('z1+'-2 ) t l

IV-2?

Following tne same procedure, we may transform Eq.IV-22

to

L
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- "=' '- ==,(. x i' (k,- c csG)x- =  )t 2I' z .Xxe 2

I1.- 2

=sclvinH : sP,-27 and IV-28 through a Green's

functio, technique, we find the resultant wave is propor-

.. te inerac.ng volume for three-phonon inTer-

action or propagating distance for the second-harmonic

generation, respectively.

.W., we know that sy,.metric or antisymmetric Lamb mode

will generate only symmetric second-harmonic wave with

t-:_-u4e o :,.e resuwtan:, wave beinz r c :

-' ... scuare of the - initial wave amrlizude._ ','e also f'InJ

that two symmetric or two antisyimetric Lanb moces _:n-er-

act will generate a symmetric third phonon, and one symme-

tric and one antisymmetric Lamb mode interact will give an

antisymmetric third phonon. The amplitude of the third

.ono. .... proportional to the product of the two primary

wave amplitudes. In reality, an "exciting region"'

caused by bounded pump wave will give a volume or distance

dependent resultant wave amplitude.

L
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toth :he three-nhonon interact.ion and .armonic ger.era.

dofn- this, as exre n ec

''as fo - ta e . . . . . ' Z . - - -a

resu. ts -- -rowe.,

A. :hree-phonon Interaction

Iwo important results have been obtained for the three-

phonon nteraction in a bulk medium or a single crystal.

There are -he necessity of the conservatlon criteria ant

the fact that the generated wave is proportonal to the

product of the primary wave amplitudes. We have found

these results, Eq.!l-8 and 11-9, to also be true fcr the

Lamb mode three-phonon interaction in the plate.

Brower has demonstrated that two input Lamb modes

generate a third phonon ir a brass plate and that, he

L
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nin our calculazions of Secs. V.A. I and A. 2 .at

..-r.: s .nei rc-an:s' -_ . _ .V . . - i  or s-L ....... .r .. .o-svr-e: roe'- c :

.c. neraea sa -e ric -bird n n. :: cns :s-

mcdes~~~ sr._ a ne n ... ..

cone s A_ A , s. of 2 Se e e-erimentai
- - --- .

fini nas. L us our :hore-ioalre s rusf or -h -hre -< o
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(a) (b)

Figure 4. (a). Two antisymmetric Lamb modes

configuration (AI , A2 , S- ).

(b). Symmetric and antisymmetric

Lamb modes configuration

(ALl Sit A3).

LI



a~i - 63 -

Z. Harmonic Generation

Studies of second-harmonic generation I bulk- meta

and single crystals have yielded two impor-ant resuls.

One is the necessary condition

V (2 ) = V()

that is, the second-harmonic must have the same velocity

as the initial pump wave. The other is that the amplitude

of the generated harmonic varies as

A, a< A 2 x

where A. is the initial pump) amplitude and x is whe :s -

tance the primary wave has traveled in the tedLum.

first result is true for our plate solutions of Lamb mode

second-harmonic generation. The second was obtained in

Sec. IV.C, where we modify the basic plane wave approach

to take account of the bounded volume of interaction.

In Viktorov's-' analysis, it is stated that only for

the zero order symmetric pump mode (S ) at thin plate
0

frequency-thickness, fd 1, is it possible to have

second-harmonic generation. This is because for small

fd's the velocity in SO mode is not dispersive. Later,

however, Brower pcin-:el out that harmonic generation in

LLamb modes is indeed possible for particular sets of j

LOW
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Figure 5. Dispersion curve for the S0 mode at

small fd's.
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...sersicn curves. de cemonstrated experimentally that

for A. mo -e of a brass plate with t,'ckness d=0.85mm at

f7:Kz and f=M.-.z harmonic zeneration occurs to produce

the A mode. Thus the S mode at thin Dlate fd's is not
2

the only mode to permit harmonic generation.
in Sec.IV-B, we found that either a syrmetric or anzi-

symmetric Lamb mode will generate only a symmetric second-

harmonic, a result inconsistent with Brower's observations

of (A1 , A2 ) for the isotropic brass plate. But by examin-

ing the dispersion curves for the brass plate carefully,

.,e find that in the region of interest the curve of the

an-tisyrrmretric an_ synetric modes are ver- close.

Therefore we conjecture that what Brower observed was

actually a symmetric rather than an antisymmetric second-

harmonic.

L
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FC. Conclusions

The amplitude of mechanical vibrations n sclids is

nct infinitesimal, and, therfore, nonlinear equations of

motion are required to describe the disturbance. The

principal of superposition no longer holds and hence non-

linear interactions may occur. Two possible such inter-

actions in an isotropic plate are the three-phonon inter-

action and second-harmonic generation.

A new approach is presented to solve the nonlinear

equations of motion for the plate. This approach invo-

lves the combination of the perturbative and the Green's

function techniques. The Green's function is constructed

by the eigenfunction expansion method after a suitable

orthogonalization relation for the Lamb modes has been

derived.

It is found that a second-harmonic acoustic wave

generated by either a symmetric or antisymmetric initial

Lamt moce is ymmetric with respect to the median plane.

The amplitude of the generated wave is proportional to

the square of the pump wave amplitude and is given by

a summation over plate eigenfunctions of terms which
2 2

have denominators of the form (k ns -k' In approxima-

tion, the summation may be well represented by one term

when kns k'.

L



- 87 -

The three-phonon interaction of two noncolinear

symmetric or antisymmetric Lamb modes which satisfies the

conservation criteria will produce a third mode with

symmetric characteristic. Similarly, two primary modes

one symmetric the other antisymmetric, will produce an

antisymmetric third wave. The amplitude of the third wave

is proportional to the product of the pump mode amplitudes

and is expressed by a summation )ver plate eigenfunctions.

.%hen the total momentum of the two inputs waves is close

to that of a plate mode, the summation may again be

a;:roximated by a sngle e rm,.

The approach presented in this thesis is appicabie not

only to the plate with stress-free surfaces but to certain

other plate boundary conditions as well. By finding the

appropriate orthogonali7ation relations for the plate

modes, a Green's funct'on satisfying different boundary

constraints can be constructed. The third phonon of

the three-phonon interaction may also have the following

conditions.

-_ --- 10

k 3 :1 2 3 1 3

We will leave those as futhur investigation.

L.



S

APPENDIX I

THE CONSTANTS e- AND g -g8 IN Sec.!V.A.I.

!=d !c!(d 2ql+d+d 2 0 )+q2 (d 3q 2+d 1 7+d1 9 )+qq 2 (d5r 1  2 +d1 8 )

e 2 d ! 5 +ql(d7 +d 2 +d 3qi)+a2 (d +d +d q2 -)+qiq2 (d +d q +

d2Oq 2 ) 3 1 4d 8 d 1 1  21

1022
+ 2 d 2+ 2 -2

e =-C (d d .+d~ s d, Oql q)-C s(dsql d
3 l + 3 2 b o2qi 1d6l 1a20q 2s2 5 -17+'19

22 2-C(d+d(dio 2 +di 2 q +d2C+d +d s +C )-(d 1 !±-

224 d1 42+C 1 5 
) C 2 q 2  d 2 12 2

e7CI2(d~d2+ s 2)Cds (dS +dT )d19) (2C qS 2 sd

1=dC-i (d +d )C(d 172 19 1(1 6 q2 +d1 6

+d1 8 +d2 0)

22 2,
e,--C' (d d d a--d )-qC'(d,,ds +d,.)-C,(d,,,S,

? 11'2 7 10~ 21 L1~~2

d2 +d1 4(12+ 1 5)

e,=CjCi(d +d 2 +d s 2+C (s 2 d d+c (S2+

1 13 2 )+CC 2 s2 (d5 1 + 1 7+d 1 9)+CoCS 1 d 6S 2+

d1 6 +d2 0)+ 1 8C1C2 1S2
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e;:=d 4 C C +SS2 +C C 2 S(dT+d s 2+a )+C ' ( d 2 )+
2 7 10s2+12 12 2 8 ( 9si d2

2 2 2ICC2(d '+ d1s 2+ 42 +d1)

n which

b-ia bb 2 klk2 cose(kl+k2 cose) d 2 a2 blb2 ik 2 cosG

d4=ia3b1b2 ( kI+k 2 cose) d3= ik a2b1 b2

d za blba d6a2 b b

=-k k cosE'a b b d,=-kk~c°sOa -,b b.

a 
3)d9= 2 b dl Oa ,/-,)b1 b

d I =(-a/2)b2 b3 k2 
d 2 (a 4 /2) 2 2

11 2312= (a/)bIb 4 k2 Cos

d 1 3(a 4 /2 )bb 4 ik 2 cose d 1 4
= (a 4 /2)b 3 b 4 ik 1

d1 5 = (a 3/2)b 3 b4 (-ik 1 k 2cosG)(kI+k2 Cosa)

d 1 6 =a 5 b 2 b3 (-kIk 2cose) d17=-a 5 b1 b 4kIk 2CosG

d 1 8
= ia b3 b4 (k+k 2 cose) d ,-a 6 b b k 2

d ID b k 2cose)
d 2 0 = -a 6 b 2 3 2

in. which
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22

- ~2. f + f£~f~-~
1 2 19 1£2)C - I £-c 1:7 10q2l~'

f- )-C 2 (£ 4 £ 6

1 7

q- f q )+q' (f s2 + -10+~ (f++Jrl
g 2= 1 2 1 32 1 2

E- 1 2 0  +Cc s ( :(f f13sq -.f a + ,f+ I s(
2L 71 2 - 0
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=i ab 3 2 a,

2 2

f~~=a~b~b,(~k~coa '-ab b,.k.kc
2- 3 3~

%-~3 2~ I ~6 abb 1k 2 cs

i a b b kk COSG f ia b bc.k .2 s
- 7 -- 2 3 b~~c 2 1 =: 1 i 2cc

-,S a1 4 /2 t -;

a,,J /)2 b ik-l
1 4-2

(-b bb £ak: LccsGG

f abbik co6f 2 Ejab 'D COS
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