AD-AL117 907

UNCLASSIFIED
Vo 2

aD 4
Wren”

GEORGETOWN UNIV WASHINGTON DC DEPT OF PHYSICS

F/6 20/1

AN ANALYTICAL SOLUTION TO THE PROBLEMS OF THREE-PHONON INTERACT=~=ETC(U)

AUG 82 T S5 CHAO
GUUS-08825

N00014~78=C~-0584
NL




DT FILE COPY

Office of Naval Research

Contract NO00014-78-C-0584

Technical Report No. 5

AN ANALYTICAL SOLUTION TO THE PROBLEMS OF THREE-PHONON
INTERACTION AND SECOND HARMONIC GENERATION IN A SOLID

PLATE

by

Tai San Chao

Walter G. Mayer
Frincipal 1Investigator
Department of Physics
Georgetown University

Washington, DC 20057 [:> l l<::

NELECTT

" AUB O A2 1082 n\

August 1982

Approved for Public Release. Distribution Unlimited




Inclassified

SECURITY CLASSIFICATION QF THIS PAGE (When Data Entores;

REPORT DOCUMENTATION PAGE BER o o e R
t. REPQRT NUMSER , 2. GOVY ACCESSION NO.| 3. RECIPIENT'S CATALOG NUMBER
/ s DN
GUUS 08825 AT S
4. TITLE (and Subtitle) ; . ! S. TYPE OF REPORT & PERIOO COVERED
An analytical solution to the Technical

Lproblems of three-phonon interaction and 15 Nov 81 - 1 Aug 82

econd harmonic generation in a solid plate s FERrormnG ORG REFGRT NUNBER

TR 5 !
7. AUTHOR(S) 8. CONTRACT OR GRANT NUMBER(s) ¢
Tai San Chao N0O0014-78-C-0584 1
|
9. PERFORMING ORGANIZATION NAME AND ADDRESS 10. PROGRAM ELEMENT, PROJECT, TASK :
AREA & WORK UNIT NUMBERS :

Physics Department
teorgetown University

- NR 384-928
Washington, DC 20057
11. CONTROLLING OFFICE NAME ANO AQDRESS 12. REPORT DATE
Office of Naval Research, Code 412 2 August 1982 4
Arlington, VA 22217 1. NuuasnlooroPAcEs .
4
14, MONITOQRING AGENCY NAME & ADORESS({f different {rom Ccntrolling Ollice) 15, SECURITY CLASS. (of this report) i 3
: 4
Unclassified : '
! .
152, DECLASSIFICATION/ DOWNGRADING ! !
SCHEDULE

16. DISTRIBUTION STATEMENT (of this Report) . . II

Approved for public release; distribution unlimited

17. DISTRIBUTION STATEMENT (of the abstract entered in Block 20, iI diflerent tom Report)

Approved for public release; distribution unlimited

t18. SUPPLEMENTARY NOTES

19. KEY WORDS (Continue on reverse elde Il necessary and identity by tlock number)

ultrasonics, three-phonon-interaction, harmonic generation,
Lamb modes, Green's function, nonlinearities.

20 ABSTRACT (Continue on reverse side I necesesary and (dentity by dlock number)

' A Green's function approach is used to determine the conditions
under which it is possible to generate second harmonics of Lamb
waves on solid plates and to have two Lamb waves interact to
produce a third phonon (another Lamb mode)..

DD ,55%"7: 1473  eoiTion oF 1 NOV 8315 OBSOLETE .
S/N 0102-014- 6601 ' Unclassified

SECURITY CLASSIFICATION OF THIS PAGE (When Deta Entered)




This Technical Report consists of the Ph.D. thesis of
T. S. Chao and deals with nonlinear propagation characteristics

of Lamb waves on solid plates. This topic is one aspect of the

investigation of ultrasonic reflection from and transmission i
through solid plates immersed in a liquid. The nonlinear pro-
“ cesses described here play an important role whenever the inci-
dent ultrasonic beam is of sufficiently high amplitude so that

harmonic generation needs to be considered together with the

Anadiitag y

possible generation of new ultrasonic waves on the plate.

The work reported here was supervised by Dr. Joseph A. {
McClure of this Department. He was the thesis mentor of the
author of this Technical Report. The project was supported 3

through Contract N00014-78-C-0584.

Walter G. Mayer

Principal Investigator

Accession For

[ NTIS GRA&I

DTIC TAB

August 2, 1982 Unannounced [

Justification ]

.

By

Distribution/

Availability Codes
_iAvail and/or

Dist | Spereinl

!

Al . 82 08 02 044




The prerzgzsticr ¢f mechanlicel disturtances througn
£:1i2 or fluid mediz is z nonlinear phenomenon whenever
the disturbance, or wave, has a finite amplitude. The

-

term finite amplitude refers to any disturbance where the

rariicle displacement is not infinitesmally small and

where the superposition principle no longer holds. Cre
~zrifeztaticr. of finlitie ampllitude effects icg *he fzcot that

w2 wzVes present in one section of voiums of The msilum
“ecl one anothéer, L.e., tnere will be an Interaction
petween them. Two such interactions are the <hree-rhonon
interzction and harmonic generation.

In the three-phonon interaction, two noncollinear
finite amplitude waves, which we shall call the primary
waves, intersect in such directions that they interact o
produce a third, or resultant wave. Rollins and Taylor
have observed three-phonon interactions for bulk waves 1n
solids which were chosen large enough so that boundary
effects could be neglected. Tanski2 has extended the

[=3

con

(9]

t to three-phonon interaction of surface waves on

‘s

ferystals with one defined boundary. A trhree-phonon _J




" ‘ < _ -
interacticon was detectel [ Ircwer” corn oan lfcIroplic plate
with twe Jefined boundarizs,

The analytical scluticy. ¢ the prctlem ¢f the non-

linear three-phonon interzcticn in a bulk isoziroerpic med ium
nas been obtained by Jones and Kobet:t by a periturtative
approach and Sreen's function technigues. For inhe surface
wave three-phonon interzc<ion on crystals, Tanski has
suggested several possible approaches to ctialn an appro-
ximate sclution. The first gosl of the rresent work 1is

to 7ind the solutions for the three-pnonon interaction in

higher harmoriics while propagating in a solid medium,
Second-harmonic generation has been experimentally observed
for bulk waves in an isotropic medium by Viktorovs, and
Lﬁben6 has studied second-harmonic generation of acoustic

3 _.

surface waves on crystalliine sclids. Erower” alsc observed
the second-harmonic generation in Lamb modes in an iso-
tropic plate.

Different solutions to the problem of second-harmonic

generztion in a bulk isotrcpic medium have been obtained by

LRy 7 . : Ky . 3
Kikata’ and Viktorov’. The second-harmnnic generation

L_problem on crystals has been solved approximatel)y DY ]

o B e, s




~ ) ) ) » ]

ZzoernT, wnc usel z standard persturbative technique. The

2zl of this thesis is to find the solution for
Seccrni-narmonic generation in an isctropic plate.

-

In this study a theorezical investigation of the

zcoustical nonlirear effectis for an isotropic plate will
te presented. This work wilil take a new approach for the
sclution *o the noniinear eguations of mcticn for an iso-
tropic plate. The approach involves =z perturbative appro-

ximation to the nonlinear eguations of mezicn and & sub- )

w

sequent solution by the Green's function technique. The

A . . . . .
ireen’'s Turnetion is constructed viea an eigenfunction ex-

]

h gensicr., Crarter I1 contains a review oI the Thres-pnonon
interzozTior. ani second-harmonic generatiorn Lr oz TULx medlurmn

and on a crystal surface. Chapter III has three parts, 1ne
first of which is a review of Green's function tecrnique. ;
In the second part the orthogonalization relatior. of

eigenfunctions for a plate will be derived. The last

. N

‘
.
!
| .I7ion contains the derivetions lieadlng il a
1

/7]

solution for the nonlinear equations of an isotropic plate.
This solution for the special cases of the three-pnonon
interaction and second-harmonic generation will be inves-
tigated in Chapter IV along with bounded wave considera-

ticns. The last chapter contains the conclusicns and

LFuggestions for fuzure worx,
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CHAPTER

! A. Acoustic Nonlinear Zguations of kotion

! The equations cescribing the motion of the particle

i
i

n an isotropic solid may be found in many textpbooxs™ .

-

44

The general egquation of motion is

2
07U, 3w, 3V W 2
% P il oA im o, 1. “"pa rs ]
o ..2 Tlkimo Iy 2 “ixpgrs axk ) -

and

wh i iensit; t id; C.
iere §  is the density of the solid; C;p. .

Cikpqrs

are the second and third order elastic constants, respec-

i tively. The guantity W°m is the strain tensor and may be
A
( expressed atS -
W == (U _ +U_+U_ U )
(mo 2 mg £m ng nm
50,
and U =
£m axm .

Here U is the displacement vector. 'The general summation

rule of repeated iniices is used here and in all that

f
t L B




i e e evormmcomsstomaiil

n
|

follows. Thre lowest order nonlinear approximation ror Eg.
I1-1 is obtzined when termes up to the second order in U

are kept. The resulting eguations of motion is

2,
° Vi L1 S (y _+U_.+U_U_) +EcC
?o at2 2 “ikym 3y ( M “mi ngonm Z Tixpgrs
3 o -
axk (quUrS quU8r+quUrS+dqpusr)' 21-2

Irne noniinearity oI an elastic mediwn as expresssd Iy Tg
11-2 gives rise to interactions.
Fq.II-2 may Le readucec 1o
32U 32y L a%u 32U, v
P 2 3X gx (K+3) 3% ,3 - (u+%) (*x Dx ‘Y£ i
o] 3t k k Xf, Xi fo] KO Kk C“i
s, v, 32y, 30 22U, aU.
3% oy L .2 4y (K+%+$+B) (e 0 ¢
)\kO).k ()};,2 Oxzdkk Q)\k o~ C 2 -lx..f.k Shy
2 2 2
37U au. 37U 3U 3°U 3l
oX gx axl (K_%u+B)(ax ;x ax£)+(%+B) (ax gx axz *
k™ 7k £ k "k 2 £ 7k i
aZU aU aZU U
L k). (pr20) (E— =) -
oxlcxk dkz oXioxk OLF P







2 Yikik

K =3 Cypsx ™ Crpes
A = % Cikiiki

B = % lkikyge

C = % “itigat

Ir vrazctical applications a periturbative apprcach to

irlz eguation 1s used in wnich U is written as

- -

U = UO + U . I1-4

Here.ﬁg is the solution with the right hand side of Egq.II-

equal to zero, i.e., the linear homogenecus eguation.
Thus, when we substitute Eq.II-4 into Eq.II-3, G; dis-
appears from the left hand side leaving only-ﬁ' on the
left. On the right hand side since G“ is small compared
to 6;, it is neglected from terms on the right. So the

—
right hand side of Eg.I1-3 contains terms in UO only.

{ Now, the nonlinear partizl differential equations are N
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acting as the source term for the

determined by substituting U in the 1

~
f

linear partial olfferenzicl
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. 30lving tre AcousZTic fouaTiconrnI Lo i Tirce-syhlnon

Interaction

In this sectlon thres-plircor interzcoilc:l lr loouirciic
PN 33 3 3 A ~ P ~ a3 PPN
bulk mediz anc on crystalline surfaces will te Zizcuceed

briefly.

Jones znd Xobett rave aprroximately solved the non-
E

irear eguations of motion, Egs.II-5, for a bulk meiium
using the perturbative approach and a Jreen

—_ i
tecnnique. Tney take for UO

ind e - - — — -
U = A cos(z.t-%,'r + & cosf.t-k.r! 11-%
¢ 0 ( L 1 ) o z z
and thig combination 0I w0 primary wWavei gensrzites Tle

three-phonon interaction.,

From the homogeneous solutions, which are both shear

and longitudinzl plane waves, Jones and robett consIiruct a
. > > - o o,

Green's function G (r, r',e) for Eg.II-5. The colution,

after taking the time Fourler <iransform cf zZ3.I7-f£, Ir the

infinite region can be written as

—_— o S - — -
U'(r,n) = Iv G(r,r',o) q(r',s) dv I1-7
>
Lyhere 5 1s a tensor of rank two and consists of N
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zn lndersndently prorzgating wave. Hence a third-phcnon LIS
~ P, -~ — - e e a -~ P
gersrzTzad. Tne resgranc:s conditicn L a Ztatement of
_ - - 2
energy Z2nl memenIul conssrvaticon:
_ . .
A A _I-C
3 “ s )
— - —
Y. o+ . = K. II-%
n I - -
L z = .
. e . . . . R e .
Thne rescnance concltion also givaes the l11lmit TC The

-~

ratic of the primary wave freguencies. 1In this limit we

can choose an angle between the primary waves vectors kl

—p
ani k. Sc thatl we geoT a generatel wzve In the directlion
- — —
k, = k. + Kk
3 2 .
-_—

Another important result is that the amplitude of U' is
proportional to the product of the rrimary wave ampli-

tudes.

L “e o = N




N

aches for calculating the magnitudes of surfazce wazve inter-
actions. The eguations of motion given by Zz.I1-2 also
descridbe the ncnlinear interazction of surface waves, prec-

vided the solutions satisfy a stress-free boundary at

~. (7 -1 w17 += v - + ) +

i3:m " Tim JL{ Ln,Uﬁr) C-}pqrs (“pq“,S “qusr ;
v, U _+U0_ U =0 . I-ZZ
gp rs @p ST)

Several approaches may be taken for solving Zqs.II-2
and II-11 which describe the nonlinear interaction of
crystal surface waves. The first two approaches suggested

by Tanski™ both follow the perturtailive meTrnci u

m
o

-~ R
- - .

o

isotropic bulk medium case. The third approach assunmes

that the full solution is composed of three surface waves,

two primary and the resultant. The solution is constructed A
such that the conservation criteria or resonance condi-
tions are satisfied. This gives the important resulit that

L}he acoustic wave interaction for plane waves In an

-
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-, Sslvirs tre Acoustic Fouations for Hermonic Sereraticrn
nrzr. a sinusoidal accustic wave cf a given frecuency
znid sufficlent ampllitude is introcduced inwc a ronlinear
¢r anrarmoric solid, the fundamental wave distoerzis aé it
tropagates, so that second and higher harmonlics of Tthe
furdamentzl frequency will be generated. In thls sectlon
secord-nzrmonic generation in an isotropic bulk medium an
crystzliire surface waves will be discussed triefly.
1. Acgus-ic Second-harmonic Generation 1n an Isoirorpic

Trez rnonlinear eguations for an isotrcpic Tulk solid

~ = [N 3 - - . - - - R
zre givar. Ty Zg.II-2. SuppCse tnat a CIChIrsIE-cneas
- [ = [ 3 : - 3 N H : D m o ymm

fiCcngilTutinail wave,; 1€ Lnirclucea INTo an LECoTircTic

—
medium. The amplitude U, may be written as
P 1

- -
Ul = A 51n(klx—wlt)

ané in this case Eg.II-3 reduces 10

—
"
w
Q
e
[
Q’
[
[

N
[eY]
>

where

2
n
>
+
Wl

(€3]

e

<
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f— ~ e S N 3~ S 3 ~ " PRI - % T e -
Trhis ncnlirnear differential ezuzticn nzS teen So_ved
P a3 ~ PRt ,_-? - e ot m e e o - - —~ N
arpreximately by HEikata et zi'. Trey Eniw inat the ampli-

*ude ¢f the second-rarmonic, A2' is

1 2 L2 -
A, = = (A X X I1-12
2 3 a ( o) l) !
wrere x 1s the distance propaga=zed by the acoustlc wave.
\’iktorov5 alsc investigates second-harmonic generation

in a bulk medium, Differentiating £q.II-6 with respect to

*, ¥, and z, then adding these equations, re ottains

.;2_5 —,'\ o A diend -
g, T - mep FEUD TE L e
U

2—9-)| - - — -
9. 2 V’E‘ - 17% (vxU') = vxP. II-14
5t

- - -

New we know that Eqs.II-13 and II-1~ chzracterize

second-harmonic generation waves. They distinguish the
longitudinal and transverse secondary waves, 1ind thus they
may be used to analyze the pcssibility of longitudinal and
transverse waves growing.

An analysis of seccnd-harmonic generation in an

l.isotropic bulk medium reveals three important results: -




— . L e ~ - - N . —
I 1), A necessary conditicn for azouciic second-rarmonic |
gergrzTicn .3 Tnat no dispersicrn ¢f rhazse velocity is
termissible., Trne velccities ¢f <he rrimary and secondary
Naves must be the same; that is
V{2 = V.(w.} 1T-1
L2 (ws ) z
2 ) DU 5
where V2 is the velocity of the second harmonic. (2)., If

z secondary plane wave 1s generated and V2 = Vl, then the

ampilitude of the second-harmonic wave ic

SN T o bl . - e H - .
(2J). If a seccndary plane wavs I0sg nN0oT mest Tre necessary
L - - - = - 3 ~ it

ceniiticon, (E3.22-15), tine amplitude will remair smzall.

2. Acoustic Surface Wave Second-harmonic Generation in
Crystals
The linear equation, Egq.II-2, with right hand side
terms neglected 1s solved for surface waves in crystals by
Verevkina et z27. The solutions are subjiect %c stress-

free surface boundary condition of an anisotropic medium.

The nonlinear equations of motion have been solved appro-

ximately by L%pené, using the perturbative approach dis-

cussed in Sec.II B.l. From the solution we know that the
amplitude of the second-harmonic displacement vector is

prorortional to the interaction length and the scuare of N

L
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’n the preceding chapter, we have reviewed the acous-

tic nonlinear interactions in a bulk medium and on a
crystal surface. We will devote this chapter to solving
the nonlinear eguations of motion for an isotropic solid

, & more complicatec case, through a per<urbaiive

el
’_J
m
t
®
)

el

v

approximaticn mezhod and GSreen's function Te

)

Cus

b

mcticn feor the iscircpic plate

is given by Zg.II-3. In practical applicaticons the dis-
-2 . . . .

placement vector, U, 1s small and the nonllnear terms 1in

9 . . 3

U will te considerably smaller. Thus, a perturbative

approach may be used to solv Eg.II-3. We set

— — —
u = U + U’ ) I12-1
o
—
where Uo is the solution with the nonlinear terms or right

—
hand side of Eq.II-3 set equal to zero. U' is considered

a small correction due to the right hand side of Eq.II-3.

—_ -
Both UO and U' are subject to boundary constraints.

(.
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coLuTlione Yo T The Lornogeneous . lnear ecluaitions ¢

—
denoted L . It is corvsrient tc descrite them with a
cocrdinate system as srown in Fig. 1, where tre rizte sur-
< + - N = s ~
-aces are at 2z = _d. T"ne plate distlacement amplitudes,

—
» may be symmetric or artisymmetric wi<h respect o the

3

—
~ = N T~ 3 or ™ -
plane z = 0 (median plane), shown in Fig, 2. L, Tor tre
symrmetiric case is given by
N ccgn 2 zZc_ < cc3shE 2
- -2 “r.8 ns S ewr /iy
. = - - - = n ) €XD 2
“n=z ALAS ' Sinne 2 L2 Z sinrz 4’ : oot {
tv 3 woo- = rs
“ ne ne ’

An antisymmetric plate mode is described by

2
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)

na

where A and

. e B
Nnere K. L€
X

is given by

where kt is

- S-“nqnaz 2qﬂasna sinns, 2 )
B | cosha__4a 2 2 oshs__ a3 -+ °FF =
iz R ¥ + g5 co= L_r‘a
na na
ccsha__z 2“2
, Ty A “ra” "na
X~xt-=) x - Bag ( = - 3 =
na 2 *na coshg 2 2 Z
na X__*+ s
nz ne
coshsnaz A
P e Xp if —e z I17-2%
coshs__d ) exp Kpgtte ) 1I-2%
na
B are arbitary ccnstants. ¢ is given by
‘."IS,T“.E:
- 2 2
“ne,nz freyrna TF
Tné DULK longlilTudlinal wave rnumtsr; and Sns,na
2 2
s = k - k=
ns,na ns,na t
the tulk shear wave rumcsr. The kns,na are

the wave numbers of the symmetric andé antisymmeiric Lamt

modes, respectively. For an isotropic plate, the sclu-

tions to Eq.II-3 are subject to two ooundary constrazlints;

both plate

~onditions

L

surfaces are to be stress-free. The stress

are




So.% 4. =0
e - - S
.. T 2.0
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on the planes z = -&. 1In the linear approximation these

stirezs-iree conditions reduce to

3 aUZ aUX
c = + 2 + = 0
22 ( P ) 32 3%
M E)UX BUZ
vl = = | + =0 .
Xz 2 ' 2z 3xX )
The particulzar mcies that can exist at z frezguency 7 ir =z

conditions., Irn Fig. 3, a graph of variaztions in phzse
velocity as a function of fd for symmetric and antisymme-
tric Lamb modes in vaccum for an unloaded brass plate 1is

shown.,
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Figure 1. The coordinate system for Lamb(Plate)

the

mode, 2d is the thickness of

plate.
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Figure 2. Plate deformat

ons for symmetric (s)

ané azntisymmetric (a) lLamb modec,
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where P, represenis the right hand side terms ¢ Zg.IIl-3.

Neglecting U' on the right hand sids of Zg.III-2, we obia

-
~ £ N ~ 3 ) s~ 3 £ Y1 R ~
2 set of linezr irnnomogenecus =cuztions for U', 1.,&.
2 2 2
Z.., CZa VZINN
z - c vo- C )
: ,
y - -~ G Snd - T heinting
- = T =TT - AT T - - . . B
v <z T A T A M T T A -
-7 o ¥ - s ha
—
. b PR 3 , P2 3 £ —_ -+ —~ —_~ —
rere Tigo wrich we will refer %Cc as tre scurce =&erm,

5<U U 2°U 5U . 30 . 3U
é_ a4 O£)+
4 i Xk axk axkaxk oxX g axk Xk X[

2 z -
34U 3U , 35U :U_.
S ax?k)+(s+2c)( ok =
A

3 Uok BUO

3X ,d
OXZ X
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3X; XX
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—
ow the source term F.

1o is compcsed of a sum of

products cf the two primary waves in the three-phonon

interzction protlem. In the second-harmonic generation
—

case, P.O is composed of a sum of products ¢f the iniztizl

W

I3
K3
.

wave wizh I1tself. The inhomogeneous plate e¢guationg,

—

II-4, may be written in vector form as

ytY=lg, 117
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F\:’.‘z-)for thin platez using the image technique. The main
contributicn of this thesis is to construct a Green's
function for an arbitrary plate by using the eigenfunction

expansion method.
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A

rb. Green's Function Technigue by Ficzrfunction Expansion

Kepresentation
As a brief introduction to the eigenfunction expansion

consider 0, a

- 3
nevion,

representation of the Green's fu
linear differential operator with a complete orthonormal

. . - 2. .
set of eigenfunctions, {yn(r)j , wnere

ﬂ\:» e - -
0 5n(r) = Ay Yy (r) .
Suppose we are given the inhomogeneous equation

I11-10

A - - e
C v(r) -\ v(r) w(r) ,
——
a known vector,

—— o
where v is a vector to be determired, w iz
Writting

constant not equal to kp for any n.

-

and A is =z

- -
V. % Vnn
~n= -
and v =¢ vn xn Yn
n
equation III-10 becomes
— =
Xo= A ) Yo =V .

—
Taking the scalar product of both sides with Yo we obtain

L




(.

( \ - %*9) —»-)) e d
- A - 2 b= . - 1_,‘u . "‘!r\ CI’"
n n / I b
This gives
it — -
Sy ()W) art
Vm = A=A
' m
. - . =S - > —
and - yn(r) J yn(?')~w(r’) dr'
v = -
P
n Ao~ A
n
- -—)\—-»ﬁ- e Smdnd =,
N yn(r, yn(r Jrw(r') dr
- w - A
n I
,,(""""—‘Pl —_— - —
= J G(r,r'jw(r') dar'

Thus the Green's function for the differen<isl eguation

IIT-10 is
- S -
€«©> > > yn(r) yn(r',)
S(r,v') = C - = Iiz-~-22
x%xn *n

It is important %to note that a necessary condition for the

eigenfunction expansion representation of the Green's

. . . . -
function 1is that the set of eigenfunctions (y,! be both

orthogonal and complete.




i - . . - . N N
Cr zr. IScirciic T_.z%e, the soluticrs tc the homo-
€2r224g Siiferential sguztions of motion, Zg.III-% wit
4-* - -~ . . .
g.r,~.) fe1 I czerz, wliznh siress-free boundary conditions
are ihe Lamt meoles oFf Z¢,.I1II-2. To obtain a Green's
functicn, Eg.IlI-11, FTor Z¢.III-4% one needs to consider

honormality and completeness of

Tnese Lzmk moces, _L_!. 3cth these properties present
Cifficulztlies, The key problem 1s that the Lamb modes are
2T crincgzonal. Howsver, an orthogonality relation for
- T - 5 ~ i - e 2 3 2 i Sarg - ; 3
the Lamt mocdes has besn obiained., 4 derivation of this

~ - P o I o v - L — Cas -~ - _~ -

-7 TE20rT O ZZITIZUuLTY LS B ogeriius e anld Yyt e Cg
e - R B - e D oam ~ LI - -
SO.VEed. P87 ZRNTCZESITYES CCNETYrElnTE cmpielenegs nas o

be assumed and is noi yet provatle. Various authors~™"
have 1n the past assumed completeness of the eigenfun-

ctions (plate modes) with very good results which are in

agreement with experiments. Therefore, completeness will
227 T2 azzumed in this werk. L4 discussion of comrlete-

ness i1s given in Section D also.




r.

.. Zigenfunction Qrthoconzlization ani Tomuleternes:s of the
Lomb odes
1z

In this section, following z derivaticn of

we will find orthogonality relations discuss complete-

ness for the Lamb modes with various poundary conditions.

. . . 1
raser, using earlier work by Fama >

[T

on elastic vibration

of a circular cylinder, obtained these orthogonality rela-

tions by considering certain adjoint differential egua-

tions. The propertlies of such ecuations have teen studied
in Zetall by Nalm*”hlz. The orthogonalized plate eigen-
funcTicons whicen we will thus otizin are scliutions of the
romozensous ecguations I11I-1¢ anc III-235 ari will Te usel
T conmsEtruct & Zreen's function Ior The lrnncmogenecus non-

tions in a suitable eigenfunctio=n form.
1. The Eigenvalue Equations

Consider a plate bounded by surfaces z =7 d, and
cecerdinate

assume the motlons are indepenaent of ithe ¥y

and that the y component of the displacement 1s egqual *o

zero, Let X and Zz be dimensional variables, we introduce
dimensionless variables
G " (Z,7) (0.%)
+ = . '%,2, = 2 . (U,w) = o
a ’ ! y and n
L I111-22 4
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where Cz is the velocity of dilatation waves in the infi-
nite medium, h 1s the average displacement amplitude, and
U, W are displacements in x, z coordinates, respectively.

We may also expand all dependent variables in the form

U(x, 2z, t) U_(z)
. _ ei(knx-mt)

I11-13
W(x, z, t)

where © 1is the angular frequency of vibration of the plate,
and the wave number k1 is the eigenvalue for the eigenfunc-
tions U_'z), W(z). Now we may derive the adjcint differ-
ential equations to obtain the orthogonality relation for
the Lamb modes.

The homogeneous displacement equations of motion, Eq.
II-3 with right hand side equal to zero, in components

form are:

X component:

2= 2= 2- 2 2=

9 U 3 U 3°U u 37U oW

== -u (_._. + ———) - (K+—) (—'—E + —_-“—_') = 0 III-lu’
¥o ) 3%%  a%° S 2adx
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ri component: 1
2= 5 2 = 2= )
P, L5 - w (52‘5 ¢ 2 - ) (ZL « &y -0 111415
3t ax 3z cX32 92
Substituting Eq.III-12 into Eq.III-14, we obtain
2.,
g, 2 (nU) _ ;2 (hU) huz} (I,+ )2 (hU)
dt.2 aédx) dz) a(dx) ‘ R
a(C ) 4
L }
32 hi ) 1= o ‘
d(dz)a(dx) :
This equation may be rewritten as
2 2 2 2 2.,
g, 00 &2 - wg v &) - x4 (v 55 = 0 111416
3t 3X 32 3x )
Substituting Eq.III-13 into Eq.III-16, we obtain
2
o°U
2 . 22 . 2 n
2 (8 O Un(2)(-1)® - s [Up(atin)® + —52) - h

CE N CACNCUMEIE NETIN) BB IS

This eguation will be satisfied provided the factor in

rackets vanishes for each n, that is,

L _J
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' L 2.,
- ~ 5 U

g ~L /_*’C U P T /,-,\(_'_,2) " N
c v L / n &y -‘gvn\-/\ “n \,/.2
(U (z) (~x%) +» 4% 1 =0
n n 8z n
which may be rewritten as
. 2, >
l—c2 87U ot 2
A “+ - s + — 17 =
2 Kty L& 2 ”n ann
c sZ C

»)
1
=
4
CofE-

I11-17

Using the same process, Zg.III-15 can be reduced 1o

L2 37 2 .
-9 I + Ar' - :'—’ i = K“/'
r< S 2 14 < n non
c c C
_C
where c = *c/CJ2 .

In these equations we have introduced

d’&n 3w
bp = RO ULt 53

and we will also have need of inhe norzeroc

the rotation vector

dHn . 3U_
S R S Py .

the dilatation

IT1I-16

ccmpenernt ¢f

III-20

A useful equation for 7 can be obilained by taking the

L

.
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Pad
[ derivative with respect to z and cranging sizn of Zg.II2-

_7, mulziplying ikt Zg.I1II-1%, ther add =rcse derivel
ezuazTions, we obtain

‘ZQ 2

~

- =2+ 35 -x%) q_ =o0 I11-21

< n “‘n . T -

3% c

n
.2,
)
“n 2 .2
+ o - = 0 I11-22
> ( Kn ) An

e wish To consider the vitratiors c¢f trne plzTe zac

- 2 - . jig . - PRl : LT . Ly e T e
27 eigenvaliue prot_en. However trne Zifficulty wiTrn Zos.,

= = J y

-
- - - . . X ., £ . —

~ A TT -~ - - - 2 o )
I17I-17 and I1I2-1f is trnzt beth k¥ and k- =zrrzsr ir Z:2%,

- - 25T )

II11-17, II1I-19, and III-20, To get around this difficuly

4

instead using Un and Wn as dependent variables, Fraser

chose either W_and A_, or U_and n_. He thus ottairs
n n n n

two palrs of equations in which the eigenvalue X

linearly and further, these equations are adjoint To each

other. Take Egs.iII-18 and III-21 as they stand as the

(Wn. zn) equations. Using EqQ.III-20 to eliminate W_

S

from Eq.III-19 then we obtain an expression for > 1in

r:
3 Iz

~ 7T
woe a4

terms of Qn and Ur' which, when substituted intc
4

17 gives us




i 1
N . 2..
.20 %0y 2y 2 2. T on
(.L'C ; 52“ h N - + o n I:TLLT. . II1-25
Tre (U_, “n) equations are given by Egs.I11-22 and III-23.
In order to express Egs.IlTII-1%, 22 and Egs.III-21, 23 )

vecTors:
— — a
- n _ n
%, = 2 = ,  II1-24
n 5 n
n j
N4 Yr.
- )
s 2 ‘
Goe b - N . S W z
=TS TDTZ4T T2/ T TZ oty
A 22 C
Lf?r) = 111-2%
3 A ~ L
_e 2 =n
5 2 (2 ) - —= '
z 2 <
c (o]
4 ;ZA - —~—
A > == + = 0
N . & - L,
M(un) = 32 c“ n 111-26
2 a::n 3° n 2 :
L (1-¢%) 37 + + D Un
3z )
L _J
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r— o
Egs.III-18, 21, 22, and 23 may then be compactly expressed

as

rT=> 2=
L(Rn) = k_ R, , II11-27
N S _ 2 —>
M(Qn) = k_Q, . III-28

These'equatidns are adjoints of one another according to

the definition of Naimark>-.

~
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2. Orthogonality Relations for Differernt Boundary

Conditions

An equation useful in considering orthogonality
—
relations can be obtain by multiplying Eq.III-27 by Qn

and Eq.I1I-28 by Rn.

2 2, w1 = S B AR U P
(kp = kp) 77 RoeQ dz = o0 {L(R)-Q -M(Q )-R } dz

= [bounﬁary terms] . . I111-29
Here .
1 A aw 30
[boundary terms]_l= ‘(l—cz) Q, (—22) ta, a,n - nggﬁ
C . '

-U é_ (iﬂ) + iEQ (iﬁ) 1

na3z 2 32 2 -

o} c -1

are easily obtained by partial integration. When these
boundary terms vanish, a conventionzl orthogonality re-

lation results

I11I-30

To obtain an orthogonality relation for the stress- I

free plate, of particular interest here, it is useful to

L -
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To find an orthogonality relation in terms of stress, we

use 2qs.II1-31 and I1I-35 to eliminate Lm and Cn frem

Eq.ITI-30.
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zation for the stress-free plate-.

12
raser

conciders fcur sets of possible homogeneou
toundary conditions at z =_1 for the plate: (1) U=w=C,

(2)

[§N]
(@
1]
0

=0, (3) W=g_ =0 and (4) ¢__=z =3, It is zre

22 Xz 2z g
R + - I~ o~ S - - -~ o= - - <~ =
27T 7z8€, Tng TVznlIrInNE CI TOTL ENrsrZ: =T Tne guriatg,

wricn is of particular interest in this investigation.
Although cases (1)-(3) will not be used in our calcu-
lations, we will carry through the orthogonality argu-
ment for them in anticipation of possible future need.

In casecs (1)-(3), it i

n

. -—— 3 a -3
e€asy <o ghow that




nold. The constrains for the Lamb mcies are csirecs-frese

toundaries, case (4), and it is straightforward *o show
£q.I11I-39 nhcldis in this instance. Thus Eg.III-2% is the

O

rthcgonality relation for the Zamt moies.,

2. Completeness with Different Boundary Condizions

Casting our original palr ¢f eguations Zg=.III1-1& agnd
I1I-15 into the adjoint eigenvalue form Egs.III-27 ang
III-25 accomrlishes several things. 4 set ¢of eigenfunc-
<icn solutions lg found and orthcgornellily relatlors, I3S.
III-2C and 1II1-3%, for them are provei. Secondly, =ysiems

0of such adjoint equations have been extensively investi-
gated by Naimark~”. In particular, completeness of these
sets under various boundary conditions has been studied,.

In case (2) and (3) the boundary conditions are

™,

'y

AR 53 e . N Lt s PN . .
egular accoriing to the definiziorn ¢f N r¥, ani hic

m
Y
'.J
0

Theorem Sec.Z2.l can be invoked to assert that form

.
2R =0

A >
L(R) - k

3M

ensures that the eigenvalues k_ are denumerable, and the
-
system of elgenfunctions {Rn} is complete. The compliet-
—

s theorem clearly holds alsc for the vectors Qn'

ne
L—— ek
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{_In case (1) the boundary conditions are not reguiar, and i
in case (4) the boundary conditions contain the eigenvalue
ki so that Naimark's theorem 1is not relevant. Famal5 who
has applied Nalmark's theorem to thr orthogonalized
solutions for a vibrating cylinder believes that for these
cases the conditions of the theorem may be too strong.
Because a number of calculations assuming completeness
in case (4) have yield good results for the cylinder,
Fama conjectures that this set of solutions is essentially
complete. Based on close analogy between the plate and
the cylinder, we too will assume completeness for the case
(4) boundary conditions.
4, Expansion of an Arbitrary Function

In Section III-C, we briefly summarized the use of
a complete set of orthogonal eigenfunction in construct-
ing, through the Green's function, a formal solution to
an inhomogeneous differential equation. Essential to that
argument is the expansion of an arbitrary function in terms
of the set of eigenfunctions. The property of completeness
insures the existence of the expansion and orthogonality
is necessary to find the coefficients in that expansion.
In the preceding sections we have derived from the Lamb

modes a new set of solutions for the stress-free plate.

We have developed orthogonzlity relaztions for this set
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and have argued that they are complete., In this section
we will see how to expand an artiirary function in terms
of this set.

From Eq.II11I-24, the new plate functions are

- wn Rln — nn an
Rn = An = ’ Qn = = JI1-40
';7 Ron Un Qn

in which A and Q_ are given in terms of U_ and W_ by
n n n n
Eqs.III-19 and II1-20 respectively. The orthogonality

relation for cases (1)-(3) is

- 1 = 3 -
=f2y (R Q7 QRo) dz = 0 if m # n III-41

and for case (4)

au
1 _rl 2 ony _sn2
5y (wmdxzn-cxxmun) dz =f_ {We (o, *2 az) (a-2c
oW aQ
’ m _ 2 4l 2n
az) Un} dz = ¢ f-l d le(an+2 FY2 )+ (Rcm *
3R
L 2 —a—i—“l) Q,, }dz =0 if m#n II1-42
nanadis

SO VES
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i .
in which Egqs.II7-31 and 1II-35 have been used.

P.{(z)
- 1
P(z) =

P2(z)

in which Pl and P2 are arbitrary functions of z. Because

-> . :
the sefd { Rn(z)} 1s complete we may write

R

-— = "') ln
= = =4
P z a, Ry a, ITI-&3
n -
Ron
and the coefficients a, can e found using the orthcgo-

nality relations. For cases (1)-(3) we have from Eq.

III-41 that

fl (PyQy, * PQ,,. ) dz = £ a fl(R Q,, * R, Q.. ) dz

-1 Y171k 2%2k n n=1'"1n%1k 2n~2k

= a .fl(R 9,,. *+ R.. Q.. ) dz
k" -1k "1k 2k *2k
whence
1 1
o Pkt Pale) 92 SR (BGIRG) daz

a

k

i} 1 =l \ ___];A
L7 (RypQu*RppQpy ) dz fo (W o 2 kU ) 4z




—
i
Similarly in case (4, we use the orIncgonalizy relatlicr
Zg.III-~2 tc otilain
3Q A, 3F.
-1 2% ‘ 1
‘ P Lre——) + (P.+2 =) Q... dz
LB (Qyras) v (P2 5750 Q.
g, = —
Kooa ‘5 (o ez aQ2k> f (R 2 CAByS 4,
=1 1k ik ez 2k sz 7
T auk aPl
. - / 1
L Lr +2 + (Pt 2 < U} dz
~1 71 k 3z ) ( 2 3z ) k-
- 3U - 3% SeeTTe
nl r k }( ‘K
W L F¥2 =) T = + 2 —=) U, Jdz
Ll b k( K az) ( c“ 2 ) k-
The U, and w. are krnown functions, The Lamt mizs:2
Z¢.III-2, and lly and Ak are rezdily calculatea Ircw
: i _

them. Thus given Pl(z) and Pz(z), *he compcnents ¢ T,
the integrals in Eq.III-44 and Eq.III-45 can be evalu-

ated and the coefficients a, determined.

k




rmzel Solution of the Inromcgeresuc Flzte ZTouations 1

. . . —_—
In <hic section, we will use The gig=niurctlicors ?q
- .
ana <« N - : - o
n to solve The i1nhomogeneous nonlinezr egquaticns,
£gs.I1I1I-8, for an isotropic plate. In comporent form, we

may write Eq.III-6 as x component:

2= 2 2‘ 2= 2=
370 - U’ PV 37w = -
? = - 2 (&= ¢ ) - <<+ J (=5 + S=P%) =P I1I-46
o .=z -z -2 =2 323X ple!
o cX cZ X
and z component:
L 27, L& 2=, L 2T L2
W S W 3 W ! 3 U S W - - —-
-0 + - I{+— - * — =F R
S5 T2 (=—3 = ( )<5 =T T o=z TP ’
> oX Z cZ
Ir Section D, we manigulzted the homcgensous verzions of
these szustions, Z¢s.III-1% and Eqs.III-15, into the

homogeneocus adjoint form Eqs.III-27, III-28. In this
section, after dealing with the X and t dependent vari-
ables, we will carry through essentially the same manipu-
lations on Eqs.III-4£ and III-47 to obizin arn anzlogous
innomogerneous adjoint for
If we assume an exponential dependence in x anda t

and take

U (%,2,%) = E'(z) e1(k'cose X-2'%t)




e ITI-4c

Tz TS =, . _ilk'coseX-u'T) e

w
(e

Qs
(W]

Later when we examine the source function P O(x,z,t) We

A - -
v

)

vy
)
‘
.
3

ot

-~
-

cf the form

D
[$]

(
i

- IR

and the valldity of E¢.III-4% at all x andt will imply
that

k'cose' = k& , w" =

Trus tne exponentizis can be <diviiei cut, and we zre lef-=
with only the z-dependence of Eq.III-L49.

in anlogy to Egs.III-19 and III-20, we define

[P )
A = iU o+ ?,—z‘ 111-50
2= ik'wr - 2= I11-51




rin terms of which, after some manipulation, Eq.III-49
becomes
2, 3n' . 3% 2 2 2 Pyo
(1-c7) 5z T >t W'TU' -k'"cosTE€'U' = - —>5 III-52
- 32z 90 C£ '

Similarly, Eq.III-47 can be written as

2 ) 2 \ P’

1-c dA' L 3 W' | Q—ZW' - k'zcosze'W' - _ _2z0  III-53
2 32 P 2 : 9 % 2

c oz c oC c

-

Also, in analogy to Egs.III-21 and III-22, we can obtain

equations for Q' and ' individually:

2 2 2P
o O C_)_L_ |2 2 ' [ j 20 _3n rtpDo
S5 + (%5 - k'%cos®8') n 5 5(- —5,- -ik'cosé Pxo)

32 c ocz

ITI-54

2, 3P’
é’%"+( m'z-k'zcosze') At = ylz(‘ an ’ik'cose'Pio)
dZ C

o)

III-55
In order to express Eqs.III-53,55 and Egs.III-52, 54

in eigenvalue form we define

,

2y 3 (A" W’ @' o
Ao (1-c¢%) az(cz) A 2 g
L(R') = I11-56
-82 (a_)_'_) - (D'Z A'
L az2 e c2
L




~3

20’ L wf,
/\é < 23‘
v(g') = oz c I11-57
L2
(1-c%) L« 200 o 4y
32 2
ol

[

Then these pairs of egquations may, respectively, be writt-

ern as
_P'

A - > 2 = 1 20 —

L(R') -k'“cos“e'R' = — = PI

$cre 3P
: ——== + ik 'cosO'P’
[ IV A X0
I1I~58
1 6Plo )

A= " P 4 . =(—== -ik'cos0'P! ) -
M(Q') -x'“costery = ——=—lc° ¢ 2001 = Prq
?oci -pP!

X0
I11-5¢9

For convenience and to emphasize the analogy with Egs.

111-27 and 1I11-2%, we denote the source vectors on the
-— —
P, and P

1 11 S° that Egqs.111-5¢ and 111-59

right side by

become finally

L(R') ~k'“cos“®'R"' = Py I111-60
A = - -
M(Q') -k'zcosze‘Q’ = Piq I11-61




. - + Ac 1
r&orSLGer;ng EQqe.I11-27 ana II1I-2%
/v\ N },2:“ G -
A(Rn} ".n n - 111-2/
@) 2T =0 1112
Q) -k Qn = I11-2%
and Ecs.III-60, 61 togetner, we may row easily cbiezin a 1
series solution to the inhomogeneous eguatior. fcllowing
the procedure skeitched in Section III.=. We have argued
N . . a -
in Section I1I.D.3 that the functilon En are complete s0O i
. . ——— . ) ;
thzat both the given source function PI an the desered
- . q - -
csolution R' may be expanded in terms of them.
—_— —_ —> R 4
j =% R LY =T 3~ » TTT_42
I'JI és an Kn ) kR pa un R, I111-2¢2
n Y.
Inserting Eqs.II1-62 into III-60
aY —_ 2 2 — -—
< b kK - ! sTe' z R = R
L( = b, n) k'“co ( o n) Loa, Ry
n n n
A - > o — —_
Z © L(R - k' s76"' K = Z a_k
o nt ( n) co n} n n
n
. . . - /\-* -~ .
and eliminating L(Rn) through Eq.III-27, yields
Ib (k2 -k'%cos®e')E_ =za & .
n n n n ‘'n
n n
L _
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a
-
) " e
== III-E3
z 2 e
k> - &'"cos &' .
) —
The coefficients a_ for the known functlon r. may be
ct-zined frem Ec.III-4L& wnen the boundary conditions
ccrrespond toc cases (1)-(2)
1 -~ 0 LT e
Z- (Pt T LU ol
_ 1 L Il n Ic“n) N TmT_4L
Dn - 2 2 2. . -——_ T
'(..- —'{' COS :":' . pa » -y \ -~
n Joia - Sz - v ) az
SR S ~

t
M
—
4

- - R P -
Irom Qe Ll-~> 10T Cas

(@]

al or
1= m I1 a
f_fkll(nn+2 az)+(P12+2 32 )UA] z

b = <5

n 2 .2 2 ' aU A OWT
¥ -k cos™8 fl_'l[! (Q +2:__l_n_)+(_.l3_ +2 ;?)Uw] dz
n m oZ CC s 4 i ]

I11-65
Finally, we have the solutlon R' of the inhomogeneous

Eq.III-60 as

R'(z) =n » 3 e - . K,
cos . - - : o
~-1(Nnon 2 AnLn)] d
¢ TTT-64
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The solutions of Eq.III-60 and E=qg.1I

dependence, may now be written as

. Zresn'z TurcTicns fcor mhe Lornllilvezr FlaTe Zouztlors
Alinough Zg.iIl-f€2 or III-£7 az= 1t stands if z sclu-
Tilcr for the nonlinear plate ecuation, 17T I1s useful ¢
congiruct Sreen's functions Icr The plate. TFor toundary
el e e e e 1) W r
cornilTi °ns cases (1)-(3) where
c — —
. 0 R_ e Q. dz =0, forn#nm Il
-3 T n
iz =<re orthogonality relation, the Green's funcIizrn can
Te wriliten Zown immedliztely. They are tThe dyecs
—— -_)*
= (..\ oAty
:v ..n - qn-u J
L s - -
2. 2,C > = <« - -.=-CC
- ~ -
” T (k% - x'%cosfer)
n r.
— —pt
Q (z) R (z")
> - n n
N -
:(Q'Z ) - < ;:—-69
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- ~ - o o~ 3 N - / \ -2 «
Cr zTregs-Iree touncarles, case (~), an orthcgcocrallly
rzlztllon is
: 2 .2 Ong
- ’ N - { - - ~ - N
co-c...U)dz = ¢ Foo(a., %2 -
. - o~ ao - ~ FANEY o -~ ~ 7
-1 S xzn TXXTOn vol YUimttin sz

V1 édz=C ifn#nm II11-a2

&% was shown earlier. 7Tinls mzy be exyrescsed as an cocril-

nary vector product like Ec.III-~1
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e 2 Il =2 Iir o om III-7%
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1T 1S sTrzigniicrward 0 snow in terms of I arnd-J_,

the approprizte Green's functions are

IIZ-7°%
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ard , finally, <he soluzions ¢f the inhomcgenecus Zgs.

I1I-60 and 1II1-61 for siress-free boundaries are
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CALCULATICZIE AND RESULTS

in the preceding chapter, we formed a formal sclution

escribpl

-

g the vibraztions of

3

[o )

for the nonliinear eguaticns

& homogeneous plate. This solution takes the form of an
infinite series Eqs.I11-66 and 111-67, anc may also te

exrressed in Green's function form Zgs.1i1-77 and I1I-75.

Formel, infinite series solutions are praticzily useful
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consider both these possibilities for nonlinear plate
solution formed in Chapter III.

Although an extensive numerical calculation is now
possible, we will restrict ourselves here tc a consider-

-+

ation of the symmetiry progertie uticns arising

[

I Tnée €0

¢

in the three-phonon process and in harmonic generation.

Experimental measurements on symmetry properties with which

we can compare our results have been taken by BrowerB.
Under certain experimental conditions, a mechanism

exists for isolating a single term or limited group of

L -

..514,..




r%er:s In oour infinize ferles plete sclutacong Iormel In tne
last crhazpiler. From elther Trne serliesz cor irgen’'s Iurncilion
forms, i1t i1c seen that the sSeriecs ccelllclerte ccrtalin a
factor

Iv-2
in which kX' ané cos0O' are determined by the mcmentum and

relative angle of the two input pump modes. kn is the

mzgniiude of one of the allowed modes of the plate as dis-
cussei in Sec. II.A and illustrated in Fig. 2. Thus when
the combined momentum of the pump modes is close o that

b PR T
- o Thz™

D
O
2
1]
N

P RPN
Cwel P.a

)

o
o}
0

[N
®
i
-
jO I N

and the factor (Eq.IV-1l) is large, the nth term can be
expected to dominate the series.

In this chapter, we will study the properties of a
single term in the series solution with two objectes 1n
mind. Tirzt to determine the symmetry characteristics of
this term assoclates with the pump modes. These results
are of immeciate interest in the present investigation.
And secondary to simplify and partially evaluate the term

in anticipation of future numerical evaluation.

In the following sections five cases will be studied.

-




1
in
[

symmetiric-symmetric, symmetric-symmetric and harmonic
generation for symmetric and antisymmeiric pump mcdes.
Nuting that these processes are all generally quite similar
we will trezt the first two in great detail, The last

thres-phoncn case followes easily. And recalling trat

harmonic generation can be regarded as a special case of

[N
[ED

tnres-phonon interaction with collinear pump mcdes of the

same freguency, results for these rrocesses can bte written

<~ e s A} Y - . . A . .
dewn witrout much zdditional work.
L. Trhrze-Froncrn Interac=tion in gn Iscotroric Flzze

Tz investigzte the three-phonon poriisn cf the Iinzer-
-
action, two primary waves must be present. Hence U, des-

cribed in Chapter III is now composed of two initial Lamb

modes.

= A Ly + B L

o 71 o T2

— "‘} —
UO V-2

where A  and B are constants, and_f; (n=1,2) are sCliu-
tions to the linear homogeneous equations of motion with
the stress-free boundary conditions,

In the following subsections, we will study three
combinations of the two pump modes bases on their

symmetry characteristics.

L .




(WA
=1

1. Threz-pheonon Interactior of Twe Arntisymmeiric Lamt
Mocdes
For the three~-phonon interac*ticn ¢f ITwc aniisymmetr
— N
Lamb modes, UO is expressed as
— —
o= A
Lo o] Lla Eo L2a
” Ao Bo
cr U = - — Ak. E. i(Z! _ -C! H! )- tk ., T, (I -
o n la~la ( la “la‘la’ n “M2a72z"'"2a
A E
o Q c . _
cr H:! X — A E. (I, -C, H - —= Aa. E.
“2a"2a L CRPR R PR SUL TP ST n 92252
A
(I..-C. H. )z
ca cad ca
' sinhc, _zZ ccshqr z
- - Y- —_ la
where i = I 2 -
n cosh c n cosng__ G
a 9na 2 *na
sinhs_ z cosns  z
H! = —_—na_ H = ol
shs__d n coshs_ _d
na cosh na a 1S,
2
2 S 2k
A= 9h2%na c - na
“na 2 2 na Lz 2
+s PRl
na "na nz ~“na
g = otk coséx- t)
na

Disregarding "self-interaction" terms, terms with Ai or

—
Bg, Po may be written in component form, witin all sub-
scripts a omitted.
L




2
d- - - - .
P = =__ -~ Tt J = ' 1 17 T Y.
Fox T 7 (8iTilpmeglyrpmegiingre Iytpreiily
H.I + ‘Bl+e . H. = IV-3
egtiyIomeqtiFoegiNy) V=3
d2
= —— G \ 3¢ ' - Tr
oz © 7 (gy I Ip7e T 2,781 H g I R va I R
g612H1+g7HlHé+g81iH2) IV-4
irn which the constants eq-eg and g,-8g are complicated
excression given in Appendix I. We chose €,=0 and €.=0 for
Era’ the confilguration of the three-thonon inzterzciion

is srown in Fig. &,
—_— e
Next we need PI and PII’ Eqs.I11I-58 thru III-61,
which are combinations and derivatives Pox and Poz' It is
- —_— .
the components of PI and PII wnich actually enter our

solutions, Eqs.III-71, 72 and III-77, 78.

-t
— PIl 1 0z
1 = = g 2 2
C”c 3P
Pro 072 —2%% + ik'cose'F
VA 00X
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Foo2 o 4 .
L -POX /}

And for stress-free boundaries, case 4, the orthogonality

relatior 1<

LJI11~87

B3]
e

N

'—-» —
g I «J =0 for n

-1 n m m .

Also we select the appropriate Green's functions, Ecs.III-

n

7% and 111-75.

\

—_ -3
- Rn(z) Jn(z )
Glz.z') ::E: A I
Tn(kn—k cos<6"')
——p —_ 3
<> Q (z) I (2")
H(z,2') = Z 5
n ' a2 g
Tn(kn k'“cos“8"')

—_—
Since Lamb modes, Ln' may be symmetiric or antisymmetric

with respect to the median plane, so the Green's function,

«>
G, is composed of a sum of symmetric and antisymmetric

€« <>
Green's functions, GS, Ga' Hence Green's functions for

a stress-free isotropic plate may be expressed as

[
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= > — ¥
r = C
P > D ns Jns ra na
3 = G°+:'a =z +7T
=~ e 2 2 2 na z 2 z
aie MmOy 1 1~ t - ™~ /. P | Ay
-K oS T o - S
‘ns'fns c ') rz “na cos v
V-5
— ._I..»;(- —_— —_)%
“ns Ins “rna “na
- = = W = -
AAS‘AAa Z 2 2 2 +<. 2 N 2
nS ma 3 1 ] na 1 1 L] ]
T X k os (% -k 0s“6
I'.S( ns c & ) Tna kl’l c )
Iv-6

0Ting that the orthogonality relations for eigenfunctions

.-

with mixec symmetric characteristics nave vanished,

%
(@)
4
O
a]
a
' '
’, ]

These results z2ssure us that there is no Green's function

with mixed symmetric characteristic. Finally we may write

the solutions of the inhomogeneous eguations as

- 4 t 1 L]
TLiKesse-e't) L1 7 2 T s sy
" -1 s "a’ 1
_—) . .
. i(k'cos®'x-0't) _,1 5o '
Q' e I (Hs+ha) Pyq dz 1v-8

To evaluate the integral on the right hand sides of
Egs.IV-?7, &, first we need consider the integral relations

L
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! - . ~ N . N X . N . . i ;
of funcilons (I, g£_) with symmetric characteristics. For :
TWo symmeIric or antisymmetric functions, we have the }
relations ;
:
nad -
J fo{sym. wrt., 2z) f_. (sym. wr=. 2z o :
£ (sym ) £,(sym 2) gz 7
4
a o = v~ s ~ ! Lokl Aidag! IS el ~ <
I al(antlsym. wrt. 2) g lantisym. wrs, z) # o,
and for a symmeiric anc¢ an antisymmetric functions, =the .
q
integral vanishes. ,
=3 [ - PR v ~ =
i g . {zym. wri. 2) gn(qnulsym. vrt, ) dz C
rer.ce we obtalin, from EZgs.IV-7, &,
——
5 R hBk constant 1
> i(k'COSQ'X‘/' "t) nS( ns)( v )
R'e = =Z iv-g
ns my (12 V2 2o 2.2
T -k os~ € Cc™a
ns(xns ¢ ) o
\
hB)(constant Z
— L sy ! Qns(‘)( v &
o, _i{k'cose'x~n't) _~ .. e
@'e =Z IVv-10
ns L2 i, < 2., AZ.z
T' (k5 -k'“cos®e"', 3
ns " ns e
in which
constant 1)=/ C_.-s__C' )J)iK_ P +(k'P__+iP’
( “ ) “-1{(qns ns - ns ns) nsFoz™ ! cx oz)

L

(1;.-Cr E' ) zz

ns ns ns
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cors-ame Z) =°f Siv o~ PO N A T PuCRey
.conszant z) “-l"""ns "ne''ns’ [ ~* Snsfon GnegttTES )rC/j
+ [kz +(l-202)02 j - [xd c! -
ns * ns cx ns rnsTrs
. 2 A
_ — I | - ]
(1-2c >qhsbnssrsj fox ns - =z
2
2k ZC_ S
_ ns , ‘ns T ne
and C T —— C =
s - > ns - -
k< +s 25 +s”
ne " ns “ne “ne
sinhs =z cocshe 2
g nS
H = H' =
r.3 ns
51nnsAsc sinrs 3
s innhg z cosha 2
“‘ns ‘ne
I z —— I =
ns ns
sinh d sinha_ _d
9ns h-ns

The immediate results are that the resultant wave
i zymmeirlc witn respect To the median plane and tec-
ause POX and Poz are all proportional to the product
of the primary wave amplitudes. The solutions are
. 2 ' 2 200y
summations over ns and have (kns-k cos“8') in the de-
nominator, if we consider k'cos6' close to an allowed

mode kns’ the summatlions may be represented by one term

Lwith knégk'cose'. Finally we may find by comparing the

i




Z o~
- Z% -
- .
procag£ating terms on ooinh =fldes ¢f Zoes.IV-G, 10,
£'cosb' = £, T ¥k _cosf and 2wyt W,
—+ < R <
or in vector form, we write
-— —_ — —
X' = =

1 = -+
k £q k

)

Thcse <wo equlvazlents are the energy and momerTull CCnSer-
vaticns.

The momentun. conservation also limits the Irecuency

[{1]

range of the generated third phonon, Tne limizis are

&

I3 l WZ T /~l WZ\
(7 = —') < = <{7= + T
Vw L Y o~ L LI .
BS < N 2 &

. - — . .
T @ is the angle between ky and k and (w3 V3) lies in

'

this limits, then the pump waves will yleld a generated,

. ; . . . — .‘A — — .
cr third, wave in the direction kl ok, T ko+ X, 18 an
< ~
allowed mode in the limits.
Z. Three-phonon IrTeractlion of a Symmeiric and antigymme-

tric Lamb Modes

—>
We may write UO for a symmetric and an antisymmeiri

Lamb modes three-phonon interaction as

—_ > >

UO = AO L + L2a

to

1<
o s}

P DS,




R = T _C' = ) + k-' oS ] ? -
~ - - ~ o N~ Bl e - o~ -~ -~ e / -
> T ls 1s''.¢ 2'Za TZa2z”
- C L AY (- o~ AY A
Cmil. = .., v o (I, =T = =z
[_; is Tlsisy ~'"Za Tca 2a.]
in owrnlicn t, = -a A¥, E._1 . = ~-1Z Lk, =
1 Fo1e"1s 2 o™t zaTza
L. = -A_Ag, _E- . = -t Az. E
3 0 *lsTlis u o "F2av2a .
—
Scurcs term ?o may be expressed in compecnent fcrm
P o =e . I! 1! +e_TI e.I1. 8l e, I. H_, +re E! I! =
% T171s72a T271s72a 37182z TLTls2a TstleTia
~ + o bl | A ] + kS o
Sehaglo ety Ry i oy

anA ol = T o+ T I i :' ::’I’I“‘I
anc Fo % 81111 5,7 8015105783 HoaTE I, e,

= _s
+g,1,_H Hy H! +g-H:_H
€6-2a"1s" 871522788 15" 22 .
The process to find the solutions for this case [symme-

tric-antisymmetric) is similar to the previous case
(antisymmetric-antisymmetric), we need only write down
the results without any more work.

_
ant 3
Roa (Bhkna) (constant 3)

e o=
Z iV =a.

na oq: (kzﬁ—k"ccsCE’) P :

—
I

o t(k'cos®'x-0't)_

™
Do

- -
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> lliteesd -ttt -~ “np T CETELEDL O~ -
« € S - -
- - - " o~
na ™y 7 & (SRR S I ~L £
-v_’_!.’.w'_’:. cCoE - ~ -
o i (O 4
ir o wnhlch
3
-~ - 2N N ~ ] R — - ' '
(conszant 2)="*{lc__C__-s__cr )z T (I)_-Cl_E' )
RS na n& rna na na ¢zZ n.a na rza
(L'P__+312' 11 dz"
nX oZ -
. - ~ 2 - -
{cornczant ;)zjl{(T -2 = [li': T oTiiet-llg P! )
- na rna nz ne 02Z “na CoX
’ [ 2 T Ja R R | .2 2 - - D] A
- » - — -+ . ~T —~ - ~ - ] -~
z 2 na na na = = S Z V.2 =
- -
- P ~+ 3 RPN 2 - roa- Tt = I -t =
rTom above two ecuations, we Iing irnaTt K’ oani o' ars

antisymmetric with respect to 2z, and thelr amplizudes are
proportional to the product of the primary wave amplitude

also by comparing the propagating terms on toth sides, we

ottain

- -~ —
k' = + k w' T e, ot

1

Hence a symmetric and an antisymmetric Lamb modes may in-
eract to generate an antisymmetric thlird phornon.
3. Three-phonon Interaction of Two Symmetric Lamb Modes

For the *three-phonon interaction of iwc

{1}

yTIET

H

L
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' Lamt moles, U s exgreszed as
v
—_— —— —
v =4 L + = L,
c o Tls 2 TZzs

O
"
wt
O
i
Vammat
o
T
—
(5]
L
]
O)
- -
o™
-
+
N
)
(3= ]
\
(8D}
3N
N/
)

ten in component form, with all j

2
T o= Do (e Ir'Tl+e T +e TlE'+s T = _+e HlTl-s . =E.T_ - i
Towo [z 'TITitrTveiiTei T3t Tetivz Tivitz Tovite
? o
{l
? e Hl¥lee H H
7Lz C12>
2
e LIl+g II +s I Hitg, IE +g 1 8, +g, I 5 +
oz~ 7 (81115 e T I eI HoTe IR rEcIon  TEgl

The solutions for this case (symmetric-symmetric) are

—
R (Bhk__) (constant %)
— ns

R'e

i(k'cose'x-m't)=z

Iv-13

ns 2

?OQXO
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~)

-— \ —~ -

, <,c (Bh) (corszzant £)
=, lnt'coEetu-l'T . o s
« = S

TSP (kS -x'“ccsfe’) §.Cfac
ns ns o =z .
TV =14
n ownlich
(ccnstant $)=.7 (1gl-sC' iEP +(K'F__+1iF! It-c'=',) ezt
/) bR - oz \ oX QZ)( /.

2,y_2 2 ~ 2 5
(1-2¢%)g ] PI" - (k C'+ (1-Zzc )cCS] T _HEr gzt
- ox n N C¥ -
—— —
Frcm oztove Two eguaTtions, we Tind That R' and Q' are

symmetric with respect to z, thelr amplitudes are gropor-
tional to the product of the primary wave amplitudes, and
the conservation criteria also hold., Hence the three-
phonon interaction for two symmetric Lamb modes will

enerate a third symmetric mode.

m

Now we may conclude that the three-phonon 1lnterac-
tion for case (1) (two antisymmetric pump modes) or case
(3) (two symmetric pump modes) will creat a symmetric
resultant wave, and for case (2) (one symmetric and one
antisymmetric pump modes) will create an antisymmetric

resultant wave suc)zct to conservation criteria laws.
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To invesiigate the second harmcnic generation, we need
—
only cre pumr mode, hence UO 1s now expressed as

A L

=3
1}

where A iz z constant, and L is the Lamb mode. 2y compa-

risicn, this expression is a special case of Eq.IV-2, hence
the second harmonic generation can be treated as a specizl

case of three-phonon interaction with collinear pump modes

of Irne csame Ireguency.
1. Symmetric Pump Mode Harmonic Generation

For tne symmeiric Lamb mode second narmonic gernerazicn,
—>
Uo ig expressed as
- -A A

. - ~ A
U =1L = — ik ' -C! H' )E X - - -C__H E z
o “ns h ns( ns ‘ns ns) ns n qns( ns “ns ns) ns
where A is a constant and
10 ot
E - e.h\KY:S). wt)
ns .

—p
Lns are symmetric solutions for the linear homogeneous

equations of motion with stress-free boundary conditions

at z = t 1 of an isotropic plate. Considering "self-
—>

interacting” terms only, the source term PO may be written

L _J




in comrcnent Iorm as, with 2l subscripis ns omitted,
A -
= & ¢ =t Tl TrErer Hrien 12+:_Iﬁ*b Hz) Iv-13
cx < i 2- 3 ~ s 6
-
L &L 2 ~
D = b » -—\4 - -;— -y 1 +“ LR &4 Ty hY -
Py, = Tz AT E (07_ I'+b H'I 091 H+b, oHHE ) Iv-1%

in which tThe cornstants b, -b

17Pyq are complicated expressiocn

given ir Aprendix II.
Tne procsess to find the sclutions for the harmonic

generatiorn is similzr to (also simpler than) the three-

-~ - ~ ~ ~ -t I N ~ 3~ B P
TnorIn cages, we may [uET wrliite cown the resulls,
— -2
- 2 ol - \ - b
= (iv  BA"Z%){constant 1
ns ns

ns' 'ns 0%
2.2
—_— .. Q ¢ (A"ETiB)(constant 2)
~ l(K‘X—’_D"t)_ _ Lt
« € -l PO B,
ns ' 2 2 2
Tns(kns k') ?oczh
in which

102 2

(constant 1)= [i (C81'3+C2H‘3+C3

B'+C, T H +C HH

+C61 52+C7IHH'+C1"IH) az'’




- -~ ~
b ~
-~ -~ Ve ~ [ T NToy o - 4 |2 ~ L -
(censtant 2;=7 Cel'rCy ot +C VICENYeDL B el LI
- g 1 L i 1z
~ L] ' 2 ~ ' ooy LR}
+C, I IE+C. JIHTAC JIRE'-C0HTEY ) dc
< L2 -~ Py

the constants C,-C,, are complicatecd expression glvern in
L Py
Appenclix II.
- ——

from above ecuaticns, we find ' and &' are symmeTric
with respect to z, and their amplitudes are proporiiconal

2 . . C - . - .
to A7 {the sguare of the initlial amplitude). The =clu-

R . . o 2 P2y s

tions are also summations over ns and have (k__-k'7) in
Tne Saniminztor, LT we coneglier ' cleose o zv ozllowed

mode x__, The summaiions may boln e reduced 0 ore Term
witn k' = kns' rFinally by comparing the prcragatin
on both sides, we odbtain

k' =2kn8 and w' = 2w .

Thocse are *he statements of energy and momentum conserva-
tions, furthermore those conditions may act as the necess-
ary conditions for lLamb mode second harmonic generation.

In compact form, same as Eq.lI-13,

——la,




fcr an antisymmetric initial Lamb mode X<
—_—
procedure for the symmeiric case. The Uo

as

—_ - A
T =L = :l - v :l _:E
Yo na = T ¥ne (raCna na) (71
n
A
- - E -C__E
n na“na ( na na na>
= .
Tre Zource *tzrm F, may be written as, ¢

crly and with axl su

ic generation

rcw is expressed
)
X
idering "self-
rlrTs na

2 5
. 4° 2.2, 2, ey 200 120 tuay w2y Tyt
Pog = -3 AET1(0) 1" “+p I H ' +D 0" "+, T+ D THrEHT)  IV-13
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The solutions for this case are
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g :AZ':z 3 leons™ + ) o
— L ns = SpgThcOnSrant =y
- - T=Z
ns o < L,,Z CZ\
N S ) fg :
n which
e "l |3 --|3 |2-' ~ rye 2
(conszant ) = ‘1 (CaI *C 5 +C31 E'rC I'H'TH
AR I § 2 T' v2 T LI LB 4 3 L}
C;T. H +C6.‘. H +C7.th +C].I Lh) az
. "
~ 13 - pyr? - v|" ~ ~v|3
onstant 4) = I'7+ I'E'+C ., I'H'™+ H'-+
- v oays2 ——— L2y
CLo-ITI'"+C., I'"IE+C, ,I'"H ™+, IEE""vC_ E7¥ )4z
\“_/-, A g 18 e L/
we mzay fin2 fronm apove eguations That =' and ' ars symme-

tric with respect to z, and their amplitudes are propor-
tional to A2. By comparing the propagating terms on dotr

sides gives

Hence the second harmonic generation by an antisymmetric
Lamt mode has symmetric characteristics.

We can conclude now that a sSymmetric or an anti-
symmetric pump mode will create a symmetric second-

harmonic bul no asymmeiric harmonic.

- .




C. 3oundecd Zumr Node Approximaticn

In the preceding sections, we rave discussed several
cazses o Ihres-prncnon interaction and second-harmenic
generaticn with plane pump waves. In reality, however

Clane waves do not exist, hence the three-phonon interac-
tion or second-harmonic generation is generated in a
"exciting regicn” by bounded pump wave(s). To introduce
the bounded pump waves in the nonlinear equations of
motion, we have tc multiply a function g(x) on source

-
term PO. g(x) is zero outside the "exciting regiocn", so
it can modify the sourée P, to have nonlinear interaction
only within a region., Thus the modified eigenfuncticn

equations mzy be expressed as

A - . . , , —_ ’ :
Iv-21

A~ 3 f ] ] — N +}( 6) (Q) . m):

M(Q.)el(k cose'x- wt)=Pi(z)g(x)el Bkl £,C086)x- (2. + 8)Y)
Iv-22

|
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where T on
F'{z) = 1A =
7 AL & <=
90\, c S
“ HO“ +ik'cos€'?
24 o]
) oP
— 1 == (—2%_ _ik'cese'P )
P‘(Z) - CL cZ 0Z
m 2
3.2 o
ox
A\ —— A > ~ 2 e 4
L'(R") = L(R")-k"“cocs“6'R" :
N = A~ = 2 oo
Vr{gt) = M{QY)-k'TcosTey!

For second-harmonic generation case, we set 6'=0, 8=0,
and k1=K2 in .g¢s.IV-21 and IV-22.

Taking the Fourier transform of Egs.IV-21, one obtains

Va e 3 1 1 -3 4 A i .
J—\JO L'(R‘)el(k COS@ +k)Xe lu)t dX =";.oc P;.:(Z)g(x)
-
el(kl+kzcosc+k)x e—l(“ﬁ+aé)t dx
or
L .




IV-23

where’g(kl+k2coso+k) is the Fourier transform c¢f gl(x),
and % (k'cos&'+k) is zero when k'cosé'¥-k. Tor kf-k'ccse',
we have %kkl+k2cose+k)=0, because Y(k'cosé'+x)=C. For

k=k'(-cos6'), Eq.IV-23 may be rewritten as

A = N — ~ RER N " =
L'(R') % (0)e 1Rt Pé(z)g(kl+kzcosa-k'cose')e ‘<”1+J2>
:‘ -23)5
F
‘ wnere
§1k1+k20056-k'c056'%=£: gtk TE c0s-n 2Cse )Xg(x)cx
Iv-24

The integrand of Eq.IV-34 osclllates as one integra-

tes over x. The freguency of osciliation is determined

H

by the coefficient of x in the exponential term, so the
frequency is given by (kl+kzcose—k'cose‘). The integrand
will oscillate unless

kl +kzcose = k'cosg'’

M;
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ondiztion is called z rescnance cc

—

IV=-24 as

'Y
()]
k3
a1
oo
ct
m
83
0

~ 1, ' _~,\_,\:x> - 3 _('X { A\
gr(kl+k20056—x cose )'g(b)"im g(x)dx =7 glixidx .

~ k=-X'cos6' IV-25
Hence g(kl+k2cos9—k'cOse') =

G
£(0) kytk,cos6k 'cosé
==k

f we assume g(x) a step function, then'§10)=Kx, where K

-

is a constant. We may then also rewrite Eg.IV-25 as

™
@]

(x +K2cose-k'cose') = Xx s (K.Tr.cCSE&+X) V-

Substituting Eq.IV-26 into Eq.IV-23 and taking an inverse

Fourier transform, we may obtain

7/~ -y -] 1 \
2 LNRY) elkicoserrk) e KX gy
— .- TRV
Pt (2)Kx  (k.+kocose+k) et tEXTleiTeoUT oo
L0 7 1 72

A > S v —-> 1 f )~ (.
or L‘(R‘)el(k cose t)=Pé(z)Kxe‘ L(kl+k2cose)x (Ql+ 2)t}

Iv-27
Following tne same procedure, we may transform Eg.IV-22
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~ REPER— e . " P
LN lwrtotsst -t T oo iy (ELtE.coSE - % )Tl
e e =F'{z jKxe 1 7z
m
TV.-2%
2y €0iving Z3s.IV-27 and IV-28 through a Green's

functlon technicue, we find the resultant wave is propor-

ticnal To the interaczting volume for three-phonon inter-

m
D
3
M
'y
¥}
ct
'J
O
5
D
n

'
]
O
ct
}_J
<
®
’—J

«

~
-
S <A S e o - - 3 - 2 -~ [
Zmyiltule ¢I Tne regculitant wave belng preTorticns ORI
Py 1)
- - = - Ea - M 3 3 ~ 3 N Gat - iy >
trhe zguare of the initisl wave amplitude., We zliso find

act will generate a symmetric third phonon, and one symme-
tric and one antisymmetric Lamb mode interact will give an
antisymmetric third phonon. The amplitude of the thirg
ohonor is proportional to the product of the twe primary
wave amplitudes. 1In reality, an "exclting regicn”

caused by bounded pump wave will give a volume or distance

dependent resultant wave amplitude.
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A, Three-pnonon Interaction

-
caree-

Two important results have been obtained for iR

[1H]

phorion interaction in a bulk medium or a single crystal
Trere are the necessity of the conservation criteriz and

opor*tic

¥
3
' ’
ot
O
ct
%)
$\]

*nat the generated wzve 1is p

p]

a

C
-

0}
Fh
O
£
3
o

procduct c¢f the primary wave amplitudes. We hav
“hese results, Eq.II-% and 1I-9, to also be true fcr the
Lamt mode three-phonon interaction in the plate.

Brower has demonstrated that two input Lamb moces
generate a third phonon in a trass plate and that the
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(a)

Figure
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(a).

(b).
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(o)

Two antisymmetric Lamb modes
configuration (Al' AZ' Sj).

Symmetric and antisymmetric

Lamb modes configuration

(Ay, Syv Ag)-
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to)

. harmcrnic Generation

3

la

Studles of second-narmonic generation ir. bulk me

<
= .

and single crysials have ylelded two imporzart resu

. s
b

One is the necessary condition

that is, the second-harmonic must have the same velocity
as the initial pump wave. The other is that the amplitude

of the generated harmonic varies as

2
A, o AT X
Z 1
where A. 1s the initlzl pump amplitude and x is The ils-
tance ths primary wavVe has traveled in the mesilum, Ths

first result is true for our plate solutions of Lamb mode
second-harmonic generation. The second was obtained in
Sec. IV.C, where we modify the basic plane wave approach
to take z2ccount of the bounded volume of interaction.

In Viktorov‘si analysis, it is stated that on.y for
the zero order symmetric pump mode (So) at thin plate
frequency~thickness, fd 1, is 1t possible to have
second~harmonic generation. This is because for small
fd's the velocity in S, mode is not dispersive. Later,
however, Erower pcirtei cut that harmonic generation in

|Lamb modes is indeec possitle for particular sets of

ke
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Dispersion curve for the So mode at

small fd's.
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wn
4

2ispersion curves. e demonstrated exrerimentally that

for A, mode of & Trzss plate with trickness d=0.Z25mm at
I=70HC and f=50Ez hzrrmenic generation occurs to produce

the A2 mode. Thus zthe SO mode at thin plate fd's is noz
the only mode <o permit harmoenic generation.

In Sec.IV-B, we found that either a symmetric or anti-
symmetric Lamb mode will generate only a symmetric second-
harmonic, a result inconsistent with Brower's observations
of (A, AZ) for the isctropic brass plate. But by examin-
ing the dispersion curves for the brass plate carefully,
we find that in the region of interest the curve of the
antisymmeIric and zymmeiric mcdes are very close.,
Therefore we conjecture that what Erower observed was
actually a symmetric rather than an antisymmetric second-

harmonic.
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Z. Conclusions

ne amplitude of mechanical vibrations ir sclids is

t infiritesimal, and, therfore, nonlinear equations of
motion are required to describe the disturbance. The
principal of superposition no longer holds and hence non-
linear interactions may occur. Two possible such inter-
actions in an isotropic plate are the three-phonon inter-
action and second-harmonic generation.

A new approach is presented to solve the nonlinear
equations of motion for the plate. This approach invo-
lves the combination of the perturbative and the Green's
function technigues. The Green's function is constructed
by the elgenfunction expansion method after a suitable
orthogonalization relation for the Lamb modes has been
derived.

It 1s found that a second-harmonic acoustic wave
generated by either a symmetric or antisymmetric initial
Lamt moce is symmetric with respect to the median rlane.
The amplitude of the generated wave 1s proportional tc¢
the square of the pump wave amplitude and is given by

a summation over plate eigenfunctions of terms which

2 _k.2).

n approxima-
ns I PP

have denominators of the form (k
tion, the summation may be well represented by one term

when kns = k',

%3

Y




. 1
The three-phonon interaction of two noncollinear

symmetric or antisymmetric Lamb modes which saztisfies the

conservation criteria will produce a third mode with
symmetric characteristic. Similarly, two primary modes
one symmetric the other antisymmetric, will produce an
antisymmetric third wave. The amplitude of the thiri wave
is proportional <to the product of the pump mode amplitudes

and is expressed by a summation >ver plate eigenfunctions.

AA.A

when the total momentum of the two inputs waves 1is close ;
to that of a plate mode, the summation may again be
arrroximatec bty 2 single term.
The approacn presented in this thesis 1s appicatle not
only to the plate with stress-free surfaces but to certzin

other plate boundary conditions as well. By finding the

appropriate orthogonalization relations for the plate

modes, a Green's funct‘on satisfying different boundary

constraints can be constructed. The third phonon of

the three-phonon interaction may also have the following

conditions.

We will leave those as futhur investigation.

L




APPENDIX I

THE CONSTANTS e, -eg ANT g, 8¢ IN Sec.IV.4.1.

€,%d4 150,
= A 3
e,=dyg*qy (dy7dy p*dy5a )70, (dg¥dy 1 +d;,a,5)%q,q,(d v dga %
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37-C5(d;%dyq +dy8,%dg850,7d14Q77A500) 1 7E851859,7d1 77 g
2. . 2 . 2 . , . .
A'=—r‘ o 1 S - (C “ - (o - -C/ n\/q‘ _FC A
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6 LS 119,a,TASTA, Q%A 5770 102 TS TRy 1 AT AR e
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dy433%d; o)
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d1g*d,0)%d18C1C58,5,

- 88 -




- 89 -
F' =
= ot ' 1 3 2 3 n Vo 2-7-'
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(4. .s2 2 2. .
C1Cp(dyq87+dy s, %d,  85%d; )
in which
al=—Lalblb2klkzcosu(xl+k2cose) Q2=a2blb21k2cose
Qa=lajblb2(kl+k2cose) - d3=1kla2blb2 ;
i
c13=a2‘leLL d6=a2b2b3 5
i?=-klkzcosea4blbg d8=—klk2cosOa;b2b3
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dg= | 2)bzb3 d) 57 (a5/2)0, b,

- 2
dll-(-au/Z)beBKl

_ 2z
dlz—(-au/z)blbukzcos )
d13=(aa/2)b3buik2cose dla=(aa/2)b3buikl
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dqig la5b3b4(k1*k2°°se) d19 aéblbakl
d,nF-a,D,D k20089
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THE CONSTANTS Db, -b o AND C,-C IN Sec.IV.E.L.

%auqu -%aBC‘quS

b5=-a30'2k352-%a302k3q2 (3/2)a,cCC' k303+2a oC 'kgs’-32,0%kg

SZ

? lq +(a2 2a +%a4+a5)k q 2+3/2 33+3/2 a4+a5+a6)k2q3
b8=-(a2+%a3+éa4+as)c'kuq+(a2+a3+au+a5)k2qzsC+(%a3+%au)

kzszqc *ag k q3C'-alqbsC
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a.=4%z+te+2d+2b+c

1
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c=K~-2/3 u+B

- pY 'u’ ] 1 *’4 ] 2
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